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Pasting and Reversing Operations over some
Vector Spaces

Operaciones Pegar y Reversar sobre algunos espacios vectoriales

Primitivo Acosta-Humanez'?, Adriana Chuquen!'’,

Angela Rodriguez?:©

Abstract. Pasting and Reversing operations have been used successfully over
the set of integer numbers, simple permutations, rings and recently over a
generalized vector product. In this paper, these operations are defined from
a natural way to be applied over vector spaces. In particular we study Past-
ing and Reversing over vectors, matrices and we rewrite some properties for
polynomials as vector space. Finally we present some properties concerning
to palindromic and antipalindromic vector subspaces.

Keywords: Antipalindromic matrix, antipalindromic vector, palindromic ma-
trix, palindromic vector, Pasting, Reversing.

Resumen. Operaciones Pegar y Reversar han sido aplicadas satisfactoria-
mente sobre el conjunto de ntimeros enteros, permutaciones simples, anillos y
recientemente sobre un producto vectorial generalizado. En este articulo, estas
operaciones son definidas de una manera natural para ser aplicadas sobre es-
pacios vectoriales. En particular estudiamos Pegar y Reversar sobre vectores y
matrices. También reescribimos algunas propiedades de los polinomios, vistos
como espacio vectorial. Finalmente presentamos algunas propiedades de los
denominados subespacios vectoriales palindromes y antipalindromes.

Palabras claves: Matrices palindromes, matrices antipalindromes, Pegar,
Reversar, vectores palindromes, vectores antipalindromes.
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1. Introduction

Pasting and Reversing are natural processes that people do day after day,
we paste two objects when we put them together as one object, and we re-
verse one object when we reflect it over a symmetry axis. We can apply
these processes over words, thus, Pasting of lumber with jack is lumberjack,
while Reversing of lumber is rebmul. A celebrate phrase of Albert Einstein
is I prefer pi, in which Reversing of this phrase is itself and for instance
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this is a palindromic phrase, another palindromic phrases can be found in
http://www.palindromelist.net.

Similarly to palindromic phrases, we can think in palindromic poetries,
where each line can be palindromic or the hole poetry is palindromic. The
following poems can be found at
http://www.trauerfreuart.de/palindrome-poems.htm

Deific- A poem
Same deficit sale: doom mood. Elastic if edemas?
Loops secreting in a doom mood. An igniter: cesspool.
Set agony care till in a doom mood. An illiteracy: no gates.
Senile fileting: I am, God, doom mood. Dogma: ignite lifelines.
Straws? Send a snowfield in a doom mood. An idle, if won sadness warts.
Me, opacified.

Put in us - sun it up Space caps
Put in rubies, I won’t be demandable. Seed net: tabard. No citadel like sun is
Balderdash: sure fire bottle fill-in. but spirit. Sense can embargo to get on.
Raw, put in urn action, I'm odd. Still amiss: a pyro-memoir, an ecstasy.
Local law: put in ruts. Awareness A detail, if fades, paler, tall, affined
elates pure gnawed limekiln. Us: dusk.
sunlike, mildew, anger, upset. Row no risks, asks ironwork, sudden -
A lessen era was: turn it up! Wall, if fall at relapsed affiliate - days at
a cold domino: it can run it up. SCENATLO:
Warn: ill I felt to be rife. Rush! Sad. memory, pass! I’'m all. It’s not ego to
Red label, bad name, debt nowise. grab
I burn it up menaces. Nest. I rip stubs in use, killed

at icon. Drab attendees.

One mathematical theory to express these processes as operations was developed by
the first author in [2, 1], followed recently by [3, 4, 5].

In [1] is introduced the concept Pasting of positive integers to obtain their squares
as well their squares roots. Five years later, in [2], are defined in a general way the
concepts Pasting and Reversing to obtain genealogies of simple permutations in the
right block of Sarkovskii order which contains the powers of two. Two years later, in
[4], were applied Pasting and Reversing, as well palindromicity and antipalindromic-
ity, over the ring of polynomials, differential rings and mathematical games incoming
from M. Tahan’s book The man who counted. Another approaches for reversed poly-
nomials, palindromic polynomials and antipalindromic polynomials can be found in
[6, 11]. One year later, in [3], is applied Reversing over matrices to study a general-
ized vector product, in particular were studied relationships between palindromicity
and antipalindromicity with such generalized vector product. Finally, in the preprint
[5] were applied Pasting and Reversing over simple permutations with mixed order
4n + 2, following [2].

