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ABSTRACT

In this paper, modified ratio estimators of the ylafion mean of the variable of interest are suggemvolving the first or
third quartiles of an auxiliary variable that isredated with the variable of interest. The newlggested estimators are
investigated under simple random sampling (SRS)ranéled set sampling (RSS) methods. It is fount tthese estimators
are approximately unbiased and the RSS estimatermare efficient than those based on SRS methothéosame quartile
and sample size. Also, it is found that, when the guartiles are compared, estimators based othittequartile are more
efficient than the first quartile.

RESUMEN

En este trabajo se sugiere modificar el estimadoradén de la media poblacional de la variablentirés involucrando el
primeo y tercer cuartil de la variable auxiliar gesta correlacionada con la variable de interés. ligevos estimadores
sugeridos son investigados bajo los métodos destrusimple aleatorio y muestreo por rangos ordesd&SS). Ss hallé
que estos estimadores son aproximadamente insesgage los estimadores de RSS son méas eficign&es basados en
el método SRS para el mismo cuartil, tamafio deuastna. También se hallé6 que cuando los dos @egsdn comparados,
los estimadores basados en el tercer cuartil serefiientes que los del primer cuartil.
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1. INTRODUCTION

The usual SRS ratio estimator for the populatiomm, of the variable of interextis defined as

A Y,
Hysrs = Hx XSRS , @
s

N 138 Vi 138
where X =—Z X, and Ygg =—ZYi are the sample means of the auxiliary variabland the
i=1 i=1
variable of interesY, respectively, provided that the meanxois known. The variances O‘KSRS and VSRS
respectively, are

Var(Xgs) === andVar(Ygs) = )

3 [,
3 |&

The mean square error (MSE) ﬁ&@s is given by
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N 1-f
MSE (/g ) 0— (0% + R0} (1- D)) ®)
m
m
where f :M’ M is the population size amdis the sample siz@f and Jf( are the population variances

g g 0,
of the variables< and, respectively, =&, D :p&, p=—2- C, =—%, C,=— and
Hx Cx Ox0y Hy Hy

Oy =COV(X,Y), see Cochran (1977). In sampling situations one use some parameters of the

auxiliary variable such as the mean, median, vadaand the coefficient of variation to increase the
efficiency of the estimators. Srivastava and J(E§81) suggested a class of estimators of the pépuol
mean providing that the mean and variance are kn@wmgh and Tailor (2003) considered a modifiedbrat
estimator by exploiting the known value of corriglatcoefficient. Upadhyaya and Singh (1999) sugggbst
two ratio-type estimators when the coefficient afriation and the coefficient of kurtosis of the diary
variable are valuable. Many authors suggested akeweodifications of the usual ratio estimator fbet
population mean. For more details about these neatiibns, see for example, Sisodia and Dwivedi 398
and Kadilar and Cingi (2004).

RSS was introduced by Mclintyre (1952) for estimgitimean pasture and forage yields as a more effiaigh
cost effective method than the commonly used sinmpledom sampling in the situations where visual
ordering of the sample units can be done easily,tihe exact measurement of the units is difficult a
expensive. Takahasi and Wakimoto (1968) providedntbcessary mathematical theory of RSS. Samawi and
Muttlak (1996) studied the used of RSS to estintla¢epopulation ratio and suggested the RSS estiroéto
the population ratio as

RRSS =_RS , 4)

= 18 4 1S
where X o :E E Xiy and Yegg :E E Y with variance given by
i=1 i=1

~ 2 2 2 Zm:sz(i) iT%i] iTz(i)
Var(RRSS)DE &+&_2po-xo-y_ i=1 - +i:1 y _2i:1 v

M|y fy A, | M mul mpp,

, (5)

where T,y = Ly = Hyo Ty = By = Hy and T, :(,ux(i) —,ux)(,uy[i] _:Uy)-

Jemain and Al-Omari (2006) proposed multistage aredanked set sampling for estimating the poputatio
mean. Jemain and Al-Omari (2006) suggested doubbkatite ranked set sampling for estimating the
population mean. For more details about RSS sesgkBshnan and Li (2006), Tien-suwan et al., (20@43,
Omari and Jaber (2008), Bouza (2002), Bouza (208itpaleh and Al-Ananbeh (2007), and Al-Saleh and
Al-Omari (2002).

