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Improving both domain and total area estimation by
composition*
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Abstract

In this article we propose small area estimators for both the small and large area parameters. When
the objective is to estimate parameters at both levels, optimality is achieved by a sample design that
combines fixed and proportional allocation. In such a design, one fraction of the sample is distributed
proportionally among the small areas and the rest is evenly distributed. Simulation is used to assess
the performance of the direct estimator and two composite small area estimators, for a range of sample
sizes and different sample distributions. Performance is measured in terms of mean squared errors for
both small and large area parameters. Small area composite estimators open the possibility of reducing
the sample size when the desired precision is given, or improving precision for a given sample size.
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1 Introduction

This study stems from a practical issue. The Institut d’'Hstamh de Catalunya
(IDESCAT) had to develop an Industrial Production Index (IPl) tbe Catalan
autonomous community. The Instituto E8pade Estatstica (INE) did not produce any
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regional IPI for Spain, just a national one. IDESCAT had no budgetonducting a
Catalan monthly survey. Instead, IDESCAT estimated the IPIClatalonia using the
Spanish IPI of 150 industrial branches, weighted accordingd relative importance
in Catalonia. This Catalan IPI is a synthetic estimator andagaspted very well by the
analysts of the Catalan economy.

The statisticians of IDESCAT had performed a test prior to hiotig the new index.
The Instituto Vasco de Estelica (EUSTAT) conducted its own regional survey in the
Basque Country and published a Basque IPI. IDESCAT createdhetimindex for the
Basque Country, using the methodology applied to the Gataldex. This index was
compared to EUSTAT’s IPI and the results of such comparison eeitkan acceptable
performance for the new index. Both the level value of thettsgtic IP1 and its rate
of variation were very useful in order to follow the Basquemamic situation (see
Costa and Galter 1994). Based on these results, IDESCAT peddusynthetic IPI for
Catalonia. Following this, INE applied the same methodpkogobtain a distinct IPI for
each of the seventeen Spanish autonomous communities.

The method used by IDESCAT is by no means standard in the Spafiistalo
statistics. The synthetic IPI was criticized within some figlegen when it worked
well in Catalonia. Some studies (see Clar, Ramon and Surin@00)Zhowed that
the synthetic IPI works well in regions that possess a sigmfiead quite diversified
industry, such as Catalonia. But it fails in other Spanishiomgy This observation
encouraged the IDESCAT to investigate the theoretical bdsis synthetic IPI from
the context of the small area methods.

There is a varied methodology on small area estimation. Théerezan consult
Platek, Rao, &ndal and Singh (1987), Isaki (1990), Ghosh and Rao (198d)Sigh,
Gambino and Mantel (1994) to gain an overview of them. Soméefmethods use
auxiliary information from related variables in the esttioa of area-level quantities.
In Spain, recent work by Morales, Molina and Sant&am§2003) deals with small area
estimation with auxiliary variables and complex sampleiglies We concentrate on
methods that use sample information solely from the targetklle. These methods
include direct and some indirect estimators. Traditiongdal estimators use only data
from the small area being examined. Usually they are undjdsé they exhibit a high
degree of variation. Indirect, composite and model-bastichators are more precise
since they use also observations from related or neighpp@nieas. Indirect estimators
are obtained using unbiased large area estimators. Bas#teon estimators can be
devised for smaller areas under the assumption that theipiexhe same structure
as the large area. Composite estimators are linear contnsatf direct and indirect
estimators.

The research program on small area estimation carried auhyjdiy IDESCAT and
researchers of the Universitat Pompeu Fabra is charaddnzés focus on covariate-
free models. An estimator that is based on using auxiliafgrimation from other
variables at hand will in general be mor@@&ent, but introduces degrees of subjectivity.
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We believe the covariate-free small area estimators arerheones that are readily
usable in the present stage of otical statistics framework.

Costa, Satorra and Ventura (2002) worked with a survey tichtdied direct regional
estimators of the Spanish work force. They studied three seralh estimators: a
synthetic, a direct, and a composite one. The study concldadthe composite
estimator and the synthetic estimator were almost iddnticBatalonia, because this
region’s economy is a large component of the whole Spanishagay. The bias of the
synthetic estimator was found to be very small for Catalonia

Costa, Satorra and Ventura (2003) used Monte Carlo methoidh @eth an
empirical and a theoretical population) to compare the performanseoéral small
area estimators: a direct, a synthetic, and three compesiteators. These composite
estimators dter in the way the direct and synthetic estimators are condbi@ee of the
composite estimators used theoretical weights (basedamrkhias and variances). The
other two use estimated weights assuming homogeneouseanogeheous biases and
variances across the small areas and concluded that, gigarstial sample sizes used
in official statistics, the composite estimator based on the gasamof heterogeneity
of biases and variances is superior.

