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Abstract. In this paper, we consider perturbations to a sequence of moments
associated with an orthogonality linear functional that is represented by a
positive measure supported in [—1,1]. In particular, given a perturbation
to such a measure on the real line, we analyze the perturbation obtained
on the corresponding measure on the unit circle, when both measures are
related through the Szegd transformation. A similar perturbation is analyzed
through the inverse Szegd transformation. In both cases, we show that the
applied perturbation can be expressed in terms of the singular part of the
measures, and also in terms of the corresponding sequences of moments.
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Analisis de perturbaciones de momentos asociados a
funcionales de ortogonalidad a través de la
transformacion de Szegé

Resumen. En el presente trabajo, analizamos las perturbaciones a una sucesion
de momentos asociada a un funcional lineal de ortogonalidad que se representa
por una medida positiva con soporte en [—1, 1]. En particular, dada una cierta
perturbaciéon a dicha medida en la recta real, analizamos la perturbacion
obtenida en la correspondiente medida en la circunferencia unidad, cuando
dichas medidas estan relacionadas por la transformacion de Szegd. También
se analiza una perturbacion similar a través de la transformaciéon inversa de

*E-mail: edinson.fuentes@uptc.edu.co
Received: 3 February 2015, Accepted: 15 April 2015.
To cite this article: E. Fuentes, L.E. Garza, Analysis of perturbations of moments associated with orthog-
onality linear functionals through the Szegd transformation, Rev. Integr. Temas Mat. 33 (2015), no. 1,
61-82.

61



62 E. FUENTES & L.E. GARzA

Szegd. En ambos casos, se muestra que la perturbacion aplicada puede ser
expresada en términos de la parte singular de las medidas, y también a través
de las correspondientes sucesiones de momentos.

Palabras clave: Polinomios ortogonales, funciones de Stieltjes y Carathéodory,
matrices de Hankel y Toeplitz, transformacion de Szegd.

1. Introduction

The theory of orthogonal polynomials with respect to measures supported on the real line
has numerous applications, including numerical integration, integrable systems, spectral
theory, approximation, and moment problem, among others. In the last decades, spectral
properties of Jacobi matrices (the matrix representation of the multiplication operator
in terms of the orthonormal basis) have been studied (see, for instance, [11], [14]) in
connection with some spectral transformations of the orthogonality measures, which
can be expressed as LU factorizations of the corresponding Jacobi matrices, and also in
terms of the corresponding Stieltjes functions (the Cauchy transform of the orthogonality
measure). Such transformations have been studied in the context of Darboux transfor-
mations, which are related with the bispectral problem: to find all situations in which a
pair of differential operators have a common eigenfunction.

On the other hand, orthogonal polynomials with respect to nontrivial probability mea-
sures supported on the unit circle have been studied more recently. The basic references
on this topic are the classical Szegd book [12] and the recent monograph [10]. Some of
the more studied applications of orthogonal polynomials on the unit circle are numerical
integration, prediction theory and control theory. Much of the research efforts in this
area are conducted using analogies with the real line case: If orthogonal polynomials on
the real line satisfy some property, the corresponding property for orthogonal polynomi-
als on the unit circle is studied. In particular, the analysis of spectral transformations
on the unit circle has been developed in [7, 8|, among others.

Furthermore, the analysis of perturbations on the moments associated with an orthog-
onality measure on the real line has been developed in [1], and on the unit circle in [2].
In both cases, the authors show that such perturbations constitute particular cases of
linear spectral transformations, and obtain some properties of the perturbed sequence
of orthogonal polynomials. In this paper, we analyze perturbations of moments from
the perspective of the Szegd transformation: a well known relation between measures in
[—1,1] and measures in the unit circle. The structure of the manuscript is as follows: in
Section 2, we present some basic results regarding orthogonal polynomials on the real
line, as well as some results about moment perturbations for measures supported on the
real line. The analogous results for measures supported on the unit circle are described
in Section 3. Finally, the relation of these perturbations through the Szeg¢ transforma-
tion and the inverse Szeg¢ transformation is studied in Sections 4 and 5, respectively.
This constitutes the original contribution of this paper. Some illustrative examples are
provided.
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Analysis of perturbations of moments 63

2. Perturbation of a Hankel matrix

2.1. Orthogonal polynomials and linear spectral transformations on the real line

Let {/tn}n>0 be a sequence of complex numbers and let £ be a linear functional defined
in the linear space P of polynomials with complex coefficients such that

(L,2™) = pp, n>0. (1)

L is called a moment linear functional, and the complex numbers {, },>0 are the mo-
ments associated with £ (see [3, 12]).

A sequence of polynomials {p,(z)}n>0, where
pn(ﬂf) = Fyn'rn + 6Tlmn_l +ee In 7é 07 n > 07
is called an orthogonal polynomials sequence (OPS) with respect to L, if for every non

negative integers n and m, the conditions

1. pn(z) is a polynomial of degree n,
2' <£,pm($)pn(x)> = 0? fOI' m 7& na
3. (L, pn(x)pn(2)) = (£, P} (2)) # 0, n >0,

hold. The corresponding monic sequence (MOPS), denoted by { P, (x)},,>0, whose lead-

ing coefficient is 1, is defined by P, (z) = p’:/—(:).

