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148 A. REYES & H. SUAREZ

1. Introduction

In commutative algebra, a ring B is called Armendariz (the term was introduced by
Rege and Chhawchharia in [25]) if whenever polynomials f(z) = ag + a1z + -+ + anz™,
g(x) =bo+biz+ -+ bya™ € Blz] satisty f(x)g(x) = 0, then a;b; = 0 for every i, j.
The interest of this notion lies in its natural and its useful role in understanding the
relation between the annihilators of the ring B and the annihilators of the polynomial
ring B[z]. In [2], Lemma 1, Armendariz showed that a reduced ring (i.e., a ring without
nonzero nilpotent elements) always satisfies this condition (reduced rings are Abelian
—that is, every idempotent is central—, and also semiprime, that is, its prime radical is
trivial). With respect to the noncommutative algebra, more exactly the well-known Ore
extensions, the notion of Armendariz has been also studied. In this way, commutative and
noncommutative treatments have been investigated in several papers (see for example
[1],12],[12],[14],[17],[19],[23], [25] and others).

The examples of noncommutative (and commutative polynomial, of course) rings of in-
terest for us in this article are the skew Poincaré-Birkhoff-Witt extensions introduced in
[9]. These structures are more general than Ore extensions of injective type, and contain
various well-known groups of algebras such as some types of Auslander-Gorenstein rings,
some Calabi-Yau and skew Calabi-Yau algebras, some Artin-Schelter regular algebras,
some Koszul algebras, quantum polynomials, some quantum universal enveloping alge-
bras, etc. Indeed, it has been shown that skew PBW extensions contain several algebras
which can not be expressed as Ore extensions (universal enveloping algebras of finite Lie
algebras, diffusion algebras, and others (see [22],[26], [29], [28], or [30] for more details)).

Precisely, in [28], Remark 3.8, the first author announced one paper with a skew notion
of Armendariz ring for skew PBW extensions. Well then, this is the first paper on that
promise. Next, we describe the structure of this article. In Section 2 we establish some
useful results about skew PBW extensions for the rest of the paper. In Section 3 we in-
troduce two notions of Armendariz for these extensions: ¥-skew Armendariz (Definition
3.1) and a more general notion, the weak X-skew Armendariz (Definition 3.2). These
definitions generalize the cases developed for both classical polynomial rings and Ore
extensions of injective type (cf. [1],[2],[12], [14],[17],[19],[23],[24] and [25]). We show
that every X-rigid ring ([28], Definition 3.2) is a ¥-skew Armendariz (Proposition 3.4),
but the converse is false as Remark 3.5 shows. In other words, we have the relations
Y —rigid rings ; Y —skew Armendariz rings ; weak Y—skew Armendariz rings. Nev-
ertheless, in Theorem 3.6 we prove the following equivalences: for a skew PBW extension
A of aring R, R is reduced and ¥-skew Armendariz < R is ¥-rigid < A is reduced. In
this way, our Theorem 3.6 generalizes [23], Theorem A, and [7], Theorem 1 and Corollary
3. In this section, we also present some key results with the aim of proving that if R is a
weak Y-skew Armendariz ring, then R and A are Abelian (Proposition 3.9 and Corollary
3.10, respectively). In Section 4, we characterize the weak Y-skew Armendariz property
over Q(R) —the classical ring of quotients of R— in terms of the weak ¥-skew Armendariz
property over R. This characterization is formulated in Theorem 4.2, and it turns out
a generalization of [24], Theorem 2.3, and [17], Theorem 16. More generally than the
characterization presented in Theorem 3.6, our Theorem 4.3 establishes the equivalence
between the notions of Y-rigid, Y-skew Armendariz and weak Y-skew Armendariz for
the classical ring of quotients of a semiprime Goldie ring R, Q(R), generalizing [24],
Corollary 2.5.
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Since Y-rigid rings are contained strictly in weak 3-skew Armendariz rings, in the last
section of the paper, Section 5, we investigate the properties of being Baer, quasi-Baer,
p.p. and p.q.-Baer (the interest of studying these properties comes from the question
about annihilators of elements, as a key point to compute the uniform —also known as
Goldie— dimension for these extensions (see [29]), for skew PBW extensions over weak -
skew Armendariz rings). In this way, our Theorems 5.1 and 5.3 generalizes [28], Theorems
3.9 and 3.12, respectively, and our Corollary 5.5 generalizes [28], Theorems 3.10 and 3.13.
The techniques used here follow some ideas presentes in several articles on Ore extensions,
and the results presented are new for skew PBW extensions and generalize others existing
in the literature concerning Ore extensions of injective type and skew PBW extensions.

2. Definitions and elementary properties

In this section we recall the definition of skew PBW extension and present some key
properties of these rings.

Definition 2.1 ([9], Definition 1). Let R and A be rings. We say that A is a skew PBW
extension of R (also called a o-PBW extension of R) if the following conditions hold:

(i) R C A.
(ii) there exist elements x1,..., 2z, € A such that A is a left free R-module, with basis
the basic elements Mon(A) = {z% = 2{* -+ 2% | a = (a1,...,,) € N"}, and

2020 :==1 € Mon(A).

(iii) For each 1 <4 < n and any r € R \ {0}, there exists an element ¢;, € R \ {0}
such that z;r — ¢;,2; € R.

(iv) For any elements 1 <4, j < n there exists ¢; j € R\ {0} such that z;2; —¢; jxiz; €
R+ Rxy + -+ Ray,.

Under these conditions we will write A := o(R)(x1,...,2Zn).

Proposition 2.2 ([9], Proposition 3). Let A be a skew PBW extension of R. For each
1 < i < n, there exists an injective endomorphism o; : R — R and a o;-derivation
d; : R — R such that x;r = o;(r)x; + 6;(r), for each r € R. We write ¥ := {o1,...,0n},
and A :={61,...,0,}, that is, A is the family of X -derivations in A.

Remark 2.3. With respect to the Definition 2.1 and the Proposition 2.2, we have the
following facts:
(i) Since Mon(A) is a left R-basis of A, the elements ¢; , and ¢; ; in Definition 2.1 are

unique.

(ii) In Definition 2.1 (iv), ¢;; = 1. This follows from z7 —¢; ;22 = so+s121 4+ *+SpTn,
with s; € R, which implies 1 —¢;; =0 =s;.