Often the statistician is interested on the estimation dghlsmall and large area
parameters. In this case, classical estimation methodsarsgle designs that vary
according to the assignment of sample size to the small aféasfollowing sample
designs are considered: a) a proportional design, in whielsample size of each area
is proportional to the size of the area in the population;ijarm design, in which all
the areas share the same sample size, regardless of théthigearea, and c) the mixed
design, that shares the strategies of a) and b). Clearlgrdaswill be optimal when we
focus on estimating accurately the large area parametde ddsign b) will be chosen
when we want to obtain accurate estimates of the small arsatitjes.

Using Monte Carlo methods on a real population (a labourefocensus of
enterprises) and mixed designs with varying levels in theimgi of uniform and
proportional sampling, in the present paper we show howlsred estimation improves
the estimation of both the small and large are parametensll lbe seen that by using
composite small area estimates we can either reduce sampleveen precision is
given, or improve precision, when sample size is fixed.

The outline of the paper is as follows. Section 2 describes|sanah estimation.
Section 3 describes the fixed, proportional and mixed sampmlegigns. Section 4
presents the Monte Carlo study. Section 5 describes thetsesuthe Monte Carlo
study concerning the direct versus composite estimategllfsifsection 6 describes
how composition improves both large and small area parasete

1. The empirical population is the Labour Force Census of larites #iliated with the Social Security system
in Catalonia. The small areas are the forty-one Catalan cesunti
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2 Small area estimation without covariates

Suppose a large country area is divided into small area dajnaid, 2,...,J. LetN be
the size of the population, arid, N,,. .., Nj be the sizes of thé small areas.

Let X be a scalar variable and that we are interested in estimétengiean (or the
total) of X for each of the] regions, as well as the overall mean. Bgbe the mean of
Xin the regionj, andd, be the mean of X in the population. The variance of X in region
j is denoted as™.

Suppose we have a direct estimaﬁq)rof the mean of X in each domain, such
that§; ~ N(@j,O'JZ/n]‘), j =12...,3, and an estimatof, for the large area mean,
with 6, ~ N(e*,o-f). Furthermore, assume a distribution for the mean of grea

0; ~N (0*, bf) wherebj2 is a variance parameter that (possibly) varies with theoregi
The design of the survey attends usually to the objective sdigng precision when
estimating the parameters at the country level. For the slienplicity, assume that),
is unbiased fop, ando? is very small. However, some sample surveys have secondary
uses of providing information about the small areas. The $&amsige of most sub-
domains is too small, may even be null, to draw accurate enfgzs about the mean
of the small area on the basis of the direct estintqtélhat is, even though; is an
unbiased estimate f@, its variancesz is too large to provide an accurate estimation of
the small area level parameter.
In this context it is advisable to use composite estimaidngy combine linearly the
direct estimator and a synthetic (indirect) estimator. Téxst bnear composite estimator
of 6 (in the sense of minimizing the mean squared error, or MSE) is

éjzﬂjé*+(l—7rj)éj (1)
with )
7TJ' = zo-j/nj _71 (2)
(91 - 9*) + sz/nj + 02 = 2y

wherey; denotes the covariance between the direct estimatowarior simplicity,
assume that the covariangge= 0 ando? is negligible. The value of; that minimizes
the MSE is 2/
[or nj
Y 5 o) ©
j i
whereb? = (6; - 9*)2.
The values of the varian(zel? and squared bidﬁ? are usually unknown, and therefore
they must be estimated if we wish to approach the optimalkvafur;in (3).
There are several procedures for estimating these populpicameters. In the
present study, we use two estimators, the “classic comgioaitd the “alternative
composite”, as described and investigated in Costa, Satoda/entura (2003).
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1. Classic composite estimator

The classic composite estimator assumes that the smallstressthe same within-
area variance (of the baseline data) and a common estimatdhdosquared bias.
Specifically, we assume; ~ N(Hj,o-z/n,-) . j=12...,3,ands; ~ N(e*,bz).
We obtain the base line variance by a weighted mean of thelsarapances from each
area as an estimate. Thus, we define the pooled within-areaeari

J

% (n-1)s

5 j=1
&= G 4)

wheren is the size of the entire sampls, is the sample size of the small area aa]%ts
the sample variance of the baseline data of the small piéasve assume thart-j2 =02
for all of j, the estimator ob-lz is &.

