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On embedding theorems for weighted spaces of
holomorphic functions in tubular domains

Sobre teoremas de inmersiones para espacios ponderados de
funciones holomorfas en dominios tubulares

Romi F. Shamoyan!'?, Olivera R. Mihié?"

Abstract. We introduce new mixed norm analytic spaces in products of
tubular domains over symmetric cones and provide new sharp embedding the-
orems for them extending previously known assertions in tubular domain over
symmetric cone and polydisk simultaniously. Our results extend some recent
theorems of Sehba, Nana and Shamoyan in tube domain and polydisk simul-
taneously.

Keywords: analytic functions, tubular domains over symmetric cones, Berg-
man type spaces.

Resumen. Introducimos nuevos espacios analiticos con norma mixta en
productos de dominios tubulares sobre conos simétricos y suministra nuevos
y precisos teoremas englobantes para ellos extendiendo aserciones anterior-
mente conocidas en dominios tubulares sobre conos simétricos y poli-discos
simultdneamente. Nuestros resultados extienden algunos teoremas recientes
de Sehba, Nana y Shamoyan en dominios tubulares y poli-discos simultanea-
mente.

Palabras claves: funciones analiticas, dominios tubulares sobre conos simé-
tricos, espacios de tipos de Bergman.

Mathematics Subject Classification: Primary 32A10, Secondary 46E15.

Recibido: abril de 2017 Aceptado: febrero de 2018

1. Introduction and preliminaries on geometry of
tubular domains over symmetric cones
In recent paper [8] characterization of measures p in the unit polydisc for which

the differentiation operator maps anisotropic weighted space of holomorphic
function with mixed norm into the Lebesgue space L?(u) was obtained.
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Various related assertions (sharp embedding theorems in analytic function
spaces) can be seen in [4], [13] and various references there. The theory of
analytic spaces (in particular various embeddings) on bounded pseudoconvex
domains is well-developed by various authors during last decades (see [1], [4],
(5], [10], [11], [12]). One of the goals of this paper, among other things, is
to define for the first time in literature new mixed norm analytic spaces in
products unbounded tubular domains and to establish some basic embeddings
of these spaces.

In this section some basic facts and lemmas in tubular domains will be
indicated which are vital for our proofs of main results of next section. Let €
be an irreducible symmetric cone in the Euclidean space V', and Tg =V + i)
the corresponding tube domain in the complexified space VC. We shall note
the dimension of V" and r the rank of Q. Moreover, we shall denote by (x|y) the
scalar product in V', and by A the determinant function. For the description
of such cones 2 in terms of Jordan algebras, one may use the book of Faraut
and Koranyi [3]. Let Br(z;) = B; be the Bergman ball in tube (or we denote
them below by Br,(z,7), z € Ta, r € (0,1)), see [1].

We write A < B if there are positive constants C7,Cy so that CoB < A <
C1B.

For convenience, we will use the following notation dv;(z) = 6%(2)dv(z),
t>—1,6(z) = A'(Im 2),t > =1, z € Tq. K : Tg x Tq — C will be the
Bergman kernel of Tq,. Let the K; is a kernel of type ¢t. Note if K is kernel of
type t, t € N, then K* is kernel of type st, s € N,¢ € N. Note also K = K5,

(see [1], [5]) and Kg).(z,w) = A=2/" (Z_w), z,w € Tq. Note that for
every fixed aj, from our T domain v, (B, (ak, R)) = [ 6*(z)dv(z) =
BTQ(ak,R)

(0*(a))v(Br, (ak, R)), a > —1.

The existence of r-lattice in tube domains with smooth boundary is ensured
by the following: Let T, € C™ be a tubular domain over symmetric cone. Then
for every 7 € (0, 1) there exists an r-lattice in T, that is there exist m € N and

oo
a sequence {ay} C Tq of points such that To = |J Br,(ak,7) and no point
k=0

1
of T belongs to more than m of the balls By, (ak, R), where R = 5(1 +7).