The aim of this paper is to study Pasting and Reversing, as well palindromicity and
antipalindromicity, over vector spaces (vectors, matrices, polynomials, etc.). Some
properties are analyzed for vectors, matrices and polynomials as vector spaces, in
particular we prove that W, C V (set of antipalindromic vectors of V) and W, C V
(set of palindromic vectors of V') are vector subspaces of a vector space V. Recall
that V is the direct sum of W7 and Wa, denoted by V = Wi @& Wa, whenever V =
span{W; U W2} and W1 N Wy = {0}. Therefore, V = W, & W, and in consequence
dim(V) = dim(W,) + dim(W,).
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Pasting and Reversing over Vector Spaces 147

The reader does not need a high mathematical level to understand this paper, is
enough with a basic knowledge of linear algebra and matrix theory, see for example
the books given in references [7, 10]. Finally, as butterfly effect, we hope that the
results and approaches presented here can be used and implemented in the teaching
of basic linear algebra for undergraduate level.

2. Pasting and Reversing over Vectors

In this section we study Pasting and Reversing over vectors through basic definitions
and properties. We consider the field K and the vector space V = K". Here we
study Pasting and Reversing over vectors using the basic definitions and properties
of vectors. In this way, any student beginner of linear algebra can understand the
results presented. We start giving the definition of Reversing.

Definition 2.1. Let be v = (v1,v2,...,vn) € K". Reversing of v, denoted by v, is
given by v = (Un, Un—1,...,01).

Definition 2.1 leads us to the following proposition.

Proposition 2.2. Consider v and v as in Definition 2.1. The following statements
hold:

(i) o =w.

(ii) amw = av + bw, being a,b € K and v,w € V.
(i) v-w="7"-w.

(iv) (’U/;_’(/U) =W x v for all v,w € K3.

Proof. (i), (ii) and (iii) follow from the definition.

(iv) Consider v,w € K* where v = (v1,v2,v3), w = (w1, w2, ws). The vector
product between v and w is given by
€1 €2 €3
V2 V3 (5 V3 VU1 V2
VXWw=|v1 V2 U3 | = T ’ ’
w2 W3 w1 w3 w1 w2
w1 w2 ws
by Definition 2.1 we have that
- U1 V2 U1 V3 V2 U3
v X W= ,— , .
w1 w2 w1 w3 w2 w3

Now, by properties of determinants (interchanging rows and columns) we obtain

€1 €2 €3
( ): w3 w2 Wi,

U3 V2 V3
—_—
therefore v x w = w X v.

w2 w1
v2 U1

w3 w1
U3 U1

w3 w2
U3 V2

I )

O

Definition 2.3. The vectors v and w are called palindromic vector and antipalin-
dromic vector respectively whether they satisfy v = v and w = —w.

The proof of following proposition is a routine exercise.
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Proposition 2.4. The following statements hold.

(i) The sum of two palindromic vectors belonging to K™ is a palindromic vector
belonging to K.

(ii) The sum of two antipalindromic vectors belonging to K™ is an antipalindromic
vector belonging to K™.

(iwi) The vector product of two palindromic vectors belonging to K3 is an antipalin-
dromic vector belonging to K*>.

(iv) The vector product of two antipalindromic vectors belonging to K* is the vector
(0,0,0).
(v) The vector product of one palindromic vector belonging to K3 with one an-

tipalindromic vector belonging to K* is a palindromic vector belonging to K>.

Remark 2.5. In [3] were studied, in a more general way, the vector product for palin-
dromic and antipalindromic vectors. There was used a generalized vector product
and were obtained some results involving the palindromicity and antipalindromicity
of vectors. For completeness we present in Section 4 such results with proofs in detail.

Now we proceed to introduce the concept of Pasting over vectors.
Definition 2.6. Consider v € K" and w € K™, then v ¢ w is given by
(1,02, ..+, Un) O (W1, W2y« ooy Wi ) = (V1,V2, .y Uny W1, W2y v+ y Win).
Proposition 2.7. If V=K" and W = K™, then Vo W = K"t™,

Proof. Let B, = {b1,b2,...,bn} and By, = {ci1,c2,...,cm} basis of K™ and K™
respectively. Due to v € K™ and w € K", we have by Definition 2.6 that v o w €
K™ ™ then there exists a basis Bpim = {d1,d2,...,dn+m} belonging to K",
therefore K™ o K™ & K™, O

Corollary 2.8. dim(V o W) = dimV + dimW .