The Gram matrix associated with the bilinear form B associated with £, defined by
B(p,q) = (L,pq), p,q € P, with respect to the monomial basis {z"},>¢ of P, is

1o I T
H1 H2 R O O |
H= [(Q xiH)]i,j:o,l,.., = [Mi+j]i,j:0,1,... = . ’ :

Hn  Pn41  --. Hon

These matrices with constant values along the anti diagonals are known in the literature
as Hankel matrices.

Not every linear functional has an associated OPS. A necessary and sufficient condition
for the existence of an OPS associated with £ is

Ho M1 cee Hn
H1 H2 T Hntl

Ay =det H,, = det(piyy)i ;= = : : . : #0, n>0,
Hn  Hn+1 .- Han

where H,, is the (n + 1) x (n + 1) principal leading submatrix of H. £ is called quasi-
definite if A,, # 0 for every n > 0, and positive definite if and only if all the moments
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64 E. FUENTES & L.E. GARzA

are real and A,, > 0 for every n > 0. If £ is positive definite, then there exists a unique
sequence of polynomials

pn(z) = ’Ynxn + 5nxn_1 + >0, n>0

satisfying
<E7pn (x)pm(x» = 5n,m7

where 6, ,, is the Kronecker’s delta. {p,(z)},>0 is called the sequence of orthonormal
polynomials associated with £. From the Riesz’s representation theorem, there exists an
integral representation (not necessarily unique)

(L,2™) =/Em"da(x)7

where « is a positive non trivial Borel measure, whose support E is an infinite subset of
the real line. Some of the most remarkable properties of orthonormal polynomials are
the following.

1. The sequence {p, (z)},>0 satisfies the three term recurrence relation

TP () = apg1Pn+1(x) + bnpn(2) + anpn-1(x), n >0,

with initial conditions p_1(x) = 0, po(z) = g 1 ?, and recurrence coefficients given
by
_ _ Yn—1 _ 2 _ 6n (5n+1
an = | zpp-1(x)pn(z)da(z) = —"— >0, b, = | zp.da(z) =— — ——.
E Tn E Tn Tn+1

2. The n-th orthonormal polynomial, p,(z), can be expressed in terms of Hankel
determinants as follows:

Mo M1 H2 T Hn
1 H1 H2 3 o Hntl
pr(@) = —m——| i i c =0,
v -1
e Mn—1 Hn Hn+1 et Hon—1
1 T 22 e z"

with A_; = 1. This is called the Heine’s formula. The leading coefficient is given
by the ratio of two Hankel determinants

o A"71
Tn = An .

3. The zeros of p,(x) are real, simple, and located in the interior of the convex hull
of the support F of the measure.

4. Let 1 < Tp2 < -+ < Ty, be the zeros py,(x). The zeros of p,(z) and p,41(x)
satisfy the interlacing property

Tpt1,i < Tng < Tpgtitl, ©=1,2,.n.
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The Stieltjes function associated with « is defined as
do(t
S(z) = / ﬂ,
pr—t
If £ is quasi-definite, S(x) admits the formal series expansion at infinity
o0
S@) =Y &

k1’
k=0

where pyj are the moments associated with «, given by (1). In what follows, we will
assume that o = 1. A rational spectral transformation of a Stieltjes function S(z) is a
transformation of the form

s Ax)S(x) + B(x)
S = G @)s@ 1 D)’

where A(z), B(x),C(z) y D(z) are polynomials in = with AD — BC' # 0 and such that
S(x) has a formal series expansion around infinity. The transformation is said to be

linear if C(z) = 0.

Given a linear functional £, some canonical perturbations analyzed in the literature are:
1. The Christoffel transformation dé. = (z — )do, 5 ¢ supp(a).
2. The Uvarov transformation dé&, = da + M,.§(x — f8), 8 ¢ supp(a), M, € R.
3. The Geronimus transformation dé, = i—aﬁ + M,0(x — B), B ¢ supp(a), M, € R,

where d(x — f3) is the Dirac’s delta functional, defined by
<6(xiﬂ)7Q>:q(6)v qE]P)7 /BER

The three canonical perturbations defined above correspond to linear spectral transfor-
mations of the corresponding Stieltjes functions (see [7, 8, 14]).

2.2. Perturbation of the j—th moment of the Hankel matrix

Let £ be a positive definite linear functional associated with a Borel measure a: supported
in £ € R. Instead of considering the monomial basis of P, we deal with the basis
{1,(z—a), (z—a)? ...}, where a € R. The reason for this will be evident in what follows.
The sequence of moments associated with this basis, {v;,},>0, is given by

n—1
7=0

where p9 = v (see [1]).

