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Set—theoretical entropies of generalized shifts

Entropias conjuntistas de cambios generalizados

Zahra Nili Ahmadabadi''*, Fatemah Ayatollah Zadeh Shirazi?:"

Abstract. In the following text for arbitrary X with at least two elements,
nonempty set I' and self-map ¢ : I' = I' we prove the set-theoretical entropy
of generalized shift o, : X" — X" (0, ((%a)acr) = (Tp(a))acr (for (Ta)acr €
XT)) is either zero or infinity, moreover it is zero if and only if ¢ is quasi-
periodic.

We continue our study on contravariant set-theoretical entropy of general-
ized shift and motivate the text using counterexamples dealing with algebraic,
topological, set-theoretical and contravariant set-theoretical positive entropies
of generalized shifts.

Keywords: Bounded map, Contravariant set-theoretical entropy, Quasi-perio-
dic, Set-theoretical entropy.

Resumen. En el siguiente texto, para X arbitraria con al menos dos elemen-
tos, I' un conjunto no vacio y una funcién ¢ : I' — I', demostramos que la
entropfa conjuntista del cambio generalizado o, : X' — X' (0,((Za)acr) =
(Typ(a))acr (para (za)acr € X)) es cero o infinito, ademds es cero si y solo
si ¢ es casi periddica.

Continuamos nuestro estudio sobre la entropia conjuntista contravariante de
cambios generalizados y motivamos este escrito usando contraejemplos que
tratan con entropias positivas de cambios generalizados algebraicas, topoldgicas,
conjuntistas y conjuntistas contravariantes.
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1. Introduction

Amongst the most powerful tools in ergodic theory and dynamical systems
we may mention one-sided shift {1,...,k} — {1,...,k} and two-sided shift
(Zn)n>1=(Tnt1)n>1
{1,...,k} — {1,...,k}? [8]. Now suppose X is an arbitrary set with at least
(@n)nez>(Tnt1)nez

two elements, I' is a nonempty set, and ¢ : I' = I is arbitrary, then o, : X r
X with 0,((2a)aer) = (Tp(a))aer (or (za)aer € XV) is a generalized shift.
Generalized shifts have been introduced for the first time in [3]. It’s evident that
for selfmap ¢ : I' = I' and generalized shift o, : X" — X' if X has a group
(resp. vector space, topological) structure, then o, : X ' & XU is a group
homomorphism (resp. linear map, continuous (in which X considered under
product topology)), so many dynamical [4] and non-dynamical [7] properties of
generalized shifts have been studied in several texts. In this text our main aim is
to study set-theoretical and contravariant set-theoretical entropy of generalized
shifts. We complete our investigations with a comparative study regarding set-
theoretical, contravariant set-theoretical, topological and algebraic entropies of
generalized shifts.

For self-map g: A = A and z,y € A let v <, y if and only if there exists
n > 0 with ¢g"(z) = y, then (A, <) is a preordered (reflexive and transitive)
set. Note that for set A by |A| we mean the cardinality of A if it is finite and
oo otherwise.

Although one may obtain the following lemma using [7], we establish it here
directly.
Note 1.1. (Bounded self-map, Quasi-periodic self-map) For self-map g : A —
A the following statements are equivalent (consider preordered set (4, <,)):

1. there exists N > 1 such that for all totally preordered subset I of A
(reflexive, transitive and for all z,y € A we have z <, y or y <, ) we
have |I| < N (i.e., g : A — A is bounded [7]),

2. sup{|{¢g™(z) :n >0} :2€ A} < 0,
3. there exists n > m > 1 with g™ = g™ (g is quasi-periodic).

Proof. “(1) = (2)” Suppose there exists N > 1 such that for all totally pre-
ordered subset I of A we have |[I| < N. Choose z € A, then {¢g"(z) : n > 0}
is a totally preordered subset of A, thus [{¢"(z) : n > 0} < N, hence
sup {[{g"(y) :n =0}/ :y € A} <N <cc.

