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Existence and regularity of 1D-solitons for a
hyperelastic dispersive model

Existencia y regularidad de 1D-solitones para un modelo
hiperelastico dispersivo

Alex M. Montes''?, Ricardo Cérdobal"

Abstract. We show the existence, regularity and analyticity of one-dimensio-
nal solitons for a dispersive type equation that models the deformations of a
hyperelastic compressible plate. We follow a variational approach by charac-
terizing solitons as critical points of a suitable functional. Our method involves
the Mountain Pass Theorem.
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Resumen. En este trabajo mostramos la existencia, regularidad y analitici-
dad de solitones uno-dimensionales para una ecuacién de tipo dispersivo que
modela las deformaciones de una placa hipereldstica. Seguimos una aproxi-
macién variacional, en la cual caracterizamos solitones como puntos criticos
de una funcional adecuada. Nuestro método involucra el Teorema de Paso de
Montana.
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In this work we consider the following generalized two-dimensional nonlinear
dispersive elastic equation
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118 Alex M. Montes & Ricardo Cérdoba

Equation (1) was derived by R. M. Chen in [6] as a model for the deforma-
tions of a hyperelastic compressible plate relative to a uniformly pre-stressed
state. In this model u represents vertical displacement of the plate relative to
a uniformly pre-stressed state, while = and y are rescaled longitudinal and lat-
eral coordinates in the horizontal plane. To reduce the full three-dimensional
field equation to an approximate two-dimensional plate equation, an assump-
tion has been made that the thickness of the plate is small in comparison to
the other dimensions. It is also assumed that the small perturbations super-
imposed on the pre-stressed state only appear in the vertical direction (the
z-direction) and in one horizontal direction (the z-direction). Hence the vari-
ation of waves in the transverse direction (the y-direction) is small. Equation
(1) is obtained under the additional assumption that the wavelength in the
z-direction is short. On the other hand, if the wavelength is large, we obtain
the Kadomtsev-Petviashvili (KP) equation.

The parameters in equation (1) are all material constants. The scalar u
describes the stiffness of the plate which is nonnegative. The coefficients o and
[ are material constants that measure weak transverse effects. The material
constant « occurs as a consequence of the balance between the nonlinear and
dispersive effects. Note that there is no dissipation in this model.

Equation (1) generalizes several well-known equations including the BBM
equation [2] when u = o = 8 = v = 0, the regularized long-wave Kadomtsev-
Petviashvili (KP) equation [3] (also referred as KP-BBM equation, see [8])
when u = 5 =+ =0, and the Camassa-Holm (CH) equation [5] when § = a =
B =0,v=1. In contrast to the derivation in [6] of nonlinear dispersive waves
in a hyperelastic plate, these particular equations are usually derived as models
of water waves. In equation (1), the two spatial dimensions make the analysis
very different from the CH equation. The p—terms include a nonlinear term
of fourth order, which makes equation (1) very different from the KP-BBM
equation.

For equations that model the evolution of nonlinear waves, it is very impor-
tant to determine the existence and uniqueness of solution for the associated
initial value problem, and the existence of special solutions as the travelling
waves. For instance, travelling wave solutions are important in the study of
dynamics of wave propagation in many applied models such as fluid dynamics,
acoustic, oceanography, and weather forecasting. An important application is
the use of solitons (travelling wave of finite energy) as an efficient means of
long-distance communication.

For v € R,p,a,8 > 0 and p = 1, R. M. Chen (see [7]) showed, in the
“nonstandard” space Sobolev type W (R?) equipped with the norm

fully = [ [0 #0802+ 0, )+ )y
R
the existence (in the weak sense) and stability of two-dimensional travelling

wave solutions (2D-solitons) which propagate with speed wave ¢ > 0, i.d.
solutions of the form wu(z,y,t) = v(x — ct,y). For this, R. M. Chen used
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1D-solitons for a hyperelastic model 119

the Concentration-Compactness Theorem. Formally 9, 'u, is defined via the
Fourier transform as

