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ABSTRACT. We study the zero location and the asymptotic behavior of the
primitives of the standard orthogonal polynomials with respect to a finite pos-
itive Borel measure concentrate on [—1,1].

1. INTRODUCTION

Let p be a finite positive Borel measure with supp(u) = A € [—1, 1], such that
it contains an infinite number of points. Let us consider L, (z) = 2™ + - -+ the nth
monic (i.e. its leading coefficient is equal to one) orthogonal polynomial with respect
to p, that is

(1) / Lo(z)2®du(z) =0, k=0,1,2,...,n—1.
A

Let us consider a monic polynomial P, (z) of degree n and a complex number ¢
fixed, such that

(2) (n+1) Ln(2) = ((2 = €) Pu(2))" = Pu(2) + (2 = Q) Po(2) -

Note that A(z) = (z — {) P,(z) is a monic polynomial primitive of (n + 1) L,,(2),
normalized by A({) = 0. A direct consequence of (1)—(2) is that P,(z) satisfy the
orthogonality relations

(3) /A[Pn(x) @ OP ()] 2 du(a) =0, E=0,1,2,....n—1.

The location of critical points of polynomials has many physical and geometrical
interpretations. Let us consider , for instance, a field of forces given by a system of
n masses mj, 1 < j < n, at the fixed points z;, 1 < j < n, that repels a movable
unit mass at z according to the law of repulsion being the inverse distance law.
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Let Q. (2), where m = mq + mg + - - - + my,, be the polynomial (z — z1)™* - (z —
29)™2 -+ (2 — z,)™". The logarithmic derivative of Q,,(z) is

d(log(@m(2))) _ Qu(2) my my my,
) dz Qm(z) (z—2z1) (2—29) (z — zn)
The conjugate of % is a vector whose direction (including sense) is the direc-
Z—ZzZj

tion from z; to z, so this vector represents the force at the movable unit mass z due
to a single fixed particle at z;. Every multiple zero (but no simple zero) of Q. (2) is
a zero of Q! (z); every other zero of Q) (z) is by (4) a position of equilibrium in the
field of force; every position of equilibrium is by (4) a zero of Q/,(z). This result is
known as Gauss's theorem (1816).

Now, we consider an inverse problem, let 2, 2}, ..., 2/, be the zeros of the or-
thogonal polynomial L,, and the equilibrium positions of a field of forces with n+ 1
units masses, one of which ( is given. What is the location of the remaining masses?

By (2),
(5) (n+1)Ly(2) 1 n Pl(z)  N(2)
(2= QPu(z)  2—=C Palz) Al2)

Then, according with (5) and the above interpretation of the logarithmic derivative,
the location of the remaining units masses are the zeros of the polynomial P, (2)

defined in (2).
The main purpose of this paper is to study some of the algebraic and analytic
properties of the orthogonal polynomials primitives.

2. LOCALIZATION OF ZEROS

It is well know that the zeros of L, (z) are simple, using (2) is easy to see that
the zeros of P,(z) have at most multiplicity two. Nevertheless the zeros of P, (z)
need not to be simple as we can see in the following example

Let p be the Lebesgue measure in [—1,1] and set in (3) ¢ = % or ( = —2—‘3/5.
The corresponding monic polynomials of degree two defined by (2) are P(z) =
2%+ %z—i— 1or Py(z) = 22— %z—i— 1 respectively. Note that z = —@ orz= @
are zeros of multiplicity two of the corresponding polynomials Ps(z).

Our next propose is to prove that all the zeros of the polynomials of the sequence
{P,(z)},—, are contained in a disc which radius is independent of n. First, let us
rewrite the polynomials P, and L,, in terms of (z — (), that is

n

(6) Pu(2) =Y ax(z=QF,  La(z2)=>_ be(z— )"
k=0

k=0
Lemma 1. The coefficients ay, of P, and by, of L,, in (6) are related by

n+1
k+1

Proof. Replacing (6) in (2). O

(7) ap =

by .
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The proof of the next result is based in the following Szegd’s theorem (see [5] or
[2, page 23]).