We will be interested in analyzing a perturbation of the j-th moment of a given sequence
of moments. Before that, the following definition is needed. Given a linear functional L,
its distributional derivative DL (see [13]) is defined as

(DL,q) =—(L,q), qeP.
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66 E. FUENTES & L.E. GARzZA

If j is a non negative integer, the j—th distributional derivative is
(D'L,q) = (~1)(£.q7), q€P.

In particular, for the functional é(x —a), it is easy to see that the the j—th distributional
derivative is , o
(D76(x = a),q) = (~1)q)(a).

Definition 2.1 ([1]). Let £ be a quasi-definite linear functional. The linear functional £;
is defined by

(L;,p(x)) = (£,p(x)) + (—1)j%<D(j’5(w —a),p(x))

me (3)
= (L,p(x)) + T!]p(”(a),

where m; and a are real constants, and p¥/)(z) denotes j—th derivative of p(x).

Necessary and sufficient conditions for £; to be quasi-definite can be found in [1], as well
as the explicit relation between the corresponding MOPS. If both £ and £; are positive
definite, then the previous transformation can be expressed in terms of the orthogonality
measures as follows: s

dé; :da+(—1)~’j—'jD(j)5(x—a). (4)

On the other hand, from (3) it is easily obtained that

Vi, if k< Js
= (L, (x—a)*)y =< vi+my, if k=]
Vi, if k>j.

In other words, £; only perturbs the generalized j—th moment of the linear functional L.
Furthermore, if £; is quasi-definite and S(x) denotes its corresponding Stieltjes function,
S(x) => 10 ok and S() are related by

~ m]

Sjx) = S(x) + (@ =yt (5)

As a consequence, (5) is a linear spectral transformation of S(x), where A(z) = (z—a)*?,
B(z) = mj and D(z) = (z — a)’TL.

3. Perturbation of a Toeplitz matrix

3.1. Orthogonal polynomials and spectral transformations on the unit circle

The following definitions and theorems can be found in [4, 8, 10, 12]. Notice the analogy
with the concepts presented in the previous section. Let £ be a linear functional in the
linear space of Laurent polynomials (A = span{z*}cz) such that £ is Hermitian, i.e.

en=(L,2")=(L,z7") =Cp, NEL
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Analysis of perturbations of moments 67

The complex numbers {¢, }nez are said to be the moments associated with £. Under
this conditions, a bilinear functional can be defined in the linear space P = span{z*}ren
of polynomials with complex coefficients by

(p(2),a(2))c = (L, p(2)az"")), pa€eP.

The Gram matrix associated with the canonical basis {z"},>0 of P is

€o C1 Cn
C—1 Co Cn—1
T = : : (6)
C-n Conti Co

known in the literature as Toeplitz matrix. As in the real line case, £ is said to be
quasi-definite if the (n 4+ 1) x (n + 1) principal leading submatrices (T),>0 are non
singular, i.e.,

Co &1 U Cn
C-1 Co o Cp—1
detT,, = . . . 0, n>0.
. ’
C-n Cont1 ... Co

If £ is quasi-definite, there exists a sequence of monic polynomials {®,, },>¢ satisfying:

1. deg ®, =n, n >0,
2. <(1),,“ q)m>ﬁ = 07 for m 7é n, m,n > 07
3. <(1)na q>n>£ = K'm n > 07

where K,, # 0 for every n > 0. {®,},>0 is called the sequence of monic orthogonal
polynomials sequence associated with the Hermitian linear functional L.

If T,,, n > 0, has positive determinant, then £ is said to be positive definite. In such a
case we can define an inner product, and we have

<£7q)n(z)<i)n(z_1)> = <q)n7q)n> = ||(I)n||2 = K7L7 Kn > 0.

There also exists an integral representation

wmu»=/¢@mm

JT

where o is a nontrivial probability measure supported in the unit circle T = {z € C :
2| =1}

{®@,, }n>0 satisfies the forward and backward recurrence relations

Dy 41(2) = 220(2) + Pnt1 (0)27(2), n >0,
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68 E. FUuenNTES & L.E. GARZA

Dp41(2) = (1= [@011(0)[?)2®@n(2) + @rp1 (0) 5,11 (2), 12> 0,

where @7 (2) = 2"®,,(271). In the literature (see [10]), the polynomial ® (z) is known as
reversed polynomial. The complex numbers {®,,(0)},>1 are called Verblunsky (reflection,
Schur) parameters and play a central role in the study of orthogonal polynomials on the
unit circle. If £ is positive definite, we have |®,,(0)| < 1, for every n > 1.

Assume L to be positive definite, and let o be its corresponding measure on the unit
circle. Then, there exists (see [5]) a sequence of polynomials {¢, }n>0,

on(2) = k2" +-, Ky 20,
such that .
0n (€ (e0)do(0) = Opmm, z=2¢" m,n>0. (7)
Clearly, we have ®,,(z) = “"2?. Kn can be expressed in terms of two Toeplitz determi-
nants,

det Tn,1 >
Rp = - , =1,
V detT,,

and from the above equation we have

1 det T
Kn:* ¢ n n>1.

