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Leibniz algebras (introduced by Loday [5], [6]) are modules over a field
K, equipped with a bilinear map [—, —] : g X g — g satisfaying the Leibniz
identity [z, [y, 2]] = [[z,y], 2] — [[z,2],y], for all z,y,2z € g. If [z,z] = O, for
all x € g, then the Leibniz identity is the classical Jacobi identity and the
Leibniz algebra is a Lie algebra. A (co)homology theory of Leibniz algebras is
constructed by Loday in [5]; we can see another related results in [3], [4], [7].

Let (e) : 0 - n > g 5 q — 0 be an extension of Leibniz algebras, then
there exists a five term exact and natural sequence [2]

(1)  HILy(g) "™ HL,(q) Y —— % HL,(g) ™ HL,(q) > 0

n
[, g]

where HL is the Leibniz homology with trivial coefficients. When (e) is a
central extension (i.e., n C Z(g)), then the previous sequence is

2) HLy(g) = HLy(q) S n — HL,(g) —» HL,(q) — 0.

Fix a free presentation 0 & r — £ % g — 0 of g, we obtain that the kernel
of HLy(7) : HLy(g) — HLy(q) in (1) is z [s,f], being0 » s - f B q—0

(r.1]
a free presentation of q.

If (e) is a central extension, then [s, f] C 7 and there exists an epimorphism

C:n®Ggut P g Xn — ;L:;]l, which is induced by commutator maps ¢; : s X

f"‘> %]l,cl(s,f)=[s,f]+[r,f], andc2:f><3—> %762(f,3)=[fa3]+[r7f]
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since they verify that ¢;(s x [f,f]) = 0,a(r x f) = 0 and ¢i1(s x ) = 0,
ex([f, f]) x 8) = 0,¢c2(f x7) = 0.and c(r x s) = 0, and then they induce
bihomomorphisms of K-vector spaces ¢; : £ x :6,—),—] > nx HL(g) — I;—;]l

and T, : :ff—f—] x 2= HL(g) xn = E—;]l which are extended to ¢; on the
tensor n ® HL;(g) and ¢, on the tensor

HL,(9) ® n. Let C = (¢1,¢3) be the morphism induced on direct sum by
¢, and c;. Now we consider the map x which is the composition of C and the
inclusion of [%% on HL,(g). We summarize this reasoning in the following

THEOREM 1. Let (e) be a central extension of Leibniz algebras. The com-
mutator map c¢ defines a homomorphism of Leibniz algebras k: n® HL;(g) @
HL,(g)®n — HL;(g), (n:1®g:1+|g, 8], 92+ 8, 8]®n2) = [s1, fil+[f2, s2]+[r, £],
being p(s;) = s;+r=mn; €Enand p(f;) = fi+r=g9; € g, 1 = 1,2, such that
the following sequence is natural and exact

nQ® HL,(g) @qu(g) ®n — HL,(g) — HLy(q)
—n—HL,(g) > HL,(q) = 0

I like to thank T. Pirashvili for helpful comments about this theorem.

If nis an abelian Leibniz algebra, then the extension (e) induces a g-module
structure (representation) on n [6], [7]. If n is a (right) g-module, then it is
said that (e) is a g-extension of n if the g-module structure induced by (e)
coincides with the previous one. We denote by Ext(q,n) the set of congruence
classes [e] of g-extensions of n [1]. It is verified that A : Ext(q,n) — HL?(q,n),
Ale] = € = 0*(e)(1n), is an isomorphism of K-vector spaces, being HL the
Leibniz homology.

Let (e) be a g-extension of Leibniz algebras, then there exists a natural
and exact sequence [1]

(3) 0 — Der(q,n) De_r)(n) Der(g,n) % Homgq(n, n)

"9 HI?(qn) 5 HL*(g,n).

If (e) is a central extension, then

(4) 0 — Ext(HL,(q),n) > HL*(q,n) & Hom(H L,(q),n) — 0

is a natural and split short exact sequence [1].
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By lemma 5.2 in [1] it is verified that
6.Ale] = 6. 0* (e)(1n) = O.(e).

