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Abstract. In this paper we consider the Herz spaces K}’ , which are a natural
generalization of the Lebesgue spaces LP. We prove some approximation
properties such as density of the space C° (R™), continuity of the translation,
continuity of the mollification, global behavior of the convolution with smooth
functions, among others.

Keywords: Herz spaces, Mollifiers, Convolution, Functional spaces.

MSC2010: 26B05, 26B35, 26B99.

Propiedades de aproximaciéon en espacios de Herz
Resumen. En este articulo consideramos los espacios de Herz K}, los cuales
son una generalizacién natural de los espacios de Lebesgue LP. Demostra-
mos algunas propiedades de aproximacion tal es como densidad del espacio
C2° (R™), continuidad de la traslacion, continuidad de la molificaciéon, com-
portamiento global de la convolucion con funciones suaves, entre otras.

Palabras clave: Espacios de Herz, Molificadores, Convolucion, Espacios fun-
cionales.

1. Introduction

The Herz space K, was introduced by Herz |7] as a suitable environment for the image of
the Fourier transform acting on a class of Lipschitz spaces, in order to obtain a Bernstein
type theorem. A characterization of the K}’ -norm in terms of LP-norms over annuli
was given in [8] (see Definition 2.1). Recently, some versions of classical spaces based on
Herz spaces Ky, such as Hardy-Herz, Sobolev-Herz and Triebel-Lizorkin-Herz spaces,
have presented an increasing interest in the literature of function spaces and turned out
to be a useful tool in harmonic analysis (see [1],[4],[5],[10] and references therein). We
also refer the reader to [9] for results of well-posedness of the Navier-Stokes equations
in weak-Herz spaces, and to [3] for results of well-posedness of the Euler equations on

Besov-Herz spaces.
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In this paper we consider the Herz spaces K , which are a natural generalization of
the Lebesgue spaces LP. We prove some approximation properties such as density of
the spaces C2° (R™), continuity of the translation, continuity of the mollification, global
behavior of the convolution with smooth functions, among others. This results general-
ize the corresponding ones in LP. They seem necessary for the study of the transport

equations as done in [2] in the frame work of the LP spaces.

This paper is organized as follows. In Section 2 we recall the definition of the Herz
spaces K, and some basic properties. Section 3 is devoted to the new results about
approximation and global behavior of functions in Herz spaces and his convolution with
smooth functions.

2. Herz spaces

This section is devoted to recall the definition of Herz spaces and establish some of their
properties, which will be useful in the remainder of the paper.

For k integer and k > —1, let Ay be defined as
A_1 =B(0,1/2) and Aj, = {z e R"; 28 <[z < 2"} for k > 0, (1)

where B(zg,R) = {z € R™;|x — 29| < R}. Then we have the disjoint decomposition
R™ = UszlAk.

Definition 2.1. Let 1 < p,q < oo and a € R. The Herz space K, = K’ (R") is defined

by
Koy =1 € L3 0u®): | flliey, < o0} @)
where
1/q
2kaa | f|1 if ¢ < o0,
£l e = <k>21 | ||LP(A;C)> 3)

sup 2M ||f||LP(Ak) if ¢=o00
k>—1

In the case p = 1, we consider K7, as a space of signed measures, with || f|| 14, denoting

the total variation of f on Aj. The pair (K7, [|[[x. ) is a Banach space for a € R,
? P.q

1<p<ooandl<gq<oo (seeeg. [6]). Also, note that KO, — LP = K, < K}

So, all the results presented here are a generalization of the correspondlng results in LP.
There is a version of Holder’s inequality in Herz spaces (see [9]) In fact, let 1 <
Py P1,P2,9,q1,q2 < 00 and a, a1, s € R be such that % =+ p—2 L_ qil + q%, and

q
a = a1 + as. Then,

1/q 1/q
ST 25 fgl Ly | <O ST 2SN ) 25 N9l
E>—1 E>—1
<CNfllgsr, lollss, - (4)

In particular,
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1790z, < C ey gl , 2

The following result provides a control in K -spaces for the action of a volume pre-
serving diffeomorphism. Recall that a diffeomorphism X is volume preserving if for all
measurable set 2, we have u(Q) = u(X(Q)), where p represent the Lebesgue measure.