(iii) If i < j and dj,b; € R, then djz;bix; = di[oi(b;)z; + 0;(0))|x; = djoi(b))ziz; +

dj0;(by)z;.  Since wmjw; = cijmx; + r0) + 30 r,(j’j)xk, then diz;bir; =
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djloj b))z + 0;(b))|ei = djo; ()i + djd; () = djo; (b;)(cijwizy + r(h3)
S D ) + d;6;(b})x;, we obtain

+ dio;(b}) (cmxixj + 7@ 4 Z r,(f’j)xk) + d};0;(b;)x;
k=1
= [djoi(V}) + djoj(b))cijlwiws + d0; (b))

+ djoi (b)) + djoy (b)rD) + dioy (6]) > 9 g,
k=1

= [dios (V) + djoy (V) )i )iz + [d}0;(0)) + djory (b))
+ [di6i (b)) + o (b)) + djory (b )r ()
Fdoy0) Y

k=1, k#i,j

Definition 2.4. Let A be a skew PBW extension of R.

(i) A is called quasi-commutative if the conditions (iii) and (iv) in Definition 2.1 are
replaced by (iil’): for each 1 <i <n and all r € R\ {0} there exists ¢;,, € R \ {0}
such that z;r = ¢; ya;; (iv’): for any 1 < 4,j < n there exists ¢; ; € R\ {0} such
that z;2; = ¢; j2;2; ([9], Definition 4).

(ii) A is called bijective if o; is bijective for each 1 < ¢ < n, and ¢; ; is invertible for
any 1 < i < j <n ([9], Definition 4).

Example 2.5. The class of skew PBW extensions contains various well-known groups
of algebras such as some types of Auslander-Gorenstein rings, some Calabi-Yau and
skew Calabi-Yau algebras, some Artin-Schelter regular algebras, some Koszul algebras
(cf. [30]), quantum polynomials, some quantum universal enveloping algebras, etc. A
detailed list of examples of skew PBW extensions is presented in [22],[26] or [27].

Definition 2.6 ([9], Definition 6). Let A be a skew PBW extension of R with endomor-
phisms o;, 1 <14 < n, as in Proposition 2.2.

(i) For a = (a1,...,a) € N, 0% := o702, |a| = a1+ +ap. If § =
(B1,---,0n) € N*, then o+ 8 := (a1 + B1,. -, n + Bn).

(ii) For X = 2® € Mon(A), exp(X) := «a, deg(X) := |a|, and X, := 1. The symbol >
will denote a total order defined on Mon(A) (a total order on N™). For an element
r® € Mon(A), exp(z®) := a € N*. If 2® = 2# but 2% # 2%, we write 2® = 2.
Every element f € A can be expressed uniquely as f = ag + a1 X1 + -+ + amXm,
with a; € R, and X,, > --- > X;. With this notation, we define lm(f) := X,,, the
leading monomial of f; lc(f) := am, the leading coefficient of f;1t(f) := amXm, the
leading term of f; exp(f) := exp(X,,), the order of f; and E(f) := {exp(X;) |1 <
i < t}. Note that deg(f) := max{deg(X;)}!_,. Finally, if f = 0, then Im(0) := 0,
lc(0) := 0, 1t(0) := 0. We also consider X > 0 for any X € Mon(A). For a detailed
description of monomial orders in skew PBW extensions, see [9], Section 3.
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Proposition 2.7 ([9], Theorem 7). Let A be a polynomial ring with coefficients in R and
the set of variables {x1,...,x,}. A is a skew PBW extension of R if and only if the
following conditions are satisfied:

(i) for each z* € Mon(A) and every 0 # r € R, there exist unique elements rq =
o%(r) € R\ {0}, pa,r € A, such that z%r = rox* + pa, where po, = 0 or
deg(pa,r) < lal, if par # 0. If r is left invertible, so is rq.

(ii) For each z, 2P € Mon(A) there exist unique elements co 5 € R and pap € A such

that 292" = co gx°tP + po 5, where cq 5 is left invertible, po 5 = 0 or deg(pa.s) <
la+ B, if pa,s # 0.

Remark 2.8. With respect to the Proposition 2.7, we have two observations:

(i) ([28], Proposition 2.9) If « := (o, ...,ay) € N” and r € R, then
2%r = ot ag? e = 20t (Z xz"_jén(ai_l(r))xi_l>
=1

Qp—1
+ oyt ( e A ] o (T)))l’i_fl)xﬁ"

j=1

Uy 2
ooty (X g oo o ()el S et

a2
bt (s ol 05 o (o )l et et

j=1

+ o (o2 (- - (opm(r)))at -y, oj :=idg for 1<j<n.

(i) ([28], Remark 2.10) Using (i), it follows that for the product a;X;b;Y;, if X; :=

Qi1 Olin A ,le ﬂjn
(" xyit and Y = 27” - - 2n’", then

a;iXibjYj = aio® (b))% a™ + aipy,, oo (o (o2in T2 -2

751 ) ) iz Qi B
+ a;Tq p()li27l7;7’3("'(l7?‘7’n(b)))xB xnmx J

in

01 2 ) ) ia L Qin B
ATy T " Poyy,0%i4 (- (a2 (b)) La Ty "X

+
i1 Q2 Pi(n—2) . in .05

+ e+ ;T Ty xi(an) pai(n_l)’g in (b)xn x?

+

e 231 Xj(n—1) Bi
ATy Ty p—1) Pevin bT 7.

In this way, when we compute every summand of a;X;b;Y; we obtain products of
the coefficient a; with several evaluations of b; in ¢’s and ¢§’s, depending of the
coordinates of «;.

3. X-Skew Armendariz and weak Y.-skew Armendariz

In [12], p. 104, it was introduced the notion of Armendariz for Ore extensions of endo-
morphism type (i.e., the o-derivation 0 is the zero mapping) in the following way: let o
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152 A. REYES & H. SUAREZ

be an endomorphism of a ring B. B is called a skew Armendariz ring with the endomor-
phism o (simply, a o-skew Armendariz ring) if for p = >°\" a;2%, and ¢ = Z;L:o bzl
in Blz;o], pg = 0 implies a;0%(b;) = 0 for all 0 < i < m, and 0 < j < n (note that
there exists an endomorphism ¢ of an Armendariz ring B such that B is not o-skew
Armendariz; see [12], Example 2). In [24], Definition 2.1, it was adapted this definition
for general Ore extensions Blx; o, 0] with § not necessarily the zero mapping. With this
in mind, and in the search of a first notion of Armendariz for skew PBW extensions, we
introduce the following definition which extends both definitions in [12] and [24].