2
For the squared bie(ﬂ* - Gj) , we define the common estimator

J
b = % > (- 8.), ()

i.e., the mean squaredfiiirence of the direct and indirect estimators.
Thus, the estimator of; is:

&/n;
~C J
= 6
d §2/nj + b? )
and the composite estimator obtained by substitutinipr 7; in (1)

o = 70, + (1-75) 9, (7)

2. Alternative composite estimator

An alternative for the above classic composite estimatbaged on direct estimators
of each area’s variance and bias. In this way the estimatoy ist

S (8)
=
! (aj_a*)z

Note tha(9; - .)'is biased for ; - 6.)2, but is unbiased for?/n; + b2, as

A a2 - A2

E(0j-6.) =E(6-0;+6,-0.) =

= E(éj —Hj)z + E(@j - éx)z + 2E<éj - 91')(9]' - é*) =
=O'j2/nj+bJ2
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which leads to the alternative composite estimator

7 = 7%, + (1- 7)) )

If necessary, the weight'is truncated to one.

3 Survey design with small areas

J
Z nj=n (10)
=1

N 1o (11)
TSN J2,
wheren; is the size of the sample belonging to ajea
A purely fixed survey design assigns the same sample size to each small area

Therefore

and

n
njzg forj=1,2,...,Jandan:n (12)
=1

A mixed survey design distributes a fraction of the whole sampleproportional way
among the dferent areas, with the rest of the sample distributed eventng the areas
(Sing, Mantel and Thomas, 1994). Lebe the fraction of the sample to be assigned to
the proportional design.

Then

N, J
nj:kﬁjn+(1—k)gforj:1,2,...,JandE nj=n (13)
=

A pure proportional sample design minimizes MSE for the estiinof the country-
level quantity, while a pure fixed design minimizes the MSE & #stimates at the
small area level. In the present paper we use simulationptoexthe performance of
a mixed design strategy when the interest is in minimizing MSE of estimates of
both the country and region level quantities. For that wesar diferent sample sizes,
different survey design strategies, anfiiedtient estimators.

4 Monte Carlo study

In this section we conduct a Monte Carlo study in which weaottmultiple samples
from a known population. We use data from the Labour Force @en8§ Enterprises
affiliated with the Social Security system in Catalonia. This cemsuntains data on the
number of employees from each surveyed enterprise who gisgeeed with the Social
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Table 1: Population characteristics: size, county-mean, square bias, andvegia

Population 6, (0 - 6*)2 a3(x)
size

Alt Camp 1282 8,78 0,09 3250,37
Alt Emporca 4712 5,28 14,11 294,27
Alt Peneas 3052 8,91 0,02 1686,24
Alt Urgell 745 4,71 18,7 158,25
Alta Ribagorca 140 4,59 19,73 205,38
Anoia 3264 7,86 1,37 801,64
Bages 5698 8,24 0,63 1356,9
Baix camp 5530 6,47 6,59 479,54
Baix Ebre 2237 6,31 7,41 534,4
Baix Empora 4634 5,44 12,92 425,17
Baix Llobregat 20541 9,73 0,48 1642,46
Baix Peneds 2197 5,26 14,23 171,82
Barcelores 88331 10,63 2,55 10314,88
Berguea 1397 5,44 12,9 196,15
Cerdanya 788 3,71 28,34 71,93
Conca de Barber 611 8,29 0,56 1388,95
Garraf 3466 6,28 7,62 685,91
Garrigues 516 5,24 14,42 96,89
Garrotxa 1909 7,51 2,33 419,72
Girones 6369 9,82 0,62 2037,47
Maresme 11718 6,46 6,64 605,07
Montsia 1918 5,61 11,73 246
Noguera 1128 5,12 15,3 93,29
Osona 5494 7,09 3,77 774,65
Pallars Juss 410 4,37 21,76 130,37
Pallars Sobi 272 4,06 24,76 55,46
Pla d'Urgell 1106 6,59 5,95 271,85
Pla de I'Estany 1160 6,07 8,79 143,37
Priorat 254 4,11 24,26 180,17
Ribera d’Ebre 620 571 11,07 418,72
Ripolles 959 7,87 1,35 875,92
Segarra 594 10,87 3,35 8171,41
Segra 7096 7,74 1,69 714,23
Selva 4586 7,11 3,7 610,2
Solsores 508 5,58 11,93 157,58
Tarrago®s 7440 9,42 0,15 1675,66
Terra Alta 297 4,25 22,87 40,28
Urgell 1178 6,28 7,59 312,25
Val d’Aran 503 5,28 14,08 270,11
Valles Occidental 26683 10,34 1,71 3026,89
Valles Oriental 11795 8,45 0,34 832,68

