Revista Integracion
Escuela de Matematicas

Universidad Industrial de Santander @
Vol. 38, N° 2, 2020, pag. 133-163 @ ~

Mathematical modelling for malaria under
resistance and population movement

CRISTHIAN MONTOYA® ™, JHOANA P. ROMERO-LEITON¢

“ Pontificia Universidad Catélica de Chile, Instituto de Ingenieria Matematica y
Computacional, Santiago, Chile. E-mail: cdmontoy@mat.uc.cl.

b Universidad Cesmag, Facultad de Ingenieria, Pasto, Colombia.

¢ Datambiente, Colombia. E-mail: jpatirom3@gmail.com.

Abstract. In this work, two mathematical models for malaria under resistance
are presented. More precisely, the first model shows the interaction between
humans and mosquitoes inside a patch under infection of malaria when the
human population is resistant to antimalarial drug and mosquitoes popula-
tion is resistant to insecticides. For the second model, human—mosquitoes
population movements in two patches is analyzed under the same malaria
transmission dynamic established in a patch. For a single patch, existence
and stability conditions for the equilibrium solutions in terms of the local ba-
sic reproductive number are developed. These results reveal the existence of
a forward bifurcation and the global stability of disease—free equilibrium. In
the case of two patches, a theoretical and numerical framework on sensitivity
analysis of parameters is presented. After that, the use of antimalarial drugs
and insecticides are incorporated as control strategies and an optimal control
problem is formulated. Numerical experiments are carried out in both models
to show the feasibility of our theoretical results.
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Modelamiento matematico para malaria bajo resistencia y
movimiento poblacional
Resumen. En este articulo se presentan dos modelos matematicos para la

enfermedad de la malaria bajo la hipotesis de resistencia. Mas precisamente,
el primer modelo muestra la interaccion entre humanos y mosquitos de una
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134 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

regién con presencia de infeccién, considerando que los humanos son resis-
tentes a la droga antimalarica y los mosquitos resistentes a los insecticidas.
En el segundo modelo, se consideran las mismas hipdtesis del modelo ante-
rior, y adicionalmente movimiento de ambas poblaciones entre regiones. Para
el primer modelo, se establecen condiciones de existencia y estabilidad para
las soluciones de equilibrio en términos del niimero bésico de reproduccion.
Estos resultados revelan la existencia de una bifurcaciéon hacia adelante y la
estabilidad global del equilibrio libre de enfermedad (DFE por sus siglas en
inglés). Para el segundo modelo, se presenta un enfoque tedrico y numérico
de analisis de sensibilidad de parametros. Ademads, se incorporan el uso de
droga antimalarica e insecticidas como estrategias de control, con lo cual se
formula un problema de control 6ptimo. A lo largo de este trabajo, los re-
sultados teoricos se validan mediante simulaciones numéricas usando datos
reportados en la literatura.

Palabras clave: Insecticidas, Droga antimalaria, Anélisis cualitativo, Estabi-
lidad, Bifurcacién.

1. Introduction

Malaria is a hematoprotozoan parasitic infection transmitted by certain species of
anopheline mosquitoes. Four species of plasmodium commonly infect to humans, but
one, Plasmodium falciparum is the most lethal in humans, causing many deaths per year.
Malaria also provides an unbalance that impairs the economic and social development of
certain zones of the planet [17]. In reviewing history, control programs have been focused
in two directions: control of the anopheles mosquito through removal of breeding sites,
use of insecticides, prevention of contact with humans (by using of screens and bed nets),
and use of antimalarial drug (or effective case management) [32]. Unfortunately, the im-
plementation of these control mechanisms has not been entirely effective. Amongst the
reasons we can mention: a) resistance of the malaria parasites to antimalarial drugs such
as chloroquine and sulfadoxine—pyrimethamine. In this case, and from a mathematical
point of view, Aneke in [5] describes the phenomenon of antimalarial drug resistance in a
hyperendemic region by a model of ordinary differential equations (ODEs). Esteva et al.
in [14] present a deterministic model for monitoring the impact of antimalarial drug resis-
tance on the transmission dynamics of malaria in a human population. Tchuenche et al.
in [29] formulate and analyze a mathematical model for malaria with treatment and three
levels of resistance in humans incorporing both, sensitive and resistant strains of the par-
asites. Agusto in [1] formulates and analyzes a deterministic system of ODES for malaria
transmission incorporating human movement, as well as the development of antimalarial
drug resistance in a multipatch—type system. Other works to underline in this topic are
[19], [6], [24]. b) The use of pyrethroid insecticides (a man-made pesticides similar to
the natural pesticide pyrethrum) in malaria vector control. Here we can find the work of
Luz et al. in [22] in which a model of the seasonal population dynamics of Aedes aegypti,
both to assess the effectiveness of insecticide interventions on reducing adult mosquito
abundance, and to predict evolutionary trajectories of insecticide resistance. In addition,
Aldila et al. formulate and analyze a mathematical model for transmission of temephos
resistance in Aedes aegypti population [2], meanwhile in the works [3], [16], the authors
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Mathematical modelling for malaria under resistance and population movement 135

treat the insecticide resistance in general cases. ¢) The population migration problem.
The movement of infected people or infected mosquitos from areas where malaria is still
endemic to areas where the disease had been eradicated led to resurgence of the disease,
and this situation also results in a increasing of resistance to insecticides and antimalarial
drug [9]. With respect to migration problem, the works have been addressed through
multipatch—type models see for instance [15], [26], [1]. Migration problems for dengue
virus and other general epidemic models have been reviewed in [18], [8] and [20], [33],
[7], [23], [10], respectively.

As far as we know, mathematical models considering resistance to antimalarial drug
and insecticides and movement of populations simultaneously, as factors that hinder the
malaria control, do not exist. This paper present a response to this situation, including
numerical experiments that allow us to verify the feasibility of our theoretical results.

In this paper we propose two mathematical models for the malaria transmission dynamics
and whose equations are based in [27]. More precisely, in the first model, we consider the
interaction between humans and mosquitoes inside a patch when the human population
is resistant to antimalarial drug and mosquitoes population is resistant to insecticides.
Existence and stability conditions for the equilibrium solutions in terms of the local
basic reproductive number are determined. For the second model, human—mosquitoes
population movements in two patches is considered under the same conditions established
in a patch and also following the ideas from [20]. Besides, by incorporating the use of
antimalarial drugs and insecticides as control strategies, we formulate an optimal control
problem for the disease.

2. One patch model

In this section we consider a single patch with a susceptible—infected—recovered (SIR)
structure for humans and a susceptible—infected (SI) structure for mosquitoes. In order
to present the complete model, we describe the dynamic equations that form our model
as follows: let us denote as Sy (t), In(t) and Ry (t) the number of susceptible, infected,
and recovered humans at time ¢, respectively. The total human population at time ¢ is
denoted by Np(t) = Sp(t) + In(t) + Rp(t). Similarly, let us denote as S,(t) and I, (t)
the number of susceptible, and infected mosquitoes at time ¢, respectively. The total
mosquito population at time ¢ is denoted by N, (t) = S, (¢t) + I, (t).

Moreover, from [27], we define the force of infection for humans by Bpe ]{;}, where 3,
represents the probability of a human being infected by the bite of an infected mosquito,
and e represents the per capita biting rate mosquitoes. Similarly, we define the force
of infection for mosquitoes as S,¢ I{;h , where (3, represents the probability of infection of
mosquito by contact with infected humans.