Proposition 2.9. The following statements hold.
(i) vow=1woD.
(ii) (vow)oz=vo(woz).
Proof. The proof is left as an exercise to the reader. O

Proposition 2.10. Let V' be a vector space. Consider Wy, and W, as the sets of
palindromic and antipalindromic vectors of V' respectively. The following statements
hold.

(i) Wy is a vector subspace of V.
(i) dim W, = [Z].
(iii) We is a vector subspace of V.
(iv) dim W, = [%].
() V =W, o W,.
(vi) Yo € V, I(wp, wa) € Wp X We such that v = wp + wq.
Proof. (i) Set a,b € K. Since v,w € Wy, we have v = ¥ and w = w. By

Proposition 2.2 av + bw = a?v + bw = av + bw € W), in consequence, W, is a
vector subspace of V.

(ii) We analyze the cases when n is even and also when n is odd.
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a) Consider V = K™ and we start assuming that n = 2k. If v € W), then
p
(’Ul, V2, ... ,’Uzkfl,l)zk) = (ng,vzkfh ey V2, ’Ul),

then, we have that

1 = U2k
V2 = U2k-1
Vk = Uk41,
which lead us to v = (vi,v2,...,Vk, Uk, ...,v2,v1). In this way we write

the vector v as follows:
v=wv1(1,0,...,0,0,...,1) 4+ ... +v£(0,0,...,1,1,...,0,0), v; € K.

The set of vectors of the previous linear combination are palindromic and
linearly independent vectors, therefore they are a basis for W, and in

consequence
. 2k n
dim W, = k = {EW = [ﬂ .

(b) Consider V' = K™ and now we assume that n = 2k — 1. If v € W}, then
(’U1,’U2, ceey 1/21@72,1121%1) = (U2k717'U2k727 <o, U2, 111)-

Thus, we have that

U1 = VU2k—1
V2 = VU2k—2
V-1 =  Vk+41,

that is, k — 1 pairs plus the fixed component vg. This lead us to express
the vector v as follows

v = (’U1,’U2,...,’l}kfl,’l}k,’kal,..‘,vz,’lﬂ)
and then we have that
v=wv1(1,0,...,0,0,...,1) 4+ ...+ vx(0,0,...,0,1,0,...,0,0), wv; € K.

The set of vectors of the previous linear combination are palindromic
and linearly independent vectors, hence they are a basis for W), and in

consequence
. o |2k=1] n
dlme—k—" > 1_[2]

In this way, we have proved that for all n € ZT, dim W, = [%W

(iv) We analyze the cases when n is even as well when n is odd.

(a) Consider V = K" and we can start assuming that n = 2k. If v € W,,
then

(v1,v2,. .., V251, 02k) = —(Vak, V2k—1, . . ., V2, V1),

therefore, we have that

v1 = —U2
V2 = —U2k-1
Vg = —Uk+1,
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which lead us to

V= (V1,V2,..., V%, —Vky ..., —V2, —V1).
This implies that
v=v:(1,0,...,0,0,...,—1) 4+ ...+ vx(0,0,...,1,—1,...,0,0), v € K.

The set of vectors of the previous linear combination are antipalindromic
and linearly independent vectors, thus they are a basis for W, and in

Consequence
2k n
dimW, = k= |22 :PJ.
m {QJ .

Consider V = K™ and now we suppose that n =2k — 1. If v € W,, then
(Ul,Uz, .. ~,v2k—2,’02k—1) = *(’UQk—l,UQk—Q, .. ~,UQ,U1)~

Thus, we obtain that

V1 =  —V2k-1
V2 =  —U2k-2
V-1 = —VUk41,

that is, k — 1 pairs plus the fixed component vy, = 0. This lead us to
express the vector v as follows:

v=(v1,v2,...,V%-1,0, —Vk_1,..., —V2, —V1)
and for instance we have that
v=v1(1,0,...,0,0,...,—1)+...+vx_1(0,0,...,1,0,—1,...,0,0), wv; € K.

The set of vectors of the previous linear combination are antipalindromic
and linearly independent vectors, for instance they are a basis for W, and
in consequence

dimW, =k — 1= {%2’1 - {gJ

In this way we have proved that for all n € Z*, dim W, = LQJ

2

(v) Since W, N W, = {0} and dim W}, + dim W, = [2] + [2] = n =dimV, we

have W, @ W, = V.

