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On the existence of multiple principal eigenvalues for some
indefinite linear eigenvalue problems

J. Fleckinger, J. Hern andez and F. de Th élin

Abstract.  We study the existence of principal eigenvalues for diffiéied operators of second order
which are not necessarily in divergence form. We obtainltesioncerning multiplicity of principal
eigenvalues in both the variational and the general case.afuroach uses systematically the Krein-
Rutman theorem and fixed point arguments for the inverse efspectral radius of some associated
problems. We also use a variational characterization far e self-adjoint and the general case.

Sobre la existencia de valores propios principales multip les para algunos
problemas lineales indefinidos de valores propios

Resumen. Estudiamos la existencia de valores propios principales pperadores diferenciales de

segundo orden que no estan necesariamente en forma dgethigier. Obtenemos resultados sobre la
multiplicidad de valores propios principales tanto en elocaariacional como en el general. Usamos
el teorema de Krein-Rutman y argumentos de punto fijo paravelso del radio espectral de algunos
problemas asociados. Utilizamos también la caracté@imagariacional, tanto en el caso autoadjunto
como en el general.

1. Introduction

If Q is a regular bounded domainRY¥, with boundaryps?, and ifa, andm are positive of2 and smooth
enough, it is well known that the eigenvalue problem:

—Au+ ap(z)u = Am(z)u in Q (1)
u=0 onof)
possesses an infinite sequence of positive eigenvalues :
O< A1 <A <... % <...; A — o0, 8Sk —

with finite multiplicity. Moreover); is simple and its associate eigenfunctipn is positive inQ2 and
dp1/0n < 0 on the boundary. In the following we also wrikg, the first eigenvalue of the above problem,
as\; (—A + ag, m, Q)
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Here we consider the case of (1) when the coefficiep®ndm change sign.
We use the following notations:

Ot ={zeQ | m) >0}, @ ={zeQ | m) <0}, Q={ze| m)=0} (2)

We assume tha®™ andQ~ (which are actually defined up to a set of measure zero) aretneamough
subdomains of? such that both have positive measyré| is the Lebesgue measure of the det

The classical result in [6] for continuous coefficients aetf-adjoint operators was extended by Manes
and Micheletti [14] (see also [9], [5]) in the sense of Thewrk below. A similar result was obtained by
Hess and Kato [11] for operators in general form by using therikRutman Theorem ([12], [1]). All these
results correspond to the casg(—A + ag, 1,€2) > 0 in our notation.

The situation is more involved if; (—A + ap,1,Q2) < 0 and interesting results were given in [13] for
operators in general form. Here we give a much more genedaliaified view of the problem, providing
a description of the number of principal eigenvalues depenan a parameter introduced in the weight
Our approach uses systematically a reformulation in terbfixed points for (the inverse of) the spectral
radius of an associated eigenvalue problem. We use a moegajenrrsion of the Krein-Rutman Theorem
in [8] (see also [15]) and rely heavily on the variational idwerization of the first eigenvalue and on a
result by Dancer ([7], see also [2]) which is only availalde dperators in divergence form in this context.
Results not using Dancer’s theorem are still valid for gaheperators and this allows us to extend results
in [11] and [3]. Detailed statements and proofs are giverl .|

2. The variational case for unbounded indefinite coefficients.

We assume that N
ag,m € L"(Q), r > 5 (3

We can rewrite equation (1) as
—Au + ad (z)u + dm™ (2)u = (AmT(z) + ag (2))u, v € Q,

and we are led to study the following eigenvalue problem

—Au + (ag () + Du + dm~ (x)u = r(m*(z) + %)w x € 9, (4)
) =0, x € 09,
By using Krein-Rutman Theorem [8], we can show the existerfieepositive eigenvalug(A) > 0 to prob-
lem (4); moreover, since the coefficients in (4) are positive have also the variational characterization:

) = dalVOP g @) + 167 + A Jom(2)6” (5)
SEH; (€2);67£0 JomT(@)d? + 5 [o(ag (z) + 1)¢? .