xwfgm@n

In this paper, using the Mountain Pass Theorem, for p = p1 /ps with (p1,p2) =1
(p2 odd), v € R and p,a,8 > 0 we establish the existence, regularity and
analyticity of one-dimensional travelling wave solutions (1D-solitons) for the
equation (1). This is, solutions of the form

u(w,y,t) :U<m+y_0t)a (2)

which propagate with wavefront normal to z = (1,1) € R2, velocity ﬁ, and

profile v. First we show the existence of 1D-solitons in the “standard” Sobolev
space H?(R) equipped with the norm

ol = [ [0+ 0/ + ()P

We will use a variational approach for which travelling waves corresponding to
critical points of a suitable energy functional. Next, we prove that this solutions
are regular functions. Moreover, we prove that this solutions admit a Taylor
expansion (analytic solutions). These characteristics make the 1D-solitons very
interesting from the physical and numerical view points.

1.1. Variational approach

By a 1D-soliton for the equation (1) we shall mean a solution of the form (2),
where ¢ denote the speed of the wave. Then one see that the travelling wave
profile v should satisfy the ordinary differential equation

mnro_ p+2vp+l
p+1
/

([0 + L) =0 @

[(c +a)v— (c+ BV + cuw

Among all the travelling wave solutions of (1) we shall focus on solutions which
have the additional property that the waves are localized and that v and its
derivatives decay at infinity, that is,

v®(y) =0 as |yl = oo, 0<k<6.

We denote by CE(R) the space of real functions with k continuous derivatives
vanishing at infinity, with the obvious sense when k£ = co. Under this decay
assumption the travelling wave equation takes the form

" wr P+ 2 p+1 ( np1! b / p+1>
+ —(c+ + B + + — =0. (4
(c+a)v—(c+B)v" +cuv 7Y v v [(v")P] l(v) (4)
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120 Alex M. Montes & Ricardo Cérdoba

A classical solution of (4) is a Cj(R) function satisfying (4) in the usual sense.
Multiply the travelling wave equation (4) with a test function w € C§°(R),
after integration by parts, we obtain

/ [(c + a)vw + (¢ + B)v'w' + c;w"w"} dx
R

2
e —
R

] 7(v’)p+1w)]d:c =0. (5

p+1

Note that (5) makes sense as soon as v € C3(R), whereas (4) requires four
derivatives on v. Let us say (provisionally) that a C2(R) function v that satisfies
(5) is a weak solution of (4).

The following program outlines the main steps of the variational approach
in the theory of partial differential equations (see Section 8.1 in [4]):
Step A. The notion of weak solution is made precise. This involves Sobolev
spaces.
Step B. Existence of a weak solution is established by a variational method,
via the Mountain Pass Theorem in our case.
Step C. Weak solution is proved to be of class Ci(R) (for example): this is a
regularity result.
Step D. A classical solution is recovered by showing that any weak solution
that is Cg(R) is a classical solution.

To carry out Step D is very simple. In fact, suppose that v € C§(R) satisfies
(5). Then integrating by parts (5) we obtain for all w € C§°(R) that

2
/ [(ch a)v — (c+ B + e — ]ivpﬂ}wdx
R p+1

np\’ p N\p+1 —
+7/}R{v((v))+p+1(v) wdz = 0.

Hence, using that the space C§°(R) is dense in L?(R), the equation (4) holds
a.e. on R and thus everywhere on R, since v € C§(R). Finally, we notice that
if v € C§(R) is a solution for the equation (4) then v is a classical solution for
the equation (3).

Throughout this work || - ||x denotes norm in the Hilbert space X, <,>x
is its inner product and X’ represents the dual space. C' denotes a generic
constant whose value may change from instance to instance.