(vi) Consider v € V, we can observe that

v+
2

’u)p:

is a palindromic vector. In the same way we can observe that

v—0
2

Wq =

is an antipalindromic vector and for instance v = wp + wq, Yv € V.
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3. Pasting and Reversing over Polynomials

In [4] we studied Pasting and Reversing over polynomials from an different approach,
we studied these operations focusing on the ring structure for polynomials. In this
section we rewrite some properties of Pasting and Reversing over polynomials, but
considering to the polynomials as a vector space. Thus, we apply the previous results
for vectors, which we gave in Section 2.

Along this section we consider (Kp,[z],+, ) as the vector space of the polynomials
of degree less than or equal to n over the field K. This vector space is isomorphic
to (K"H, +,-). In this context we do not impose conditions over the polynomials
just like the conditions given in [4], for example, we do not need that z { P(x). The
following result summarizes the properties given in Section 2 for polynomials.

Proposition 3.1. Consider P € Ky[z], Q € Kn[z] and R € K[z], the following
statements hold.

(i) P=P.

(i) PoQ=0QoP.

(i) (PoQ)oR=Po(QoR).

(iv) amQ =aP 4 bQ, being a,b € K and P,Q € K,|x].

(v) The sum of two palindromic polynomials of degree n is a palindromic polynomial
of degree n.

(vi) The sum of two antipalindromic polynomials of degree n is an antipalindromic
polynomial of degree n.
(vii) If V= Ky[z] and W = Kp[z], then Vo W = Kpimi1[z].
(viit) W, is vector subspace of Ky[z], being W), the set of palindromic polynomials of
degree K, [x].
(iz) dim W, = [2L].
(x) Wo is a vector subspace of Ky[z], being W, the set of antipalindromic polyno-
mials of Ky[z].
(wi) dim W, = |2 ].
(zit) Kynlz] =Wy, & Wa.
(ziit) VP € Ky[z], (Qp, Qa) € Wy x W, such that P = Qp + Qa.

Proof. Owing to (Ky[z],+,:) = (K™, +,-) as vector spaces we apply ¥ and o
over the polynomials as vectors. The proof is done using properties of Pasting and
Reversing proved in Section 1. O

Remark 3.2. As we can see, this section is a rewriting of Section 2 without new results
for polynomials as vector space, only we suggest the proofs based on the definition
and properties of v. Another interesting thing of this section is that we recover some
results given in [4, 11].

4. Pasting and Reversing over Matrices
In this section we consider the vector space Mypxm (matrices of size n X m with

elements belonging to K) which is isomorphic to K"™. We present here different
approaches for Pasting and Reversing.
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4.1. Pasting and Reversing by rows or columns

We can see any matrix as a row vector of its column vectors, as well as a column
vector of its row vectors. Thus, to matrices we can introduce Pasting and Reversing
by rows and columns respectively. Let us denote by A, Reversing of the row vectors
vi € K™ of A and, by A. Reversing of the column vectors ¢; € K™ of A, where
1<i<nand1l<j<m. Then,

V1
U2
A, = e Ac=(a @ - cm).

Un

Owing to 5¢~: vifm and ¢; = Tan for 1 <i<mn,1<j<m we obtain that ZT = Afm
and A, = I, A. Therefore we can define palindromicity and antipalindromicity by
rows and columns respectively.

Now, we can assume A € Myxm(K), B € Mgxm(K) and C € My xp(K) given
as follows.

U1

(%)
A=| . |=( fo - fm), vieK™ ffeK" 1<i<n 1<j<m,

Un
S1

S2
B=| . |=(gn 92 - gn), si€K" gl €K, 1<i<q1<j<m,

C=| . |=(Mm ha - hy), wi€K\,h] €eK" 1<i<n, 1<j<p.

As we can see, in agreement with Section 2, we transformed the column vectors fj,
g; and h; in the form of row vectors through the transposition of matrices ( f]T , g]T
and hf are row vectors). Thus, we can define both Pasting by rows (denoted by o)
over the matrices A and C and Pasting by columns (denoted by ¢.) over the matrices
A and B as follows.

z1
_ | * _ _ T LT T
AorC=| . |, zi=viowi, AoB=(y1 y2 - Yn), ¥i =[i ©gi.

Zn

From now on we paste column vectors directly without the use of trasposition of
vectors. Thus, Pasting of column vectors f; and g; is f; ¢ g;. Therefore, fI o g =

(fiog)".

Proposition 4.1. Consider matrices A, B and C under the previous assumptions.
The following statements hold.

