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ABSTRACT. Sorne new mathematical resulís of existence and uniqueness of
solutions are obtained for a class of quasi-variational inequahites modehling the free
boundary problem for the determirsation of the depletion zone in reverse biased
semiconductor diodes. Ihe corresponding one (or two) obstacle implicite problerns
are solved by direct methods with weak regularity estimates for mixed boundary
value elliptic problems of second order.

1. INTRODUCTION

Tbe van Roosbrock’s model for semiconductor devices consists of an
intcrcsting nonlincar diffusion system of equations which has bcen widely
studied in rccent years (see, for instance, [MRS] and its references).

For tbe stcady-statc case of apn-junction diode under strong re-verse bias,
after a singular perturbation analysis, the determination of the depletion ¡ayer
lcads to a free boundary problem. For tbis approximating problem, a double
obstacte variational inequality has been proposed for the elcctrostatic
potential u=u(x), which is supposcd to be defined for xEflC3~N, where fi
is a bounded domain rcprcscnting the semiconductor part of an electronic
dex’icc (scc [HN], [BCM], [S] or [MRS]).

Ibis tirnit problem consists of finding u, sucb that,

(1.1) 4’=u=4’ in fi, and

(1.2) —Au=f in tbe region D=[ik<u<g},
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with continuity eonditions on tSe free boundaries 8 {u =‘P~ ami 8 fu = «4 and
with mixed Dirichlét-Neumann conditions on tSe fixed boundary 80.

In tSe case of total depletion as~umption,’P and 4’ are gR-en constants
corresponding to tSe constant values of tSe potential at tSe neutral regions.
which areconsidered then as being fully-conducting. In tbe noncoincidence
set D, also called tSe depletion zone, the potential distribution is governed by
tSe Poisson equation (¡.2), where Jmodels tSe doping effects. For a singular
perturbation analysis of this problem, see [BCM], [BCG] or [Ga] for tSe one-
dimensional case, [CF] for tbe bidimensional problem with simplified
boundary conditions, and [UN], [5] for a discussion of this formal limit
problem.

A more complex asymptotic model Sas been proposed in [NM], where tSe
physical parameters 4’ 4’ (x) and 4’ = 4’ (x) are tSe socalled Ferm¡ quasi-
potentials, which are functions dcpending implicitly on tSe potential u.
Actually, in [NM], tSe domain fi is of tbe form fi = fi~ UF U ~2; wherc tSe
pn-júnctioñ E, giVén by a smootb known interface, separates two simply
connected subdomainsfi~ and ~ Tbe first one, fi,, is dominated by tSe
contributions .: from tSe negatively eharged free clectrons (with density
n=n(x)), while tSe second one, ~2, by tSe positively eharged Soles (with
density p =p (x)).

Under certain simplificating assumptions, in particular, neglecting respee-
tively, in 02 and fi,, tbe densities

(¡.3) n=n1exp[—k, (u—4’)] and p=n2exp[—k2(u—4’)];

tbey may be considered defined only in tSe subregions Oh and ~2,

respcctivcly. Heren,, n2, k2=—k, =k>0 are known physical constants of tSe
model. Then, following[NM], tbe bilateral condition may be replaced by

and in ibe depletion zone we Save

(1.5) —Au=f, in [u< <p}flfi, and —/Xu=f2 in tu>4’1flfi2.

TSe relation between u and 4’, 4’ is gix’en by a nonlinear operator
¿¿—[4> (u), ‘1’ (u) }, which is defined by logaritbmic transformations of tSe
solutions w1 and w2 of tbe following mixed boundary -value problems in fi~
and ~2, respectively, for ¡=á 1,2:

(1.6) V.(ek> Vw,)=0 iii fi,,

(1.7) ~1=~kg, on E, dw1/8n=0 on d0,V’,.
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Here 1’, G ¿fi1 is an open subset of tSe boundary ¿fi¡, where tSe values of g,
are prescribed in a compatible way with tbe re-verse biased conditions.