Lemma 2. Given the polynomials

n

Fo) =3 () an 0 and g(z)zznjﬂk(};‘)zk, Bu £0,

k=0 k=0

let us construct a third polynomial as h(z) = Z o B (Z) 2~
k=0

If all the zeros of f(z) lie in a closed disk D and A1, A2, ...y Ay are the zeros of
g(z). Then every zero of h(z) has the form Agyi, where v, € D.

Then we have that
Theorem 1. All the zeros of P, are contained in the closed disk D, where
(8) D={zeC:|z| <2+3]C|}.

Proof. Let us write w = z — (, hence

fw) =3 bwt = Lu(z). hw) =Y bt = P2)
k=0 k=0

+
k+1

and

o) = n n+1<n>wk:(1+w)n+1_1 (1+Z_C)n+1—1.

k:0k+1 k w z—C

If 2z is a zero of L,, it is well known that —1 < zy < 1, hence wy = 29 — ( is a
zero of f(w) and lie in a closed disk D = {|w + ¢| < 1}. On the other hand, if w;
is a zero of g(w) then |1 4+ wq| = 1.

Finally, by Lemma 2, if h(ws) = 0 we have that |ws| < 2 + 3|(| and then the
theorem is proved. O

3. AUXILIARY RESULTS

In order to obtain the asymptotic behaviour of the sequence {P,} we need some
general results that we will discuss in what follows.

If {un }S2 4 is a sequence of measures on a compact set, we say that p, converges
weakly to the measure p as n — oo if

lim fdun=/fdu

n—oo

for every continuous function f on C having compact support. In this case, we write
* * . . . * /
tn — W, or du, — dp, or if p is absolutely continuous, du,(x) — p'(z)dz.
For any polynomial ¢ of degree exactly n, we consider

1 n
vn(q) == 52621 )
j=1
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where 21, ..., 2, are the zeros of ¢ repeated according to their multiplicity, and 4,
is the Dirac measure with mass one at the point z;. This is the so called normalized
zero counting measure associated with q.

Let ||-||a denotes the supremum norm on A and Cap(A) the logarithmic capacity
of a set A. Another result needed is

Lemma 3 ([1], Theorem 2.1 and Corollary 2.1). Let A C C be a compact set with
empty interior, connected complement and positive logarithmic capacity. If {P,}22,
is a sequence of monic polynomials, deg(P,) = n, such that

T ||| 5 < Cap(A),

then
Vn(Pn) L’ WA,

where wa s the equilibrium measure of A.
Finally, we have the following useful result

Lemma 4 ([3], Lemma 3). Let {P,} be a sequence of polynomials. Then, for all

j € Z+;
1P )"

(9) lim <1.

n—oo \ [[Pufla

For A = [—1,1] is well known that Cap(A) = 3 and the equilibrium measure on
A is the so-called arcsin measure given by
arcsin’(z) dz

10 B) = / —_— = = / >
(10) #a(B) B T T Jg V1—2?

where B is a Borel set in [—1, 1].

4. ASYMPTOTIC BEHAVIOR

Let us set ¢(z) = z + — z € C\ [-1,1]. ¢ is a conformal map of
C\ [-1,1] onto {z e C: |z| > 1} Here the branch of the square root is chosen
so that |z + V22 —1] > 1 for z € C\ [-1,1]. Let ¢ € C\ [—1,1] be a fixed point,
Q=C\D and A =[-1,1].

Theorem 2. With the previous conditions it holds, for all j € Z,

e the sequence {P(J)} > o verifies
1

2 )

[O—

(11) lim ||P\)

o Uy (P,(lj)) converges to the arcsin measure in the sense of the weak-x topology
of measures, that is

! dx
(12 Jim —— Zf =2 [ e
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(G)yn—j

for every continuous function on D, where {xn’k sy 15 the set of zeros of
PY(z).

Proof. Let us prove first that

1 lim | P,X = =

(13) Jim [Pl =5 -

If x € A, integrating in (2) we have

(n+1) /CI L,(t)dt = (x — ()P, (x),

by taking absolute values both sides, we obtain

/; Ln(t) dt

where m = inf |z — (| and M = sup |z — |. Then
TEA TEA

M(n+1||Ln(z)[[a = (n+1) = |z = (l[Pu(z), = m|Py(z)[,

M(n+ D[ Ln(z)[[a = ml[Palla = m[Ta]a,

where T, is the n-th Chebyshev polynomial in [—1, 1].
It is well known, for general theory of orthogonal polynomials, that

1 i1
lim || Ly||x = lim ||T,|x = 7
hence we have (13).
By Lemma 4 and (13),
— ond = IPPIR ]
(14) m |PY)X = Tim ——2||P,||lx < 5 = Cap(A).
(| Pall &

But

N1 - i 1
(15) lim [PYX = T |[Tgl5 = 5 = Cap(a)
and then (14) and (15) implies (11).