Respect to susceptible humans population, it is increasing due to recruitment at a con-
stant rate Ay and by recovered humans from infection, which are represented by the term
wRy,. Simultaneously, this population decrease due to infection by contact with infected
mosquitoes through the term ﬁhe]{,—’;Sh and by natural death through the term pupSp.
Thus, the ODE that represents the variation of the susceptible humans population is

. I,
Sp=Ap +wRyp, — ShﬁhﬁfN — pnSh, (1)
h
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136 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

where the symbol - corresponds to the derivative in time, i.e, S, = %Sh(t). Now,
respect to the infected humans population, it is treated with drug at a constant rate
£101, where & is the drug efficacy and 6, is the recovery rate due to the drug. Besides,
the number of infected individuals resistant to the drug (by selective pressure) is £161q1 Iy,
where g1 € [0, 1] represents the resistance acquisition ratio to the drug. Thus the term
£101(1—q1)I}, represents the proportion of sensitive individuals to the drug. Additionally,
a proportion of infected individuals recover spontaneously at a rate § (by action of the
immune system), others die from infection at a rate p and others from natural death at a
rate pp. thus, the equation for the variation of the infected humans population is given
by

) I,
I, = Shﬁhem —&6(1—q)In — (64 p+ pn)In.

Finally, in our model the recovered humans population increase by the action of the drug
and by spontaneous recovery, and decrease as consequence of natural death and loss of
immunity. Thus, the variation of the recovered humans population in time is described
by )

Ry = &01(1 — qu)Ip + 61 — (w + pn) Rp.

On the other hand, the description for the SI model is the following: the susceptible
mosquitoes population is recruited at a constant rate A,. It is diminished by infection
due to contact with infected humans, which is described through the term ﬂve]{,—’z&,.
Simultaneously, it is reduced due to natural death with a rate p, and by action of insec-
ticides at a rate 205, where &; represents the efficacy of insecticide and 5 is the death
of mosquitoes due to insecticides. The number of mosquitos resistant to the insecticides
is €202q2, where g2 € [0,1] represents the resistance acquisition ratio to the insecticides.
Thus, the expression £265(1 — g2) represents the proportion of sensitive mosquitos to the
insecticides. Then, the system describing the variation of the mosquitoes population in
time is .

Sv = A'u - S’uﬁvG]{T}; - 5292(1 - QZ)SU - ,U'vS'ua

, (2)

I, = S’U/B’Uejifih 5292(1 - Q2)Iv - :U'vIv-

h

In summary, from (1)-(2), our model for malaria under resistance in a patch is given by

Sh = A+ wRy — ShBuet- — 1n S,

I, = SnBre- — 61 (1= q)In — (6 + p+ pn) In,
Ry = &01(1 — )1y + 61 — (w + pun) R,
Sv = Av - 51151)61{/7;; - 5292(]- - q2)SU - ,quvv

jv = Svﬂv‘f]{{*}; - 5202(1 - QQ)LJ - /1"0-[’07

(Nh(o)v NU(O)) = (Sh(o)a I}L(O)Rh(o)a Sv(0)7 I’U(O))a

where (N (0),N,(0)) denotes a initial condition and N, and N, are vectors formed by
Sh, I, Ry and Sy, I, respectively.
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Remark 2.1. The novelty in this work involves the parameters &;, 6; and ¢; with i = 1, 2.
Their interpretation and values are given in Tables 1 and 2 from Section 2.2. A complete
description and interpretation of the others parameters involved in the model (3) can be
found in [27].

Now, a set of biological interest for the solutions of the system (3) is defined as follows:
A A,
Q:{(Nh,Nv)eR;; Ny < =2, Ny<}. (4)
Hh Hy
The following lemma establishes the invariance property for €.

Lemma 2.2. For (N,(0),N,(0)) a non—negative initial condition, the system (3) has a
unique solution and all state variables remain non—negative for all timet > 0. Moreover,
the set defined on (4) is positively invariant with respect to the system (3).

Proof. Since the vector field defined on the right side of (3) is continuously differentiable,
the existence and uniqueness of the solutions is fulfilled. On the other hand,

N = Ap—pnNy —pIy < Ay — un Ny,

Thus .
Np + pnNp < Ap,.

Multiplying both sides of the above inequality by the integrating factor e#*” and inte-
grating from 0 to ¢, we obtain that

A
Ny (t) < Np(0)eHnt 4 Zl(1 — ernty)

Kn
from where A
lim Nh(t) < 7h
t—o0 Kh
Similar calculation shows that N,(t) — 2—1 as t — oo. Thus, the region € is positively
invariant. This completes the proof. v

2.1. Qualitative analysis

In this subsection, we first compute the local basic reproductive number associated to the
system (3) . Afterward, conditions for existence and stability of the equilibrium solutions
are developed.

Local basic reproductive nhumber

It is well known that a disease—free equilibrium (DFE) is a steady state solution of a
system where there is no disease, in our case, S, = S; >0, S, = 5 > 0, and all others
variables Iy, I,,, Ry are zero. It will be denoted by Eq . = (Nh7 0,0, N, O), where

Ny=2n g, = Ay
Uh &202(1 — q2) +

and Eg, € Q. (5)
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138 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

Since the basic reproductive number, commonly denoted by R (but in this case denoted
by Ry,,.) is the average number of secondary infective generated by a single infective
during the curse of the infection in a whole susceptible population, it is a threshold for
determining when an outbreak can occur, or when a disease remains endemic. Using the
next generation operator method [30] on the system (3), the Jacobian matrices F,. and
Vone evaluated in the DFE are given by

07 ﬂhE
Fone— < BUGJ\% 0 )

v :<§191(1—Q1)+5+P+Mh 0 )

and

0 &202(1 — q2) + 1o

Thus, the next generator operator of model (3) is given by

0 01%
Fonev;r}e = BoeN, &202( _0‘12)+Hv )
Np (€101 (1—q1)+6+p+pn)

It follows that the local basic reproduction number of the system (3), denoted by R

one?

~ 1/2
RO _ BhBUEQ Nv) ) (6)

o ((5101(1q1)+5+p+uh) (£202(1 — q2) + p10) N,

Existence of endemic equilibria

In this subsection, conditions for existence of endemic equilibria of the model (3) are
studied. First of all, the existence of the DFE, denoted by Eg,, ., is guaranteed as
consequence of the previous subsection. Now, in order to analyze the endemic equilibria
of the model (3) we consider the solutions to the algebraic equation system

Ap +wRp, — Shﬂhﬁ% —prSn = 0,
SnBreq — &0 (1 —q)In — (6 +p+pn)ln = 0,
5191(1 —ql)Ih-l-(SIh — (w+,uh)Rh = 0, (7)

Av - SvﬁvGJ{T}; - 5292(1 - QZ)S'U - Mvsv = 07

Svﬁvejﬂi}; - 5202(1 - Q2)Iv - ,UUIU = 0.
Let us define
1—
a=—2 G611 =q)+9 where a < 1. (8)

W+ pn §161(1 —q1) + 5+ p+ pp

[Revista Integracion
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Thus, after some algebraic manipulations of the system (7), we obtain the following
expressions for Sy, Ry, S, and I, in terms of Ij:

A &O(1—q)+d+p+pun

Sp = — (1 — Oz)]h,
K Hh
1—
Ry, — £101( ql)—|—5[h7
w+ up
v (9)
So=N, [1- __ Puclly L.
(6205(1 = g2) + 1) Ni + [Bue + 2 (E202(1 — g2) + o)
IU — — ﬂUGNU Ih7
(6205(1 = @2) + 1) N + [ Buoe + 2 (2051 — o) + )|
and the following cuadratic equation for Ij:
al? 4+ bl + c = 0, where (10)

o= u% [ﬂve + L (&05(1 — ) + uv)] ;

2= )N, (£202(1 — q2) + o) (£2601(1 — q1) + 6 + p+ pn) X
Hh (11)

b= aNh+

P 2
73,
{(1—00(5191(1—611)+5+P+Nh) Done
c= (&bl —q2)+p) NP [1-R3, ]
From (11), we have that the coefficients a and b are non-negatives, while ¢ > 0 if
RQW < 1, otherwise ¢ < 0. Thus, the polynomial P(I) = al? + blj, + ¢ has only one
sign change, and by the Descartes’ rule of sign [4] it has one or zero positive roots.