(i) A = A, A = A.
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(“) (A Or B)r = (Er) Or (Ar)a ( Oc B)c = (Bc) Oc (Avc)
(i1i) (Aor B)or C=A0, (B, C), (Aoc B)o.C = Ao (Bo:C).
(iv) (aA+ BB), = al, + BB,, (aA+ BB), = aAe + BB., o, € K.
(W) If V= Muxm(K) and W = Muxp(K), then VoW = My (m4p) (K). In the
same way, if T = Muxm(K) and S = Mixm(K), then T oS = M (n11)xm (K).

(vi) Let W, and Wy be the set of palindromic matrices by rows and columns of
Mapxm(K) respectively, then the sets W, and Wy are vector subspaces of
Mapsm (K).

(vii) dim Wy =n [2], dim Wy =m [%].

(vits) Let W7 and W be the set of antipalindromic matrices by rows and columns of
M xm (K) respectively, then W, and W§ are vector subspaces of M xm(K).
(ir) dmW; =n |2, dimW; =m [%Z].
(z) The sum of two palindromic matrices by rows (resp. by columns) of the same

vector space is a palindromic matriz by rows (resp. by columns).

(xi) The sum of two antipalindromic matrices by rows (resp. by columns) of the
same vector space is an antipalindromic matriz by rows (resp. by columns).

(xi3) Muxm(K) =W, @ W, =Wy & W;.

(ziii) YA € Mum(K),3(AL, AL, AS AS) € W x WE x WE x WE such that A =
AL AL = AS+ AC.

(.’,EZU) A Or B = A((In Oc 0(n—m)><7n) Or OnXp) + 0n><'m O B; A S MnXm(K); B €
MHXP(K)7
Aoc B = A((In Or Onx(qu)) Oc Onxp)) + 0n><m Oc B; A c Mnxm(K); B S
Mo ().

Proof. From (i) to (xiii) we proceed as in the proofs of Section 2 using the properties
of ¥. (xiv) is consequence of the definition of Pasting by rows and columns. O

Remark 4.2. There are a lot of mathematical software in where Pasting of matrices
is very easy, for example, in Matlab Pasting by rows is very easy: [A, B], as well by
columns [A; B], however we can build our own program using our approach given in
the previous proposition, following the same structure of Pasting of polynomials as in
[4]. Thus, we paste matrices by rows and columns using the item (xiv) in Proposition
4.1. The interested reader may proof the statements of this paper concerning to
Pasting using such equations.

The following proposition summarizes some properties derived from Pasting and
Reversing by rows and columns with respect to classical matrix operations.

Proposition 4.3. The following statements hold.

— —

(i) (A)" = (AT),, (Ac)" = (AT),.

(ii) (Ao B)T = AT o, BT, (Ao, B)T = AT o, BT.
(iii) (AB), = A(B,), (AB), = (A.)B.

(iv) det(A,) = det(A,) = (1)L 5] det A.

() (A)™ = (A1), (A) ' = (A7),

(vi) The product of two palindromic matrices by rows (resp. by columns) is a palin-
dromic matriz by rows (resp. by columns).
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(vii) The product of two antipalindromic matrices by rows (resp. by columns) is an
antipalindromic matriz by rows (resp. by columns).

(viti)) AB # 0 is a palindromic matriz by rows (resp. AB # 0 is a palindromic
matriz by columns) if and only if B is a palindromic matriz by rows (resp. A
is a palindromic matriz by columns).

(ix) AB # 0 is an antipalindromic matriz by rows (resp. AB # 0 is an antipalin-
dromic matriz by columns) if and only if B is an antipalindromic matriz by
rows (resp. A is an antipalindromic matriz by columns).

Proof. In each item we include the proof of the first claim, the other one is similar.

(i) We see that A, = AL, = (I7AT)T = (I,A")T = (.Zﬁc)T and then AT, =

(A7
(i) Assume A € Myxm(K) and B € My xp(K). Let v; and w; be the row vectors
of A and B respectively. Thus v;ow;, i = 1,...,n, are the row vectors of A¢, B

then (v; © wi)T = v} o w! are the column vectors of (Ao, B)T = AT . BT.

(i) Consider A € Mpxm(K) and B € Mpmxp(K), therefore (AB), =
I.(AB) = (I,A)B = (A.)B.

(iv) Consider A € My, xn(K), then we obtain det(A.) = det(I,A) = det(I,,) det A =
det(A) det(I,) = det(Al,) = det(A,). Now, it is follows by induction that

we can transform I, into I, throught |Z]| elementary operations, therefore,

det(I,) = (—1)L=1. ’
(v) Assume A € /\/lan(/f_Q,/ with det A # 0. Therefore, (E,ﬂ)f1 = (A’Ivn)f1 =
[PAT = T,A7 = (A1),
(vi) Assume A € Mnxm(K) and B € Myxp(K), such that A, = A and B, = B,
therefore ( B), = A(B,) =
(K

(vii) Assume A € Muxm(K) and B € Munxp(K), such that A, = —A and B, =
—B, therefore (AB)T A(B,) = —AB.

