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Abstract. We study the representation of distributions (and ultradistributions of Beurling type) of
Lp-growth,1 ≤ p ≤ ∞, onRN as boundary values of holomorphic functions on(C \ R)N .

(Ultra)distribuciones de crecimiento Lp como valor frontera de funciones
holomorfas

Resumen. Estudiamos la representación de distribuciones (y ultradistribuciones de tipo Beurling) en
RN con crecimientoLp, 1 ≤ p ≤ ∞, como valor frontera de funciones holomorfas en(C \ R)N .

1. Introduction

Shortly after Schwartz introduced his theory of distributions, Köthe represented distributions on the unit
circle as boundary values of holomorphic functions on its complementary and his results were generalized
by Tillmann. Since then, many authors have been concerned with the problem of representing several
classes of distributions and ultradistributions as boundary values of holomorphic functions. Let us mention
the work of Bengel [1], Carmichael [4], Luszczki and Zielezny [13], Meise [14], Petzsche and Vogt [17],
Tillmann [20] and Vogt [22]. See also the section 4 of the recent paper [12].

In 1994, Carmichael and Pilipović [6] represented each ultradistribution ofLp-growth(1 < p <∞) in
RN as the boundary value of a holomorphic function satisfying appropriate estimates and conversely, every
such a function is shown to have an ultradistribution ofLp-growth as boundary value. The boundary value
problem for distributions and ultradistributions ofL∞ orL1- growth is more involved. In fact, forp = 1 or
p = ∞, Carmichael and Pilipović only obtained partial results and their methods did not permit to prove the
surjectivity of the corresponding boundary value operators. They worked in the context of ultradistributions
as they were defined by Komatsu [11].

In [8] the authors completely solved the problem of representing bounded distributions and ultradistri-
butions onR as boundary values of holomorphic functions inC \R. The case of bounded distributions had
not been treated previously in the literature. The lack of nice topological properties of the involved spaces
does not permit us to apply the tensor techniques as in [16, 3.6] in order to extend the results obtained in
[8] to the several variables setting.
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The results of Petzsche and Vogt [17] and the characterizations of ultradistributions ofLp-growth re-
cently obtained in [2], which are in the spirit of the ones given by Cioranescu [7] and Gómez-Collado [9],
allow us to define a class of holomorphic functions on(C\R)N having ultradistributions (of Beurling type)
of Lp-growth as boundary values and such that the boundary value operator is surjective. We work with
ultradistributions in the sense of Braun, Meise and Taylor [3]. Our approach is different from the one of
Carmichael and Pilipović and permits a unified treatment of all values ofp, including the limit casesp = 1
andp = ∞. Of course the most interesting cases are the extreme valuesp = 1,∞. Our results also cover
the classical spaces(DL1(RN ))′ and(DL∞(RN ))′.We would like to emphasize that no satisfactory answer
to the boundary value problem in these cases was previously known.

2. Preliminaries and statement of the problem

First we introduce the spaces of functions and ultradistributions and most of the notation that will be used
in the sequel.

Definition 1 ([3]) A weight function is an increasing continuous functionω : [0,∞[−→ [0,∞[ with the
following properties:

(α) there existsL ≥ 1 with ω(2t) ≤ L(ω(t) + 1) for all t ≥ 0,

(β)
∫ ∞

1

ω(t)
t2

dt <∞,

(γ) log(t) = o(ω(t)) ast tends to∞,

(δ) ϕ : t→ ω(et) is convex.

For most of the results of the paper we have to replace the condition(α) by the stronger condition

(α1) sup
λ≥1

limsup
t→∞

ω(λt)
λω(t)

<∞.

For a weight functionω we definẽω : CN −→ [0,∞[ by ω̃(z) = ω(|z|) and again call this functionω,
by abuse of notation. Here|z| =

∑N
j=1 |zj |.

The functionϕ∗ : [0,∞[→ R defined by

ϕ∗(s) := sup
t≥0

{st− ϕ(t)}

is called theYoung conjugateof ϕ.

There is no loss of generality to assume thatω vanishes on[0, 1]. Thenϕ∗ has only non-negative values
andϕ∗∗ = ϕ. Examples of weight functions can be found in [3].

Remark 1 If the weightω(t) is concave fort large enough then every equivalent weight satisfies(α1).
See [17, 1.1] for details. �

Definition 2 ([3]) Letω be a weight function. For a compact setK ⊂ RN we let

D(ω)(K) := {f ∈ D(K) : ‖ f ‖K,λ<∞ for every λ > 0},

where

‖ f ‖K,λ:= sup
x∈K

sup
α∈NN

0

|f (α)(x)| exp
(
−λϕ∗

(
|α|
λ

))
.
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ThenD(ω)(K), endowed with its natural topology, is a Fréchet space. For a fundamental sequence(Kj)j∈N
of compact subsets ofRN we let

D(ω)(RN ) := ind
j→

D(ω)(Kj).