Lemma 2.2 ([3]). Let 1 <p,q < oo anda > 0. Let X : R™ — R" be a volume-preserving
diffeomorphism such that, for some fized w > 0,

‘Xil(y)—y| <w, forall y e R", (6)
where |-| stands for the Euclidean norm in R™. Then, there exists C > 0 such that
-1
O™ fllieg, < I1f 0 Xlliy, < Cll iy, )

forall f € K .

The next lemma is key in order to prove the new results in Section 3. It provides an
estimate for convolution operators in Herz spaces depending on certain weighted norms
of the kernel 6.

Lemma 2.3 ([3]). (Convolution). Let o € R and 1 < p,q < co. Let € L' be such that
My < 0o for some 3 > 0, where

maz {10],: 7o)
maz{ 0] . |[11°~ 0

] b irazo
|-|239HL1} if a < 0.

’
Then, there is a constant C > 0 (independent of 6) such that

10+ Flly, < CMo £y for all f € K., ®)

To finish this section we present a first result of density in Herz spaces.

Lemma 2.4 ([3]). Let 1 < p,q < oo and a € R . Then, Schwartz space S is continuously
included in K7 . Moreover, the inclusion is dense provided that 1 < p,q < cc.

3. New results

Now we present some new results about approximation of functions in Herz spaces and

global behavior of their convolution with smooth functions. This results can be useful in

order to analyze the well-posedness of some PDEs in the framework of Herz spaces.

In what follows, let p € S such that [ p(z)dz = 1. For € > 0 we define pc(z) := Z-p (£),
]Rn

additionally, for a mensurable function f € R™ — R we also define f€(z) = (pe * f) (x).

We first show that not only S but also C2° (R™) are dense in Herz spaces.

Theorem 3.1. Let 1 < p,q < oo and a € R. Then, the space C° (R") is dense in K .
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Proof. From Lemma 2.4 it follows that S is dense in K. Let f € K ;e >0and ¢ € S

such that [|f — ¢[|xa < 5. Now, let N € N such that
ak €\
> 26l < (5)
k>N+1

and let § € C°(R") be such that 0 < 6 < 1, § = 1 in B(0,2Y) and 6 = 0 in
[B(0,2)]°. Defining ¢ = 0¢, we have that 1) € C= (R"), ¥ = ¢ in B (0,2") and
0 =0in [B(0,2")]°. Moreover, it follows that

6 = wlky, = D 2°)16 = 00170,

k>—1

ZD(I’

_ S ek g, () T 27ENG = 080304 g+ D 271N L a

= k> N+2
= 220N (1= ), a2 8],
k>N+2
< 20N+ e ||¢||Lp (Anvin) T Z gk (el (Ar) Z 2o ”¢HqLP(Ak)
k>N+2 k2N+1

<(3)"

€ €
1 = llacg, SIS = Blls, + 10— Wllay, < 5+ 5 =¢

Since € > 0 is arbitrary, we conclude the proof. ]

Thus,

Now we prove the continuity of the translation mapping in Herz spaces.
Theorem 3.2, Let 1 <p,q < oo and a € R. Then, 7.f — f in K, as z — 0 for all
f €Ky, Herert.f denotes the mapping such that 7. f(z) = f(z — 2).

Proof. Note that, for |z| < 1, we have that the volume preserving diffeomorphism
X.(z) = x — 2 trivially verifies || X, —Id||,, < 1. Now, let f € K, ¢ > 0 and
g € C° (R™) such that || f — g||x. < €. Using Lemma 2.2, it follows that
p,q
If - TZf”Kg’q <|f- g”K;iq +llg - ng”K;iq + =9 — TZf”Kg’q

=f- g”Kg’q +1lg - ng”Kg’q + g 1) OXZHK;},Q

<|f- g”Kgq +llg - TzQ”K;yq +Cllg - f”Kgﬁ

<e+ ||g—7'zg||Kqu + Ce. (9)