This result is summarized in the following theorem.

Theorem 2.3. For the model (3) the DFE contained in Q always exists. Additionally,

1. If Ro,,. <1, there are not endemic equilibria.

2. If Ro,,, > 1, there exist one endemic equilibrium.

Stability analysis

In this subsection, we proof the stability of the equilibrium solutions of the system (3)
given on Theorem 2.3. First, using the linearization of the system (3) at the DFE, we
proof it local stability, which is determined by the sign of the real part of the eigenvalues
of the Jacobian matrix denoted by J(Eq,,.), which is given by
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140 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

—Un 0 w 0 —Bhe
0 *[6191(17q1)+6+p+ﬂh] 0 0 B}LE
0 0,(1— +0 —(w+ 0 0
J(Eo, ) = &6 ( q71) (w+pn) (12)
0 7[}1,6%: 0 - [5292(17(12)+/Lv] 0
0 Buele 0 0 — [©0>(1=g2) 1m0
It is easy to determine the eigenvalues of J(Eo,, ), namely: 71 = —pup, 12 = —(w + up)
and g3 = — [€202(1 — g2) + (1y], while the others eigenvalues are given by the roots of the
quadratic equation
aopn® +ayn +az =0, (13)
where
a = 1,
ar = &0x(1—q2) +po +601(1—q1) + 3+ p+ pn,
az = (&0:(1—qo) + po) (&100(L—qi) + 0+ p+ ) (1 —RG, ).

From above, the coefficients ag and a; are positive, while the sign of the coefficient as
depends of Ry,,.. From the Routh-Hurwitz criterion [13], we can guarantee that the
quadratic equation (13) has roots with negative real part if, and only if, its coefficients
are positive and the following determinants called minors of Hurwitz are positive:

Ay = ai,
aq 1

A2 - 0 a9

= a103.

We verify that Ay > 0 and Ay > 0 if, and only if, Ro,,, < 1. In consequence, when
Ro,,. < 1 the DFE is a locally asymptotically stable (LAS) equilibrium point of the
system (3).

Now, we are going to proof the stability of the endemic equilibrium of the system (3).
For this end, we use results based on the center manifold theory described in [11] to show
that the system (3) exhibits a forward bifurcation when Ry, = 1, or equivalently, when

Np (§202(1 — q2) + po) (£161(1 — q1) + 6 + p + )

BhE iﬁ* = ﬁUENv

. (14)

The eigenvalues of the Jacobian matrix given in (12) evaluated in (Eq, ., 8*) are: 0 and
—pn, — (W pn), —[§202(1 — g2) + po] and
—[€202(1 = g2) + po + &101(1 — q1) + 6 + p+ pn]

where the last four have negative real part. In consequence, in £*, the DFE is a non—
hyperbolic equilibrium. Let W = (w1, wa, w3, wy, ws)? a right eigenvector associated to
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the zero eigenvalue, which satisfies J(Eq,,_, 5*)W = 0W = 0, or equivalently,

—ppwi +wwz — frws =0,

—(&01(1 —q1) + 0+ p+ pn) wo + B*ws =0,

(§202(1 — q2) + o) (101(1 — q1) +6) th

— =0
BueN, ° ’

—(w + pp)ws +

—(&202(1 — q2) + po) wa — (§202(1 — q2) + po) ws = 0.

The vectorial form for the solutions of above linear system is given by

_ ﬂhf
- 2

Oone

(1-a), (5292(1—612)_4‘%) Nh7 (§202(1—q2)+ 1v) (5191(}—111)‘*'5) Nh7_17 1 Tw57 (15)

W
51}6]\[11 51}6(‘“ + Nh)Nv)

where the parameter « is defined in (8).  Similarly, a left eigenvector V =
(v1,v2,v3,v4,v5) of the matrix J(Eq, . ,B*) associated to the zero eigenvalue satisfies
VJ(Ey,,.,*) =0V =0, or equivalently, v; = v3 = v4 = 0 and

N,
(&100(1—q1) + 0+ p+ pn) va + 5u6]\—7h05 = 0

from here,

BueN,
V=0 — 10,01/ vs. 16
Np (61601 —q1) + 5+ p+ pun) ° (16)

The values for ws and vs such that W -V =1, are
§100(1 —q1) +0+p+ pn

ws =1 and vs = | N
5 P a0(1—q) + 0+ p+ pn+ Ea0a(1— g2) + (17)
Thus, the coefficients G and b given on Theorem 4.1 from [11],
Ly 0
= 3 w; ——— (B , * ,
a 2 k%::lvkw (o 8x¢8xj( 0unes BF)
(18)
b= > 0 fi
k,zz;1vkw 8:51«55*( Ooner %)

can be explicitly computed as follows. Let us denote as f;, ¢ = 1,...,5 to the scalar
functions of the right hand of the system (3), and x1 = Sy, o = I, 3 = Rp, 4 = Sy,
x5 = I,,. The coefficients w), and vy, with p = 1,2, ...5 of (18), represent the components of
the eigenvectors W and V defined on (15) and (16), respectively. After some calculations
we have that the second order partial derivatives evaluated in (Eo,, ,3*) are given by

Pf PfH DB DPfs  07fs  —PueN, Pfo _ Pfa _ Pae

(9.1‘58.1‘2 - 81-581'3 N Nh7 8%281‘1 - 8.7,‘28.'1,‘3 N ]\7}3 ’ 81-581'2 N 815813 N}L7

82f4 _ 5v€Nu 82f4 _ 7/31)6 82f5 _ Bye
6%26%1 - ]\72 ’ 6.’E26.’E4 - Nh7 81’281’4 - Nh7
82f4 o 2/[31)5]\717 (92f5 _ 72[51)6]\7”

ozt N? o3~ NZ
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142 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

In the above expressions we did not consider the zero and cross partial derivatives. Ad-
ditionally, the second order partial derivatives with respect to the bifurcation parameter
B* evaluated in Eq,, are all zero, except

fh
d1508*

0% fy
-1 =1
and 905"

Thus, the coefficients @ and b given on (18) can be expressed by

9 f d*fs d*fs 10%f5
i =2 P _ - 2
“ 0x50%2 va(wa+ws)+ 021019 w2 (Wi +ws) 029014 w2+2 0x3 w2
_ ) 251151\71) 51}5 B'U€N’U 2
- —N—hvg(wg + ws) — Tng(wl +ws) — Frwz — 7w (19)
7 82f2 /BUEN'U
b = V2Ws =

dx50B*  Np (&160(1—q1) + 0+ p+ pn + E202(1 — g2) + p1o)

From (19) we have that b > 0, while the sign of & depends of the sign of ws, va(wy + ws3)
and wq(wy + w3). From (15) and (16) we verify that wy > 0, va(wq + w3) > 0, and

o) o 2021 — o) + p10) (62611 — 1) +6) Ny
(=) Bue(w + pn) Ny =0

Bre
RQ

Oone

wg(wl —+ w3) = W2

Thus, from [11, Theorem 4.1], the endemic equilibrium is LAS when Ry, > 1, which
suggest the global stability of the DFE. The previous results are summarized in the
following theorem.