K2 = det T,-1 =

On the other hand, the k-th moment ¢ associated with o is defined by

Ck :/ e*do(9), ke,

-

and the n-th orthonormal polynomial can be computed by

Co C1 C2 Cn
c_1 co C1 Cn—1
()= —— n>0
o Vdet T, det T,y e
—(n—1) C—(n-2) C—(n-—3) C1
1 z 22 "

with the convention det T_; = 1.

Given an analytic function F' : D — C, we say F' is a Carathéodory function if and only
if F(0) € R and Re(F(z)) > 0inD = {z € C: |z| < 1}. If L is positive definite, the
Taylor series

F(z)=co +2ic,kzk. (8)
k=1

is analytic in D and Re(F(z)) > 0 in D. (8) is thus called the Carathéodory function
associated with £. F(z) can be represented as the Riesz-Herglotz transform of o,
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Analysis of perturbations of moments 69

Furthermore, o can be decomposed into a part that is absolutely continuous with respect

to the normalized Lebesgue measure % and a singular part (see [10]). If we denote by

w(#) = ¢’ the Radon-Nikodyn derivative of o and by o, singular measure, then
de
do(0) = w(@)% + do (). (9)

Also, there exists a relation between the Carathéodory function and w(f) (see [9]).
Namely, if 6 € 9D, then _ _
F(e') = lim F(re®),
r—1
and therefore, _
w(f) = ReF (7). (10)
The singular part o5 is supported in {f]lim,4; Re(re?’) = o0o}.

Given a linear functional £, some perturbations that have been studied in the literature
are (see [2]):

1. The Christoffel transformation déc = |z — £|2do, |2| = 1,£ € C,

2. The Uvarov transformation doy = do 4+ M.6(z — &) + M.5(z — Z_l),ﬁ e C—-{0},
M.eC,

3. The Geronimus transformation dog = \zd_—%\z + Mo(z — &) + M(z — Zil),
EeC—-{0},M. €C,|¢| #1.

Again, notice the analogy with the transformations defined in the previous section. A
rational spectral transformation of a Carathéodory function F(z) is a transformation of

the form
- A(2)F(z) + B(z)

“”ZC@F@+D@’

where A(z), B(z),C(z) and D(z) are polynomials in z with AD — BC' # 0, and such
that F(z) is analytic in I and has positive real part therein. Again, if C(z) = 0, the
transformation is said to be linear. The three transformations defined above correspond
to linear spectral transformations, when they are expressed in terms of the corresponding
Carathéodory functions (see [8]).

3.2.  Perturbation of the j—th moment of a Toeplitz matrix

Perturbations in the subdiagonal of a Toeplitz matrix were studied in [2].

Definition 3.1. Let £ be an Hermitian linear functional and define a linear functional
L; such that the associated bilinear functional satisfies

(p(2),a(2))e, = (P(2), a(2)) 2 + M;(2'p(2),a(2))c0 + M (p(2), 2 a(2)) o (11)

where M; € C, p,q € P, j € N is fixed, and (-,+)z, is the bilinear functional associated
with the normalized Lebesgue measure in the unit circle.
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70 E. FuenTES & L.E. GARZA

If £ is quasi-definite, necessary and sufficient conditions in order for £; to be quasi-
definite, as well as the connection formula between the corresponding families of monic
orthogonal polynomials, were obtained in [2]. If £ is a positive definite linear functional,
then the above transformation can be expressed in terms of the corresponding measures
as

. do —  _.do
daj:da—o—]V[sz%—i—sz J%. (12)
From (11), one easily sees that
Ch; si k¢{j,—Jj}
G =(L5,2") =g, =9 e+ My, st k=), (13)

cj+Mj, si k=j.

In other words, £; perturbs the moments ¢; and c_; from the sequence of moments
associated with £. The rest of the moments remain unchanged. This is, the Toeplitz
matrix associated with £; is equal to the Toeplitz matrix associated with £, except for
the j-th and —j-th moments, which are equal to ¢; + M and c_; + M, respectively. In
matrix form, we have

Co Cj+Mj Cj+17 Cp
C_q Cj—1 C]‘—F]\/[j Cn—1
Ty, =] c—j+M; C_jy1 co ot Cpej , n>0.
C_j—1 C,j+]\/[j Cc_1 o Cp—j—1
L Cn Con+t1 e Contj e Co J

Clearly, the Caratheddory function associated with £; is
fj(z) = F(2) +2M;2, (14)

which is a linear spectral transformation of F(z) with A(z) = D(z) = 1 and B(z) =
2]\{] Zj .