According to the nature of the homomorphism 6,Ale] : HL,(q) — n and
using the previous exact sequences, we can characterize several types of central
extensions of Leibniz algebras.

Let (e) be a central extension of Leibniz algebras. Keeping in mind the
exact sequence (2), 0,Ale] =0 if and only if 0 -+ n — g,, — q,, — 0 is exact.
On the other hand, the epimorphism 7 : g — q induces an epimorphism =, :
[g,g] — [q,q] then, by cross lemma [2], we have that 0 - n — g,, = q,, =0
is exact if and only if n[g, g] = 0. In this situation we shall say that (e) is a
commutator extension.

PROPOSITION 1. The equivalence classes of commutator extensions of q
are classified by Ext(q,,,n).

Proof. By exactness in sequence (5). |

For a central extension (e), 6.Ale] is a monomorphism if and only if
ImHL,(m) = 0 (by exactness in sequence (2)), if and only if HL,(nw) :
HL,(g) — HLy(q) is the zero map if and only if 0 - HLs(q) — n —
HL,(g) > HL,(q) — 0 is exact. On the other hand, 0,(e) factors as an epi-
morphism HL,(q) — n()[g,g] and a monomorphism n(\[g,g] — n, so O.(e) is
a monomorphism if and only if HLy(q) = n()[g,g]. In this situation we shall
say that (e) is a quasi-commutator extension. Obviously, if HL,(q) = 0, then
a quasi-commutator extension is a commutator extension.

COROLLARY 1. Let (e) be a central extension with g a free Leibniz algebra,
then (e) is a quasi-commutator extension.

Proof. HL,(g) = 0 [7], thus 0, : HL;(q) — n is a monomorphism (by
exactness in sequence (2)). |

An example of this situation is the degenerate central extension 0 — 0 —
f ~f — 0, being f a free Leibniz algebra.

For a central extension (e), 6,Ale] is an epimorphism if and only if ' :
n — g,, is the zero map (by exactness in sequence (2)) if and only if 7, :

HL,(g) - HL,(q) is an isomorphism if and only if —TT[g—g = 0 (by cross

lemma [2]) if and only if n C [g,g]. In this situation we shall say that (e) is a
stem extension.
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PROPOSITION 2. Every central extension class of a K -vector space (trivial
g-module) n by a Leibniz algebra q is forward induced from a stem extension
if and only if Ext(HL,(q),n) = 0.

Proof. Assume Ext(HL,(q),n) = 0; pick any central extension class (e),
then 6, : HLy(q) — n factors as i : HLy(q) — n()[g,g] = n1 — n. Asn,
is a trivial g-module, then from (5), given 7 there exists a central extension
(e1) € HL*(q,n) such that 0,(e;) = 7. Moreover, (e;) is a stem extension.
By naturality of sequence (2) on the forward construction (e;) — i.(e;) [1],
we have that 6.i.(e;) = iT = 6O.(e), i.e., i.(e;) = (e), and so (e) is forward
induced by (e;), which is a stem extension.

Conversely, let (e) € Ext(HL,(q),n), then there exists a morphism of
extension (j,.,1) : (e;) — ¥(e) = (*%e) [1], where (e;) is a stem extension. By
naturality of sequence (2) on (e;) — 9(e) we have j0,.(e;) = 0.1p(e) = 0; as
0. (e )is surjective, § = 0, and so (e) = j.(e1) = 0*(e1) = 0. As 1) is injective,
(e)=0. 1

For a central extension (e), §.Ale] is an isomorphism if and only if =, :
HL,(g) = HL,(q) is an isomorphism and =, : HL,(g) — HL(q) is the zero
map (by exactness in sequence (2)). In this situation we shall say that (e) isa .
stem cover. Obviously, every stem cover is an example of stem extension and
a quasi-commutator extension.

PROPOSITION 3. Let q be a perfect Leibniz algebra (i.e., q = [q, q]) and let
(e) be a central extension. Then (e) is a stem cover if and only if HL,(g) =0
and HL,(g) = 0.

Proof. From the exact sequence (3) associated to (e), with HL,(g) =
HL,(g) = 0, it is easily seen that 6.(e) is an isomorphism. The converse is
trivial. |
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