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The summability of solutions to variational problems since
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Abstract. Inequalities concerning the integral|@|? on the subsets whete(z)| is greater thai can
be used in order to prove regularity properties of the fuomcti. This method was introduced by Ennio
De Giorgi e Guido Stampacchia for the study of the regulaftihe solutions of Dirichlet problems.

Integrabilidad de soluciones de problemas variacionales d esde Guido
Stampacchia

Resumen. Adecuadas desigualdades sobre la integrafag?® extendida a los subconjuntos donde
|u(x)| es mayor qué: pueden ser usadas para obtener propiedades de regulagitaélidcionu. Este
método fue introducido por Ennio De Giorgi y Guido Stampeagara el estudio de la regularidad de
las soluciones de problemas de Dirichlet.

1. The Stampacchia method

| recall the following regularity results by Guido Stamphie; concerning solutions of linear Dirichlet
problems.

Let Q2 be a bounded subset BfY (N > 1) andL(v) = —div(M (x)Vv) be a differential operator,
whereM is a bounded elliptic matrix. Consider the Dirichlet prahle
ue Wy(Q) : L(w) = f(z) € L¥%2(Q) (2)

The use of

as test function implies

a/|VGk(u)|2§/ka(u) (2)
Q Q
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N+

2N
< (/ |f|ﬁ—fz> [ 1Gutay#=
{zeQ:|u(z)|>k} 5

. 2N
feM(Q),m>N+2 3)
by Sobolev inequality we have
(/le(uW*) < ep A B
Q
where| E| denotes the measure of the subhBetnd
Ap ={z € Q: |u(x)] > k}
Then, ifh > k > 0, we have
(h = B)|An|?* < | Ag| 3%~
| A |2 R —)
< v @@=

Here we use the following lemma in order to prove that, in (4),
. N +2 1 . N . .
o if 27 (—+ - —) > 1 (that ism > 3>, there exists\/ > 0 such thaiAy;| = 0: u is bounded

2N m
(lu| < M),
. N+2 1 . 2N N .
o if 2] <% — E) <1 <that ISN 3 <m< 5) , then there esistg) > 0 such that
|Ak| < co T

u belongs to the Marcinkiewicz spadé™ ™ (Q).

Lemma 1 (Stampacchia’s Lemma) Let¢(t) be a positive, decreasing real function such that

$(k)°

h>k:¢(h)§0m

0<f<1l,a>0 (5)

then there existy and kg such that

o(k)*
h>k¢¢(h)§0(h_k)a,)\>1 (6)
then there exisb/ such that
p(M)=0. W

We repeat the results proved in the previous page:

Theorem 1 (Stampacchia’s regularity)  The solutioru of the Dirichlet problen(1) is bounded, iff €

M™(), withm > 5 andu belongs taM™™" (Q), if f € M™(Q), with 25 <m < 5. ®
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Thanks to interpolation, the following theorem followsringhe linearity of the differential operator.

Theorem 2 (Stampacchia’s summability)  If f € M™(Q), with 255 < m < &, thenu belongs to

*

L™ Q). m

Developments of this method can be found in in [6], [8], [1Q]7], [21], [22], [25], [26], [27], [18],
[24].

1.1. Nonlinear operators

Consider, now, the nonlinear differential operatdp) = —div(a(x, v, Vo)) in W, *(Q) (p > 1), with the
usual Leray-Lions assumptions (see [23]), and the Dirighieblem

ue WyP(Q) : Au) = f(x)

For sake of simplicity, we still take = 2:

u€ Wy(Q) : Alu) = f(z) € L¥+2(Q) (7)
The proofs of Theorem 1 still hold.

Theorem 3 (Stampacchia’s regularity)  The solutioru of the Dirichlet problem (7) is bounded, ff €

M™(), withm > & andu belongs tad/™ ™" (Q), if f € M™(Q), with 2 <m < . &

Theorem 2 still holds, with a different proof (powers ofiatest functions): see [14], [15] for the proof
and applications (developments in [9]).

Theorem 4 (Summability) If f € L™(Q), withm > &, thenw is bounded; iff € M™ (%), with

2 )
25 <m < &, thenu belongs taL ™" ().