The dualD′
(ω)(R

N ) of D(ω)(RN ) is endowed with its strong topology. The elements ofD′
(ω)(R

N ) are
called ultradistributions of Beurling type.

We denote byE(ω)(RN ) the set of all functionsf ∈ C∞(RN ) such that‖ f ‖K,λ<∞ for every compact
K in RN and for everyλ > 0.

Definition 3 ([2]) For every1 ≤ p ≤ ∞, k ∈ N andφ ∈ C∞(RN ), γk,p(φ) is defined as follows

γk,p(φ) = sup
α∈NN

0

‖φ(α)‖p exp
(
−kϕ∗

(
|α|
k

))
,

where‖.‖p denotes the usual norm inLp(RN ).

If 1 ≤ p < ∞ the spaceDLp,(ω)(RN ) is the set of allC∞-functionsφ on RN such thatγk,p(φ) < ∞
for eachk ∈ N. A functionφ ∈ C∞(RN ) is in BL∞,(ω)(RN ) whenγk,∞(φ) < ∞, for everyk ∈ N. We
denote byDL∞,(ω)(RN ) the subspace ofBL∞,(ω)(RN ) consisting of those functionsφ ∈ BL∞,(ω)(RN ) for

which lim
|x|→∞

|φ(α)(x)| = 0 for eachα ∈ NN
0 .

The topology ofDLp,(ω)(RN ), 1 ≤ p ≤ ∞, is generated by the family of seminorms{γk,p}k∈N. Also, we
consider onBL∞,(ω)(RN ) the topology associated with{γk,∞}k∈N. ThenDLp,(ω)(RN ), 1 ≤ p ≤ ∞ and
BL∞,(ω)(RN ) are Fŕechet spaces.

For the definition of the spacesDLp
(RN ), 1 ≤ p ≤ ∞, we refer to [19, VI,8].

Remark 2 (a) ClearlyDLp,(ω)(RN ) is continuously contained inDLp
(RN ), 1 ≤ p ≤ ∞. Hence, if

φ ∈ DLp,(ω)(RN ), 1 ≤ p ≤ ∞, then lim
|x|→∞

|φ(α)(x)| = 0, for eachα ∈ NN
0 .

(b) The inclusionsD(ω)(RN ) ⊂ DLp,(ω)(RN ) ⊂ E(ω)(RN ) are continuous and dense, and for1 ≤ p ≤
q ≤ ∞,DLp,(ω)(RN ) is continuously contained inDLq,(ω)(RN ).

(c) Although the paper [2] was written in the one variable setting, all the results in its section 2 also hold
for N > 1 with the same proofs. �

The dual ofDLp,(ω)(RN ) will be denoted by(DLp,(ω)(RN ))′ and it will be endowed with the strong
topology. SinceD(ω)(RN ) is continuously and densely embedded inDLp,(ω)(RN ) then(DLp,(ω)(RN ))′

can be identified with a subspace ofD′
(ω)(R

N ). The elements of(DLp,(ω)(RN ))′ are known asultradistri-
butions of Beurling type ofLp′ -growthwherep′ is the conjugate exponent ofp. The ultradistributions of
L∞-growth are calledbounded ultradistributions of Beurling type.

The classical caseDLp
(RN ) is formally not a particular case of what we present here sinceω(t) =

log(1 + t) does not satisfy property(γ). However, all our results also hold in this case after minor modifi-
cations.

LetG ∈ H(CN ) be an entire function such thatlog |G(z)| = O(ω(|z|)) as|z| tends to infinity. Then

TG(ϕ) :=
∑

α∈NN
0

(−i)|α|G
(α)(0)
α!

ϕ(α)(0)

defines an ultradistributionTG ∈ E ′(ω)(R
N ). The operator

G(D) : D′
(ω)(R

N ) → D′
(ω)(R

N ), G(D)ν := TG ∗ ν
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is called anultradifferential operatorof (ω)-class. We note that, for everyf ∈ E(ω)(RN ),

(G(D)f)(x) =
∑

α∈NN
0

(i)|α|
G(α)(0)
α!

f (α)(x).

It can be easily shown that there are constantsC > 0 andk ∈ N such that|G
(α)(0)
α! | ≤ Ce−kϕ∗(

|α|
k ).

As in [9, Proposition 2.4] it can be shown that each ultradifferential operatorG(D) of (ω)-class defines a
continuous linear mapping fromDLp,(ω)(RN ) into itself, for every1 ≤ p ≤ ∞ and also fromBL∞,(ω)(RN )
into itself. Thus,G(D) is also a continuous linear operator from(DLp,(ω)(RN ))′ into itself.

Theproblem we are concerned with consists in finding a weighted spaceHN
ω∗,p of holomorphic func-

tions on(C \ R)N such that the mapT : HN
ω∗,p → (DLp′ ,(ω)(RN ))′ given by

< T (f), ϕ >:= lim
ε→0+

∫
RN

{
∑

σ∈{−1,1}N

(
N∏

j=1

σj)f(x+ iσε)} ϕ(x) dx

is a well-defined, linear, continuous and surjective operator. The description of the appropriate space of
holomorphic functions and its basic properties is the aim of the section 3, while the boundary value operator
is investigated in section 4.