In this paper, modified ratio estimators for thepplation meanzs, are suggested by exploiting the first or

third quartiles of the auxiliary variabl The suggested estimators are studied under shaptom sampling
and ranked set sampling methods.
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2. SUGGESTED ESTIMATORS

Let (Xl,Yl) , (XZ,YZ) , ...,(Xm,Ym) be a bivariate random sample with probability dgrfsnction (pdf)

f(X,y), cumulative distribution function (cdf)F (X,y), means /4, , /L , variances 0% ,0% and
correlation coefficiento . Assume that the ranking is performed on the bégid to estimate the mean of the

variable Y. Let (X1, Y1), (X2 Yia) s oo (Xim Yam) o (Xo Yor) o (X020 Yan) o voes (Ko Yom) o oo
(Xml,le), (X Y. ) (Xm,Ym) bem independent bivariate random samples each ofisize

m2? "m2

2.1 UNDER SRS

The suggested simple random sampling (SRS) ratim&®rs of the population meatl, of the variable of
interestY are defined as

. - + . _ +
Hysrs1 = Yers (;;S—_'_G;ﬂj and Mygss = Yers (ﬁ} , (6)

where )?SRS and VSRS are the sample means of the variabfeandY, ¢, and g, are the first and third

quartiles ofX, respectively. By using Taylor series meth;&imsq can be approximated as:

~ — = — 2 — —
Hysren DYers _Kh(XSRS_:uX)-'-KhGh(XS?S_tuX) _Gh(XS?S_tuX)(YS?S_/'IY)’ ()
_ M _ 1 _ , . o
where K, =——— and G, =———— for h=1,3. Using the first degree of approximation, the
Hy +0, Hy + 0,

estimator in (7) is given by

P O¥egs = K, (XSRS ~ Hy ) , (C)

with bias and MSE, respectively, are

Bias( fiyss) O O, 9)
and
MSE(flren) 0 Var(Yegs ) + K2 Var X g ) = &K, CoY X g Yers) (10)

where COV()?SRS ,VSRS) = E(()?SRS —,LIX)(\?SRS —,UY)). It can be noted that for the first order of

approximation the two estimators are unbiased.
Using
CoV( X s Vs ) = BVar( X ) )

and
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Var(Ygs ) 08°Var( X ) +%J$(l—,02), (12)

0,
and Equation (2), wherg = p—Y , Equation (10) can be written as
JX

MSE (A ) (K, — B)° Var(Xgs) + r1105(1—;)2)
:%(Kja§+af—2Khaanp). (13)

2.2 UNDER RSS

In this study we assume that the ranking is peréafion the variablX for estimating the population mean of
the variableY. The RSS method can be described as follows: Sele@andom samples each of siae
bivariate units from the target population. Frora first set ofm units, the smallest ranked uditis selected
together with the associatéf and from the second set of units the second smallest ranked uXits
selected together with the associatedThe procedure is continued until from timh set ofm units the
largest ranked uniX is selected with the associatédThe procedure can be repeatetimes to increase the
sample size tom RSS bivariate units.