Tbe equations (1.6) for w1 and w2 are derived from tSe steady-state drift
diffusion equations for tSe negative and positix’e carrier coneentrations,
respectix’ely n andp. Using the relations (i.3), the Fermi quasi-potentials are
tben given, respecti’vely, by

(1.8) ‘P=-j4—1o~wi=4>(u) and 4’= 4- logw2=W(u).

This general formujation, with tSe Fermi quasi-potentials as obstaeles in
two disjoint subdomains, may be decoupíed into two model problems, for
mathematieal or approximating purposes, as suggested in [NM] or [M]. For
instance, taking into account only tSe effects of carriers of type p. we shall
consider first tSe following implicit unilateral problem in fi = fi,:

(1.9) u=W(u),—Au>fand (—zXu--f) (¿¿—W(u))==0 a.e. in fi,

wSere the obstacle ‘1’ is defined by (1.8) and by tSe solution w, of(1.6)-(1.7).
To complete tbis forniulation we need to add, for instance, a mixed boundary
condition of the following type (I%C ¿fi, fl0# 0):

(1.10) u=h on fl and du/8n=0 on ¿fi\17,.

By applying general results on quasi-variational inequalities (see [M],
[BC], [BL], for instance) and using restrictive estimates on V u in 12, the one-
dimensional prohlem (1.9) and a particular two-dimensional case, with small
data, has been considered by Nassif in [N]. Using a direct and, in this case,
better approach, wbicb is based on tbe properties of the obstacle problem
(see, e.g., [KS] and [R]) we are able, in Section 2, to solve (l.9)-(J.l0) with
general assumptions and without any restriction on tbe space dimension. In
Section 3, we discuss sufficient conditions for tSe uniqueness of tSe solution
with small data, improx’ing tbe results of [N]. Finally, in Section 4, WC extend
our results to tbe model witb two obstacles, corresponding to tSe pn-
junctions case.

2. EXISTENCE OF A SOLUTION TO THE QUASI-VARIATIONAL
INEQUALITY

In tbis section wc let fi be a bounded domain of RN, for arbitrary N=1
and witb Lipschitz boundary ¿fi it N =2.Wc consider tSe quasi-variational
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inequality (1.9) wbich, incorporating tSe mixed boundary eonditions (1.10),
has tbe form:

(2.1) ¿¿e K (u): fvu. V(v-¿¿) dx=f f(v-¿¿) dx, VvE 1< (u).
fi fi

Here thc conx’ex set K (u) depends on tSe solution itself tbrough

(2.2) K(z)=(vcH’ (fi): v=h on E,, atid v=fl’(z)in fij,

where, for an arbitrary zEL~(fi), tSe solution w=w(z) of tbe following

mixed elliptie problem
(2.3) V.(e~~~kzVw)=0 in fi,

(2.4) w=eÁ» on 1% and ¿w¡dn=.0 oh 8fi\FD,

defines tSe obstacle of (2.2) by ibe relation

(2.5) W(z)=—log w(z).
k

We assume ¡<>0 is a given constánt, IQ, and 1% are regular, non-empty,
open subsets of tbe boundary ¿fi, and ji g are gix’en functions, sucb tbat

(2.6) fCLP/2(fi) and g, he WI-I /PU~ (¿fi) for somep>N>1, and

fe L’ (fi) and g, h take constant ~‘alues,for N = 1.

Lemma 2.1 For any z E 12 (fi), diere ex¡sts a unique w=w(z)e
It (fi)fl C0”®, for sorne 0<a=7-N/p, solv¡ng (2.3)-(2.4). Moreover w
satisfles ihe eslimates

(2.7) ~ in fi,

(2.8) II w(zj)— w(z
2)IIn(n)=CIIzi Z2IIL¶fl)

where C>0 depends on 1121 III¶fI) atid IIZ2IIL-O(fl).