Now we prove that ||g — 7.g| g« — 0 when z — 0. In fact, if |z| < 1, then suppg
P,q

and suppr.g are contained in a common compact set K. Choosing M € N such that
K c B(0,2"), and using that 7.g — g in L? (R™), we have that

M

lg — ngHq o Z 20k llg — TzQ"%P(Ak) —0 as z-—0. (10)
k=-1
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Thus, taking limsup as z — 0 in (9) and using (10) we obtain
0 <limsup |f =7 fllxy, < (1+C)e;
since € > 0 is arbitrary, we obtain the result. ]
Lemma 3.3. Let 1 <p,g<oo, a €R, fe€ K, and p€ S. Then,
lpe Fllics. < Cleop) Il
where 0 < C(e,p) < C(p) if 0 <e< 1.

Proof. Using Lemma 2.3 we have that

||Pe * f”K;iq < CMPe ||f||K;;q )

where
max { ool 1 pe]| 1770} a0,
pe — _ 9 .
max{”p€||L17 ||ﬁ apf L’ || ﬁpé Ll} if a < 0.
Moreover, if 0 < € < 1 is easy to see that M, < M,. v

Now we show the continuity of the mollification of a function in Herz spaces when the
mollifier is in C2° (R™).

Theorem 3.4. Let f € K, with1 <p,q< oo, a € R and p € C° (R"). Then, f¢ — f
in K, ase — 0.

Proof. By definition we have that

f(z) = flz) = /f(x —y)pe(y)dy — f(x) = /f(x —y)pe(y)dy — f(x)/pe(y)dy

R R™ R
- / @ —y) — F(@)] pely)dy = / (@ —e2) — f(@)] plz)d,
R» R™

where we use the change y = ez. Now, using Minkowski’s inequality we get
Ife = f||Lp(Ak) < /p(z) [7ezf — f”Lp(Ak) dz.
R’Vl
Thus, using again Minkowski’s inequality (for sequences) we obtain
157~ g, < [ o) lreef = flly, a2
R’n

< [ ol Imet = Flig, d (11)

K
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where suppp = K. Since K is compact, we have that |z| < Cs for all z € K; moreover,
for 0 < e < 1 we also have that |ez| < 1 for all z € K. Thus, using Lemma 2.2 we have
that ||7'Ezf||Ka =|fo X€z||Ka <C ||f||Ka and it follows that |7ezf — f||Ka (14

) ||f||Ka Then using (11), Proposmon 3.2 and the Dominate Convergence Theorem
we obtain the result. v

The following is an auxiliary lemma.

Proposition 3.5. Let ¢ € C* (R™), 1 <p,g<oo,a € R and p € S. Then, ¢¢ — ¢ in
Ky, ase— 0.

Proof. Let N € N such that supp¢ C B(0,2V), and let M > N + 2. For k > M and
r € A we have that

(pe % 8) ()] = / oz — y)pe(y)dy| = / oz — v)pe(y)dy

(z,2V)
1 ry
<lole [ o (Y)dy
B(z,2N)
Ly
<Wle [ Zo(Ha

2r-2gy| <2k

< 16l / p(2)dz

ok+2
€

— 116l / |2~ 1" p (=) d=

222 e 22E2

scrtelol. [ Ll

ﬁg‘,ﬂg?k#

<0275 |9l poe 1172 Ol -

Thus, for any s > 0 we get

1pe * @l e < C27% ||l e I1-1° 2 ()l 1 - (12)
On the other hand,
M-—1
Hpe * ¢ - (qu o = Z 2akq ||p€ * ¢ - (ZS”%P(A,C) + Z 2akq ||Pe * ¢ - ¢||%p(Ak) = Sl +S2-
k=—1 k>M

Is clear that S; — 0 as e — 0, because p. x  — ¢ in LP(Ay). For Ss, using the
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Holder inequality, (12) and taking s > 0 large enough, we have

Sy < 3 2RI p s g — BTy, SC Y 20 FRRITR e g8 1% ()|

kS0 k>M
<C Y 2R ge |17 p ()]s
k>M

< Ce gl Lo 1117 p (L -

Then, Sy — 0 as ¢ — 0. The estimates for S; and S, give the result. v

Now we prove the continuity of the mollification of a functions in Herz spaces when the
mollifier is in S.