Let (Xi(l),Yim), (XI(Z),Y ) (Xi(m),Yi[m]) be the order statistics oK, X;,,...,X,,, and the

judgment order ofY,,Y,,,....Y,, for i =1,2,...m. Then the RSS units al(exl(l),Ylll]), (XZ(Z),YZ[Z]),

(Xm(m),Ym[m] ) The proposed RSS estimators of the populatiomnni#a involving the first and third
quartiles ofX are defined as:

- AR _v [ M*9

Hires1 = YR$( x 7 j and flypess _YR$( | (14)

XR$ + 0[l XR$ + q3
> 18 S o’ 18 2
respectively, whereX — with variance Var( X =X - , and
RSS mzl i(i) ( RSS) m mg ;(/JXU) IUX)
g 1 = o o1 2 "
Yess :—ZYi[i] with varianceVar(YF&) :EY_FZ('UYU] —,UY) . Using Taylor series {4y,
i=1 i

I
Y

h=1, 3) can be approximated as:

[IYRSSh D?R$_Kh(XRSS_tuX)-}-KhGh(XRSS_ﬂX)Z_Gh(XR$ tuX)(_R$ qu) (15)

For the first order of approximation the estimato(15) can be approximated as
Frsn O Yrss —K (XRSS ~ Hx ) (16)

with bias and MSE are given by
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Bias( s ) OO, (17)
and

MSE (A, ) O Var(Vess ) + K2 Var X ) = K, CoV Xs Yoss) (18)

respectively, WherGCOV( )?RSS ,VRSS) = E(()?RSS = My )(VRSS —,UY)). As in the case of SRS, it is clear

that to the first order of approximation the RS8neators are unbiased. Using

CoV( X pes Vass ) = BVar( Xess). (19)
and

= - 1

Var(YR$) D,BZVar(XRSS) +EO'Y2 (1— ,02), (20)

Equation (18) can be rewritten as
A > 1
MSE (fgssn) DK, _,5)2 Var(xRSS) +EU$ ( 1~ :02)
2l 1
:(Kh—ﬂ)z(a—r;(——ZZ(ﬂx(i)—,L/X)ZJ+EU$(1—,02). (21)

4. EFFICIENCY OF THE ESTIMATORS

The efficiency of [z (h =1, 3) with respect tofhgg, for estimating the population meagy, is

defined as:
. MSE (g )
eff (Lpesn M) = .
( YRSSh YS:{Sh) MSE( YR%)
- 1
D(Kh—ﬁ)ZVar(XSRS)+mayz(l—,oz)
= 1
(Kh_:B)Zvar(sts)"'Ea\?(l_pz)
2 2
(K, =B) X +%x(1-7)
— m m
2 1 m 2
(ko= (5 Bl =) [+ 407
-1
“Ta (22)
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(Z ., - pjzg[a‘{mh))

2
m(? K, —p) + m(l—pz)

X

where A=

af
,and Ly Dy +UXFX1[mj for symmetric

distributions.

It is clear that,eff ( fpsg fysrar) > 1. This implies thatfizes, (h=1,3) is more efficient thangg,
based on the same number of measured units.

5. SIMULATION STUDY

Table 1: The efficiency and bias values/@f., (h =1, 3) with respect tofl,gg, for
m=2,3,4,5, twith positive values ofo using g, =1.32551.

