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Abstrat. In this paper we study some asymptoti properties of the se-

quene of moni polynomials orthogonal with respet to the measure dµ =
x2+a
x2+b e
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dx, where a, b > 0 and a 6= b. In this way we study the outer rel-
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Resumen. En este artíulo estudiamos algunas propiedades asintótias de

la suesión de polinomios mónios ortogonales on respeto a la medida

dµ = x2+a
x2+b e

−x2

dx, donde a, b > 0 y a 6= b. En este sentido, estudiamos la

asintótia relativa exterior on respeto a los polinomios lásios de Hermite,

además son analizadas fórmulas tipo Mehler-Heine.
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1. Introdution

Let U and V be quasi-de�nite linear funtionals and let {Pn}n∈N
and {Rn}n∈N

be their

sequenes of moni orthogonal polynomials (SMOP), respetively. (U, V ) is a oherent
pair if there exists a sequene (an) , an 6= 0, suh that

Pn(x) =
R′

n+1(x)

n+ 1
+ an

R′
n(x)

n
.

This onept is introdued in [7℄ where it is studied its onnetion with polynomials

orthogonal with respet to Sobolev inner produts like

〈p, q〉S =

∫

I

p(x)q(x)dµ1 + λ

∫

I

p(x)q(x)dµ0 , λ > 0, (1)

where µ0 and µ1 are positive Borel measures supported on an in�nite subset I ⊆ R,
with U and V as the assoiated funtionals, respetively. In this way, among others, it

is studied an algebrai onnetion between the Sobolev polynomials and the sequene

{Rn}n∈N
, in suh a way that the oe�ients of onnetion are independent of the

degree; an algorithm is presented for to ompute Fourier oe�ients using as basis the

Sobolev polynomials. Likewise, if U and V are symmetri, (U, V ) is a symmetri

oherent pair if there exists a sequene (an) , an 6= 0, suh that

Pn(x) =
R′

n+1(x)

n+ 1
+ an

R′
n−1(x)

n− 1
.

In [8℄ all oherent pairs and symmetri oherent pairs are determined and it is shown that

at least one of the funtionals has to be lassial (Hermite or Gegenbauer in the symmetri

ase); moreover, if ξ > 0, the symmetri oherent pair dµ0 = e−x2

dx, dµ1 = 1
x2+ξ e

−x2

dx

is obtained. In onnetion with this partiular ase, in [2℄ the outer relative asymptotis

of Sobolev polynomials orthogonal with respet to (1) is found; besides, in [9℄ Mehler-

Heine type formulas are established with respet to rational modi�ation of the Hermite

polynomials. Under the same assumptions, (U, V ) is a symmetri (1, 1)−oherent pair
if there exist sequenes (an)n∈N

and (bn)n∈N
, bn 6= 0, suh that the respetive SPOM

satis�es

Pn(x) + anPn−2(x) =
R′

n+1(x)

n+ 1
+ bn

R′
n−1(x)

n− 1
.

About this subjet, in [4℄ is presented the algebrai relation between the Sobolev polyno-

mials and the polynomials {Rn}n∈N
,; besides, the partiular ase where V is lassial is

studied, and the respetive symmetri (1, 1)−oherent ompanion is found. In partiular,

we fous on the symmetri (1, 1)−oherent pair

dµ0 = e−x2

dx, dµ1 =
x2 + a

x2 + b
e−x2

dx, a, b > 0, a 6= b, (2)

and we will study the asymptoti behavior of the orthogonal polynomials assoiated with

dµ1. Thus, the struture of this manusript is as follows: In the setion 2 we present some

basi fats about of asymptoti behavior of Hermite orthogonal polynomials. In setion

3 we present an algebrai onnetion between the Hermite polynomials and the SMOP

assoiated with dµ1, as well as the asymptoti behavior of the respetive onnetion

oe�ients. Finally, in setion 4 some asymptotis properties are studied.
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2. Preliminaries

From now on, and as it is usual, {Hn}n∈N
will represent the sequene of moni Hermite

polynomials, orthogonal with respet to the weight e−x2

on (−∞,∞). The lassial

Hermite linear funtional will be denoted by H and 〈H, p(x)〉 will be the appliation

of H on any polynomial p. The norm of the moni Hermite polynomials is de�ned as

〈

H, H2
n(x)

〉

= ‖Hn‖2 =
√
π
n!