Definition 3.1. Let A be a skew PBW extension of a ring R. R is called a skew Armen-
dariz ring with the family ¥ (or a X-skew Armendariz ring) if for elements f = >~ ; a; X;

and g = Zj':o b;Y; in A, the equality fg = 0 implies ;0% (b;) = 0 for all 0 <4 < m and
0 <j <t, where o; = exp(X;).

Next we define the weak Y-skew Armendariz as a more general class of rings than »-skew
Armendariz. Our Definition 3.2 extends [24], Definition 2.2.

Definition 3.2. Let A be a skew PBW extension of a ring R. R is called a weak skew
Armendariz ring with the family ¥ (or a weak X-skew Armendariz ring) if for elements
f=>"az;and g = Zj _o bjz;in A (zg := 1), the equality fg = 0implies a;o;(b;) =0
forall 0 <i,j <n (g :=idRg).

We have the following preliminary result.

Lemma 3.3. If R is a weak skew Armendariz ring, the equality ab = 0 implies
o®(a)d*(b) = 6*(a)b =0 for every a,b € R and oo € N".

Proof. Tt is sufficient to prove the case o;(a)d;(b) = d;(a)b = 0 for i = 1,...,n. Since
ab = 0, then 0 = §;(ab) = 0;(a)d;(b) + d;(a)b, or equivalently, d;(a)b = —o;(a)d;(b). Let
fig € A given by f = 6;(a) +0x1 + -+ + 0x—1 + o;(a)x; + Ozjp1 + -+ + Ox,, and
g =>b+bxy + -+ bx,, respectively. Note that fg = 0;

fg = 0;(a)b + 0;(a)bxy + - - - + §;(a)bxy, + 0i(a)z;b + oi(a)xibry + - - - + oi(a)x;bxy,
(a)b +6;(a)bxy + - - + di(a)bxy, + 0i(a)[o;(b)x; + 6;(b)] + oi(a)[o;(b)x; + 6;(b)]z1
4 oi(a)[oi(b )xi +0;(b)]zn
( )b + di(a)bxy + - - + di(a)bxy, + 04(a)o;(b)x; + 04(a)d;(b) + o4(a)o; (b)x;z1
+ 0i(a)di(b)z1 + - + oi(a)oi(b)zizn + 0i(a)di(b)zy,
= O’

since 0;(a)b = —04(a)d;(b) and o;(a)o;(b) = o;(ab) = 0;(0) = 0. By the weak skew
Armendariz condition on R, §;(a)b = 0, and hence, o;(a)d;(b) = 0 for every 4. 4

For a ring B with a ring endomorphism ¢ : B — B, and a o-derivation § : B — B,
Krempa in 18] considered the Ore extension B[z; o, d] and defined o as a rigid endomor-
phism if bo(b) = 0 implies b = 0 for b € B. Krempa called B o-rigid if there exists a rigid
endomorphism o of B. Since Ore extensions of injective type are particular examples of
skew PBW extensions, in [28], Definition 3.2, the first author introduced the following
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definition with the purpose of studying the notion of rigidness for these extensions: if B
is aring and X is a family of endomorphisms of B, then X is called a rigid endomorphisms
family if ro(r) = 0 implies r = 0 for every r € B and o € N, B is called to be X-rigid
if there exists a rigid endomorphisms family 3 of B.

The next proposition shows that every -rigid ring is an 3-skew Armendariz. From now
on, we suppose that the elements ¢; ; in Definition 2.1 (iv) are in the center of R.

Proposition 3.4. Let A be a skew PBW extension of a ring R. If R is ¥-rigid, then R
is X-skew Armendariz.

Proof. By |28, Proposition 3.6, we know that if f = >.7" ja;X;, g = Z;‘:o b;Y; are
elements of A, then fg = 0 if and only if a;b; = 0 for every 0 < i <mand 0 < j < ¢
Now, [28], Lemma 3.3 (i) guarantees that a;c®(b;) = 0 for every j, where a; = exp(X;),
that is, R is X-skew Armendariz. ]

Remark 3.5. The converse of Proposition 3.4 is false as the following examples show:

Bz{(é Z) |a€Z, teQ}.

Then B is a commutative ring. Let o be the automorphism of R given by
2 . .

a((% Z)) = (8 té ) In [12], Example 1, it was shown that R is o-skew Ar-

mendariz and is not a o-rigid. Since ¥-rigid and ¥-skew Armendariz are generaliza-

tions of o-rigid and o-skew Armendariz, respectively, this example shows that the

converse of Proposition 3.4 is false.

= Consider the ring

= Let B = Zs[z] be the commutative polynomial ring over Zs, and o the endo-
morphism of B = Zs[z] defined by o(f(x)) = f(0). Then B = Zs[z] is o-skew
Armendariz and is not o-rigid ([12], Example 5).

Therefore we have the relations

Y. —rigid rings ; Y. —skew Armendariz rings ; weak Y—skew Armendariz rings. (1)

In [7] and [23], both authors of those papers give a positive answer to the following
question formulated in [12], p. 115: Let o be a monomorphism (or automorphism) of a
(commutative) reduced ring B and B be a o-skew Armendariz. Is B o-rigid? The content
of Theorem 3.6 is the generalization of this answer to skew PBW extensions. Again, we
suppose that the elements ¢; ; in Definition 2.1 (iv) commute with every element of R.

