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ABSTRACT

General equilibrium is a central concept of economic theory. Unlike partial equilibrium analysis which study the equilibrium of a
particular market under the clause “ceteris paribus” that revenues and prices on the other markets stay approximately unaffected,
the ambition of a general equilibrium model is to analyze the simultaneous equilibrium in all markets of a competitive economy.
Definition of the abstract model, some of its basic results and insights are presented. The important issues of uniqueness and local
uniqueness of equilibrium are sketched; they are the condition for a predictive power of the theory and its ability to allow for
statics comparisons. Finally, we review the main extensions of the general equilibrium model. Besides the natural extensions to
infinitely many commodities and to a continuum of agents, some examples show how economic theory can accommodate the
main ideas in order to study some contexts which were not thought of by the initial model.
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RESUMEN

El equilibrio general es un concepto central de la teoria econémica. A diferencia del analisis del equilibrio parcial que estudia el
de un mercado particular bajo la clausula “ceteris paribus” de que el retorno y los precios de otros mercados se mantienen
aproximadamente sin afectacion, el propésito de un modelo de equilibrio general es analizar el equilibrio simultaneo de todos
los mercados de una economia competitiva. La definicion de un modelo abstracto, algunos de su resultados basicos y de su
discernimiento son presentados. Un aspecto importante de la unicidad y unicidad local del equilibrio son esquematizados, ellos
son la condicional para una potencia predictiva de la teoria y su habilidad para permitir hacer comparaciones estéticas.
Finalmente, revisamos las extensiones principales del modelo de equilibrio general. Ademés de las extensiones naturales para el
caso de infinitamente muchos bienes y para un continuo de agentes, algunos ejemplos muestran como la teoria econémica puede
acomodar las ideas principales para estudiar algunos contextos los cuales no fueron considerados para el modelo inicial.

1. INTRODUCTION

Since the second half of the twentieth century, the Walrasian model of general equilibrium is formulated in the
concept of equilibrium of a so-called private ownership economy. In such an economy, finitely many price-
taking consumers (who are endowed with initial holdings of the different commodities and who collect given
shares of the profits from production) consume the commodities available on the market, optimizing their
preferences among all possible consumption plans that satisfy their budget constraint. Finitely many producers,
who also take prices as given, maximize their profit on their individual set of possible production plans; they
produce the commaodities which satisfy consumers’ demand in competition with the initial resources not used by

This paper was prepared as a contribution to appear in Mathematical Models in Economics, edited by Wei-Bin Zhang, in the
Encyclopedia of Life Support Systems, EOLSS Publishers : Oxford, UK [http://www.eolss.net/E6-154-toc.aspx].
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production. Market clearing determines equilibrium prices and the quantities actually consumed and produced at
a state of equilibrium. Market clearing may result in the strict equality of supply and demand; we will then speak
of (strict) equilibrium. But, conceivably, the conditions for equilibrium may require that excess demand be non-
positive and that, for any commodity for which it is negative, the price be zero; we will then speak of free-
disposal equilibrium.

Existence of equilibrium prices is the necessary test of consistency for a model which bases the coordination of
plans of diverse economic agents on the fact that prices faced by all agents provide the common flow of
information needed to coordinate the system. And, indeed, equilibrium exists under reasonable assumptions. Just
as important is the relation between the existence of solutions and the problems of normative economics. The
Paretian study of optimality considers the problem of efficient organization of an economy with an unspecified
distribution of resources and shows that for any Pareto optimal feasible allocation there exists a price system to
which consumers and producers are adapted. The Debreu-Scarf theorem shows that the same is true at the limit
for an allocation that no coalition can block, in an economy with a specified distribution of resources when the
number of consumers tends to infinity. These results have been first obtained in the 1950s and 1960s
simultaneously by the three founders of the general equilibrium theory: K.J. Arrow, G. Debreu and, in a slightly
different setting, L.W. McKenzie. Extended since then, these achievements strongly rely on convexity
assumptions on the characteristics of the agents and on the use of convex analysis and fixed point theory. They
confirm the new dependence of Mathematical Economics on an increasing list of mathematical tools such as
functional analysis, measure theory, differential topology, non-smooth analysis, ordered sets theory ... .

After 1970, the general equilibrium theory developed in several directions. First, in what we will call the
classical model (finite number of commaodities, finite number of agents), the conditions for equilibrium existence
and optimality results have been strongly weakened. Besides, the model itself has been generalized in order to
allow for an infinity of time periods and states of the world in the specification of commodities, and for an
infinity of agents. The abstract model has also been modified in order to accommodate the analysis of a great
variety of economic settings where properties of equilibrium may fail to hold. The different contexts share a
same methodology with the classical model of general equilibrium: the assumption that individuals, who have
perfect (imperfect in case of differential information) foresight for each future state of the world, make their
transactions in one initial market for the whole future and all states of the world. This common methodology
explains the central role of general equilibrium in economic theory and maybe some of their common
drawbacks.

In what follows, Sections 2, 3, and 4 present the current state-of-the-art for the classical model. Section 5 sketch
the issues of uniqueness of the equilibrium solution. Section 6 discusses some extensions.

2. THE CLASSICAL MODEL
Commaodities
In the classical model, only a finite number of commodities are exchanged, produced or consumed. The

commodity space is thus R’, the real vector space of dimension ¢. The vector Z = (Zk)i:l € R’ denotes a
commodity bundle with sign conventions explained below.

Private ownership economies and their agents
On this commodity space, a private ownership economy is completely specified by:

E= ((Xi’Pi’a)i)iel ’(Y j)jeJ’(eij)iG"jEJ]

Where

e | isafinite set of consumers. Typically, a consumer is an individual but may be a household or a larger
group with a common purpose. A consumer may even be a country in a model of international trade.

For each consumer i € |, a consumption set X' < R is the set of all consumption plans physically
: : Y
(or socially) possible for him. The consumption plan X' € X' isa list (X'l)«l of the quantities of the

various commodities that the consumer I consumes (positive numbers) or delivers (negative numbers).
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The preference correspondence P :l_IXh —> X" describes the tastes of consumer i. Under the
_ _ hel :
condition that X' & P'(X), the set P'(x) is interpreted as the set of consumption vectors X' strictly

preferred to X' when the consumption vectors of all consumers h # i are x". Such a dependence may
be justified by imitation or other psychological effects. It encompasses the case when consumer’s
preferences depend only on his own consumption vector and, a fortiori, the case when consumer 1 has a

X" s } The

complete preference preorder > on his consumption set and Pi(xi)= {X'i e X'
vector a)i is the ith consumer’s initial endowment in each one of the commodities.

e J isafinite set of producers. For each producer ] € J, the production set Y Iis the set of all
production plans technically possible for the jth producer. A production plan yj e Ylisalist

Y .
(ykJ )<=1 of the quantities of the various commaodities that the producer ] consumes as inputs (negative

numbers) or produces as outputs (positive numbers).

e Forallie land e J,the profit-share 49” is the contractual claim of consumer 1 on the profit of

producer |. By definition, the 9”- are nonnegative and for every |, 249” =1.

iel

A particular case of private ownership economy is the exchange economy, where there is no production,
specified by:

E=(X'P.0")

el

Feasibility and market clearing
An allocation
(xy)e [IxX x[]v’
iel jeld
is feasible (or attainable) if
X' =202y =0
iel iel jeld
feasible (or attainable) with free-disposal if
DX =Y o' - yi<0
iel iel jeld
Equilibrium

Let S={peR": || p|| =1} be the sphere with center O y radius 1. If each p € S represents a possible list of
the (normalized) prices of each commodity, an equilibrium of E is a point

(G.xy)e sx X <[y

iel jeld

satisfying the following conditions:

152



1. Foreachie I, Bil S_p.coi + Zeu_py‘ and X' € Pi(i): px’ >_p.§i
jed
. Foreach j e J, forall y! e Y, pyl<py’
3. The allocation @9) is feasible.

The point (p,x,y )€ Sx [ [ X" x ] ] "is afree-disposal equilibrium if, in the previous definition, the third
iel jeld
condition is replaced by:

_ — —j . —ij
3’. The allocation (i, y) is attainable with free-disposal and P Zyj + Za)' - > x |=0.

jed iel iel

Condition 1 states that at equilibrium every consumer has chosen in his consumption set a consumption plan
which best satisfies his preferences under his budget constraint. Summing over Ithe budget constraints, it
follows then from Condition 3) or 3’) that, at equilibrium, every consumer spends his equilibrium revenue:

. — =i = i
Viel,.px =po'+).0,py’.

jeld

Condition 2 states that every producer chooses a production plan so as to maximize his profit in his production
set.

Condition 3 states at equilibrium the equality between the total supply and the total demand. In case of free-
disposal equilibrium, Condition 3’ ensures that the cost of the disposal needed for achieving equilibrium is
minimized and equal to zero.

A clever reader will have observed that the free-disposal equilibrium of an economy is thus the equilibrium of a
fictitious economy identical to the original one but where an additional price-taker and profit-maximizing
producer has the negative orthant —R’as his production set. It is easily deduced from this remark that, at a free-
disposal equilibrium, the equilibrium vector price is non-negative. This need not be the case if the equilibrium is
strict, that is, without free-disposal. Some commaodities may be noxious or at least non-desired at equilibrium;
the disposal needed for achieving equilibrium is not free anymore and may involve costly activities.