2n
.

On the other hand the sequene {Hn}n∈N
is de�ned via the three terms reurrene

relation

Hn+1(x) = xHn(x) −
n

2
Hn−1(x), n ≥ 0, (3)

with the initial onditions H0(x) = 1 and H −1(x) = 0. With respet to the asymptoti

behavior of Hermite polynomials we present the next results.

Theorem 2.1 (See [10]).

lim
n→∞

nHn(x)

2Hn+2(x)
= −1, (4)

uniformly on ompat sets of C\R.
Theorem 2.2 (Mehler-Heine). (See [1]). For j ∈ Z �xed,

lim
n→∞

(−1)n
√
n

n!
H2n

(

x

2
√
n+ j

)

=
(x

2

)1/2

J−1/2(x), (5)

and

lim
n→∞

(−1)n

n!
H2n+1

(

x

2
√
n+ j

)

=
(x

2

)1/2

J1/2(x), (6)

uniformly on ompat sets of the omplex plane, where Jα represents Bessel's funtion

of the �rst kind de�ned by

Jα(x) =

∞
∑

j=0

(−1)j

j!Γ (j + α+ 1)

(x

2

)2j+α

.

Theorem 2.3 (Mehler-Heine). (See [10]).

lim
n→∞

(−1)n
√
n+ j

n!
H2n

(

x

2
√
n+ j

)

=
1√
π
cos(x), (7)

and

lim
n→∞

(−1)n

n!
H2n+1

(

x

2
√
n+ j

)

=
1√
π
sin(x), (8)

uniformly on ompat subsets of C and uniformly on j ∈ N ∪ {0} .
Theorem 2.4 (See [11]). For j ∈ Z �xed,

lim
n→∞

√
n
Hn−1

(√
n+ jz

)

Hn

(√
n+ jz

) =

√
2

ϕ
(

z/
√
2
) , j ∈ Z,

holds uniformly on ompat subsets of C\
[

−
√
2,
√
2
]

. Here, ϕ (z) = z +
√
z2 − 1 is the

onformal mapping of C\ [−1, 1] onto the exterior of the losed unit disk.
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If i = 0 and if p and q are non-negative integers suh that n > p− 1, then

Hn−p

(√
n+ jz

)

Hn+q

(√
n+ jz

) =

p+q−1
∏

k=0

Hn−p+k

(√
n+ jkz

)

Hn−p+k+1

(√
n+ jkz

) , jk ∈ Z,

and as a onsequene,

lim
n→∞

(
√
n)

p+q
Hn−p

(√
n+ jz

)

Hn+q

(√
n+ jz

) =

p+q−1
∏

k=0

lim
n→∞

√
n

Hn−p+k

(√
n+ jkz

)

Hn−p+k+1

(√
n+ jkz

) .

The above proves the next

Corollary 2.5. For j ∈ Z �xed, and non-negative integers p and q suh that n > p− 1,

lim
n→∞

(
√
n)

p+q
Hn−p

(√
n+ jz

)

Hn+q

(√
n+ jz

) =

( √
2

ϕ
(

z/
√
2
)

)p+q

(9)

holds uniformly on ompat subsets of C\
[

−
√
2,
√
2
]

.

The zeros of Hn are real, simples and symmetri; that is, for every n, Hn(t) = 0 is

equivalent to Hn(−t) = 0. Let {xn,k}[n/2]n=1 be the positive zeros of Hn in inreasing order.