Theorem 3.6. If A is a skew PBW extension of a ring R, then the following statements
are equivalent:

(i) R is reduced and X-skew Armendariz;
(ii) R is X-rigid;
(iii) A is reduced.
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Proof. (ii) < (iii). This equivalence follows from [28], Proposition 3.5. (ii) = (i) From
[28] we know that a Y-rigid ring is reduced, and as we saw above, every Y-rigid ring
is also ¥X-skew Armendariz. Let us see (i) = (ii). Suppose that R is reduced, E-skew
Armendariz and is not ¥-rigid. Then there exists 8 € N* with aoc?(a) = 0 and a # 0.
Note that 0”(a)o?(0?(a)) = 0®(ac®(a)) = 0. Using that R is reduced, the equality
(6?(a)a)? = oP(a)ac?(a)a = 0 implies 0”(a)a = 0. Equivalently, since a # 0, o is
injective, and R is reduced, then o”(a) # 0 and (¢°(a))? # 0. With this in mind,
consider the elements f = 0”(a) + 0°(a)z?, g = a — 0% (a)x”. Then

f9=(0"(a) + o7 (a)2”)(a — o (a)x )
o’ (a)a — (07(a))?2” + 0% (a)2"a — 07 (a)2" 0" (a)2”
%(a))*2” + 0% (a)[0” (a)2” +pﬂ,a] —a7(a)[o” (0" (@)2” + 45 o5(a)|2”
a)ps,a — 0’ (a0 (a))2’a” — 0" (a)qp 5 (a)2”
)Pﬁa—‘f (a)gg, aﬂ(a)x

where pg . = 0 or deg(ps.a) < |8, if pg,r # 0, and g ,8(a) = 0 or deg(qs ,5()) < |8,
if qg o8(a) # 0. Since ac?(a) = 0 (a)a = 0, Remark 2.8 and Lemma 3.3 guarantee that
o’ (a)pp.a = Jﬁ(a)qgﬁa(a)xﬁ =0, so fg = 0. By assumption, R is ¥-skew Armendariz,
that is, —(0”(a))? = 0, but —(0”(a))? # 0, i.e., we have obtained a contradiction. Hence,
R is ¥-rigid. ]

(
— (o
oA (
(a

B

g

Next we present others key results about Y-skew Armendariz and weak Y-skew Armen-
dariz rings.

Proposition 3.7. If A is a skew PBW extension of a X-skew Armendariz ring R, e? =
e€ A, withe=3" €X;, then e = ¢.

Proof. Using the equalities e(1—e) =0 = (1—e)e, i.e.,, (31 e Xi)(1—eo) =Dty X;) =
0and ((1—eg)—> i, €:X;)(>it, €:.X;) = 0, and the assumption on R, then eg(1—eg) =
0, epe; = 0 and (1 —eg)e; = 0 for 1 < i < m. Therefore, e; = 0 for 1 < i < m, that is,

e=ey=ed. v

Proposition 3.8. If R is a weak X-skew Armendariz ring, and e is an idempotent element
of R, then o;(e) = e and §;(e) =0, for everyi=1,... n.

Proof. Consider an idempotent element e of R. Then 0;(e) = o;(e)d;(e) + d;(e)e. Let
fig € A given by f = 6;(e) + 0x1 + -+ + 0x;—1 + o4(e)x; + 0x41 + - -+ + Ox,, and

g=e—1+(e—1)z1+ -+ (e — 1)xy,, respectively. Recall that J;(1) = 0 for every i.
Let us show that fg = 0:

fg= )(e—1) —l—Zé e —1)z; +oi(e)xi(e — 1) —|—Zoi Jzi(e — 1)z,
Jj=1

=d;(e)e—1)+ Z di(e)(e — D)z + oi(e)[oi(e — 1)z + d;(e — 1))

+ Y aie)loile — D+ ile — Dl
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Equivalently,

n

fg=0di(e)e— 1)+ dile)(e — a; + ai(e)[(i(e) — oa(1))zi + bi(e)]

st
+ z: oi(e)l(oi(e) — oi(1))m; + di(e)]x;

= 5i(e)(e—1) + 2: Sie)(e — V)aj + oi(e)[oi(e)wi — a; + 6;(e)]
+ 2: oi(e)[oi(e)z: — mi + bile)]x;

= 5i(e)e — di(e) + il(é (e)e — 6;(€))a; + oi(e)mi — o5(€)a; + oi(e)i(e)
+ Z:(Gi(e)wi (e)zi + ai(e)di(e))x;

= 5i(e)e — di(e) + i 5i(e)ex; — i 5i(e)z; + oi(e)di(e) + 2: oi(e)di(e)z;

n

= oi(e)di(e) + di(e)e — di(e) + ( (oie)di(e) + di(e)e — 51‘(6))) T

= 0.

Since R is weak Y-skew Armendariz, we obtain §;(e)(e — 1) =0, i.e., d;(e)e = d;(e), and
hence o;(e)d;(e) = 0.

Now, consider the elements s and ¢ of A given by s = d;(e) — (1 — o;(e))x; and
t=e+ Z;’;l ex;, respectively. Then st = 0. In fact:

st = d;(e)e + 0;(e ij —oi(e))zie— (1 —o4(e erxJ

e—|—5 ij xze—i—m x7 xzez%—kaz xzerj
e)e + d;(e ij xz—l—é())—|—U¢(e)(ai(e)xi—|—5i(e))

— (oi(e)x; + d;(e Z@—!—oz oz(e)xi—k&(e))ij
= ie)e +Bile)e ij—om =80+ (0 4 () s

— d;(e) Z xj + oi(e)r; Z zj + oi(e)di(e) Z xj.
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Since 0;(e) = d;(e)e and o;(e)d;(e) = 0, then st = 0. By Armendariz condition we know
that d;(e)e = 0, which shows that J;(e) = 0.

Consider the elements u,v € A given by u = 1—e+(1—e)o;(e)z; and v = e+(e—1)o;(e)z;.
Then

w = e+ (e —1)o(e)x; — e —e(e — Doy(e)x; + (1 — e)oi(e)xie
+ (1 —e)oi(e)xi(e — V)oi(e)z;
= eo;(e)x; — oi(e)x; — eoi(e)x; + eoi(e)z; + (1 — e)o;(e)(o;i(e)x; + d;(e))
+ (L —e)aile)(oi(e)xi — z; + 0i(€))oi(€)w;
= —oile)x; + eoi(e)x; + oi(e)x; + oi(e)di(e) — eoi(e)x; — eai(e)d;(e)
+ [oi(e)x; — oi(e)x; + ai(e)d;(e) — eoi(e)x; + eoi(e)x; — eai(e)d;(e)]oi(e)z;
= 0.