The mean of theféiliates for the whole of Catalonia is 9.04

75
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Security. The census was carried out in each of the four qedregween the years 1992
and 2000 (inclusive). We limit the analysis to one year, 2000

The database contains 243,184 observations from year 2@ diinto 12 groups
according to the economic sector, and 41 counties (Catet@marques). A few
enterprises were excluded from the analysis because tleatidns were not established.

We eliminated the sector-based classification and focudetly s the division to
counties. Tablel shows the number of enterprises per camactyhe mean and variance
of the number of employees per enterprise. The distributioerberprises is quite
uneven, as they are concentrated in a few populous areas.

We consider four sample sizes and five alternative surveigalesThe smallest
sample size is 2,050 observations. We then repeatedly elthisample and use 4,100,
8,200 and 16,400 observations. For each sample size, wigleoagpurely proportional
sample, a 75%, 50% and 25% mixed sample design (respedtieelgt a purely fixed
sample design, that is, combinations wktk 1, 0.75, 0.50, 0.25 and 0.

For the overall sample size af= 4100, Table Al in the Appendix shows the small
area sample sizes in each of those 20 (4 by 5) scenarios. As @btine counties have
very small population, we have used sampling with replacenigne number of Monte
Carlo replications is 1,000. We evaluate the direct, ctassimposite and alternative
composite estimators for each of the 41 counties as wellradbéonhole of Catalonia.

5 Direct vs. composite estimators

We computed the MSE of each small area estimator. Table 2 shosusnmary of
descriptive statistics. The mean, median, variance, mimrand maximum values of
the MSE of the small area estimators across the 1,000 réplisatre presented. Table
3 evaluates the relative performance of the three altemnastimators dierently. In
that table we calculate the percentage of counties for wthiehMSE of a particular
estimator (in the leftmost column) is lower than the MSE ofdkiger two estimators.
The performance of the small area estimations can be evdlbgitseveral criteria.
We have observed in Costa, Satorra and Ventura (2003) thdigtnoution of the MSE
across the Catalan counties is asymmetric. It also exlektteme values and it is very
dispersed. This is a consequence of the extremely uneveibdigin of the population
and economic activity in the region. This is a drawback of tinepte average of the
MSE of the counties. The median iffected less by the presence of extreme values.
On the other hand, we may want to put one upper limit on the MSEé&ch small
area. Looking at the maximum MSE of the counties is then ap@i&piTo keep things
simple we present the results graphically using the mediatuation criterion. Tables
2 and 3 and Figure 4 show the results using other evaluatitarieri Those criteria are
the average of the MSE of the counties, the maximum and mininalues of the MSE
of the counties, and the percentage of counties for whichrticpkar type of estimator
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Figure 2: MSE of composite alternative estimator for various combinations of samplégiand sampling
design (k).
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Figure 4. Comparing three estimators for sample=#100 by the criteria of the average county MSE.

performs better than the other two estimators. Figures 1 tordngarize the results
visually.
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The horizontal axis corresponds to the MSE of Cataldh&E#,). The vertical axis
corresponds to the median of the 41 counties MSE. The figures $teobehaviour of
the three estimators considered foftelient total sample sizes and alternative sample
designs. In Figure 3 we overlay the curves of the estimatoesolily draw the curves
for sample sizes 4,100 and 8,200, to avoid excessive clutter
The results can be summarized as follows:

e From Table 2 and figures 1 to 3 we see that the MSE for Catalonia aflesm
whenk = 1 and larger whehn = 0. In contrast, the median and mean county
MSE is smaller whetk = 0 and larger when= 1. This result holds for all three
estimators.