Theorem 2.4. If Ry, < 1 the DFE is LAS in Q, and the endemic equilibrium is
unestable. If Ro,,, > 1, the DFE becomes an unstable hyperbolic equilibrium point, and
the endemic equilibrium is LAS in Q.

Figure 1 shows the bifurcation diagram.

1 Roone

Figure 1. A forward bifurcation occurs when Ro,,,, = 1.

Theorem 2.5. If R <1, then the DFE is globally asymptotically stable (GAS) in Q.
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Proof. From Theorem 2.4, when R}~ <1, the DFE is LAS in Q. Let (N, (t),N,(t)) a
positive solution of the system (3); then, by Lemma 2.2 it satisfies

Ay
p+ s

S, (t) < Ny(t) and Np(t) > (20)
We prove the existence of a Lyapunov function for the traslated system y = f(y +
Eoy,..) — f(Eo,,.) = F(y), where f is the vectorial field defined from right hand of the
system (3) and y = 0 is a trivial solution of the system y = F(y). Let us consider the
function

Bre
V*(Ny,N,) = I, + I,
(N ) §202(1 — q2) + po g
and let o - ~
V(Np,Ny) =V*(Sy, — Np, In, Ry, Sy — Ny, I). (21)

The function V' defined in (21) satisfies the following properties:

(P1) V(N,0,0,N,,0) = V(Ey,,,) = V*(0) = 0.
(P2) V > 0VY(N,N,) #Eg,,. in Q (V is positive definite).
(P3) The orbital derivative of V along the trajectories of (3) is negative definite. In fact,

ov* ov* ov* ov* ov*

Vo= @ T an 2t ar P T e, T e,

I,
= Shﬂhﬁm —&01(1—qu) I — (0 + p+ pn)In +

Bne
&202(1 — g2
l: S’U/B’L/B'U€2
Np (§202(1 — g2) + o)
+ [ﬁhef;; - 5h6:| I,

< (01— q)+ 5+ p+pn) [RE

1y,
Sy Bpe— — E0o(1 — qo) 1, — uyly,
v ( B N, §202(1 — q2) % )

(@b (1 —q) +5+p+uh)} I,

—=1]I, <o0.

Thus, the DFE is globally stable in Q. To verify its global asymptotic stability, let us
consider A = {(N},,N,) : V = 0}. Then A C {(N,,N,) : I;, = 0}. Let A’ C A be
the biggest invariant set with respect to (3) and (N, N,) a solution of (3) in A’; then,
(N, N,) is defined and is bounded V¢t € R and I;(t) = 0 in A’ for all {. Replacing
this value in the system (3) we obtain that Rp(t) = I,(t) = 0 for all ¢, while, from
the first and fourth equation of (3) we obtain that Sy (t) = An/pn = Ny and S, (t) =
A,/ (&202(1 — g2) + p1y) = N,. Thus, A" = {Eq,,.}, and from the Lasalle invariance
principle [31] Eog,, . is GAS in Q. v

2.2. Numerical experiments

In this subsection, we validate our theoretical results with numerical experiments. To
this end, we take data from rural areas of Tumaco (Colombia) reported in [27] and
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144 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

make some numerical simulations. For the values of the parameters corresponding to
insecticides, we assume that the fumigation is done with two pyrethroids insecticides
(deltamethrin and cyfluthrin) according to the recommendations of Palomino et al. in
[25]. Pyrethroids insecticides are a special chemicals class of active ingredients found in
many of the modern insecticides used by pest management professionals. Due to the
low concentrations in which these products are applied, a constant safety of use and a
decrease in the toxic impact on vector control have been achieved. For the values of the
parameters corresponding to the drug, we assume that the infected patients are treated
with artemisinin—based combination therapy (ACT) according to the recomendations of
Smith in [28]. Artemisinin (also called ginghaosu), is an antimalarial drug derived from
the sweet wormwood plant: Artemisia annua. Fast acting artemisinin—based compounds
are combined with other drugs, for example, lumefantrine, mefloquine, amodiaquine,
sulfadoxine /pyrimethamine, piperaquine and chlorproguanil/dapsone. The artemisinin
derivatives include dihydroartemisinin, artesunate and artemether [28]. Tables 1 and 2
show the values of the parameters corresponding to the drugs and insecticides supply,
respectively.

Table 1. Values of the parameters corresponding to the ACT supply.

Parameter Interpretation Dimension Value
& Drug efficacy Dimensionless 0.7
01 Recovery rate due to the drug Day~! 0.6
q1 Resistance acquisition ratio to the drug Dimensionless 0.1

Table 2. Values of the parameters corresponding to insecticides supply.

Parameter Interpretation Dimension

& Insecticide efficacy Dimensionless

0 Death rate due to the insecticides Day ~!

Q2 Resistance acquisition ratio to the insecticides Dimensionless
Value for deltamethrin Value for cyfluthrin
0.7 0.2
0.3 0.3
0.05 0.2

Figure 2 shows the behavior of human and mosquito populations when the patients are
treated with ACT and the mosquitoes are fumigated with cyfluthrin and deltamethrin,
respectively. In Figure 2, the solutions tend to an endemic equilibrium and R(Q)OW =2.15
(left), while (Figure 2 (right)) the solutions tend to the DFE and R = 0.0012. In fact,
given that cyfluthrin is an insecticide with less efficacy than deltamethrin, its application
generates greater resistance hindering the disease control.
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Figure 2. Numerical simulations of model (3) with data from rural areas of Tumaco (Colombia) reported
in [27] and initial condition (100000, 30000, 20000, 50000, 10000). On the left, the fumigation is done
with cyfluthrin; here 'Rgone = 2.15 and the solutions tend to the endemic equilibrium (63480, 4690,
32480, 2630, 840). On the right, the fumigation is done with deltamethrin, Rgone = 0.0012 and the
solutions tend to the DFE.
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Figure 3. Total resistance (g1 = g2 = 1) and no resistance (g1 = g2 = 0). Top: Left, Fumigation
with cyfluthrin and ¢1 = g2 = 0; Right, Fumigation with deltamethrin and q; = g2 = 0. Bottom: Left,
Fumigation with cyfluthrin and ¢q1 = ¢2 = 1]; Right, Fumigation with deltamethrin and ¢1 = g2 = 1.
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In Figure 3 we consider the effects of resistance in the population dynamics. In Figures
3 (a) and (b) we assume that there is no resistance (¢1 = g2 = 0). Then, when the
fumigation is done with cyflutrin, R%UM = 1.41 and the solutions tend to the endemic
equilibrium (8136, 227, 1541, 250, 32), which evidences a considerable reduction in the
persistence of the infection, while if the fumigation is done with deltamethrin, Ro =
0.00095 and the solutions tend to the DFE. In Figures 3 (c¢) and (d) we assume total
resistance (¢ = g2 = 1). Then, when the fumigation is done with cyflutrin, RO =
2724.4 and the solutions tend to the endemic equilibrium (0, 789, 0, 0, 4699), which
evidences that after the first 30 days, all individuals (humans and mosquitoes) will be
infected, while if the fumigation is done with deltamethrin, R§ = 264.8 and the
solutions tend to the endemic equilibrium (6, 824, 0, 195, 4617) “which evidences a
persistence of the infection.