PROOF Use
Tk T(u) | —mN +2N —2m
S 2x+1 7T 4m —2N
as test function in the weak formulation of (7) and Sobolegimality:

k>0

20 +1
Q

! / a(z, v, V) V(T () P T (1) > &1 (VN (/ |Tk<u>|<*“>2*> |
Q

Then the Holder inequality implies that

2 1

2% m’
(/ |Tk(u)|()‘+1)2*> < caa, A) (/ |Tk(u)|(2f\+1)m/) ||f||Lm(Q).
Q Q
The definition ofA gets(A + 1)2* = m/(2XA + 1), and
1T e ) < eslm) 1], g
Now, if £ — oo, the Fatou Lemma implies
lull e ) < est@m) 151, - ™ ®)
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1.2. Minima of functionals

Consider, now, the following functional of the Calculus @friations

J(v):/j(x,v,Vv)—/fv
Q Q

in Wol’p(Q) (p > 1), with the usual assumptions gr{see [20], [19]), and the minimization problem

u € WyP(Q) : J(u) < J(v), Yve WP (Q)
For sake of simplicity, we still take = 2:

we Wy (Q) : J(u) < J(v), Yve Wy?(Q) (9)
Let

Te(u) =< u, if x: |u(z)| < k;

—k, if x:u(z) < —k;
+k, if ©:u(x) > k;

If we takev = u — G (u) = Tx(u), we get again the inequality (2), so that the proof of Theotesiill
holds.

Theorem 5 (Stampacchia’s regularity)  The minimau of the minimization problem (9) is bounded, if

fe M™(Q), withm > & andu belongs taM/™ " (), if f € M™(Q), with 25 <m < Z. ®

If we assume that € M™ (), with 25 < m < & the coice

N+2
o ey TP Tp(w) —mN+2N —2m
B 2A+1 7 4m—-2N

it is not useful.

Theorem 6 (Summability [16])  The minimumu of the minimization problem (9) belongsf&* ™™ (Q),
if f e L™(Q), with 25 <m < 5.
PROOF We take again = u — G (u) = T (u) and we get the inequality (2). Then

N+2
N

Vul? < / Fiks

{zeQ:|u(z)| >k} {zeQ:|u(z)|>k}
. . o . —mN+4+2N—2m i
The previous inequality implies that, for every> 0, and\ = # as in Theorem 4
N+2
N
221 / |Vu|2 < g1 / |f|z§7§2

{zeQ:|u(z)| >k} {zeQ:|u(z)| >k}

Then, as starting point of the proof, we write the previowsjumality as
N+2

EATLY / [Vul* < B2 / |f| ¥ 42

I=kipeqi<iule)|<j+1} {zeQ:|u(z)| >k}
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which gets formally)

Sy [ sy | [

k=0 I=keeqj<|u(e)|<j+1} k=0 {ee:|u(x)|>k}

But it is possible (but not easy) to prove that

Zk” 12 / |Vu|2%/|u|2)‘|Vu|2

“FreQij<|u()|<j+1} Q2
and

L
2N . N+2 m
Zku 1 / |fIv+e] ™ (/|u|(2x+1) ) ”f”Lm @

{zeQ:|u(z)| >k}
in order to get again the inequality (8) and show the sumrtabif the minimumu. W

Developments of above method method ([16] ) can be found @ (fegularity of minimizing se-
guences) and in [7] (parabolic equations).

2. Singular data ([4])

2.1. Dirichlet problems in large Sobolev spaces

In this subsection, | report some results concerning Magilkcz estimates on the solutions of Dirichlet
problems with irregular data. Aim of Theorem 7 is to give asieaand shorter proof of some results of [1].

Consider again the nonlinear differential operatdy) = —div(a(z,v, Vv)) and the boundary value
problem
—div(a(z,u, Vu)) = f in Q,
{ u=0 onof2 (10)

where on the right hand side we assume only fhat L' ().
The existence and properties of solutions is proved in [1H], [2] [13], [3]. Moreover in [12] is
proved that: belongs toWOLm* (Q), if f belongstal™(Q),if 1 <m <
Now we shall discuss the regularity ofif

N+2

2N
N +2

feM™Q), 1<m< (11)

Theorem 7 If f belongs toM™(Q2), 1 < m < the weak solutions of (10) belong taM/™ " (Q)

andVu € M™ (Q).

