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The structure of the weighted Fréchet and LB—spaces of Moscatelli type
appears when one combines both the structure of the Kothe sequence spaces [3]
and the structure of Fréchet and LB—spaces of Moscatelli type, introduced by
Moscatelli in 1980 [12] and developed by Bonet and Dierolf in [4,5]. The theory of
this new structure includes both theories.

The main motivation for our research on these spaces are the questions
which remain open in the theory of LB—spaces. The most important one is the
question posed by Grothendieck [8] asking whether every regular LB—space is
complete. This question is answered positively in our present frame here.

This paper is a summary of some results appearing in [11] which were
divided into three sections. First we introduced the weighted LB-—spaces of
Moscatelli type and studied strictness, regularity and bounded retractivity. We
also proved that these inductive limits are regular if and only if they are complete
(under mild additional assumptions). Then we defined the weighted Fréchet
spaces of Moscatelli type and investigated when they are Montel, Schwartz and
when they satisfy property () or property (DN,) of Vogt. We finished by
establishing a certain duality between the weighted Fréchet and LB—spaces of
Moscatelli type.

1. WEIGHTED LB-SPACES OF MOSCATELLI TYPE

1.1. DEFINITIONS AND PRELIMINAIRES. In what follows, (L,|[) will
denote a normal Banach sequence space, i.e. a Banach sequence space which
satisfies:

(a) ¢ c L c w algebraically and the inclusion (L,|.]]) — w is continuous,

1 This paper is to appear in Portugaliae Math.
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where w = I nK and ¢ = SN K.

(B) Yo = (a)ren € L, Vb = (bg)ren € w such that |bx|<|ag|, VEEN, we
have b € L and [[b] < |ef- ‘

Clearly every projection onto the first =n coordinates p,:w— w,
(ak)keN — ((@k)k<n>(0)k>n) induces a norm—decreasing endomorphism on L.

We shall also consider on (L,| ||) the following properties:

(7) lle) =limy lpa(a)ll Va € L.

(6) @ € w, sup,|pa(a)] < o0, then @ € L and Jaf = lim, |pa()]-

(¢) limg [la—p,(a)| =0 VaeL.

Unexplained notation as in [9,13].

Following the classical notations (see [3]), given a strictly positive Kothe
. matrix 4 = (an)nen on N, that is 0< a,(k) < an,1(k) (n,k€N), we shall
denote by V =(v,),en the associated decreasing sequence of strictly positive
weights with v, = (1/a,;) (n € N) and by V be the family V= {7 = (9(k)) € w :
supgen (V(k)/ v, (k)) < 00, Yn €IN}. We shall always assume without loss of
generality that for every 7 € V, we have 7(k) >0 (keN).

In order to define the weighted LB—spaces of Moscatelli type, we would like
to make the following three conventions for this first section:

" — (L,]-)) will denote a normal Banach sequence space with property (7).

— V=(v)nen will stand for a decreasing sequence of strictly positive
weights.

— (Xi,me)ren and (Y3,8:)ien Wwill represent two sequences of Banach
spaces such that for each k€N, Y; is a subspace of X; and s >n|Y: (in
consequence, By:={y € Y} : si(y) <1} c{z € X} : n(z) <1} =: A).

For every n € N, the space

L(vn, (XksTk Jk<ns (YisSkkon) =
= {(2 )ren eklguxle xkl>1n Yt (v (B)me(2k))k<n s Un (B) Sk (T ))kon ) € L}

provided with the norm: ,||(z )kenll = l(vn (k)7 (Zk))k<n s v (K) 3k (%) )i n )
is a Banach space, the inclusion

L(vm(xk)lKn 7(Yk)k>n) - L(‘"ml ) (Xk )k<n+1 ) ( Y )k>n+1 )

is continuous and the unit ball of the first space is contained in the unit ball of
the second one. Now the inductive limit
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k(V,L,(Xi),(Y4)) := indp L (v, (Xk k< (Y Dk n)
is the LB—space of Moscatelli type with regards to (L,|||), V = (% )nen,

(X )ken s (YiSk )ken -

Recall that if X;=Y;=K and L ={ we obtain the Kdthe co—echelon
spaces k(V,4,) =ind, & (v,) [3] and for the case v,(k) =1 (k,n €N) we get the
LB—spaces of Moscatelli type [4].