The sequence of points {z;}, j € N is called a r-lattice of T,. We have also
(see [1]) va(Bj) = va(B)) < A%‘*“’(Imzj), a>2—1, z;€Tq, jeN, where
(Bj) is a family of so-called enlarged Bergman balls (see [1]). Dealing with
K Bergman kernel (K = K75/,) we always assume |K (z,ay)| < |K(ay, ax)| for
any z € Br,(ag,7), 7 € (0,1) (see [1], [5]). Let m = (n/r)l, I > 0. Then
| Ko (2, ar)| < | Km(ak, ax)|, z € Br,(ak,7),7 € (0,1). This fact (estimate from
below of Bergman kernel) is crucial for embedding theorems in pseudoconvex
domains (see also [10], [12]) and for our proofs also. We shall use a submean
estimate for nonnegative plurisubharmonic function on Bergman balls. Note,
in the unit ball, polydisk and unit disk this result is also well known (see, for
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example, [7], [8], [13)).

Lemma 1.1. (see [1], [5], [6]) Let To C C™ be a tubular domain over sym-

- 1 .
metric cone. Giwen 7 € (0,1), set R = 5(1 +7) € (0,1). Then there exists a
Cy > 0 depending on 7 such that

Cr
Wz € To, Vz€ B < G J
20 € 1q, PSS TQ(Z(J??)v X(Z)— V(BTQ(ZO,F)) / xav
Brg (20,R)

for every nonnegative subharmonic (analytic) function x : To — RT.

Proof. We denote by d: T x Tq — Ry a Bergman distance function defined
with the help of Bergman metric H and Bergman length (see [1]). By e we
denote the usual unit vector in Ty, (see [1]). The Bergman distance is equivalent
to the Euclidean distance on compact sets of C. It is enough to show that the
following estimate is valid for any analytic in T function f and for any 9,
§€(0,1),0<p<o0,z €Ty, FEP <67 [ratzm <oy 1F ()P dudy

AT )
dudyv o .
We now recall (see [1]) the AT) measure is invariant under all auto-
(v

z

morphisms of T. Therefore it suffices simply to prove that the following is

valid
dudv
; P 5771 P
|f(w)| = ( ) </{d(ie,w)<5} F(w)] A%«"(u))

This last estimate follows directly from the mean value property and the equiva-
lence between d distance function and the Euclidean distance in a neighborhood
of ie. O

The following lemma is also vital for the proofs.

Lemma 1.2. (Whitney decomposition of tube, see [1]) Given R € (0,1] there
exist a sequence {z;} of points of To such that if Bj = Br(z;) : B = Bry3(z;)

1) the balls (B}) are pairwise disjoint;
2) the balls (B;) form a cover of Tq;

3) there exists a positive integer N = N(Q) (independent of R) such that
every point of Tq belongs to at most N balls B;.

The complete analogues of this lemma for various other domains are well
known (see, for example, [13], [7], [11] and various references there).
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2. Main results

In this section based on facts and lemmas from previous section in particular,
we formulate our main sharp embedding theorems in tubular domains over
symmetric cones related with the mixed norm Bergman type spaces. Theorems
we provide below extend recent sharp results of Nana and Sehba, see [6], from
one hand (case of one tubular domain) and extend known sharp results in the
unit disk and polydisk from the other hand, see [8]. Both main theorems of
this paper in context of bounded strongly pseudoconvex domains with smooth
boundary are also valid and were proved recently in [11]. We consider in this
paper new analytic spaces on products of unbounded tubular domains 75" =
To % - xTg. We denote by H(Tq x ---xTq) = H (T§5') , m € N, the space of
all analytic functions by each variable on T{3'. Let Lg (I =A{f € Lloc (TH):

(fTQ. . <ng2 If (215 0y zm) [Pt 6 (z1)dv(zl)) "o Jom (zm)dv(zm)) " < o0},

0<pi<oo,a;>—1,i=1,....,m, AL (Tg) = LE(Tg") N H (Tg), m € N.
These are Banach spaces if min(p;) > 1 and complete metric spaces for
J
other values of p. Such spaces in R” was studied in [2], in polydisk in [9]. Note

for m = 1 these spaces studied actively (see, for example, [1], [5] and various
references there).