Proof: Noting tbat, for zeL’~ (fi), we Save

0<q.=¡nfe—kzSe—kz<~=sup e—~ in fi,
fi
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TSe first part of tbis ¡emma is immediate by tSe euiptic tbeory, the Holderian
estimates up to the boundary (note thai gE C0 N/p (¿fi)) and ihe maximum
principie.

To pro-ve (2.8) Wc Write (2.3)-(2.4) in variational form for w,=w(z,):

Vw,.Vvdx=0, V vEil’ (fi): vII’,,=0, fori=rl, 2,
fi

and xve take v=w,—w
2~W; letting q¡=¡nf rkí>0, WC obíain

o

~í IIV~IF~g(n)=feknIV~I
2 dx=f(e—k=2~e—kzí)y . VWdx

fi fi

(2.9) =11e~~k;¡ — e..kc211 L¶fi) IV w
2fl L

2(fl) IIV~IIL2(fi)

Since ¡IV w2I1L2(fi) is hounded by some constant depending on 11Z
2I1i¶fi)

and on IIglIH/’(afl), frorn (2.9) we easiíy obíain tSe estimate (2.8), recalling
tbe Poincaré inequality for 11= w(z,)—. w(z2).

Remark 2.1 TSe global estimates of DeGiogi-Stampacchia imply thai
ibe bound on II wIF&a<~ depends only on tSe constants q., C ami tSe Dirieblel
data g (see, e.g., [R], page ¡70, and its references). Hence as an immediate
consequence of (2.8), the nonlinear mapping z— w(z) is sequentially
continuous from L~(fi) into Hí(fi)flCo.a(T~) for any 0=a’<a, for ihe
strong topologies.

As an inimediate consequence of Lenima 2.1 and Remark 2.1, WC can
state:

Lemina 2.2 For ¿¡ny zEI2 (fi), ihe obsíacte ‘Jflr:W(z)=I log w(z) is,
ksuch thai, ‘I’EH’(fi) flCO.o(??1),for sorne 0<a= 1-N/p, W=g on 1% and

(2.10) tj.=W=~ ¡ti fi, ¡ndependen¡Iy ofzEL’~(fi).

¡ti addñion, ihe ,napp¡ng Y :z — ‘4’ (z) is sequenfially continuo za from
L~(fl) ¡tito U’ (fl)na.a (fi) for any O=a’<a, i.e., ~fz,,—z ¡ti L’~(fi) ¡ben

V(z) ¡ti H’ (fl)flC0~~’®.



142 José Francisco Rodrigues

In order to sol-ve (2.1) we consider, for any zEIi’(fi), the. auxiliary
obstacle problem

(2.11) u~cK(z): fVu~.V(v—u)dx>Jf(v—uDdx. ‘«vG K(z),
- 2• O. ., fi

and WC recalí sorne well-knoxvn properties of tSe transíated problem:

(2.12) ñEK~: fV0V(v—z2)dx=0, V vEK0,
Ph fi

1-lete, II we suppose «¡cH’(fi), sueh that, *=OonU,,, we have

(2.13) K~=[vEH’<fi):v=0 on I’0 and v=a~in fiI#0.

Using the standard notations A ami y for mf and sup, respectively, we
recalí tSe following results:

Proposition 2.1 For each ‘4,EH’ (fi) fl L~ (fi), «¡=0on IT’,,, ¡here exisis a
¿¿tique solution ¡7 of (2.12) verifying ¡he estimate

(2.14) 0=ñ=OVsupij¡ ¡nfi.
o

Moreover ¡he corresponding mapping ‘k— z2(4’) is sequen¡iaHy cotí inucus
from H’ (fi) mio JI’. (fi) and a con¡rac¡¡on it U’ (fi)~

(2.15) I~U(4’)—ñ(4’2)¡I~~g»=I4’I ~4’2IIIfr’(fi).

