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On Nuclear Maps Between Spaces of
Ultradifferentiable Jets of Roumieu Type

J. Schmets and M. Valdivia

To the memory of our friend Klaus Floret

Abstract. If K is a non void compact subset Bf', we give a condition under which the canonical
injection from&¢asy (K into Eqary,4(K) is nuclear. We then consider the mixed case and obtain the
existence of a nuclear extension map frém,,y (F) , into Erar,3 (R™) , whereF' is a proper closed
subset ofR™ and A and D suitable Banach disks. We finally apply this last result to the Borel case, i.e.
whenF = {0}.

Sobre aplicaciones nucleares entre espacios de jets ultradiferenciables de
tipo Roumieu

Resumen. Si K es un compacto no vacenRR", damos una condign suficiente para que la in-
yeccbn carbnica defnsy,5(K) en&inry,qo(K) sea nuclear. Consideramos el caso mixto y obtenemos
la existencia de un operador de extension nucledfde, , (F') , en&qar,1(R") , dondeF es un sub-
conjunto cerrado propio d®” y Ay D son discos de Banach adecuados. Finalmente aplicamos este
Gltimo resultado al caso Borel, es decir cuadde- {0}.

1. Introduction

Let us first recall the following facts about the quasi-LB-spaces studied in [7].
We endow the sef" of the sequences of positive integers with the ordetefined by

(an)nen < (bp)neny <= apn < by, Vn € N.

A quastLB-representatiorin a locally convex spacé is a set{ A, : a € N} of Banach disks in¥
submitted to the following two requirements :
(@U{A4s:aecN'} =E;
() (a,be NV;a < b) = A, C Ap.
A quastiLB-spaceis a locally convex space having a quasi-LB-representation.
Let us the remark that the Proposition 12 of [7] leads to the following property that will be used later
on. Let { Agia € NN} be a quasiLB-representation in the locally convex spaEeand letT" be a linear
map with closed graph from’ onto a Banach spacg. Then for every compact subdstof ', there are
a € NN and a compact subséf of E4_, such thatd ¢ A, andTH = K.
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Throughout the paper, unless otherwise statedesignates a positive integer add = (M,,)nen,
designates a sequence of positive numbers which is
(a)normalizedi.e. My = 1 andM,, > 1 for everyn € N;
(b) logarithmically convexi.e. M2 < M,,_1 M, for everyn € N.

We now introduce the main locally convex spaces we shall deal with.
The spac&€™ (K).
For every non void compact subgétof R” and integern € Ny, £™(K) is the Banach space introduced

by Whitney. For the sake of completeness we recall that its elements are the Whijeeyp on K, i.e.
pisa family(gpa)aeN&MSm of continuous functions oK such that

[(R™¢a) (2, )]

sup sup el —0ift — 07
la|<m z,yeK ‘y — :c‘ Tl
0<|z—y|<t
where 5
m (y B l’)
(R™0a)(2,y) == paly) — D %w(l‘)T-
18|<m—|a )
Its norm||- || () is defined by
[(R™¢a) (7, y)|
@llgm sy = 1@lgmz) + sup sup —————==

la|<mzyeK |y — x|m_|a‘
TFy

where
|‘P|gm(K) = sup |@allx-
lee| <m
The space&pry (R").
Let us briefly recall its definition as introduced in [3]. Its elements aratftefunctionsf onR” such
that, for every compact subskt of R", there ared > 0 andh > 0 such that

D f(x)| < ARI*IM;,), V€ K,Va €N,

Its topology is defined as follows. For every biain) := {z € R" : |[x| < m} andh > 0, one introduces
the Banach spac€ sy m,»(R"): its elements are the restrictions#ton) of the C*°-functions f on R"

such that D%
b(m)
TMy,m,h(f) == sup ey <0
aens  hlolM,

and endows it with the normy sy ,,, 1, Finally one sets

Emy(RT) = gg; ind Eary,mn (R7);
so &y (R™) is a locally convex space. More precisely as a Hausdorff projective limit of a sequence of
(LB)-spaces it is a quasi-LB-space (cf. [7]).
The space&pry (F).
In this notation,F’ designates a proper closed subseRbf A jet p on F'is a family ¢ = (¢q)aen; Of
continuous function od’. The elements of (/') are the Whitney jets of clags\f } on F, i.e. the jets
¢ on F' such that for every compact subgétof F, there ish > 0 such that

