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For a completely regular space X, C*(X) denotes the algebra of all
bounded real—valued continuous functions over X. We consider the topology of
uniform convergence over C*(X).

When K is a compact space, the Stone—Weierstrass and Kakutani—Stone
theorems provide necessary and sufficient conditions under which a function
f€C*(K) can be uniformly approximated by members of an algebra, lattice or
vector lattice of C*(K). In this way, the uniform closure and, in particular, the
uniform density of algebras and lattices of C*(K), can be characterized. Other
authors, like Csaszar, Nobeling, Bauer,..., have studied the uniform density of
lattices of C*(K) with some additional properties (subtractive lattices, affine
lattices, semi—affine lattices,...).

When X is a non—compact space, different versions and generalizations of
those theorems have been given. Thus, Hewitt [7] gives a density uniform theorem
for algebras of C*(X) containing all the real constant functions. On the other
hand, Blasco [1] characterizes the uniform closure for certain lattices of C*(X).

In this paper we make a systematic study about uniform approximation for
algebras and lattices of C*(X). If § is an algebra or lattice (vector lattice, affine
lattice,...) we shall characterize its uniform closure and we shall give necessary
and sufficient conditions for uniform density in C*(X). For our purposes we shall
identify the rings C*(X) and C(fX) (6X is the Stone—Cech compactification of
X). In this way, we generalize the classic results in the compact case. Likewise we
also obtain, in particular, the generalizations by Hewitt and Blasco.

1. NOTATION

The space C*(X) can also be provided with an algebraic structure and an
order structure, defining pointwise the suitable operations. Thus, if ¥ is a subset
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of C‘*(X) we shall say that § is:

1. aring, if fgeF then f—geF and fye3.

2. a linear space, if fgeF and A\,u€R then Af+uge 3.

3. an algebra, if § is a ring and a linear space.

4. a lattice, if fge¥ then fVgeF and fAge3F, where fVg=sup(fg) and
fAg=inf(fg)

5. a vector lattice or linear lattice, if § is a lattice and it is a linear space.

6. a subtractive lattice, if ¥ is a lattice and if fgeJ then f—g€F.

7. an affine lattice, if § is a lattice and if feF and a€R then f+a€F and
afeg.

8. a semi—affine lattice, if ¥ is a lattice and if feF then f+a€F and pfeF
for every a€R and p €l where T is a set of real numbers containing 0 and
unbounded both from above and from below.

Given fe C*(X) and a real number a, we let L,(f)={z€eX/f(z)<a},
Lo(f)={ze X/ f(z)>a} and we refer to L,(f) and to L%(f) as the Lebesgue sets
of £ Welet Z(f) denote the set {z€ X/ f(2)=0} and call it zero—set of f

Suppose that Fc C*(X) and that A and B are subsets of X, we say that:

1. § S;—separates or completely separates A and B when there is geg
such that 0<g<l, g(z)=0if z€ A and g(z)=1if z€B.

2. § Sy—separates or completely separates A and B when there is ge§
such that g(4)ng(B)=0.

3. § S;—separates (¢=1,2) the Lebesgue sets of a function f when for every
a<b, § S;—separates L,(f) and L%(f).

2. UNIFORM APPROXIMATION FOR SUBLATTICES OF C*(X)

In this section we generalize the theorems by Kakutani, Stone, Csazsar,...
for sublattices of C*(X). For this we identify C*(X) and C(AX). This
identification allows us to translate conditions related to points in GX into
conditions related to Lebesgue sets or zero—sets in X.

THEOREM 1. Let § be a sublattice of C*(X) and let fe C*(X). Suppose
that for every a <b and €>0 there ezists g€F such that |g(z)—a|<e if z€Ly(f)
and |g(z)—b|<e if z€LP(f). Then feg.
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THEOREM 2. Let § be a sublattice of C*(X). The following conditions are
equivalent:

a) § is uniformly dense in C*(X).

b) For every pair of disjoints zero—sets in X, Z; and Z,, for every pair of
real numbers a,b and €>0 there ezists g€F such that |g(z)—a|<e if z€2;, and
lg(z)~b|<e if z€2Z,.

Remark. The sufficient condition in Theorem 1 is also necessary for
sublattices containing all the real constant functions.

THEOREM 3. Let § be a semi—affine sublattice of C*(X) and let
fe C*(X). The following conditions are equivalent:

a) feF.

b) For every a<b and €>0 there ezists geT such that |g(z)—a|<e if
z€Ly(f) and |g(z)—b| <€ if ze Lb(F).

c) For every a<b there ezists g€F such that g(z)=a if z€L,(f) and
9(z)=b if zeL*(f).

d) § S, —separates the Lebesgue sets of f.

e) For every a<b there exists g€F such that sup{g(z):z€L,(f)} <
inf{g(z):z€ LP(f)}, whenever L,(f) and L°(f) are not empty.

f) T separates the Lebesgue sets of f.

Remarks. 1) In [1], Blasco has been pointed out the equivalence between
the conditions a) and e).

2) It is not difficult to find some examples showing that, in order that a
function is in the uniform closure of a sublattice containing all the real constant
functions, the conditions e¢) and f) are only necessary, the condition ¢) is only
sufficient and the condition d) is neither necessary nor sufficient.

3) Since every affine, subtractive or vector sublattice which contains all the
real constant functions is a semi—affine sublattice, then the above result remain
true for them.

THEOREM 4. If, in Theorem 3, we change “Lebesgue sets of a function f”
by “every pair of disjoints zero—sets in X ”, we obtain the uniform density of 3.

3. UNIFORM APPROXIMATION FOR SUBALGEBRAS OF C*(X)

As before, we shall now make a similar study for subalgebras of C*(X). In
this way we shall generalize the Stone—Weierstrass theorem and we shall obtain,
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as a consequence, the well-known results by Hewitt.

THEOREM 5. Let § be a subalgebra of C*(X) and let fe C*(X). Then
f €% if and only if the following conditions are satisfied:

i) § separates the Lebesgue sets of f.

i) For every €>0 there are 6>0 and g€F such that Le(|f|) c L8(g).

THEOREM 6. Let § be a subalgebra of C*(X). Then § is uniformly dense
in C*(X) if and only if the following conditions are satisfied:

i) § separates every pair of disjoints zero—sets in X.

i) § contains a unity of C¥*(X) (i.e., there is f€F with f>e>0).

Remark. In [6], Hewitt shows that any subalgebra of C*(X) which
separates every pair of disjoints zero—sets in X and containing all the real
constant functions is uniformly dense in C*(X). But, note that this result is now
a corollary of the above theorem.
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