Now given (ex)zen€KN, x>0 (k€N) and 7€V, pg, 5 will denote the
Minkowski functional of €Ay +(1/9(k))Byg. Then p; 7 is a norm on X; which is
equivalent to . Therefore (X}, p, 7) is a Banach space. Since supy (¥(k)/w, (k))
< oo (ne€N), for arbitrary (ex)zen €KN, € >0 (k€N), 7€ V and n €N the
space L(,(Xs)k<n>( Y )kon) is continuously injected in the Banach space

L((Xk, pes,5dien) = {(zadaen € 11 Xi - (g, (2 )Jaen € L}
endowed with the corresponding norm:

(k JkeN € L(( Xk, Pt 7)keN) — 1(Per,5(7)ken |
Consequently, if we define

K(VaLr(xk)a(yk)) =
PIOj(L((Xp,(Pep,idken) : (ekdren €KN, € >0 (keN), Te V)
we have the continuous inclusion: k(V, L,(X;),(Yz)) € K(V,L,(X),(Y3)).

For the case X = Y; =K (k€N) and L =¢,, the space K(V,L,(X;),(Yz))
coincides with the well-known projective hull K(V,4,) of the Kéthe co—echelon
space k(V,4,) [3]-

PROPOSITION 1.2. k(V,L,(Xg),(Ys)) is boundedly retractive if and only if
the following two conditions hold:

i) There ezists m € N such that Y} is a topological subspace of X}, (k>m ).

i) ind, L(v,) is boundedly retractive.

PROPOSITION 1.3. The following statements are equivalent:

i) k(V,L,(Xg),(Yz)) is strict.

ii) For every k €N, Y} is a topological subspace of X}, and for every n €N,
there is M, > 0 with (1/v,(k)) < (M, /w(k)) (k€N).

Regarding Grothendieck’s question [8] whether regularity implies
completeness for LB—spaces, we have: »
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PROPOSITION 1.4. If (L,|| ||) is a step in the sense of [14], that is (L,| ||) is
perfect, (4,0 1) € (L)l ) € (4ol |w) and (L,B(L,LX)) is a Banach space, where
LX denotes the a—dual of L with property (e), then k(V,L,(Xz),(Yz)) is
regular if and only if it is complete.

In the cases (L] ||)=(coll lw) or (L] )= (4.l lls) the equivalence
between regularity and completeness holds too.

2. WEIGHTED FRECHET SPACES OF MOSCATELLI TYPE

2.1. DEFINITIONS AND PRELIMINAIRES. In this section 2, we would like to
make the following conventions:

= (L, ]| will be a normal Banach sequence space with property (7).

— A =(a,)nen will stand for a strictly positive K6the matrix.

— (Yi,8:)ken and (Xg,mi)ren will Tepresent two sequences of Banach spaces
and f;:Y;— X; will be a continuous linear mapping such that fi(By)C4;
(resp., By) stands for the unit ball of X} (resp., Yz), (k€N).

Now, for every n €N, we define:

Gn=L(an,( Yt)k<n(Xp)kon) =
={(Zt)ren € Micn YexTMey n Xt ((an(K)3k(Z) Dk <ns(an(B)k(2k))k>n) €L Y)
provided with the norm: [|(Z)renlln=1((an(¥)sk(k))k<ns(2n(K)h(Zk))k>n)l-
Clearly G, is a Banach space (n€lN). We put g,:Gp,1— Gpn, (Z)ren—

((=))k<nsfn(Za)(Z))k>n) (n€N). Clearly g, is a continuous linear mapping
(neN) and we define the weighted Fréchet space of Moscatelli type with regards

to A, (L)), (Yesidken (Ximidien and fi: Yi— X; (k€N) by
G=A (ArL'( Yk)’(xk)) :=PIOjneN ( Gmgn)'
As in [5), it is easy to check that G coincides algebraically with

