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Let R be a ring. A left R—module M is said to satisfy property (I) (resp.
(S)) if every injective (resp. surjective) endomorphism of M is an automorphism,
M is said to satisfy Fitting’s property (for short Property (F)) if for every
endomorphism fof M there exists n € N such that :

M =ImfreKerf®. The object of this paper is to report the following
result.

THEOREM. For a finite dimensional algebra R over an algebraically closed
field K, the following conditions are equivalent.

1) Every left R —module with property (I) is Artinian.

2) Every left R—module with property (S) is Noetherian.

3) Every left R —module with property (F) is of finite lenght.

4) Every left R—module is a direct sum of finitely generated left R—modules.

Proof. We show that if one of the conditions 1), 2) or 3) holds then every
indecomposable left R—module M of infinite lenght is also of infinite lenght,
considered as right EndgM—module, and this last condition implies that R is of
finite representation type (see [3]). Thus we obtain 1)=4), 2)=4), 3)=4).
The implications 4)=>1), 4)=2) and 4)= 3) result from the fact that, on
condition 4) R is of finite representation type (see [3]). For more informations on
rings with one of the four conditions of the above theorem one may see [5], [6], [8]
and [9]. &

COROLLARY 1. Let R be a finite dimensional algebra over an algebraically
closed field K. The following conditions are equivalent.

a) Every left R—module with property (I) (resp. (S), resp. (F)) is Artinian
(resp. Noetherian, resp. of finite lenght).
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b) Every right R—module with property (1) (resp. (S), resp. (F)) is Artinian

(resp. Noetherian, resp. of finite lenght).

COROLLARY 2. Let K be an algebraically closed field of characteristic

P #0, and G a finite group. The following conditions are equivalent.

1) Every left K[G]—module with property (I) (resp. (S), resp. (F)) is

Artinian (resp. Noetherian, resp. of finite lenght).
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2) The sylow p—subgroups of G are cyclic.
3) Every left R—module is a direct sum of finitely generated left R—modules.

- REFERENCES

AUSLANDER, M., Representation theory of artin algebras III, Comm. Algebra
3 (1975), 239-294.

CRAWLEY-BOEVEY, W.W., Tame algebras and generic modules, to appear in
Proc. Lond. Math. Soc. .

CRAWLEY-BOEVEY, W.W., Modules of finite lenght over their endomorphism
rings, preprint.

HULLINGER, H.L., Stable equivalence and rings whose modules are a direct sum of
finitely generated modules, J. Pure Appl. Algebra 16 (1980), 265—273.

KAIDI, A.M., SHANGARE, M., Une caracterisation des anneaux artiniens & idéaux
principaux, Proceeding of the International Meeting in Ring Theory (Granada
1986), in “Lect. Notes in Math.”, Vol. 1328, Springer —Verlag, J.L. Bueso, P. Jara,
B. Torrecillas (Eds), Berlin, Heidelbreg, 1988, 245 —254.

KAIDI, A M., SHANGARE, M., Sur les S—anneaux dont les idéaux & gauche et les
idéaux & droite sont bilatéres, Cah. Math. Monpellier 39 (1992), 214-224.

PIERCE, R.S., “Associative algebras ”, Springer — Verlag, New —York, 1982.

SHANGARE, M., Sur quelques classes d’anneaux liées au lemme de fitting, Rend. Sem.
Mat. Univ. Padova 87 (1992), 29 -37.

SHANGARE, M., On S-duo rings, Comm. in Algebra 20(8) (1992), 2183 —2189.