Proof: See, cg., [RJ, Chap 4.

TSe reducilon of tSe problem (2.11) to (2.12) isdone by considering tSe
mixed linear problem:

(2.16) —=4=fin fi, ~=¡¡ on 1% and ¿fl¿n=0 on 8fi\~t.
By CGO —estimates, we knoW that tSe unique solution of (2.16) satisfies, br

sorne constantC>Oand some 0<a< 1 —N/p (recalí (2.6)):

(2.17) ¿I¡ co~{jj>=C ( II]]I ~ + 11h11
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TSen, letting ~=u2—e and 4’=4’(z)—~ WC establish tSe equix’alence
between(2.l 1) and (2.12), for every fixed zEL~(fi), sueh that, K(z)#0. Tbk
compatibility condition can be guaranteed, for instance, by assuming

(2.18) ¡nf h=supg and g=hon1,flF~.
‘-‘o

Lemma 2.3. Ass¿¿rning (2.6) and (2.18),for an» zEs12(fl), ¡here exisís a
¿¿niq¿¿e u~ e 1< (z)fl (y.Y (fl),for sorne 0<-y <1, solving (2.!]) which satisfies
¡¡¡e eslimate

(2.19) 17*=U.=
2kL+77 it fi,independently of z.

Mareo ver, ¿he rnapping z — u~ ¡Y sequenúa//y conuinuousfrorn 12(U), mio
H’(fi)flC>~(fl), O=y’<y, atid ¡¡ satisfies

Proof: l1)ue to tSe equix’alence of (2.11) and (2.12), We need to garantee

tSe admissibility condition K(z>#0, j.c.,

4’=W(z)—h<O on IT’
0, independently of zEL”~(fl).

Since 4f(z)=g on E0, of course tSat condition is allWays verified if
L%C I’~, but in general, we only know that, in fi,

infg=77.~W(z)<77*=supg, for ah zcL’”(fl),
Fo ‘o

and tbis is tSe reason to require tbe sufficient condition (2.18).

Recalling tSe Hólder continuity of tSe solutions of tbe obstacle problem
(see [R], Section 5:7) and the Proposition 2.1, we complete tSe proof of this
[emma by noting that for u~=íí+~ we ha-ve:

W(z) =u2 =~ +sup [W(z) — fl+
fi

Remark 2.2 TSe assumption (2.18) is satisfied in tbe physical situation
considered in [Nl, where f’0C I’~ and g traduces tSe reverse-biased conditions
(g>0 on FD\1’, and g=0on IT’0). Notice that, in [N], u and g were considered
Witb tSe opposite signs, corresponding to an upper obstacle, as for tbe case of
carrters of type ti only.
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a Thcorern 2.1 Under ¡¡¡e assump¡ions <‘2.6) ¿md (2.18), ¡here exisis ci leastq¿¿asi.varia¡ional inequali¡y (2.1). Moreover, u has ¡he
regulari¡y

(2.21) uEC0Y(f1)flW2’~(fi), for sorne 0<7<1.

Proal’: TSe sotution u is given by any fixed point of tSe mapping 7’
z—u~, defined by tSe auxiliary problern (2.11). Using tSe “apriori”estimate
(2.19), we consider as dornain of 7’the convex set:

(2.22) M=[vcC”(flj: 77.=v=2g+77in fij

of tbe BanacS space Co (fi). Since Lemma 2.3 yields T(M)CM fl C0Y (fi), by
tbe compactness of COY(fI)CCO(fi), tSe Sebauder. fixed point theorem
guarantees tSe existence of u = Tu.

Since uEC0’Y(fi), by local regularity of tSe solution of tbe equation (2.3),
We ftnd w(u)EC’~(fi) and then also ‘I~(u)EC’~(fi). Hence, by tSe local
regularity of tbe obstacle problem, we ha-ve also uEC’-~(fi) and, by iterating
once, itfolloWs w(u) ánd ‘11(u) in C2’Y(fi), Which is tSen sufficient to obtain
tSe optimal regularity ¿¿E W7jRfi) (see, e.g., [Rfl.