4. Analysis of moment perturbations through the Szegd transfor-
mation

From a positive, nontrivial Borel measure o supported in [—1, 1], we can define a positive,
nontrivial Borel measure o supported in [—7, 7] by

do(6) = %\da(cos&ﬂ, (15)
in such a way that if do(z) = w(z)dz, then

do(0) = %w(cos@)\ sin 0] d. (16)
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There exists a relation between the corresponding families of orthogonal polynomials
(see [5]). On the other hand, since the moments {c,},>o are real (see [5])), F(z), the

Carathéodory function associated with o has real coefficients. Therefore, we have
ReF (") = ReF (e'*70),

and then do(6) + do(2r — @) = 0. Thus, there exists a simple relation between the
Stieltjes and Carathéodory functions associated with a and o, respectively, given by

Fz) = 17,22/7 do(t) 17223(3:), (17)

2z Lx—t 2z

where z = L{l and z = 2 + Va2 — 1 (see [9]). In the literature, this relation is known
as the Szegd transformation. Conversely, if ¢ is a positive, nontrivial Borel measure with
support in the unit circle such that its moments are real, then there exists a positive,
nontrivial Borel measure «, supported in [—1, 1], such that (15) holds. This is called the
inverse Szegd transformation.

In this Section, we consider some perturbations of sequences of moments associated with
measures supported in [—1,1] and then analyze the type of perturbation obtained in
the corresponding measure supported on the unit circle, when both measures are related
through the Szegd transformation. The main tool is the relation (17).

4.1. Perturbation of the j-th moment. Case a =0

Let a be a nontrivial probability measure supported in [—1,1] and let {1, },>0 be its
corresponding sequence of moments, associated with the basis {1,z —a, (z —a)?,...}. If
we apply the perturbation (4), then we obtain a measure whose corresponding sequence
of moments coincide with {v,},,>0, except for the j-th moment, which is perturbed by
adding to it a mass m;. Notice that, in order to apply the Szegé transformation (15),
the perturbed linear functional £; has to be positive definite (i.e. it has an integral
representation in terms of a positive measure). More generally, we can define the Szegd
transformation for quasi-definite linear functionals using (17).

Assume a = 0,' so that the Stieltjes function is
mj

Sj(w) = S(x) + g (18)

where S(z) = Y07 25 = Yoo T, since in this case the two bases coincide. Ap-

z+z_1

s—, we obtain the

plying the Szegd transformation (17) to (18), and using = =
Carathéodory function

~ 1—22
o) =15 25 @)
1— 22 2z m;
T2z (1—22F(Z)+xj+>
1— 22 ;
—F(z)+ ———

2% (#)3417

1This means that the mass associated with the Dirac’s delta is added at the origin. Furthermore, if
7 =0, then Lo will be positive definite if mg > 0.
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72 E. FuenTES & L.E. GARzZA

which becomes ) ]
2im;27 (1 — 22)
(22 +1)7+1

Notice that, from the relation z = x + /22 — 1, the mass point at x = 0 gives two
mass points z = =i, which are the poles of F(z) Furthermore, since we have poles
at z = 44 with multiplicity j + 1, the corresponding measure on the unit circle can be
obtained directly using the general Riesz-Herglotz transform. Naturally, the perturbation
only affects the singular part of the measure. From (19), we can deduce the moments
associated with the perturbed Carathéodory function or, in other words, the effect on
the moments associated with o caused by the perturbation.

F(z)=F(z) + (19)

Comparing (19) with (14), we obtain

2j*1m]~(1 — 22)
(22 + 1)it1

From this, we conclude that a perturbation of the j-th moment associated with a measure
supported in [—1, 1] does not translate to a perturbation on the j-th moment associated
with the corresponding measure supported in the unit circle, when both measures are
related through the Szegd transformation. In other words, a perturbation on the j-th anti
diagonal of a Hankel matrix does not result in a perturbation of the j-th sub diagonal of
the corresponding Toeplitz matrix.

M; = (20)

In order to determine the type of perturbation obtained, set
F(z) = F(2) + 227 R(z), (21)
where

277 Im;(1 — 2%) eiel 2 1
W =22""m;(1 - 2%) <7(22 n 1)j+1> . (22)

To deduce the perturbed moments, we will write (22) as a power series. Notice that

m _ i(*l)w (”) L2n3), (23)

n=j J

R(z) =

and replacing (23) in (22), we obtain

0 , (24)
=2t - ) Yo ()
Substituting (24) in (21), we get
F(z) = F(z) + 22/ <2“mj<1 =2 (- (”j J’) >
= - - , (25)
= F(Z) + 2jmj Z(—l)n (n + ‘]>Z2"+j _ 2]',”7/]. Z(_l)n (n + ]>22n+2+j.
n=0 J n=0 J
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From (25) we conclude that, if the j—th moment associated with « is perturbed and we
apply the Szegd transformation, then the obtained perturbation in F(z) corresponds to
a perturbation of the moments associated with o in the following way:

= If j is even, all even moments starting from c; are perturbed.

= If j is odd, all odd moments starting from c; are perturbed.

Also, the explicit perturbation is

Cn, if n<jorn=j+2k+1,
~ for k e N,
T e ki ((<"+j>/2) + (("“;2)/2)) , i n=j+2k,
for k € N,
(26)

with (j ;1) := 0. We summarize our findings in the following Proposition.

