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ABSTRACT
Let us consider a game witl players where the set of possible strategies depend on the decision of the other

player. Inthis case, if the players behave rationally the solution is a point of generalized Nash equilibrium (GNE).

These points can be obtained as solutions of a special class of bilevel programs. In this work, the bilevel problem
is substituted by a simpler model which can be solved by the so called smoothing approach for mathematical
programs with complementarity constraints. We discuss if the hypothesis for the convergence of this method are

generically fulfilled or not.
Keywords: bilevel problems, generalized Nash equilibrium, generic set, mathematical programs with comple-

mentarity constraints.
MSC: 90C30.

RESUMEN
Seag un juego den jugadores, donde el conjunto de estrategias factibles de cada jugador depende déla decisi

de los otros. Asumiendo racionalidad, la solucisefa un punto de Nashm el cual puede modelarse como
solucbn de un problema de dos niveles. Una forma de solude este tipo de modelos es mediante &lado
de suavizadin. En este trabajo discutimosaisea el comportamiento de esteéetndo en el caso generico.

1. Introduction

Let us consider the gamg@ = {I, X1,..., X, u1,...,u,} wherel = {1,2 ... n} is the set of playersX; =

{z; e R"| gir(z;) >0, k=1,..., K, } isthe set of feasible strategies of player I andu; is the utility function of

playeri. Roughly speaking it; € X; is the strategy chosen by playeand we denote as= (z1,z3,...,z,) € R™

the vector of strategies then : R"™ — R represents the profit of playeif playerj = 1,...,n, uses strategy;.

If we assume that that all players are rational, then we can assume that each player gives the best response to the
strategies of the other players. Then the chosen strategy will be a Nash equilibrium. The formal definition will be the

following.

Definition 1.1 z* € X7 x X3 X, ..., x X, is a Nash equilibrium point if
Foreachi=1,...,n

ui(x™;,y) <u(z®), Yy € X

Wherex_,- = (.I‘l, B G [ /F T (R ,me).
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We will suppose thak; depends of:_; and that the set has the following (classical) structure
X(x—l) - {y S Rm| gi,k(yax—i) > 07 k= 17"'aKj}'
Then, at a Nash equilibrium it holds that, foreach 1,... ,n :

* . * .
z; —arg min —u(zt;y), Vi=1,...,n.
yeEX (z—i)

For its practical solution, we will write the model in a bilevel form

min ||z — y||?
argmin —u;(x_;, 2),
stz € X(y—q),

(1.1)

st.z; — t=1...,n
A natural way of dealing with this type of model is to substitute the lower level problem by a simpler condition,
for instance the KKT-system. This lead us to a mathematical program with complementarity constraints which can
be solved by SQP, regularization techniques and the smoothing approach. In this work we will study which is the
expected behavior of the smoothing approach for this particular model. We will prove that under relative general
assumptions, the set of feasible solutions constructed by the algorithm will be non empty.

The paper is organized as follows, first we will present some properties of bilevel problems and its relations with
other class of problems. Then we will discuss the convergence of the algorithm. The last section is devoted to obtain
the characteristics of the set of feasible solutions of the resulting problem for almost all quadratic perturbation of the
involved functions and their consequences for the solution algorithm.

2. Preliminary aspects

In this section we are going to present some properties of bilevel problems and mathematical programs with com-
plementarity problems. We will discuss on the relations between both types of problems and the convergence of a
solution method based on a parametric approach.

Bilevel programs solve the model

Pgy : nmnynf(a:,y) s.t.(z,y) € MpL (2..2)

_ n+m gj($7y)20,j€J:{1,...,q},
Mo = {(x’y) €k ‘ and y solvesQ(z) :

Here
Q(z) : Inyin¢(x,y) st.yeY(z)={yeR™ |v(z,y) >0,iecl={1,...,l}}

and(f,g1,...,9,) € [C?L1%, and (o, v1,...,v) € [C3]LEL..
Bilevel problems form an important class of mathematical programs. They appear for example in Cournot equilibrium
models, in Stakelberg Gamesf.( [1]), and in semi-infinite programming (see [12], [11]).

BL problems are difficult to solve. Note that to checKif y) € Mgy, we have to guarantee thais a solution of

a non-linear problem, which is not an easy task in the general case. Moreover the feasible set of a BL may be non
closed (see.g, [12]). During the last 20 years, books and many papers are dedicated to this topa,Jd¢, [8],

[4] and the references therein.
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If for all 2 the functionsp, —v1, ..., —v; are convex iny and the LICQ holds for alt atY («), then a BL problem can
be reduced into an MPCC, namely the lower level constraintiiinets to solve the prograf(x), is replaced by the
KKT-conditions

Vy(b(x, y) - Zi‘:l )‘zvyvl(la y) = 07
vi(z,y) > 0, 1=1,...,1,
N > 0, i=1,...,1, (2-2)
/\ivi(xay) = 07 1= 17' 7l
So, instead ofg1,, we consider the program
Py : min f(z,y) St (z,y,A) € Mg, (2..3)

z,Y,A

where
Mo = {(;w, A) € R HH1 | (2,.2) holds andy; (z,y) > 0, € J }

Here, M. |r» xgrm denotes the projection 0¥, into the spac®™ x R™.
ProblemP,;, represent specially structurdththematical programs with Complementarity Constraiim& CC).

min f(z)
st. z€ Mceo
hk(Z) = 07 k= 17 ---,4q0, (24)
. n gJ(Z) 2 0, ) = 17 -4,
Mcc={2€R ri(z)si(z) = 0, i=1,...,1,
r(2siz) = 0, i=1...1

These problems have a less complicated structure than the original BL. In particular the feasidlg,sistalways

closed. For literature on MPCC we refer the reaglgy, to [10], [9], [3], [5] and [2].