Theorem 2.1. Let ji = (M1, ), pj be Borel nonnegative measures on
TocChaj>—-1,j=1,....n,7>0,9=(p1,-..,0n), T= (q1,--.,qn) €ERY
with 0 <p; <qj, 7 =1,...,n. Then the following assertions are equivalent:

1. ”fHL‘?(;I) < C(ﬁ)”f”Aﬁ(&);

aj428)3
2. (MJ)(BTQ (aka;{)) < C((S(ak))( .+r)pj y J = la"'ana k = 0a1727"'
where {ay} is r-lattice of Tg.

In the case of measures v defined on T the following result holds:

Theorem 2.2. Let {a} be r-lattice of To C C". Let p; < q < +o0, a; > —1,
1 < j < n, v be the Borel nonnegative measure on TQ, ¥ > 0. Then the

following assertions are equivalent: ( f If (z)|%dv( )) < Co)llfllara

aJ+2VL ’qv 3
() DB 00, 7) x -+ X Brfan, 7)) < OTI ) )% 521,
k;j =0,1,2,..

Sketches of proofs
In this section we provide complete sketches of proofs of our theorems. We con-

sider only biproduct domain case since arguments needed for proofs of general
versions of theorems are similar.
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Sketch of proof of Theorem 2.1. The basic estimates and facts for
this proof and for the proof of next theorem are (for implication 2) = 1), in
particular assertion (A) can be applied to use Lemma 1.1):

(A) The @ function is subharmonic. Here

B

/ (e )| (8(20)) " di(za) |

where 8 > 0, > —1, 23 € T, q € (0,00), f € H(T3), x = Br,(z,7) or
x =1q

(B) ( /T 2 |f<2>|<6<2>>“du<2>> < Co /T FEP Q@) (@),

L,a> -1, f € H({T3) and dv(2) = dv(z1) x dv(z), f(Z) =
(6(21)) x (8(21))-
ple

r domains, unit disk, polydisk and unit ball these assertions
[13]). Proofs are similar, namely, for example, if

where 0 < 7 <
f(z1,22), 0(2) =

In case of sim
are known (see [7],

(zm) = (/TQ/TQ< TQf(zlw~~aZm)|q5(zl)o‘1dz/(z1)>~--§(zm1)"”"~ldu(zm1)>qml_1

then ®(z,,) function is subharmonic where z,,, € T, a; > -1, j=1,--- ;m—
1.

We will also use constantly properties of r-lattices provided by us in previous
section. We will use for example the following well known property also.

Let To C C" tubular domain over symmetric cone and r €(0,1). Then
v(Bry(-,7)) & 6%"/7 where the constant depends on 7, and then there is C' > 0
such that

1—r

C

d(z0) <d(z) < 0(20)

1—r

for all r € (0,1), 2o € T and z € Br,(z0,7), where C is constant which is not
depend on 7.

The proof of Theorem 2.1 will hold for m = 2, since for m > 2 there are
similar arguments. First we note that the implication 1) = 2) checked by

standard way, using the test function 65(5) = ﬁ Kp,(Cjy25), 2= (215, Zm),
j=1

¢=(C1,. .., Gm) € T, for sufficiently large 85, 5; > Bo, B €N, j=1,....m
(see [1], [5], [6]).
Indeed we have to choose simply an appropriate f test function to get what
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we need. Put f = Kp, x Kg, and we put this test function into estimate

<Aﬁ </T“ S 22)|q1d“1(21)> ’ duz(zz)> i
< Ci(p) (/TQ (/TQ | f (21, ZQ)pldVal(zl)> L2 e (@)) 3

Note these type arguments were used many times in various embeddings in
ball, polydisk, before. Note, using basic properties of determinant function, we
have for Bj > B, j=1,2

(/ ([ 1K) 8 o v o)) dV&2(22)>
To Ta

< Cs (0(2))™* (6(qn))™

for some o and as.