3. The spaces HN
ω∗,p and HN

p

In [8] we defined the weighted(LB)-spaces of holomorphic functions onC \R,Hω∗ , and we showed that
T : Hω∗ → (DL1,(ω)(R))′ given by

< T (f), ϕ >:= lim
ε→0+

∫
R
(f(x+ iε)− f(x− iε))ϕ(x)dx

is well-defined, continuous, linear and surjective. The natural extension ofHω∗ to the several variables case
and for arbitrary1 ≤ p ≤ ∞ leads to the following definition. In what follows,ω will be either a weight
function orω(t) = log(1 + t), t ≥ 0.

Definition 4 For s > 0, ω∗(s) is defined by

ω∗(s) := sup
t≥0

{ω(t)− st}.

The functionω∗ is continuous, convex and decreasing. Since each weight functionω satisfies thatω(t) =
o(t) wheret tends to∞, ω∗(s) <∞ for all s > 0.

Giveny ∈ RN with yj 6= 0 for all 1 ≤ j ≤ N , we denoteω∗(y) :=
N∑

j=1

ω∗(|yj |).

Definition 5 For a givenω, 1 ≤ p ≤ ∞ andN ∈ N, we define

HN
ω∗,p := {f ∈ H((C \ R)N ) : |f |ω,p,k <∞ for somek ∈ N}

where
|f |ω,p,k := sup

y
‖ f(·+ iy) ‖p exp

(
−k|y| − kω∗(

y

k
)
)
.

ThenHN
ω∗,p is an(LB)-space.
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Remark 3 Forω(t) = log(1 + t), t ≥ 0, we have thatω∗(s) = 0 for s ≥ 1 while ω∗(s) = s − log(es)
whenever0 < s < 1. Therefore, it is easy to see that in this caseHN

p := HN
ω∗,p can be described as

HN
p = {f ∈ H((C \ R)N ) : |f |p,k <∞ for somek ∈ N}

where

|f |p,k := sup
y
‖ f(·+ iy) ‖p e−2k|y|

 N∏
j=1

|yj |

k

. �

For any weightω,HN
p ⊂ HN

ω∗,p and given two weightsσ ≤ ω we haveHN
σ∗,p ⊂ HN

ω∗,p with continuous
inclusions.

Since we can represent (ultra)distributions ofLp-growth as a (infinite) linear combination of derivatives
of functions inLp, we will show that the spaces just defined are stable under (ultra)differential operators.

Lemma 1 (1) For eachf ∈ HN
p and eachα ∈ NN

0 we havef (α) ∈ HN
p .

(2) For eachf ∈ HN
ω∗,p and each ultradifferential operatorG(D) of class(ω) we haveG(D)f ∈ HN

ω∗,p.

PROOF. Let f ∈ Hω∗,p(RN ) be given. We fixy ∈ RN such thatyj 6= 0 for every1 ≤ j ≤ N and we put
ρj := 1

2 |yj |. LetDρ be the polidisc of poliradiusρ := (ρ1, . . . , ρN ). For eachx ∈ RN and eachα ∈ NN
0 ,

by the Cauchy integral formula

f (α)(x+ iy) =
α!

(2πi)N

∫
Dρ

f(x+ iy + ξ)
ξα+1

dξ.

The functiongξ(x) :=
f(x+ iy + ξ)

ξα+1
belongs toLp(RN ) and

f (α)(·+ iy) =
α!

(2πi)N

∫
Dρ

gξ(·) dξ.

Therefore

‖ f (α)(·+ iy) ‖p≤
α!

(2π)N
max
ξ∈Dρ

‖ gξ ‖p

N∏
j=1

(2πρj).

Since‖ gξ ‖p≤
1

ρα+1
|f |ω,p,k e2k|y|+kω∗( y

2k ) for some constantk ∈ N,

‖ f (α)(·+ iy) ‖p ≤ |f |ω,p,k α! e2k|y|+kω∗( y
2k )

N∏
j=1

(
2
|yj |

)αj

.

If ω(t) = log(1 + t) (t ≥ 0) this gives (1). To show (2), letG(D) be an ultradifferential operator of class

(ω). ThenG(D)g =
∑

α∈NN
0

aαg
α where|aα| ≤ Ce−mϕ∗(

|α|
m ) ≤ Ce−m

∑N
j=1 ϕ∗(

αj
m ) for someC > 0 and

somem ∈ N. Thus

‖ G(D)f(·+ iy) ‖p ≤
∑

α∈NN
0

|aα| ‖ f (α)(·+ iy) ‖p

≤ C|f |ω,p,k

∑
α∈NN

0

α!
N∏

j=1

(
2
|yj |

)αj−mϕ∗(
αj
m )

e2k|y|+kω∗( y
2k ).
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That is,

‖ G(D)f(·+ iy) ‖p≤ C |f |ω,p,k

N∏
j=1

 ∞∑
αj=0

αj ! e−mϕ∗(
αj
m )

(
2
|yj |

)αj

 e2k|yj |+kω∗
( |yj |

2k

)
.

