
∮
Revista Integración, temas de matemáticas

Esuela de Matemátias

Universidad Industrial de Santander

Vol. 35, No. 2, 2017, pág. 215�223

DOI:http://dx.doi.org/10.18273/revint.v35n2-2017005

Approximation properties on Herz spaes

Jhean E. Pérez-López

∗

Universidad Industrial de Santander, Esuela de Matemátias, Buaramanga,

Colombia.

Abstrat. In this paper we onsider the Herz spaesKα
p,q, whih are a natural

generalization of the Lebesgue spaes Lp. We prove some approximation

properties suh as density of the spae C∞
c (Rn), ontinuity of the translation,

ontinuity of the molli�ation, global behavior of the onvolution with smooth

funtions, among others.
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Propiedades de aproximaión en espaios de Herz

Resumen. En este artíulo onsideramos los espaios de Herz Kα
p,q, los uales

son una generalizaión natural de los espaios de Lebesgue Lp. Demostra-

mos algunas propiedades de aproximaión tal es omo densidad del espaio

C∞
c (Rn), ontinuidad de la traslaión, ontinuidad de la moli�aión, om-

portamiento global de la onvoluión on funiones suaves, entre otras.

Palabras lave: Espaios de Herz, Moli�adores, Convoluión, Espaios fun-

ionales.

1. Introdution

The Herz spaeKα
p,q was introdued by Herz [7℄ as a suitable environment for the image of

the Fourier transform ating on a lass of Lipshitz spaes, in order to obtain a Bernstein

type theorem. A haraterization of the Kα
p,q-norm in terms of Lp-norms over annuli

was given in [8℄ (see De�nition 2.1). Reently, some versions of lassial spaes based on

Herz spaes Kα
p,q, suh as Hardy-Herz, Sobolev-Herz and Triebel-Lizorkin-Herz spaes,

have presented an inreasing interest in the literature of funtion spaes and turned out

to be a useful tool in harmoni analysis (see [1℄,[4℄,[5℄,[10℄ and referenes therein). We

also refer the reader to [9℄ for results of well-posedness of the Navier-Stokes equations

in weak-Herz spaes, and to [3℄ for results of well-posedness of the Euler equations on

Besov-Herz spaes.
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216 J.E. Pérez-López

In this paper we onsider the Herz spaes Kα
p,q, whih are a natural generalization of

the Lebesgue spaes Lp. We prove some approximation properties suh as density of

the spaes C∞
c (Rn), ontinuity of the translation, ontinuity of the molli�ation, global

behavior of the onvolution with smooth funtions, among others. This results general-

ize the orresponding ones in Lp. They seem neessary for the study of the transport

equations as done in [2℄ in the frame work of the Lp spaes.

This paper is organized as follows. In Setion 2 we reall the de�nition of the Herz

spaes Kα
p,q and some basi properties. Setion 3 is devoted to the new results about

approximation and global behavior of funtions in Herz spaes and his onvolution with

smooth funtions.

2. Herz spaes

This setion is devoted to reall the de�nition of Herz spaes and establish some of their

properties, whih will be useful in the remainder of the paper.

For k integer and k ≥ −1, let Ak be de�ned as

A−1 = B(0, 1/2) and Ak =
{

x ∈ R
n; 2k−1 ≤ |x| < 2k

}

for k ≥ 0, (1)

where B(x0, R) = {x ∈ R
n; |x− x0| < R}. Then we have the disjoint deomposition

R
n = ∪k≥−1Ak.

De�nition 2.1. Let 1 ≤ p, q ≤ ∞ and α ∈ R. The Herz spae Kα
p,q = Kα

p,q(R
n) is de�ned

by

Kα
p,q =

{

f ∈ LpLoc(R
n); ‖f‖Kα

p,q
<∞

}

, (2)

where

‖f‖Kα
p,q

:=















(

∑

k≥−1

2kαq ‖f‖qLp(Ak)

)1/q

if q <∞,

sup
k≥−1

2kα ‖f‖Lp(Ak)
if q = ∞.

