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1. INTRODUCTION

The “holomorphic functional calculus” was developed by N. Dunford and
A E. Taylor in the forties (see [2], [6]). Given a continuous operator T acting on
a complex Banach space X, this calculus associates an operator f(T') € L(X)
to each holomorphic function f, defined on a neighborhood of the spectrum
of T. Gindler [4] extended it by associating a closed operator to each mero-
morphic function of a specific class.

Many efforts have been devoted to extend the holomorphic functional cal-
culus in other directions. In [1], we studied a local functional calculus defined
as follows. Given an operator T' € L(X) with the Single-Valued Extension
Property (SVEP in short) and an arbitrary analytic function f : A(f) C
C — C, we set

DUIT]) = {z € X : o(z,T)C A(f)} and f[T]s = QLM/Ff(A)aT(A)dA.

We obtained a linear operator f[T] : D(f[T]) € X — X. In the case
o(T) € A(f), we have that f[T] coincides with f(T), the operator of the
holomorphic functional calculus.

The purpose of this paper is to develop this local functional calculus. The
operator f[T] is neither continuous nor closed in general, but we provide suf-
ficient conditions for continuity and closability. We prove a local spectral
mapping theorem, which asserts that o(z, f[T]) = f(o(z,T)), for all z in the
domain of f[T].
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Whether the operator f[T] is always closable remains an open problem, but
we show this property for functions f of the meromorphic functional calculus,
and we give a sufficient condition for the operator f{T'} of the meromorphic
functional calculus to be the minimal closed extension of f[T"]. Moreover, we
describe the local resolvent function in terms of the local functional calculus
and, as an application of this result, we derive local resolvent equations and an
expression for the derivatives of the local resolvent function, and we describe
fIT + N in terms of f[T] when N is a quasinilpotent operator.

Given an operator T € L(X), a complex number A belongs to the resolvent
set p(T) of T if there exists (A — T)~! =: R(\,T) € L(X). We denote by
o(T) := C\ p(T) the spectrum of T. The resolvent map R(.,T) : p(T) — L(X)
is analytic.

Moreover, given an arbitrary linear operator A : D(A) C X — X and
z € X, a complex number A belongs to the local resolvent set of A at =z,
denoted p(z, A), if there exists an analytic function w : U C C — D(A),
defined on a neigbourhood U of A, which satisfies

(b — Aw(p) ==, (1)

for every p € U. The local spectrum set of A at z is o(z, A) :== C\ p(z, A).
Since w is not necessarily unique, a complementary property is needed to
prevent ambiguity.

A linear operator A satisfies the Single Valued Eztension Property (SVEP)
if for open subset U C C every analytic function h : U — D(A), the condition
(A —A)h(A) =0 implies h = 0. If A satisfies the SVEP, then for every z € X
there exists a unique analytic function Z, defined on p(z, A) satisfying (1),
which is called the local resolvent function of A at . See [3] for further details.

If for all closed set F C C, {x € X : o(z,A) C F} is closed, then we say
that A has property (C). If T € L(X) satisfies property (C) then T has the
SVEP [5, Theorem 2.13].

2. PROPERTIES OF THE LOCAL FUNCTIONAL CALCULUS

The operator provided by the local functional calculus is not continuous
or closed in general. If T' is the operator on £5(N) defined by Te, = Le,, and
f(A) =1/, then f[T] is not continuous, since ||f[T]e,|| = n. Moreover, f[T]
is not closed, but it is closable because T~! is a closed extension of f[T'].

In the following result we derive a sufficient condition for f[T] to be a
continuous operator.
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THEOREM 2.1. Assume T € L(X) has the SVEP, and let f be an an-
alytic function. If D(f[T]) is closed, then f[T] is continuous, and f[T] =
F(T|D(f[T]))-

COROLLARY 2.1. Assume T € L(X) has property (C), and let f be an
analytic function.

1. D(f[T)) is closed if and only if U{o(z,T) : = € D(f[T])} is closed.

2. If f[T] is a closed operator, then it is continuous.

The converses of Theorem 2.1 and part (2) of Corollary 2.1 are not true.
If T is again the operator on £,(N) given by T'e,, = e, and f(A) = sin 1, then
D(f[T)) is not closed and f[T] is continuous, but it is not closed.

The following result is a local spectral mapping theorem for the local func-
tional calculus.

THEOREM 2.2. Assume T € L(X) has property (C), and let f be an ana-
Iytic function on A(f). Then f(o(z,T)) = o(z, f[T]) for every z € D(f[T]).