“(2) = (3)” Suppose sup{|{g"(z):n >0} :2€ A} = N < oo, then for
all x € A we have {g"(z) : n > 0} = {x,9(z),...,¢V "1 (x)} and there exists
ng € {0,..., N — 1} with ¢V (z) = g"=(x), thus g~ "= (¢ (z)) = ¢"V(x) and

VzegN(A) Jie{l,...,N}(¢'(z) = =

so for all z € gV (A) we have g™ (2) = z, thus for all 2 € A we have gV'*V (z) =

gV (x).
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“(3) = (1)? Suppose there exist n > m > 1 with ¢" = ¢™ and [ is a
totally preordered subset of A, choose distinct x1,...,zr € I and suppose
T <y g <4 -+ <4 . Foroall i € {1,...,k} there exists p, > 0 with
x; = gPi(x1), so {z1,..., 2} C{g'(x1) : 1 >0} = {g*(z1) : 1 € {0,...,n}} and
k <n+ 1. Hence |I| <n + 1 which completes the proof. O

Convention. In the following text suppose X is an arbitrary set with at least
two elements, I' is a nonempty set, and ¢ : I' = I' is arbitrary.

1.1. Background on set-theoretical entropy

For self-map g : A — A and a € A, the set {¢g"(a) : n > 0} is the orbit of
a, we say a € A is a wandering point (or non-quasi periodic point) of g, if
{g"(a) : n > 0} is infinite, or equivalently {¢"(a)},>1 is a one-to-one sequence.
We denote the collection of all wandering points of g : A — A with W (g).

For g : A — A denote the infinite orbit number of g by o(g) and define it
with sup({0} U {k > 1: Jas,...,ar € W(g) {g"(a1)}n>1,---,{g"(a)}n>1 are
pairwise disjoint sequences)}), i.e. o(g) = sup({0} U {k > 1 : there exists k
pairwise disjoint infinite orbits}). So W (g) # @ if and only if 0(g) > 1. On the
other hand for finite subset D of A the following limit exists [2]:

Dug(D)U---Ug" YD
entset (g, D) = lim | 9(D) g )‘

n—00 n

Now we call sup{entse;(g, D) : D is a finite subset of A} the set-theoretical
entropy of g and denote it with entset(g). Moreover entget(g) = 0(g) [2].

1.2. Background on contravariant set-theoretical entropy

Suppose self-map g : A — A is onto and finite fibre (i.e., for all a € A, g~*(a)
is finite), then for finite subset D of A the following limit exists [5]:

DUgYD)U---Ug—=1(D
enteer (g, D) = Tim 229 (D) g1 (D)|

n—00 n

Now let enteset(g) := sup{enteset(g, D) : D is a finite subset of A}. If k :
A — A is an arbitrary finite fibre map, then for surjective cover of k, i.e.
sc(k) :== ({Kk"(A) : n > 1}, the map k [4(x): sc(k) — sc(k) is an onto finite
fibre map and entese (k) := enteset (K se(k)) is the contravariant set-theoretical
entropy of k. Moreover we say {x,}n>1 is a k—anti-orbit sequence (or simply
anti-orbit sequence) if for all n > 1 we have k(x,11) = x, and define infinite
anti-orbit number of k as a(k) = sup({0} U{j > 1 : there exists j pairwise
disjoint infinite anti-orbits}). Moreover entcset (k) = a(k) [5].
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2. Set-theoretical entropy of o, : X - X7

In this section we prove that for generalized shift o, : XT — X', enteet(0y,) €
{0, 00} and entget(0,) = 0 if and only if ¢ is quasi-periodic.

Lemma 2.1. If W(p) # @, then W (o) # @.

Proof. Consider distinct points p,q € X and 0 € W(y), thus (¢"(0))n>0 is a
one-to-one sequence. Let:

D ae{ap2n(9):n21},
Ty 1= )
q otherwise ,

then (74 )aer € W(oy), otherwise there exists s > ¢ > 1 such that o3, ((¥a)aer)
= 0 ((Za)aer), thus Tys(q) = Tyt(a) for all a € T. In particular, zgs+ig) =
Tye+icp) for all i > 0. Choose j > 1 with j + s € {2" : n > 1}. We have the
following cases:

Case 1: j+t ¢ {2" : n > 1}. In this case we have p = Ts1i(9) = Tytti(g) =
q, which is a contradiction.