1% m=2 m=3 m=4 m=5 m==6
0.99 Eff 1.582 1.729 1.909 2.029 2.142
Bias of RSS 0.023 0.012 0.008 0.005 0.003
Bias of SRS 0.039 0.024 0.017 0.013 0.012
0.90 Eff 1.294 1.307 1.346 1.379 1.381
Bias of RSS 0.034 0.016 0.009 0.008 0.004
Bias of SRS 0.054 0.033 0.025 0.020 0.014
0.80 Eff 1.289 1.291 1.342 1.365 1.367
Bias of RSS 0.047 0.023 0.013 0.009 0.007
Bias of SRS 0.076 0.043 0.033 0.024 0.023
0.70 Eff 1.319 1.337 1.371 1.396 1.398
Bias of RSS 0.056 0.028 0.016 0.013 0.008
Bias of SRS 0.088 0.056 0.042 0.034 0.026
0.50 Eff 1.323 1.385 1.433 1.466 1.489
Bias of RSS 0.082 0.041 0.023 0.015 0.009
Bias of SRS 0.124 0.081 0.054 0.040 0.039
0.40 Eff 1.366 1.403 1.484 1.524 1.544
Bias of RSS 0.092 0.046 0.023 0.156 0.014
Bias of SRS 0.144 0.092 0.062 0.050 0.045
0.30 Eff 1.409 1.484 1.507 1.578 1.612
Bias of RSS 0.106 0.050 0.023 0.023 0.015
Bias of SRS 0.162 0.963 0.076 0.061 0.048
0.20 Eff 1.438 1.491 1.614 1.677 1.682
Bias of RSS 0.118 0.057 0.031 0.023 0.019
Bias of SRS 0.181 0.111 0.083 0.065 0.049
0.10 Eff 1.470 1.550 1.636 1.733 1.759
Bias of RSS 0.126 0.056 0.041 0.023 0.016
Bias of SRS 0.198 0.117 0.091 0.073 0.057
0.01 Eff 1.481 1.583 1.726 1.803 1.883
Bias of RSS 0.137 0.063 0.035 0.026 0.020
Bias of SRS 0.220 0.132 0.098 0.079 0.065

A simulation study was conducted to investigateghgormance of the suggested estimators basedRk@ S
and RSS methods. The samples were generated frariate normal distributiorBN (2,4,1, 1p) where

£ =%0.99,+0.90,+0.80,+0.70,+ 0.5(,+0.40,+0.30,+0.20,+0.10,+0.01. Based on 60,000
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replications, the results fom=2,3,4,5,€ using the first quartile(q1 =1.3255:) for positive and
negative values oo are obtained and presented in Tables 1 and Zcegely. Similarly, the results for the

third quartile(q3 = 2.67449 are presented in Tables 3 and 4, respectivelysiviemarized the results in
the tables using graphs, as shown in Figures 12arithe efficiency of,[IYRSg] (h =1, 3) with respect to

A (h =1, 3) is obtained using (22).

Table 2: The efficiency and bias values/@f., (h =1, 3) with respect tofhg, for
m=2,3,4,5, twith negative values op usingg, =1.32551

P m=2 m=3 m=4 m=5 m=6
-0.99 Eff 1.868 2.200 2.760 3.246 3.670
Bias of RSS 0.245 0.128 0.068 0.045 0.033
Bias of SRS 0.398 0.236 0.176 0.136 0.116
-0.90 Eff 1.758 2.164 2.660 3.048 3.381
Bias of RSS 0.232 0.118 0.070 0.047 0.034
Bias of SRS 0.377 0.227 0.179 0.132 0.108
-0.80 Eff 1.748 2.066 2.512 2.891 3.133
Bias of RSS 0.221 0.111 0.066 0.044 0.030
Bias of SRS 0.359 0.227 0.157 0.136 0.109
-0.70 Eff 1.688 2.061 2.359 2.636 2.869
Bias of RSS 0.225 0.107 0.063 0.037 0.029
Bias of SRS 0.341 0.217 0.151 0.122 0.113
-0.50 Eff 1.680 1.922 2.148 2.369 2.477
Bias of RSS 0.189 0.089 0.049 0.035 0.027
Bias of SRS 0.313 0.194 0.141 0.104 0.090
-0.40 Eff 1.591 1.811 2.029 2.243 2.331
Bias of RSS 0.179 0.088 0.050 0.032 0.022
Bias of SRS 0.276 0.179 0.128 0.102 0.085
-0.30 Eff 1.558 1.745 1.937 2.095 2.204
Bias of RSS 0.179 0.077 0.043 0.031 0.024
Bias of SRS 0.266 0.017 0.120 0.095 0.083
-0.20 Eff 1.512 1.740 1.895 2.031 2.056
Bias of RSS 0.163 0.083 0.042 0.028 0.021
Bias of SRS 0.239 0.162 0.111 0.094 0.073
-0.10 Eff 1.500 1.646 1.815 1.902 1.933
Bias of RSS 0.148 0.070 0.039 0.028 0.019
Bias of SRS 0.225 0.143 0.102 0.085 0.068
-0.01 Eff 1.435 1.604 1.735 1.808 1.891
Bias of RSS 0.145 0.067 0.040 0.020 0.017
Bias of SRS 0.209 0.132 0.099 0.074 0.067