It is well known that the zeros of Hn and Hn−1 are interlaed and for k �xed, xn,k → 0
when n → ∞. Besides, given that Jα has a ountably in�nite set of real and positive

zeros if α > −1, as a onsequene of Mehler-Heine formulas and the Hurwitz's theorem,

if n → ∞ and k ≥ 1 then

2
√
nx2n,k → j−1/2,k, 2

√
nx2n+1,k → j1/2,k, (10)

and xn,k ∼ ck√
n
, where ck > 0 and {jα,k}n∈N

are the zeros of Jα when α > −1.

On the other hand, let

{

H
(a,b)
n

}

n∈N

be the sequene of moni polynomials orthogonal

with respet to the positive de�nite linear funtional Ha
b , de�ned as

〈Ha
b , p(x)〉 =

∫

R

p(x)
x2 + a

x2 + b
e−x2

dx, (11)

where a, b > 0, and a 6= b. As it is usual, let ‖.‖(a,b) be the indued norm. If c > 0, then

{Hc
n} will be the sequene of moni polynomials orthogonal with respet to the positive

de�nite funtional Hc de�ned by 〈Hc, p(x)〉 =
∫

R
p(x) e

−x2

x2+cdx, and ‖.‖c the respetive

indued norm. On the algebrai onnetion between the sequene {Hc
n} and the lassial

Hermite polynomials we get the next result.

Lemma 2.6 (See [2]). There exists a sequene of real numbers (σn) suh that

Hc
n(x) = Hn(x) + σnHn−2(x), (12)

with

σn =
‖Hc

n‖2c
‖Hn−2‖2

, (13)
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and

lim
n→∞

σn

n
=

1

2
; (14)

moreover,

lim
n→∞

√

[n

2

]

(

2σn

n
− 1

)

= −
√
b. (15)

With respet to asymptoti behavior and Mehler-Heine type formulas for the sequene

{Hc
n}n∈N

, we get the next

Theorem 2.7 (See [9]).

lim
n→∞

(−1)n

(n− 1)!
Hc

2n

(

x

2
√
n

)

=

√

c

π
cos(x), (16)

and

lim
n→∞

√
n(−1)n

n!
Hc

2n+1

(

x

2
√
n

)

=

√

c

π
sin(x), (17)

both uniformly on ompat subsets of C.

Let Lα
be the lassial Laguerre funtional, α > −1, and let {Lα

n(x)} be the respetive

SMOP. We present the next result about asymptotis behavior of ratios of Laguerre

polynomials that will be neessary in our work. The proof an be see in [5℄.

Lemma 2.8. For x ∈ C\R+
,

− Lα
n(x)

nLα
n−1(x)

= 1 +

√−x√
n

+

(

α

2
− 1

4
− x

2

)

1

n
+O

(

n−3/2
)

. (18)

In this paper also will be important to deal with rational perturbations of the Lα
and

the asymptoti behavior of the assoiated SPOM. About this topi, in [6℄ is made an

exhaustive study of asymptoti behavior of orthogonal polynomials assoiated to this kind

of perturbations. Indeed, given c1, c2 < 0, let
{

L
(α,c1,c2)
n (x)

}

be the SMOP assoiated

to positive de�nite linear funtional Lα
c1,c2 de�ned on the spae of polynomials as

〈

Lα
c1,c2 , p

〉

=

∫ ∞

0

p(x)
x− c1
x− c2

xαe−xdx,

and about the asymptoti behavior of the sequene

{

L
(α,c1,c2)
n (x)

}

,we get the next

Theorem 2.9 (See [6]).

a). Uniformly on ompat subsets of C\[0,∞),

lim
n→∞

L
(α,c1,c2)
n (x)

Lα
n(x)

=

√−x+
√−c1√

−x+
√−c2

. (19)

b). Uniformly on ompat subsets of C,

lim
n→∞

L
(α,c1,c2)
n (x/(n+ j))

nα
=

√−c1√−c2
x−α/2Jα

(

2
√
x
)

, (20)
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where j ∈ N ∪ {0} .
). (Planherel-Rotah type exterior asymptotis).

lim
n→∞

L
(α,c1,c2)
n ((n+ j)x)

Lα
n((n+ j)x)

= 1, (21)

uniformly on ompat subsets of C\[0, 4], and uniformly on j ∈ N ∪ {0} .