Theorem 3.6. Let f € K with1 <p,g<oo,a € Rand p € S. Then, f* — [ in
Ky, ase— 0.

Proof. Let 6 > 0 and ¢ € Cg° (R") such that ||7c.f — f||xe < . For 0 < e < 1, we
p,q
have

loes £ = flle, <lpes = pex bllies +lloes 6= Bllicy + 16~ iy
< loe (F = B)llig, + l1ped = Bllcy + 16— Fllcs
<O~ blg, +1pet—bllicg, + 116~ Flis.
< U+ 0+ e — bl

Taking € — 0 and using Lemma 3.5, we obtain

limsup [|pe * f — fllxa < (1+C)0.
z—0 P4

Since § > 0 was arbitrary, we prove the proposition. v

The following two results are related to the global behavior of convolutions of functions
in Herz spaces with smooth functions.

Theorem 3.7. Let 1 <p,q<o0,a >0, f € K, and € CF. Then f*¢ € C<(R")
and ||DP (f * g[J)HLm <CPB) I fllga  for all B multi-index.

Proof. Note that f x ¢ € C* (R") follows from the fact that f € L}, and the classic
theory of convolution. On the other hand, by definition we have
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wamuns/uwnwu—wa— /u [ — y)| dy
]Rn

k>— 1A

< D I lloqag 17l L ay)

k>—1
<C Z 2k I o cap) 172l Lo ay)
k>—1
1/d
<Ol | 3 Imbl?

E>—1

Let N € N such that suppy C B (O, 2N), and note that

Z ||T11/}||Lp (Ak) Z ||/¢)|| Ak {w} ﬂsuppw)

k>—1 k>—1
Thus, if |z| < 2V, then (A — {x})Nsuppy = () for k > N +3; therefore, for || < 2NV F!
we have

N+2 N+2

q/
Z HwHLP'((Ak—{w})ﬂSUPPw) Z HwHLP (A —{z})nsuppy) — Z ”wHLF (B(0,2M))

k>—1
N-1
(N+3) ||1/)||Lp B(O 2N)) — C N+3 Z ||1/}||LP (A

j=—1

<C-(N+3) |, -

On the other hand, if |z| > 2V*1 it follows that,
[(An = {z}) U (An1 = {z}) U (Ans2 — {=})] N B(0,2V) # 0,

and
(A —{z})N B(0,2") =0 if k # N,N +1,N +2.

Then,

Z ||7/)|| (Ax—{z})nsuppy) — Z ||1/)|| ((Ax—{=})NB(0,27))

k>—1
N+2

- Z ”wHLT’ ((Ax—{=})NB(0,2V))

N+2

S Z ||¢||%p’(3(072N))

- 3 ||1/)||Lp B(O 2N S 3C ||1/)||§(2/ o .
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Thus, for any x € R" we obtain
(7 #9) @) < CO,p,0) [, WLy, -
Similarly, for any x € R™ we have
107 (f +9) (2)| = |(f *9°¥) (x)| < C(N,p,q) Ha%ng,,q/ ks - o
Theorem 3.8. Let 1 < p,q < oo, a >0, f € Ky andp € C°(R"). Then f*v¢ €
C&° (R™).
Proof. Let € > 0 and ¢ € C° (R™) such that ||f — ¢||Kg,q < €. Then,
(f #9) (x) = ((f = @) x¢) (2) + (¢ % ¥) (2).

Since ¢, € C° (R™), we have that ¢ € C° (R™); thus, |z| > C = C(e), and we have
that (¢ * ) (x) = 0. Therefore, for  large enough, it follows that

[(f +) (@) < [((f = @) * ) (2)]

Now, proceeding as in the proof of the Theorem 3.7, we get
() @] < [((F —6)* ) @] < OV, p.q. ) | ~ by, < ON.p.g. e,

Since € > 0 is arbitrary, we get the result. v
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