Then using Lemma 1.2, basic properties of determinant function and re-
marks above on r-lattices we get the following estimates from below for f =
Kp, x Kg,

1

J= ( / (/ Q |f<zl,zQ>|‘hdu1<zl>)gf dm(za)qz

1

1 1
q2 q2
>Cs (/ |K/32(217€71)|qzdl$2(22)> (/ K61(22,q~2)|q1du1(21))
Brg (ak, ,7) Brg, (ak, )

2
J>Cs HMj(BTQ(akﬁﬁ)(STj (ak,) |
j=1

for some 7;, j = 1,2, 7, — a; = (&; + 2n/r)(¢;/pj), j = 1,2, based on vital
remarks on Bergman kernel we see before Lemma 1.1. The last estimate is
based on estimate from below of Bergman kernel (see previous section) on
Bergman balls. Note, on diagonal (z, z), namely, we use the estimate

K (2, 2)|" > ed(2)*"/",

for any z € Tq. The rest is clear.

Therefore, we turn to the proof of the implication 2) = 1). Based on Lem-
mas 1.2 and basic properties of determinant function, above presenting our
domain as the union of dyadic domains (Bergman balls from Lemma 1.2) and
using standard properties of r-lattices from previous section, we have

1

q1

M(zs) = / (o1 22)|™ dpra(e)
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+o0 o Y L
SCI<Z (o {|f<Z17Z2>I‘“<6<Z1>>T"m<6<zl>>m°”}> .

j—o €80 (ak,,7)

Taking into account that P <1, we have

q1

+oo

M<z2>sC2<Z max {|f<zhz2>|“<5<zl>>r<6<zl>a1>}>1-

P 21€BTg, (ak, ,T)
Now, applying Lemma 1.1 and basic properties of determinant function to the
function f(z1, 22) for fixed z9 € T we obtain

1
P1

M(z2) < c3 (/If(Zl,zz)l’” (8(21)) % dv(21)

Raising to the power g» both sides of the last inequality and integrating over
L2, we obtain

q2

/ M (z2)|=dps(z2) | < C / (] (s 2P (8(2) T di(zn) | dpra(z2)

Q

1
a2

If we represent the Ty, domain as union of dyadic domains (Bergman balls from
Lemma 1.2), using standard properties of r-lattices from previous section and
1

take into account (1), we have: <f [M(22)]" du2(22)> <
To

a2

400 P1
~._ 492 2n
=

<G| > max /|f(zl,22)|pl(5(21))&1dV(21) (6(22))** 72 (8(22))

kom0 22 €Brg (akyT)

1 1 =
Note — = 22 = and 22 < 1 and we have the estimate (f [M(2)]" dm(zg)) <

q2 q2 P2 q2 Ta

P2
+o0 P1

<G|y _max | [ UGl () ) | 66T 00)

ka0 2 €Brq, (aky T

Note, now using (A) and Lemma 1.1 for inner integral we finish the proof.
Theorem 2.1 is proved. [J
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Sketch of proof of Theorem 2.2. As in the proof of Theorem 2.1, the
implication 1) =2) is verified in a standard way.

We have the following estimate for ftest function, f = Kg, x Kg,, where
Bj, 7 =1,2 are large enough, for n = 2 case:
Pr1

/’f A <aw (]/’f 2,2)| () | dv(z)

Then we have based on remarks on Bergman kernel before Lemma 1.1

P2

1

I>cy / / ‘le,zg dv(2) >

akl,r ak2,r

> c3 (V (Brg (ak,, 1) X By, (ar,,7))) x (6 (ak,))™) x (0 (ak,))™)

for some 11 = 71 (¢, 8), 72 = 72(q, B).