3. Two patch model

In this section we model the malaria transmission dynamics between humans and
mosquitoes within a patch and their spatial dispersal between two patches. Within a
single patch, our model is defined by the equations (3), where the subscripts 1 and 2
refers to patch 1 and patch 2, respectively. The patches are coupled via the resident
budgeting time matrix R = [Ajj]axe for ¢, = 1,2 as in [20]. Here A\;; = a;; + Bji,
being a;; the probability of a human from patch 7 is visiting the patch j and 3;; the
probability of a mosquito from patch j, is visiting the patch i. Some authors prefer not
to consider the mobility of mosquitoes due to yours short life cycle (less than two weeks
without captivity), in which case we assume (;; = 0. Each );; is a constant in [0, 1] and
23:1 Aij = 1 for ¢ = 1,2. In this model we include bi-directional motion as in [20], that
is, a susceptible human (mosquito) in patch i can be infected by an infected mosquito
(human) from patch 7 as well as by an infected mosquito (human) from patch j who
is visiting the patch i. Thus, the dynamic in two patches are represented through the
following system of nonlinear ODEs:

. I..
Sh, = Ap, +wiRy, — Sp, 23:1 AijBhi€i Fy= = HhyShis

Ihl = 23 1 z]ﬁhge_y N 511911( q12) ((S + Pi + Hh; )Ihm
Ry, = €1301:(1 — qui)In, + 6;In, — (Wi + pin,) R,

In;

Sv, Sv, ZJ 1 j’L/B’U]C_] N 521921(1 - q21) Mvisvw

Svl ZJ 1 jlﬁv]ej N 521922( qu) - ,U/vilviv for i=1,2,

(Nhl (0), Nm (0)7 th (0) (0)) = (N(f)u N©

v1?

N?Lz’ N7012)7

where (Np, (0),N,,(0),N,(0),N,,(0)) denotes an initial condition. Let us define
N (t) = Ni, () + N, (), Nv(t) = No, () + Ny, () and
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Ap = 2maX{Ah17 Ahz}’ rH = min{:uhn Mhz}’ (23)
Ay =2max{A,,, Ay}, pyv =min{py,, f,}-

A set of biological interest for the solutions of the system (22) is

_ A A
Q:{(NhUNvl,thsz)eRfO: NH<HandNV<V}. (24)
HH 122%

Note that the proof of invariance of  can be be made using the results of Lemma 2.2.

3.3. Global basic reproductive number and numerical experiments

In this subsection, we first compute the global basic reproductive number associated
to the system (22). Then, we obtain numerical experiments to generate an applica-
tion of the mathematical model (22) using data from [27]. Let us denote as E; =
(N, +0,0,N,,,0,Np,,0,0, Ny, , 0) with

_ Ay, _ A,
Ny, = Zhiand N, = v
[, &2i02:(1 — q2i) + o,

fori=1,2, (25)

to the DFE associated to the system (22).

Using a similar procedure to the presented in subsection 2.1 for

Ni,
0 A115h, €1 0 A2Sh, €25
_ _ ha
N N
- Atifu ezt 0 AP €2 0
= Np
0 A21 B, 1552 0 A2, €2
_ 1 _
N N,
Nog Ny
AzBu €1 0 A22Bu, €237, 0

and V = (V1|V2), where

€11011(1 — q11) + 01 + p1 + ppy 0
V1= 0 £21021(1 — g21) + poy | s
0 0
0 0
0 0
0 0
V2=
&12012(1 — q12) + 92 + p2 + pin, 0 '
0 £22022(1 — q22) + fos

we get the following expression for the global basic reproductive number:

Ro = (’”?/”7)1/2, (26)
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where

— Bny €1 Nuy A3 By €2 i A1 8o @1
§21021(1—q21)+Hv, Npy (512912(17q12)+62+p2+uh,2) (511911(1*(111)+51+p1+uh,1)

+ Bhy €2 ]YUQ AaBu €1 + A3sBug €2
€22022(1—g22)+ 0y Np, (511911(1*411)+51+P1+#h,1) (512912(1*Q12)+52+Pz+lih,2)

e

= A11Bu, By €] N
2 (521921(1—¢121)+#u1 )(511911(1—Q11)+51+Pl+#h1) Ny

vl

2
+ X35 Bus Broy €3 Nuy
(522922(1—¢Z22)+Hu2 ) (512912(1—Q12)+52+P2+Mh2) Nhy

=

+ A3, By, By e1€e2 Vo
(521921(1—q21)+ﬂv1)(511911(1—Q11)+51+PL+M)11) Npy

_ 2
+ A32B05Bhy €3 Nuy
(522 022 (1—q22)+1tvy ) (512912(1*Q12)+52 +p2+1hy ) Ny

2 Buq Buy €162
(611011 (1—q11)+61+p1+pn, ) (§12012(1—q12) +0a+pa-tpn, )

>‘f2’\§26}2125§]\732 )‘%1/\31:62[5%1\731
PR PR
(622922(17422)+#u2) N;fz (E21921(1*¢121)+Mu1) Nfbl

2 2
Bhy BhyBuy Buy€r€s

2

+ (521021(17q21)+ﬂv1)(511911(17q11)+61+P1+,Uth1)(522922(17q22)+ﬂv2)(&12912(17(]12)+62+P2+ﬂh2)
Ny, N, 2 42 2 \2

XiN;NhZ [4)\11)\12)\21)\22 — )\11)\22 — )\12>\2J .

Considering the uncopling system (that is, A;;1 = 1 and Ay2 = 1) in (26), we obtain the
local basic reproductive number for each patch given in (6).

In what follows, we make some numerical experiments. For this purpose, we are going to
consider the following hypothesis: (a) patch 1 and patch 2 represent rural areas (RA) and
urban areas (UA) from the municipality of Tumaco (Colombia), as in [27], respectively.
(b) The epidemiological outbreak begins in RA and the individuals in UA acquire the
infection due to the coupling between the two patches. Therefore (unless otherwise
stated), the initial condition will be S, (0) = 100000, I, (0) = 30000, Ry, (0) = 20000,
Sy, (0) = 50000, I,,(0) = 10000, Sp,(0) = 100000, S,,(0) = 50000 and all others zero.
(¢) Mosquitos are fumigated only with cyflutrin (data from Table 2). (d) The infected
patient are treated with ACT (data from Table 1). (d) The resistance acquisition ratio in
RA is higher than UA due to in RA individuals are continuously exposed to the parasite,
that is, g11 = 0.1, g12 = 0.09, g21 = 0.05 and goo = 0.04. Besides, we will consider the
following coupling scenarios poposed by Lee et al. in [20]:

(S1) Uncoupled: when there are no visits between patches, that is, A\;; = A92 = 1 and
others are equal to zero.

(S2) Weakly—coupling: small values for A\j5 and Ag;.
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(S3) Strongly—coupling: when visitors from patch 2 spend quite an amount of time in
patch 1, that is, Ago < Aq1.

Table 3 shows the values of the parameters in the residence-time matrix considering

different scenarios of coupling.