To finish it is enough to proceed as in [8, Prop.1].�

It is clear now that, givenf ∈ HN
p andy ∈ RN , yj 6= 0 for 1 ≤ j ≤ N, the functionf(·+ iy) belongs

to DLp
(RN ) for 1 ≤ p < ∞ andf(· + iy) ∈ BL∞(RN ) for p = ∞. A similar result holds for arbitrary

weight functionsω.

Corollary 1 (1) For every1 ≤ p <∞ and eachf ∈ HN
ω∗,p we havef(·+ iy) ∈ DLp,(ω)(RN ).

(2) Eachf ∈ HN
ω∗,∞ satisfiesf(·+ iy) ∈ BL∞,(ω)(RN ).

PROOF. Let 1 ≤ p ≤ ∞ andf ∈ HN
ω∗,p be given. ThenG(D)f(.+ iy) ∈ Lp(RN ) for every ultradiffer-

ential operatorG(D) of (ω)−class. Now it is enough to apply [2, Corollary 2.2] to conclude.�

Now, it is easy to show that the spacesHN
ω∗,p increase withp.

Corollary 2 For a fixed functionω andp < q we haveHN
ω∗,p ⊂ HN

ω∗,q with continuous inclusion.

PROOF. SinceDLp,(ω)(RN ) ⊂ DLq,(ω)(RN ) ⊂ BL∞,(ω)(RN ) with continuous inclusions ([2]), we de-
duce from Corollary 1 that for everyf ∈ HN

ω∗,p there is a continuous seminormγ onDLp,(ω)(RN ) such
that ||f(. + iy)||q ≤ γ(f(. + iy)) for everyy ∈ RN with yj 6= 0 for 1 ≤ j ≤ N. Hence there is an
ultradifferential operatorG(D) of (ω)−class and there is a positive constantC satisfying

||f(.+ iy)||q ≤ C||G(D)f(.+ iy)||p

for all y ∈ RN with yj 6= 0 for all 1 ≤ j ≤ N ([2, 2.0.4]). SinceG(D)f ∈ HN
ω∗,p then it easily follows

thatf ∈ HN
ω∗,q. �

4. Boundary values

In this section we will show that each function inHN
ω∗,p has an element of(DLp′ ,(ω)(RN ))′, 1

p + 1
p′ = 1, as

boundary value and that, conversely, each (ultra)distribution ofLp-growth can be obtained as the boundary
value of a suitablef in HN

ω∗,p. From now onω will be either a weight function satisfying(α1) or ω(t) =
log(1 + t), t ≥ 0.

We first observe that eachf ∈ HN
ω∗,p belongs toHN

ω∗,∞ and, after applying [22] forω(t) = log(1 + t)
and [17] forω a weight function satisfying(α1), we have the following result

Lemma 2 The boundary value operatorT : HN
ω∗,p → D′

(ω)(R
N ) given by

< T (f), ϕ >:= lim
ε→0+

∫
RN

{
∑

σ∈{−1,1}N

(
N∏

j=1

σj)f(x+ iσε)} ϕ(x) dx

is a well-defined, continuous and linear mapping. MoreoverT (f) ∈ (DL1,(ω)(RN ))′ for eachf ∈ HN
ω∗,∞

andT is continuous as a map fromHN
ω∗,∞ into (DL1,(ω)(RN ))′. ThereforeT is also continuous fromHN

ω∗,p

into (DL1,(ω)(RN ))′.
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PROOF. In fact,T is nothing else but the restriction of the boundary value operator considered in [17] and
[22]. Now it is enough to proceed as in the first part of the proof of Theorem 3 in [8].�

Next, we show that the boundary value of a function inHN
ω∗,p is an (ultra)distribution ofLp-growth.

Proposition 1 T (HN
ω∗,p) is contained in(DLp′ ,(ω)(RN ))′ with 1

p + 1
p′ = 1. Moreover,

T (f) = lim
ε→0+

∑
σ∈{−1,1}N

(
N∏

j=1

σj)f(x+ iσε)

in the weak topologyσ((DLp′ ,(ω)(RN ))′,DLp′ ,(ω)(RN )).