Quasi-equilibrium

A point p,?,y) e Sx H X' x HY Visa quasi-equilibrium (resp. free-disposal quasi equilibrium) if it
iel jed

satisfies the profit-maximization and feasibility conditions of the corresponding equilibrium definition and if

Condition 1) is replaced by the weaker condition:

1’.Foreach i € I, E);I < po'+ Zé’uf)yj and X' € Pi(i):> px’ 2[_3.7.

jeld

The interpretation of Condition 1’ is not very appealing since it means that, at a quasi-equilibrium, no consumer
could be strictly better spending strictly less than his budget constraint. The interest of the quasi-equilibrium
concept is purely mathematical. As we will see in the next section, the equilibrium existence proofs actually
establish the existence of a quasi-equilibrium, allowing for a clear distinction between the quasi-equilibrium
existence problem and the investigation of the conditions which guarantee that a quasi-equilibrium is an
equilibrium.

3. EXISTENCE OF EQUILIBRIUM

Several equilibrium existence proofs are available in the literature. Among the three main approaches, the excess
demand approach obtains the equilibrium price as a zero of the excess demand correspondence (a zero of the
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excess quasi-demand correspondence for the quasi-equilibrium price). This approach requires the preferences of
each consumer to be formalized by a complete preorder on their consumption set.

The so-called Negishi approach bases the equilibrium existence on a fixed-point theorem applied in the utility

space, that is in the vector space R' whose dimension is equal to the finite number of consumers. This
approaches requires the preferences of each consumer to be represented by a utility function but, since the first
writings of Debreu, economists know that, at least when the commaodity space is finite dimensional and under
the usual assumptions of the equilibrium existence theorem, there is no loss of generality to assume that
complete preference preorders on the consumption sets are represented by utility functions.

The approach presented below is the simultaneous optimization approach. The interest of this approach and of
the theorems which will be presented is to be not too much demanding in terms of the rationality of consumers’
choices (consumers’ preferences need not be complete or even transitive) and to allow for some dependence of
the individual preferences on the actions of the other agents.

3.1. Equilibrium and quasi-equilibrium of abstract economies

An abstract economy (generalized qualitative game, social system) is completely specified by
_ i _ipi
r=(X"a'P")_
where N is a finite set of agents (players) and for each | € N,

o X'isachoice set (or strategy set) that we will assume to be a subset of some finite dimensional vector
space,

e The correspondence &' : HXh — X'is called constraint correspondence. For X € X = HXh ,
heN heN

the set ai(x) is interpreted as the set of the possible strategies for I given the choices (Xh)h i of the
#

other agents,

e  The correspondence P’ :l_IXh — X" is a preference correspondence. For each X € X, under the
heN

condition that X' ¢ Pi(x), the set Pi(x) is interpreted as the set of elements of X' strictly preferred
by 1 when the choice of the other agents is (Xh)h :
#*

An equilibrium of I is a point X € X such that foreach i € N,
L X ed(¥)
2. Pi(X)na(x)-2.
3.
The interpretation is that at each component of the equilibrium point, the corresponding agent best satisfies his
preferences in his constraint correspondence.
As a special case, if for every i € Nand forevery X € X, &'(x)= X', in other words if ' = (Xi, Pi) s
le

a qualitative game, an equilibrium of I" is nothing other than a Nash equilibrium of the qualitative game I".

Now, let B': X — X' be correspondences satisfying for every i € N and for every X € X,
3. B'(x)c &'(X)
4. B(X)=D= p(X)=a'(X)

where for a set A, A denotes the closure of A.

Given ﬂz(ﬁi)l @ S-quasi-equilibrium is a point X € X such that for each i € N,
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5. ii. S aiG)
6. P' ()N B'(x)=2.

[-quasi-equilibrium existence
The existence of a £ -quasi-equilibrium can be deduced from the Gale-Mas-Colell lemma, lemma itself proved
using Kakutani’s theorem and a powerful selection theorem due to Michael.

Lemma (Gale-Mas-Colell) Let N be a finite set of indices. Given X = l_IXi ,where foreach i € N, X'is
ieN

a nonempty compact convex subset of some finite dimensional Euclidean vector space, let for each 1,

(p' : X = X' be a lower semi-continuous correspondence with convex (possibly empty) values. Then there

exists X € X such that for each i € N, either goi(§)= Dor X e (pi(i).

The existence of a /- quasi-equilibrium for an abstract economy is proved under the following assumptions for
each i € N:

€)) X'isa nonempty compact convex subset of some finite dimensional Euclidean vector space,
(b) a'isan upper semi-continuous and non empty closed convex-valued correspondence,

() B'is convex-valued,

(d) the correspondence X —> ,Bi(x)r\ P'(x) is lower semi-continuous,

(e) the correspondence P! is convex-valued and for all X € X, X' ¢ Pi(x).

Proposition 1 Under the conditions (a) — (€) and for £ defined as above, the abstract economy
I'= (X ' a Pi)i " has a 3 quasi-equilibrium. It is an equilibrium provided that for every i, ﬂi (i);t .

3.2. Application to quasi-equilibrium existence for private ownership economies

Let

E= ((Xi’Pi’a)i)iel ’(Y j)JeJ’(eij)ie"jEJ]

be a private ownership economy as defined in Section 2. In the following, A(E) will denote, according to the
case under consideration, the set of feasible (resp. feasible with free-disposal) allocations of the economy. For

each iel, jel, X', Y1 will denote the projections of this set on the corresponding consumption or
production set, that is the feasible sets of each consumer and producer.

Quasi-equilibrium existence for the economy is proved under the following assumptions:
1. Foreach i e |,

@) Xf is convex and closed, )A(i is compact _ _
(b) P'is lower semi-continuous with convex values and forall X € X, X' ¢ P'(X),
€ o' e X' - z&inj (0 e X'— Z@in Y —R! in case of free-disposal),
jed jed
(d) for each feasible allocation (X,Y), X e WX)
2. Foreach j € J, 0 € Y ! which is convex and closed, Y iis compact;
3. The total production set Y = ZY I js closed (Y + Rf in case of free-disposal).
jed
Besides convexity, closedness and continuity assumptions, Assumption 1 (c) is a weak survival assumption: for

each consumer, a consumption vector is possible using his own resources and, eventually, his share of the
productive system. Assumption 1 (d) means that for each consumer, a feasible consumption vector is a point of
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local no-satiation: each consumer can be strictly better with a consumption vector as close as desired from his
actual consumption in the feasible allocation. The compactness of all feasible sets, in 1 (a) and 2, can be obtained
under, for example, the assumption that all consumption sets are bounded below ant that all production sets are

bounded above. More sophisticated assumptions on the total consumption set Z X' and the total production set
iel

ZY I can be found in the literature; eventually stated in terms of the recession cones of these sets, they

jeld

guarantee the same result.

Sketch of the proof for a compact economy
In order to apply Proposition 1, the quasi-equilibrium existence for the private ownership economy is first

proved assuming that, besides the previous assumptions, consumption and production sets are bounded. Agents
of the abstract economy associated to the private owner ship economy are:

e the consumers, with their consumption set as strategy set, the same preferences as in the private
ownership economy, the budget correspondence

]

as constraint correspondence, and

]

e the producers with their production set as strategy set, correspondences a! and p I whose values in

reaction to the actions of the other agents are identically equal to their production set, preferences on
their strategy set associated in a obvious way with the objective of profit maximization

e an additional agent, interpreted as the Walras auctioneer, who sets prices in reaction to demands and
supplies of consumers and producers with the objective of maximizing the value of the excess demand.

His strategy set is the compact convex set of prices X°=B= {p S Rf‘” p|| < 1}, the closed unit-ball

centered at the origin and with radius equal to 1 (or the intersection of this ball with the positive
orthant Rf in case of free-disposal). In reaction to the actions of consumers and producers,

correspondences & and 3° have values identically equal to X °.

In &'(p)and (), the addition to the regular revenue of consumers of a non-negative extra term

depending on the norm of the price is a stratagem due to Bergstrom and has as objective to allow the
different correspondences to satisfy the continuity properties assumed in Proposition 1. Applying this

proposition, one gets a point (5,?,9) satisfying the conditions for quasi-equilibrium of the economy,
provided that H_pH =1. The verification of this last condition completes the proof of the following
proposition:
Proposition 2 Under the conditions 1. (a) — (d), 2. and 3. a private ownership economy

— ipi i i . . .
E= ((X PlLo )iel ,(Y )J_ g ’(eij)iel e ] whose consumption and production sets are bounded admits
a quasi-equilibrium.
Quasi-equilibrium existence in the original economy
Taking advantage of the compactness of the feasible sets of consumers and producers, assumed in 1 (a)

and 2, the idea of the proof is then to replace the original economy E by a compact one satisfying the
same assumptions.
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Let K< R  bea compact convex set containing all feasible sets in its interior. One associates with the

original economy a compact economy with the sets X' = X' MK and Y! =Y’ m K as consumption and
production sets.

In order to facilitate passing from a quasi-equilibrium of the compact economy to a quasi-equilibrium of
the original economy, the original consumer’s preference correspondences are also replaced by the Gale—
Mas-Colell augmented preference correspondences:

PI(X)={2' e X'lz'= X'+ (1- A)z",0< A1 <12" € P'(x)}

Note that the augmented preference correspondences are semi-continuous if the original preference

correspondences are assumed to be semi-continuous, and that X' e Pi(X) if Pi(x);t . The possible

replacement of local no-satiation assumptions by no-satiation assumptions (at any component of a feasible
allocation) is also a reason for introducing the Gale—-Mas-Colell augmented preferences

Consider the compact economy

E=((>2i,ﬁi,wi)lel,(Y”")jej’(@j)ig.,,-ejj

where the augmented preferences in the original economy and their obvious restrictions in the compact
economy are noted identically. Applying the quasi-equilibrium existence result for compact economies, it is
then shown that the economy

E'= ((Xi’ﬁi’”i)e.’(Yj)jef(e“)ie"id]

has a quasi-equilibrium ([3;?) € Sx H X' x HY I This quasi-equilibrium is a fortiori a quasi-
iel jeld

equilibrium of the original economy E . Moreover, it follows from the remark above that the quasi-

equilibrium existence has been obtained with Assumption 1 (d) replaced by the weaker assumption:

1. (d")Foreach i € | and for every feasible allocation (X,Y), P'(x)= &.