|¢‘K’h = sup ||S006HK < 00

aeN{ hla‘M\a|
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and (R o) ()] (m— o] + 1)1
. ‘ ] pa) (@, y)| (m—jaf+ 1)
1l e = e e W My |y — g o

|a|]<m T£Y

Clearly&ary (F) is a vector space. To define its topology, one proceeds as follows.
If I/ = K is compact, then for every positive integeré; sy, (K) denotes the vector subspace of
Eqary (K) the elementsp of which verify o] . + [l , < oo, endowed with the normfi| ;. + |||l .
it is a Banach space. Then we set
€y (K) = ind Eqary o (K),

a Hausdorff (LB)-space indeed hence a quasi-LB-space.
If F'is not compact, we consider a sequefille) ;cn of compact subsets &" such thatH; = HS~ C
H; |, K, =H,NF #(andR" = U2 H, and set

se

It is a Hausdorff (LF)-space hence a quasi-LB-space.

Results.

We establish that the canonical map fréifit! (K) into £°(K) is nuclear; this extends a result of
Komatsu (cf. [3]). We then obtain a result establishing the nuclearity of the canonical injection from
Ernyp(K) into Egpgy a(K) for somed > b. Finally we consider the mixed problem. In this case two
sequenced; and M 5 are used; they are submitted to a condition of the type

L {(D*f|r)aeny : [ € Enryy (R}

whereL is a vector subspace 6f s, 1 (F'). We obtain a result providing the existence of a nuclear extension
map from a subspace éfinto £; 4,1 (R™). We finally examine the application of this last result to the Borel
case, i.e. whe” reduces tq0}.

Let us mention that the problem of the existence of extension maps in the mixed setting has also been
examined in [1], [2], [4] and [5].

2. Anuclearity result about the &£y s(K) Spaces

For the sake of completeness, let us mention with proof the following Lemma that was obtained by Komatsu
in [3], under the assumption that is regular, i.e. K has a finite number of connected components and there

is a constan€ > 0 such that any two points, y of any connected componeft of K are the endpoints of

a rectifiable curve contained i and of length< C'|x — y|. Of course ifK is convex, it is regular. Let us

recall the following property that will be used later dhthe compact subset is regular, then, for every

m € Ny, the normg- £m(K) and||- em (k) are equivalent oi€™ (K) (cf. [6] page 76, for instance).

Lemma 1 For every non void compact subggtof R”, the continuous linear map
J: ngrl(K) - SO(K)a p = (@(X)\a|§r+1 = ®o
is nuclear.

PROOF Let h be a positive integer such that is contained in the interior gf-h, h]". We are going
to use the following Banach spa€&; ! (7 H): its elements are th€"*'-functions onr H with support
contained inH and its norm ig|-|| := sup 4 <,4+1 D[ -

The Whitney extension theorem provides the existence of a continuous linear extensidn froap
EY(K) into Cli (mH), i.e. such thatD* Ep)(x) = ¢, () for everyp € E7(K), » € K anda € Nj
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such thata| < r + 1. Let us denote by E|| the norm of this mag. For everyk € Z", we then designate
by vy, the continuous linear functional

op: O Y (aH) = C; g / g(y)e /" dy.
TH

It is well known that if||v ]| is the norm ofvy, there is a constardt > 0 such that|v|| < L(1 + |k|)~1
for everyk € 7. Finally we setu, := vy o E for everyk € Z" as well agjy () := (2wh)~"e™*/" for
everyk € Z" andzx € K.

Of course for every: € Z, ¢ belongs ta€°(K) anduy, to the dual of€” ! (K). If we designate by
|ug| the norm ofuy, we successively get

D lunl ¥nllgo gy < 2rh)™" Y Jloell I E]

kezr kezr
< LIE]
< 0.
(2rh)" Z +|k|'+1 >
kezr

Hence the conclusion since for evepyc £771(K), we have

(Jo)() = (2nh) " 3 eikin / (Be)(y)e~ /" dy

kezr

- Z (pyur) Yp(z), VeeK. R

kezr

Theorem 1 Let K be a non empty convex and compact subs&"oénd let the sequenc®? verify the
following condition: there are positive constarfésand Q such thatM,,,; < PQ"M,, for everyn € Nj.