(viii) Assume A € Myxm(K) and B € Mpyxp(K), with AB # 0. By previous item
we see that if A is palindromic by rows (resp. if B is palindromic by columns),
then AB is palindromic by rows (resp. then AB is palindromic by columns).

Now, suppose that (AB), = AB # 0, then we have (A.)B = (I,A)B = AB,
which implies that A, = A.

(ix) Assume A € Muxm(K) and B € Muyxp(K), with AB # 0. By previous
item we see that if A is antipalindromic by rows (resp. if B is antipalin-
dromic by columns), then AB is antipalindromic by rows (resp. then AB is

antipalindromic by columns). Now, suppose that (AB)., = —AB # 0, then
(Ac)B = (I,A)B = —AB, which implies that A. = —A.
O

Now, in a natural way, we can introduce the sets
Wop =Wy NWy, Wya := W, "W, Wep := W, N W, and W, := W, NW,.

The sets Wy, and Wg, correspond to the set of double palindromic matrices and the
set of double antipalindromic matrices respectively.

Proposition 4.4. The following statements hold.
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(i) Wpp, Wpa, Wap and We, are vector subspaces of My xm (K).
(i) dimWy, = [2] [2], dim Wy = [2] | 2], dimWap = [ 2] [2] and dimWaa =
15] [%]
(i51) Mpxm(K) =Wpp ® Wpa & Wap ® Waq.

(iv) YA € Mpxm(K),I(App, Apas Aap, Aaa) € Wpp X Wpa X Wap X Weq such that
A= App + Apa + Aap + Aaa-

Proof. The intersection of vector subspaces is a vector subspace. The rest is obtained
through elementary properties of vector subspaces and by the nature of Wy, Wy,
Wep and Weg.

Finally, according to Remark 2.5, we present the results concerning to the rela-
tionship between Reversing and the generalized vector product of n — 1 vectors of
K™, which are given in [3, §3].

Let My = (mn,mlz, ceey mln) yeeey My = (mnle, An—-1,2,--- 7mn,1,n), be n—
1 vectors belonging to K™. It is known that the generalized vector product of these
vectors is given by

n
X (M1, Mz, ..., Mp_1)= Z(_l)l"'k det (M(k)) e,

k=1

where e}, is the k-th element of the canonical basis for K", and M is the square
matrix obtained after deleting of the k-th column of the matrix M = (m;;) €
Mn—1yxn(K), for more information see [3, 10]. Therefore, the matrix M® s a
square matrix of size (n — 1) x (n — 1) and is given by

M
e M,
k) _ (o m) _ [ (mij) if j <k _
M= (mi’j) a { (i) ik 0 M7 :
Mn—l

Proposition 4.5. Consider the matric M = (mi;) € M_1)xn(K), then (M®) =
M("fkﬂ)fn,h for1<k<n.

Proof. We know that ZT/[/T = MI, = (Mmin—jt1), 1 < j < n. Therefore

510, = () - { (minyer) il <k,
" RS (Min—G+ny+1)  if >k
On the other hand,

MR (mgrszﬂ)) I, = (mij) In—1 lfj <n—-k+1
' (mij+1) In—r ifj>2n—k+1

A (n—k+1) (k) (Mi—j) ifn—j<n—k+1
= "Min—1)=j+1) =\l j - ) . fn—i>n—k+1
’ Min-1) Hn—j>n—k+

_ [ (mim-p) ifj>k—1 _ [ (min—) ifj>k
Tl Mimeper) GG <E=1 T (Min—j1) i<k

e~

therefore (M®*)) = M("fkﬂ)fn,l, for 1 <k<n. O
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Proposition 4.6. Consider the vectors M; € K™, where 1 <i<n — 1. Then
X M1r7 Mz,m e, MnflT = (—1) 2 (><(]\417 Mo, ..., Mnfl))T.
Proof. For convenience we write
M= x (]%r7z%r7 R Mnfly‘) .
Now, applying the generalized vector product we obtain