To summarize,
Proposition 3 Under the conditions 1 (a) —(c), (d’), 2 and 3, a private ownership economy

E- ((xi, Pl ) () @) ] admits a quasi-equilibrium.

Before closing this sub-section, let us remark that a glance to the proofs presented here shows that, under
convenient assumptions, the quasi-equilibrium existence result could accommodate consumers’ preferences
depending on the current production vector and also price-dependent preferences which may make sense
in economic models.

3.3. From quasi-equilibrium to quasi-equilibrium

More continuity of preferences

Now, let us set an additional continuity condition on consumers’ preferences:
1. (e) Foreach i € | and for every X € X, the set Pi(x) is openin X'.

Then, if forall p € S, we set
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7 (p)=1x" € X'|pxX' < p.o'+ D 6, maxpY’

the budget set of the ith consumer and

S(p)=1x" e X'|px' < p-wi+29ij max p.Y !

we can remark that 8'(5);& O, 7 € ]/i (5) and Pi(i)m g(ﬁ)= & imply Pi(;)ﬁ 7/i (5): D.

Thus, the investigation of conditions under which a quasi—equilibrium of E isalso an equilibrium is reduced to
the search for conditions under which 5'(5)¢ @ forall i € |,if p isa quasi-equilibrium price.

Strong survival versus non-triviality of the quasi-equilibrium and irreducibility of the economy

The strong survival assumption:

1.(f)Foreachie |, ® eint X' — ZHUYJ where int A denotes the interior of A
jeld

(o' eint] X' — z&inj + Rf in case of free-disposal)
jed

is such an assumption. It ensures that, at the quasi-equilibrium price, each consumer can consume without
spending his entire revenue, that is 5*(5);& Dforall i e l.

To see this in the case of no-disposal, recall that p # 0. For each i € |, pick U € R’ such that p.u <0 and
o'+ue X' —Z@in I Onecanwrite X' =u+ @' + Z@ijyj forsome X' € X', y= (yj)e HY I,
jed jed jed
. . . i N | I | ——1 T . -
which implies p.X' < p.w + 26’” py <pow +z P.y . The proof is similar in case of free-disposal.

jeld

It is possible to weaken the strong survival assumption, replacing it by the following:

a)::z:a)i € int Z:Xi—Z:Yj

iel iel jeld

(0= Z:a)i e int ZXi - ZYj +R. | in case of free-disposal).

iel iel jed

This is still a strong interiority assumption which insures that, at the quasi-equilibrium price, at least one
consumer can consume without spending his entire revenue. The quasi-equilibrium is then said to be non-trivial.
It should be noticed that for the non-triviality of quasi-equilibrium, as shown by counter-examples, the interiority
assumption cannot be dispensed with, without additional assumptions on the characteristics of the economy, for
example assumptions analogous to the properness assumptions used in infinite dimensional economies.

The role of an irreducibility assumption is to guarantee that the non-emptiness of one 5'(5) implies the non-
emptiness of all. The general idea is to assume that, in some sense to be specified, it is always possible for any

158



non-empty and proper group of consumers to benefit from the resources of the group of the other consumers.
Various irreducibility assumptions have been proposed by Gale in the context of linear exchange economies,
McKenzie, Debreu, Arrow-Hahn, Bergstrom and many others. To enter in the technical subtleties of the different
formulations would exceed the objectives of this survey.

Collecting the findings of this section, the equilibrium existence theorem can now be stated.

Theorem 1 Let E = ((Xi, Pi,a)i)I | ,(Y j)j J'(eij)i y J]be a private ownership economy satisfying the

assumptions satisfying the assumptions 1. (a), (b), (c), (d’) (e), 2 and 3, and let
(5, X, y) e Sx H X' x HY ) be a quasi-equilibrium of this economy. If in addition,
iel jed
o cither E satisfies 1. (f), that is the strong survival assumption for every consumer,
e or the quasi-equilibrium is non-trivial and E is irreducible,

then (5,;,9) is an equilibrium.

4. OPTIMALITY PROPERTIES OF EQUILIBRIUM

The optimality notion which allows to establish that an equilibrium allocation is optimal goes back to Pareto.
Roughly speaking, in the general equilibrium model, a feasible allocation is Pareto optimal if there is no other
feasible allocation that each individual (actually each consumer) would prefer. In the same guise, the term of
Pareto optimality is used nowadays in several problems of multi-criteria or multi-objective optimization in
which a planner refuses to compare states that improve some criteria (e.g. the utility of some agents) decreasing
some other ones (e.g. the utility of some other agents).

The cooperative game theoretic notion of core of a private ownership economy corresponds to the idea that no
feasible allocation is sustainable as an equilibrium allocation if consumers are free to cooperate, in a way to be
defined, and a coalition of consumers can obtain an allocation feasible for themselves and that they all prefer to
the given allocation. As we will see, a core allocation is defined as an allocation blocked by no coalition.
Finally, the desirable persistency of this kind of stability against re-contracting in a private ownership economy
when the relative weights of each consumer become infinitesimal leads to the definition of limit-core concepts.
After a precise definition of these notions which will be given below, basic results of welfare economics as the
optimality of equilibrium allocations, belonging of these allocations to the core of the economy, and even to the
core of all replica economies will become simple tautologies. More interesting are the converse issues. Statement
of converse results and their proof constitute the main objective of this section. Before stating these theorems,
we will verify with non-emptiness results the consistency of the newly introduced notions.

4.1 Optimality, core and limit-core concepts
Pareto dominance and Pareto optimality

Let

== (P, ), o)

be an economy for which we specify neither the repartition of the whole initial endowment @ among the
consumers nor the profit shares corresponding to the ownership of the different firms by the different consumers.

If (X,y)and (X',y") are two feasible allocations of E , we shall say that the feasible consumption allocation
X" is (strictly) preferred to (or strictly dominates) the feasible consumption allocation X if forall i € I,

x" e Pi(x). Then, a feasible consumption allocation X is Pareto optimal if it is (strictly) dominated by no
other feasible consumption allocation. In the case when each consumer I has a complete preorder of preferences

> on his consumption set X' (recall that then Pi(x): {X'i e X'

X" =X }), one uses also a weaker

dominance relation: the feasible consumption allocation X’ weakly dominates the feasible consumption
allocation X if X"' >' X' for all consumers i € | and if the preference is strict for at least one of them. Then a
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feasible consumption allocation X is said to be a strong Pareto optimum if it is weakly dominated by no other
feasible allocation.

In the following, the set

X=1Xe HXiEIy € HYj,ZXi=a)+ zyj

iel jeld iel jeld
will denote the set of all feasible consumption allocations of the economy.

Core of an economy

Consider now a private ownership economy

E= ((xi’Pi’a)i)iel ’(Y j)jeJ’(eij)iGLjEJ]

as defined in Section 2 and studied in Section 3. A coalition is any nonempty subset S of the set | of

consumers. If X° = H X i, avector X° = (Xis)ES e X%isa consumption assignment for the coalition S. A
ieS

preference relation P° :l_IXi — X is defined by

P*(x)= {xs e Xs‘xis e P'(X)Vie S}

In other words, PS(X) is the set of consumption assignments x° = (Xis) s which are unanimously preferred
le

to X by the members of the coalition S. In order to define the productive power of the coalition S, it is
assumed that the coalition has the technology set Y S= Z Zé’in ) as production set. This kind of

jed ieS
assumption, whose economic meaning is controversial, relies on the idea that the relative profit-shares 6’” reflect
consumers’ stock holdings which represent proprietorships of production possibilities.

XS=1xe XAy e Y D x5 =Y o' +y
iel iel
is the set of all feasible consumption assignments for the coalition S (resp . feasible with free-disposal

consumption assignments if the equality is replaced by a large inequality). Obviously, X = X' the set of
feasible consumption allocations is the set of feasible consumption assignments for the grand coalition |, that is
the coalition of all consumers.

A coalition S blocks the feasible consumption allocation X if there is some x°e X5 PS(X). The core of
the economy E is the set of all feasible consumption allocations blocked by no coalition. Notice that a feasible
consumption allocation is Pareto optimal if and only if it is not blocked by the grand coalition. An element of
the core is thus a Pareto optimal consumption allocation.

Replica economies and limit-core concepts

Let r be any positive integer. The r-replica of E is the economy composed of I sub-economies identical to
the original one

E = ((X iq’ Piq’a)iq iel,q:l,...,r’(Y jq,)jeJ,q’:l,...,r’(Hiqjq')iel,j eJ,q,q’:l,...,r]
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defined as follows:

e Foreach j € J, r producers of type ] have the same production set Y I :Yj,
e Foreachi e I_, I' consumers of type i have the same consumption set X' = X' and the same initial
endowment 0" = @',
e  For externalities in preferences and profit shares, each consumer is restricted within his sub-economy:
iq . i i ; i = P! = =0i !
P T]X"— X'is defined by PU(x)=P'(x), Gia = Gy Oy =01 Q=0

iel

In E', a consumption assignment X" € HX 9 js said to have the equal treatment property if for every
iel,g=1...,r

iel, x"=x"forall q=1...,r. As easily verified, such a consumption assignment X" is feasible in E " if
and only if X = (Xi) | is a feasible consumption allocation in the original economy E.

le
In this paragraph, we are interested in the set Cr(E) of the feasible consumption allocations X of the original
economy whose r-replica X" belongs to the core of E". For a feasible consumption allocation X in the
original economy, and provided that each Y Vis convex, this is equivalent to the following condition: there is no
coalition S | x {ZL. r}in E " with some consumption assignment x° such that

e suk e TS

x'® e P'(x)v(i,q)e S

where S(i)= {q e{l..., r}‘(i,q) € S} is the set of consumers of type i who belong to the coalition S and
‘S(ij denotes the number of elements of S(i).