Hence, by the Armendariz condition, (1 —e)(e — 1)o;(e) = 0, i.e., egi(e) = o;(e).
Now, let w =e+e(1 —o;(e))x;, 2=1—e—e(l —o;(e))z; be elements of A. Then

wz=e—e? —e*(1 —o4(e))z; +e(l —oi(e))z; —e(l — oi(e))xe
— e(l—oi(e))zie(l — oi(e))z;

= —e(l—oi(e)zie[l + (1 — i(e))xi]
—e(l—oai(e))(oi(e)zi + di(e))[1 + (1 — oi(e))a:]
= (—eai(e)zi + eoi(e)zi)[1 + (1 — oi(e))zi]
=0,

since d;(e) = 0 and o;(e)o;(e) = o;(e). Then, Armendariz condition implies e(—e(1 —
oi(e))) = 0, which shows that eo;(e) = e, and so ;(e) = e. Therefore, we conclude the
proof. ]

Next, we show that every weak ¥-skew Armendariz ring is Abelian.

Proposition 3.9. If R is a weak X-skew Armendariz ring, then R is Abelian.

Proof. Let € = e,a € R. Consider the elements f, g of A given by f=e—>""" | ea(l—e)z;,
and g=1—e+ >  ea(l —e)z;. Since

fg=e—é —l—eal—erz Zeal—e@ Zeal—exz
- (Z ea(l — e)zea(l — e)) (f: xi>

=1 i=1

;ea 1—e)(oi(e)z; + 6;(e <§ea (1 — e)zi(ea — eae) ) <_1 x)
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Equivalently,

n

fg = (ea — eae) Z ai(e)z;

i=1

- <§n:(ea — eae)(oi(ea — eae)w; + d;(ea — eae))) <§n: xl)

i=1 i=
n

= (ea — eae) Z oi(e)x;

i=1

- (i(ea — cae)((eai(a) — eos(a)e)zi + di(ea) — 5i(eae))) (i a:)

=

i=1 i=1
n n
=ea Z o;(e)x; — eae Z oi(e)x
=1 1=1

n

— <Z(ea — eae)(eoi(a)x; — eoi(a)ex; + oi(e)d;(a)

i=1

or what is the same,

fg=-ea 12: oi(e)x; — eae é oi(e)x
- (g(ea _ cae)(eai(a)z: — eai(a)exs + edy(a) — edi( ) (_1 )

= eaz oi(e)x; — eae Z oi(e)x; — (Z{eaeai(a)xi — eaeo;(a)ex; + eaed;(a)
i=1 i=1 i=1

— eaed;(a)e — eaeo;(a)r; + eaeo;(a)ex; — eaed;(a) + eae&i(a)e}) <Z xl)
i=1
=0.

Since R is weak Y-skew Armendariz, eeca(l — e) = 0, that is, ea = eae. Now, consider
the elements p,q of Agiven by p=1—e—) " (1—e)aex; and g =e+> . (1 —e€)aex;.
Then pg = 0. More exactly,

n

6+§”: 1 —e)aex; — e —ez 1—e)aex; — Z(l—e)aemie

1= =1 =1

- @:1(1 = e)aexl) <§n:(1 = e)aem),

i=1
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or what is the same,

n n

pq = Z(l —e)aexw; — Z(l —e)ae(oi(e)z; + 0;(e))

-1

S0t o) (35

% i=1

o a0 (35

=1

— eae)(oi(a)ex; — eoi(a)ex; + 6;(a)e — 5i(ea)e)> (f: x)

i=1

I
A

M:

Il
-

ae
3
ae

M:

-
-G
g

Il
-

I3

= — <Z{aeai(a)exi — aec;(a)ex; + aed;(a)e — aeo;(e)d;(a)e — eaeo;(a)ex;

+ eacoi(a)ex; — eaed;(a)e + eaeai(e)&(a)e}) <zn: x)

i=1

since ec;(e) = 0;(e) = e. By the weak ¥-skew Armendariz condition on R, we know that
(1 —¢€)(1 —e)ae = 0, or equivalently, ae = eae. Now, as it was shown above, ea = eae,
which means that ae = ea, i.e., R is Abelian. ]

Propositions 3.7, 3.8, and 3.9 imply the following corollary.

Corollary 3.10. If R is a X-skew Armendariz ring R, then A is an Abelian ring.

4. Classical ring of quotients

In this section we will characterize the Armendariz property for the classical ring of
quotients of a bijective skew PBW extension. The key concept is the weak X-skew
Armendariz property. Theorem 4.2 extends [24], Theorem 2.3, and [17], Theorem 16,
and Theorem 4.3 generalizes [24], Corollary 2.5.

Let us recall the key facts about noncommutative localization. If B is a ring and S is a
multiplicative subset of B (1 € 5,0 ¢ S, ss’ € S for every s,s" € S), then the left ring of
fractions of B exists if and only if two conditions hold: (i) given a € B and s € S with
as = 0, there exists s’ € S such that s'a = 0; (ii) (left Ore condition) given a € B and
s € S, there exist s’ € S and o’ € B with s'a = a’s. If these conditions hold, then the left
ring of fractions of B with respect to S is denoted by S~!B, and its elements are classes

denoted using fractions. More exactly, 2= % are equal if and only if there exist ¢,d € B

such that ca = db cs = dt € 5 i’ = C“:db, where u := ¢s = dt € S, for some
c,d € B; ¢ t = us, where ua = ct, for some u € S and ¢ € B. Similarly, it is defined the

right Ore condition, and hence the ring of fractions of B. The nonzero divisors elements
of B are called regular and the set of regular elements of B is denoted by So(B). Recall
that if B is both left and right Ore, then its classical left ring of quotients Q!,(B) and its
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classical right ring of quotients Q7,(B) coincide, and it is denoted by Q(B). A key result
about the classical ring of quotients of B is the common denominator property: if B is
aring, S C B is a multiplicative subset and S~! B exists, then any finite set {q1,...,q,}
of elements of S™!B posses a common denominator, i.e., there exist r1,...,7, € B and
s € S such that ¢; = * for every i (see [15] for a detailed treatment of localization in
noncommutative rings).