e Both the MSE for Catalonia and the median county MSE are redasethe
total sample size is increased, for each estimator. The sasoé holds for other
summaries, such as the average county MSE, or the maximuns\@&lMSE (see
Figure 4).

e On average, the alternative composite estimator is thedstishator, as assessed
by the MSE of Catalonia and median county MSE, for any samplessidevalues
of k of the mixed design. There are some exceptions, when thesatable sizes
are large and we use a fixed sample survey design. This is seequire &8, where,
to avoid clutter, we only show the sample size 4100.

e In Table 3 we see that the two composite estimators are theilmesmost
all settings. There are some exceptions when the total sasigges large. As
expected, the direct estimator improves its behavior astdted sample size
increases, independently of the survey design.

e Table 3 shows also that the alternative composite estirmiatbetter than the
classical one except for sampling designs with O ork = 0.25 (nonproportional
survey designs).

e To achieve a particular combination of a small MSE for the daagea jointly
with small median or average small area MSE, a mixed desigregiras
recommended. The desired combination will depend on theefes about how
to use the estimators.

6 Improving survey design by composition

The results in the previous section suggest some clear guedeior how to improve
both the sampling design and the estimation. We examine toem

Assume that we start with a predetermined sample size andxadrndiesign
allocation, partly proportional and partly of equal samgilees (the same sample size
in all the counties). More specifically, suppose the buddgetval to extract a sample
of sizen = 8,200. A fraction of these observations (for example, 358distributed
proportionally among the small areas and the remainderssildited evenly. That
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means that each Catalan county would have at least 0.65 ¥&R80QL30 observations.
Some counties with a large population would have up to 500 mbservations, while
the sample size of others would not surpass 150.

If we decide to use a direct estimator for each small area dsag/i¢he county, we
will obtain the MSE for large and small areas that corresp@misoximately to point
A (k=0.35) in Figure 5.

n = 8200

............
----------

Median of county MSE

Alternative

MSE of Catalonia

Figure 5. Opportunities for improvement using composite estimators.

This figure shows that using the alternative composite estin{#te same would
occur if we choose the classical composite estimator) ingg@stimation over the use
of a direct estimation (i.e., non composition). There is atiooum of choices between
points B and C (that correspond to varying valuek)dahat achieves lower or equal MSE
for the estimate of both the large and small area paramdtkeespoint B, which hak=
0.35, shows that the use of a composite estimator reduceseti@n of county MSE,
while keeping the MSE of the estimate of Catalonia at the sawel than the direct
estimate. This point B, witlk = 0.35, is the limit that we can move toward egalitarian
sampling design, without loosing (by composition) in théreation of the large area
parameter. As we move towards point C, thus adopting a mangoptional sampling
design, composition improves both the median of county MSHlaeMSE of Catalonia
over direct estimation. Point C, witk = 0.65, represents the limit we can move on
a more proportional design, without loosing (by composifim the estimation of the
small area parameters (i.e., without increasing the megfiaaunty MSE over the value
obtained with the direct estimate).
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That is, the adoption of a small area estimate such as thenalitex composite
estimator (the classical composite estimator would lead & the same phenomena)
brings room for improvement in the precision of the estirmaiéboth the large and
small area parameters, over the use of the simple direat&stin. The main aim of this
paper was to illustrate this issue using Monte Carlo datarealgpopulation. We left for
further work the development of specific tables to be usedi®choice of the required
sample sizes and valueslofequired for attaining a priori specified precision.
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Resum

Els estimadors de petita area poden ser utilitzats no només per aproximar els parametres d’'una petita
area, sind també per estimar els parametres de I'area gran. Quan I'objectiu és estimar un parametre
en totes dues arees, I'estratégia optima s’aconsegueix mitjancant un disseny mostral en dues parts:
una part que es distribueix proporcionalment entre les petites arees i una altra part que es distribueix
fixa. S'utilitza un métode de simulacié per avaluar el comportament tant de I'estimador directe com de
dos estimadors compostos de petita area. La bondat de les estimacions es valora en termes de I'error
guadratic mitja dels estimadors dels parametres de les dues arees, la gran i la petita. Els estimadors
compostos de petita area obren la possibilitat bé de reduir la mida mostral quan el nivell de precisid
esta donat, bé de millorar la precisi6 quan la mida mostral esta donada.

MSC: 62307, 62J10, and 62H12

Paraules clau: estadistica regional, petites arees, error quadratic mitja, estimadors directe i compost
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