S(i . . 1 .
Let us define t; =M, t=(t;),_, . and set for each i such that t; >0, X" = — D X' The scalar t,
r e IS 5
qeS(i) _
is a rational number in [0,1] which can be thought of as the rate of participation of I in the coalition t and x"

is the mean consumption that consumer | achieves by participating in the coalition. Assuming that all
consumption and production sets are convex and all preference correspondences are convex-valued, we thus can
replace the above relations by

2 tx -t e Ztizé’qu

{ilt; >0} iel iel jeld

x" e P'(x)Vi:t;>0.

The existence of some X° satisfying the first two relations is obviously equivalent to the existence of some X'
satisfying the two last ones and C'(E) is the set of all feasible consumption allocations X in the original

economy such that there exists no coalitiont, t # 0, with some consumption assignment thatisfying these
relations.

Let us now define C*(E)= ﬂCr(E). A feasible consumption allocation X € ﬂCr(E) will be said to be
r>1 r>1
an Edgeworth equilibrium of E or to belong to its Debreu-Scarf core.

Clearly, C""(E) < C"(E) and the feasible consumption allocation X is an Edgeworth equilibrium if and

only if there is no vector t = (t;)._, of rational rates of participation belonging to the interval [0,1], t 0,

iel

with some X" € X' foreach i e I, satisfying the above relations. Allowing as Aubin that the rates of

161



participation take any real value in the interval [0,1], we will say that the feasible consumption allocation X of

the original economy belongs to the fuzzy core C ' (E ) of this economy if there is no vector t & [O,l]I , 1#0,
with some X" € X', i € |, satisfying the same relations.

4.2. Non-emptiness results

In the two first following results, the economy E under consideration is an economy for which are specified
neither the distribution among consumers of the total initial endowment nor the relative profit-shares of
consumers on the different firms.

The existence of a Pareto optimal allocation when preference correspondences have convex values and open
lower sections is an easy consequence of an elementary fixed-point theorem.

Proposition 3 An economy E has Pareto optimal allocations under the following conditions:

1. Theset X of all feasible (resp. feasible with free-disposal) consumption allocations is nonempty,
convex and compact

2. Foreach i € |, the correspondence P' :l_IXh — X'is convex-valued
hel

3. Foreachi e | andforevery Z' € X', the set (Pi)fl(zi):= {X € X‘Zi € Pi(x)} is open in X.

Remarkably, when each p! corresponds to the strict preference associated to a complete preorder > of

consumer i on his consumption set X i, the convexity of the feasible set and of the values of the preference
correspondences is not needed for the existence of strong Pareto optimal allocations

Proposition 4 If X is nonempty and compact, under the conditions 3 of the previous proposition, an
economy E whose consumers have complete preference preorders on their consumption sets has strong Pareto
optimal allocation (and, a fortiori, Pareto optimal allocations).

To understand this, it suffices to associate to each complete preorder of preferences > an upper semi-continuous
utility function u': X' — R and to define u(x)= Z/liu'(x') for asystem A = (4;) of strictly positive

iel
relative weights for each consumer. A maximum X of the function U on X corresponds to a strong Pareto
optimal allocation.

Let us now consider a private ownership economy E as defined in Section 2 and let X be the set of all feasible
(resp. feasible with free-disposal) consumption allocations. The non-emptiness of Cr(E) for any positive
integer I is proved under the following assumptions:

1. The set )A( is compact. Moreover, foreach i € I,

(@) X'is convex,

. . -1, .
(b) Foreach X' € X', (P') (X')isopen in X:HXh,
hel
(c) Foreach X € X, Pi(x) is convex and X' ¢ Pi(x),
d) o' e X'- ZQU.Y" (resp. ' € X' — ZQU.Y Iy Rf in case of free-disposal);
jed jeld

2. Foreach j € J, Y1 is convex.

Notice that the survival assumption 1(d) can be interpreted as an autarky assumption: for each consumer i, the
coalition {I} reduced to this consumer alone has a nonempty feasible set X 25

Rephrasing the previous assumptions, let us call convex economy an economy whose consumption sets and
production sets are convex and preference correspondences have convex values. We have the following:
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Proposition 5 Let E be a convex economy. If the set X of feasible consumption assignments is compact and if
each consumer satisfies the autarky assumption and has preference correspondences with open lower sections in

X, then for any positive integer T, Cr(E);t .

The proof of Proposition 5 is based on a fixed point argument. When consumers’ preferences correspond to
complete preorders on their consumption set, a proof can be based on the Scarf theorem of non-emptiness of the
core of a NTU game.

Under the assumptions of Proposition 5, it is easily verified that Cr(E) is a closed subset of )A( . It was
previously noticed that for all r >1, C"*(E)< C"(E ). Coming back to the definition of
C*(E)= ﬂ C"(E). it follows from an obvious compactness argument that the Debreu-Scarf core, that is the

r>1
set of Edgeworth equilibria, is nonempty.

Proposition 6 Let E be a convex economy. Under the same assumptions as in Proposition 5, the set Ce(E) is
nonempty.

To get the non-emptiness of the fuzzy core of the economy E , one adds the following continuity assumption:
3. Foreach i e |, forevery x € X, theset P'(x)is openin X'.

I I
Then, exploiting the density in [0,1] of the subset of all elements of [0,1] with rational coordinates, one gets
the following:

Proposition 7 For an economy E satisfying the conditions 1-3, the fuzzy core is nonempty.

When consumers’ preferences are represented by utility functions on their consumption set, the previous
proposition can be translated into:

Proposition 8 For a convex economy whose set of feasible consumption assignments is compact and consumers
satisfy the autarky assumption and have continuous (quasi-concave) utility functions, the fuzzy core is nonempty.

4.3 Price-decentralization results
For a private ownership economy, it follows from the definitions that an equilibrium consumption assignment is

an element of the fuzzy core, thus an Edgeworth equilibrium, an element of the core and a Pareto optimal
feasible consumption allocation.

Proposition 9 Let (Y, Y, E) € I_IXi X HY I % S be an equilibrium of a private ownership economy E .

iel jeld
Then X is an element of Cf(E).

Indeed, assume on the contrary that there exist t € [0,1]I ,t#0,and x' e l_IXi such that

{i‘ti>0}
2 tx -2t e ZtiZQinj
{ilti>0} iel iel jed
x" e P'(X)Vi:t;>0.
From the first relation and the equilibrium definition, we deduce

p Z tixit_Z:tia’i gﬁ-ztizé’iﬁ_’j-

{iel]t;>0} iel  jel
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From the second relation and the equilibrium definition, we deduce

pxX">po' +26’ijﬁ.)7j for each i such that t, >0

and

- it ilem T
P Z t,x —Ztiw > P-Zti zeijy )
{iel\ti>0} iel jel

a contradiction.
The previous proposition is not surprising. The optimality, core and limit-core definitions were tailor-made for
this result.
On the contrary, the price-decentralization results that we will state as converse results are celebrated theorems
of general equilibrium theory.

The second welfare theorem

By price-decentralization of a Pareto optimal allocation (iy)e H X' x HY I we mean the definition of a
iel jed
price vector _p € S such that | |
e Foreachiel, x'e PiG):B.Xi Z_p.ii,
e Foreach jeld,yl eY!i= py! SB.T.
If _p € S satisfies these two conditions, we say that (ﬂ) is a quasi-equilibrium allocation relative to the

price system _p or that p is a price equilibrium with transfers.

Theorem 2 Let @,9) be a Pareto optimal allocation of an economy E whose are specified neither the

distribution of the total resources @ nor the relative profit-shares of consumers in the different producers.
Under the conditions:

1. Foreach i € |, the preferred set Pi(i) is convex and ? € PiG) (the closure of Pi(i)),

2. The total production set Y = ZYJ is convex,
jeld

there exists _p € S such that @,9) is a quasi-equilibrium allocation relative to the price system _p

The proof of Theorem 2 is done using a separation argument in R’ for the two disjoint nonempty convex sets

Z =¥ (i)— ZY I — | and {0} (resp. —R in case of free-disposal). Let P #0 be such that

iel jed

e P ZPi()?)— ZYj —@ |20 (no-disposal case)

icl jed
e P ZP‘(})— dYi-w ZB.(—Rf)(free—disposal case).
iel jed
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In both cases, we get E Z(Pi(i)—?)» ZGJ —9‘ > 0, which, with the local non-satiation
iel jeld

assumptlon made at each component of X completes the proof. There is no Ioss of generality to assume that
p € S. Notice in addition that, in case of free-disposal, p( )< Oimplies p >0 and

-2y -2 o'|=0
iel jeld iel
The economic meaning of the second welfare theorem is the following: If (Y, 7) is a Pareto optimal allocation
of E where each consumer is locally non-satiated, there exists a price vector P such that (i 9 _p) is a quasi-

equilibrium of the prlvate ownershlp economy E’ obtained from E by giving to each consumer 1 the initial

1
endowment @' = X ——Zy and the profit shares 6; =
[l ||
benevolent planner can be limited to the choice between different social (Pareto) optima and to implementing the
distributions of resources and profit shares associated with the chosen optimum.