2. Existence of weak solutions

In this section we will establish the existence of a solution of (4) in the weak
sense by using a variational approach in which weak solutions correspond to
critical points of a suitable functional. We begin by defining the appropriate
functional spaces. The usual Sobolev space H*(R), k € Z+U{0}, is the Hilbert
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space defined as the closure of C§°(R) with respect to the inner product

k
<Uyw>Hk = Z/ v(n) . w(n)dx’
n=0 R
and the norm i
w13 = Z/R[v(”)fdx.
n=0

Now, if we assume that v, w € H?(R), from the Young inequality, we see that
/ [(c—i— a)vw + (c+ B)v'w + C/J/UH’UJ”} dr < C(c,a, B, 1) ([0l + wli32) -
R

So that, the first integral in (5) is well defined. In a similar way, using the
Hélder inequality and the fact that for ¢ > 2 the embedding H(R) — L4(R)
is continuous, we see that

/RU:DJrlw dz,A(vl)p+1w dr < (HUH?ZL&H) + ”U/Hit(lpp)) |w]| L2
< C (ol + 101 ) Nl ez
< 20joll5 fuwll .

In addition,

/Rv(v’)pw dz < |[v]| o[V s 1wl 2
< Cllollallv' [ w22
< Cllollg w2

Therefore, the second integral in (5) is well defined. Then we have the following
definition.

Definition 2.1. We say that v € H%(R) is a weak solution of (4) if for all
w € H?(R) the integral equation (5) holds.

Next, we will see that weak solutions of the equation (4) corresponds to
critical points of the functional J. defined as

Je(v) = I.(v) + G(v),

where

1
1) = 5 [ et a)o® + (e + AP + en(v”)?] da,
R
1
G(v) = o1 ) [0P*2 4+ yo ()P da.
First we will show in the following lemma some properties for I, and G, as-
suming that p = p1/pe with (p1,p2) =1 (p2 odd), v € R and p,a, 8 > 0.
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Lemma 2.2. Let ¢ > 0. Then
1. The functionals 1. and G are well defined in H?(R).

2. The functional I. is nonnegative. Moreover, there are Ci(a, B, u,¢) <
Co(a, B, i, ¢) such that

Cullvllz < 1e(v) < Coflullfe. (6)

Proof. 1. I, is clearly well defined for v € H?(R). In addition, note that
if v € H%(R) then, using the fact that the embedding H*(R) — LI(R) is
continuous for ¢ > 2, we see that there is a constant C' = C(p, ) > 0 such that

G()] < C (Il55% + Mol |50, ) < Clolis (7)

So, GG is well defined.
2. This property is straightforward. We define C1, Cy by

Cy = min{c+ a,c+ B,cu}, Co=max{c+ a,c+ S, cu}.
O

Proposition 2.3. Ifv is a nontrivial critical point for the functional J. in the
space H*(R), then v is a nontrivial weak solution for the equation (4).

Proof. If v,w € H?(R), a direct calculation shows that

(1w w) = [

R

@) = [

R

[(c + a)vw + (¢ + B)v'w’ + cuv”w"} dx,

2
[Ii“”“w + v(v(v’)”w’ +

Phraas

p+1

In particular, if v € H2(R) is a critical point for the functional .J, we see that
for all w € H*(R),

(Ie(v), w) = (G'(v),w) = (Ji(v), w) = 0. (8)
Therefore, v is a solution of the integral equation (5). O

Our approach to show the existence of a nontrivial critical point for the
functional .J. is to use the Mountain Pass Theorem without the Palais-Smale
condition (see M. Willem [10], A. Ambrosetti et al. [1]) to build a Palais-Smale
sequence for J, for a minimax value and use a local embedding result to obtain
a critical point for J. as a weak limit of such Palais-Smale sequence.

Theorem 2.4. (Mountain Pass Theorem) Let X be a Hilbert space, ¢ €
CHX,R), e € X and r > 0 such that |le||x > r and

U= inf o(v)>e0) = ele)

llvllx=
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Then, given n € N, there is v, € X such that
o(vp) =0, ¢ (vy) =0 in X' and §>9, (PS)
where

J= T}Iellf_l fél[aafﬁ o(m(t)), and Il ={mre C([0,1],X):7(0) =0, 7(1)=e}.

Before we go further, we establish an important result for our analysis. B,.(()
denotes the ball in R of center ¢ and radius r > 0.