Thenforevery € N, there is an integed > b such that the continuous linear injection frdih sy, (K
into E¢ary,q(K) is nuclear.

PROOF Letthe map/: £"71(K) — £°(K) as well as they, € £"T1(K)" andyy, € £9(K) be defined
as in the Proposition 1 and its proof. We then order the fafuily ¢ ) ez~ as a sequendev;, ¢, ) en; this
leads to

o0 o0

Z |w;| < oo and Jo = ¢ = Z (p,wj) ¢j, Ve € ETHK).
j=1 j=1

To everyp € £y, (K) anda € N, let us associate the + 1)-jet

‘P(a) = (<Pa+ﬁ)ﬁeN3,lﬁ|§r+1-

Obviously we havep(®) e £"+1(K) hence

T = 0 =3 () w; ) 5. (1)
j=1
Now we choose an integésuch that
bQ™ ! 1
[ >band
” N T

Then for everyj € N anda € Nj, we designate by, ; the continuous linear functional defined on
Eqnryp(K) by
3 (e, w))

, Ype& K),
NaLhﬁa‘ ¥ {Al}ﬁ( )

<¢auad>::
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and we denote its norm Byu, ;|||. From the inequality (1), we get

lpall < 7l|a‘M|a|Z| P, Uaj)]
J=1

hence

leallx _ 1 -
lict = 50 iy =3 DD lesual- (2)

a€eNy j=1

As K is convex, itis regular. Therefore the norfris, .., and||-
there isA > 0 such that

gr1 () @re equivalent o™t (K):

llgrsscey < Allgriagry ONEFHE).
(K) (K)

This successively leads to

(@) >}< H (@) <A ’ (@)
(e < gl [ < Alsl €],
with
(a) _ || +r+1 H‘POH-,B”K
[0 = sup | b M) 4r sup
’ ErHL(K) \merH ol = oty DOt M oy
< b‘d|+’r+1Mla‘+T+1 |<P‘K,b
hence

‘<‘P(O¢),’wj>‘ <A |w]| b‘a|+T+1M|a\+r+1(|‘P|K,b + H‘P”K,b)'
As the inequalities\jo| 1 < PQI*IMja|, Mia| 2 < PQI*H Mg, ... lead to
M\a|+r+1 < Pr—%—lQ|o¢|(r+1)Qr(r—&-l)/2]\4|a|7

we finally obtain

erJrl || 9 L
o) < 341us] (=) OPQA ey + Dol @

So if we setB := 3A(bPQ"™/?)"+1, we get
[taslll < Blws| (14r)721°, Va e 27,Vj e N.
For everys € N, this leads to

Y Mualll < Blwsls™(1+7)7% < Bluwy| (2°/2%)" = 27°B jwj]

lee|=s

hence

SN uaglll < ZZ Z uaslll < 2B w,| < cc. @)
j=1s=0 |a|=s j=1

j=1 aeNy

Giveny € E(pry(K) real andm € Ny, the finite jet(¢a)jaj<m+1 belongs of course 6™+ (K)
and the extension theorem of Whitney provides a real fungtienC™*1(R") such that D f(z) = ¢, (x)
for everyx € K anda € Nj such thaja| < m + 1. If we fix o € N such thaja| < m as well as two
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pointsz andy of R”, the limited Taylor formula provides the existence of sahg0, 1] such that ¥ f (y)
is equal to

— )8 — )8
OO S U (RN R

!
[Bl<m—|al |Bl=m+1—|a| b

If 2 andy belong toK, we haver + 0(y — z) € K sinceK is convex and this formula applies as well if we
replace D7 f by va+p- If @ is not real, we may split it into its real and imaginary parts and therefore get

|y - $|m+1—|a|

(R™pa) (@)l <2 > llparslg 5

|Bl=m+1—]a|
for everyy € Erary 5(K), m € Ny anda € Nj such thata| < m hence successively

(R 9a) (2, )]