PROOF. First we assume thatN = 1 and thatω is a weight function. Givenf ∈ H1
ω∗,p we choosek ∈ N

andC > 0 such that
max(‖ f(·+ iy) ‖∞, ‖ f(·+ iy) ‖p) ≤ Cekω∗( y

k ) (1)

for 0 < y < 2. Without loss of generality we may assume thatf ≡ 0 in the lower half-plane. We will
show that{f(· + iε) : 0 < ε < 1} is a bounded set in(DLp′ ,(ω)(R))′ and thatT (f) ∗ ϕ ∈ Lp(R) for
everyϕ ∈ D(ω)(R). We putfiε(x) := f(x + iε). Let ϕ ∈ D(ω)(R) be given and letb > 0 be such that
supp ϕ ⊂]− b, b[. By [17, 3.4] we findφ ∈ D((−b, b)× (− 1

2 ,
1
2 )) such that

(i) φ|R = ϕ

(ii) sup
z∈C\R

∣∣∣∣ ∂∂z̄ φ(x+ iy) ekω∗(
|y|
k )

∣∣∣∣ <∞.

Applying Stokes’ theorem to the functionθx(ξ) := f(ξ + iε)φ(x− ξ) in the rectangleDx := [x− 2b, x+
2b]× [0, 1] we get that

(fiε ∗ ϕ)(x) = 2i
∫

D

f(x− t+ i(v + ε))
∂

∂z̄
φ(t− iv) d(t, v).

whereD := [−2b, 2b]× [0, 1]. Therefore

‖ fiε ∗ ϕ ‖p≤ 2
∫

D

‖ f(·+ i(v + ε)) ‖p

∣∣∣∣ ∂∂z̄ φ(t− iv)
∣∣∣∣ d(t, v),

from where we conclude that{fiε ∗ ϕ : 0 < ε < 1} is a bounded set inLp(R), which shows that{fiε :
0 < ε < 1} is bounded in(DLp′ ,(ω)(R))′ ([2]), hence equicontinuos. Moreover, for every null sequence
of positive numbers(εn)n one has(T (f) ∗ ϕ)(x) = limn(fiεn ∗ ϕ)(x) pointwise and there isC > 0
with |(fiεn ∗ ϕ)(x)| ≤ C for everyn ∈ N and eachx ∈ R. Using Lebesgue’s dominated convergence
theorem we get that{(T (f) ∗ ϕ)χ[−n,n] : n ∈ N} is bounded inLp(R), henceT (f) ∗ ϕ ∈ Lp(R)
andT (f) ∈ (DLp′ ,(ω)(R))′. Let us take a 0-neighbourhoodV in DLp′ ,(ω)(R) such thatT (f) ∈ V o and
fiε ∈ V o for 0 < ε < 1 and letτ denote the topology of pointwise convergence on the dense subspace
D(ω)(R) of DLp′ ,(ω)(R). Then the weak topology andτ coincide on the equicontinuous setV o. Since
< T (f), ϕ >= limε→0

∫
R fiε(x)ϕ(x)dx for everyϕ ∈ D(ω)(R) we get thatT (f) is the limit of (fiε) in

the weak topology.

If ω(t) = log(1 + t), givenϕ ∈ D(R) we choosek ∈ N satisfying (1) and we put

φ(x, y) :=
k∑

j=0

1
j!
ϕ(j)(x) (iy)j .

Then
∂φ

∂z̄
(x, y) =

1
2
ϕ(k+1)(x)

k!
(iy)k and we proceed as above. See [16, 2.2].
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ForN > 1 andω a weight function, letσ ∈ {−1, 1}N andf ∈ HN
ω∗,p be given. We want to show that

lim
ε→0+

f(·+ iεσ) ∈ (DLp′ ,(ω)(RN ))′ and that{f(· + iεσ) : 0 < ε < 1} is bounded in(DLp′ ,(ω)(RN ))′.

To do this, letA be a real invertible matrix such thatAe1 = σ. We putg := f ◦ A andϕ := Ψ ◦
A for Ψ ∈ D(ω)(RN ) and we denotefiεσ(x) := f(x + iεσ). Then, for each(x2, . . . , xN ) ∈ RN−1,
g(·, x2, . . . , xN ) ∈ H(C \ R) and

(fiεσ ∗Ψ)(Ax) = |detA|
∫

RN

g(x+ t+ iεe1)ϕ(−t)dt.

Let b > 0 satisfysupp ϕ ⊂ [−b, b]N . Since{ϕ(·, x2, . . . , xN ) : (x2, . . . , xN ) ∈ RN−1} is bounded in
D(ω)(R) we may findΦ(z, x2, . . . , xN ), z ∈ C, x′ := (x2, . . . , xN ) ∈ RN−1 having compact support such
that
(i) Φ(·, x2, . . . , xN ) ∈ D((−b, b)× (− 1

2 ,
1
2 )) andΦ(λ, x2, . . . , xN ) = ϕ(−λ,−x2, . . . ,−xN ), λ ∈ R.

(ii)
∂

∂z̄
Φ(z, x2, . . . , xN ) is continuous and

∣∣∣∣ ∂∂z̄Φ(z, x′)
∣∣∣∣ ≤ Ce−kω∗(

|Imz|
k ) for everyx′ ∈ RN−1.

As in the one-dimensional case, one can show that{(fiεσ ∗ Ψ)(A·) : 0 < ε < 1} is bounded inLp(RN ),
therefore{(fiεσ ∗Ψ) : 0 < ε < 1} is bounded inLp(RN ) and, again as forN = 1, the conclusion follows.