Lemma 2.5. If (v,), is a bounded sequence in H?(R) and there is a positive
constant v > 0 such that

lim sup/ (vp)*dx = 0.

Then we have that
lim G(v,) =0. 9)

n—oo

Proof. Let ( € R and r > 0. Using the Holder inequality and the fact that
the embedding H'(B,(¢)) < L%(B,(¢)) is continuous for ¢ > 2, we see that

1
[ toallride < oullzaca, o 92 o,

T

1
< Cllvall 2. onlvnllih 5,0

1/2

Now, covering R by balls of radius r in such a way that each point of R is
contained in at most two balls, we find

1/2
/|vn||v;|p+1dxgzcuunnf;;tm <Sup/ |vn|2dx> .
R CeRJB,(©)

Thus, under the assumptions of the lemma,

lim /\Un||u;\P+1dx 0.

In a similar fashion we obtain that lim, . [ vE"?dz = 0. So that

1
Jim G(vn) = P Jim i [0PF2 4 yv, (v))P ] do = 0.
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124 Alex M. Montes & Ricardo Cérdoba
Now, we want to verify the Mountain Pass Theorem hypotheses given in
Theorem 2.4 and to build a Palais-Smale sequence for J..
Lemma 2.6. Let ¢ > 0. Then
1. There exists p > 0 small enough such that
9(c):= inf  J.(2) > 0.

HZHHZ(R):P

2. There is e € H*(R) such that |e| gz > p and J.(e) <O0.
3. If 6(c) is defined as

d(c) = ;IGIE tren[gﬁ] Jo(m(t)), M={r € C([O, 1],H2) :m(0) =0, n(1) = e},

then 6(c) > 9(c) and there is a sequence (vy,), in H*(R) such that

Je(vn) =6, Ji(v,) = 0 in (H(R)) . (10)

Proof. From inequalities (6)-(7), we have for any v € H?(R) that
Je(v) = Cillvllfe — CO\ ) o)l
> (C1 = Cllvllye) ol
Then for p > 0 small enough such that
Cy —pPC >0, (11)
we conclude for ||v||g2(®) = p that
Je(v) > (Cy — pPC) p* =€ > 0.

In particular, we also have that

J()= inf J.(z) >e>0.

Izl grz=p
For any t € R we see that
P
p+1Jz
Using the hypothesis, it is not hard to prove that there exist vy € C§°(R) C
H?(R) such that G(vg) > 0. So that,

Je(tvg) = t2 {Ic(vo) - (vé’“ + ’yvo(v{))pH) da:} .

tlg]élo Je(tvg) = —o0,

because 0 < I.(vg) < Ca(c)|lvg||3;2- Then, there is ty > 0 such that e = tyvg €
H?(R) satisfies that

tollvoll 2 = llella= > p
and that J.(e) < J.(0) = 0. The third part follows by direct applying Theorem
2.4. O
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The following theorem is our main result in this section.

Theorem 2.7. Let ¢ > 0. The equation (4) admits nontrivial weak solutions
in the space H*(R).

Proof. We will see that §(c) is in fact a critical value of J.. Let (v,), be the
sequence in H%(R) given by previous lemma. First note from (12) that

0(c) > ¥(c) > e>0. (12)
Using the definition of J. we have that

(Je(v),v) = 21.(v) — (p+ 2)G(v) (13)
= 2J.(v) — pG(v).
Then we obtain that
Te(wn) = 2520 (0) = (2w )

But from (6) we conclude for n large enough that

p+2
Cl””ﬂ”%{? < Ie(vn) < 7(5(0) + 1) + |lvn| z2-

Then we have shown that (v,), is a bounded sequence in H?(R). We claim
that

€ = lim sup/ (v,)2dx > 0.
"0 CeR U B1(C)

Suppose that

lim sup/ (vp)?da = 0.
B1(¢)

n—oo CGR

Hence, from Lemma 2.5 we conclude that

lim G(v,) =0.

n—oo

Then, we have from (12)-(13) that

0 < e<5(c) = Ju(vn) — % (T (vn), ) + 0(1)
< £G(va) +o(1)
<o(1),

but this is a contradiction. Thus, there is a subsequence of (vy,),, denoted the
same, and a sequence (, € R such that

/ (vp)2dz > <. (14)
B1(n) 2
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Now, we define the sequence v, (x) = v,(x + ;). For this sequence we also
have that

[nllzz = [onllm2, Je(@n) =8 and Ji5,) =0 in (H2(R))'.

