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Abstract. In this paper we present a sufficient condition and a necessary
condition for Symmetric Nonnegative Inverse Eigenvalue Problem. This con-
dition is independent of the existing realizability criteria. This criterion is
recursive, that is, it determines whether a list A = {\1, ..., Ay, Apy1} is reali-
zable by a nonnegative symmetric matrix, if the list u = {1, ..., un} asso-
ciated to A is realizable. This result is easy to program and improves some
existing criteria.
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Abstract. En este articulo presentamos una condicion suficiente y una condi-
cion necesaria para el Problema Inverso de Autovalores para Matrices Simétri-
cas no Negativas. Esta condicion es independiente de los criterios de realiza-
bilidad existentes. Este criterio es recursivo, es decir determina si una lista
A ={M,...; \n, Anp1} es realizable por una matriz simétrica no negativa, si
la lista p = {p1, ..., tn } asociada a A es realizable. Este resultado es facil de
programar y mejora algunos criterios existentes.
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1. Introduction

The nonnegative inverse eigenvalue problem (NIEP) is the problem of finding necessary
and sufficient conditions for a list A = {\;, A2, ..., \,} of complex numbers to be the
spectrum of a n X n nonnegative matrix. The problem of finding necessary and sufficient
conditions for a list of real numbers to be spectrum of a nonnegative matrix is called
the real nonnegative inverse eigenvalue problem (RNIEP). Particularly, the problem of
finding necessary and sufficient conditions for a list of real numbers A, to be the spectrum
of a nonnegative symmetric matrix is called symmetric nonnegative inverse eigenvalue
problem (SNIEP). These problems remain unsolved.

The NIEP, RNIEP and SNIEP are completely solved for n < 4. The NIEP has
been solved for n = 3 in 1978 by Loewy and London [7], for n = 4 was solved by Meehan
[9] in 1998, and subsequently independently in a different formulation by Torre-Mayo
and others [17] in 2007.

The SNIEP has been solved when n = 3 by Fiedler [2] in 1974 , and for n = 4 has been
solved by Guo [3] in 1996 . The RNIEP and SNIEP are equivalent for n < 4 [3], but
are different otherwise [5]. In 2011 Spector gives a complete solution to SNIEP when
n =5 and the trace of nonnegative matrix is zero [16]. Partial results for the SNIEP
have been obtained in [1], [2], [6], [8], [10], [11], [12], [13], [15].

This paper is organized as follows: In Section 2 we establish the notation and basic results
in relation to SNIEP. In Section 3 we present the main results, a sufficient condition
and a necessary condition. In Section 4, we show a programming algorithm in relation
to the main results. The realizability criteria shown in Section 3 are independent of the
criteria presented in [1], [13], and they improve those criteria.

2. Notations and basic results

Throughout this paper we use the following notation: Let R™*™ the matrix set of order
mxn with entries real numbers, in particular R"*" square matrices of order n. We denote
p(A) be the spectral radius of A € R"*™. We say that A = [a;;] € R"*" is nonnegative
if a;; > 0 for all ,j € {1,2,...,n}. We shall say that A = {A;, \a, ..., A\, } is realizable if
there exists an nonnegative matrix A € R™*” with spectrum A and p(A4) = A\;. If Ais
realizable for A, then it is said that A realiza A.

IfA= {)\1, )\27 ceey )\n—O—l} and Hn = {u17u27 7,un} such that

AM 212X 2 i 2 i1 2> Ap 2 by 2 Angl,

n+1 n

we define the functions f(t) = H (t— i), g(t) = H(t — ug)-
k=1 k=1

Show that the vector y = [yl Yo v yn]T, with
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n+1
(i — Ar)
o) 1L .
? /( l) 7—1 n
o T =) TT i =)
k=1 k=i+1

is well defined (see [4]).

Finally, we present three results, the first two results are due to Horn and Johnson [4], and
the third result was presented by Guo [3]. These will be later used for the development
of new necessary and sufficient conditions for SNIEP.

Theorem 2.1. Let A € R™" be a given symmetric matriz with eigenvalues fiy, ..., jin,
let z € R™' be a given vector (column matriz), and let o be a given real number.