<2% Z ||<Pa+ﬂ||}< ly — 2|
— (m+1—]af)! 148 M4 p

m+1—|af

(m+1—|a)!
|Bl=m+1—a|

™ M +1—al (m+1—af)!
<2 ol ly — ™y
1— o) T !
(m+1~la) plemriciel P
lm+1Mm+1 m+1—|a| m —|a
< 3 Pl ly = al
(rl)m+1Mm+1 m+1—|a|
<2 T Jat Pl =

and finally

|(ngpa)(x7y)\ (m+ 1- |Oé|)' < |<P|
(rl)m+1Mm+1 |y7x|m+1f|a\ — Kl

Obviously we havey|, ., < |p|x, for everyp € Eary(K). Therefore if.J; is the canonical
injection from&azy 5 (K) into Exary 1 (K), we get
[ J1Pl gy + 1 T1P N iy = 1Pl it + 1Pl 5t < 3 16Pl5cs -

Applying the inequality (2) leads then to

|J14P|K,rl + ”Jl(PHK,rl < Z Z |<SO?’U’C¥J>| s VQD € E{M},b(K)

a€eNy j=1

This last relation combined with the inequality (4) imply that the linear nhajs quasi-nuclear.

In the same way we may obtain an integer r! such that the canonical injectiol from Eazy 1 (K)
into &;asy,q4(K) is quasi-nuclear. Therefore we know that the canonical injecfior= J; o J; from
Einyp(K) into Erpry q(K) is nuclear.

Hence the conclusion.l

3. Mixed problem: general case
Theorem 2 LetM = (My )nen, aNd Mo = (Mo ) nen, be two sequences of positive numbers which

are normalized and logarithmically convex. Let moreodeand B be Banach disks ifiy 57,y (F') such that
A C B and the canonical injection frofi a7,y (F) 4 into Erag, 1 (F) g is nuclear.
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Enay(F)g C{(D*flr)acy; : f € Epaay (RN}

then there are an absolutely convex compact subset ;54,1 (R") and a nuclear linear extension map
from&pr,y (F) 4 into Eqag,y (R7) .

PROOF.  Let us designate b§f the vector subspace 6f5;,; (R") the elements of which verify

Sf = (D*flr)aen; € Enayy (F) p-

Of course the map': H — E;ar,}(F') 5 SO defined is linear and surjective.
As S~1{0} clearly is a closed vector subspacefpf,; (R”), we may considef//S~'{0} as a vector
subspace of(ar,1(R")/S~{0}. If we consider the canonical quotient map

Q: vy (R™) — Ernr,y (R7)/S7H0},

this allows to define the injective linear map
T: Ean,y(F) g — Eqarny(R7)/S7H0}

byT(Sf)=Qf foreveryf € H.

We now prove that this map has a closed graph. Lep;) ;e be a netinf s,y (F) 5 converging ta
and such that the néT'y,) ;< ; converges ta in £;az,3 (R")/S~'{0}. Let f be an element of {5y, (R")
such that) f = u. Asu belongs to the closure df/S~'{0} in &, (R7)/S~1{0}, f itself belongs to
the closure offf in £(pz,3(R"). Now let{ V; : i € I'} be a fundamental system of neighbourhoods of
&,y (R™) and letL be the subset of the elemerts;) of I x J such thal'e,; € QV;. We orderL with
< defined by

(i1, 51) < (i2,j2) <= (Vi, C Vi, and ji < jo).

For every(i,j) € L, we choose an elemerft ; € V; such thatQf; ; = Tp;. Of course the net
(fi.5)a.5)er,<) converges tof; in particular, for everya € Ng, the net(D” f; ;). j)e(z,<) converges
pointwise to D' f and as

Sfiy= (T 0Q)fiy =T (Qfi)) =T (Te;) = ¢;,

we get that the neD” f; ;) ;. j)e(r,<) converges pointwise on F, i.e. D” f|» = 0 hencef € S~'{0}.
This impliesu = 0 and sdl’ has a closed graph.

SinceS{Mz}(R’“)/Sfl{O} is a quasi-LB-space, the mdp is continuous (cf. Corollary 1.5 of [7]).
Thereforel’ A andT B are Banach disks if//S~1{0}. Let us respectively denote @y andG the Banach
spaces generated YA andT B: we haveE C G and by use of the hypothesis, the canonical injection
W: E — Gisnuclear. Let us denote lly|| the norm inE and its conjugate as well, and bythe norm in
G. So we know there are sequenc¢e§),cn in E’ and(v,)nen in G such that

|lul|| = 1 for everyn € N,
oo

Z |vn| < o0,

n=1
(o]