Case 2: j+t € {2":n > 1}. In this case using j+¢t > j+s € {2" : n > 1}
we have j +t > 3. There exist £k > 1 and | > 2 with j + s = 2k and
j+t=2" Leti=2j+s, theni+s=2(+s) =2 ec{2":n>1}and
i+t=242F=20(1+2%1) ¢ {2" : n > 1} (note that k > [ and 1+ 2F~! is
odd). So p = Tys+i(g) = Tyrtie) = ¢, which is a contradiction.

Using the above two cases, we have (2q)acr € W(oy,). O

Lemma 2.2. If W(p) # @, then o(0,) = oco.

Proof. Consider § € T with infinite {¢"(f) : n > 0} and choose distinct
p,q € X, thus (¢™(0))n>0 is a one-to-one sequence. For s > 1 let:

45— ) P ae{w”(ﬂ):ﬂkZO(ks—f—w<i§ks+@+s)},
« q otherwise ,
s0:

(#50) T52(0): T3a0)r ")

= (pv D45 Ps 504,494,050 ,D,4,4,4, Py " ap7q7Q7q7Qa"')‘
—_—— —— ——

s times s times s times s times

Let 2° := (2% )aer. Now we have the following steps:
Step 1. For s > 1, the sequence (o, (2%)),>1 is one-to-one: Consider j > i > 0,

then i < js—i—@—f—s, so there exists t > 1 with i+t = js+@+s moreover

G+1

i .
‘]7(]4_ )+s<js+J 5

2

G+ +2)

js+ +s+(G—i)<(+1)s+ 5 ,

g+t
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which show x;i+t(9) = p and :vfajH(G) = q and:
Toirt(g) 7 Lo+t () - ()

Using (*) we have o,((5)acr) # 0% ((5)acr), thus (07(2°)),>1 is a one-to-
one sequence.

Step 2. (07(2"))n>1, (0(2%))n>1, (02(2%))n>1,. .. are pairwise disjoint se-

quences: consider s > r > 1 and i,j > 0 with o?,(*) = o7,(2"). Choose m >0

with i +m =is + w + 1, now we have:

o,(2%) = ol (2") = (Vo € I (23i(0) = Tii(a)))
= (Vn >0 (l";i+n(9) = x;jJrn(g)))
= (\V/k >0 (x;i+m+k(9) = x;j+m+k(9)))
= (\V/k S {0, e, 8 — 1} (p = x;i+m+k(9) = I;j+m+k(a)))
using x;i+”’L(9) = x;HmH(Q) =...= x;Hmﬂ,l(a) = p and the way of definition

of 2" we have s <r, thus s = r, and o’ (2°) = o7,(*) which leads to i = j by
Step 1.

Using the above two steps (07%('))n>1, (00(2%))n>1, (0(2%))n>1,. .. are
pairwise disjoint infinite sequences which leads to o(o,) = oc. O

Lemma 2.3. Let W(yp) = &, and ¢ is not quasi-periodic, then o(o,) = .

Proof. Since W(p) = @, for all a € T, {¢"(a) : n > 0} is finite. Since
¢ is not quasi-periodic we have sup {|{¢"(a) :n >0}|:a €T} = co. Thus
there exist 01,60,... € I such that for all i > 1 the set {60;,0(0:),...,¢"(0:)}
has i + 1 elements, moreover for all j # i we have {0;,0(6;),...,9(6;)} N
{0;,0(05),...,¢7(0;)} = @. For n > 1 suppose u, is the nth prime number
and choose distinct p, ¢ € X, now for m > 1 let:

m p a€{p"(Op ):t>1,1<n<ul},
P ;
q otherwise ,

SO:
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1 1
(p,q) = ($¢<92), 17<p2(92))
1 1 1 1
(22,1, @) = (Tp(64)> T2 (04)) T3 (64)) Tt (04))
1 1 1 1 1 1 1
(P, P2, P3Py P @) = (Tip(05)» T2 (05) T3 (85)» Tip (05> T (05) o6 (85)» TpT (05