3. Some basi results

Given that H is a symmetri linear funtional, it is well known that there is a relation

between the lassial Laguerre and Hermite polynomials, namely

H2n(x) = L−1/2
n (x2) and H2n+1(x) = xL1/2

n (x2). (22)

In this way, the next result is an extension of the above relations.

Lemma 3.1. For every n ∈ N,

H
(a,b)
2n (x) = L(−1/2,−a,−b)

n (x2) and H
(a,b)
2n+1(x) = xL(1/2,−a,−b)

n (x2). (23)

Proof. Given that Ha
b is symmetri, there exists an unique quasi-de�nite linear funtional

v, with {Pn} as the assoiated SPOM and suh that H
(a,b)
2n (x) = Pn(x

2) andH
(a,b)
2n+1(x) =

xPn(x
2) (see [3℄), moreover,

〈

Ha
b , p(x

2)
〉

= 〈v, p(x)〉 .We will see that v = L−1/2
−a,−b. Indeed,

with the hange of variable u = x2
we get

〈

Ha
b , p(x

2)
〉

=

∫

R

p
(

x2
) x2 + a

x2 + b
e−x2

dx

=− 1

2

∫ 0

−∞
p (u)

u+ a

u + b
u−1/2e−udu+

1

2

∫ ∞

0

p (u)
u+ a

u+ b
u−1/2e−udu

=

∫ ∞

0

p (u)
u+ a

u+ b
u−1/2e−udu

=
〈

L−1/2
−a,−b, p(x)

〉

. �XXX

On the other hand, from (22) we have

H2n(x)
H2n+2(x)

=
L−1/2

n (x2)

L
−1/2
n+1 (x2)

, and given that (see (18))

− Lα
n(x)

nLα
n−1(x)

∼ 1 +
√
−x√
n
, we get

−2nH2n(x)

H2n+2(x)
= −2

nL
−1/2
n (x2)

L
−1/2
n+1 (x2)

∼ −2

√
n√

−x2 +
√
n
;

in the same way, in the odd ase we get

− (2n+ 1)H2n+1(x)

H2n+3(x)
= − (2n+ 1)L

1/2
n (x2)

L
1/2
n+1(x

2)
∼ −2

√
n√

−x2 +
√
n
.

Then we have dedued the next
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Lemma 3.2. For x ∈ C\R we get

nHn(x)

Hn+2(x)
∼ −2

√
n√

−x2 +
√
n
. (24)

By using of

{

Hb
n

}

n∈N
as a basis we get

(x2 + a)H(a,b)
n = Hb

n+2 +

n
∑

j=0

cn,jH
b
j ,

where

cn,j =

〈

Hb, (x
2 + a)H

(a,b)
n (x)Hb

j (x)
〉

∥

∥Hb
j

∥

∥

2

b

=

〈

Ha
b , H

(a,b)
n (x)Hb

j (x)
〉

∥

∥Hb
j

∥

∥

2

b

;

then, cn,j = 0, for j = 0, ..., n− 1, and cn := cn,n =

∥

∥

∥
H

(a,b)
n

∥

∥

∥

2

(a,b)

‖Hb
n‖

2
b

. So we get

(x2 + a)H(a,b)
n (x) = Hb

n+2(x) + cnH
b
n(x). (25)

As a onsequene of (12), we have

(x2 + a)H(a,b)
n (x) = Hn+2(x) + (σn+2 + cn)Hn (x) + σncnHn−2 (x) . (26)

In order to obtain the behavior limit of the sequene (cn), we hoose x = i
√
a in (25),

and then for every n

cn = −Hb
n+2(i

√
a)

Hb
n(i

√
a)

.