Remark 2.3 Ibis existence result considerably extends [N], wSich only
covered tbe cases NE 1 and N= 2 With piecewise constant g, with O =fe L’~(fi)
and with a very restritix’e srnallness condition on g. This was due to the
metSod of [N] tSat required an “a priori” estirnate on II~ WIIL”<n>, Which in
general does not Soid for tSe mixed problem (2.3)-(2.4).

3. UNIQUENESS OF SOLUTIONS FOR SMALL DATA

TSe existence of a solution in tbe preceding section does not require any
restriction en tbe size of tSe data, since it was based on the Scbauder fixed
point theorem. For tbe sanie mapping 7’. z— u~, WC investigate now sufficient
eonditions• in order te make T a striet contraction in tSe inetrie spaee M,
defined in (2.22). Ibis wiIl irnply the uniqueness of tSe solution, by tSe
Banach fixed point theoreni. It turns out, that it is sufficient to improve tSe
Lipschitz dependence (2.8) fox’ the solution w of tSe mixed boundary x’alue
problem (2.3)-(2.4), Witb respect to z.

Forp> N and ib 1}C ¿fi has positix’e (N-l)-measure, Wc recalí that, by tSe
Poincaré and Sobolev inequalities, we ha-ve

(3.!) FlvIIaai>=4 IV vIIu’(fi) for ah vEW~P(fi),
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wbere C,,= C(p, N, fi, FIj>0 is a fixed constaní, and W’»(fi) is tSe closure
FI,of tbe set {EC’ (fi): supp y flfl)=0) in tbe Sobolex’ space W’P(fi). Note

thai tSe trace VIFD=O, br ex’ery vEWpPqfl.a

Theorem 3.1 Utider ¡he assurnp¡ions of Sechon 2, narnely (2.6) atid
(2.18). suppose ¡he solu¡iorz rnap z— w(z), associa¡ed ¡o ¡he problern (2.3%
(2.4), applies M ¡tito W’.D (fi) and, for sorne p> N atid sorne constaní X =
A (M,k,g,fi,I’~,p)>O:

(3.2) IV w(z9—V w(zflIILPrn,=A 1k, — Z211c%?(fl,).

Then ¡¡¡ere exisís a ¿¿ti ¡que solu¡iorz u ¡o (2.1), provided ¡he dato are such
thai:

Proof Recalling (2.5) and (2.7) we have, br 4’,=4’(z,) and w,=w(z¿,t
¡=1,2,

1 Ilogw—logw2¡<-
1-sup ‘-1 Iw—w

21.k — k ~ W

hence, using (2.15), (3.1) and (3.2) We obíain, fox’ u1=u(z1),

¡u —U~I¡cP(7j>=II4’~ — 4’íIIco(h)=(e~*Ik)11w — WZIIcO(n)

wbere .5=C (rk1*/k)X<J. Therefore T:z—u.. isa siricí contraction lxi M
aud tbe conclusion fol!ows.

Wediscuss now three cases Wbere ttie estimate (3.2) holds. First, for N= 1
it is inimediate tSat (3.2) holds WitS p = 2, from tSe estimate (2.8). Wc can be
more precise on the smallness condition (3.3) if we specify our problem, as in
[N], for instance:

(3.4) fi=]0, /[, 1”<,=F0=dfi and -v=g(0)<g(/’)=0=h(0)<h(cj=$.

In this case, WC can compute A in the following way: noting tbat
_ we ¡uve mi “o priori” Sound on iIwI~~<~, fx’om

2 1 1
e.-

24” fIwI’dxSfe—~;> w;F2 dx=(1 ~rk¡9/1fe-kzz w;dx

O o o

=Qeka’—1)/y?) (fi w;F2dx$
O
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(byusingtSe test funetion v(x)=(l ~ekv)x//+ekv~w2); WhiCS, introduced
in (2.9) with (¡ = r

2k~, yields (3.3) WitS p = 2 ané

A ~kekt»~±u)(eku~1)/ y?