5 (0s))

2 2 2
(p,p, Q) = (1%(93)7 Lp2(05)> $<p3(93))
2 2 2 2 2 2 2
(P, 0,0, 0,0, 0,0, P, q) = (3%(99)7 Lp2(09)r Lp3(09)1 Lot (0g)1 LpB(09)r Lipb(09)1 Lo (09)

2 2
T8 (69 L0 (09))
3 3 3 3 3
»,p, 0P q) = (3%(95), Lp2(65) $¢3(95)»$¢4(95)7x¢5(05))

(p,-~~,p,q):(xm9u axmz 7"'awm“m M )
©(Ourm ) Lo2(0uy,) UM (Qum,)

Uy —1 times

e —_— m m .. m
( b, » P 7q) - (xqz(eu?n)vxcp2(0u2n)’ 71‘(pu$” (6,2 )
ufn—l times "
( . ) = ( m m - m )
D, D »q) = 1}0(6“,%):1]02(%%”)7 7I¢u§n  3)

3 14
ug —1 times

For m > 1, let ™ := (') aer. Now we have the following steps:

n

Step 1. For m > 1, the sequence (0(z™))n>1 is one-to-one: Consider

j >i>1with ol (™) = ol (z™), choose t,] > 1 such that j + 1 = uf,, so:

0';($m) =0l (2™) = Va el (x;”i(a) = xglj(a)))
= (Vk>0Vs>1 (xg”k(au%) =Tk (0, )

m

m _ m _ m —
= (xv’”l(eu;n) = x(pwz(gusn) = xga“fn( ) q)

using :c:fi“(gut ) =4 and 1 < i+l < j+1 = ul, considering the way of definition
of 2™ we have i+ = ul, = j+1, thus i = j and the sequence (o7}(2™))n>1 is
one-to-one.

Step 2. (o2(2"))n>1, (02(2?))n>1, (07(2®))n>1,. .. are pairwise disjoint
sequences: Consider r,mm > 1 and ¢ > 7 > 1 with ofa(mm) = U&(l‘T). Choose
L,t>1withi+1=ul, —1, so:
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aé,(a:m) =0l(z") = (Va el (T3 (0) = Zipi(a)))
= (Vk>0Vs>1 (x:;ﬁ%(@u%) = xgﬁk(eui)))
=P =T, ) = Lo, )
= (0 ) € {o" (W) rw>1,1< v <uf}
S (Bw > 1 (M (B ) € {97 (uf) 1 < v <ul}))
= (Fw > 1{p"(Our,) : 1 <v<ul,}N{e"(uf): 1 <v<ul})
(sincel1 < j+1<i+1<ul)
= (3w > 1 v, = u?) (use the way of choosing 6,s)
= Uy, = U, (since u,, and u, are prime numbers)
=m=r

thus m = 7 and o, (z™) = o7,(+™) which leads to i = j by Step 1.

By the above two steps (072(2'))n>1, (07(2%))n>1, (02(23))n>1, . . . are pair-

wise disjoint infinite sequences which leads to o(o,) = . O
Theorem 2.4. The following statements are equivalent:

1. W(o,) =@ (i.e., 0(0,) = entget(0,) = 0),

2. ¢ is quasi-periodic,

3. entget(0,) < 00 (i.e., 0(oy,) < 00).

Proof. “(1) = (2)”: Suppose W(o,) = &, thus by Lemma 2.1 we have W () =
@. Since W(o,) = @, we have o(c,) = 0. Using o(c,) = 0, W(p) = @ and
Lemma 2.3, ¢ is quasi-periodic.

