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The three-space-problem for locally-m-convex algebras

S. Dierolf and Th. Heintz

Abstract. We prove that a locally convex algebrawith jointly continuous multiplication is already
locally-m-convex, ifA contains a two-sided idedl such that bothl and the quotient algebrd /I are
locally-m-convex. An application to the behaviour of the associated locally-m-convex topology on ideals
is given.

El problema de los tres espacios para  algebras localmente-m-convexas

Resumen. Probamos que uagebra localmente convexa con multiplidgatcontinua es autoaticamente
localmente-m-convexa, si contiene un ideahtsto! tal que tantal como elalgebra cocientel /I son
localmente-m-convexas. Se presenta una apficaal comportamiento de la topolieglocalmente-m-
convexa asociada en los ideales.

1. Introduction

There are three reasonable possibilities to extend the classical notion of a normed algebra to algebras pro-
vided with a locally convex topology. In fact, let be an associative real or complex algebra &ndh

locally convex topology omi. The weakest requirement on the compatibility of the algebraic and topolog-

ical structures o is

1. multiplicationm : (A, ) x (A, T) — (A, ) is separately continuous.

A stronger requirement would be

2. the above multiplicatiom: is jointly continuous, or - equivalently - for evefynbhdU in (A, )
there is anothe®-nbhdV in (A4, 7) satisfying

Vi={zy:z,ycV}CU.
The following requirement is still stronger

3. TheO-nbhd-filter in(A, 97) has a basis consisting of sets that are stable w.r. to multiplication, i.e. for
each0-nbhdU in (A, 7) there is a@-nbhdV in (A, 7) satisfyingV? Cc V C U.
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If .7 is metrizable and complete, (1) and (2) are equivalent. We will call an algélpevided with a
locally convex topology satisfying condition (2))acally convex algebraif (A, .7) satisfies (3), we will

call (A, .7) locally-m-convexloc-m-conv.). Whereas itis easy to find algebfds.7) with (1) but without

(2), the few complete metrizable locally convex algebras known to fail (3) are nontrivial and rather famous
(see e.g. [1], [7], [8)).

Although many authors deal with algebras satisfying just condition (1), we consider condition (2) a very
natural extension of normed algebras, which leads to a category with good properties.

On the other hand, loc-m-conv. algebras (which are nothing else but dense subalgebras of projective
limits of normed algebras) are easier to handle. Therefore conditions are welcome, under which a locally
convex algebra will "automatically” be already loc-m-conv. We will provide such a condition in form of a
three-space- statement.

Notations. Let A be an algebra (always assumed to be associative and real or complex). For a subset
C in A letT' C denote the convex balanced hull. Givere N and subsets’,...,C, in A, we define
Ci---Cpi={x1---xy:2x; € C;foralll <j <n}andabbreviat€™ := C - -- C (n factors). It is easy
to see that’, (T'Cy) U (T'C1)Cy C T(C1Cs) andT' ((T'Ch) - (T'Cq)) = T(C1Cy) forall Cy, Cy C A.

2. The three-space-theorem

Theorem 1 Let(A,.7) be alocally convex algebra containing a (two-sided) idEaduch thatl provided
with the relative topology? N I and the quotient algebral /I provided with the quotient topology /I
are both loc-m-conv. algebras. Then alsé, .7) is loc-m-convex.

PROOF. LetU = I'U be a0-nbhd in(A, 7). Then we find &-nbhdV in (I,. 7 NI)suchtha’? c V =
I'V c UnNI. As the restricted multiplication

(A, 7)x (I,7NnI) — (I, 7NI)

is continuous, there afenbhdsU; =TU; in (4,.7) andV; =TVyin (I, 7 N1I) such that/;V; C V.

First we may assume th&t> C V; C V; next we may assume thi§ C U and that U2 +U;)NI C V;
(observe that there is@nbhdU =T' U in (4, ) such that) NI C V; and we may choos¥; so small
thatUZ UU; C 1 U).

Letq: A — A/I denote the quotient map. Asl/I, .7 /I) is loc-m-conv., there is @&nbhdW =TW
in (A/I, 7 /1) satisfyingiW? c W C q(Uy).

Us := 2(¢~1(W) N U) is a balanced convexnbhd in(A, .7) satisfyingg(U>) = W, hence

Us + 1= (a(U) = 4~ (57) and

U3 U+ T =7 WD) = 0 (W) = 7 () € 307 GW) = JUa + 1.

As a consequence we obtain

1 1 1 1 1
U3 C U210 (U3~ 5U) C 5Us +10((5U1)* + 500)

1 1 1 1
::§w+§nuW+Unc§w+§mcn%um)

Now we prove by induction thaty C I'(U; U UsV; U Vq) for all n € N. In fact, the case = 1 is clear;
assume that the inclusion is true for some N; then, by induction hypothesis,

Uyt Us Uy C UsgT (U UUL VL U VL) C T(US WUV, U UL VY)
F(UQ Ui u F(UQ @] Vvl)‘/l @] U2‘/1) C F(UQ ulVrulU, ViU V12)

T'(Uy UUV3 U VA).

n N

224



The three-space-problem for Imc algebras

Finally, the sel/ := T’ ( U UQ”) is clearly a0-nbhd in(A, .7) satisfyingU'?> ¢ U; moreover
neN

UcCT(U,UlLV,UWV,) CT(U,UV) CT(Uh, UV) CTU C U,

which finishes the proof. |

Remark 1 Without the assumption df4, &) having continuous multiplication, the 3-space-statement of
the theorem becomes wrong, as has been shown in [l].