(3)

In the ase p = 1, we onsiderKα
p,q as a spae of signed measures, with ‖f‖L1(Ak)

denoting

the total variation of f on Ak. The pair (Kα
p,q, ‖·‖Kα

p,q
) is a Banah spae for α ∈ R,

1 ≤ p < ∞ and 1 ≤ q ≤ ∞ (see e.g. [6℄). Also, note that K0
p,1 →֒ Lp = K0

p,p →֒ K0
p,∞.

So, all the results presented here are a generalization of the orresponding results in Lp.

There is a version of Hölder's inequality in Herz spaes (see [9℄). In fat, let 1 ≤
p, p1, p2, q, q1, q2 ≤ ∞ and α, α1, α2 ∈ R be suh that

1
p = 1

p1
+ 1

p2
, 1
q = 1

q1
+ 1

q2
, and

α = α1 + α2. Then,





∑

k≥−1

2kαq ‖fg‖qLp(Ak)





1/q

≤ C





∑

k≥−1

2kα1q ‖f‖qLp1(Ak)
2kα2q ‖g‖qLp2(Ak)





1/q

≤ C ‖f‖Kα1
p1,q1

‖g‖Kα2
p2,q2

. (4)

In partiular,
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Approximation properties on Herz spaes 217

‖fg‖Kα
p,q

≤ C ‖f‖L∞(Rn) ‖g‖Kα
p,q
. (5)

The following result provides a ontrol in Kα
p,q-spaes for the ation of a volume pre-

serving di�eomorphism. Reall that a di�eomorphism X is volume preserving if for all

measurable set Ω, we have µ(Ω) = µ(X(Ω)), where µ represent the Lebesgue measure.

Lemma 2.2 ([3℄). Let 1 ≤ p, q ≤ ∞ and α ≥ 0. Let X : Rn → R
n
be a volume-preserving

di�eomorphism suh that, for some �xed ω > 0,

∣

∣X±1(y)− y
∣

∣ ≤ ω, for all y ∈ R
n
, (6)

where |·| stands for the Eulidean norm in R
n
. Then, there exists C > 0 suh that

C−1 ‖f‖Kα
p,q

≤ ‖f ◦X‖Kα
p,q

≤ C ‖f‖Kα
p,q
, (7)

for all f ∈ Kα
p,q.

The next lemma is key in order to prove the new results in Setion 3. It provides an

estimate for onvolution operators in Herz spaes depending on ertain weighted norms

of the kernel θ.

Lemma 2.3 ([3℄). (Convolution). Let α ∈ R and 1 ≤ p, q ≤ ∞. Let θ ∈ L1
be suh that

Mθ <∞ for some β > 0, where

Mθ =







max

{

‖θ‖L1 ,
∥

∥

∥|·|
β
θ
∥

∥

∥

L1
,
∥

∥

∥|·|
2β+α

θ
∥

∥

∥

L1

}

if α ≥ 0,

max

{

‖θ‖L1 ,
∥

∥

∥|·|
β−α θ

∥

∥

∥

L1
,
∥

∥

∥|·|
2β θ

∥

∥

∥

L1

}

if α < 0.

Then, there is a onstant C > 0 (independent of θ) suh that

‖θ ∗ f‖Kα
p,q

≤ CMθ ‖f‖Kα
p,q
, for all f ∈ Kα

p,q. (8)

To �nish this setion we present a �rst result of density in Herz spaes.

Lemma 2.4 ([3℄). Let 1 ≤ p, q ≤ ∞ and α ∈ R . Then, Shwartz spae S is ontinuously

inluded in Kα
p,q. Moreover, the inlusion is dense provided that 1 ≤ p, q <∞.

3. New results

Now we present some new results about approximation of funtions in Herz spaes and

global behavior of their onvolution with smooth funtions. This results an be useful in

order to analyze the well-posedness of some PDEs in the framework of Herz spaes.

In what follows, let ρ ∈ S suh that

∫

Rn

ρ(x)dx = 1. For ǫ > 0 we de�ne ρǫ(x) :=
1
ǫn ρ

(

x
ǫ

)

,

additionally, for a mensurable funtion f ∈ R
n → R we also de�ne f ǫ (x) = (ρǫ ∗ f) (x).

We �rst show that not only S but also C∞
c (Rn) are dense in Herz spaes.