In other words, the responsibility of a

The equivalence theorem

We now start from a feasible allocation (i,y)e H X' x HY I ofa private ownership economy E such
iel jeld

that X € C (E). the fuzzy core of E.

Theorem 3 Let Xy) € H X' x HY I pe a feasible allocation of a private ownership economy E such
iel jeld
that X e Cf(E). Under the conditions:
1. Foreach i € |, the preferred set Pi(i) is convex and ? € PiG),

2. Foreach j € J, the production set Y 'is convex,
there exists p € S such that (WB) is a quasi-equilibrium of E.

As for the second welfare theorem, the proof is done using a separation argument between the two nonempty

convex sets CO () 20 Y' —w'||and {0} (resp. —R"). It follows from the fact that X € Cf(E)

iel jed

that the sets are disjoints. Let E) # 0 be such that

e Foreachiel, ( } ZH-Yj —®' | >0 (no-disposal case)

jed

e Foreachiel, _p Pi(i)—ZGinj - ZE).(—Rj)(free-disposal case).

jeld
In both cases, foreach 1 € I, B.PiG)Z BZY Iy f)a)' Using the local non-satiation at each component of

jeld
the consumption feasible allocation and summing over 1, one gets successively

165



B3y Y0 =0, px'=pw'+ X6, py Vil pYi <py'vjel,

iel jed iel jeld
— i —=i .
p.P'G)Z p.X, V1 € |, and the proof is complete. Notice, as in the second welfare theorem, that, in the free-

disposal case, p=>0.

The economic interpretation of this theorem is that the core of an economy shrinks to the set of equilibrium
allocations when the number of consumers tends to infinity and the market power of each of them tends to zero.
This idea that traces back to Edgeworth is probably better formalized with the equivalence theorem for
continuum economies.

One of the main interests of the previous theorem is elsewhere. Adding the equivalence theorem to the non-
emptiness result for the fuzzy core yields an alternative but close statement and a fourth proof of the existence
of equilibrium in private ownership economies. We leave the reader to formulate this equilibrium existence
result.

5. UNIQUENESS PROPERTIES OF EQUILIBRIUM

The equilibrium defined until now has no reason to be unique, so that general equilibrium theory until now is not
deterministic. Some examples show that there may even exist a continuum of equilibrium prices. In this section,
we look at conditions which guarantee uniqueness or at least local uniqueness of equilibrium.

In order to apply general equilibrium to comparative statics analysis or to examine the dynamic behavior of
general equilibrium systems, uniqueness of equilibrium would be the most desirable property. It is generally
admitted that uniqueness of equilibrium requires strong additional properties of the aggregate excess demand as
the gross substitute property or the satisfaction of the (revealed preference) weak axiom. The plausibility of these
properties is controversial and still discussed.

We will first establish in this section local uniqueness of equilibrium as a “generic” (in a sense to be made
precise below) property of the classical model depending on the parameters of the model. In order to state easily
understandable statements, we will stay voluntarily below the current state-of-the-art in this question. In
particular, we will restrict the analysis to exchange economies where consumers have utility functions defined on

consumption sets identical to the positive orthant Rf of the commaodity space and strictly positive initial
endowments. Considering consumer’s tastes as fixed and individual resources as variable, we parametrize by the

vector @ = (a)') | of the strictly positive initial consumer’s endowments the economies under considerations

e

and make on the exchange economy E(a))z (X i, ui,a)i)i | the following assumptions:

Foreach i € I,
@) X'= R! and o' >>0
(o) u': Rf — R is continuous on Rf, twice continuously differentiable on R
with in addition:
(c) u'is differentiably strictly increasing, that is, for all x eR

l
++

the interior of R.,

l
41

vu' (x‘)>> 0
(d) u'is differentiably strictly quasi-concave, that is,

" YWeR':vz0

47

Vui(xi)v 0= szui(xi)/ <0,vx' e R

. . - ,
(e) Foreach I € | and forany U € R, , the closure of the set {X' eR,,

‘
R...

i i > ] . .
u (X )_ uJ is contained in
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It easily follows from Theorem 1 and the different above assumptions that E () has an equilibrium (X, P)

N .
with, necessarily, p>>0 and X (RL) . Without loss of generality P € ri(A), the relative interior of the

14
++

unit-simplex of R”. On the other hand, if p € R!_, letting for each i € |, W' = p.@', the budget set

a(pw')={x' e R!

p.Xi <w' } is compact and the demand set

K (pw')= ' e a(pw fu'(x)2u'@vz e o' (pw'))]

is well-defined, actually is a singleton. Each consumer has a continuous demand function on RL . Writing the
first order conditions for the utility function maximization, one deduces from the above assumptions and the

implicit function theorem that each demand function is also differentiable, satisfies p.Xi (p,Wi): w' (Walras
law) and .that if the sequence (pV,WiV) in ri(A)x R} converges to (p,W) with p & ri(A), w € R}, then

HXi (p,W)” converges to +o0.

a I -
By definition, given @ € (R;) , P e rI(A) is an equilibrium price vector of E(a)) if and only if
Z x'(pw)= Za)i . The set of such price vectors is denoted by W ()

iel iel
The main result of this section is the following:

Theorem 4 Under the above assumptions, the set W (a)) is finite, except for a (relatively) closed subset of

| |
(Ri) with Lebesgue measure zero in (R[) . Moreover, on some neighborhood of @ outside of this

exceptional set, equilibrium prices are continuously differentiable functions of the vector of individual initial
resources.

The proof of Theorem 4 relies on the application of Sard’s theorem and of the inverse function theorem to the
. * ) -1 |
function F : ri(A)x R} x (RiJ t (R'j ' defined by:

F(p,wl,a)z,...,a)')=£[x1(p,wl)+§xi(p, pw)zijw]

and on the remark that p € W (@) < F(p, p.a)l,a)z,...,a)"‘): o.
We will not enter in the details of Debreu’s proof whose main steps are:

e Theset C ofthe w= F(p, p.a)l,a)z,...a)“‘]such that the Jacobian matrix of F at
(p, p.a)l,a)z,. . .,a)“‘] has rank smaller than £|I| has Lebesgue measure zero;

| |
e Cn (Rfj | is closed relative to (Rf+)

e Outside theset C, W (a)) is finite and each equilibrium is locally unique.

One says that equilibrium is locally determinate outside the exceptional set C.

A result which is verified on a open and of full Lebesgue measure subset of the set of initial data is said to be
generic. Genericity analysis and the use of differential analysis have been extended to production economies, to
more general formalizations of the preference of the agents, and also from the point of view of the dependence of
equilibrium prices on the other primitive data of the model. Besides obvious differential assumptions on the
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characteristics of the agents, such an analysis requires in general strong assumptions on the model that contrast
with the generality researched in the part of general equilibrium analysis which deals with existence and
optimality of equilibrium.

However, because they open a room for comparative statics and dynamic equilibrium studies, genericity analysis
belong to general equilibrium theory not only for the classical model but also for its extensions.

6. EXTENSIONS OF THE CLASSICAL MODEL

The list of commodities, the list of agents, the ubiquitous convexity assumptions delineate the economic context
the general equilibrium model is supposed to deal with. The same is true for other properties of the
characteristics of the agents and the definition of their behavior. In this section, we indicate at what extent
discarding one or another assumption of the classical model changes its conclusions about equilibrium existence
and the ability of market equilibrium to yield Pareto optimal allocations.

6.1. Extension to infinitely many commodities, to a continuum of agents
Infinite dimensional economies

In general equilibrium, a commaodity is described not only by its physical properties but also by the date, the
location and the state of nature that precise the conditions of its availability. The classical general equilibrium
model hypothesis of a finite number of commodities implies that the economic activity extends over finitely
many dates, locations and events. Such an hypothesis limits dramatically the application of the results to
understanding the real economic life.

Assume on the contrary that, from the point of view of their physical properties, there are ¢ different goods (or
services) but that a commodity bundle should specify the quantity of each good depending on (possibly)
infinitely many dates, locations or states of nature. Such a statement suggests that a commodity bundle should be
a vector-valued function and that an admissible commaodity space should be a function space. Actually, on a

measure space (Q, 2, ,u) formalizing time or uncertainty or on the interval [0,1] with its Lebesgue measure,
spaces pr Qz,p), pr [0,1], 1< p < oo, are among the most currently used commodity spaces in economics.

As usual, two measurable functions from Q to R’ which coincide L -almost everywhere on €2 (resp. two
measurable functions from [0,1] to R" ) are considered as the same function. Spaces L. (© £, 1) (resp.

Li [O,l]), that are spaces of (classes of) essentially bounded measurable functions, are relevant to the allocation
of resources over time or states of nature. Spaces L(p (Q.Z, 1) (resp. L(p [0,] ), p=1, that are spaces of

(classes of) p-integrable measurable functions, arise in Finance or in any uncertainty setting where mean,
variance or eventually the moments of superior order of commodity bundles matter.

On the other hand, the physical properties of a commaodity can vary continuously depending on some
characteristics. In such a setting, a commodity can be defined as a point in a space K of characteristics, for
example its location or its content of more fundamental constitutive elements. The space of characteristics is
equipped with a metric defining closeness of commadities. The definition of commodity bundles as measures on
this space corresponds to the idea that commodities with close characteristics should be considered as close
substitutes.

The space M (K) of all finite countably additive signed measures on a compact metric space of characteristics

is used in models of location or for the analysis of commodity differentiation. In this setting, a point of K is to
be understood as the complete description of a unit of a commodity. A commodity bundle is not a function from

K to some vector space but a finite measure on K, that is a countably additive function m : B(K) — R from
the Borel o -field of subsets of K to R; for B € B(K), m(B) denotes the number of units of commodities
having characteristics in B.