Note that although it is not difficult to check if a point is feasible or not, classical constraint qualifications do not hold
and the set of feasible solutions is has a disjunctive structure. So, new methods of solutions have appear. One of them
is the so called smoothing approach. The idea is that fer 0, find z(7) solutions of:

min f(z)
st. z€ Mce(r)
hk(z) = 07 k= 17 <5490, (25)
_ \ 6z > 0 j=1l...q
Mcee(t) =< z€eR ri(2)si(z) = 1, i=1,...,1,
ri(2)isi(z) > 0, i=1,...,1

It is desired that such a solutions exists wher: 0 and that:(7) — 2(0) whent — 0%,
For the convergence conditions we need the following definition

Definition 2.2 Z is anon-degenerate solution of MPQIGt is a non-degenerate critical point of the relaxed problem:

Pr(Z) : min f(z)
st. ze€ Mg (2.6)
g] Z) 2 Oa J= 17 » 4,
B n ri(z) = 0, si(z) > 0, i€l.(2),
Mr=4q2z€R si(z) = 0, r(x) > 0, i€l(z),
ri(z) = 0, si(z) = 0, i€ Ls(2).



where
Is(Z) = {i|r(z)=s:(z) =0}, I.(z) = {i|r:(2) =0, () >0}, I,(z) = {i]s:(2) =0, r;(Z) >0} and
Jo(z) ={j | g9;(z) = 0} ..

We have the following result

Theorem 1 (cf. Bouza-Still (06)) If z(0) is a non-degenerate solution (in the MPCC sena€)) — z(0)|| = O(\/7).

This result includes the fact that is the LICQ holdzat M g for all possible combination of the feasible solutions
set, then)M is non empty. Moreover it holds that for all neighborhddédsuch thatM NV # &, then forr small
enoughM, NV # @.

We want to point out that for generit g, r, s, the smoothing algorithm converges dhdr) — z(0)|| = O(y/7). Itis

a clear consequence of Theorem 1 and the following result:

Theorem 2 (cf. Scholtes-Sihr (01)) Generically with respect tg, g, r, s all solutions of MPCC are non-degenerate
solutions (in the MPCC sense).

3. Genericity result

In this section the main results of this paper are obtained. We will begin by presenting some characteristics of the
particular bilevel model we are dealing with. Then we will see if the hypothesis of Theorem 1 are fulfilled generically.
Let us recall the MPCC model resulting after applying the KKT-approach to model (1..1):

min ||z — y||?

st —Vgu(z) — 25:11 )\i7kvxigi7k($i, y—i) = 0, 1=1,....n
gi,k(ziay—i) 2 07 1= 1,...,77,,]{3:1,...7[{1', (31)
ik () > 0, i=1,....,n,k=1,...,K,,
)\i,kgi,k(xivyfi) Z 07 izla"'7n7k:17"’7Ki7
In order to have simpler notations we take(as y—;) = (Y1, - Yi—1, Tis Tit1s- -, Tn)-

Note that sinceX (y_;) depends ony_;, we can not assure that LICQ is stable under perturbations of the functions
Ui, gik, 1 =1,...,n,k=1,..., K;, see [6] for the particular cage ; € R.

If LICQ is not satisfied, then we can not guarantee that the feasible set of problem (3..1) caritgingHowever it

is a common assumption that the utility functionis concave and that the set if feasible solutidhg_;) is convex.

Then we can suppose thay; , are convex and the lower level problem will be convex. Using a classical result of
convex programs see [7], it holds that a stationary point is an optimal solution of the lower problem, and hence feasible
of the original model. We have shown the following proposition implies

Proposition 1 If (z,y, \) feasible point of problem (3..1) then it is a feasible solution of (1..1) .
The solutions of (3..1) are at least a feasible solution of (1..1).

Now let us prove the genericity result

Theorem 3 If (u, g) € [C™ . x Ci=' %], then for almost allb, d) € R"™ x RE =1 K, MPCC-LICQ holds at all
the feasible solutions of the MPCC defined by the function®) +b7 =, g; 1. (2)+d;i ), i = 1,...,n,k=1,..., K;,.
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Proof:
Note that a feasible point of the problem defined by the (perturbed) functiofs) + b7z, g; x(x) + di k), i =
L...,nk=1,...,K; fulfills

=Veui(z) +b— E;ﬁl NikVa,Gik(Tiy—) = 0, i=1,...,n ,
gik(Ti,y—i) +d = 0, i=1,....,nkel, (3..2)
Xik() =0, i=1,...,nkeJ,,

for some setd® = {k : g; x(z) + ¢’z + d = 0} andJ* = {k : \; ;, = 0}. For simplicity we assume thdt contains
the first/; indexes and/’ the lastK; — I; 2, l; » < l;. Note that the Jacobian with respectitay, d, c, b

Oy O Oy Od
& (24 Lym 0

OlZj 1y 0O 0
0 0 O0mlo
has full row rank. Then by the parameterized Sard Lemma [cf. Lemma [6] for almost @vefymatrix of the
derivatives with respect tor, y, A) has full row rank. This implies the desired MPCC-LICQ.
This result implies we can guarantee the non-emptinedg of

For the convergence of the method we need to prove that generically solutions of (1..1) are non-degenerate. This has
some practical difficulties since the objective function has a very particular structure.
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