Theorem 3.1. Let 1 ≤ p, q <∞ and α ∈ R. Then, the spae C∞
c (Rn) is dense in Kα

p,q.
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218 J.E. Pérez-López

Proof. From Lemma 2.4 it follows that S is dense in Kα
p,q. Let f ∈ Kα

p,q, ǫ > 0 and φ ∈ S
suh that ‖f − φ‖Kα

p,q
< ǫ

2 . Now, let N ∈ N suh that

∑

k≥N+1

2αkq ‖φ‖qLp(Ak)
<
(ε

2

)q

,

and let θ ∈ C∞
c (Rn) be suh that 0 ≤ θ ≤ 1, θ = 1 in B

(

0, 2N
)

and θ = 0 in

[

B
(

0, 2N
)]c

. De�ning ψ = θφ, we have that ψ ∈ C∞
c (Rn), ψ = φ in B

(

0, 2N
)

and

θ = 0 in

[

B
(

0, 2N
)]c

. Moreover, it follows that

‖φ− ψ‖qKα
p,q

=
∑

k≥−1

2αkq ‖φ− θφ‖qLp(Ak)

=
N
∑

k=−1

2αkq ‖φ− φ‖qLp(Ak)
+ 2α(N+1)q ‖φ− θφ‖qLp(AN+1)

+
∑

k≥N+2

2αkq ‖φ‖qLp(Ak)

= 2α(N+1)q ‖(1− θ)φ‖qLp(AN+1)
+

∑

k≥N+2

2αkq ‖φ‖qLp(Ak)

≤ 2α(N+1)q ‖φ‖qLp(AN+1)
+

∑

k≥N+2

2αkq ‖φ‖qLp(Ak)
=

∑

k≥N+1

2αkq ‖φ‖qLp(Ak)

<
( ǫ

2

)q

.

Thus,

‖f − ψ‖Kα
p,q

≤ ‖f − θ‖Kα
p,q

+ ‖θ − ψ‖Kα
p,q

<
ǫ

2
+
ǫ

2
= ǫ.

Sine ǫ > 0 is arbitrary, we onlude the proof. �XXX

Now we prove the ontinuity of the translation mapping in Herz spaes.

Theorem 3.2. Let 1 ≤ p, q < ∞ and α ∈ R. Then, τzf −→ f in Kα
p,q as z −→ 0 for all

f ∈ Kα
p,q. Here τzf denotes the mapping suh that τzf(x) = f(x− z).

Proof. Note that, for |z| < 1, we have that the volume preserving di�eomorphism

Xz(x) = x − z trivially veri�es ‖Xz − Id‖∞ ≤ 1. Now, let f ∈ Kα
p,q, ǫ > 0 and

g ∈ C∞
c (Rn) suh that ‖f − g‖Kα

p,q
< ǫ. Using Lemma 2.2, it follows that

‖f − τzf‖Kα
p,q

≤ ‖f − g‖Kα
p,q

+ ‖g − τzg‖Kα
p,q

+ ‖τzg − τzf‖Kα
p,q

= ‖f − g‖Kα
p,q

+ ‖g − τzg‖Kα
p,q

+ ‖(g − f) ◦Xz‖Kα
p,q

≤ ‖f − g‖Kα
p,q

+ ‖g − τzg‖Kα
p,q

+ C ‖g − f‖Kα
p,q

≤ ǫ+ ‖g − τzg‖Kα
p,q

+ Cǫ. (9)

Now we prove that ‖g − τzg‖Kα
p,q

−→ 0 when z −→ 0. In fat, if |z| < 1, then suppg

and suppτzg are ontained in a ommon ompat set K. Choosing M ∈ N suh that

K ⊂ B
(

0, 2M
)

, and using that τzg −→ g in Lp (Rn) , we have that

‖g − τzg‖
q
Kα

p,q
=

M
∑

k=−1

2αkq ‖g − τzg‖
q
Lp(Ak)

−→ 0 as z −→ 0. (10)
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Thus, taking lim sup as z −→ 0 in (9) and using (10) we obtain

0 ≤ lim sup
x→∞

‖f − τzf‖Kα
p,q

< (1 + C)ǫ;

sine ǫ > 0 is arbitrary, we obtain the result. �XXX

Lemma 3.3. Let 1 ≤ p, q <∞, α ∈ R, f ∈ Kα
p,q and ρ ∈ S. Then,

‖ρǫ ∗ f‖Kα
p,q

≤ C(ǫ, ρ) ‖f‖Kα
p,q
,

where 0 < C(ǫ, ρ) ≤ C̃(ρ) if 0 < ǫ < 1.