By using (12) we get

cn = −Hb
n+2(i

√
a)

Hb
n(i

√
a)

= −Hn+2(i
√
a) + σn+2Hn(i

√
a)

Hn(i
√
a) + σnHn−2(i

√
a)

.

In the even ase,

c2n = −L
−1/2
n+1 (−a) + σ2n+2L

−1/2
n (−a)

L
−1/2
n (−a) + σ2nL

−1/2
n−1 (−a)

=
L
−1/2
n (−a)

nL
−1/2
n−1 (−a)

L
−1/2
n+1 (−a)

2(n+ 1)L
−1/2
n (−a)

+
σ2n+2

2 (n+ 1)

L
−1/2
n (−a)

nL
−1/2
n−1 (−a)

+ 2
σ2n

2n

n+ 1

n
.
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From (12) we obtain

c2n
2n

= − L
−1/2
n (−a)

nL
−1/2
n−1 (−a)

L
−1/2
n+1 (−a)

2(n+ 1)L
−1/2
n (−a)

+
σ2n+2

2 (n+ 1)
− 1

2 + 1
2

L
−1/2
n (−a)

nL
−1/2
n−1 (−a)

+ 2
(σ2n

2n
− 1

2

)

+ 1

n+ 1

n
,

and by using of (18) we get

c2n
2n

∼
(

1 +

√
a√
n

)

−1−
√

a
√

n+1

2 −
√
b

2
√
n+1

+ 1
2

−1−
√
a√
n
−

√
b√
n
+ 1

=

(

1 +

√
a√
n

)

1

2

√
n√

n+ 1
.

Given that H2n+1(x) = xL
1/2
n (x2), and following the same arguments in the odd ase for

the subsequene

(

c2n+1

2n+ 1

)

, we get the next

Lemma 3.3.

lim
n→∞

cn
n

=
1

2
. (27)

4. Asymptoti Properties

We want to obtain formulas of the kind (4) assoiated to the ratios

Hb
n(x)

Hb
n+2(x)

and

H(a,b)
n (x)

H
(a,b)
n+2 (x)

.

First, we will dedue the next

Lemma 4.1.

lim
n→∞

nHb
n(x)

2Hb
n+2(x)

= −1, (28)

uniformly on ompat sets of C\R.

Proof. From (12), we get that

Hb
n(x)

Hb
n+2(x)

=
Hn(x) + σnHn−2(x)

Hn+2(x) + σn+2Hn(x)

=
2

n

1 +
2σn

n− 2

(n− 2)Hn−2(x)

2Hn(x)

2Hn+2(x)

nHn(x)
+

2σn+2

n

,
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and by using of (24) we get

Hb
n(x)

Hb
n+2(x)

∼ 2

n

1−
√
n√

−x2 +
√
n

1−
√
−x2 +

√
n√

n

= − 2

n

√
n√

−x2 +
√
n
;

then the result follows. �XXX

In the above result we have obtained a formula of the type (4) for the sequene

{

Hb
n

}

n∈N
.

Now we will get the same one for the sequene

{

H
(a,b)
n

}

n∈N

. Indeed, in the odd ase and

from (23) we get

(2n+ 1)H
(a,b)
2n+1(x)

H
(a,b)
2n+3(x)

= (2n+ 1)
L
(1/2,−a,−b)
n (x2)

L
(1/2,−a,−b)
n+1 (x2)

=

L
(1/2,−a,−b)
n (x2)

L
1/2
n (x2)

L
(1/2,−a,−b)
n+1 (x2)

L
1/2
n+1(x

2)

2n+ 1

n

nL
1/2
n (x2)

L
1/2
n+1(x

2)
;

as before, the even ase is similar. Then, as a onsequene of (18) and (19) we get the

next

Proposition 4.2.

lim
n→∞

nH
(a,b)
n (x)

2H
(a,b)
n+1 (x)

= −1,

uniformly on ompat subsets of C\R.