Proposition 4.1 ([21], Lemma 2.6). Let A be a bijective skew PBW extension of a ring
R. If S C So(R) is a multiplicative subset of R with c;(S) = S for everyi =1,...,n,
then

(a) If STIR emists, then S™1A exists and it is a bijective skew PBW extension of S™'R,
denoted ST*A = o(STIR)(z),...,z}), where ¥ := i and the systems of constants

17
of ST'R is given by ¢} ; = %2, 0275 = 2 EZ), for 1 <1i,5 <n. The automorphisms
7 of ST'R and the T;-derivations &; (1 < i < n), are defined by (%) = ;Eg,
and 6;(%) :== — 9ils)a 4 8:la) ot S .= {77,...,5,} and A := {01,...,0,}.

oi(s) s oi(s) "

(b) If RS~! ewists, then AS™! emists and it is a bijective skew PBW extension of
RS~ denoted AS™! = o(RS™1) (2, ... ,z!"), where !/ := % and the systems of

n 1

constants of ST'R is given by cl = %, c;’f = :(3’ for 1 < i,57 <n. The
automorphisms o; of ST'R and the T;-derivations 0; (1 <4 < n), are defined
by 7i(%) = ‘”gf;, and 0;(%) = _%51—&9) + iga) Let ¥ = {o7,...,0,} and
A= {d1,...,0,}.

If no confusion arises, we simply denote x} and =/ by x; for 1 < i < n. Now, analogously
to the definitions of ¥-rigid, ¥-skew Armendariz and weak »-skew Armendariz, we con-
sider these notions, i.e., Y-rigid, 3-skew Armendariz and weak Y-skew Armendariz, for
the classical quotient ring Q(R) of R.

Next, Theorem 4.2 generalizes [24], Theorem 2.3, for Ore extensions of automorphism
type, and hence, [17], Theorem 16, for reduced rings.

Theorem 4.2. Let A be a bijective skew PBW extension of a ring R. If the classical ring
of quotients Q(R) of R ewists, then R is weak %i-skew Armendariz if and only if Q(R) is
weak YX-skew Armendariz.

Proof. Tt is clear that if Q(R) is weak Y-skew Armendariz, then R is weak Y-skew
Armendariz.

Conversely, consider f = ¢ ag + Y i ¢; 'aiw; and g = 55 'bo + D7 57 'b;x; elements
of S7!'A such that fg = 0. Let us prove that cjlaio_i(sjlbj) =0 for 0 < 4,5 <n, where
0o =idg-14.

We know that there exist a;,b; € R and c¢,s € Sp(R) satisfying c;ta; = ¢ 'al and
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S;lbj = s_lb;- for 0 < ,j < n. In this way, we can write

0= (clag+;cla§;xi> <51b/ +ZS 1blx])
(oo o)
:(ags 1+§a;[07( Dai + di(s >< +Zb%>
= (ot~ + o) = alen(o) 057 ) (0 +Z“J>

There exist d; € R (1 <i < n) and sy € So(R) such that §;(s)s~! = s, 'd;, which shows
that

0= (ags_l + Z(a;ai(s)_lxi - a;ai(s)_ls;di)) <b6 + Zb;arj)
i—1 =1

Since there exist ag,a,a! € R (1 < ¢ S n) and s3, 84,55 € So(R) with afjs™! =
sztall, aioi(s)™t = sy ta;”, and dioi(s) syt = s5tall’, we have

0= (sgla(’)' + Z(sllag'@ —s3tal’d;) ) <b6 + Z b;xj).
i=1 j=1

27"

t='d., and s 'a} = t~'d/, which guarantees that

Again, there exist do,d},d/ € R (1 <i <n)andt € Sy(R) with s3'alj =t~ dy, s; al =

0= (t—ldo + Z (t djw; — t~'d}d; ) (b’ + Zb’xj)
=1
(do + Z (dj; — d d; ) (b’ + Zb’@)
- (do - Z d'd; + Z dgxi) (bg + Z b;.xj>. (2)
i=1 i=1 j=1
By the Armendariz condition on R, from (2) we obtain the relations given by

(do—Zd” )b’_O (0<j<n), and djo;(j) =0 (1<i<n)(0<j<n). (3)
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From the reasoning above we have the following equivalences for expressions in (3):

(do - ng’di)bg =0 &t! (do -3 d;’di>b3 =0
i=1 i=1

& (t1d0 - Ztldg’di>b; =0
& (83 ag — ngla"'d )
(aos Zaoz 821d>b =0
=N (aos Za oi(s s_l)b; =0
(v

& (ags™ —l—Zad 1>b’—0 0<ji<n), (4)

=

and

djos (b)) =0 <t~ djoy (b)) = 0 & sy a)os(b)) =0
& aioi(s)” Ui(b;) =0& aiai(sfl)ai(b;) =0
& ajgi(s E)) =0  (1<i<n) (0<j<n) (5)
& clajmi(s (b)) =0 c{laio_i(s_l)o_i(b;) =0

& aiai(s_lb;) =0s c{laia_i(sglbj) =0(1<i<n)(0<j<n). (6)

Now, from (2) we have
0= (do - d;’di) b + (do -> dg’ch) (Z b;xj)
i=1 i=1 j=1
+ (Z d;a%) b + (Z dgxi) (Z b;.a:j>
i=1 i=1 j=1
= (do - ng’di) by + (do -3 d;’di> (Z b;a:j)
= i=1 Jj=1
+ Zd’ o (b)xi + 6:(by)] + (Z d’a%) (Z b;xj)
j=1

=1

n

=1 =1

=1 =1

i=1

i,JE{Ln}, i
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or equivalently,

0= (do -3 dg’ch)bg + ) djoi(by) + Z{ (do -> d;'di) b, + d;aj(bg)}xj
=1

=1 Jj=1 =1

+ > doi®))ai + 60w+ Y dwiba

i=1 i,j€{1,....,n}, i#j

= (a0 = Y v Yoo S iotn) + S0 (a0 = Yo e )+ oy 0)
=1 =1 Jj=1 =1

+ Z dios (b2 + Z di6; (b)) + Z d}x;bz;
=1 =1

i,JE{L,n}, i

- (do -3 dg’di>bg + ) disi(bg) + Z{ (do -3 dg’di) v, + dio; (bf) + d;.(sj(b;)}xj
=1 =1 Jj=1 =1

+ ngai(b;)xf + Z dixiby;. (7)
i=1

i,5€{1,...,n}, i#j

With the purpose of computing the last sum in (7), consider the Remark 2.3 (iii). Then