M= I det (A1), ) e

k=1

= Z (*UkJrl det (M<”7k+1>1?n71) ek

k=1

= 301 det (MUY det (T ) e

k=1

Sl

Sl

n

= det (fnfl) Z (—1)"7’g det (M(k)) en—k+1

:meﬂngﬂmwmwmmw

@1( Hm@why
= (=1)"" det (In V) (x (M, Ma, .., My_1)),
therefore,
m o= ()T, Ma, L, Mas)),
X

(=) (M, Ma, .., M), n=2k
- 3n+1 -
(—1)"2" (x (M1, Ma, ..., My_1)),,n=2k—1

Thus we conclude the proof. O

Remark 4.7. If M is a palindromic matrix by rows, then the minors M® have at

least {gJ — 1 pair of equal columns. This implies that for n > 4, the minors have

at least one pair of equal columns and therefore det (M(k)) =0foralll1 <k <mn,

which leads us to
X (]\417 MQ, ey Mn—l) =0¢e K".

This means that the generalized vector product of (n—1) palindromic vectors belong-
ing to K" is interesting whenever 1 < n < 3. The same result is obtained when we
assume M as an antipalindromic matrix by rows, so we recover the previous results
given in Section 2 with respect to the vector product. Moreover, some rows of M can
be palindromic vectors, while the rest can be antipalindromic vectors, in this way, we
can obtain similar results.
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4.2. Pasting and Reversing simultaneously by rows and
columns

Following Section 2, we can consider the matrices
A= (1)11,...,vlm,...,vnl,...,vnm), B = (wu,...,wlq,...,wpl,...wpq)

as vectors. To avoid confusion in this section, we use A instead of A to denote
Reversing of A. Thus, we can see, in a natural way, that

A = A[nm = (Unm7---771n17-~-7'U1m7---77111)
and also for n = p or m = ¢ (exclusively) that
Ao B = (1)11,...,U1m7...,’Un17...Unm7w117...,w1q,...7wp17...,wpq).

We come back to express A and Ao B in term of matrices instead of vectors, i.e.,

V11 . Vim w11 . Wiq
n=p
)
m#q
Unl e Unm Wp1 PP Wpq
Unm . Uni
R V11 e Vim
A= ,AoB =
Vim . V11
Unl ... Unm n#p
)
w11 e Wip m =q
Wp1 e Wpq

We say that any matrix P, with the conditions established above, is a palindromic
matrix whether P = P. In the same way, we say that any matrix A, with the
conditions established above, is an antipalindromic matrix whether A = —A. Note

that (I/n\) = Infnz, where I, is written as vector. Thus, we arrive to the following
elementary result.

Lemma 4.8. Consider M € My xm(K). Then

Un v1
A= : ,  where A=
U1 Un
Proof. 1t is followed by definition of Reversing in matrices seen as vectors. O

The following proposition summarizes the previous results for matrices as vectors.

Proposition 4.9. Consider A € Mpxm(K), B € Mpxq(K) and C € M,xs(K)
satisfying the conditions established above. The following statements hold.

(i) A= A.

(i) (Ao B) = BoA.

(iii) (AoB)oC =Ao(BoC).

(i) (bzﬁ!—\cB) = bA 4 cB where b,c € K and A, B € Myxm(K).

Boletin de Matemadticas 20(2) 145-161 (2013)



158
(v)
(vi)

(vii)
(vii)

(i)
(z)

(i)

(xiii)

Primitivo Acosta-Humaénez, Adriana Chuquen & Angela Rodriguez

If V.= Mpxm(K) and W = Mpyq(K), then VoW = M,s(K), where either
n=p=r,m#qands=m+q, orn#p, m=q andr =n+ p.

Let W, be the set of palindromic matrices of Muxm(K), then W, is a vector
subspace of Mupxm(K).

dim W, = [%"].

Let W, be the set of antipalindromic matrices of Muxm(K), then W, is a
vector subspace of My xm (K).

dim W, = L%J .

The sum of two palindromic matrices of the same vector space is a palindromic
matrix.

The sum of two antipalindromic matrices of the same vector space is an an-
tipalindromic matrizx.

Mo (K) = W, @ W
VA € Muxm(K),3(Ap, Aa) € Wp X Wq such that A = Ap + Aa.

Proof. Proceed as in the proofs of Section 2 using Lemma 4.8. O

The following result shows the relationship of Reversing with matrices classical
operations.

Proposition 4.10. The following statements hold.

()
()
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(iz)
(z)

I, = 1I,.

A= (.ZT)C = (ZC)T.

(AB) = (A)(B).

(A~ = (A7),

det(A) = det A.

Tr(A) = TrA.

AT = (A)T.