Then (%), is a bounded sequence in H?(R). Thus, for some subsequence of
(Un)n, denoted the same, and for some v € H*(R) we have that

U, — v, asn — oo (weakly in H2(R)).

Since the embedding H?(Q2) < L?(f2) is compact for all bounded open set ,
we see that
Up — v in L} (R).

Note that v # 0 because using (14) we have that
/ v?dz = lim (tp)%dz = lim (v )%dx > <.
B1(0) =% /B (0) "= JBi(G) 2

Moreover, if w € C§°(R), then for K = suppw we have that
(I'(v),w) = / [(c + a)vw + (¢ + B)v'w" + cuv"w"] dz
K

= lim [(c+ @)vw + (¢ + B)o,w' + cuviw”] dx

n—oo K

o
= lim (1(0n), w).

Now (taking a subsequence, if necessary) noting that

()P = PP ()P = ()P ()P = o) in Li(R),

we have that
/ (0P w dz — / P de, / ()P wde — / (V)P wda
K K K K
and
/ O (0], )Pw'dz — / v(v")Pw'dz.
K K
Then we conclude that

(G (0),w) = Tim (G/(Fn),w),

and also that
(e

C

(v),w) = lim (J.(v,),w) = 0.

n—oo

If w € H?(R), by using density, there is wy € C§°(R) such that wy — w in
H?(R). Hence,

[(Je(v), w)| < [(Je(v), w — wi)| + [(JE(v), wi)]
S NTe) g2y lw = willz2 + [(TE(v), wi)| = 0.
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Thus, we have already established that
Jl(v) = 0.

In other words, v € H?(R) is a nontrivial weak solution for the equation (4). [J

3. Regularity and analyticity of solutions

In this section, we will establish that any weak solution of the equation (4) is
a regular and analytic function. For this, we will use that for s > 0 there are
K1, K5 > 0 such that for all v € H*(R),

K loll3. < / (1+)° [oPde < Koo,

where the Fourier transform of a function v defined on R is given by
1 .

— / ey (x)d.

(2m)? Ja

In addition, we will use the following result (see Proposition 16 (c) in F. H.
Soriano [9]).

Proposition 3.1. For s > 1 there ezists Cs > 0 such that for allp and k € Z,

v(§) =

3 Lo
kit tkp=k (k1 + 1) (kp+1)* = (k+1)*

Theorem 3.2. Let ¢ > 0. If v € H*(R) is a weak solution of the equation (4)
then v is a classic solution. Moreover, v is a analytic function, this is, for each
Co € R there is R > 0 such that

ko
Z D k!(CO)'(fE - Co)k
k

converges absolutely in R to v(x) for all x € Br({o)-

Proof. First we will establish that v € H!(R) for any I > 0, if v € H?(R) is a
weak solution of (4). Thus, using that if f € H'(R),l > 1+k, then f € CE(R),
we conclude that v is a classical solution.

From the facts H'(R) < L*®°(R) and H*(R) — L*®*1(R) we have that
the functions

P+2 4 npy TP np+1
S i N Lo Ch=—P @y 15
f=31Y g=—v[)"] 1) (15)
belong to L?(R). Since

_ 2 2(p—1 2(p+1
/R [0~ 0] de < |Jo] 2o 0|22 [0"]122 < Cllol22H

Boletin de Matemadticas 22(2) 117-134 (2015)



128 Alex M. Montes & Ricardo Cérdoba

and
[0 ds, [ @) as < clofe.
R R

Taking Fourier transform on the equation (4) we obtain that v satisfies

F(€) +9(6) + h(€)
(cta)+ (c+ B)E + cuet

v(¢) =

Hence, there exists M = M (a, 8, i, ¢) such that
4 ~ ~ ~ o~

ey apas < o1 [ (1712 + GR +B7) dg = M (1712 + gl + 113)