Table 3. Values of the parameters in the residence—time matrix.

Scenario

Values of the parameters

Uncoupled

Weakly—coupling

A1 :)\22:1, A2 =XA21 =0

)\11 = )\22 = 09, )\12 = >\21 =0.1

Strongly—coupling A1 = Aog = 0.4, A5 = A9 = 0.6

Figure 4 shows the behavior of the solutions when the system (22) is uncoupled. If the
disease begins in patch 1, the disease does not spread to patch 2.
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Figure 4. Numerical simulations of uncoupled system (22) using data from [27] (A1 = A2 = 1) .
The initial condition is (100000, 30000, 20000, 50000, 10000, 100000, 0, 0, 50000, 0). Here R, = 2.52,

Ro, = 0.12 and Rg = 2.15.

Figure 5 shows the behavior of the humans and mosquitoes populations in patches 1 and
2, respectively, considering weakly—coupling. Here, the disease is spread from patch 1 to
patch 2 during the first 50 days, then the disease is eliminated in patch 2, and remains at
low load in patch 1. On the other ha hand, the strongly—coupling scenario is illustrated
in Figure 6. Here, the disease is spread from patch 1 to patch 2 during the first 100 days
and the infection persists in both patches. After 100 days, the disease is eliminated in

both patches.
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Figure 5. Numerical simulations of weakly—coupled system (22) using data from [27] (A11 = A22 = 0.9
and Ai12 = A21 = 0.1). The initial condition is (100000, 30000, 20000, 50000, 10000, 100000, 0, 0, 50000,
0). Here Ro, = 1.46, Ro, = 0.6 and R = 3.47.
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Figure 6. Numerical simulations of strongly—coupled system (22) using data from [27] (A11 = A22 = 0.4
and A2 = A21 = 0.6). The initial condition is (100000, 30000, 20000, 50000, 10000, 100000, 0, 0, 50000,
0). Here, Ro, = 1.01, Ro, = 0.9 and Rg = 2.9.
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3.4. Local sensitivity analysis of parameters

In this subsection we determine the sensitivity indices of the parameters to the Ry,
considering strongly— coupling and data from [27] . The sensitivity indices are computed
through the normalized forward sensitivity index [12], which allow us to measure the
relative change of the variable Ry when a parameter changes. When the variable is
a differentiable function of the parameter, the sensitivity index may be alternatively
defined using partial derivatives [12]. If we denote the variable as w which depends on
a parameter p, the sensitivity index is defined by I'y = %Z%' Given the explicit formula
for Ry in (26), we determine an analytical expression for the sensitivity indices of Rg
with respect to each parameter that comprise it. In Table 4 we show the values of the
sensitivity indices, where P1 and P2 mean patch 1 and patch 2, respectively.

Table 4. Sensitivity indices to the Ry with respect to parameters.

Parameter Index P1 Index P2 | Parameter Index P1 Index P2
Ap, -0.033 -0.4 A11 0.00012 0.0086
w; 0 0 A12 0.0042 0.0042
Bh; 0.01 0.50 A22 0.0030 0.0030
B, 0.09 0.49 A21 0.3887 0.3887
€; 0.09 0.90 q1i -0.003 -0.0014
Hh, 0.012 -0.49 q2i -0.1164 -0.00058
Mo, -0.011 -0.012 &1i -0.3488 -0.1405
pi -0.0053 -0.0082 &2i 0.0034 0.0045
di -0.0033 -0.0027 01; -0.54 -0.65
Ay, 0.0133 0.50 02; -0.45 -0.98

From Table 4, in both rural (patch 1) and urban (patch 2) areas, R is more sensitive
to the parameters corresponding to recovery rate due to the drug 61; with ¢ = 1,2 and
death rate due to the insecticides #; with ¢ = 1,2. An interpretation of these indices is
given as follows: in RA, given that I'y,, = —0.54, increasing (or decreasing) 611 in 10%
implies that Ro decreases (or increases) in 5.4%. An analogous reasoning can be made
for the others sensitivity indices. The information provided by the sensitivity indices to
the Ry, will be used in the next section, in which we will propose some control strategies
for the malaria disease.

4. Optimal control problem

In this section an optimal control problem applied to the model (22) is formulated. Here,
we are going to consider that the parameters corresponding to recovery rate due to
the drug and death rate due to the insecticides 6;; with ¢,7 = 1,2 will be the controls,
therefore they will be functions depending on time. The first objective will be to minimize
a performance index or cost function by the use of drugs and insecticides. For this
purpose, we assume that 6;; with ¢ = 1,2 and 60;» with j = 1,2 are the controls by drugs
and insecticides, respectively, which assume values between 0 and 1, where 0;; = 0 is
assumed if the use of drugs (or insecticides) is ineffective and 6;; = 1 if the use of drugs
(or insecticides) is completely effective, that is, all individuals recover with medication
and all mosquitoes die with insecticides. In this sense, for ¢ and j fixed, the control
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variable 6;;(t) provides information about amount of drug or insecticides that must be
supplied at time t.

The second objective will be to minimize the number of infected humans and infected
mosquitoes in each patch. For this purpose, the following performance index or cost
function is considered:

T
1
J10) = / {cl(fhl + Lo) + ea(Iny + L) + 5(di0%) + da03y + dstty + dabl3,) | dt, (27)
0

where 0 = (611, 621, 612, 022) is the vector of controls, ¢; and ¢y represent social costs,
which depend on the number of individuals with malaria and the number of mosquitoes
with the parasite, and (d16%, +d203, +d307,+d463,) defines the absolute costs associated
with the control strategies, such as, implementation, ordering, distribution, marketing,
among others. For calculation purposes, we will denote the integrand of the performance
index given on (27) as

1
fo(t,X, 0) = Cl(Ihl + I'Ul) + CQ(Ihz + Ivz) + §(d19%1 + d29§1 + d3€%2 + d49§2)7 (28)

where X represents the vector of states.

With the above considerations, the following control problem is formulated:

T
mingey J[0) = [ fo(t.X, 0)dt,
0

. 2 I, .
Shy = A, +wilh, — Sk 3251 XijBri€in= — BhiShis
J

. I,
Iy, = Zizl /\z‘jﬁhjejﬁ’j = &b (t)(1 = qui)In;, — (0i + pi + pn ) In,,

Ry, = &0 (t)(1 = qui) In, + 6iIn, — (Wi + pin,) R, (29)
. I,
Sop = Ao, = S0, 304 /\jiﬁvﬁj]\% = &2i02i (1) (1 — q2i) — 10, S,
I .

I, = S, 25:1 )\jiﬁvjﬁj]\Tfj — &3l (t) (1 — q2;) — pro Loy,  for i=1,2,

X(0) = (N, (0), N, (0), Ni, (0), N, (0)) = Xo,

X(T) = (Nh1 (T)7 Nm (T)7 th (T)7 sz (T)) = Xl .

In above the formulation, we assume an initial time ¢ty = 0, a final time T fixed which
represents the implementation time of the control strategies, free dynamic variables X;
in the final time, and the initial condition Xg being a non-—trivial equilibrium of the
system (22). Additionally, we assume that the controls are in a set of admissible controls
U which contains to all Lebesgue measurables functions with values in the interval [0, 1]
and t € [0, 7.
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4.5. Existence of an optimal control

In this section, we use the classic existence theorem proposed by Lenhart and Workman
[21] to prove the existence of an optimal control 8* for the formulation (29). Let U =
[0,1]* be the set where § assumes its values (set of controls), and f(t,X, ) the state
equations of the right side of (29). To guarantee the existence of optimal controls,
hypotheses (H1) to (H5) from [21] must be verified, that is,

(H1) (a) [f(t,0,0)] < C,
(b) [fx(t, X, 0)] < C(1+ 1)),
(c) [folt, X, 0)] < C.

