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ABSTRACT
In |6| C. Dierieck deals with a little but important collection of
norms in the product of a finite number of normed linear spaces and he

extends to such products some results on functional characterization
of best approximations.

In this paper we stablish the widest scope in which the mentioned
results remain valid.

Let El and E, be ‘linear spaces over K (Ror C) endowed with norms
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[ I and | |,. We shall say that a norm | |-in E xE_ is of type M when
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The importance in Approximation Theory of the M-norms is due to
the following facts:

A norm in EZXEZ is of type M if and only if it verifies any of the

following properties:
i) |2| For every z, €E, and every L, linear subspace (or simply sub
set) of Ek’ (k=1,2)
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where T 2 means that is berter approximation of x relative to
Y Y pp
L

L than z.

11) For every x, &k and every Lk subset of Ek,{k:Z,Z)
ylePL (xl) s Y€ (xz) = (yl,yg)efi XL (xl,xz)
1 2 172

where yePL(x) means that y is best approximation of x relative to L.
i1t) |3| The above property (ii), but for Lk Linear subspace of Ek’

in the case that K =R and any of the Ek s of dimension %2.

On the other hand in the passage to the topological dual of an M-

normed linear space we find a kind property:
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l1]. If ExE,
topological duals E"ZXE"Z is endowed with the M-norm

is an M-normed Llinear space and if the product of

108 8 1=supdl by 1 by 1+ 0, L by Ly L (22 121
then the mapping T:E"IXE’Z—» (Elez) " defined by
T(¢;, Fp) (x),2,)= % (z )+ )‘5(1:2)
is an isometric algebraic isomorphism.

With the above results we have the essential tool to stablish pecu
liar formulations in M-normed product spaces of many well known functio
nal characterizations of best and good approximations. For instance:

If Lk is a linear subspace of Ek and xke.Ek\ Lk then the fact

. . . ,
Yo € PL (xk) is characterized by the existence of Y €E' such that (see

e.g. |8| p.18)
I 0= 5 ¥, (y)=0,(yel) & ¥ (x vy I=lx -y T .

It is also characterized by the existence, for every ykeE of

k'
\fyeE'k such that (see e.g. 8| p.58)
k

. - < . - = -
\r)yke‘Ext(B'k) ; Re\(yk(yk Yo)$0 Yyk(xk Yo = 1Y o e

where Ext(B'k) denotes the set of extremal points of the unit ball of

Ek'

If Ele is M-normed then we have that (yol’yo )eF’Ll

2 xLZ(xl'xz) and,

among others, the following results:

2

|1|. The fact (yol,yoz)ePL (xl,x ) is characterized, in the sen

XL 2
se of (|8 p.18), by a continudus Llinear functional of the form
(‘Y'Z‘fz, r2 *{2), where the ‘f'k are the above menticned and the Tk are non ne

gative real numbers.
Also it tis characterized 1in the sense of (|8| p.58) by

(Y::/l ‘fyl’ 52 @2), with \fyk the above mentioned and r. 20.

k

As partial reciprocous of this results, also in M-normed spacés, we

have:
If (yol,yog)ePL <L (.1:1,:1:2) then either onEPL (.7:1) or y .€P. (zg),
and both possibilities if the norm in E XE_, is of type MS, Z.e. such

1 "2
that ||(u.1,u2)||<|l(zrz,vé)ll when any of the signs ”“'1“1%"1’3“1’ I “2"2‘”’5“2
is of strict inequality. Moreover if (‘fz, ?2)65’1"152 characte{rizes the
Fact r'yoz,yoz)GPleLz(xz,xZ) and if ‘f’k#(), (k=1,2), then{ | Yk“k characte
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rizes the fact YoiSPr (xk).
k

Analogously for the case (|8| p.58).

With the same techniques used
no dificult to obtain formulations
known results (4, 5, 6, 7, 8) on

and good approximations relative to

to stablish the above results it is
in M-normed product spaces of other
functional characterization of best

linear subspaces or simply subsets.

REFERENCES

|1] C. BENITEZ. 'Caracterizacidén de aproximaciones éptimas en espacios
producto". Collect. Math., 24, 1 (1973), 19-26.

|2| C. BENITEZ. "Normas en espacios producto que conservan propiedades
de aproximacién'. Rev. Mat. Hisp. Amer., (4) 34, 4-5 (1974), 163-175

|3] C. BENITEZ; M. FERNANDEZ. "Norms in product spaces which preserve
approximation properties'". Proc. Roy. Soc. Edinburgh Sect. A, 105
(1987), 199-203.

|4] B. BROSOWSKI. "Nichtlineare Approximation in normierten Vektorrdumen
Abstract spaces an approximation'". Internat. Ser. Numer. Math. 10
(1969), 140-159.

|S| B. BROSOWSKI; R. WEGMANN. "Charackterisierung bester Approximatio
nen in normierten Vektorrzumen'. J. Approx. Theory 3(1970), 369-397.

|6 C. DIERIECK. "Simultaneous approximation of vector valued functions”
J. Approx. Theory, 18 (1976), 74-85.

|7] C. DIERIECK. "Applications of a separation principle in good and
best approximation theory'". Funciontal Anal. Optimiz., 3, 2 (1981),
169-183. '

|8] I. SINGER. "Best approximation in normed linear spaces by elements
of linear subspaces'". Springer-Verlag, Berlin 1970.

(To appear in Bolletino U.M.I.)