In the caseN > 1 andω(t) = log(1 + t), we chooseσ,A, f,Ψ, ϕ andb as above. Fory ∈ R and

x ∈ RN we putz = x1 + iy, x′ = (x2, . . . , xN ) andφ(x1, y, x2, . . . , xN ) =
k∑

j=0

(−1)j

j!
∂j

∂xj
1

ϕ(−x)(iy)j .

Then
∂

∂z̄
φ(z, x′) =

1
2

(−1)k+1

k!
∂k+1

∂xk+1
1

ϕ(−x)(iy)k.

Now, we proceed as in the case of a weight functionω. �

Our next aim is to show that the boundary value map is surjective. SinceHN
ω∗,p is closed under

(ultra)differential operators and each (ultra)distribution ofLp-growth is essentially of the formG(D)f ,
whereG(D) is a (ultra)differential operator andf ∈ Lp(RN ) ([2] and [19]), it suffices to show that
Lp(RN ) ⊂ T (HN

p ) and, a fortiori,Lp(RN ) ⊂ T (HN
ω∗,p).

GivenN ∈ N we denote byGN the Banach space

GN := {f ∈ H((C \ R)N ) : ‖ f ‖:= sup
y
‖ f(.+ iy) ‖1 e−|y|

N∏
j=1

|yj | <∞}.

ClearlyG1 ⊗GN ⊂ GN+1 and the canonical bilinear mapG1 ×GN −→ GN+1 induces a continuous
linear map i : G1⊗̂πGN −→ GN+1.

Lemma 3 There exists a continuous linear mapj : D(RN+1) −→ D(R)⊗̂πD(RN ) such that its restric-
tion toD(R)⊗D(RN ) is the identity.

PROOF. From a well known result of Grothendieck [10], for each compactK ⊂ R the bilinear map

D(K)×D(KN ) −→ D(KN+1),
(φ, ψ) � φψ

induces an isomorphism of Fréchet spaces betweenD(K)⊗̂πD(KN ) andD(KN+1), from where we con-
clude. �

Proposition 2 For eachN ∈ N there exists a continuous linear operatorSN : D(RN ) −→ GN such
thatT ◦ SN gives the identity onD(RN ).
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PROOF. We proceed by induction onN .
ForN = 1, eachϕ ∈ D(R) satisfiesϕ = −ie−ix(eixϕ)

′
+ iϕ

′
, henceϕ = T (S1(ϕ)), where

S1(ϕ)(z) :=
1
2π

∫
R

ϕ(t)
(t− z)2

dt− e−iz

2π

∫
R

eitϕ(t)
(t− z)2

dt,

for Imz 6= 0 [8, 2.3]. Fory 6= 0 we putKy(t) = 1/(2π(t+ iy)2). Then givenz = x+ iy, y 6= 0, we have
S1(ϕ)(z) = (ϕ ∗Ky)(x)− e−iz(eitϕ ∗Ky)(x). Thus,

‖ S1(ϕ)(·+ iy) ‖1≤ C
e|y|

|y|
‖ ϕ ‖∞ .

This shows thatS1 : D(R) −→ G1 is well-defined, linear and continuous.

Let us assume that the claim is true forN . We defineSN+1 := i ◦ (S1⊗̂πSN ) ◦ j, which is linear and
continuous. To show thatT ◦SN+1 gives the identity onD(RN+1), it is enough to see that(T ◦SN+1)(ϕ1⊗
ϕ2) = (ϕ1⊗ϕ2) as distributions wheneverϕ1 ∈ D(R) andϕ2 ∈ D(RN ), and again it is sufficient to check
this equality onD(R)⊗D(RN ), which is very easy. �

In the sequel, for each compactK ⊂ RN andm ∈ N, we denote byDm(K) the set of allCm-functions
f such thatsuppf ⊂ K.

Corollary 3 For each compactK ⊂ RN , there arem ∈ N and a continuous linear mapSN,K :
Dm(K) −→ GN such that for everyΓ ∈ Dm(K) and eachϕ ∈ D(RN ) we have that〈T ◦SN,K(Γ), ϕ〉 =
〈Γ, ϕ〉.

PROOF. LetB be the closed unit ball inRN . We take an even functionη ∈ D(B), η ≥ 0, with ‖ η ‖1= 1.
Forn ∈ N we defineηn(t) := nNη(nt) and we putK1 := K + B. Using the continuity ofSN , we find
` ∈ N such that

‖ SN (ϕ) ‖ ≤ ‖ ϕ ‖K1,` (2)

for eachϕ ∈ D(K1). We putm = 2`. If Γ ∈ Dm(K), thenΓ ∗ ηn ∈ D(K1),

‖ Γ ∗ ηn ‖K1,` ≤ ‖ Γ ‖K (3)

and(Γ ∗ ηn)n converges toΓ in D`(K1). It follows from (2) that(SN (Γ ∗ ηn)) is a Cauchy sequence in
GN , hence it converges and we may define

SN,K(Γ) = lim
n→∞

SN (Γ ∗ ηn).