From the simulation results given in Tables 1-4ywal as Figures 1 and 2, we can conclude that:

1. By exploiting the knowledge of the first or thirdiartiles of the auxiliary variabl¥, a gain in
efficiency is obtained using RSS with respect taSSBr estimating the population mean of the
variable of interesY.

2. For negative values gb , the efficiency is increasing as the magnitudthefcorrelation coefficient
increase. For example fay, =2.6744S, m=5 and p =-0.50,-0.70-0.80,-0.90, and -0.99, the
efficiency values are 1.981, 2.320, 2.548, 2.78d, 2013 respectively.
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Table 3: The efficiency and bias values/#fys, (h=1,3) with respect toffgeg, for
m=2,3,4,5, twith positive values ofo using g, = 2.6744¢.

P m=2 m=3 m=4 m=5 m=6
0.99 Eff 1.247 1.390 1.447 1.518 1.575
Bias of RSS 0.010 0.005 0.003 0.002 0.001
Bias of SRS 0.016 0.010 0.008 0.007 0.005
0.90 Eff 1.036 1.038 1.039 1.041 1.050
Bias of RSS 0.003 0.001 0.000 0.000 0.000
Bias of SRS 0.008 0.003 0.002 0.001 0.001
0.80 Eff 1.032 1.035 1.037 1.039 1.041
Bias of RSS 0.004 0.002 0.000 0.001 0.000
Bias of SRS 0.005 0.005 0.004 0.002 0.001
0.70 Eff 1.041 1.050 1.053 1.054 1.056
Bias of RSS 0.014 0.004 0.002 0.004 0.001
Bias of SRS 0.019 0.015 0.007 0.006 0.005
0.50 Eff 1.101 1.112 1.127 1.136 1.138
Bias of RSS 0.031 0.012 0.009 0.005 0.003
Bias of SRS 0.039 0.026 0.019 0.016 0.013
0.40 Eff 1.108 1.170 1.168 1.184 1.190
Bias of RSS 0.034 0.016 0.010 0.007 0.005
Bias of SRS 0.049 0.034 0.027 0.018 0.016
0.30 Eff 1.161 1.185 1.189 1.233 1.249
Bias of RSS 0.043 0.020 0.108 0.008 0.008
Bias of SRS 0.067 0.046 0.028 0.022 0.020
0.20 Eff 1.170 1.212 1.274 1.284 1.303
Bias of RSS 0.047 0.022 0.018 0.007 0.011
Bias of SRS 0.078 0.048 0.033 0.030 0.027
0.10 Eff 1.208 1.260 1.339 1.350 1.379
Bias of RSS 0.055 0.028 0.018 0.008 0.009
Bias of SRS 0.092 0.055 0.042 0.037 0.025
0.01 Eff 1.212 1.304 1.378 1.434 1.465
Bias of RSS 0.061 0.032 0.019 0.012 0.009
Bias of SRS 0.100 0.063 0.047 0.039 0.028

It is found that the RSS estimators are more efficboth for extremely large or small correlation
coefficient. For positive extreme values of theretation coefficient asp=0.99 and 0.01 the

efficiency is greater than for other values@s 0.80, and 0.70, ect. As an example, faf},, m=3

and p=0.99, 0.90, 0.80, 0.70, 0.50, 0.40, 0.30, 0.20, 0.10@0Ad the efficiency values are 1.729,
1.307, 1.291, 1.337, 1.385, 1.403, 1.484, 1.4%BB0.and 1.583, respectively.