The product of two palindromic matrices is a palindromic matrix.
The product of two antipalindromic matrices is a palindromic matriz.

The product of one palindromic matriz with one antipalindromic matriz is an
antipalindromic matrix.

Proof. (i) Due to I, can be seen as the vector

(ii)

(1,0,...,0,0,1,...,0,...,0,...0,1) € K,

then

~

I, =1I.1,2=(1,0,...,0,0,1,...,0,...,0,...0,1) = I,,.
(

Assumming A = (v1,...,v,)T = (c1,...,cn), We arrive to

(A), = (ALn), = I(ALn) = L (31, ..., 5n)" = (Bn, ..., 01)".

c

By Lemma 4.8 we conclude (A,), A
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(iii) Assume A € Mpxm(K) and B € Myx,(K). Thus, AB € Muxr(K), A €
Mpxm, B € Mpxr and AB € Myxr. Suppose that A = [aij]nxm, B =
[bij]mxm AB=C = [Cij]nxr and C' = [dij}nxry thus

m

m
Cij = Zaikbkj: dij = Cln+1—i)(r+1—j) = Za(n+l—i)kbk(r+1—j)y
k=1 k=1

which implies that C = AB and then @ = (/fl\)@
(iv) Assume A € My xn(K), being det A # 0. Therefore

—_—

(AAT) = (A) (A1) = (I) = I.

(v) Assume A € My, n(K). Due to A is obtained throughout 2k elementary oper-

-~

ations of A, interchanging k rows and interchanging k columns, then det(A) =
(—=1)?* det A = det A.

(vi) Assume A = [aij]nxn € Muxn(K). Thus

n n
TrA = Za(n+l—i)(n+1—i) = Gnnta(n-1)(n—-1)+" - -F+a2+an = Zakk =TrA.

i=1 k=1

(vii) Assume A = [aij]nxm € Muxm(K) and AT — [dijlmxn € Mmxn(K). We see

o~ —~

that dij = (m+1—jy(nt1—i) = Cji, where (A)" = [¢jilmxn hence AT = (A)7.
(viii) Assume A = A and B = B. Therefore, AB = AB = AB.
(ix) Assume A = —A and B = —B. Therefore, AB = AB = AB.

(x) Assume A = —A and B = B. Therefore, AB = AB = —AB.
O

At this point, we have considered Pasting over an special case of matrices. As we
can see, it can be confused when both matrices have the same size, how can we paste
them? Another natural question is: how can we paste to matrices whenever n # p
and m # ¢7 To avoid this difficulty we introduce Pasting by blocks, which will be
denoted by ¢p. Consider matrices A € Mpxm(K) and B € M,«s(K), Pasting by
blocks of A with B is given by

A Onxs
Aoy B = <Or><m B>< ) € M(n+r)><(m+s)(K)‘

It is well known that Pasting by blocks corresponds to a particular case of block
matrices, also called partitioned matrices, see [8, 9]. The following result, although
is known from block matrices point of view, is consequence of Proposition 4.9 and
Proposition 4.10 considering ~ as above and ¢} instead of o.

Proposition 4.11. Consider the matrices A € Myxm(K), B € Mpxq(K) and C €
M, xs(K), the following statements hold.

(i) (Aoy B) = (B) o (A).
(ZZ) (A<>b B) p C = A<>b (B p C)

(111) If V.= Muxm(K) and W = Mpxq(K), then V o, W = Myxs(K), where
r=n+pand s=m-+q.

(iv) (Aop B)T = AT o, BT
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(v) det(A o, B) = det Adet B.
(vi) Tr(Ao, B) = TrA + TrB.
(Ui’i) (A Op B)i1 =A"1 Op B~

Proof. (i) and (ii) follow directly from the definition of Pasting by blocks, and Re-
versing and Pasting of vectors. (iii) is due to Aoy B =A@ B. (iv) to (vii) are known
properties of block matrices. O

Final Remarks

In this paper we solved one question proposed in [4], which relates Pasting and Revers-
ing with vector spaces and basic matrix theory. Although the paper was motivated
through poetries and lines, we studied the mathematical structure of Pasting and
Reversing giving the proofs of each statement proposed by us. We considered some
extensions to the definition of Reversing such as palindromic and antipalindromic
vectors and matrices. However, we insist that this paper is only an starting point
to develop and solve theories and problems with a higher mathematical level, see for
example [2, 5] where Pasting and Reversing were applied over simple permutations
and combinatorial dynamics. We hope that the material presented here can be useful
for the interested reader to start his own research project around this subject.
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