Finally, by Lemma 3 we deduce that (11) implies (12). O
Theorem 3. With the above assumptions, it holds:
o ForalljeZy,
(16) () .
nP,(lj)(z) n 22 —1
uniformly on compact subsets of §2.
o (Relative Asymptotic) For all j1, jo € Z+,

(41) o

ar) e BOG) 22 (g
P (z) o V-1

uniformly on compact subsets of §2.
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Proof. Let xi;’k, k=1,...,n— j, denote the n — j zeros of the polynomial P,(lj).

It is known that all the critical points of a non-constant polynomials P, and it’s

derivatives lied in the convex hull of his zeros, then by theorem 1 27 , € D = {z:

|z2| <243|¢|}, k=1,...,n —j. Using the decomposition in simple fractions and

the definition of l/n,j(P,(lJ)), we obtain

" PIE 1 E 1 / dvn ;(x)
nP(z)  nimz-al, " .

Therefore, the family of functions

Pr(zj+1)(2)
(19) {m} y n e Z+ y

is uniformly bounded on each compact subset of Q@ = C\ D.

On the other hand, all the measures v, j,n € Z,, are supported in D and for
z € () fixed, the function (z —x)~! is continuous on D with respect to z. Therefore,
from (12) and (18), we find that any subsequence of (19) which converges uniformly
on compact subsets of 0 converges pointwise to [ (z — z) ' dwa(x). Finally, by
(10), the Cauchy’s formula and the residue Theorem,

/1 de(x):l/l 1 dz 1
g (z-2) T (E-2) VI—a? V-1

Thus, the whole sequence converges uniformly on compact subsets of  to this
function as stated in (16).

For j; = jo = j, the proof of (17) is a direct consequence of the j-th derivative
of (2) and (16), that is

zZ—T

G+1)
(20) W ()

n+1 LY j+1 1—¢
Oy tE-0—G . = e
uniformly on compact subsets of 2.
Assume without loss of generality that jo < ji, hence

1) 1 lejd)(z) _ lejl)(z) Pr(zjl)(z) Pr(zj2+2)(z) Pr(lj2+1)(z)
nh=iz pid )y POV () P () nPYTY () nPYP(z)
Then we have (17) from (16), (20) and (21). O

Theorem 4. With the above conditions, the following statements hold:
o (Strong Asymptotic) If i/ (x) satisfy the Szegd condition
Y log ! () dx
1 V1—22
then, for all j € Z,
Pr(lj)(z) (V22— 1)17j D (1 (cos 0) | sin 6], 0)

n<@>:§ T Dleosd) [sinfl. o ()
2

(22)
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uniformly on compact subsets of Q, where D (h, z) is the Szegd function of h

2m 10
D(h, z) = exp (i/ log h(0) €tz d0> .zl < 1.
0

el — 2
e (Ratio Asymptotic) If i/ (z) > 0 a.e. in [—1,1] then, for all j1, jo, k € Z,

i (J1) _— k
nJ2 P k(z) J2—J1 (p(z)
2 _ ot (V==1) 22
( 3) (n+k)J1 pr(lh)(z) ? z D) y
uniformly on compact subsets of €).
e (n-th Root Asymptotic) If the measure p is such that for all measurable set
E C supp(p) with p(E) = p([—1,1]) it holds that Cap(E) = 3, then, for all
j € Z+;

n

Pr(lj)(z)| = |90(2'Z)|,

uniformly on compact subsets of Q, where Q =C\ D, p(z) =2+ V22 -1

and the branch of the square root is chosen so that |z + /22 — 1| > 1 for
ze€C\[-1,1].

Proof. The theorem is a direct consequence of (17) in theorem 3 and the well known
strong asymptotic, ratio asymptotic and n-th root asymptotic behavior of standard
orthogonal polynomials L,,. O
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