“(2) = (1)7: If there exist n > m > 1 with ¢™ = ™, then for all (z4)acr €
X" we have 02((2a)acr) = (Tpn(a))aer = (Tpm(a))acr = 03 ((Za)aer) which
shows (zq)acr & W(oy,).

“(3) = (2)’: By Lemmas 2.2 and 2.3, if ¢ is not quasi-periodic, then
0(0,) = 0. O

Corollary 2.5. By Theorem 2.4 we have:

0 isquasi — periodic,
00 otherwise .

entset (o) = {

3. Contravariant set-theoretical entropy of
o, X I Xt

For a, 8 € T let aRP if and only if there exists n > 1 with ¢™(a) = ¢"(8).
Then R is an equivalence relation on I', moreover it’s evident that oS if and
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only if ¢(a)Rp(B). In this section we prove that for all z € X', o, '(z) is
finite, if and only if either T' = ¢(T") or “X and I"\ ¢(T") are finite”. Moreover if
for all z € XT, a;l(x) is finite, then entegset(0y,) € {0, 00} with enteger(oy,) =0
if and only if there exists n > 1 such that ¢"(a)Ra for all a € T

Remark 3.1. The generalized shift o, : X — X' is on-to-one (resp. onto)
if and only if ¢ : I' — I' is onto (resp. one-to-one) [3, 2].

Remark 3.1. The generalized shift o, : XT' — XT is on-to-one (resp. onto) if
and only if ¢ : I' = T is onto (resp. one-to-one) [3, 2].

Note 3.2. Consider : § — & and note that (for o € I' let [a]g = {y €

[elr—=e(a)]n

I':zRy} and & = {[AJp : A € T}):

fisc(op) — X%

(ma)aél“’_)(wa)[a]mg%

is well-defined, since for (z4)aer € sc(o,) and 0,8 € T with ORS, there
exists n > 1 and (ya)aer € X' with ¢"(0) = ¢"(8) and (yyn(a))aer =
02 ((Ya)aer) = (Ta)aer, thus 2o = Yyn () = Ypn(s) = 2. Now we have:

1. §:sc(o,) — X* is one-to-one.

2. The following diagram commutes:

a rSC Ty
SC(O’LP)LP—()> sc(oy)

o, b

X ————— X*®

. . ~ . I r .
3. Using Remark 3.1, since ¢ : % — % is one-to-one, oz : X® — X® is onto.

Lemma 3.3. The generalized shift o, : X = XT s finite fibre, if and only if
at least one of the following conditions hold:

e X and T'\ o(T) are finite,

o I'=¢p(I).
Proof. First suppose for all z € X', o1 (z) is finite and I' # (T'). Choose
p € X, for all ¢ = (ga)aer\pmr) € XT\eM) Jet:

xd = o O[EF\(p(F),
@ p otherwise ,

then 0, ((2%)aer) = (P)acr. So XTI 0, ((p)aer) is one-to-one, using
g—(xd)aer

finiteness of 0 ((p)aer), X \?() is finite too. Both sets I'\ ¢(I'), X are finite

since XT\¢(1) is finite, X has at least two elements and T\ (T') # @.
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Conversely, if I' = ('), then by Remark 3.1, o, : X* — X' is one-to-one,
so for all x € X' the set o, L(z) has at most one element and is finite. Now
suppose X and I' \ ¢(I") are finite. For all (24)aer, (Yo )aer € X we have:

(Ya)aer € 05 (04 ((Ta)aer)) = 0y ((ya)aer) = 0y ((Ta)acr)
= (Yp(a))aer = (Typ(a))aer
=VBepl)ys =zp
= (Ya)aer € {(2a)acr € X' vae o) za = za}

Hence
0,1 (04 ((€a)acr))| < {(2a)acr € X : Va € o(I)zq = za}| = [ XTI < o0

Thus for all w € X', o (w) is finite. O

Lemma 3.4. Ifo, : X' — XU is finite fibre, then 05 : X% — X% is finite
fibre.