This implies that v € H*(R). Now, since H'(R) is a algebra for [ > 1, by
using (15) we see that f, g, h € H?(R). Then, repeating the previous argument
we have that v € H3(R). A simple bootstrapping argument then yields that
v e HY(R) for all [ > 0.
Next, we will prove the analyticity of v. First we establish the result under
the assumption of the existence of R > 0 such that for all k£ € Ny,
k! &

HDkUH}P < C(kJrl)zR ) (16)

where D*v = v(*). If ¢; € R, we will show that there exists 7 > 0 such that we
have the following Taylor expansion for v in B,.({p),

kU
o) = 3 20
D

If we set ( =  — (p, then by the Taylor Theorem (with remainder) we have
that

N-1

kU NU
v(@) =Y DT(CO)& v En(e), Enla) = %‘J’”C)w.
k=0 ' !

On the other hand, using (16) and the embedding H'(R) < L*®(R) for [ > 1,
if £ € Ny we have that

k!
IDhofa) < 1%l < [ID ol < ORF

If we take r > 0 in such a way that 2rR < 1, we conclude for || < r that

|En ()] < Cm < C(rR)N <27V,

In other words, the Taylor series for v converges in Bg((p).
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To complete the proof, we only need to prove that there exists R > 0
such that (16) holds for all £ > 0. We will argue by induction on k. Since
v € HY(R),l > 0, we have the result for k¥ = 0, 1. Now, suppose that (16) holds
for fixed k € Z™ and R (which will be chosen later). If we apply the operator
D* to equation (4), then multiply with DFv, after integration by parts, we
obtain that

_p+2

21, (DF
0( U) Pt

(D*(w*), Dk (17)

+ 7(<Dk [v(v)?], D*') , + ]ﬁwk ()], D’%>L2).

But by using Holder inequality,
(D" [w(@")?], D*") | < | D* [o(w")P] ||z ]| D"’ | 2
< C|ID* [w(@")] 2 1 D"l 2.
In addition, we see that
[(D*(uP*h), D*v) | < (1D (0P ) || 2| D ol -
Also we have that
[(D* [T, DRo) o] < [IDX (@) all D ollsa.
Then applying in (17) the previous estimates and inequality (6) we obtain that
ID*ollaz2 ey < Ca (IDH @) llga + ID* ('] 2 + 1D [0 122 )

We want to estimate the terms of right hand side. For simplicity first we
consider p = 1. Thus, note that if u,w € H' for any [ > 1, we have for k € Z*
that

k—1
D (uw) = (Dku) w + Z (Z) (D*~™u) D™ (w) + uDkw.
m=1

Then we see, for example, that
k1o
k N2 _ k(. k—my,/ m,/
D [(v)]_w(v)v+zl<m>p (W' D™ (V). (18)

Using the induction hypothesis we have that
ID* (") [[g2 < |1 D* (") || 2 [lv" ]| o
< Col Dol g2V || 1

< Co|| D12 ]| 12

< CQCQRk_l (k — 1)'
< !
(k+1)! o (k+2)2
< (Cfarn) (com i)

Boletin de Matemadticas 22(2) 117-134 (2015)
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Also we obtain that

ID*=" (@) D™ (") || g2 < [ID*"™ 0] 2 [ D™ ()| L
< Co|| D" ol g [ D™ (V)| e
< Gol| D™ 1| g2 [ D™ 0| 2.
Hence, using induction hypothesis on the right hand side and Proposition 3.1,
we obtain that

k—1 k—1

k —m m k‘ —m— m
<m> ID¥=™ (") D™ (0|12 < C2 > =yt m)lm'HDk Yl g2 | D™ || g2
~ Im!

k—1
< 2 ! k—1
< CHCkIR mzzjl =

m m=1
1
m)3(m + 1)

1
< CoC?kIRF! - -
et (k1 +1)%2(k2 + 1)

Note that there exists M > 0 such that k(f(ﬁ_)f) < M. So, taking R > 0 large
enough such that

CQC3CMR_2 <1,
we conclude that

1D ()2 e < ¢ E L e,

k
(k+2)

Next, we see that

| (D*v) v/ ||z < | DFol g2 ||v/||
< Co|| D ol g [0 |
< Co|| D ol g2 |v]| g2,

and also that
ID*(0")oll2 < Dol 2 [[v]| e < Col DF~ ol g2 0] 2.
Moreover,
ID*=" () D™ (") || g2 < I 0]l o [ D™ (') |1 < Col|D*" 0| 2| D™ 0| 2.