Based on the given value of eith€f or g, for several particular values of the sample size o
correlation coefficient, the bias obtained usingsRS§less than the bias obtained using SRS method.

The efficiency of[JYRSSh is increasing with the sample size for the fixatue of p and quartile. As

an example, usingy =1.3255], and p=-0.80 for m=2,3,4,5,€, the efficiency values of RSS
estimators are 1.748, 2.066, 2.512, 2.891 and 3r&3pectively.
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Table 4: The efficiency and bias valuesf#fys, (h=1,3) with respect toffgeg, for
m=2,3,4,5, €with negative values op usingQ, =2.6744¢.

P m=2 m=3 m=4 m=5 m=6
-0.99 Eff 1.573 2.073 2.562 3.013 3.481
Bias of RSS 0.135 0.071 0.043 0.028 0.021
Bias of SRS 0.214 0.144 0.100 0.080 0.072
-0.90 Eff 1.533 1.970 2.435 2.790 3.069
Bias of RSS 0.139 0.070 0.035 0.027 0.021
Bias of SRS 0.197 0.133 0.100 0.076 0.065
-0.80 Eff 1.479 1.847 2.191 2.548 2.742
Bias of RSS 0.129 0.059 0.037 0.026 0.017
Bias of SRS 0.191 0.121 0.089 0.073 0.061
-0.70 Eff 1.477 1.758 2.073 2.320 2.483
Bias of RSS 0.117 0.058 0.035 0.023 0.019
Bias of SRS 0.183 0.118 0.087 0.069 0.054
-0.50 Eff 1.396 1.617 1.843 1.981 2.081
Bias of RSS 0.103 0.051 0.032 0.022 0.014
Bias of SRS 0.154 0.101 0.076 0.064 0.005
-0.40 Eff 1.343 1.526 1.715 1.817 1.936
Bias of RSS 0.098 0.046 0.031 0.018 0.012
Bias of SRS 0.140 0.089 0.068 0.525 0.044
-0.30 Eff 1.312 1.456 1.653 1.720 1.783
Bias of RSS 0.086 0.047 0.029 0.017 0.013
Bias of SRS 0.135 0.085 0.063 0.051 0.041
-0.20 Eff 1.273 1.420 1.535 0.618 1.671
Bias of RSS 0.078 0.043 0.022 0.017 0.012
Bias of SRS 0.122 0.077 0.059 0.045 0.041
-0.10 Eff 1.251 1.354 1.481 1.522 1.561
Bias of RSS 0.067 0.041 0.023 0.016 0.007
Bias of SRS 0.114 0.071 0.051 0.041 0.038
-0.01 Eff 1.215 1.321 1.412 1.447 1.471
Bias of RSS 0.067 0.031 0.022 0.014 0.008
Bias of SRS 0.102 0.064 0.054 0.037 0.031

For the estimators considered, the negative valftidee correlation coefficienp give higher values
of the efficiency than the positive values basedhensame number of measured units. For example,
given thatm=6 and g, =1.3255], the efficiency values are 1.367 and 3.133 fo= 0.80 and

—0.80 respectively. This is may be because for negatalaes of the correlation coefficient the
variance and bias of SRS estimators are greater tthgir counterparts for positive values of the
correlation coefficient.

The results obtained using the first quartije=1.32551 are more efficient than that of used the third
quartile g, = 2.6744¢.
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Figure 1: The efficiency of RSS estimators usirgfitst quartile
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6. CONCLUSIONS

In this paper, we suggested modified ratio estimsatd the population mean using SRS and RSS asgumin
that the first or third quartiles of the auxiliavariable are available. It is found that thesenestors are
approximately unbiased of the population mean efutariable of interest for the first order approation.
Also the RSS ratio estimators are more efficiemintthe SRS based on the same sample size, carelati
coefficient and the quatrtiles.
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