Moreover, from (23) we get

H
(a,b)
2n (x)

H2n(x)
=

L
(−1/2,−a,−b)
n (x2)

L
−1/2
n (x2)

and

H
(a,b)
2n+1(x)

H2n+1(x)
=

L
(1/2,−a,−b)
n (x2)

L
1/2
n (x2)

,

and as a onsequene of (19) we obtain

Lemma 4.3. Uniformly on ompat subsets of C\R,

lim
n→∞

H
(a,b)
n (x)

Hn(x)
=

√
−x2 +

√
a√

−x2 +
√
b
.

On the other hand, saling the variable, and by (23), we get

H
(a,b)
2n

(

x/
√
n+ j

)

nα
=

L
(−1/2,−a,−b)
n

(

x2/ (n+ j)
)

nα

and

H
(a,b)
2n+1

(

x/
√
n+ j

)

nα
=

xL
(1/2,−a,−b)
n

(

x2/ (n+ j)
)

nα
.

And from (20) we dedue
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Lemma 4.4. Uniformly on ompat subsets of C,

lim
n→∞

H
(a,b)
2n

(

x/
√
n+ j

)

nα
=

√

a

b
x1/4J−1/2

(

2
√
x2
)

and

lim
n→∞

H
(a,b)
2n+1

(

x/
√
n+ j

)

nα
=

√

a

b
x3/4J1/2

(

2
√
x2
)

,

where j ∈ N ∪ {0} .

Finally, given that

H
(a,b)
2n

(√
n+ jx

)

H2n

(√
n+ jx

) =
L
(−1/2,−a,−b)
n

(

(n+ j)x2
)

L
−1/2
n ((n+ j)x2)

and

H
(a,b)
2n+1

(√
n+ jx

)

H2n+1

(√
n+ jx

) =
L
(1/2,−a,−b)
n

(

(n+ j)x2
)

L
1/2
n ((n+ j)x2)

,

as a onsequene of (21) we have

Lemma 4.5 (Planherel-Rotah type exterior asymptotis).

lim
n→∞

H
(a,b)
n

(√
n+ jx

)

Hn

(√
n+ jx

) = 1,

uniformly on ompat subsets of C− [−2, 2], and uniformly on j ∈ N ∪ {0} .

In our searh of information about of asymptoti behavior of the sequene

{

H
(a,b)
n

}

n∈N

,

it is very useful to onsider the sequene

{

(x2 + a)H
(a,b)
n

}

and the results obtained in

the above lemmas. In this way, using (25) we obtain

(x2 + a)
H

(a,b)
n (x)

Hb
n+2(x)

= 1 + cn
Hb

n(x)

Hb
n+2(x)

= 1 + 2
cn
n

nHb
n(x)

2Hb
n+2(x)

,

then, the next proposition is a onsequene of (27) and (28).

Proposition 4.6. The sequene

{

H
(a,b)
n

}

satisfy

lim
n→∞

(x2 + a)
H

(a,b)
n (x)

Hb
n+2(x)

= 0,

uniformly on ompat sets of C\R.
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Naturally, it is possible to obtain a similar result for the ratio

H
(a,b)
n (x)

Hn+2(x)
. It is enough to

onsider (4) and (12) to obtain

lim
n→∞

Hb
n(x)

Hn(x)
= 1 + 2 lim

n→∞

(

σn

n

nHn−2(x)

2Hn(x)

)

= 0,

uniformly on ompat sets of C\R, and to use the above theorem for the expression

(x2 + a)
H

(a,b)
n (x)

Hn+2(x)
= (x2 + a)

H
(a,b)
n (x)

Hb
n+2(x)

Hb
n+2(x)

Hn+2(x)
.