It can be seen easily thaf)\) is increasing in\, depends monotonically on the domain and is continuous
([14], [9]). Moreover by continuityy(0) = 0, and

r)

Jim = = M(=A+ad +1,a5 +1,9Q).

r'(0) =
With these notations we have that:

M(=A+ad +1,a5 +1,Q2) >1 & A\ (—A+ap,1,Q2) >0,
M(=A+af +1a; +1,Q) =1 & A\ (=A+ap,1,Q) =0, (6)
M(=A+ad +1,a5 +1,Q) <1 & A (=A+ap,1,02) <0.
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Using the monotone dependence with respect to both the cieet and the domain we obtain the first
estimate:
r(A) < M(=A+ad +1,mt,Q"), 7

and we deduce

Theorem 1 Assume that, andm satisfy(3), and that|Q*| > 0, |2~ | > 0.
If \1(=A +ap,1,2) > 0, then problen{1) possesses a unique positive (resp. negative) eigenydlue
(resp. A7 ); this eigenvalue is such that

0 <A <AM(=A+ag,m™,QF), (resp.0> A\ > -\ (A +ag,m,Q7));

moreover)\” (resp. \;) is algebraically simple and is the unique positive (respegative) eigenvalue
associated with a positive eigenfunction.

If \M(—A + ap,1,Q) = 0, then problen(1) has a positiveresp.negative)principal eigenvalue if and
only if

/ m@s <0 (resp. > 0),
Q

wheredy is the (positive) principal eigenfunction associated WitH—A + ap, 1,). In this case it is
uniqgue. W

Remark 1 In the second case, ny mg2 = 0, thenO is the only possible principal eigenvalue to prob-
lem(1). W

We consider now the case
A(—A +ap,1,Q) <O0. (8)

From (8), (6), we havéim,_.g @ < 1 and we need further estimates. More relevant results can be
obtained if we have an estimate of the slope at infinity-©f) which is a consequence of the following

proposition due to Dancer [7]. (See also [2]).

Proposition 1  Let D be a regular bounded domain R". Letb, ¢, g in L"(D), r > N/2, be such that
b>0,q>0,9g>00n. We definey := {x € D/ q(z) = 0}. Assume that

(H) Dy = Z?’Lt(Do), |Z7’Lt(D())| >0 and

int(Dy) satisfies the cone property except may be for a set of caparity
Then we have
lim M (—A+b+aq,g,D) =X (—A+b,g,Dp). A

a——+00

We study first the particular cage™ = 0 and rewrite the problem as

Au + (af (z) + Du + dm~ (z)u = p(%)u, x € Q, ©)
( ) =0, x € 0N
The first eigenvalue is given by the expression
Vo |? 1) A 2
F(A) = A inf Jo [V + g (@) + DE* + A Jym” (2)6* (10)
SEH(2);020 Jolag (x) +1)¢?

Thus#()) is convex and*(0) = 0. If (H) is satisfied, it follows from Proposition 1, that its "slope a
infinity” is given by
LT
1
)\i}foo A

= M(=A+ad +1,a5 +1,9).
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Itturns out that, i\ (—A +ad +1,ay +1,Q0) < 1, or what is equivalem; (—A + ag, 1, 29) < 0, #()\)
will never intersect the diagonal and the problem has natiesiuOn the opposite side, ¥ (—A + af +
1,a5 +1,90) > 1, or equivalently

)\1(—A+G0,1,Qo) > 0, (11)
then, since () is strictly convex, it will intersect exactly once the diagd. Thus we have proved

Theorem 2 Assume that, andm satisfy(3), m™ = 0, || > 0, and (H) and(8) are satisfied. Then
there is a unique positive principal eigenvalug(19 if and only if(11) holds. W

Finally, we will consider the problem for a weight functiomigh changes sign 0. The second estimate
is derived from (5):

0< r(A) < ra(N), (12)
were Jo | V6 P+ Jy(ad () + D6 + A fym™ ()67
_ Q + Jolag (z) + tAJgm
ra(A) = A%H%(Q)ﬁo IR OESE : (13)

We also have that,(\) is convex, since\ — @ is strictly increasing. Hence,(\) will intersect the
straight liner = A\ (—A + ag ,m™*, Q") in a unique point which will be denoted by .