Proof. Using Lemma 2.3 we have that

‖ρǫ ∗ f‖Kα
p,q

≤ CMρǫ ‖f‖Kα
p,q
,

where

Mρǫ =







max

{

‖ρǫ‖L1 ,
∥

∥

∥
|·|β ρǫ

∥

∥

∥

L1
,
∥

∥

∥
|·|2β+α ρǫ

∥

∥

∥

L1

}

if α ≥ 0,

max

{

‖ρǫ‖L1 ,
∥

∥

∥|·|
β−α

ρǫ

∥

∥

∥

L1
,
∥

∥

∥|·|
2β
ρǫ

∥

∥

∥

L1

}

if α < 0.

Moreover, if 0 < ǫ < 1 is easy to see that Mρǫ ≤Mρ. �XXX

Now we show the ontinuity of the molli�ation of a funtion in Herz spaes when the

molli�er is in C∞
c (Rn).

Theorem 3.4. Let f ∈ Kα
p,q with 1 ≤ p, q <∞, α ∈ R and ρ ∈ C∞

c (Rn). Then, f ǫ −→ f
in Kα

p,q as ǫ −→ 0.

Proof. By de�nition we have that

f ǫ(x) − f(x) =

∫

Rn

f(x− y)ρǫ(y)dy − f(x) =

∫

Rn

f(x− y)ρǫ(y)dy − f(x)

∫

Rn

ρǫ(y)dy

=

∫

Rn

[f(x− y)− f(x)] ρǫ(y)dy =

∫

Rn

[f(x− ǫz)− f(x)] ρ(z)dz,

where we use the hange y = ǫz. Now, using Minkowski's inequality we get

‖f ǫ − f‖Lp(Ak)
≤

∫

Rn

ρ(z) ‖τǫzf − f‖Lp(Ak)
dz.

Thus, using again Minkowski's inequality (for sequenes) we obtain

‖f ǫ − f‖Kα
p,q

≤

∫

Rn

ρ(z) ‖τǫzf − f‖Kα
p,q
dz

≤

∫

K

ρ(z) ‖τǫzf − f‖Kα
p,q
dz, (11)
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220 J.E. Pérez-López

where suppρ = K. Sine K is ompat, we have that |z| < C2 for all z ∈ K; moreover,

for 0 < ǫ ≪ 1 we also have that |ǫz| < 1 for all z ∈ K. Thus, using Lemma 2.2 we have

that ‖τǫzf‖Kα
p,q

= ‖f ◦Xǫz‖Kα
p,q

≤ C ‖f‖Kα
p,q

and it follows that ‖τǫzf − f‖Kα
p,q

≤ (1 +

C) ‖f‖Kα
p,q

. Then, using (11), Proposition 3.2 and the Dominate Convergene Theorem

we obtain the result. �XXX

The following is an auxiliary lemma.

Proposition 3.5. Let φ ∈ C∞
c (Rn), 1 ≤ p, q ≤ ∞, α ∈ R and ρ ∈ S. Then, φǫ −→ φ in

Kα
p,q as ǫ −→ 0.

Proof. Let N ∈ N suh that suppφ ⊂ B(0, 2N), and let M > N + 2. For k ≥ M and

x ∈ Ak we have that

|(ρǫ ∗ φ) (x)| =

∣

∣

∣

∣

∣

∣

∫

Rn

φ(x − y)ρǫ(y)dy

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∫

B(x,2N )

φ(x − y)ρǫ(y)dy

∣

∣

∣

∣

∣

∣

∣

≤ ‖φ‖L∞

∫

B(x,2N )

1

ǫn
ρ
(y

ǫ

)

dy

≤ ‖φ‖L∞

∫

2k−2≤|y|≤2k+2

1

ǫn
ρ
(y

ǫ

)

dy

≤ ‖φ‖L∞

∫

2k−2

ǫ
≤|z|≤ 2k+2

ǫ

ρ (z)dz

= ‖φ‖L∞

∫

2k−2

ǫ
≤|z|≤ 2k+2

ǫ

|z|−s |z|s ρ (z)dz

≤ C2−ksǫs ‖φ‖L∞

∫

2k−2

ǫ
≤|z|≤ 2k+2

ǫ

|z|s ρ (z) dz

≤ C2−ksǫs ‖φ‖L∞ ‖|·|s ρ (·)‖L1 .