Let A € R"“X"_H be the symmetric matriz obtained by bordering A with z and o as
follows: A = {Z{‘lp Z} , with eigenvalue A1, Aoy ..., Apr1- If Ay > Ao > .0 > A\yyq and

1 > p2 > . > pin. Then

M 212 A2 2 Ay 2l 2> Apgts

Theorem 2.2. Let n be a given positive integer, and let p = {p1,....;pn} and A =
{A1, A2, oo, Ang1 } be two lists of real numbers arranged in descending order such that

AL 21 2 A2 2> 2 A 2 i 2 Apge

Let D = diag(j1, ..., fin). Then there exists a real number a and real vector y € R
such that A = {\1, \ay ..., \nt1} is the set of eigenvalues of the real symmetric matriz

_|D vy
a=[3 7]

Theorem 2.3. The list A = {\1, A2, A3, A\a} of real numbers is a realizable symmetric
matriz if, and only if A1 + Ao + A3 + Xy > 0 and A\ > || fori=2,3,4.

~ 78
Observation: The matrix A of Theorem 2.2 is similar to the matrix A = {a; ZD},

which has a spectrum A and a main submatrix with spectrum p. In consequence, the
results of the following section can be reformulated in such a way that the matrix that
realize A has the form of A.

3. Sufficient condition and necessary condition

We consider a list A = {A1, A2, ..., A\, } of real numbers, such that Ay > Ao > ... > A,
The next result is a sufficient condition for the SNIEP [14].

Theorem 3.1. Let A = { A1, Aoy oos A1 by oo = {pa, 2y ooy in } e lists of real numbers,

n+1 n
such that \y > p1 > Ao > o > oo > iy > Ayt1, with Z)\k — Zpk > 0. Moreover let
k=1 k=1
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P be an orthogonal matriz, D = diag{j1, ..., pin} such that PDPT >0, and y € R"*+!

given as (x) such that Py > 0. Then there exists a nonnegative symmetric matriz A with
spectrum A.

Proof. We define y = [yl yn] where each component y; is given as (x), that is:

n+1
TT (i =20
2 _ k=1
Yi =~ i—1 n '
Tk =)+ T (i — )
k=1 k=it1
D y
By Theorem 2.1 the matrix A = s, " has spectrum A.
k=1 k=1
0

AR

We define the orthogonal matrix [ NE with 0 € R"*!. Since PDPT > 0, Py >0,

then the symmetric matrix

D y
A _ P 0 n+1 n PT 0
- OT 1 yT Z /\k — Z 143 OT 1
k=1 k=1
PDPT Py

n+1 n
P > =D
k=1 k=1
is nonnegative and with spectrum A.
]

The following example shows that Theorem 3.1 is independent of the realizability criteria
established in [13, Lemma 4].

Example 3.2. Let A = {6,1,1,—4, —4}. For this list consider p = {4,1,—1,—4}, a = 2.
The matriz

B = Pdiag{4,1,—1,4}PT >0,

where
Z2V15 —-%v210 -%£v210 2V15
8 1 1 8
po| VL —gv2I0 V210 —xvI5
V210 £V15 —ZV15 —551/210
xV210  ZVI5  EZVI5 55v/210

have spectrum .
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We define y = (‘/%,O, —\/%,O)T; then, because of Theorem 3.1 the matrix

4 = [P oHdiag(zL,l,—lA) yHPT 0]
- 0 1 yT 0 0 1
0 3 0 0 3
3.0 0 2v14 3
= 0 0 0 2/
0 2v14 % 0 0
3% Z/14 o0 0

is nonnegative with spectrum A.

The next example show that the Theorem 3.1 is independent of the realizability criteria
shown in the [1, Theorem 3.4] and {13, Theorem 6].

Example 3.3. We consider the list A = {3 + v/10,1,1,3 — /10, —4,—4}. For this list
there ezist a list p = {6,1,1, —4, —4} and the orthogonal matriz

rv7 V10 V14 V10 V2 7
5 10 10 5 5
V2 2v35 2 _VB5  _2V7
5 15 15 15 15
pP= |7 _2/10 V14 V10 _ T2
5 15 15 15 15 |’
20 ¢ 0o 4
i3] D 9
V7 V10 _ /14 V10 V2
L5 5 10 5 5 A

such that for y = [1 0 0 0 0], defined as () we have

Py=[tV7 Vi e AT >

(S

il
=
Ut

(S
=
IV

Thus, by Theorem 3.1, with D = diag{6,1,1, -4, —4}, the matriz
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[PDPT Py
A = 6 5

PYT D N=>

L i=1 i=1

0 0 3 0 3 VT
0 0 0 EI VAV V6]
3 0 0o 2vi4 2 LIy7

= 207

0 3 2V14 o0 0 iv2
3 2vi4 2 0 0 VT

5VT 5V2 VT gv2 VT 0]

has desired eigenvalues.

