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1 Introduction

Since the advent of the space era, the number of resi-
dent space objects (RSOs) has grown and with it the
problem of accurately determining their state. This is
fundamental to maintain a collision-free environment
in space, predict space events and perform activities.
One of the many tasks pertaining to space situational
awareness (SSA) is thus to build and maintain a cat-
alogue of RSOs. While building the catalogue, it is
important to associate multiple observations to the
same object to perform orbit determination (OD) and
improve the orbit’s knowledge [1, 2]. To maintain the
catalogue, RSOs need to be timely re-observed and
the new observations need to be statistically compati-
ble with the known object. Most association routines
assume natural motion of the body in between ob-
servations, with association metrics deciding whether
observations belong to the same RSO. However, ac-
tive RSOs may perform manoeuvres which are not
included in the dynamical model used for association.
This mismodelling deteriorates the association rou-
tine, creating a mismatch where on the one hand an
unknown RSO is detected - the new observation - and
on the other hand a known object stops being updated
- the spacecraft before the manoeuvring event. This
paper outlines a new step to be added to the catalogue
maintenance where a manoeuvre profile is estimated
to connect two otherwise uncorrelated orbits and re-
cover the association.

2 Problem formulation

In order to make the description clearer, refer to fig. 1
for the following paragraph. Suppose two states - the
outcome of an OD - are available at two epochs t0 and
t1, simplified with a black dot and a shaded ellipse,
(X0,0,Σ0,0), (X1,1,Σ1,1). The state at the earliest
epoch is propagated forward to the second one, de-
termining a reference trajectory, the white line with
black squares, (X0,1,Σ0,1). The propagated and de-
termined states will not correlate with typical data
association techniques [3, 4, 1], but correlation may
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be recovered assuming a manoeuvre has happened.
The proposed methodology considers the implemen-
tation of an impulsive maneuver ∆vi at every node in
which the reference trajectory is discretised i ∈ [0, N ],
the black squares, where i = 0 coincides with t0 and
i = N with t1.
State transition matrices (STMs)

(
Mi ∈ R6x3

)
are

used to map these maneuvers’ effects forward in time,
as shown by the red and green dashes. For example,
a manoeuvre performed at node i will be mapped at
node j > i with

∆Xj,δvi =

[
j∏

k=i

Mk,i

]
∆vi. (1)

The final deviation due to the cumulative effect of all
manoeuvres until t1 is then:

∆X1,δv =
N∑
i=0

[
N∏
k=i

Mk,i

]
∆vi. (2)

STMs
(
Ri ∈ R6x6

)
are also used to map a deviation

∆X0 in the initial state forward in time (blue dashes):

∆X1,δX0 =
N∏

k=0

(Rk)∆X0. (3)

The cumulative effect of all manoeuvres and initial
deviation allows the state at t1 to reach the desired
location.

The goal is to find the trajectory with the least
amount of propellant used:

min
N∑
i=0

∥δvi∥, (4)

having the δv components at each node, the state
at each node X, and the initial and final deviations
δX0, δX1 as optimisation variables (9N + 12 vari-
ables), meeting the following constraints:

• maximum ∆v at each node (which defines the
impulsive or low-thrust nature of the maneuver)

∥δvi∥ ≤ ∆vM ∀i ∈ {1, . . . , N} (5)
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Figure 1: Initial trajectory and linear influence of initial deviation and mid-course manoeuvres to match final
deviation.

• maximum variation on initial and final states
to account for the OD uncertainty, in the form
the Mahalanobis distance, through a chi-square
quantile with confidence level α:

1

2
δXT

j Σ(j,j)δXj ≤ qχ2(α, 6) = M j = 0, 1 (6)

• continuity of the trajectory, where X̃i is the ini-
tially propagated state at node i while Xi is the
state optimisation variable at node i:

Xi+1− [Ri|Mi]

[
Xi

δvi

]
= X̃i+1− [Ri|Mi]

[
X̃i

0

]
(7)

• matching of the propagated maneuvered state
with the final state:

X0,1 +∆X1,δX0
+∆X1,δv = X1,1 + δX1. (8)