(H2) The set of controls U is convex.
(H3) f(t,X,0) = a(t, X) + B(t, X)9.

(H4) The integrand of the performance index fo(t,X, ) defined in (28) is convex for
feU.

(H5) fo(t,X,0) > c1]0]® — co with ¢; > 0 and b > 1.

We will prove the hypothesis (H1)(a) and (H5), since the others are obvious. To this
purpose, we need the following results.

Lemma 4.1. Let

S = (max€h (1 - )% €50 — 0% G0 - @) Gl —an)?). (30)

x| () ()

where A, Av, pr and py are defined on (23), and fo(t,X, 0) is the matriz obtained by
differentiating the state equations of the right side of the system (29) with respect to 6,
whic is given by

Then

K

; (31)

0 0 0 0
—&11(1=qu1)In, 0 0 0
§11(1 = qui)In, 0 0 0
0 —621(1—=q11) S0, 0 0
o1, X, 0) = o eS8 8 (32)
0 0 —&12(1—q12)1p, 0
0 0 §12(1 — q12)In, 0
0 0 0 —&22(1—q22) S0,
0 0 0 —&22(1 — q22) 10,

Vol. 38, No. 2, 2020]



154 CRISTHIAN MONTOYA & JHOANA P. ROMERO-LEITON

Proof. Computing the Euclidean norm of matrix (32), we obtain

[fo(t,X,0)1> < 268, (1 — q1)° I, + &5, (1 — q21)*(S2, + ID) 4 2685 (1 — q12)° I,
+&5,(1 — q§2)(5’52 + 132)

2
sﬂﬁumm+ﬁx1quﬁ(“ﬂ
HH

2
+%&u—mf+@u—mﬁ(“)
122%

2 2
<¢ (AH> N (AV> @
LH 12074
Lemma 4.2. The integrand of the performance index satisfies
1
Jo(t:X,0) > 5 min{dy, da, ds, ds} (67, + 03, + 03z + 035).
Proof.
1
folt,X,0) = er(lny + L) + caIny + L) + 5(671 + 63, + 63, + 0)
1
2 5(9%1 + 031 + 075 + 03,) (33)
1
> §min{d17d2,d3,d4}(9f1 + 03, + 035 + 03,). v

Remark 4.3. Note that the hypothesis (H5) is satisfied by taking b = 2, co = 0 and
¢y = 1/2min {dy, ds,ds, ds} in the last expression of (33).

4.6. Deduction of an optimal solution
In this subsection, the Pontryagin Principle for bounded controls [21] is used to compute

the optimal controls of the problem (29). First, let us observe that the Hamiltonian
associated to (29) is given by

H(t,X(t),0(), (1)) = folt, X,0) + Z- f(t,X,0) =
10 (34)

c1ln, + 1y, + caln, + caly, + § [d1603) + d2b3, + ds63, + dab3,] + ) 2z
j=1

where Z = (z1, 22, ..., 210) is the vector of adjoint variables which determine the adjoint
system, and
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w1 =Ap, +wiRp, — [/\11/3}1161]\, + )\125h2€2N } Shy = BhySh,

P2 = [)\11@1161]{,, + )\12511262]\, } Shy — 11011 (#) (1 — qu1)In, — (81 + p1 + piny ) Iy
w3 = &11011(t)(1 — qua)In, + 011n, — (W1 + pn, ) By

w4 =Ny, — [)\11[31;1 611%11 + X215, €2 Jif}f}i} Sy, = &21021(t)(1 — q21)Sv; — o, S,

5 = {)\11&161]{%1 + )\2151;262]%22} Syy = 21021 (1) (1 — q21) Loy — iy L,

w6 = Ap, +waRp, — [AzzﬂhQQN + A1 Bny €1 2 Ny ] Shy — WhyShy

7= {)‘226h2€2 ]{/’h + A21 Bny €1 32 N } Shy = €12612(1) (1 = q12)Iny — (82 + p2 + fing ) In,
s = £12012()(1 — quo) I, + 021p, — (W2 + tn, )R,
Y9 = sz - [)\2251;262% + )\12/5@1 €1 ]%11} Sv2 - 522922(15)(1 - Q22)Sv2 - Nv25v2

I I
Y10 = [/\22511262]\%22 + A28, €1 NL};} Sy — 22022 (1) (1 — q22) Loy — fhoy Lo,
The adjoint system and the state equations of (29) define the optimal system. The main
result of this section is summarized in the following theorem.

Theorem 4.4. There are an optimal solution X*(t) that minimize J in [0,T], and an
adjoint vector of adjoint functions Z such that

I, s
2= pny 21+ Abho ot (21 — 22) + )\115}1161[@17}”(21 )
4\ Iny Sy v1 Sho Iny Suqy .
1150, €1 - (25 — 24) + Aot Bpy €1 2 N2 (27 — 26) + M2fBv, €1 N7 (210 — 29);
(35a)
Zo = —c1 — [£11011(1 — qu1) + 01]23 + [01 + p1 + pny, — 116011(1 — qu1)] 22
s . (35b)
+A118n, €1 ]i,zhl (22 — 2’1))\1151116151;1%(24 — z5)

S W1
o1 Bt Nz 2 (27 — 26) + A12Bo, €150, 2 Nz (29 — 210);
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. v S
Z3 = —wi21 + (W1 + iy, )23 + A1 B, € I]ifhz,’” (22 — 21)
hy So v
A1 B 61 N2 (25 — 24) + A21Pn, €1 Ji,ghQ (27 — 26) (35¢)
0y
+)\12ﬁv161 N2 2 (210 — 29),
Zy = [€a1021(1 — qa1) + fro, J24 + [/\11/31;1 €1y - N + )\2151;262 N} (24 — 25), (35d)

Z5 = —c1 + [€21021(1 — q21) + oy 25 + )\uﬁhlﬁl Nn, L(z1 — 22) + Ao1Bn, €1 ffh (26 — 27), (35¢€)

26 = —Hny26 + A128h, €2 Iuﬁ,ghl (22 — 21) + A1 Bu, €2 }@f”l (25 — 24)
(35£)
g —Shy 2°vg
+/\225h2€2]uz¥(26 — 27) + A21 B, 61]{, (26 — 27) + A22Bu, €2 Nf‘ (20 — 210),
Zr = —c1 — (§12012(1 — qu2) + 02)28 + [E12012(1 — qu2) + 02 + p2 + fin,]27
1,,8 (Niy—TIny)
+A120n, €2 jf,zhl (22 = 21) + A21 By, €25, }}2\,722@(,25 — 24) (35¢)
I,,8 Ny, —1I
+A220n, €2 Nzhz (27 — 26) + A22Bv, €250, M(29 - 210),
Sh
Zg = —waze + (w2 + fih, )28 + A12Bn, €2 ﬁ,z}l (22 — 21)+
(35h)
o Sv Sh Iy Suy
A21 B0, €2 }]\2,2 (25 — 24) + A2z B, €2 1@2}2 (27 — 26) + A2z B, €2 N2 2 (210 — 29),
. I I .
Zo = [€22022(1 — g22) + prn]20 + | A22Bus 252 + A12fu, @1 NLJJ (20 — 210), (351)
210 = —C2 + [§22022(1 — qa2) + fhw,] 210 + >\225h2€2 N 2 (26 — 27) (35j)