These examples show that Theorem 3.1 improves the realizability criteria presented
in [1, Theorem 3.4] and [13, Lemma 4 and Theorem 6], in the sense that the lists
{6,1,1, -4, -4}, {3++10,1,1,3 — /10, —4, —4} are not realizable by those criteria.

The next result shows a necessary condition for the SNIEP.

Theorem 3.4. Let A = {1, A2, ..., A\yy1} realizable for a nonnegative symmetric matriz
A. Then there exists:

1. A list of real number 1 = {ft1, ..., fin }, Such that \y > p1 > Ao > po > oo > iy >
Anir.

2. A orthogonal matriz Q and b € R™™' such that @b > 0, and QDQT > 0, where
D= dia’g{uh '~~7/~Ln}-

n+1 n
Also it holds Z Ak — Zuk > 0.
k=1 k=1

Proof. Let A be a nonnegative symmetric matrix with eigenvalues A. Without loss

of generality we can assume that A = ZBT Z}, with B € R™*" z € R"¥!. Let

w=o0(B)={p1,....; i }. By Theorem 2.1 we get that

)\1 Zﬂl Z)Q Z,u2 = o zﬂn Z)\nJrl-

Since B is a nonnegative symmetric matrix, there exits a orthogonal matrix @ such that
B=QDQT >0. Let b= QTz. Since z > 0 then we have that Qb = Q(Q"z) =z > 0.
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The matrix
A o D QTZ
S @T2)T a
is similar to A, then U(A) = {A1, s Ant1}- Since Ais a symmetric matrix, then eigen-
values and the diagonal entries satisfy the following relation:

n+1 n
S = D mta
k=1 k=1
S0,
n+1 n
ZM-ZM:(JZQ
k=1 k=1
n+1 n
therefore Z Ak — Z g > 0. v
k=1 k=1

Note that if Py = z, with P given in Theorem 3.1, y defined as (*) and z given in Theorem
3.4, then Theorem 3.1 and Theorem 3.4 establish necessary and sufficient conditions for
SNIEP.

Let A = {\1, ..., A\, } alist of real numbers. If n = 2,3, it is easy to see that Py = z. For
n = 4, with some ideas presented in [3|, we consider the following cases:

1. If Ay > Ao > A3 > Ay > 0, then the symmetric matrix
A1 = diag{)q, /\27 )\37 )\4}

has eigenvalues A. In this case we have u = {\1, A2, A3}, Py =z with P =1 €
R¥3 andy=z=[0 0 0],

2. If Ay > Ay > A3 > 0 > Ay, then the symmetric matrix
_|B1 O
A2 = {0 BJ g

with
At A= A 0 0 0
_ 2 2 — |2 —
b=z L] - [¢ {Jmao-[o g
has spectrum A. In this case we have u = {\1, A2, \s}, Py = z, with

1

0 0
0 andy=z= |0
1 0

vl

I
oSS
o8k
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3.1 > >0> )\3 > Mg and Ao > |)\3|, the matrix

)\2-5>\3 A2 EAB 0 0
A2—As A2+As
A= 3 > 0 0
0 0 AitAd A=
A 2)\ A 3—)\
1= 1+
0 0 5 )

has spectrum A. In this case we have

1 1
19 -1
A1+ Ay \{5 1\/5
M:{Az,)\&TL P = 7 0 7|
0 1 0
0 0
y= —’\15’\4 and z = 0 ,
0 e

o

and so, Py = z.

The case A\; > Ay > 0> A3 > A4 and A2 < |As] is analogous to the previous case.

