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1 Introduction

We denote the Laplacian operator A in R’}fl by

9?2 = 02

- _|_ -
2 2

dy* = Ox;

and the corresponding gradient V by

ou|?
Vu(z, y)|* = o + | Vau(z, y)I*

where

n

Vou(z, y)F =

=1

ou |?
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In [2] and [3], Beckner and Escobar independently established the
following Sobolev theorem:

Theorem. Let f be a real-valued function, sufficiently smooth with
fast enough decay at infinity, (x,t) € R™ x (0,t) = Rﬁ“, n > 2. Let

ooy = DD oy ) )y,

Then

(/ ) ’“”"ﬁldm)T < oD <r€f§;>>

« /R Ve(z, D2 dedt. (1)

(n—1)/2
The equality in (1) occurs only if f has the form c <|x —zo)? + t(%)

for c € R and (wg,t9) € R

In order to prove this optimal estimate, both authors used the con-
formally equivalent model S™ of RZLFH as a tool, but their methods are
quite different: In [1] Beckner verified the result via certain cases of the
sharp Hardy-Littlewood inequality on S™; while in [2] Escobar obtained
the result by finding the minimizer of the Sobolev quotient in S™ subject
to its associated Euler-Lagrange equation. In this paper we shall give
an analogue of [1] for fractional derivatives.

2 Preliminaries

In this section we include several lemmas that will be used throughout
the paper.

Lemma 2.1. Suppose u is a harmonic strictly positive function. Then

AP = p(p—1) w2 |Vul?,

for 1 < p < 0.
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Proof. Note that for 1 < p < co we have

X G ot 2 () e R

and
o*uP ou 9%u
Z - — P2 [ 2= p—1Z
pp—1u <axi)+pu o2
Thus
d*uP "L 9%y
5+ 2
oy 0x;

=1

= p(p— w2 U

%2
dy

Since u is harmonic, we have

AuP =p(p—1)uP~?|Vul?.
O

Lemma 2.2. Suppose F(z, y) is a continuous function of class C? in
RT‘I which is sufficiently small at infinity. Then

/ yAF(z, y)drdy = / F(z,0)dz. (2)
R1+1 Ri+1

Proof. Let D = BN RTFI with B, the ball of radius r in ]RTrl centered
at the origin.

We take v = F and u = y in the Green formula. Then we will obtain
our result (2) if

/ yAF (2, y)dedy — | yAF(z,y,)dedy,
D

n+1
R+
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and

F
/ <yggyF>d0H0 as r—0.
8Dy v v

Here 0Dy is the spherical part of the boundary of D. This will certainly
be the case if, for instance, AF > 0, |F| < 0(|z| + |y|) and

IVE| =0z +[y) ™77 as 2] +Jy| — oo,

for some € > 0. Then, using the Green formula

ov ou
/D(uAv—vAu)d:cdy—/aD [uay—vay} do .

We obtain

/ yAF(z,y)dzdy / F(x, y) Aydzdy
Ri+1 Ri+1

= / / F(z,y)Aydydx

+

_ _/Rn/ooo DF(z, y) - Dydyde
_ / _[F(2, 50) — F(x, 0)] do
— / F(z, 0)dz.
0

Lemma 2.3. Let f be a function with compact support on B,(0). If
u(z, y) is the Poisson integral of f, then

sup [u(z, y)| < M f(z),
y>0

where

1
M f(x) = sup m (B (7)) /r(x) |f(y)] dy.
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Proof. Observe that

uey) = [ P2 Py ds
Rn
= / F(z)P(x — z,y)dz,
RTL
where
Yy
Pz y) = (nt1)/2
n (J2al” + )
Let r > 0. Then
-
P p—
|P(z, 1) ( RN CE=ITP
en (lzn]”+ 7 >
r 1

cprtl e, rm

In this latter case, we have

fu(z, 7)< /(“ﬂ@Hﬂw—%ﬂMz

1

n/ £(2)]dz
CpT BT(O)
1

< m&myéwﬂﬂ@m@

IN

Therefore

sup |u(z, y)| < M f(z).