Thus, for any s > 0 we get

‖|ρǫ ∗ φ|‖L∞ ≤ C2−ksǫs ‖φ‖L∞ ‖|·|s ρ (·)‖L1 . (12)

On the other hand,

‖ρǫ ∗ φ− φ‖qKα
p,q

=

M−1
∑

k=−1

2αkq ‖ρǫ ∗ φ− φ‖qLp(Ak)
+
∑

k≥M

2αkq ‖ρǫ ∗ φ− φ‖qLp(Ak)
= S1+S2.

Is lear that S1 −→ 0 as ǫ −→ 0, beause ρǫ ∗ φ −→ φ in Lp(Ak). For S2, using the
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Hölder inequality, (12) and taking s > 0 large enough, we have

S2 ≤
∑

k≥M

2αkq2k
n
p
q ‖ρǫ ∗ φ− φ‖qL∞(Ak)

≤ C
∑

k≥M

2(α+
n
p
)kq2−ksqǫsq ‖φ‖qL∞ ‖|·|s ρ (·)‖

q
L1

≤ C
∑

k≥M

2(α+
n
p
−s)kqǫsq ‖φ‖qL∞ ‖|·|s ρ (·)‖

q
L1

≤ Cǫsq ‖φ‖qL∞ ‖|·|s ρ (·)‖
q
L1 .

Then, S2 −→ 0 as ǫ −→ 0. The estimates for S1 and S2 give the result. �XXX

Now we prove the ontinuity of the molli�ation of a funtions in Herz spaes when the

molli�er is in S.

Theorem 3.6. Let f ∈ Kα
p,q with 1 ≤ p, q < ∞, α ∈ R and ρ ∈ S. Then, f ǫ −→ f in

Kα
p,q as ǫ −→ 0.

Proof. Let δ > 0 and φ ∈ C∞
c (Rn) suh that ‖τǫzf − f‖Kα

p,q
< δ. For 0 < ǫ ≪ 1, we

have

‖ρǫ ∗ f − f‖Kα
p,q

≤ ‖ρǫ ∗ f − ρǫ ∗ φ‖Kα
p,q

+ ‖ρǫ ∗ φ− φ‖Kα
p,q

+ ‖φ− f‖Kα
p,q

≤ ‖ρǫ (f − φ)‖Kα
p,q

+ ‖ρǫφ− φ‖Kα
p,q

+ ‖φ− f‖Kα
p,q

≤ C ‖f − φ‖Kα
p,q

+ ‖ρǫφ− φ‖Kα
p,q

+ ‖φ− f‖Kα
p,q

≤ (1 + C)δ + ‖ρǫφ− φ‖Kα
p,q
.

Taking ǫ −→ 0 and using Lemma 3.5, we obtain

lim sup
x→0

‖ρǫ ∗ f − f‖Kα
p,q

≤ (1 + C)δ.

Sine δ > 0 was arbitrary, we prove the proposition. �XXX

The following two results are related to the global behavior of onvolutions of funtions

in Herz spaes with smooth funtions.

Theorem 3.7. Let 1 ≤ p, q ≤ ∞, α ≥ 0, f ∈ Kα
p,q and ψ ∈ C∞

c . Then f ∗ ψ ∈ C∞ (Rn)

and

∥

∥Dβ (f ∗ ψ)
∥

∥

L∞
≤ C(β) ‖f‖Kα

p,q
for all β multi-index.