On the other hand, using reurrene relation (3) we get

Hn(x)

Hn+1(x)
=

xHn−1(x) − (n−1)
2 Hn−2(x)

Hn+1(x)
= x

Hn−1(x)

Hn+1(x)
− (n− 1)

2

Hn−2(x)

Hn+1(x)
,

and as a onsequene,

Hn(x)

Hn+1(x)
= x

Hn−1(x)

Hn+1(x)

1 +
(n− 1)

2

Hn−2(x)

Hn(x)

. As before, for x ∈ C\R, and

from (24), it follows

nHn(x)

Hn+1(x)
= x

nHn−1(x)

Hn+1(x)

1 +
1

2

(n− 1)Hn−2(x)

Hn(x)

∼ x

−2

√
n− 1√

−x2 +
√
n− 1

1−
√
n− 2√

−x2 +
√
n− 2

∼ −2x

√
n− 1√
−x2

,

and as a onsequene,

√
nHn(x)

Hn+1(x)
∼ −2

x√
−x2

. Then we get the next

Lemma 4.7.

lim
n→∞

√
nHn(x)

Hn+1(x)
= −2sig(Im(x))i, (29)

uniformly on ompat subsets of C\R.

Now, we will see the importane of above lemma in the following theorems.

Theorem 4.8.

lim
n→∞

(x2 + a)
H

(a,b)
n (x)√

nHn+1(x)
= −1

2
sig(Im(x))i,

uniformly on subsets ompat of C\R.
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Proof. From (26) we get

(x2 + a)
H

(a,b)
n (x)√

nHn+1(x)
=

Hn+2(x)√
nHn+1(x)

+

(

(σn+2 + cn)

n
+

σncn
n2

nHn−2 (x)

Hn(x)

) √
nHn (x)

Hn+1(x)
;

then, using (4) and (29) the result holds. �XXX

Theorem 4.9 (Saled Relative Asymptotis).

lim
n→∞

(nx2 + a)H
(a,b)
n (

√
nx)

Hn+2(
√
nx)

=

(

1 +
1

ϕ2
(

x/
√
2
)

)2

holds uniformly on ompat subsets of C\
[

−
√
2,
√
2
]

.

Proof. Making the saling x → √
nx in (26), we have

(nx2 + a)
H

(a,b)
n (

√
nx)

Hn+2 (
√
nx)

= 1 +

(

σn+2

n+ 2

n+ 2

n
+

cn
n

)

(
√
n)2Hn (

√
nx)

Hn+2 (
√
nx)

+
σn

n

cn
n

(
√
n)4Hn−2 (

√
nx)

Hn+2 (
√
nx)

.

Then, using (9) and (14) we obtain

lim
n→∞

(nx2 + a)
H

(a,b)
n (

√
nx)

Hn+2 (
√
nx)

= 1 +
2

ϕ2
(

x/
√
2
) +

1

ϕ4
(

x/
√
2
) . �XXX

Now we will dedue Mehler-Heine type formulas for the polynomials

{

H
(a,b)
n

}

. Making

x → x

2
√
n
in (25), for the even ase we get

(−1)n+1

n!

(

x2

4n
+ a

)

H
(a,b)
2n

(

x

2
√
n

)

=
(−1)n+1

n!
Hb

2n+2

(

x

2
√
n

)

+
(−1)n+1

n!
c2nH

b
2n

(

x

2
√
n

)

=
(−1)n+1

n!
Hb

2n+2

(

x

2
√
n

)

− 2
c2n
2n

(−1)n

(n− 1)!
Hb

2n

(

x

2
√
n

)

.

Then, using (16) and following a similar proedure in the odd ase, we get the next

Proposition 4.10 (Mehler-Heine type formulas).

lim
n→∞

(−1)n+1

n!

(

x2

4n
+ a

)

H
(a,b)
2n

(

x

2
√
n

)

= 0

and

lim
n→∞

(−1)n+1

(n+ 1)!

(

x2

4n
+ a

)

H
(a,b)
2n+1

(

x

2
√
n

)

= 0,

uniformly on ompat subsets of the omplex plane.
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