Noting that•We can take flOW C
2=y? in (3.1) and rn=

0 We may choose
5=(6’>—1) eÁ<4p+b) and we Save tSe folloWing consequence of TSeorem 3.1:

Corollary 3.1 Iii ¡he orze dirnetisional case (3.4), ihere exisis a ¿¿tique
solution of(2.1), provided (eku~~I) ek{»~i+v)< 1.

Reniark 3.1 Note tSat p, defined in (2.17), depends on fand on fi. We
observe that II, as in the pbysical case, f=O,by Tbeorem 4:5.4 o4R] applied
to (1.11), Wc may replace 2p exactly by fi, yielding, in particular, tSe “a
priori’1 estirnate ~uC ¿¿<fi. As a consequence, witb tSe sufficient condition
(¿U 1) ek<213+U) < 1, that is to say, for sufficiently small x’alues of tSe
potentials (3 and y, we bax’e uniqueness of solutions near tSe stable
equilibrium nul state. Corollary 3.1 yields a much more acurate uniqueness
entena tban tSe previous one of [N].

Por tbe mixed problem in Sigber dimensions tSe estimate (3.2) fon p> N
a delicate question. Hoxvex’er tSe extension of Meyers estimate, recently

given in [G], to tSe mixed problem yields an interesting application to tbe
bidimensional case.

Corollary 3.2 Les N=2 and suppose thai the Lipschitz boundary Ml is
decomposed ¡tito E

0 ¿md dfl\J’~ wiíh E0 1) (dfi\F¡)) corzsistitig of a finite
number of poinís. Theti, for sufflcienuly srnall dala, it particular, ~f ¡he
Dirichleí data g has srnail variation, ¡here exisís a unique solzition of ¡he
quasi-variaíional problern (2.1). -

Proof’ Let gc WP(fl), forp>2, bean extension of tlie boundary data.
Tben tbe ~‘ariational solution w of the rnixed problem (2.3)-(2.4) may be given
by w=W+e—kI~, wSere ~0is tSe unique solution of

W
12(fi)(3.5) aEWk2(fl):JekZV~V.Vvdx=jF.Vvdx. ‘«vE

witS F=kek(z~~k)VkE[LP(fi)]2, forp>2 and for cae5 zEM.

Since zEM, from Theorem 1 of [G], tSere exisis a q, 2<q=p, and a
constant Lq= L (q. fi, ~n, t., t)>0, sueS that,

(3.6) I~ ~IIL4(fi)= Lq IIFIFu.g»=kLqsup ek(2?’) IIVff II i4<fi»
fi
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Considering noW = w(z1) and w2= w (z2), WC easily see tSat W= w1 —

is also tSe solution of (3.5), now WitS z replaced by z1 and F by F= (¿‘2— ¿zi)

Vw2E[L~(fi)f, by (3.6). Analogously we obtain, for sorne r, 2<rSq:

IVWIILrn=L, ~VIí LP(LI)=Lr IIek2 — II L~(11) IV w211 L~(I1)

(3.7) LqLrSUp ek(rR) MVgIILQ(n) 511J3 ekzjlIIzí ~Z2IIcO(n).
fi zEM

ISis yields an expx’ession for A in tSe corresponding estimate (3.2), WSicS
¿mplies tSe conclusion of tbis Corolíary.

Remark 3.2 Ibis existence and uniqueness result holds, in particular, in
any domain WhicS boundary is pieeewise of elass C’ ami wbose ~‘ertices are
not eusps, as for instance, in any potygonal domain. A more x’estrictive result
was presented in [N]4’or a rectangular domain, in wSicS Grisvard’s results for
elliptie equations witS mixed boundary conditions yields a H

2 (fi) fl W’’~ (fi)
solutions for (2.3)-(2.4) (see [N] or [R], for references).