Proposition 2 If we have
M(=A+ad,mT, Q1) <A

then there is no positive principal eigenvalugi). W
Hence we have obtained the necessary condition
AM(=A+af,mT, Q) >\, (14)

for the existence of a positive eigenvalue.
Now we assume that (14) holds and consider a family of eidaayaoblems

—Au + ap(z)u = Atm*(z) — m™(x))u, z €, (15)
u(z) = 0, x € 09,
wheret > 0 plays the role of a parameter and we rewrite the equation as
—Au + (ag () + Du + dm™ (x)u = p(tm™ (z) + w)&l)u, x € Q. (16)

Using again Proposition 1 and perturbation and continutjyiments , exploiting the associated variational
characterization, we derive

Theorem 3 Suppose thaf2 is a regular bounded domain iR such thatQ*| > 0, |27| > 0 and
moreove)t U, satisfies conditioiH ) in Proposition 1. Assume also that conditidqB% (14), \; (—A+
ao, 1,Q) < 0, A\ (—A+ag, 1,QTUQq) > 0 are satisfied . Then there exists & 0 such that the eigenvalue
problem(15) has two positive principal eigenvalues for ang (0,%), exactly one fot = ¢, and none if
t>t. N

Proposition 3 Assume that the hypotheses of Theorem 3 are satisfied afifl et be the eigenfunction
associated td (—A+aq, 1,9) < 0. Then, forany > 0 such tha{15)has a positive principal eigenvalue,
we have

fQ m d)o . n

fQ m*¢g

Corollary 1 If fQ mg2 > 0, then there is no positive principal eigenvalue to probld) B
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3. The case of a general operator

3.1. Smooth domains

We consider here the case of a differential operator in géfierm on a bounded domain in RY. The
corresponding eigenvalue problem can be written as

Lu = dm(z)u, x €,
{ u(z) =0, v €0, (17)
where
0%u ou
Lu = —Zaij(gc)i + Zbi(x) + ao(x)u (18)

Ox;0x; Ox;

%7 A

is a second order uniformly elliptic differential operatve assume that both and the coefficients ik
are such that thé?-regularity theory applies; in particular we have

ap € L>=(Q). (19)

Moreover we assume that
m~ € L>(Q), (20)
m*T e L"(Q), r> g, (21)

are satisfied.
As above (17) can be written equivalently as

Lu+ Am™ (z) + xa-uve,)u = A(m™*(2) + xo-ua))u, 2z €Q,
u(z) =0, x € 09,
and the associated eigenvalue problem is now

Lu+ A(m™ (z) + xa-ua,)u = p(m™(2) + xo-ua, )t €,
u(z) =0, x € 0N

By using again the Krein-Rutman Theorem in [8] we prove

Theorem 4 Suppose that the above assumptions, as well@sto (21) are satisfied. Then there exists a

unique positive (resp. negative) eigenvalfg L, m, Q) (resp. A\] (L, m,Q)) to (17); moreover
0 <A\ (L,m, Q) < M (L,mt, Q") (resp.—\i (L, m™,Q7) < A\ (L,m,Q) < 0).

Moreover\; (L, m, Q) (resp.A\; (L, m,(2)) is algebraically simple and it is the only positiveegp. nega-
tive) eigenvalue having a positive eigenfunctiorill

Remark 2 Again similar arguments allow to extend some of the result3] and [4] for non-smooth

domains in the same directionll
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