Proof. Suppose for all w € X', a;l(w) is finite, then by Lemma 3.3 we have
the following cases:

Case 1. T' = ¢(I'): In this case we have §(§5) = {[p(a)]p : @ € T} =
{[ap:a €@} ={la]p:aeTl} = %.

Case 2. X and I'\ (') are finite: For all A € 5\@(3;) we have A C T'\o(T')
which leads o |5\ 3(5)] < | U5\ 3(5)] < T\ (D] and &\ &(§) is finite
in this case.

Using the above two cases and Lemma 3.3, o is finite fibre. O

Lemma 3.5. We have a(o,) = a(oz). In particular by Lemma 3.4, if o, :
XU — XU is finite fibre, then enteset(0y,) = enteset (05).

Proof. For s > 1 suppose (y.)n>1,-..,(ys)n>1 are pairwise disjoint infinite

o,—anti-orbit sequences, then for all i € {1,...,s} and n > 1 we have y!, €

sc(o,). Using Note 3.2, f is one-to-one, thus (F(yL))n>1,---» (F(y5))n>1 are infi-

nite pairwise disjoint sequences in X %, moreover foralli € {1,...,s}andn > 1

we have 03(f(y541)) = f(op(Wni1)) = §(wp)- Thus (f(yp))nz1, -, (F(Y5))nz1
are infinite pairwise disjoint oz —anti-orbit sequences. Therefore a(oz) > a(o,).

Now for z = ("Eg)ﬂe% € X% letw® = (Z{a]p)aer € X' Soforallz,y € X®

if w® = wY, then © = y. Moreover for x = (1135)56% € X® we have:

W) = O, = (i Jaer

For ¢t > 1 suppose (yY:)n>1,---,(y%)n>1 are pairwise disjoint infinite oz—
anti-orbit sequences, then (wy}z)nzl, . (wyfm)nzl are pairwise disjoint infinite
o,—anti-orbit sequences. Thus a(o,) > a(og). O
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Lemma 3.6. Suppose ¥ : I' — T is one-to-one and has at least one non-
periodic point, then a(oy) = oo, thus if oy : XU — X1 is finite fibre too, then
eNteset (o) = 00.

Proof. Suppose ¢ : I' = T' is one-to-one, and 6 € I' is a non-periodic point of
. Choose distinct p,q € X and for m,n > 1 let:

(.’)3:?(0),1‘;”(1),1’?(2), o ) = (pa LD, 4,000 ) )
m times n times
now let:
L(nm) . { a(k) k>0,a=¢"0),

P otherwise .
Then for ™™ = (2{"™),er, considering the sequences
(2™ o1, (2™ )z 1, (2™ ) s,
we have:
e For k,n,i,j > 1if 2009 = 2(k3)then:
Ld) — (kd) o (Vo e T z(" i) Z(k =2

(i) _(n) _(n.d) (ki) (k) (k)
S soez)v%g(e) <)z 20y Zgley )
— J

= (
= (
= (23,(0), 2, (1), - ) = (21,(0), z},(1),---)
:>(p7 P4, 'aqapa"') (p LD, q, '7Qap?"')
—_—— —— —_——— ——

7 times n times j times k times
= (@{i=jAn=k)
Thus (2(8™),51, (23™) 1, (23™),,51, ... are pairwise disjoint infi-
nite sequences.

e For all n,m > 1 and o € T' we have:

(n m—+1)

Z () =qepla)c{o' @) :m+1<i<m+1+n}

sac{o®) :m<i<m+n}
& zé"’m) =q
thus o, (2" H+D) = 2(0m) and (2("F)); 5, is an anti-orbit

Hence (z(1),,51, (22™),, 51, (23™),.51,... are pairwise disjoint infinite
o,—anti-orbit sequences and a(o,) = oc. O

Note 3.7. Suppose all points of I' are periodic points of ¢ : I' — I', then
Oy - XT — XU is bijective (note that ¢ : ' — T is bijective and apply
Remark 3.1) and using Corollary 2.5 we have:

0 In>1¢"=idr,

eNteset (0p) = entset(agl) = eNtger(0p-1) = { o otherwise
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where for arbitrary A we have idgq : A — A.
T—T
Corollary 3.8. Suppose ¢ : I' — I' is one-to-one and o, : XU = XU is finite
fibre, then

0 In>1¢"=idr,

enteset (0,,) = entset(0p) = { 00 otherwise .