0 (do By dg’di>b6 + 3 dsi))
=1

=1
T Z{ (do B dg’di>b; T dioy (b)) + d;.aj(b;)}xj
j=1 i=1

+ Y dioi(b))a}
=1

Y {[d;mb;) T dioy 8)ea iy + 056,00 + dioy (),
i,j€{1,....n}, i#j

+ [dii (b)) + oy (b)) + djory ()rD) + djos (b)Y r,f%k}. (8)
k=1, k#i,j

By (3), the expression (8) takes the form
0="> didi(by) + > _ do; (b)) + > (85 (b)as + d}o: (b)),
i=1 j=1 i,5€{1,...,n}, i#£j
or equivalently,
0=> "disi(bp) + > disi(b))z;.
i=1 i,je{l,...,n}
By degree relations, we have necessarily the equalities

> didi(by) =Y didi(by) = 0. (9)
i=1 =1
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Indeed, for the first sum in (9) we note that
idgai(bg) =0 & it*ldg&(bg) =0& En: sy talls;(by) =0
i=1 ‘ ‘
@Zam )18 (b)) —0@20 aloi(s)7;(b)) =
& Zc a;oi(s) 716 (b)) = (10)
Similarly, for the second sum in (9) we have
f:d;&i(b;) =0 & it*ld;&(b}) =0 zn: sy talsi (b)) =
i=1 ; ‘

@Zazm )76 (b)) —0(:>z:a707 “He(f) =0 (0<j<n).

=1

Now, consider the elements h = af, + > ., a;z;, and k = s’lb;- with j =1,...,n. Then

111

hk = ajs™'b) —|—Zax7 1Y)

=1

= aps™'b; + Za Gi(s (b)zi + 6:(b})]

= aps b + Z a7 (s~ )0z + > aldi(sT'b}) (12)
i=1 i=1

05”0+ Y aimi(sT a0z + ) ajm(sT (b)) + Y aidi(s . (13)
=1 =1 =1
By (4),(5) and (11), we obtain

hk = ags™ b + Zagdi(s_l)b;. = <a(’)s_1 + Zaé&i(s_l)) b; =0, 1<j<n.
i=1 ;

Since there exist mj 6 R for every j, and n € So(R) such that silb; = m;n"!, then
(ah + D0 abw)m; = 0, whence (af + Y., aix;)m; = 0. By the Armendariz
condition on R, aOmJ = alo;(m;) = 0 for every i and 0 < j < n. Note that agm; = 0 is
equivalent to a{)mjrf1 = 0, that is, ags—'0} = 0 for each 1 < j < n. Since we have the
equivalences

aps b =0 ¢ lahs; by =06 ¢y lags; by =0, 0<j<mn, (14)

expressions (6) and (14) show that the ring Q(R) of R is weak X-skew Armendariz. M
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Note that every Ore domain is a X-skew Armendariz ring for every family of auto-
morphisms ¥ and every family of ¥-derivations A of R. Theorem 4.3 generalizes [24],
Corollary 2.5.

Theorem 4.3. If R is a semiprime Goldie ring and A is a bijective skew PBW extension
of R, then the following statements are equivalent:

(i) R is X-rigid;
(ii) R is X-skew Armendariz;
(iii) R is weak XS-skew Armendariz;

)

)

)
(iv) Q(R) is T-rigid;

)

)

(v

Q
Q(R) is X-skew Armendariz;
(vi) Q

(R) is weak L-skew Armendariz.

Proof. The implications (i) = (ii) = (iii) and (iv) = (v) = (vi) are clear. Equivalence
(iii) < (vi) is the content of Theorem 4.2. (ii) = (i): If R is a X-skew Armendariz
ring, then R is weak Y-skew Armendariz, and by Theorem 4.2 we know that Q(R) is
weak Y-skew Armendariz, that is, Q(R) is Abelian by Proposition 3.9. In this way,
Q(R) is an Abelian semisimple ring, i.e., Q(R) is reduced. If ac®(a) = 0 for an element
a € Q(R), then c%(a)a = 0, since Q(R) is reduced. Note that Lemma 3.3 implies
7(a)6*(o%(a)) = 6%(a)o®(a) = 0.

Consider the elements h = 0%(a) —0%(a)z® and k = a+0%(a)z* of o(Q(R)){(x1,...,Tn).
Then

/

)% + Pl o] — 0%(@) [0 (0% (a))2™ + ¢, ga(ylz”
(ac®(a))z®z™ — F(a)q&ﬂ—w(a)x"‘
'(a qaygfa(a)xaa (15)

where the polynomials p;, , and ¢/, = (a) have the properties established in Proposition

2.7. Since ac®(a) = 0%(a)a = 0, Remark 2.8 (ii) and Lemma 3.3 show that 0%(a)p;, , =
U_O‘(a)q(’xﬁ(a) = 0, whence hk = 0. Since Q(R) is weak Y-skew Armendariz, we have
0%(a)o*(a) = 0, and using the fact that Q(R) is reduced and 0% is a monomorphism,
we obtain a = 0, that is, Q(R) is X-rigid, and so R is X-rigid. With this reasoning we
have proved also (vi) = (iv) and (iii) = (i). 4

5. Baer, quasi-Baer, p.p. and p.q.-rings

Kaplansky in [16] defined a ring B as a Baer (resp. quasi-Baer, which was defined by
Clark in [8]) ring if the right annihilator of every nonempty subset (resp. ideal) of B is
generated by an idempotent. Another generalization of Baer rings are the p.p.-rings. A
ring B is called right (resp. left) p.p if the right (resp. left) annihilator of each element
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of B is generated by an idempotent (or equivalently, rings in which each principal right
(resp. left) ideal is projective). Birkenmeier et al. in [6] define a ring to be called a right
(vesp. left) principally quasi-Baer (or simply right (resp. left) p.q-Baer) ring if the right
annihilator of each principal right (resp. left) ideal of B is generated by an idempotent.

Commutative and noncommutative rings Baer, quasi-Baer, p.p.-rings, and right p.q.-
Baer have been investigated in the literature. For instance, polynomial extensions in
the commutative case were studied in [2], [4], and Ore extensions B[z;o,d] of injective
type, i.e., when o is injective, of all this kind of rings can be found in several works (cf.
[5],[6],[10],[13], and others). Some of these treatments consider the case 6 = 0 and o
an automorphism, or the case where o is the identity. Nevertheless, it is important to
say that the Baerness and quasi-Baerness of a ring B do not inherite the Ore extension
of B. More exactly, there are examples which show that there exists a Baer ring B but
the Ore extension Blz; g, d] is not right p.q.-Baer ([10], Example 8); similarly, there exist
Ore extensions Bz; o, d] which are quasi-Baer, but B is not quasi-Baer (|10], Example 9
and [3], Example 11). In general, the Baerness of B and B[z;0,d] does not depend on
each other. Since Ore extensions of injective type are particular examples of skew PBW
extensions, the concepts of Baer, quasi-Baer, and p.p. and p.q. are interesting for the
ring theoretical study of skew PBW extensions. With this in mind, the first author in [28§]
studied all these concepts using the notion of 3-rigid rings and established necessary and
sufficient conditions to guarantee their stability under skew PBW extensions, generalizing
the results presented in [13].