{y=(Uk)reN € Mxen Yi : (fii)ken € Projn L(an,(Xiken))}
and G has the initial topology with regards to the inclusion j: G— Ilzen Y
and the linear mapping f:G— proj, L(an,(Yiken))s (k)een— (fi(yk))ken-
We can always assume without loss of generality that fi(Y:) is dense in Xj
(keN). '
If X,=Y,=K (keN), we shall write A(A4,L), following the classical
notations.
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Recall that if X =Y=K (k€N) and L=¢ we obtain the Kithe echelon
spaces [3] and in the case a,(k)=1 (k,n€N), we get the LB—spaces of Moscatelli
type [4] |

LEMMA 2.2. a) A(A,L,(Y:),(Xg)) is a complemented subspace of

A(A,L,F):={(2")nen € FN: (ap(n)r(2))nen €L, VT € c3(F), VmeN}

where F is the Fréchet space of Moscatelli type with regards to (L,|-||),
(Yesekens (Xumken and (fidren (see [4]).

b) The sectional subspace (A(A,L))y:={(og)ren€A(A,L): =0, Vk¢J},
with J={keN:fi(Y;)#0} of the Kdthe echelon space is algebraically and
topologically isomorphic to a complemented subspace of A(A,L,(Y3),(Xi))-

PROPOSITION 2.3. Let J={keN:fi(Y3)#0} and consider the sectional
subspace (A(A,L))s. Then,

i) A(A,L,(Yi),(Xi)) is Montel (resp., Schwartz) if and only if (A(A,L));
is Montel (resp., Schwartz) and Y} is finite dimensional for all k€.

i) A(A,L,(Ye),(Xz)) has property (DNp) (resp., property () if and
only if (A(A,L)); and F have property (DN,) (resp., property (Q,)) where F
is the Fréchet space of Moscatelli type with regards to (L,||-]), (Y& Sk)keN,
(X mken and (fidken-

The properties (,) and (DN,) were introduced by D. Vogt in [15] as
follows:

For an increasing continuous function ¢:(0,00)— (0,00) we say that a
Fréchet space with a basis of zero—neighbourhoods {Up},en has property (£2,) if

VpIgVEIC>0VYr>0: U,cCp(r)Up + 11U,

and a Fréchet space with a fundamental sequence of seminorms {||-|;}.en
satisfies property (DN,) if:
Ing Ym Ine€N,AC>0:Vz€ F,Vr>0: | 2] < Co(r)[|Zllng + |zl -

These two conditions play an important role in [10,16]. By [10], a Fréchet
space is quasinormable if and only if it has (Q,) for some ¢. By [17], a Fréchet
space F has (Q,) for p(k)=1 (keN) if and only if F” is a quojection and this is
equivalent to the fact that F' does not satisfy the condition (*) of Bellenot and
Dubinsky (cf. [1]). Property (DN,) is related with some normability conditions
(see [15]).
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3. DUALITY

Let G=XA(A,L,(Y:),(X:)) be the weighted Fréchet space of Moscatelli type

with regards to (L,[-[) with (€), 4=(an)nens (Yiskhkens (XisThdens (fekens
each f; having dense range and fi(B;)c A; (k€N). Because of lemma 2.2 in [5]

we may naturally identify (algebraically and topologically) the strong dual of

Gy = L(an,( YasSt)k<ns( Xes Th)kon)  With  Hy := L'(up,( Yi,58)k<n( Xk Th)k>n) and
define the weighted LB space of Moscatelli type: H:=ind,nH,=
k(V,L,(Yz),(Xi)) with regards to the duals.

PROPOSITION. There is an identity map I: H— Gp which is continuous.
Moreover H is the bornological space associated to Gp and Gp coincides
topologically with K(V,L’,(Y3),(Xz))-

COROLLARY 3.2. G is distinguished if and only if the corresponding
weighted LB-space with regards to the duals k(V,L'(Y3), (Xk)) satisfies
k(V,L'( Vi) X3)) = K(V,L',( Yi),(X)) topologically.
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