Proof. Use Corollary 2.5, Lemma 3.6 and Note 3.7. O
Corollary 3.9. If o, : X' — XU is finite fibre, then:

0 In>1(p)"=idg,

enteser(7p) = ehteser(07) = { o0 otherwise

Proof. First we recall that ¢ : % — % is one-to-one by Note 3.2. Use Corol-
lary 3.8 and Lemma 3.5 to complete the proof. O

4. Other entropies: counterexamples

The main aim of this section is to compare positive topological, algebraic, set-
theoretical and contravariant set-theoretical entropies in generalized shifts.

Remark 4.1. If G is an abelian group, 6 : G — G is a group homomorphism and
log(|HUO(H)U--- U™ (H)|)

His a finite subset of G, then entaz(0, H) = lim

n— oo n
exists [5, 6] and we call entq(0) := sup{ent,, (6, H) : H is a finite subgroup of
G} the algebraic entropy of 8. Moreover if ¢ : T' — T is finite fibre and X is a
finite nontrivial group with identity e, then entaig(o, g x) = enteset () log | X|
r

(as it has been mentioned in [1, Theorem 4.14] entaz(c, @ x) is equal to
T

the product of string number of ¢ and log|X]| this result has been evaluated
in [5, Theorem 7.3.3] in the above form), where ©® X = {(z4)aer € X' :
r

Jai,...,a, € TVa € T'\ {a1,...,a,} (zo = €)}. Also by [7], entag(o,) €
{0, 00} with entaig(0,) = 0 if and only if there exists n > m > 1 with ¢ = ™
(thus entag(0,) = entget(0,) by Corollary 2.5).

Remark 4.2. Suppose Y is a compact topological space and U/, V are open covers
of Vet UVV :={UNV :U €U,V € V} and N(Uf) := min{|W| : W is a finite
subcover of U}. Now suppose T : Y — Y is continuous, then entiop(T,U) 1=
g BN @V T-YU)V---v T~ =D

n—oQ

sup{entop, (T, W) : W isna finite open cover of Y} the topological entropy of T.
If X is a finite discrete topological space with at least two elements and XT
considered with product (pointwise convergence) topology, then enti,p(0,) =
entset () log | X [2].

In the rest let:

exists [8] and we call entyop(T) :=
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e C is the collection of all generalized shifts o, : Y& — YT such that ¥
is a nontrivial finite discrete topological group (so 2 < |Y] < o0), I' is a
nonempty set and both maps ¢ : I — T, o, : YT — YT are finite fibre,

o Ciop is the collection of all elements of C like oy, : YT — YT such that
entiop(0y) > 0,

® Cqalg is the collection of all elements of C like oy, : YT — YT such that
entalg(aw rEFB Y) > 0,

® Cecser is the collection of all elements of C like oy : YT — YT such that
entege () > 0,

o Cy is the collection of all elements of C like oy, : YT — YT such that
entget (o) > 0 (i.e., entag(oy) > 0 by Remark 4.1).

Lemma 4.3. We have Ciop C Ceset C Coet 0nd Caalg C Coer. As a matter of
fact for an element of C like o, : YT = YT we have:

eNtiop(0y) < enteser(0y,) < entger(0y,) and entyg (o, [? y) < entget(04)-

Proof.

o “entyop(0y,) < enteset(0,)” Suppose entyop(oy,) > 0, then o(p)log Y] =
entget () log |Y| = entyop(0,) > 0, thus o(p) > 0 and W(yp) # @. Choose
a € W(p), then {¢™(a) }n>0 is a one-to-one sequence thus for all n > m >
0, [e™(a)]n # [¢™(a)]n, so for all n > 1 we have §"([a]g) # [a]n, hence
by Corollary 3.9, enteset(0,) > 0 and enteget (0,) = 00(> entiop(0y,)).