A price vector is a linear functional on the commaodity space and the price space is a vector space in duality with
the commaodity space, thus a subspace of its algebraic dual. In the previous examples, good candidates as price

spaces are the norm duals of the corresponding commaodity spaces, and also the pre-duals Lf(Q, Z, ,u), L{ [O,l]
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of Lfo(Q, Z,,u), Lfo [O,l] and C(K), the space of continuous real functions defined on K, the pre-dual of
M(K).

One time defined a commodity-price duality (L, L’>, as in the classical model, a private ownership economy is
given by

(P )00,

where X', Y ! are now subsets of L and @' € L. Feasible, Pareto optimal, core and fuzzy core allocations are
defined as in the classical model. The same is true for quasi-equilibrium and equilibrium, with the exception that
the price vector is now an element of L'

When the commodity space is an L_-type space (characterized by non-emptiness of the interior of the positive

cone and by the existence of a pre-dual), one has the following equilibrium existence result where open lower
sections of preference correspondences and compactness of attainable sets are stated using the weak-star
topology relative to the pre-dual of the commodity space while the other topological assumptions use the norm

topology of the commaodity space. In the following proposition, if 7 is a topology on all Xi, 7' denotes the
product topology on their Cartesian product.

Proposition 10 Assume either free-disposal or that at least one consumer’s preference correspondence has open
values. The economy has a quasi-equilibrium with a price in the dual of the commodity space under the
following assumptions:

1. Foreachie I,
(@) X'is convex,
(b) P' has o' (L..,L; )-open lower sections and norm-open convex values with x' ¢ P'(x),
(c) The autarky condition is satisfied (eventually with free disposal),

(e) For every feasible allocation (X,y), X' € P'(X), the closure of the preferred set;
2. Foreach j e J, Y/ isconvex;
3. Xiso (L., L, )-compact.

4,
The quasi-equilibrium is an equilibrium if

o either the interiority assumption which defines strong survival is satisfied for every consumer
e or the interiority assumption is satisfied for the whole economy and the economy is irreducible.

Notice that a price in the dual of an L_-type space is of difficult economic interpretation. Obtaining a quasi-

equilibrium or an equilibrium with a price in the pre-dual of the commodity space requires additional
assumptions.

Proposition 10 or any analogous equilibrium existence result for an economy whose commaodity space is of the
same type can be proved using any of the three main approaches to the equilibrium existence problem. It can
even be proved using, as in the proof published by Bewley in 1972, a limiting-process on the equilibria of a net
of finite dimensional economies satisfying the assumptions of Theorem 1. Maybe, the limitation to L_-type
commaodity spaces will be better understood looking at the equilibrium existence proof, used in this survey,
based on price decentralization of elements of the fuzzy core.

Indeed, non-emptiness of the fuzzy core of a private ownership economy can be obtained, using the same
arguments as in Propositions 3-4-5-6—7, provided that, in their assumptions, the weak-star topology of the
commaodity space relative to its pre-dual replaces the original topology for formulating compactness assumptions
and the openness of lower sections of preference correspondences.

In counterpart, the price decentralization of the elements of the fuzzy core uses a separation argument which
requires, when the commodity space is infinite dimensional, that either the positive orthant of the commaodity

169



space (in case of free-disposal) or the set U P'(X)- ZH”—Y I — @' | have a non-empty interior. Non-

iel jed
emptiness of the interior of the positive orthant is obviously a characteristic of the L_-type spaces but not of the
other commodity space referred to as possible commodity spaces in infinite dimensional economies. This

interiority assumption is also required if the openness of values for some P'is guaranteed by some
monotonicity assumption of this correspondence or if the consumption sets are assumed to be bounded below.

In the absence of interiority assumptions, usual equilibrium existence proofs rely on properness assumptions on
the characteristics of the economy whose role is to restore the missing interiority, and on lattice theoretic
assumptions on the commaodity space and/or the price space. In addition, consumption sets are assumed to
coincide with the positive orthant.

Notice immediately that, when endowed with their canonical order, the examples of commodity spaces given in
this section and their duals or pre-duals are ordered vector spaces and more precisely vector lattices or Riesz
spaces. It is not anymore the case when the commodity space is re-ordered by an ordering more significant in
some economic contexts.

A thorough study of the different properness assumptions to be found in the literature would go far beyond the
objective of this contribution. The same is true for the attempts to use properness assumptions in economies
defined on commodity spaces without lattice structure. Such a study, useful for example in models of portfolio
trading, is the object of very active researches.

Continuum economies

Let us come back to economies with finitely many commodities. Considering atomless measure spaces of agents
rather than finite numbers of them formalizes the basic requirement that, in a competitive model, individuals
have no power to influence market prices. To understand how are translated in this new framework the definition
and properties of equilibrium, let us review the pioneering papers of Aumann.

Consider on R’ as commaodity space an exchange economy with an atomless, positive bounded measure space
(T,A,v) of agents

E=(T AN «O),)

For simplicity, we assume that T is the real interval [0,1], A is the Borel o-algebra of subsets of T and v is
the Lebesgue measure. Each agent t € T, whose consumption set is the positive orthant X'= Rf, is
characterized by the initial endowment a)(t) € Rf and the (strict) preference relation > on Ri The function
@:(T,A,v)—> R, t > a(t), is assumed to be integrable.

Definitions of feasible, equilibrium, core allocations are the same as in the classical model of an exchange
economy, except that sums over a finite number of individual consumers are replaced by Lebesgue vector

integrals. An allocation is an integrable function X : (T,A, v)—) Ri The allocation is feasible if JTX = JTa),

where jTX means jT x(t)dt.

A competitive equilibrium is a pair (ﬁ, i) consisting of a non-zero price vector P and a feasible allocation X

such that for almostevery t € T, Y(t) is optimal with respect to ~'int’s budget set
{X eR!

such that (P, X) is a competitive equilibrium.

p.Xx < p.a)(t)}. An equilibrium allocation is an allocation X for which there exists a price vector P
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A coalition is a Lebesgue measurable subset S of T with non-zero Lebesgue measure. An allocation Yy
dominates an allocation X via a coalition S if y(t)>"' X(t) foreach t € S, and S is effective for y, that is,

L y= Jsa). The core of E is the set of all feasible allocations that are not dominated via any coalition.

Not surprisingly, the firs result is the version of the Edgeworth conjecture given by the Aumann equivalence
theorem.

Proposition 11 Assume on E the following conditions:

(@) La) >>0,

(b) Foreach y € Rf, the sets {X € Rf

x>'y}and fx e R!

y - X}are openin R.,
©IR, x>y=x>"y,
(d) If X and Y are allocations, then the set {t € T‘X(t) - y(t)} is Lebesgue measurable in T .

Then the competitive equilibrium allocations of E are precisely the core allocations of E .

In other words, if preference relations are strictly monotone, continuous and measurable and if every commodity
is present in the economy, the core coincide with the set of equilibrium allocations.

As in the classical model with a finite number of agents, that every equilibrium allocation is in the core simply
follows from the definition. The proof of the converse statement parallels the one given in the classical model for
price-decentralization of the elements of the fuzzy core (Theorem 3). Using the same notations, if X is a core

allocation and if U < T is a set of agents, let G, =0 U(Pt(i(t))— a)(t))] It iis first proved that there
teU
exists a set U, whose complement in T has a zero Lebesgue measure, such that 0 ¢ int G, , the interior of

G, . Then a separation argument shows the existence of P >> 0 such that (ﬁ, Y) is a competitive equilibrium.

The equilibrium existence result given by Aumann adds to the assumptions (b), (c), (d) of Proposition 11 the

additional assumption that consumer’s preference relations are complete preorders whose > is the strict
relation. The equilibrium existence result is thus:

Proposition 12 If consumers’s preference relations are complete preorders on their consumption set, then,
under the assumptions of Proposition 11, the economy E has a competitive equilibrium.

Because, in particular, no boundedness of the set of feasible allocations allows for compactifying the economy,
the proof of Proposition 12 is considerably more complex than any equilibrium existence proof in the classical
model with a finite number of agents, and requires a lot of integration theory.

In counterpart, the fact that the set of consumers is a measure space without atoms allows to discard convexity of
individual preferences, an assumption made neither in Proposition 11, nor in Proposition 12. For the proof of
Proposition 12, this is due to the definition of the integral of a correspondence and to the fact, based on

. , . . /.

Liapunov’s theorem, that the integral of a correspondence from an atomless measure space into R" is a convex
[

subset of R'.

If we add that it is proved by Hildenbrand at the end of his book that for the same economy with an unspecified
distribution of resources, Pareto optimal allocations exist and can be decentralized as quasi-equilibrium
allocations relative to a price system, we see that the research program and the results for economies with a
continuum of agents exactly parallel the one for the classical model with a finite number of agents. And, in
effect, the results reported here have been extended to economies with production, with externalities in
preferences, and to several other contexts, including economies with atoms, and “large” economies, that is,
economies with measure spaces of agents and infinitely many commodities.

To conclude this sub-section, it is necessary to emphasize that the full validity of all properties of equilibrium is
depending on the continuum hypothesis (the space of agents is an atomless, positive bounded measure space). In
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economies with countably many agents, whose overlapping generations economies are the most significant
example, equilibrium allocations which are shown to exist, are not necessarily Pareto optimal. Sufficient
conditions, for example on the relation of the equilibrium price with the distribution of individual resources,
exist for Pareto optimality of equilibrium.

6.2. Some market failures

We turn now to extensions of the classical model to contexts in which some of the assumptions of the classical
model do not hold and market equilibrium, when it exists, cannot be relied on to yield Pareto optimal outcomes.
It is that we mean by market failures.

