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1. STATEMENT OF RESULTS

This work considers the question of feedback stabilizability for the bilinear
system

(P1)

Here A is the infinitesimal generator of a linear Cy—semigroup of contractions
et on a real Hilbert space H with inner product (-,-), so that A is dissipative,
ie. (AV,¥) <0 for all ¥ € D(A). B is a (possibly nonlinear) operator from
H into H and v(t) is a real valued control.

The mains novelty of this paper is the statement that there exists a feed-
back control v(u) which gives a uniform decay rate of the solution to the
closed-loop problem (P1) with an arbitrarily decay rate.

Let w be an arbitrarily large positive number, and choose

—wllulf?

v(t) = Buw) ~ (Bu,u) in (P1),

then (P1) may be written in the first order form

{u' = Au+ F(u),
u(0) = uy,

273



274 M. AASSILA

where )
—wljull®

Fu) = ( T (Bu,u)) Bu.
Under the hypotheses

(H1) A is the infinitesimal generator of a linear Cy-semigroup of contractions

et on a real Hilbert space H;

(H2) there exists a positive constant a such that (B, ¥) > «|¥|? for all
U € D(B), B(0) =0 and B: H — H is locally Lipschitz,

it can be shown that problem

—wllul®
(Bu, u)

u' = Au+ ( - (Bu,u)) Bu,

(P2)
U(O) = Uo,

has a unique weak solution u(¢) on R, . Let us note that the existence of such
control follows from a theorem of Ball [1].

MAIN RESULT. Fix an arbitrarily large positive number w, and let u(t)
denotes the unique weak global solution of (P2), then we have

lu@® < ||luolle™* forall ¢>0.

Proof. We have
22 (@ u)?) = e wllult) |* + (Au,u) + (Fw), )

< e (wlu@®)]® - wllu(@®)|* — (Bu,u)*) < 0.

2. APPLICATION

Let 2 be a bounded, open, connected set in R™ (n > 1) having a boundary
[ of class C?. Let vy, vy, ..., vy be m real numbers strictly positive, and
fi: R™ —» R, m functions of class C' in R™.

Let us consider the following system

Ou; . .
31: =v;Au; +vfi(uy, - ,un) in QxR,, i=1,2,...,m,

u; =0 on I'xR,, 2=1,2,...,m, (P3)

u(z,0) = uo(z).
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If we set
U= (ur, gy -« -, Un);
F(ul’ U2,y « - 1um) = (fl(ul’ 7um)’ cee fm(uh ey um));
H=(L?(Q)™ and F({U):=BU forall U €H,

then (P3) may be written in the form

U =AU+ F(U),
Assume that

() £:(0,0,...,00=0, i=1,2 ..., m;

(ii) there exists a > 0 such that f;(ui, ua, ..., Um) > ou;

(iii) there exists M > 0 such that

%‘%(ul, Ugy .y um)‘ <M forall (uy,...,un)€ Bs(0),

where Bs(0) denotes the ball of center 0 and radius S,

then (H1)-(H2) are satisfied.
Putting

—wz /ufdx o
v=— =10 _Z/Qu,-fi(u], Ugy « v - 5 Up) de,
Z/ uifi(ul, Ugy .. ,um) dr =1
i=1 Y%

then the solution of (P3) satisfies

lu@®llg < |luollget forall t>0.

A special case of (P3) is when f;(ui, ug, ..., Un) = u;. Then, the feedback
m
V= —w— Z / u? dz gives an arbitrarily exponential decay rate.
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