Now, as we saw in expression (1), X-rigid are contained strictly in weak ¥-skew Armen-
dariz rings, so our next task is to consider all above concepts over these more general
rings. With this objective, it is useful the following notation: for a nonempty subset D
of a ring B, we denote by rg(D) ={b € B |db=0, Vd € D}, the right annihilator of D
in B.

Theorem 5.1. If A is a bijective skew PBW extension of a weak X-skew Armendariz ring
R, then R is a Baer ring if and only if A is a Baer ring.

Proof. Suppose that R is a Baer ring. Consider a nonempty subset C' of A and let C*
be the set of all coefficients of elements of C. It is clear that C* is a nonempty subset of
R, and by assumption, rr(C*) = eR for some idempotent e € R. If f = > jap Xy is
an element of A, Remark 2.8 (i), and the equalities o;(e) = e and d;(e) =0for 1 <i<n
(Proposition 3.8), show that Xxe = 0 for every 1 < k < m, and so fe = 0, that is,
e € ra(C), which implies eA C r4(C). Now, if g = Z;:o b;Y; is a nonzero element of
ra(C), then fg =0 for any f € C. Since R is ¥-skew Armendariz, 0% (b;) € rg(C*) =
eR for every 1 < k < m with ax = exp(Xk), whence by, by,...,b; € eR, since g%
is an automorphism for every k and o;(e) = e for 1 < i < n. Therefore, g takes the
form g = Z;ZO ed; = 62;21 d; € eA for some elements d; € R, which shows that
r4(C) CeA, and so 14 (C) = eA.

Conversely, if A is Baer and B is a nonempty subset of R, then r4(B) = eA for some
idempotent e € R (Proposition 3.7). Using this fact, we obtain rg(B) = ra(B) N R =
eANR = eR, that is, R is Baer. ]

Corollary 5.2 (|28], Theorem 3.9). Let R be a X-rigid ring. Then R is a Baer ring if and
only if A is a Baer ring.
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Theorem 5.3. If A is a bijective skew PBW extension of a weak X-skew Armendariz ring
R, then R is a p.p.-ring if and only if A is a p.p.-ring.

Proof. Suppose that R is a p.p.-ring and let f = >"/"  a,pX) a nonzero element of A.
Then there exists an idempotent e, € R such that rg({ar}) = ex R, for every 0 < k < m.
Let e := ege1 - €p,. It is clear that e* = e € R and eR = (,_,rr({ax}), since R
is Abelian (Proposition 3.9). By Proposition 3.8, we have o;(e) = e and J;(e) = 0 for
1 <4 < n; so, using a reasoning as above, fe = 0, which shows that eA C ra({f}).
Let us see the another inclusion. If g = Z;:o b;X; € ra(f), then fg = 0, and by
assumption, aro®* (b;) = 0 (o = exp(Xy)) whence 0% (b;) € rr({ar}) = exR, for every
0<k<m, 0<j <t Inthis way, b; € exRR, since 0% is an automorphism with
oi(e) = e, for every 1 < i < n. Hence b; € eR =", rr({ax}), for all 0 < j < ¢, which
shows that g € eA. Therefore eA =r4({f}), i.e., A is a p.p.-ring.

Now, if A is a p.p.-ring and r is an element of R, we know that there exists an idempotent
e € R with r4({a}) = eA (Proposition 3.7), which implies rg({a}) = eR, and hence R
is a p.p.-ring. v

Corollary 5.4 ([28], Theorem 3.12). Let R be a X-rigid ring. Then R is a p.p.-ring if
and only if A is a p.p.-ring.

Corollary 5.5 ([28], Theorems 3.10 and 3.13). Let A be a bijective skew PBW extension
of a reduced and weak X-skew Armendariz ring R. Then R is a quasi-Baer (p.q.-Baer)
ring if and only if A is a quasi-Baer (p.q.-Baer) ring.

Remark 5.6. (i) (|11], Example 2.8). Let B = k[¢] be the polynomial ring over a field
k and o be the endomorphism given by o(f(¢t)) = f(0). Then B is quasi-Baer, but
the ring B[x; 0] is not a quasi-Baer ring. This example shows that the injectivity
of the endomorphisms o; € ¥ (Proposition 2.2) is not a superfluous condition in
Corollary 5.5.

(ii) Since prime rings are quasi-Baer, if A is a bijective skew PBW extension of a prime
ring R, then A is prime ([27], Proposition 3.3 or [20], Corollary 4.2) and hence
quasi-Baer.

(iii) In [28], Theorems 3.9, 3.10, 3.12, and 3.13 the first author did not assume bijecti-
vity on the injective endomorphisms o; of X. More exactly, it was only required the
invertibility of the elements ¢; ; in Definition 2.1. In this way, the results presented
in [28] are valid for general skew PBW extensions satisfying these conditions on the
elements ¢; ;. Now, as we saw in this paper, >-rigid rings are contained strictly in
weak Y-skew Armendariz rings, so Theorems 5.1, 5.3, and Corollary 5.5 generalizes
[28], Theorems 3.9, 3.10, 3.12, and 3.13. It is important to say that these gene-
ral results are formulated assuming the bijectivity of the injective endomorphisms
o; € X. One could consider that this requirement is very strong; however, this
is not the case. Indeed, several remarkable results about skew PBW extensions
are formulated considering this hypothesis: the Hilbert basis theorem, regularity,
Serre’s Theorem, Global, Krull, Goldie and Gelfand-Kirillov dimensions, Quillen’s
K-groups, characterization of prime ideals, etc. (see [20],[22],]26],[29], and others).
Last, but not least important, it is the number of examples of bijective skew PBW
extensions which have been found in the literature (see [22] for a detailed list).
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