In what follows, we will treat only three examples. The two first ones correspond to long-standing problems of
economic policy related with the second welfare theorem: how to regulate firms which produce with increasing
returns so as to achieve Pareto optimal states in a decentralized way? How to optimize the production and the
provision of public goods? In each case, the solution is found in the definition of a new equilibrium concept
which coincide with the classical one under the conditions of the classical model. The third example, raised in
the context of an increasing role of market institutions, is maybe the translation in the theory of a massive
phenomena of the real modern economies: the prevalence of the role of financial markets.

Non-convex economies

As just stated, the interest for non-convex economies arises on the production side from the consideration of
increasing returns to scale and/or certain externalities. On the consumption side, besides all forms of
indivisibilities which have given rise to a wide literature and that we postulate away in this paragraph, non-
convex preferences correspond to anti-complementarities between commodities, for example to non-aversion to
risk for agents facing uncertainty.

When preferred and production sets are non-convex, it is well known that Pareto optimal allocations of the
economy are no longer equilibria for a price-system where consumers would optimize their preferences under
their budget constraint and producers would maximize their profit. Statements of the second welfare theorem for

a non-convex economy E = ((X', P')_ | ,(Yy)_ , ,@ , where individual resources are non specified, have
e je J

been provided, starting with a seminal paper by Guesnerie. They are proved using a separation argument which
parallels the proof of Theorem 2, replacing the normal cone of convex analysis by a definition of normal cone

borrowed from non-smooth and non-convex analysis. Roughly speaking, they state that if (Y, )7) is a feasible
allocation where consumers are locally non-satiated, then there exist a price vector P # 0 such that

-pPe Npi(i)(ii)Vi eland p e NYj(yj)‘v’j e J,

where Ny (X) denotes the normal cone to aset X ata point X € X, for some definition of this notion.
Writing —p € Npim(ii) in place of ﬁ.Pi(X)Z pXi as stated in Theorem 2,and P € NY,- (Vj) in place of

PY ! <.y’ we see that the notion of normal cone generalizes the definition of normal cone in convex

analysis. It generalizes also the first order conditions for Pareto optimality that we would write for an economy
with differentiable utility and production functions.

We will not give a precise mathematical definition of the normal cone. Actually, several alternative definitions
allow for the above characterization of feasible Pareto optimal allocations. Depending on the assumptions made
on the production sets, each of them has a different implication for the economic significance of the price-
decentralization result. For non convex preferences, economists prefer to use the Shapley—Folkman theorem to
exhibit an approximate expenditure minimizing behavior. For production with increasing returns, Clarke’s
normal cone, considered as a generalization of the marginal cost pricing rule, is most often used. What should be
understood is that, whatever be the chosen notion, in order to decentralize Pareto optimal allocations of a non-
convex economy, non-convex firms must be instructed to behave in conformity with the (necessary) conditions of
Pareto-optimality.

This idea will help us to understand the model and the equilibrium concept used for non-convex economies.
From now on, we restrict ourselves to economies where only production sets may be non convex. Let

E= ((Xi,z‘,a)‘,r‘)iel,(Yj,¢j)jEJ]
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be an economy almost standardly defined.

For each consumer i € |, the function r’ :HY I xR’ = R, continuous, homogeneous of degree one with
jeld

respect to the price vector, and satisfying Z r‘(y, p) =p Zyj + Z:a)i , defines the wealth of consumer 1.
iel jed iel
. . . . i _ [ j ;
This definition obviously encompasses the particular case (y, p)— p.w + 26’” p.y - for consumer’s wealth
jeld
in a classical private ownership economy where producers maximize profit. A more general structure of
revenues, on which will be done survival assumptions, is necessary in an economy with non-profit maximizing

producers where survival of consumers at equilibrium is not anymore a consequence of the autarky assumptions
made in private ownership economies.

For each producer | € J, ¢j N > Rf is the pricing rule followed by the producer. In view of a free-

disposal assumption made for each producer in this model, the pricing rule associates a set of non-negative
prices to efficient production plans of the producer. The interest of the notion of pricing rule is to be compatible
with various behaviors that are currently considered in the economics literature; profit maximization, but also
average or marginal cost pricing rules.

A pair (p, y) € Rf xHﬁ(j such that forevery j € J, p ¢j(yj) is called production equilibrium.

jeld

An equilibrium of E is a t-uple (X,y,P) in TTX ] TY! xR suchthat p=0 and

iel jeld

Each consumer optimizes his preferences in his budget set
Forevery j€J, p e ¢’(}7’)
3. All markets clear, that is, Zii = Za)i + Zyi .

iel iel jeld

Usual assumptions guarantee compactness of all feasible sets. Besides local non-satiation of consumers, the
already mentioned assumption of free-disposal in all production sets (Y ! is closed, contains O and
Y!— Rf <Yy, and a strong survival assumption made as well for the whole economy as for individual

consumers: if (P, Y) is a production equilibrium, then p Zyj + Zwi > inf p.ZXi and foreach i € I,

jeld iel iel

r'(y,p)>inf p.X'

the key assumption concerns the correspondences ¢j assumed to have a closed graph and values equal to closed
convex cones not reduced to {O} an assumption verified in particular by the Clarke normal cone.

Under the additional assumption that the pricing rule of each producer has bounded losses, the non-convex
economy E has an equilibrium.

Public goods

A good is said to be a (pure) public good (by opposition to a private good) when consumption of a unit of the
good by one agent does not prevent its availability to other consumers.

In order to introduce pure public goods in the general equilibrium model, let us consider a private ownership
economy where finitely many firms, owned by consumers as in the classical model, jointly produce private and
public goods. Finitely many consumers have an initial endowment of private goods only and jointly consume
private goods and a same amount of public goods. If / is the finite number of private goods and K is the finite
number of public goods, the economy is thus described by
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E= «Rf « R R’ x Rk>1(xi1uila)i)i€|a(Yj)jej’(eij)iel,jeJ:

where <R’{ x R¥ R' x Rk> is the commodity—price duality of the model, and for each | € I,

o' = (ei,O)e R’ x {0} is his initial endowment and u": R’ x R* — R his utility function depending on his

joint consumption of private and public goods. Two equilibrium concepts make sense for such a model, with
different consequences on optimality of equilibrium.

Private provision equilibrium

A first equilibrium concept emphasizes the personal decision of each consumer to provide some amount of
public goods that all consumers buy at a same market price. The utility a consumer gets from his composite
vector of private goods consumption—public goods provision depends simultaneously on his private goods
consumption and on the total provision of public goods by all consumers. Charities, subscriptions are examples
of such a private provision.

If we set (Xi, X! ) for a consumption—private provision vector of i, (y ] ) ygj ) for a production vector of |,

(p, pg) for a market price vector, a private provision equilibrium of E is a t-uple

(€5%),6'31),G5)

in (Ri X R'j)I ><1_[Yj X (R“ X Rk)such that (5,_pg)¢ (0,0) and:

jed

i PN i| i i ohl.
1. Foreach i e |, Q,Xg)maxmlzes u {X , X +ZX9J in the budget set

h#i

— =i

(59, )= (50 < RO xR o'+ by, < pe'+ 20,65+ 5,3,
jed

= =

2. Foreach j € J and forall (yj,ygj)e Yi py! +Bg.ygj S_p-yj +Pg-Yy
3 "X 0 v
S ) e 56 )

For a private provision quasi-equilibrium, the first condition is replaced by:

. o —h —i —i —h
1. Foreach i € I, u'[x',x' +ZXg]> U£XI,X;} + XgJ

h#i h=i

implies p.X' + Py.X, = PX + Py Xo.

Because, in their appreciation of a composite vector of consumption of private goods—private provision of public
goods, consumers take as given the private provisions of public goods of the other consumers, this model is a
particular case of the classical model where this type of externalities in preferences was assumed. Quasi-
equilibrium existence thus follows from quasi-equilibrium existence in the classical model, under analogous
assumptions which require some local non-satiation assumption in terms of private or public goods.

174



Assume moreover that there exists some (y, yg) € ZY I with Yq >> 0, that is, there is possible to produce
jeld

simultaneously a strictly positive quantity of each public good. Then the strong survival assumption for the

whole economy is satisfied and, if consumers’ utility functions are continuous and under some irreducibility

condition on the economy, the quasi-equilibrium is an equilibrium.

Notice that, as in the classical model, the equilibrium allocation of the private provision model is optimal for a
constrained optimality concept where the utility for each consumer of a feasible provision of public goods is
appreciated, taking as given the provisions of the other consumers. This constrained optimality leads by no way
to an optimal level of the feasible total supply of public goods. Sub-optimality of the equilibrium provision of
public goods is the main drawback of the model of private provision of public goods.

Versus Lindahl-Foley equilibrium

On the contrary, in the Lindahl-Foley equilibrium approach, personalized prices paid by each consumers for the
total supply of public goods restore optimality of equilibrium allocation.