Nevertbeless if 8~~1’D =0 in (2.4), tbe regularity of tSe DirieSlet problem
Solds for ex’ery W¿P (fi) and we can state tSe folloWing resutt.

Corollary 3.3 For arbiírary dirnension A’, ~f F¡, = ¿fi ¡Y of class O atid
(2.6) ¿md (2.18) hold, ¡hen ¡here exisís an e

0>0, such ¡¡¡al, ~f

IIgII~¡.u,~.p(8fi)=c0, for sorne p>N.

¡¡¡ere exisís a un¡que solu¡ion of(2.1).

Proof: Using tSe W¿” (fi)-regularity of tSe bomogeneous Dirichlet
problem (3.5) in H¿ (fi) (see, e.g., TSm. 3:7.2 of [R] and its references) and
arguing as in tbe previcus Corollary, WC Save (3.6) and (3.7) for q = r =p> N.
ISen the conclusion is immediate, by reealling tSe corresponding dependenee
of A on g and tbe condit ion (3.3).

4. APPLICATION TO REVERSE BIASED pn-JUNCTIONS

In tbis seetion WC extend tSe existence and uniqueness results br tSe
model problem (2.!) to tSe folloxving similar quasi-x’ariational inequaíity
eorreponding to tSe pn-junction model (t.4)-(l.5):

(4.1) UEC(u): f Vu.V(v—u)dx>ff(v—u)dx. VvCC(u),
fi fi
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Here we suppose fl=fi,UI’Ufi2 isa Lipschitz domain, such tSat, each
subdomain fi, and fi2 Sa-ve also Lipschitz boundaries ¿fl¡ and ¿fi2, witS
F=dfi,flfi=¿fi2flfi!=0. Accordingty, Wc choosef=f on fi, and f=A
on fi2 and we define, for eacS zEU’(fi) and for F0C¿fi(I’0 open, I’~#0)

(4.2) C(z)={veH’ (fi): v=h on I~, v=4>(z) in lii and v=4’(z)in 1121,

Where z—I’b(z), ‘I’(z)} is given by (1.8), witb tSe auxiliary mixed problem
(1.6)-(l.7), witb z instead of u and witS

(4.3) gG¿fi,\F, F1#0, gIF,=g,, for ¡=1,2 and -k~ =k2=k>0.

As in tSe case of only one obstacle, it is necessary to guarantee tSat
C(z)#0, independently of z. In a similar way to tSe assumption (2.18) we
shall require the natural compatibility conditions:

(4.4) g=h on F,flI% and itifg= sup
1”, (F0fl¿fi,)\f’,

(4.5) gSh on fl2flF0 and supg= ¡nf
E2 (F0fl8fi2)\F2

and tSe maihematical expression of tSe re-verse biased conditions:

(4.6) s~p g=0=~fg.

Theorem 4.1 Under ¡¡¡e preceditg assump¡ions, tamely (4.3)-(4.6) atid
(2.6), ¡he quasi-varia¡ional inequali¡y (4. 1%(4.2) has al leasí cte solu¡iot, wi¡h
¡¡¡e regu!arity

(4.7) uEC
0T(fI)flW~’(fi,UfiD, for some 0<y<I.