The problem is purposely handled with linear and
quadratic constraints to obtain a convex optimisation
formulation, for which convergence and a global min-
imum are ensured. Slack variables for the δvs mag-
nitude and Mahalanobis distance are introduced to
transform the objective function into a linear one and
enforce bounds on the ∆v and δX magnitude with
second-order cone constraints, to finalise the convex-
ification of the problem. Indeed, a quadratic con-
straint can become a second-order cone with the fol-
lowing variable transformation:

1
2x

TAx+ aTx ≤ b ⇐⇒ (w, z,y) ∈ Qr,

where

{
y = Fx, Q = FFT ,
z = 1, w = b− aTx

(9)

Hence:
eq. (5) ⇐⇒ (2vM , 1, δvi) , (10)

and
eq. (6) ⇐⇒

(
2M, 1,

√
Λ−1QδXj

)
, (11)

where Σ(j,j) = QΛQT . Once the optimization is com-
pleted, the reference trajectory is updated with the
optimal maneuver. The accuracy of the final orbit
is checked by accurate forward propagation. If con-
straints are not met to a prescribed accuracy, the pro-
cedure is repeated following a standard successive con-
vex optimisation approach, hence modifying eq. (7)
introducing an iteration counter k:

Xk
i+1 − [Ri|Mi]

[
Xk

i

δvk
i

]
= X̃i+1 − [Ri|Mi]

[
Xk−1

i

δvk−1
i

]
.

(12)
An infeasible flag from the optimization process
means that there can’t be a maneuver specified by
the constraints that can correlate the two objects,
and non-correlation is concluded.

Reference trajectories and state transition ma-
trices are developed in C++ using the library
Differential Algebra Computing Engine (DACE) 1

and the accurate numerical propagator Accurate
Integrator for Debris Analysis (AIDA) [5]. The
Matlab interface of the optimizer MOSEK2 is used
to solve the problem with the primal-dual interior-
point method for conic quadratic optimization. In
principle, any type of coordinates can be chosen
for the state representation. However, modified
equinoctial elements were chosen because of the
easiness to set bounds on the nodes variation and
lack of singularities.

3 Keeping a statistical approach

The optimisation finds a deterministic path for this
two-boundary value problem. However, the initial
and final deviations hold a statistical meaning: the
further from the mean states the final solution is, the

1https://github.com/dacelib/dace
2http://docs.mosek.com/9.0/toolbox/index.html
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Figure 2: Manoeuvre estimation for two states retrieved one week apart for METEOSAT-8. An East-West station
keeping (EWSK) manoeuvre is estimated and statistical properties are retrieved with the conjugate unscented
transform (CUT)-4.

less probable the path found is to happen. By simply
constraining the initial and final deviations to be less
than a value as in eq. (6), the optimiser will see the
deviations as “free propellant” hence taking full ad-
vantage of them, but actually creating the least prob-
able path. For this reason, ∆X0 and ∆X1 cannot
be determined within the optimisation but need to
be determined beforehand. The fourth order CUT
[6] was chosen to do so: by running the optimisation
N2+2N +1 times, where N = 12 is the dimension of
the problem, it is possible to reconstruct a-posteriori
the first four momenta of the final distribution, thus
making it possible to analyse the effect of uncertainty
in the states on the overall maneuver existence and
estimation. Sigma points drawn from the initial and
final covariance bound the initial and final deviations,
so that the constraint in eq. (6) is substituted by:[

δX0,0

δX1,1

]
i

= ∆X12x1
CUT4,i i ∈

{
1, . . . , N2 + 2N + 1

}
.

(13)

4 Example: METEOSAT EWSK manoeuvre

To test the optimisation and statistical handling of the
uncertainty, a manoeuvre is here reconstructed fol-
lowing the availability of two states with covariances
from EUMETSAT weekly newsletter. The data pot
also includes the type of manoeuvre and manoeuvre
time, but not the profile. Given the long window of
time between the two available states, a filter is ini-
tially applied to only consider one day where to look
for a manoeuvre. To do so, the two states are for-
ward and backward propagated to find the instant in
time where they were the closest, and a symmetric 1-
day window is considered around that point. Figure 2
shows the manoeuvre time-profile in R, T, and N and
the boxplot of the manoeuvres magnitude per compo-
nents (1-2-3) and overall (4) in the right plot. A clear
manoeuvre is visible in the tangential direction, where
the 3σ uncertainty is well above zero. Preliminary re-
sults are encouraging, but further testing is necessary

to make sure that all regimes and manoeuvre types
can be handled with successive convexification.
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