Proposition 4.1. Let « be a nontrivial positive Borel measure with support in [—1,1] and
let o be its associated measure with support in the unit circle, defined through the Szegd
transformation. Let {vy,}n>0 and {c, }nez be their corresponding sequences of moments.
If we apply the perturbation (4) with parameter a = 0 to «, then the perturbed measure
G obtained in the unit circle is a linear spectral transformation of o, with moments given
by

. /2 i 2)/2
én=cCn +in_J2J_177L]' <<(7’L +.7)/ > + ((n+] )/ )) - =]+2k7 k>0,
J J

with the convention (ji.l) = 0. The remaining moments remain unchanged. Further-
more, the perturbation affects only the singular part of o.

Example 4.2. If j =0 in (25), then the perturbed Carathéodory function is
]*:b(z) = F(Z) + mg + 2my Z(*l)nzzn,
n=1

and, as a consequence, the perturbed moments associated with the measure o are

~ _ C_n, Zf n s Odd7
Con = { C_pn+1i"mo, if n is even, (27)
or, equivalently,
1 1
Eop =yt 20" d%w - ”; ) mo, (28)

where [-] is the ceiling function. This means that all even moments associated with o
are perturbed. In matriz form, we have
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Mo+ Mo p1 o H2 3

1 Mo 3 M2

H= H2 M3 M4 M1
H3 M4 K5 He

v

Szegd™ transformation
co + mo c1 Co — Mo c3
c-1 Co + Mo C1 C2 — Mo
T— | c-2—mo c_1 co + mo c1
c_3 c_9 — Mo c_1 co + mo

For instance, for the third kind Chebyshev polynomials, the orthogonality measure is

1—xzdr
14z w

do(z) =2

)

supported in [—1,1]. Applying the Szegd transformation, the corresponding measure on
the unit circle is

do=(1- Cosﬁ)d—e
2
5 df

— |z — 1222
o =175,

i.e., a Christoffel transformation of the normalized Lebesgue measure, with parameter 1.
The corresponding moments are

1 if n =0,
, if n=1orn=-—1,
0, otherwise.

[ I

Cp=1 —

Thus, if the first moment po of the Hankel matriz is perturbed by adding it a real mass
my, the perturbed Carathéodory function is

Fo(z) =1—z+mg+2mg Y 22",

n=1
which means that the perturbed moments are
14+mg, if n =0,
. f%, if n=1orn=-1,
C_p = . : .
i"mo, if n is even.

0, if n is odd, different from + 1.
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The perturbed Toeplitz matrix is

1+m0 —1/2 —myo
—1/2 1+mg —1/2 —myo
51 —mo —1/2 1+m0 —1/2
0 —myg -1/2 14+mg

and the perturbed measure & on the unit circle is
de

dé = (1 — cos)— + dos,

o= )271_ + dos

do
= |z — 1‘25 + d&,.

4.2. Perturbation of the j-th moment. Case a # 0

Let « be a nontrivial probability Borel measure supported in [—1, 1], and let {v,,},>0 be
its corresponding sequence of moments, associated with the monomial basis {1, z, 2, 1,
ie.,
1
Vg :/ fda(z), k>0. (29)
-1
The use of the monomial basis is required because the Szegd transformation (17) is
defined for the Stieltjes function that uses this basis. Applying the perturbation (4) to
a, it is not difficult to see that the perturbed sequence of moments, {0, },>0, is given by

. vk, it k<j,
Uk :/ 2Fda(z) = vj +7Z”L], it k=4, (30)
~ v my ()akI, i k>,

i.e., all moments vy, k > j, are perturbed. Again, we will assume that the perturbed
linear functional £; is positive definite.

As a consequence, the perturbed Stieltjes function is

e +z( ) . G

Now, we apply the Szegd transformation to (31), in order to determine the perturbation
obtained in the corresponding measure on the unit circle. We have

~ 1—22 > /k m; ki
Fy(z) = 2 )+ Z Tk+1
k=

1—22 & (K mjah—7 (2z)k+1
R+ myat I (22)" (32)
S > <

2z j 22 4 1)kt

= F(2)+(1—2%)m; > (?)ak’j(%)k (m) )

o0
k=
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and replacing (23) in (32), we obtain

Fi(2) = F(z) + (1 — 22)m; i ((’;) a9 (22)F (i(n” (" Z k) z2>> L (33)

k=j n=0

Now (33) can be rewritten as

2(0) e (S 1))

( Zk: (1) hg2ngien (j +.2n> (j + k+ n)) Li+2k (34)

= J 7+ 2n

+

oo
k=0
i (Z 1)Hg2ntlgitlin (] +1+ 2”) (j +1+k+ ”)) Lit1+2k
k=0 \n=0

J j+1+2n

and, therefore, using (34) and (33), the perturbed Carathédory function is

2 |+ k ok
F ( ) + 2m] Z <Z n+k 27L2J 1+2n (.] + n) (J + + n)) Z]+2k

—0 \no J j+2n
[eS) k . .
+2m; <2(1)71+ka2n+12j+2n (] + 1'+ 2“) (J + 1;L k; ”)) La+1+2k
k=0 \n=0 J J +1+2n
+2n\ (j+k+n ,
— 29m.; n+k 2n21 1+2n (] ' ) ( ! ZJ+2]C+2
' Z (,;) i J\i+m
k . .
—2m; Z (Z 1)tk g2ntigitan <J + 1'+ 2n> (J + 1 ;— k;— n)> Lit342k
—0 \n—0 J J+1+2n
(35)