y>0

Lemma 2.4. Let f € L, with 1 <p <2 and

g(f)(z) = (/000 y|Vu(z, y)]Qdy>§ .
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Then

Hg(Hllp < Ap[I£1lp-
Proof.

o(H@P = /0 Ty Vule, o) dy

= — U AuP d
pp—1) Jo 7 Y

1

2—p Oo uP
m(Mf@)) /0 yAuPdy,

g(f) (@) < Cp (M f(2)* P2 [1(2)]"/2,
where I(z) = [;* yAuP(z, y)dy. However, by the Theorem 1(c) in [4, p.

62], we have
/ I(x)dr = / / y AuP dy dx
+ + 70
= / y AuP dy dx
R+

= /n uP (z, 0) dz

= lim uP(z, y) dx
Y= JRn
= 1Iflly-
Then, if p = 2, we have
WN@P < GIw)
2
[ @k < ¢ [ I
[ @ < g
([ wnwra)’ < clr
Dl < Callflla.
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Suppose now 1 < p < 2, then

(9(f) (@) < Cp (M f(a)PEP/2 [1(2)]P/2.

Take r = 75 and ' = %. Then, by the Holder inequality, we have

L len@ras < ¢, [ M p@pe R p@p i

o ([ wsera) ([ rwmu)

< ClAIRTIFIE™
= CIIfllp-

IN

Thus we have proved that

Hg(Nlp < Collfllp for 1T<p<2,

whenever f is a positive function which is indefinitely differentiable and
of compact support.

In general, for f € L, (R™) (which we assume for simplicity to be real
valued) write f* — f~, we only need to approximate in norm f* and
f~, each by a sequences of positive indefinitely differentiable functions
with compact support. We omit the routine details that are needed to

complete the proof.
O

Remark. It is unfortunate that the just given elegant argument is
not valid for p > 2.

3 Main result

To state our main result, let us introduce some notation. For x =
(wla o 7‘,1:71)7 Yy = (y17 Tt 7yn) € R" we define z - Y= Z?:l TiYi and

fz) = . f(y) exp(—2mix-y)dy,

and fY(z) = f(—z) the Fourier transform and the inverse Fourier trans-
form of an integrable function f, respectively. Furthermore, given o €
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(0,1), H* (R™) is the homogeneous fractional order Sobolev space —the
completion of all infinitely differential functions f with compact support
in R™ under the norm

|l fragny = </Rn

1
2

(-8 )| dr) " < oo

where

(~A)°2 f(2) = (27| o )* f(0)) " (@),
stands for the derivative of f of orderr o at x € R™.

Theorem 3.1. Letn > 2 and o € (0,1). If f € H* (R), then

n—2«a

([ w@isa) " <oma) [ 1Velw ot s,
) ®)

where

(2 ((n=20)/2)\ ( T(m) \*

ot ) = artar=ay;) (Frsas) (7Tm)
The equality in (3) holds if and only if f(x) = c(|x — x¢|* +t3) for c € C
and (z9,t9) € R

To prove the Theorem 3.1, we need the Lieb’s sharp version (see
[3]) of the Hardy-Littlewood—Sobolev inequality. For the norm of the
Lebesque space L, (R™), p > 1, we use the simple notation

I =( /. rf<x>|de>’1’

Lemma 3.2. Let A € (0,n) and f,g € L 2. (R™). Then
2n—X\

A do
dx d
/n R™ \x—y\* Y

20 (0~ A)/2) < (n/2)
T(n— A/2) T(n)

) Al lgl] 2o - (4)
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where the equation (4) holds if and only if f and g can be written as
c(|z — wo|? + o)A 2M/2 for ¢ € C and (z0, to) € R

Proof of Theorem 3.1. First of all, note that

elat)= | f)exp(=27 (iy-z+ |y|t) dy.