Thus,SN,K : Dm(K) → GN is well defined, linear and by (2) and (3), it is continuous.�

From now on, iff is a function, we denote by̌f the map defined by̌f(x) = f(−x).

Forg ∈ GN andf ∈ Lp(RN ) we put

(g ∗ f)(x+ iy) :=
∫

RN

g(x− t+ iy)f(t)dt.

Theng ∗ f ∈ HN
p . Moreover, we have the following result.

Proposition 3 Let 1 ≤ p < ∞, ψ ∈ D(RN ) andf ∈ Lp(RN ) be given. ThenSN (ψ) ∗ f ∈ HN
p and

T (SN (ψ) ∗ f) = ψ ∗ f.
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PROOF. Givenσ ∈ {−1, 1}N , ε > 0 andϕ ∈ D(RN ), one has thaťf ∗ ϕ ∈ DLp(RN ) and

〈(SN (ψ) ∗ f)(·+ iσε), ϕ〉 = 〈SN (ψ)(·+ iσε), f̌ ∗ ϕ〉.

SinceSN (ψ) ∈ HN
1 ⊂ HN

p′ , p
′ being the conjugate number ofp, it suffices to apply Proposition 1 for

ω(t) = log(1 + t) and Proposition 2. �

The following lemma permit us to get a similar result forp = ∞.

Lemma 4 LetK be a compact set inR and letψ ∈ D(K) be given. ThenS1(ψ) ∈ H(C \K) and, for
some positive constantsA andC,

|S1(ψ)(x± iε)| ≤ C

|x|2

whenever|x| ≥ A and0 < ε < 1.

PROOF. It is clear from the definition ofS1. �

Proposition 4 GivenΓ ∈ D(RN ) andf ∈ L∞(RN ) we haveSN (Γ) ∗ f ∈ HN
∞ andT (SN (Γ) ∗ f) =

Γ ∗ f.

PROOF. We already know thatSN (Γ) ∗ f ∈ HN
∞. To see thatT (SN (Γ) ∗ f) = Γ ∗ f we proceed

in two steps. First, letK be a compact set inR and letϕ1, . . . , ϕN ∈ D(K) be given. We consider
Γ := ϕ1 ⊗ · · · ⊗ ϕN and we putfj := S1(ϕj) ∈ H1

1. ThenF := SN (Γ) is given byF (z1, . . . , zN ) =∏N
j=1 fj(zj). Let us check thatT (F ∗ f) = Γ ∗ f. We observe that

∑
σ∈{−1,1}N

 N∏
j=1

σj

F (x+ iσε) =
N∏

j=1

(fj(xj + iε)− fj(xj − iε)) .

From Lemma 4, we choosẽK a compact subset inR,K ⊂ K̃, andC > 0 such that

|fj(xj ± iε)| ≤ C

|x|2

wheneverx /∈ K̃ and0 < ε < 1. Let η ∈ D(R) be identically one on a neighborhood of̃K. For each
ψ ∈ D(RN ) and each0 < ε < 1 we have,

〈(
∑

σ∈{−1,1}N

(
N∏

j=1

σj)F (x+ iσε)) ∗ f, ψ〉

= 〈
N∏

j=1

(fj(xj + iε)− fj(xj − iε)),
N∏

j=1

(1− η(xj) + η(xj))(f̌ ∗ ψ)〉

= I1(ε) + I2(ε) + I3(ε),

where

I1(ε) := 〈
N∏

j=1

(fj(xj + iε)− fj(xj − iε)), (
N∏

j=1

η(xj))(f̌ ∗ ψ)〉,

I2(ε) := 〈
N∏

j=1

(fj(xj + iε)− fj(xj − iε)),
N∏

j=1

(1− η(xj))(f̌ ∗ ψ)〉,

252



(Ultra)distributions of Lp-growth as boundary values of holomorphic functions

andI3(ε) consists of the remaining terms.
Since(

∏N
j=1 η(xj))(f̌ ∗ ψ) ∈ D(RN ) and

∏N
j=1 η(xj) is identically one on a neighborhood of the

support ofΓ,
lim

ε→0+
I1(ε) = 〈Γ, f̌ ∗ ψ〉 = 〈Γ ∗ f, ψ〉.

Using that
∏N

j=1(1−η(xj)) has support in(R\ K̃)N and
∏N

j=1(1−η(xj))(f̌ ∗ψ) ∈ L∞(RN ), and on

account of the given estimates for the functionsf ′js outside ofK̃, we may apply Lebesgue’s convergence
theorem to get that

lim
ε→0+

I2(ε) = 0.