From the previous expression, we conclude that if the perturbation (4) is applied to a
measure on [—1, 1] in such a way that all moments starting from v; are perturbed, then all

moments associated with the measure on the unit circle, starting from ¢;, are perturbed.
Namely, we have

co+24,(0), if j=k=0,
C_(j+k) = C-(G+k) T A1(k), if Kk is even, (36)
C_(jk) + A(k), if kis odd,

where
L Jron\ (i+k/2+n
A (k) = m; 1 n+k/2a2n2jf1+2n< )( )
) =m; Y (1) (e
k/2-1 . .
. } : (—1)mHh/2-1 205~ 142n (J + 2") (] +(k/2-1)+ n)
! n=0 '] '] + 2n 7
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and
(k—1)/2 . .
_ ; +14+2n\/j+1+(k—1)/2+n
As(k) = m.; 1 n+(k—1)/2 27L+12]+2n J

2(k) mjnz::o( ) a i it149m

(k—3)/2 . .
— m; Z (_1)n+(k73)/2a2n+12j+2n (.7 +1+ 2”) (j +1+ (k - 3)/2 + TL) )
5 j j+l+2n

In order to compute the absolutely continuous part of the perturbed measure in the unit
circle, notice that

Fy(e®) = lim | F(re®) + (1 — (re”)?)m; i (];) o (2re)" (W)

r—1 — + 1)k+1
_ i0 76i9m_oo ka—j et -
~ Fe) + 1 2>322Q)k 2 (e )
(37)
and thus
Fy(2) = ) + (1— e 20)m; 3 (’;) ok (26-10)k (W)
k=j
- (38)
S 1. R\ oo s |
= FE - =2, 3 (7)o~ ) (Gt
As a consequence, we obtain
&'(0) = Re(Fy(e)) = o'(0), (39)

where, again, we assume that ﬁ'(z) is analytic and has real part in D. Notice that this

implies that a is a real number with |a| < 1. As before, the absolutely continuous part

of the measure remains invariant with respect to the Szegd transformation, and we have
do

45 = 5/(0) 5 +d5,(0)

(40)
do
=0d'(0)— + d5s(0).
27
As a conclusion, we have the following result.

Proposition 4.3. Let o, o, {vn}n>0 and {cn}tnez be as in Proposition 4.1. If we apply
the perturbation (4) with parameter a # 0 to «, then the perturbed measure & obtained
in the unit circle is a linear spectral transformation of o, affecting only the singular part
of o, with moments given by ¢; = ¢; for 0 <i<j—1 and

co+241(0), if j=k=0,
Co(jtk) = C—(j+k) T Ai(k), if k>0 is even,
C_(j4k) T A2(k), if k>0 is odd,

where A1 (k) and As(k) are given above.
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Example 4.4. Setting j =0 in (30) and (36), we have

5o vp + Mo, if k=0,
Uk = { v +moka®, if k>0, (41)
and
co +24:(0), if k=0,
Cp=1 cx+Au(k), if kis even, (42)
c_r+ Ax(k), if K is odd,
where
k/2
2 k/2
Ay (k) =mq Z(*l)"”/QaQ"T”Q”( (;L) ( /2: n)
n=0
k/2—1
n 1 one—142n [ 20 k/2—1)+n
—my Z (—1)nth/2-1g2ng =142 <0><( / Qn) )
n=0
S, kot k14
_ mo k o n+k omn b) n 5= n
=5 (@0 +n§( 1)"+5(2q) K o )+( on )} ,
and
(k=1)/2
. T+2n\ 1+ (k—-1)/24+n
Ay(k)=my D (1) 1)/2a2”+122”( )(
n—0 0 1+42n
(k=3)/2
_ 14+2n\ (1+(k—-3)/2+n
n+(k—3)/2 2n+162n
o 2, (D o ( 0 )( 1+ 2n
n=0

=5 | @+ S o [ERs RG]

14 2n 14+ 2n
n=0

From (42), the first perturbed moments on the unit circle are ¢o = co+241(0) = co+mo,
-1 = c_1 + Ag(l) = c_1 + mpa, c_2 = c_9 + A1(2) = Cc_2 — Mo + 2m0a2, C_3 =
c_3+ A2(3) = c_3 — 3moa + 4mpa®, ¢_4 = c_4 + A1(4) = c_4 + mgy — 8moa® + 8moa?,
and in matriz form we have
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Vo + Mo v1 +moa Uy + 2moa®  vs + 3mea®
vl +moa  vs 4+ 2mea®  vs + 3mea® vy + dmea’
H=| v2+ 2moa®  wvs + 3mea®  vg + dmoa*  vs + bmoa®
vs + 3moa®  v4 + dmoa*  vs 4+ 5mea®  vg + 6moa’
I
Szeqd” transformation
4
T—
co + mo c1 + moa ca —mo + 2moa2 c3 — 3moa + 4m0a3
c-1+moa co + mo c1 + moa co —mo + 2a>
c—2 — Mo + 2m0a2 c-1 + moa co + mo c1 + moa
c_3 — 3moa + 4mga3 c_2—mo+ 2a? c—1+ moa co + mo

Notice that setting a = 0, we obtain the same results as in the previous subsection.