4. If Ay >0 > Ao > A3 > Ay, the matrix {;4% g } has eigenvalues A, with

T
z _ —A1d2(A1+A2) —A1d2(A1+A2) A1do)s
2(A1FA2—A3) 2(A1+X2—X3) Ai+Ae=Az |

A1+Aa+A3+ Ay A1+Aa+A3—Ag
2 2

—Az3(A1t+A2)
2

A = A1+do+Az =Ny A1 +do+A3 Ay [ =A3(A1+A2)
2 2 2
—A3(A1+X2) —A3(A1t+A2) 0
2 2

In this case we have u = {A1 + A2, A3, \a},

A1+ _ =3 _ 1
2(A1+A2—A3) 2(A1+A2—A3) V2 —A1)2
— A1+ _ —As3 A =
P= \/2(A1+>\2*>\3) \/2(A1+>\2*>\3) V2 Y 0 ’
—A3 A1 tAa 0 0
IEDYED W A1+A2—A3

and it holds that Py = z.

We conjecture that the Theorem 3.4 and Theorem 3.1 establish a necessary and sufficient
condition for SNIEP when n > 5, that is, it holds Py = z, with P given as in Theorem
3.1, y given as () and z given as in the Theorem 3.4.

The SNIEP for a list A = {\,)s,...,\,} is equivalent to find an orthogonal
n—dimensional matrix P, such that PDxPT > 0, where Da = diag{\1, M2, ..., A}

We consider the following orthogonal matrices:

[Revista Integracién
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P1:

o oS-
o= O O
- O O
o °§|H§|H

0
0
7P2: 1
i

V2

V)
o =%k

= OM“@\H

V2

0
0
i

V2

45

2. For the list of real numbers p = {p1, 2, 3, pa} such that py > |A;|, for i = 2,3, 4,

w3 < 0 and po <| ps |, we define

Vs _V —(pn2+ps)
NeNmey NeNme
s _V —(p2tps)
V21— iz V2V —pa
Py =
V= (p24p3) Vintps
V21— iz V2 —pa
\ —(p2+ps3) Vi1 tps
L V2h1—pe V2 —pz

3. For the list of real numbers p = {1, pio, 3, a} such that py > |\;|, for i = 2,3,4

and p2 < 0, we define

B ViV e —v/ =2 —V—p3
Vevintpa—psVii—p2 V2Vt pa—psVii—pz  V2V/piTpa—ps

VELV It p2 —V =2V 1t pe —V—H3
V2Vt —psm—pz V2V tpe—psVpi—pz V2 mtpe—ps

Py =
VHIV— 13 —V 2V —p3 Vi tpe
p1tp2— @3y 1 —p2 1 +p2—p3y/p1—p2 H1tp2—ps
N N 0
L Vi —piz Vi1 —pi2

s

S

The following result gives a sufficient condition for realizability of list A when n = 5, by

means of orthogonal matrices.

Corollary 3.5. Let A = {A1, Ao, Az, Auy As b, o = {1, pio, pis, pa} lists of real numbers such
5 4

that/\lzm2)\2Z,uz2/\32M32)\42,&42)\5;2&*2#120;#1Z|/\7‘,|f0T

i=1

i=1

i=2,3,4 andy € R* defined as (x). If one of the following conditions is true:

1. Py > 0 A pus >0 > pa,
2. Poy >0Ap2 > 0> pg A pe >| ps |,

8. Py >0A 2 >0 > pz Apa <|ps |,
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4. Pry 2 0A 1 > 0> po,
then A is the spectrum of a nonnegative symmetric matric.

Proof. We recall that y € R**! is defined by

o k=1

Yi= 773 4
TTG =)+ T (s — 1)
k=1 k=i+1

We study the case (1): If Pry >0, uz >0 > py.

We define the symmetric matrix

1 1 1 1
? 0 0 —175 0 wr 00 0 5B 0 0 0
7 0 0 7 0 0 pwe 0 0 o 0 0O 1 0 0
A=1 0 10 0 0 0 0 pzs 0 ys 0 0 01 0],
001 0 0|0 0 0 w wa||-J5 55 000
0 0 0 0 1 Y1 Y2 Ys Ys a 0 0 0 0 1
that is
[ St iy — s 0 0 3vV2y1—3v2y ]
h1 — 314 sm+zps 00 3V25 4 5V2u
A= 0 0 2 0 Y2 .
0 0 0 ps Y3
L %\/iyl = %\/ZM %\/iw + %\/iy4 Y2 Y3 a i

5 4
whit a =" X =Y pi>0.
=1 =1

Since, by hypothesis p1 >| p; |,i = 2,3,4,, we have 1 £ $p4 > 0. Moreover, since
i3 > 0, then ps > 0. Therefore the matrix A is nonnegative.

