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It is a well-known fact that every finite Abelian group can be represented
as a direct product of cyclic groups of prime power order, moreover, the repre-
sentation is unique except for possible rearrangements of the factors. Let the
arithmetical function a(n) denote the number of nonisomorphic Abelian groups
of order n. It is seen that a(n) is equal to the number of ways in which n can be
expressed by n = n‘ngng... , where n,n,,... are positive integers. This shows that
a(n) is connected with some divisor function and with the divisor problems:.

The problem of estimating the average order of a(n) was raised by E. Erdos
and G. Szekeres in 1935. In 1981 G. Kolesnik proved the following estimate which
is, at present, the best known one

(1) g a(n) = 2+ cpz1/2 + c3z1/3 + O(297/381]0g35 1)
n<z
¢ = k[ll((g) . §=1,2,3.
k=j

We will consider here the arithmetical function S(n) which denotes the
number of nonisomorphic finite semisimple rings with n elements. S(n) is also a
multiplicative function being S(n) =1 when n is a square—free positive integer.
The Dirichlet series associated with this function may be represented as product
of the Riemann zeta function; thus we have for Res > 1

(2) FEM - i ] ¢(rm3s).
n=1 r=1im=1
Obviously S(n) can be expressed by means of a(n) using the properties of the
Dirichlet series
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n=1 r>1 m>»2 n=1 m=1
where the last series is convergent in Res > 1/4. Thus we have

S(n) = T a(@)si(8).

Therefore, the function S(n) is connected with the function a(n) and
consequently with the divisor problems. The problem of estimating the error
—term R(z) in the asymptotic formula for I,¢,S(n) has been considered by
several authors. J. Knopfmacher in [2] and J. Duttlinger in [1] studied S(n) and
obtained some asymptotic formulae with an error—term of the form R(z)=
O(z%logbz). Thus, in 1972 J. Knopfmacher proved that

(4) Y S(n) = ayz+ ayzl/2 + O(a!/310g2z)

n<z

where @y, ay are constants. J. Duttlinger in 1974 obtained

(5) ¥ S(n) = oz + apz/2 + a3zl/3 + O(7/27log?z)

n<z

] 2
g= 11 [l ¢(G*).
r=1 m=1
rm2zj
It seems natural to ask whether the bound given by G. Kolesnik for
Bn<z a(n) function is also satisfied for T, ¢, S(n). In this paper we will obtain an
asymptotic formula for £, ¢, S(n) which improves the previously known one and

its O—term has the same order that the given one by Kolesnik for £, ¢, a(n).

THEOREM 1. For z>2
(6) n;:z S(n)=c;Biz+ "232-'”1’2 + 6‘333-'51/3 + 0(1:97/38110g35z)
where

mSI(n)=

N 2
“ =kl_=]1C(§) > B =n§1 nl/i rl;llmllzc(_jm) » 7=1,2,3,

k=j
Note that the exponent a =97/381 is close to 1/4, so one may expect that
Y S(n)=¢;Biz+ c3Bp1t/2 + ¢3B3zl/3 + ¢4 Byzl/4 4 o(21/4).

n<z

Before to prove this theorem we will give the following result:
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LEMMA. Let S§(n) be the arithmetical function such that for Res > 1/4
00 %
Y34 = 11 [ ¢(rm2s).
n=1 r>im>2
Then, for Res > 1[4
) Si(n - ED -
p S - §Si L oees)

n<z

Proof.
FSE® - 1 ¢(ars) [] ¢(rmts) = T80 FSalm)
n=1 r>1 m»3 n=1 m=1

where a(n) is the number of nonisomorphic abelian groups with n elements and
the second series is convergent for ¢ > 1/9.

Therefore,
* ® o
LSim=_T e@sim)= p&m) ¥ o)
0[ 1/4 Sg(m)] = O(zl/4
z m;:z T (z179).

Now, let o > 1/4 then

Si(n) _ of ("4t ) _ o(s/4-0
n;, n —O[J‘ t11+1—1/4]—0(a;1 )

So, Lemma is proved.

Proof of Theorem 1. From (3) we deduce that

ngz S(ﬂ-) - n§<za(n)sj{ (m) N ngzsz (~n)m<§/na(m).

By Lemma and the estimate (1)

w55 (n)  =Si(n)
L S(r)=¢} T+e ) g1/2 ¢
n<z n=1t g n=1 nl/2
w S4 (n) w Si(n)
+ c3 Z z1/34+ 0 1797/381108353' Z =
n=1 pl/3 n=t 97/381

¢ Biz+ c23231/2 + 033311/3 + 0(z97/38110g35z).



THE NUMBER OF SEMISIMPLE RINGS 147

Thus the theorem is proved. Analogously we can also prove the following result:

THEOREM 2. Let a(n) the number of nonisomorphic abelian groups with n
elements. If

(7 Y a(n)=c1z+ cz1/2 + ¢321/3 + O(z°logb z)
n<z

where cy,¢cq,c3 are constants and 1/3 > a > 1/4, b >0 positive constants, then
we have

(8) L S(n) = ¢1Byz+ czByz!/% + ¢3B3z!/3 + O(2%0gP 7).

n<z
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