3. An application

As local-m-convexity is stable under the formation of initial topologies w.r. to linear multiplicative maps,
for every locally convex algebrigd, 77) there is a strongest loc-m-conv. topolagy, on A coarser that .

The formation of this "associated loc-m-convex topology” induces a functor from the category of locally
convex algebras and linear multiplicative continuous maps into the category of loc-m-convex algebras and
linear multiplicative continuous maps:

(A, T) ~ (A, Tn);

(A, 7) L (B,7) ~ (A, T) L (B, Fn).

If (A,.7)is alocally convex algebra andc A an ideal, then?;,, /I = (7 /I),, (by a general device
and also by immediate verification).

On the other hand, the functional property only yields t#atI),,, > 7, NI. The following example
shows that this inclusion may be strict.

Example 1 (see [5, 4.12])
Let (4,.7) = (4,-, ) be alocally convex algebra with unit element4 0, and letAy; denote the
linear spaced provided with0-multiplication (so that A, .7) is even loc-m-convex). The maps

A — L(Anm) :={f: A— Alinear},
a+— (b ab)anda— (b—b-a),

respectively, satisfy the conditions of the second proposition in [4Bfo= (A, ) andC := Ap. Con-
sequently by loc.cit., the corresponding semidirect prodiice Ay x5 (A4,-) is an algebra, which is a
locally convex algebra w.r. to the product topology:= .7 x 7. I := A x {0} is an ideal inE and has
0-multiplication, whencél, . N I) is loc-m-convex, i.e(* N I),, = . N I. On the other hand, we will
show that¥,,, = 9, X .

In fact, 7, x %, is loc-m-convex by loc. cit, henc€,, x 7,, C Y.
Conversely, lep be a submultiplicative continuous seminorm(dn, .#), thenp(a, 0) = p((e,0)(0,a)) <
p(e,0)p(0,a) for all a € A. Thusp(-,0) is dominated by(0, -) which is a submultiplicative continuous
seminorm on(4, -, ), henceZ,,-continuous. From this we obtain thaf, N I = (7, x J,,) N 1.
Since(E/I, /1) = (E/1,( /1)) is canonically topologically algebra-isomorphic 4, .7;,,), we
obtain that?,,,/I = (,, x I)/1.

Now, [3, lemma 1] yields¥,,, = Z,,, X Z,. In particular we have

(NDyy =Nl <= T =T,

So any locally convex unital algeb(al, &) that fails to be loc-m-convex, provides a counter example of
the announced kind. &
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In contrast to this example we have the following

Proposition 1 Let (A, .7) be a locally convex algebra containing an iddakuch that(A/I, 7 /I) is
loc-m-convex. The,,, NI = (T NI),,.

PROOF The set
{T(UuV):Ualb-nbhdin(A,.7),Va0—nbhdin(I,(.7NI)y,)}

is a0-basis for a locally convex topolog¥ on A, satisfyingZNI = ( NI),, and%/I = 7 /I;in fact,
Z is the strongest locally convex topology dn satisfyingzZ ¢ . andZ N1 C (9 N1I),, (cf. [2], [6]).

(A, Z) is even a locally convex algebra. In order to show thisplebhdsU = I'U in (A, .7) and
V =TVin(I,(ZNI),) be given; we may assume thét C V. By continuity of multiplication there
are0-nbhdsU; =TU; cUin(A,Z)andVy, =TV, Cc Vin (I, N1I) such that/;V; UViU; C V,
where we may assume thiaf C U.

AsVy C VandV™ C V for all m € N, we obtain that/; V;* U V]*U; C V for all n € N. Therefore
the0-nbhd

V=T |J Win(I,(7 N 1))

neN

(observe that’? ¢ V andV is a0-nbhd in(I, 7 N I)) satisfiesV Uy UU,V C V.
Now W :=T'(U; UV)isa0-nbhdin(4, %) andW? c T(U? U U,V UVU, UV?) Cc T(UUV).
From the theorem we now obtain that, %) is even loc-m-convex, hencg C .7, which implies

(TN =ZNIC ,NIC(TNI)n.

Remark 2 A different, easier sufficient condition f¢te7 N I),, = Z,, N I would be the hypothesis that
(7 N I),, is the initial topology on/ w.r. to a family of multiplicative linear surjections froth onto
loc-m-convex algebras with unit element.

In fact, given a locally convex algebf&, .7), containing an ideal, a loc-m-convex algebréB,.7)
with unite # 0 and a linear multiplicative continuous surjecti¢n (I, (7 N 1I),,) — (B,.%), there is
y € I suchthatf(y) = e. Definef : A — B, z — f(zy). Itis easy to see thatis a linear multiplicative
T - -continuous extension gf, uniquely determined by.

If (7 N1I), is the initial topology onl w.r. to (f. : I — (B, %.)).cs as above, then the initial
topology.# on A w.r. to (fc : A — (B¢, Z))cegisloc-m-conv.. C J, NI = (7 NI),, hence
S CIpand(T N, =sNIc I, nIc(Tnl), 1
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