A Lindahl-Foley equilibrium of E is at-uple

€),6€),86'5),65)

in (Rf)l x [0,1]I xR Ty = (Ré X Rk)such that (5,_pg);t (0,0), ZEI =1,and:

jeld iel

1. Foreachie I, ( G] maximizes U (X G)lnthe budget set

B'(p'p, )1 (¢'.G) R xR{px' +1p, G S_p.ei+j§¢9i (' + s,
— —j

2. Foreach j € I, and forall (yj,ygf)eYJ p.y’ +pg yg’épy +Pg-Y,

s (278]-2e0r 267

iel iel jed

As in the private provision equilibrium, Condition 2 means that each producer maximizes his profit when facing
the equilibrium price vector (5, Pq ) As in the private provision equilibrium, Condition 3 states that the

allocation ((il) ,6) where G is the total supply of public goods, is feasible. Condition 1 states that each
el

consumer | maximizes his utility when facing the equilibrium private goods price [_3 and the equilibrium
_i_

personalized public goods price t Pg-
It simply follows from the equilibrium definition that a Lindahl-Foley equilibrium allocation is Pareto optimal,

; N
that is, there is no consumption allocation ((X')i |’G) in (Ri) x R¥ such that

(ZX GJ € Z(e 0)+ ZY’ and U (X G)> u (i,G)fi e |. First, second welfare theorems,

iel iel

equivalence theorem with the I|m|t -core allocation are satisfied in the Lindahl-Foley approach.
Existence of Lindahl-Foley equilibrium is generally proved by associating to the original public goods economy

an auxiliary economy with only private goods, defined on a commaodity space of enlarged dimension. Non-
emptiness of the core, and of the Debreu-Scarf core, equilibrium existence require more stringent assumptions
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than the ones used for existence of private provision equilibrium. As in the private provision model, it is
assumed that there is no initial endowment in public goods. In addition, public goods are never inputs, are free-
disposable in production, and consumer’s utilities are assumed to be monotone with respect to public goods.

Incomplete markets

The role of a general equilibrium model with incomplete markets is to understand the role of assets for the
allocation of resources in a world in which time and uncertainty enter in an essential way. In the simplest model,
there are two time periods (t =0 and t =1) and an a priori uncertainty at the first period about which of a finite
number of states of the world will prevail at the second period. Finitely many consumers exchange at each
period and in each state of the world a same finite number ¢ of goods. There is, in addition, at the first period a
financial market for a finite number of assets bought (or sold) at period O, which deliver at t =1 a random
return across the states of the world.

Let J be the finite set of assets and S be the finite set of states of the world. The return of one unit of the asset
J € J in each state can be denominated

e inunits of account (nominal assets)
. . . / “ P .

e in units of one good or of a commodity bundle € € R" called “numeraire” (numeraire assets)
. . 1 Vi

e inunitsofavector a’ € R’ (real assets).

Given a price vector p € R’®*S) for commodities at time O and in each state S of period 1, the financial return
of asset j is v’ (p,S), differently calculated according to the nominal, numeraire or real nature of the asset. The

vector map p — (V J (p, S))SES describes the financial returns of asset j. The S x J matrix map

p—>V(p)= (Vj(p’s))SES,jEJ

summarizes the financial structure of the model.

The financial economy is described by the list

E:((Xi,Pi,a)i)el,V)

As in the classical model of general equilibrium, each agent I of a finite set | is characterized by a consumption

set X' < R4(1+S)’ a preference correspondence p :l_IXh — X' and an initial endowment in commodities
hel

o' e R““S). We assume in addition that each consumer has no initial endowment of assets, and that unlimited
short selling of assets is possible.

Given commodity and asset prices (p,q) e R'™®%) x R’ measured in units of account, the budget set of i is
defined by:

3z' € R’
B'(p.g)=1x" e X' p(0)x'(0)+a.z' < p(0)'(0)
p(s)x'(s)< p(s)@'(s)+v(p,s)z' Vs e S

It is the multiplicity of the (S + 1) budget constraints of the agents that characterizes models of financial

markets. If these multiple budget constraints cannot be proved to be equivalent to a unique budget constraint
defined by the sum over S of the different inequalities, each one weighted by a positive coefficient called state
price, markets are said to be incomplete. It is always the case if there are strictly less assets than states of nature,
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that is, if J < S. The multiplicity of budget constraints expresses that consumers have a (limited) possibility of
transferring wealth across dates and states, a possibility that is unlimited in case of only one budget constraint
and null if there is no asset and consumers are obliged to satisfy in each state the budget constraint
corresponding to this state.

Equilibrium is defined as a pair of admissible actions and prices ((T,Zi)l | ,(E,G)) such that

1. Foreachie I, X' e B'(P,), Z'is the corresponding portfolio, and P'(X) B'(p,q) =2

2. Z:(Xi —a)i):O and Zfi =0.

iel iel

Classically, the first condition expresses that with (T,Zi), consumer 1 optimizes his preferences in his budget

set. The second condition expresses market clearing under the implicit hypothesis that no production or
intertemporal storage is possible and assets are in zero net supply.

The equilibrium existence problem has been solved in the eighties. When assets are nominal, equilibrium
existence can be proved with similar methods to the ones used in the classical model. Assumptions are
strengthened. In particular, agents satisfy the individual strong survival (papers exist weakening this
assumption); agent’s preferences satisfy the additional convexity assumption

y' € P'(x)and 0 < A <1imply xi+/1(yi—xi)e P'(X)

and a kind of local non-satiation at each date-event pair and at every component of a feasible consumption.

These assumptions on preferences are satisfied when each agent | has on his consumption set X' = Rf(hs) a
von Neumann—Morgenstern utility function

U'(0)= 3o (< )X ()

seS

where U': Ri X Rf — R is a strictly quasi-concave and strictly increasing function, each p; > 0 denotes the
(subjective) probability of state S for agent I, and Zp; =1.

seS

When assets are numeraire, the same result holds under an assumption of strict desirability of the numeraire at
each date-event pair and at every component of a feasible consumption. Equilibrium exists and under appropriate
assumptions can be proved to be generically locally unique.

With real assets, the continuity properties of budget correspondences may fail, due to the fact that the rank of the
return matrix V(p) is not anymore constant when the commaodity price p varies. For this reason, equilibrium
existence has been proved to be only generic.

In all cases, equilibrium allocations have no reason to be Pareto optimal. In particular, in economies without
assets but with multiple budget constraints, it is easy to construct examples where some equilibrium allocation
Pareto dominates another equilibrium allocation.

7. CONCLUDING REMARKS

Obviously, this presentation of the extensions of the classical model is far from being exhaustive. A number of
other frameworks analyze, in a general equilibrium approach, the problems of public policy that have given rise
to the study of non-convex economies. The same is true for economies with public goods where researches on
implementation of desirable allocations have considerably developed, in continuation to the equilibrium
definition problem. And there is an increasing literature on financial markets.

More generally, an exhaustive analysis of all the contexts that general equilibrium can deal with would be
impossible. With its sophisticated methods, general equilibrium is, for its specialists, a great architecture with
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still incomplete and imperfect pieces of building, but always on the way of giving foundations to new themes of
economic theory.

Actually, the abstract model of general equilibrium is what is called a “paradigm” whose one may and one
should ask at what extent it is or not well suited for our understanding of the real world.

Glossary

Commodity space: Real vector space whose dimension is equal to the number of commaodities present in the
economy under consideration.

Continuity properties of a correspondence: A correspondence from a topological space X to a topological
space Y has open lower sections if every element of Y has an open inverse image. The correspondence is
upper semi-continuous if for every open subset of Y, the set of all elements of X whose image is contained
in this set is open. The correspondence is lower semi-continuous if for every open subset of Y, the set of all
elements of X whose image intersects this set is open.

Correspondence: Sometimes called point-set function, a correspondence associates to each element of the
definition space a subset (which may be empty) of the arrival space.

Excess demand correspondence: This correspondence associate to each vector price the subset of the
commaodity space which is equal to the vector difference between the total demand and the total supply.

Free-disposal: Disposal of the excess supply without cost in terms of the use of additional inputs. In the real
economies, disposal of by-products of a production activity, whatever be the form of this disposal (destruction
or stocks), is a problematic and costly activity.

Implicit function theorem: Let U be an open subset of R" x R™ and let f be a continuously differentiable
function from R™ xR" to R". Let (8,b) € U be such that f(a,b)=0. I the partial derivative f,(a,b)

defines a linear isomorphism from R® onto R", then there exists in R™ x R an open neighborhood V of
(a,b) contained in U, there exists in R™ an open neighborhood W of a, there exists a function a
continuously differentiable function

g:W —>R*
such that the assertions (X,y) € V and f(X,y)=0 are equivalentto X € W and y = g(X).

Inverse function theorem: Let U be an open subset of R" and f :U — R" be a continuously differentiable
function whose Jacobian matrix at the point @ € U has a non-zero determinant. Then there exists an open
neighborhood V < U of a and an open neighborhood W of b = f(a) such that f isa C'-diffeomorphisme
of V onto W, that is, there exists a continuously differentiable function g:W —V which is the inverse
function of f .

Kakutani’s theorem: Let X be a convex compact subset of R". An upper semi-continuous correspondence
@ X — X with nonempty closed convex values has a fixed point, that is there is some X € qo(i).
Lebesgue measure: On R, the Lebesgue measure is the unique measure on the Borel sets of R (that is on the
o-algebra generated by the family of open sets) whose value on every interval is its length. Using product
measures, the Lebesgue measure can be generalized to Euclidean spaces of any dimension.
Pareto optimality: A feasible allocation of resources is Pareto efficient (or Pareto optimal) if there is no other
feasible allocation which will make every consumer better off (or, in case of strong Pareto optimality, everyone
at least as well off and at least one consumer better off).
Portfolio: If there is a finite number of assets and if R’ is the asset space, an asset bundle is called portfolio.
Qualitative game: A game in normal form where the payment function is replaced by a preference relation on
the outcomes of the game.
Sard’s theorem: Let U be an open subset of R™ and let F be a r-times continuously differentiable function

from U to R" with r>max{0,m—n}. Then the set of points y = F(X) such that the Jacobian matrix of

F at X has a rank smaller than N has Lebesgue measure zero in R".
Utility space: Real vector space whose dimension is equal to the number of consumers.
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