Wu = Z (u,u),) vy, for everyu € E.
n=1

For everyn € N, if we set

A= (D0 I) = (0 Iyl)™ and pui= (Joal /A0)2
Jj=n

Jj=n+1

321



J. Schmets, M. Valdivia

we get

v n

|’Un‘ 1/2 S 1/2 0o 1/2 1/2
AnfPn - A, :<(Zj:n|vj|) +(Zj:n+1 |vj|) )

hencep, = |v./(Anpn)] — 0if n — oo. Therefore the closed absolutely convex hBllof the set
{vn/(Anpn) : n € N}in G is compact. Moreover itis clear that the sequeGg A\, = pnvn/(Anpn))nen
converges td in G p; therefore the closed absolutely convex hull of { v, /A, : n € N} is a compact
subset ol p.

Now let{ A, : a € NV} be a quasi-LB representation &fys,, (R"). To everya € N, we associate
the setB, := Q (a1 P) N Ago wherea® denotes the sequence) = a,11)nen. Itis then clear that
{ Ba : a € NV} is a quasi-LB representation of the subspace U,cniBa = QG p of Egpr,3 (R).

The map

R:L—Gp; [frQf

is linear and surjective and has a closed graph. MAss a compact subset d@f p, the property of the
quasi-LB spaces mentioned in the introduction provilesN" and a compact subsét of Lz, such that
RD = @D = M. Let us denote byj|-||| the norm ofL, as well as the one af ;. From||jv,/A.||] < 1,
we deduce

Sollwalll €320 <D Joal? < 0.

m=1 n=1 n=1

For everyn € N, we then choose an element € Lp such thatRg,, = v, and|||g.|l| < 2|]|v.]||-
Now for everyp € Eqar,y(F) 4, We consider the series

op = i (T, up,) gn-
n=1

We denote byI': E' — Epr,y(F)', the transposed & : Eqar,y (F) 4 — E and sew!, = T, for every
n € N. If |-| denotes the norm @y, (F) , and of its conjugate space, we hawg, | = 1 for everyn € N
hence

00 o) %)
S 1w llgalll =D Mignlll <2 [lvalll < oo
n=1 n=1

n=1

Moreover we also have

o= (To,u)gn=>_ (@, w}) gn-
n=1 n=1

Thereforeo is a linear and nuclear map frofiyas,y (F) 4 into Eqar,y (R™) 5. To conclude we then have
just to compute successively

o0

(O™ (@) |F) ery = So0 =T~ 'Qup = T7Q( D (Tp, ) 9,

n=1

oo
=T (To,u) v, =T 'WTp =T '"Tp=¢

n=1

which proves that is an extension map.l
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4. Mixed problem: Borel setting

In the case” = {0}, the spac&;as, 1 (F) has to be replaced by the spatg,,,, defined as follows. Itis
the vector space of the families= (c.)aen; Of complex numbers for which therefis> 0 such that

||, == sup [cal

— < 00.
aeNg Rl o

Then
a) Ara,1,» denotes the Banach space of the elemerttA 5,y for which |¢|, < oo, endowed with the
norm|-|,;
b) A{M}Z} is the inductive limitind,,en A(pz,},,- It is @ Hausdorff (LB)-space hence a quasi-LB space:
in fact if we denote by, the closed unit ball of\as,3 ., it is clear that{ Aq = a2B,, :a € N'} isa
quasi-LB representation df s, ;.

The proof of the following Lemma is standard since a multiplication operator is nuclear whenever its
symbol is absolutely summable.

Lemma 2 With the notations just introduced, for evesly b € NN such thata; < by, the canonical

injection from(Aaz,})a, B,, INO (Afar,})b,m,, is NUClear.
In particular, the space\ (s, is complete, nuclear and conuclearll

As a direct consequence of the main theorem, we then get the following result.

Theorem 3 If the inclusion

Aty min © { (FO(0)aery + f € Eqnry (R}

holds then there are an an absolutely convex compact siibséf »7,1 (R") and alinear nuclear extension
map fromA ps,3.m INtO Ear,} (R7) 5. M

Finally we obtain the following Corollary as a direct consequence of Grothendieck’s factorization the-
orem.

Corollary 1 If the inclusion

Aprry € { (P (0)aerg : f € Eary (R

holds then, for every Banach disk of A;as,,, there are an absolutely convex compact subi3eof
&,y (R7) and a linear nuclear extension map fra s,y g into Eqar,1 (R™) . W
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