N+2’

PROOF We cannot use the approach of Stampacchia, since it is sstipje to use: (andGy, (u)) as test
function in the Dirichlet problem, becaugéu|? does not belong té.! (Q2).
Use formally) as test functioff},_;[Gx (u)]. Thus

o / VTh k[Gr(w)]? < / ST 1[G ()] (12)
Q Q

aS? (h — k)| Ap|7 < cp(h — k)| AR|'
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Ay < (L) F AT
Anl < ( 32) e
o (h—k)>
Here we use the Lemma 1 with= (1 — %) %, 50 thaty—5; = m*™*: u belongs taV/ ™" (2).
Moreover, if in (9) we takér = k + 1 we have

2 1-L 2
"‘/Bk 1V s/Ak 1< el el < s

m

where
By={xeQ:k<|ulx)| <k+1}

andAg = Q. Thus
i=k—1

2 s
o [IVTiwP <12] + > i
Q =

Remark that
0<m™(1 1)<1 — 1<m< 2N
m _ m
- m - N+2
and <60 <1)
(k—1)-? (k—1)1=% -1
1
1—¢ ~ T 14
k—1 k—2 i+1 k—2 i=k—1
1 J 1 1 1
=1+/ — =1+ / =>4y = —
.t Z;j t? F1@+U9 Z;ze
So, fork > 1,
O‘/ VT ()2 < 19 + coep (k — 1)1 0750 < opt=m ™ 0=0) (13)
Q

Here we follow a technique of [2]. Estimate (15) implies also

t* meas(Ay N {|Vu| > t}) < / [Vul? < coepkt =™ (=5

k

On the other hand

meas{|Vu| >t} < meas{|Vu| > ¢, |u| < k} + meas{|u| > k}

1

kl_m**(l_ﬁ) 1
<a D) T2
Note that
. 1. (m—-1)N o 1. 2N -m(N +2)
m*™ (1 m)— N o 1—m"(1 m)— N om € (0,1)
The minimization with respect th gives ¢ = t—lzvvfnT)
C
meas{|Vu| >t} < L

tm

as desired. &

418



2.2. Functionals with nonregular data

Consider the se’ff)l’Q(Q) (p > 1) of all functionsu which are almost everywhere finite and such that
Ty (u) € Wy 2() for everyk > 0. For everyu € 7,*(12) there exists a measurable functidn Q — RN
such thatVTy(u) = ®xqju <k} @.€. iNQ. This function®, which is unique up to almost everywhere
equivalence, will be denoted Byu. Note thatVw coincides with the distributional gradientefwhenever
ue T3 () N LL(Q) andVu € LL (Q, RN).

loc loc
Definition 1 Let f € L'(2). A functionu € 7,*(2) is aT-minimum for the functional
1w = [ ite. 70~ [ fo
Q Q
if, for every o in W, 2(€2) N L>°(2) and everyk > 0,
i+ VTu=) < [ 32,90 + [ Tilu— . a4)
Q Q Q

Theorem 8 ([5]) There exists &—minimumy of J(v) such that

7l
/lvcrk(u)Fs k(””ﬂ> (k> 0), (15)
Q “
[wa< L fin ko)

Bh,k Ap

where
Bhir={ze€Q:h<|u)| <h+k},

Ap={z € Q:h<l|u(z)|}.

andu € W, (), q < x25.
Moreover (Marcikiewicz framework) belongs ta\/ N2 (©2) andV belongs tal/ M1 (). m

If, in (14), we writeh — k instead oft and takep = T (u), then

/j(a:,VTk(u) + VT _glu—Ti(u)]) < /j(x,VTk(u)) +/fTh,k[u—Tk(u)],

Q Q Q
which implies the inequality (12), so that we have we can ettt following results.

Theorem 9 If f belongs toM™(2), 1 < m < %, then theT—minimumu belongs toM/™ " (2) and
Vue M™ (Q). |
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