Remark 4.5. Notice that the previous results can be easily generalized to the case when
the perturbation is applied to a finite number of moments, since each perturbed moment
adds an additional term to the power series on the Stieltjes and Carathéodory functions.

5. Analysis of moment perturbations through the inverse Szegd
transformation

Let o be a positive measure supported in the unit circle such that its corresponding
moments {¢y, }nez are real. Assume also that the perturbed measure G;, defined by (12),
is positive and that Mj is real, so the moments associated with &; are also real. Our
goal in this Section is to determine the relation between the positive Borel measures o
and @&;, supported in [—1, 1], which are associated with ¢ and ¢}, respectively, via the
inverse Szegd transformation. As in the previous Section, this relation will be stated in
terms of the corresponding sequences of moments.

Notice that, setting z = €%, z = cos#, and taking into account that the inverse Szegd
transformation applied to the normalized Lebesgue measure df/2m yields the first kind

Chebyshev measure - \/%, the measure &; obtained by applying the inverse Szegd

transformation to &; is given by

4 4
déj = do+ Mj(x +iv/1 - 22)) — = 4 My(a +iy/1 - 2?) T —
T

V1 —: 1 — a2
. L dx ) L dx
= da + M;(cos(j8) + i sm(j@))ﬁ + M;(cos(j0) — zsm(]&))m
cos(j0)dx
=do+2M;———
TVl = a?

NS
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where T)(z) := cos(jf) are the Chebyshev polynomials of the first kind. Notice that a
measure that changes its sign in the interval [—1, 1] is added to da. Then, the moments
associated with &; are given by

dr
fin, = 2" do n+—/ .
o= [ adita) = o e

As a consequence, by the orthogonality of T)(z), we obtain

Lo s if 0<n<y,

fin = (43)

2M; ”T(:L)W, it j<n.

Notice that, because of the symmetry, the integral above is different from zero if n and
j are both odd or both even, and vanish otherwise. This means that

i+ L 2 Ty (@) s, 3 2 nk s even,
iy = (44)
s otherwise.

In other words, if j is even (odd), all even (odd) moments starting from p; are perturbed.
Furthermore (see [6]), we have

U2 ks -
N d N (BN -k -1 2x)
Ll =5 k;) kI(j — 2k)! :

i=1,2,3,...,

where [j/2] = j/2 if j is even and [j/2] = (j — 1)/2 if j is odd. Therefore, if j > n and
n + j is even, we have

v dx I PG -k —=1D)(2z)%*  dz
/433 Tj(ac)iﬁ_gc2 5/ Z B0 — 2k)! =

. [5/2] _
:1] (=) — k—1)(2) 2k/11.j+n—2k dv
2 = kl(j — 2k)! . NI
and, since
T, it k=0,
_ 0, if ks odd,

Lo dx
A —
—1 V1 — z2

(Hfﬁ Z:%:B) m, if kis even,

and j +n — 2k is even, we get

(j4+n—2k)/2 . )
/1 pitn—2k dr__ _ H J+n—2k—(2i—1)
-1 V1—a? : j+n—2k—2(-1)

=1
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The previous integral can also be computed using the Residue’s Theorem, taking into
account that the change of variables © = (2 + 271)/2 yields an integral along the unit
circle T. Indeed, the integral is zero when n + j is an odd integer number. Otherwise,

one gets

1 242N\ (24270 dz

2 Jo \ 2 2 2
and one only needs to find the coefficient of 1/z inside the integral. As a consequence,
(44) becomes

tn + M;B(n,j), if j>mn,n+jis even,

fin = (45)
Lo s otherwise,
where
[3/2] . o (jHn—2k)/2 . )
B(n j):jjz (=D)F@G —k—1)1(2)772 Y j+n—2k—(2—1)

k\(j — 2k)! j+n—2k—23G—-1)

k=0 i=1
This means that the perturbation of the moments ¢; and c_; of a measure o supported
in the unit circle results in a perturbation, defined by (45), of the moments u,, associated
with a measure « supported in [—1,1], when both measures are related through the
inverse Szegd transformation. We summarize our findings in the following Proposition.

Proposition 5.1. Let o be a positive nontrivial Borel measure with real moments supported
in the unit circle, and let a be its corresponding measure in [—1,1], obtained through the
inverse Szegd transformation. Let {cy nez and {pn }n>0 be their corresponding sequences
of moments. Assume that ¢, defined by (12) with M; € R, is positive. Then, the measure
&, obtained by applying the inverse Szegd transformation to &;, is given by

Ti(x) d
da; = da+2k[j¥%,
— X

and its corresponding sequence of moments is given by (45).
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