3. MEROMORPHIC CALCULUS AND LoOCAL FUNCTIONAL CALCULUS

The definition of the holomorphic functional calculus was extended to
meromorphic functions by Gindler [4]. Let f be a meromorphic function on an
open set A(f) containing o(7T), and let ay, ..., a4 be the poles of f in o(T),
with multiplicities ny, ..., ng, respectively. We assume that the poles of f are
not eigenvalues of T', and consider the polynomial p(\) = [Tt (e; — A)™.

The function g(A) := f(A)p()\) is analytic on a neighborhood of o(T). So
we can define the function f{T'} of the meromorphic functional calculus by

HT} = g(T)p(T) 7,

obtaining a closed operator f{T'}.
Here we study the relation between the meromorphic calculus and the local
functional calculus.

THEOREM 3.1. Assume T € L(X) has the SVEP and let f be a function
of the meromorphic functional calculus. Then f{T'} is a closed extension of
f[T). Consequently f[T] is closable.

The closure of the operator f[T'] is known in some cases.
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PROPOSITION 3.1. Let T be a normal operator on a Hilbert space H and

let f be an function of the meromorphic calculus. Then f[T| = f{T}.

OPEN PROBLEM Is the operator f[T] always closable?

4. APPLICATIONS AND EXAMPLES
Given operators S,T € L(X), for A\, u € p(T), the equality
R(\T) = R(p, T) = (p — )R\, T)R(p, T) (2)
is called the first resolvent equation, and for A € p(S) N p(T'), the equality
R(\,S) — R(\,T) =R(\S)(S—T)R(NT); (3)

is called the second resolvent equation. If we try to establish equalities (2)
and (3) for the local resolvent function, we find that the “products of vectors”
Zr(A)Zr(p) and Zs(A\)(S — T)Zr(A) are undefined. This drawback may be
solved using the local functional calculus.

For every A € C, we denote by f, the function given by fy(u) := (A—p) ™%

LEMMA 4.1. Assume T € L(X) has the SVEP and let z € X. If A €
p(z,T), then Tr(A\) = fi[T)z.

This lemma will be the key to establish the local resolvent equations.
THEOREM 4.1. Let x € X and let S,T € L(X) satisfying the SVEP.
(i) (The first local resolvent equation). If A\, u € p(z,T), then
ATz = fuTlz = (u = NATfulT). (4)
(ii) (The second local resolvent equation). If A € p(z,T) N p(x,S), then

A8z — fiT)z = £A[S1(S — T) fA[T]z. (5)

Next, using the first local resolvent equation we derive some well-known
properties of the local resolvent function that will be later needed. Here f} is
the function given by f{(y) := (A —pu)™™
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PROPOSITION 4.1. Assume T € L(X) has the SVEP and let x € X. For
A € p(z,T), we have
d"gr(N)
dar

= (-1)"nlfy " Ta.

Moreover, if |\ — u| < dist(\,0(z,T)), then Zr(u) = S oc (A — )" fT)z.

Finally, we give a perturbation result similar to [2, Corollary VII.6.12] for
the local functional calculus. Recall that N € L(X) is said to be quasinilpotent
if o(N) = {0}.

THEOREM 4.2. Assume T € L(X) has the SVEP, and let N be a quasi-
nilpotent operator that commutes with T. If f is an analytic function, then
we have D(f[T + N]) = D(f[T]) and

s+ m =3 (4D

n=0

Finally, we illustrate some properties of the local calculus using the multi-
plication operator in Ly(r). Given a finite positive measure p with bounded
support, the multiplication operator on Ly(u) is given by Mz(X) = Az(}A),
x € Lo(p), and the support of the measure p coincides with the spectrum
o(M) of M.

THEOREM 4.3. Let M be the multiplication operator on Ly(u) and let f
an analytic function on A(f). Then the following assertions hold.

(i) oz, M) ={AeC : Ve>0 xpner # 0}, where xp(r.) is the
characteristic function of the disk of center A and radius €.
(it) If z € D(f[T)), then f[M]z(A) = f(N)z()N).

(iii) f[M] is injective if and only if f is nonzero on every component of A(f)
and no zero of f is an eigenvalue of M.

(iv) If o(M) \ {ao} C A(f), and o is not an isolated point of o(M), then
f[M] is closable. Moreover f[M] is continuous if and only if f € Ly ().

(v) The domain of f[M] is dense if and only if u(c(M) \ A(f)) = 0.
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