Proof: Since tSe proof folloWs tbe sarne lines of tSe one of Theorem 2. 1,
we only sketch it, refering tSe necessary cSanges. We find the solution u as a
Schauder fixed point br T:Z ?z—u~cZ, defined by tSe auxiliary problem
(2.l 1) With K(z), repláced by C(z); tSe corresponding double obstacle
problem can be reduced, using (2.15), to tSe simpler problem (2.l2) for
u = u<—~, Where K~ is now replaced by K~={ vEH’ (fi): vrr0 on 1%, v=<~in
fi and v=4’ in fi~}; tSe assumptions (4.4) and (4.5) impIy~=4>(z)—h>0
and i$r=4’(z)—h=0on I’0, independently of z; wSile (4.6), by tSe maximum
principIe for (l.6)-(i.7), implies

0 througb (1.8), tSe conditions ‘F(z)=0in fi¡
and ‘I’(z)=0 ón fi’2; bence K~#0 and also C(z)#0 independently of z;
since tSe analogous of Proposition 2.1 bolds for this double obstacle
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problem, it yields ¡nf ‘~A0=z2=OVsup «¡in fi, Which implies the “o priori”
fil fi2estimate for u~:

~ in fi;

tSese bounds are, of course, independent of z, and tSey can be used to define
Z={vEC

0’Y(fl): ¿%=v=e
2in fi}; using the Hólder continuity of each

solution and their respective continuous dependence results, tbe conclusion
folloWs similarly, as WCll as tSe local W

2~-regularity in fi~ and in fi
2.

Under similar assurnptions, as in Section 3 we can gix’e sufficient
conditions on tSe smaliness of tSe data so tbat tbe nonlinear mapping 7’:
z—14 isa sLnct contraction.

Denote by C,=C~(fl,) tSe corresponding Sobole~’ constant of (3.1) for
functions of W~ “(fi1), p>N(i== 1, 2). Suppose tbe solution mappings
z—.w¡(z), associated witS eacS problem (1.6)-(l.7), apply Z into W’P(fi,)
and, analogously to (3.2), WC bax’e, for sorne A1>O,

(4.8) IIVw¡(z)~Vwí(2)IIu~w,=A¡IIz~2IIco«i».i 1,2.

Notice that, ib u=u(z) and ú=u(2) denote tSe (unique) solutions of
(2.11), respectively, inC (z) and C (2) (Witb the definition (4.2)), tbe analogous
of (2.20) Solds in tbe folloWing form:

II~ —ÚIIc»<ii>=¡¡4> (z) — ~“(VIIc~ji,>V IIWÚZ) — W(2) IIc’«F2p

Recalling that w¡=¡9/ e~k¡R and tSe definitions (1.8), as in tSe proof of

Tbeorem 3.!, we easily deduce

IIu— UIICÓ(n)=6 IIz— 2 IIC’(fl)

with 8rn(ek1i C1 A~/k) y (ekflz C2A2/k), 77i sj~p g and ij2=infg,

and tSe following theorem is tSen proved.

Therorem 3.2 Utider Ihe aboye assurnp¡ions. nrnnely (2.6), (4.3)-(4.6)
atid (4.8). ¡¡¡ere exisís a utique soluuion u ¡o (4.1). for sufficieti¡ srnall data,
torne/y, ~f¡he follow¡ng conditiotis holds

(4.9) (e”” C1 A,/k) V (e—kt C2A2/k)< 1.
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Remark 4.1 As in tSe Cox’ollax’y 3.1, for tSe simple case of one space
dimension, witb DiricSlet data, tbe estimate (4.9) can be made more precise
by imposing further specifications into our problem.

Remark 4.2 Also tSe Corollary 3.2 Sas its natural extension to tSe
corresponding bidimensional model for pn-junctions, by applying the W1.q-
regularity estimate for mixed problems to both subdomains fi

1 and fi2, Wbicb
yields tSe requix’ed estimates (4.8) for sorne p >2 = A’.

Remark 4.3 TSe extension of the N-dimensional case of Corollary 3.3 is
also possible WitS tSe folloWing change in tbe first part of tSe assurnption
(4.3): for each ¡=1,2, suppose Ofi,—1” of class C’ and f,flF2=F, WitS
Ffldfi=0; hencetSe W”~-reguIariry SoldsforeacS Diricblet problem in fi,
and fi2.
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