The last estimate is based on estimate from below of Bergman kernel (see
previous section) on Bergman balls. Note, on diagonal (z,z) namely, we use
the estimate |K (2, 2)|* > ¢d(2)?"/™, for any z € Tq. Also, we have

191,

(this is follows dlrectly from basic properties of determinant function) for some

values of 81,82 : f1 = B1(p2, p1, B, Ba); B2 = Ba(p2, p1, B, B2).
2n
Note that 74 — ,83 = < o, + )L , s = 1,2. This gives one part of
T ) Ds

;< e (6 ()™ (0 a)™),

the theorem.

Now we proceed to the proof of 2) =-1). Based on lemmas above again, we
prove the theorem for n = 2, since for n > 2 there are similar arguments. First
suppose that

q=>p1 2 D2 (1)

Using the arguments in the proof of Theorem 2.1, Lemmas 1.1, 1.2 by each
variable separately and condition on measure in formulation of Theorem 2.2,
we have

q

/ ‘f(Zl, ZQ)'q dﬁ(zl, 2’2)
<ai( / [ (21 22)|7 (8(20))™ 77 (8(22)) ™72 x
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a

X(8(0)) 7 (3(22)) F (1) v (22) )

Taking into account that p; < ¢, from (A) and (B) we obtain

o
=[5
0o
=%
Q=

1]
3 ‘32

X

1) = Cal [[(3(:2)" % 82)) ¥ 7™
Ta

1
2

BT Vdv(z) dl/(Zg))H.

¥
3 ‘32
Bl

< / G )| (8(20)) ™ 5 (8(20))

Again, using similar arguments to the inner integral, we obtain the estimate
(based on (B))

1) < Cal [0 () ¥ B x| [1f a0l () dv(an) | do(zz)) ™
To 9}

Taking into account that P2 < 1, as above, we obtain (based on (A) and (B))
b1

P2
P1

I(f) < Cy /(5(22))“2 /\f(zl,ZQ)lpl(5(21))a1d1/(21) dv(22)

I'a

1
P2

The theorem is proved under the condition (1). Now we turn to the case
q=p2 > pr. (2)
Let (Zk,, Zk,) € Bry,(2ky,7) X Brgy(2k,,7) then by Lemma 1.1
C

W / |f (C1y Zay) [P dv(Gr) ,
2k, P1

max |f(gk1’ zk2)|q <

1

o

a“

B}Q (21y57)

where Br, (Z,,7) is expansion of the dyadic domain with the same center
By, (2x,,7) and 2y, € B, (2k,,7), (see Lemma 1.2). Therefore, based on (A)

and condition on measure and properties of r-lattice (see Lemmas 1.1, 1.2), as
1

in the proof of the first part: I(f) = (f |f (21,20)|dv (21722)> <
73

400 +oo 7
<Co | 302 (Ber)™ 7 (3(2,)) T / 1F (G 2) [ 07 (G (Gr)
k2 =0 k1 =0 B, (2ky 1)
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Using the inequality (2), we obtain

+oo +oo

P2(f) < CE Y D (0(2k,))° (3(20,)) ) / |F (Grs 2) [P 620 (G1)dv (Ca)

Fa=0 =0 B, (21 1)

We have based on (A)

400 P2

mzor [(X ] [ V@) @] ™)) @),

Ta k1=0 B;Q (2K 57)

(3)
I +oo +oo o
By the condition (2) p— = a > 1. Hence, Zb? < (Z bk> for all b, >
2 k=0 k=0
0, k € N. Therefore, by (3) we obtain (based on Lemma 1.2)
172(f) < C?/ (] [f (21, 22)[" (0 (1)) dv (1) | (6(C2))™dv (Ca) -
Ta Q

Theorem 2.2 is proved. [J
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