Thus, differentiating and integrating (see [4], p. 83) we have

~ 2
/ |v€0($7 t)’2da: = 8772 / |I‘|2 ‘f(x)‘ 6747r|z|t d.’L‘,
Rn n

and

/ / (Ve(x, t)[* 172 dz dt
0 Jrn
00 2
= 872 / / || ‘f(:):)‘ =20 gmAmlelt gg gy
0 n

By the Fubini theorem

/ (V(z, t)[* 172 dz dt
Rn+1

:871'2/ (/ t12a€4ﬂ|x|tdt> |$’2 f'($)
n \Jo

o0 1—2«
Q2 ) —y dy 2 | 20 |?
=87 /n </0 <47r]:n|> ¢ 47T|:L‘> ] ‘f(:c)‘ dr
_ 8 * 120y 20 | oy
- / </0 Y2 dy> 2P | fa)| de

872 SPYINT:
—mr(l—Qa) /Rn || f(x)‘ dx,

2
’d:];

1 2412«
Sy /RM Voo, )12 da di

2 A
B (47:)3;1@ /R =% |1 (5“)‘2 dx. (5)
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This identity together with (—A)®/2f(x) = (2n|])®f(z), more or less
explains why we refer to (3) as a Sobolev trace inequality for fractional
derivatives. Next, writing

(frg)= [ [fz)g(z)dz,
R

for the dual product between two functions f and g on R", we employ
the Parseval formula and the Cauchy—Schwarz inequality to obtain

1ol = [(F.9)
-

- ([

Let us now observe that

aff ax)’ ([ v e as)”

(6)

|t o) do
e D0~ 20)/2) o3l
- f) Jro o ey s 0

|z

see [3], Corollary 6.10. Thus, by (4) (where A =n — 2«), (6) and (7) we

conclude that

LRI ®)

This equation together with g = f|f| ("4—%‘1), f € H* (R™) and (5) implies
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1] 2n_
n—2«a

IN

o (=2 (5
X (/ | f(x) >
X (527%) ( /R”“ Vo(z, t)|2 112 dxdt>2 ()

Finally, from (6)-(9) and Lemma 3.2 (with A = n — 2a)) we can see that
if the equality in (3) holds then

‘ 2

_ nt2a

n+2a
|f(37)|"‘2°‘ZCO<\$—$0|2+750> :

for Cy > 0 and (z,to) € R7'. This is just the desired function. On the
other hand, a change of variables implies that if ¢(z) = Ax 4z for A > 0
and xg € R™ then

n—2a n—2a

(/nrfw(x))m’;adx) ' :(; /n|f(x>|nizadx)n, 10)

and

/ |Vo(p(x, t)|? 12 do dt = N2> / \Ve(z, t)* 12> dz dt
Rn+1 Rn+1

(11)
since a straightforward computation with (5) at both sides of (3) yields
that the equality in (5) is valid for f(z) = (14 |z|?)*=™)/2, We conclude
from (10) and (11) that the equality in (5) is also true for the general

functions described in Theorem 3.1. Now, the proof is complete.
Finally, let us distinguish the final cases:

1.ao = 0. Let us observe that
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1
/W Vo(z, t)* tdedt = = /n+1 tAf2(z, t)dadt
R R"

2
+
f*(x, 0) dx
Rn

lim [ f3(z, t)dx
t—0 R

| @

/n f(x)f da

N~ N~ N~ N~

2.a = 1 (which forces n > 2). Since

Jgrt1 [o(z, B2t 2 dadt R 9
lim — 4x? / ‘ d
o o (1 — ) " e (|x| ‘f(x)> “

— [ IVe@Pds.

The Theorem 3.1 naturally reduces to the Sobolev inequality

</n @) dﬂc)n;? < <m(nl_2)> <FF($)2)>2 /Rn \w(x)|2(dx,)
12

where the equality in (12) holds if and only if f(z) = c(|lz — x0]? +
t0)~("=2/2 for ¢ € C and (o, to) € R
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