Then we obtain that

k4 1)!
| D (vv")]| 2 < C’MR’““.
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In a similar fashion we obtain that

k+1)!
|ID*(v2)| 12 < O((k n 2))2 RE+L.

In other words, we have shown for R large enough that

k+1)!
D4 @)l + 1% (00 iz + 10 [0l < € g B4

Now we consider the case p > 1. To illustrate the type of computation we only
consider the typical term D¥[(v')P*1], for this we will use the general rule

Dt = S (k o k> (DR )(DR) - (DR,

Kotk +--+hp=Fk

where the sum extends over all (p + 1)-tuples (ko, k1, ..., k) of non-negative
integers with

p
k k!
ki =k and =—
; (ko,k17~~«7kp) k(]'kllk‘p'
Define the set A(k,p) as
p
A(k,p) = {(ko,kl,...,kp) L 0<ki<k-—1 ande:i:k}.
i=0

Then we see that

DI = R+ 3 (M "

) (DRoy’)(D*10') - - - (DFr0).

But we have that

I(D* ") ()P llpe < ID* (@) 2 [0
< (Co)?[ID* ol g2 vl

: (C 2 RM) (‘CQC)pR_Qk(f(Z +2)12>> |
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and also that

k 0 (ay (o
Z)(ko,...,kp> |D*o (") - DR ()] 2

A(k,p
<@ Y k,||Dkofw\|H2||Dmv||H2...HDkPUHHQ

A(k,p)

1
< (Co)PCPHDEIRF
A%)) k3(ky + 1)2 - (kp + 1)2

1
< (Co)PCPHDEIRF . i i
btttk k1 (o 12 (k1) (kp +1)

k+1)! 1 oo (k+2)?
< (C ((ki 2))2 RM ) ((13(020) R 7]; (1—:+)1)>'

Then we can see for R large enough that

IDH @) s+ 10¥ o Pl + DM [P 22 < O R (19)

By using (19) we will establish that

(k+1)!
HDIchIUHH2 SC k+2 Rk+1

To do this, we apply operator D**! to equation (4) and compute the L?- inner
product with D¥*1y. Thus, we have that

k1 PH+2 ki1, priy pk+1
2(D* ) = o (DF (T, DY) (20)
1
=+ ~ (<Dk+1 [’U(U/)p] ,Dk+11}/>L2 + pﬁ<Dk+1 [(,U/)p-i-l] ’ Dk+1U>L2> )

Next, we see that
(DM v )], DY) 1| = [(DF[o (v)"], D) |
< |1D*[v ()]l L2 | D20 2
< ||Dk[v v p]||L2||DkJrl || 272
In a similar way we have that

(D17 L), DFLy) | < (| DF (P | ]| DF+ Lo,

L2

and
}<Dk+1 [(U/)p—&-l] 7 Dk+1U>L2| < HDk [(U/)p+1] HL2 ||Dk+1UHH2-

Boletin de Matemadticas 22(2) 117-134 (2015)



1D-solitons for a hyperelastic model 133

Therefore,

IC(D]C+1,U)

< G (ID* @)Lz + 1D [o ()l + 1D [0 Tl ) I1D*+ 20

Then, from (6) and (19) we conclude that

HDk+1,U||H2 < (‘|Dk(7)p+1)”L2 + ”Dk [1) (y/)P] HLg + ||Dk [(’U’)P-ﬁ-l} ||L2>

< C(k+1)!Rk+1,

kE+2

as desired. |
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