o “enteget(0y) < entget(0,)” Suppose entget(0,) # 00, then entget(0,) = 0
and there exists n > m > 1 with ¢™ = ¢™, thus " = ¢, and using the
fact that ¢ is one-to-one we have "~ ™ = id%, thus enteset(0,) = 0 by

Corollary 3.9.

o “entag(0y, [gy) < entset(0y,)” Suppose entag(oy, [¢y) > 0, then a(y)
r r
log|Y| = enteset () log |Y| = entag(o, [oy) > 0, thus a(p) > 0 and
r

there exists a one-to-one anti-orbit sequence {ay,}n>1 in I'.For all n >
m > 1 we have @n(an+m) = 0m 7& Qp = (pm(aner) and " 7é ©™, thus
entget (0,) = 00(> entag (o, [¢y)) by Corollary 2.5.

r

O
Table 4.4. We have the following table, in which the mark “y/” means p < ¢
for the corresponding case for all oy : YT — YU in C, also the mark “x”

indicates that there exists oy, : YT — YT in C with p > ¢ in the corresponding
case.
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5 q entiop(0,) | entag (o, {GF; v) | enteset (o) | entses (o)
enteop (o) v X A v
entalg(og, [QFB y) X \/ X \/
eNteset (0) X X Vv v
entget (0) X X X v

Proof. For all “,/” marks use Lemma 4.3. In order to establish “x” marks
use the following counterexamples.
Define A1, A2, A3 : Z — Z with the following diagrams:

)\1 )\1 )\3

OQ -3 -2 -1 OQ

So:
n+1 n< -1,
0 TLZO,]-,
3 n=2,
A(n) =40 n=0, A2(n) =<0 n=20, Az(n) = 5 n=4
n+l n<-1, n—1 n<-1, 6 n=>5
6 n==~6,

Then for discrete finite abelian group G with |G| > 2 and oy, : GZ — G% we
have:

e o(A1) =0(A3) =0, 0(A2) =2, a(M1) =2, a(A2) =0, a(A3) =1,
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o entiop (o), ) = entiop(0ry) = 0, entyop(on,) = 210g |G|,

o entyg (o, [GF;G) = 2log |G|, entaig(o, [GF;G) = 0, entag(ox, @G) =
log |G,

® eNteget (0-)\1) = entcset(o-)\g) = 07 entcset(o-kz) = 00,
o entger (0, ) = entget (0n,) = entger(0),) = 00,
which complete the proof. O

Diagram 4.5. We have the following diagram:

C
Cse
Ccset t E5
Ctop E6 E4
E1l E3 E7 Cda]g
E2

where by “Ei” we mean counterexample o, : G* — G for finite discrete
abelian group G with |G| > 2.

e for Ay := Z and gy := Ay as in Table 4.4, we have entp(0,,) =
2log |G| > 0 and entag(ou, o) =0,
A

o for Ay := Z and pp := A1 as in Table 4.4, we have entaiz(oy, (o ¢) =
Az

210g[G| > 0 and enteser(7,,) = 0,

o for A3 :=7Z x {0,1} and

we have entiop(0,,) = entag (o, o @) = 2log |G| > 0,
Az

o for Ay ;=N and pgy = A3 [y we have entag(0u, o ¢) = enteset(0p,) =0
Ag
and enteet(0,,) = 00,

o for A5 :=7Z and ps(n) = —n (n € Z) we have entge(0,,) = 0,
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e for Ag := Nand ug = (1,2)(3,4,5)(6,7,8,9)(10,11,12,13,14) - - - we have
entalg (0, r? ¢) = entiop(0,,) = 0 and enteger (0,,) = 00,
6

o for A7z = (N x {0})U(Z x {1}) and

9 = ey 121

we have ent,ig (o, [1@ G) =2log |G| > 0, enteget (0,,) = 00, entget(0,,) =

7
0.
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