Proof. Note that f ∗ ψ ∈ C∞ (Rn) follows from the fat that f ∈ L1
loc and the lassi

theory of onvolution. On the other hand, by de�nition we have
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222 J.E. Pérez-López

|(f ∗ ψ) (x)| ≤

∫

Rn

|f(y)| |ψ(x− y)| dy =
∑

k≥−1

∫

Ak

|f(y)| |ψ(x− y)| dy

≤
∑

k≥−1

‖f‖Lp(Ak)
‖τxψ‖Lp′(Ak)

≤ C
∑

k≥−1

2kα ‖f‖Lp(Ak)
‖τxψ‖Lp′(Ak)

≤ C ‖f‖Kα
p,q





∑

k≥−1

‖τxψ‖
q′

Lp′(Ak)





1/q′

.

Let N ∈ N suh that suppψ ⊂ B
(

0, 2N
)

, and note that

∑

k≥−1

‖τxψ‖
q′

Lp′(Ak)
=
∑

k≥−1

‖ψ‖q
′

Lp′((Ak−{x})∩suppψ)
.

Thus, if |x| ≤ 2N+1, then (Ak−{x})∩suppψ = ∅ for k ≥ N+3; therefore, for |x| ≤ 2N+1

we have

∑

k≥−1

‖ψ‖q
′

Lp′((Ak−{x})∩suppψ)
=

N+2
∑

k=−1

‖ψ‖q
′

Lp′((Ak−{x})∩suppψ)
≤

N+2
∑

k=−1

‖ψ‖q
′

Lp′(B(0,2N ))

= (N + 3) ‖ψ‖q
′

Lp′(B(0,2N ))
≤ C · (N + 3)

N−1
∑

j=−1

‖ψ‖q
′

Lp′(Aj)

≤ C · (N + 3) ‖ψ‖q
′

K0

p′,q′
.

On the other hand, if |x| > 2N+1
, it follows that,

[(AN − {x}) ∪ (AN+1 − {x}) ∪ (AN+2 − {x})] ∩B(0, 2N) 6= ∅,

and

(Ak − {x}) ∩B(0, 2N) = ∅ if k 6= N,N + 1, N + 2.

Then,

∑

k≥−1

‖ψ‖q
′

Lp′((Ak−{x})∩suppψ)
≤
∑

k≥−1

‖ψ‖q
′

Lp′((Ak−{x})∩B(0,2N ))

=

N+2
∑

k=N

‖ψ‖q
′

Lp′((Ak−{x})∩B(0,2N ))

≤
N+2
∑

k=N

‖ψ‖q
′

Lp′(B(0,2N ))

= 3 ‖ψ‖q
′

Lp′(B(0,2N ))
≤ 3C ‖ψ‖q

′

K0

p′,q′
.
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Thus, for any x ∈ R
n
we obtain

|(f ∗ ψ) (x)| ≤ C(N, p, q) ‖ψ‖K0

p′,q′
‖f‖Kα

p,q
.

Similarly, for any x ∈ R
n
we have

∣

∣∂β (f ∗ ψ) (x)
∣

∣ =
∣

∣

(

f ∗ ∂βψ
)

(x)
∣

∣ ≤ C(N, p, q)
∥

∥∂βψ
∥

∥

K0

p′,q′

‖f‖Kα
p,q
. �XXX

Theorem 3.8. Let 1 ≤ p, q < ∞, α ≥ 0, f ∈ Kα
p,q and ψ ∈ C∞

c (Rn). Then f ∗ ψ ∈
C∞

0 (Rn) .

Proof. Let ǫ > 0 and φ ∈ C∞
c (Rn) suh that ‖f − φ‖Kα

p,q
< ǫ. Then,

(f ∗ ψ) (x) = ((f − φ) ∗ ψ) (x) + (φ ∗ ψ) (x).

Sine φ, ψ ∈ C∞
c (Rn), we have that φ∗ψ ∈ C∞

c (Rn); thus, |x| > C = C(ǫ), and we have

that (φ ∗ ψ) (x) = 0. Therefore, for x large enough, it follows that

|(f ∗ ψ) (x)| ≤ |((f − φ) ∗ ψ) (x)| .

Now, proeeding as in the proof of the Theorem 3.7, we get

|(f ∗ ψ) (x)| ≤ |((f − φ) ∗ ψ) (x)| ≤ C(N, p, q, ψ) ‖f − φ‖Kα
p,q

≤ C(N, p, q, ψ)ǫ.

Sine ǫ > 0 is arbitrary, we get the result. �XXX
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