+/\12Bh2€2 N L(z1 — 22),
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with transversality condition Z(t) = 0 and the following characterization of the controls:

&1 —qu Ihl( 23)} 1}

1

07, = min {max {0,

(1- I
05, = min{ X{O7 a1 121 (5U1Z4+ U1Z5)},1}7
2

6%, — min {max{o, &12(1 — qu2 IhQ( — 23) } 7 1} ’

3

03, = min {max{ §2(1 — qm)(jwzg + L, 210) } ) 1} .
4

Proof. The Pontryagin Principle guarantees the existence of the vector of adjoint vari-
ables Z whose components satisfy

5 = dZZ o _8H
¢ dt o 6xi’
z(T) = 0, i=1,2,..,10,
H(t,X,0,Z) = maxH(t.X.0,Z). (37)
U

Thus, the derivatives of the adjoint variables are

oH . OH

7= —ashl , 21(T) =0, Z6 = _8Sh2’ z6(T) =0,
zgz—gji, 2o(T) = 0, z'7=—§li, 2(T) =0,
Z'S—aig; 5(T) =0, z'g—aa]i, (1) =0,
2'4—685{1, Z4(T):0, Zg—aa;i, Zg(T):O,
2'5:—885, z5(T) =0, 210:—5(?]]:27 z10(T) =0

Replacing the derivatives of H with respect to the state equations in above equalities,
we obtain the system (35). Additionally, the optimality conditions for the Hamiltonian
are given by

OH oOH OH 0OH

= = = = O
00y, 007, 065, 003, ’
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so that
0r — &11(1 — q11)In, (22 — 23)
11 dl )
0r. — £21(1 — q21)(Sv, 24 + Iy, 25)
21 dQ I
o §12(1 — qu2)Ip, (27 — 28)
12 d3 )
. &22(1 — q22)(Sv, 29 + Iy, 210)
22 d4 .
In consequence, 67, satisfies
1-— I —
1, " &11(1 — q11)In, (22 — 23) 0,
dy
- &11(1 — qu1)In, (22 — 23)7 it o< &11(1 — qu1)Ip, (22 — 23) <1
dl dl
0. " (1l — Q113lfh1 (22 — 23) <0,
1

or equivalently,

6, = min {max {0, full - q”()f“ (2= %) } , 1} . (38)
1

Using a similar reasoning for 63, 67, and 63,, we obtain the characterization (36). There-
fore the proof is complete. %]

5. Numerical experiments

In this section we present some numerical simulations associated with the implementation
of drugs and insecticides as control strategies, as well as their effects on the infected
individuals under uncoupled and strongly—coupling scenarios. For the simulations, we
use the forward-backward sweep method proposed by Lenhart and Workman [21]. The
implementation time of the control strategies will be approximately 10 days, which is the
duration of a malaria treatment. The values of the relative weights associated with the
control, will be those of Table 7 from [27].

Figure 7 shows the behavior of the infected individuals in patches 1 and 2 under uncoupled
scenario. Due to in this scenario, the disease only remains in patch 1 and does not spread
to patch 2, the density of infected individuals decreases with control in patch 1 and the
effects of the controls in patch 2 are not necessary.

In Figure 8 we can see the behavior of infected individuals in patches 1 and 2 under
strongly—coupling scenario. Here, the infection decreases with control in both patches,
but the efforts are greater in patch 1 than in patch 2.

In both cases, uncoupled and strongly—coupling scenario, the effects of the controls are
highly effective and fast to eliminate the disease in patch 1, while in patch 2 the elimi-
nation depends of the coupling scenario.
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Figure 7. Control under uncoupled scenario.

6. Discusion

In this work, we model the malaria transmission dynamics, considering three factors
that hinder its control: resistance to drugs, resistance to insecticides and population
movement. To illustrate the above factors, we divide our work into two mathematical
models. (a) A mathematical model in a patch under the hypothesis that the parasites
are resistant to the drugs, and the mosquitoes are resistant to the insecticides. In this
first model, we make a qualitative analysis of the solutions of the system, which reveal
the existence of a forward bifurcation and the global stability of the DFE. From the
biological point of view, the existence of a forward bifurcation indicates that the disease
can be controlled by keeping the local Ry, below of one. Since the expression for R,
given on (6) depends directly on the resistance acquisition ratios ¢; and go, then at lower
levels of resistance acquisition, the value of Ry, decreases, which implies that the in-
fection levels decrease. On the other hand, since Ry, ,, depends inversely on the effects
of the drugs and insecticides, then an increase in the recovery rate humans due to drugs
and the death of mosquitoes due insecticides, implies a decrease of Ry,,, and therefore
the burden of infection. The numerical experiments for this first model corroborate the
theoretical results. Here, we assume that the infected patients are treated with ACT
(artemisinin—based combination therapy) and to contrast the fumigation of mosquitoes
with deltamethrin and cifluthrin, where the first insecticide is more effective than the
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Figure 8. Control under strongly—coupled scenario.

second one. With total resistance to the drugs and insecticides (¢1 = g2 = 1), we verify
that the burden of infection persists regardless of the type of drug and insecticide used,
while without resistance (¢1 = g2 = 0), the burden of infection decreases with the use of
deltamethrin and is maintained at low levels with the use of cifluthrin. These results are
alarms in public health, because despite the pharmaceutical industry is taking care day
after day to create new drugs and new insecticides, if the phenomenon of resistance ac-
quisition is not counteracted, the problem of malaria control will be increasingly difficult,
and in some cases impossible.

(b) For the model in two patches, we consider the same hypotheses of the model in a
single patch, and additionally, movement of populations between two patches. For this
case, we determine the global basic reproductive number Ry, and through numerical
experiments, we illustrate the behavior of the solutions when the infection starts in the
patch 1 (rural areas of Tumaco [27]), and under three coupling scenarios: (1) uncoupled
scenario. When there is no movement between patches, the infection remains endemic in
the patch 1 and does not spread to the patch 2. (2) Weakly—coupling. If the probabilities
of visiting between both patches are low, the disease is endemic in the patch 1 and
remains at a very low load in the patch 2. (3) Strongly—coupling. If the probabilities
of visiting between both patches is high, the disease remains endemic in both patches.
These results corroborate the phenomenon of reinfection in areas where malaria has been
eradicated and is not endemic, as is the case of urban malaria. Here, a new alarm in
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public health is created, because if malaria has been completely eradicated in a sector
and is not endemic there, the movement of humans (or mosquitoes) from endemic areas
can activate the infection alarm again.

Finally, using results of a local sensitivity analysis of parameters to the global Rg, we
formulated an optimal control problem by using of drugs and insecticides as control
strategies. The results of the theoretical and numerical analysis of the optimal control
problem reveal that under uncoupled scenario, the control is effective and necessary in
patch 1 but not in patch 2, while under strongly—coupling, greater efforts are required to
control the disease in patch 1 than in patch 2.

An open problem through this research is to incorporate prophylaxis as a control strategy
for the disease, that is, patient education campaigns both in the use of drugs and in the
use of insecticides. In this way, the resistance phenomenon will be mitigated and the
control campaigns for the disease will be more effective and less expensive.
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