Also
T
Py =[3V2y1 — 3V2us 3V2u1 + 3V2u1 s wa]

by Theorem 3.1 the nonnegative symmetric matrix A has spectrum A.

Otherwise it is similarly derived. v
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Example 3.6. Consider the list A = {6,3,3,—5,—5}. If the list A is realizable, then
there exists a realizable list 1 = {u1, po, pis, a}t. By theorems 2.1, 2.2, 2.3, we have
62>pu1 >5 p2=3, —1>p3>—4, pg=-5and 4 > py + puz > 2.

On the other hand, for A and p define y = [y1 yo y3 ya|*, with y;, i = 1,2,3,4, as (x).
There is not P; of the Corollary 3.5 such that P;y > 0, thus by Theorems 3.1, 3.4, the
list A = {6,3,3,—5,—5} is not realizable.

Observation: In [6] it is shown that this list can not be performed by any criterion.

4. Algorithm

In this section, we will implement an algorithm to decide whether a list A =
{A1, A2, ..., A\ } is the spectrum of a nonnegative symmetric matrix, by using the results
presented in the previous section. We introduce the following notation:

0, = {PeR™n:pPT=pTpP=T}
Sn = {A={\1,.., ) :3A= AT o(A) = A},
Dy = diag{\1,.... \n},
Su(A) = {A>0:A4=A4T >0,0(4) = A},
On(A) = {P€0,:PD\PT >0}

Note that S,,(A) # 0 if only if @, (A) # 0, and if A\, > 0 then O, (A) # 0. Also A € S,, if
and only if S,,(A) # 0 or O, (A) # 0.

Algorithm

1. Let A = {/\17 )\27 ceey )\,H_l}

2. Let u = {p1,...,ftn} be such that \y > u1 > Xo > 0 > Ay > pp > Mg,
n+1 n n

Z)\i—z;u >0 and Z,m > 0.
i=1 i=1 i=1

3. If p €S, definey = [yl yn}T as (x). If else return step 2.

4. Let P € O, (p).
5. If Py >0, define

PD,PT Py
n+1 n

EyT A=Y | €S

i=1

A=

if else, return to step 4.
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Naturally there exists several ways to select the p;, as well as several ways to determine
if p € S,. For the case n = 5, the selection of j is limited, since for n = 4 there are
necessary and sufficient conditions to determine if p € S,,.

The following example shows that the algorithm presented is recursive.
Example 4.1. We consider the list A = {9,1, -1, -2, —6}.
We select i = {6, —1, —2, —3}. To show that u is realizable, select the list v = {3, -1, —2}.

For the list v, we define xT = [ 3v2 0 0 ] , and the orthogonal matriz

Ve
P=| i 5 -f
I 0 VB
Thus the matriz
A = [P0 diag{3,-1,-2} x Pr 0
ol o xT 0 0 1
i 0 1 V2Ve  Ev2v5V6 ]
! 0 LVAVE 3V3VEVG
VG WEE 0 6,5
| 3V5V5V6 AVEVEVE 8B o
[ 0 1.0 1.7321 2.3238
_ 1.0 0 1.7321 2.3238
o 1.7321 1.7321 0 2.6833
| 2.3238 2.3238 2.6833 0

it is nonnegative symmetrical with spectrum .

For the list u, we define y = [ 2v5 0 0 4 ]T and the orthogonal matriz

Vo =7 —5Vh —xv0 |
1 1 1. /r 1
» VB 5 —5VE V90
ZV15 0 3V/15 —%+30
[ W3 0 0 i

Thus the matriz

[Revista Integracién
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[P o diag{6,—1,-2,-3} y PT 0
- 0 1 yT 0 0 1
_ T -
0 1 V12 360 2— 2%
1 0 V12 3.1/60 2 — 2Y%0
_ V30
- | vE  E 0 SN EES S
e
3160 2/60 5vs 0 26 + 418
— 290 2-2V00 43— 430 464 2B 1 |
[0 1.0 1.7321  2.3238 0.73509
1.0 0 1.7321 2.3238 0.73509
= 1.7321 1.7321 0 2.6833 0.84881
2.3238 2.3238 2.6833 0 5.8480
| 0.73509 0.73509 0.84881 5.8480 1.0

nonnegative symmetrical with spectrum A = {9,1, -1, -2, —6}.
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