Now, we observe thatI3(ε) is a sum of integrals of the form∫
(R\K̃)m

∏
j∈Sm

(fj(xj+iε)−fj(xj−iε))(1−η(xj))
(∫

RN−m

∏
j /∈Sm

(fj(xj+iε)−fj(xj−iε))η(xj)(f̌ ∗ψ)dx
)
dx̃,

whereSm is a proper subset of{1, . . . , N}, x denotes the coordinates corresponding to indices inSm and
x̃ are the remaining coordinates. Without loss of generality we takeSm = {1, . . . ,m}. Sincef̌ ∗ ψ ∈
BL∞(RN ), one has that

{(
N∏

j=m+1

η(xj))(f̌ ∗ ψ)(x1, . . . , xm, . . . ) : (x1, . . . , xm) ∈ Rm}

is a bounded subset ofD(RN−m). Also

{
N∏

j=m+1

(fj(·+ iε)− fj(· − iε)) : 0 < ε < 1}

is bounded in(DL1(RN−m))
′
, hence

∫
RN−m

(
N∏

j=m+1

(fj(xj + iε)− fj(xj − iε))η(xj))(f̌ ∗ ψ)dx : 0 < ε < 1


is a bounded set inL∞(Rm). As before we conclude thatlim

ε→0+
I3(ε) = 0. ConsequentlyT (F ∗ f) = Γ∗ f.

To finish, we fix a compactK in R, f ∈ L∞(RN ), and we consider the continuous linear map

R : D(KN ) −→ (DL1(RN ))
′

given byR(Γ) = T (SN (Γ) ∗ f) − Γ ∗ f. SinceR vanishes on the dense subsetD(K) ⊗ . . . ⊗ D(K), R
must be identically zero, that is,T (SN (Γ) ∗ f) = Γ ∗ f for everyΓ ∈ D(KN ). �

Our next result gives the surjectivity of the boundary value operator in the case of distributions ofLp-
growth. For1 < p < ∞, this follows from Tillman [21], Luszczki and Zielezny [13] and Bengel [1].
However, their methods did not work forp = 1,∞. Our approach permits a unified treatment of all values
of p.

Theorem 1 For 1 ≤ p ≤ ∞, the boundary value operator

T : HN
p −→ (DLp′ (R

N ))′

is surjective.
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PROOF. SinceHN
p is stable under differential operators and on account of [19, Th.XXV] it is enough

to show thatLp(RN ) ⊂ T (HN
p ). Let B be the closed unit ball inRN . Then, there arem ∈ N and

SN,B : Dm(B) −→ GN continuous and linear such thatT ◦ SN,B = Id. Now, we can find a differential
operatorP (D) and two functionsΨ ∈ Dm(B) andϕ ∈ D(RN ) such thatδ = P (D)Ψ + ϕ. Therefore,
givenf ∈ Lp(RN ) we havef = P (D)(Ψ ∗ f) + ϕ ∗ f. We takeF := P (D)(SN,B(Ψ) ∗ f) + SN (ϕ) ∗ f.
ThenF ∈ HN

p and
T (F ) = P (D)T (SN,B(Ψ) ∗ f) + T (SN (ϕ) ∗ f).

Clearly,T (SN (ϕ) ∗ f) = ϕ ∗ f. On the other hand,SN,B(Ψ) = limn SN (Ψn), where the convergence
is in GN for a suitable sequence(Ψn) ⊂ D(RN ) as in the proof of Corollary 3. Therefore,SN,B(Ψ) ∗
f = limn SN (Ψn) ∗ f , where the convergence is inHN

p , and, sinceT is continuous,T (SN,B(Ψ) ∗ f) =
limn(Ψn ∗ f). Here the convergence is inD′(RN ), but since(Ψn)n converges toΨ in L1(RN ) then
(Ψn ∗ f)n converges toΨ ∗ f in Lp(RN ) and we concludeT (F ) = f. �

Theorem 2 Letω be a weight function satisfying(α1) and1 ≤ p ≤ ∞. Then the boundary value operator
T : HN

ω∗,p −→ (DLp′ ,(ω)(RN ))′ is surjective.

PROOF. For everyµ ∈ (DLp′ ,(ω)(RN ))′ there are an ultradifferential operatorG(D) of (ω)−class and

f ∈ Lp(RN ) such thatµ = G(D)f ([2, 2.1]). By Theorem 1, there isF ∈ HN
p ⊂ HN

ω∗,p with T (F ) = f.

ThenG(D)F ∈ HN
ω∗,p on account of Lemma 1 andT (G(D)F ) = µ. �
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[9] M.C. Gómez-Collado. (2001). Almost periodic ultradistributions of Beurling and of Roumieu type,Proc. Amer.
Math. Soc., 129(8), 2319–2339.

[10] A. Grothendieck. 1955 (reprint 1966). Produits tensoriels topologiques et espaces nucléares,Mem. Amer. Math.
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Universidad de Valencia E.T.S. Arquitectura
Doctor Moliner 50 Camino de Vera
E-46100 Burjasot (Valencia), Spain E-46071 Valencia, Spain
fernand@uv.es; Antonio.Galbis@uv.es cgomezc@mat.upv.es

255


