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Let E be a Banach space and F be a Banach lattice. A (linear, con-
tinuous) operator T: E -+ F is said to be a p - lattice summing operator
(1 ¢ p € w) if there exists a constant K 2 0 such that for every finite

family {x .,xn} in E we have:

aE
1 1
(1) ¢ 2121 ITxilp) /p|| € Ksup {( ziil |<xi,x'>| Py /p,x’EBE,}

where B, is the unit ball in E', and ( Zi:1 lTxilp)l/p, given by the
Krivine calculus for 1 - homogeneous continuous expresions ({1}), can
be writen in the form:

n p\1/p _ n
(2) ¢ .., !Txi| ) =suwp { I, L

(where 1/p + 1/q = 1). The smallest constant K which verifies (1) is de-

noted by XP(T).

n q .
aiTxi, a ..,aneR, Zi=1|ai| <1}

This class of operators is a natural extension of the p - summing
operators defined by Fiestch (see {2}).

In this paper we present the following result:

"1§ E 46 a Banach space and F <is a Banach Lattice, then T: E + F
8 a p - Lattice summing operatorn L§ and only L4 T": E" + F" (s also
a p - Lattice sunmming operator”.

The proof is based on the Local Reflexivity Principle ({3}), and on
some results of lattice theory.

Local Reflexivity Principle:

Let G be a finite subspace of the bidual E" of a Banach space E, and
H be a finite subspace of the dual E'. Given t 2 0, there exists an ope-
rator R: G > E such that: i) ||R[| € 1 + t; ii) <Rx",y'> = <x",y'> for
every x" €G and y' €H; and iii), if J: E -~ E" is the canonical inclusi-
on, then for every x" in GNJ(E), J e Rx" = x".

Proof of the result:

Let E be a Banach space and [ be a Banach lattice. Obviously, if
T": E" + F" is p - lattice summing, then T: E -+ F must be p - lattice

summing also. So, ccnsider x?,...,x; in E"; we need to find a suitable
1



137

estimation for ||( i lT"xUIp)1/P||.
i=1 i
For each finite set C in the unit ball Bq of (Rq,ll.l}q), define
"n - n Lipvall =
yg = sup { LioqaT"%], as(ag,...,a)) € cv{o} }. Then, by (2), we have

( 2121 ]T"x;lp)llp = sup yE . The family {yg} is an increasing net of
positive vectors in F", norm bounded (by the norm of the supremum), and
therefore it is o(F",F"') - Cauchy and 0(F",F') - relatively compact.
In particular {yg} has an accumulation point yg for the o(F",F') topo-
logy, and yg converges to yg in O(F",F'). It can be shown that yg =
= "
SEP Yo o ,

Hence, given € > 0 there exists y' € F' such that y' 2 0, ||y'||s 1
and n nen|P 1/p = " < <y oyt> = im <v! !>
POz D P51 = [yl < <yl,y'> + e Lin <yoy'> +€

S yg vt 2E

for some finite set C,= {a’,...,a"} in Bq, with 0 € C,.By {4}, II,5,5
and II,4,2: ’
- n j .
"oyts = e 1 < < > =
<ycgy sup {Zi=1 a; Ty, 1¢73¢ m},y
- (v M n
= sup Liji ( Zi=1 a

j<un [5S 1 1= ! 1> 4
5 T xi,yj ), yq +...+ym y'y, vyl 2 o}

n

m n j ”" 1 1 S
Zj=1 ( Zi=1 a; <xi,T yj>) + €

for some yi,...,yé in F' with y% 20, 1< 3 &m, and yi +...+y$ =y'.
We use now the local reflexivity principle, with G = [x;,...,xg]

C E", and H = [T'yi,...,T’yé] C E': given t 2 0, there is an operator

R: G + E such that |

R|| €1+ t, and <x;,x'> = <Rxg,x'> for every x'€ H.

Writing X, = Rxg : <xg,T'y§> = <xi,T'y3> = <Txi,y§> ,1<1i¢n,1<7¢
§¢ m. Then:

2z
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ij noa) Txpyl> )+ 3 €

'|Ygl‘ i=1 @3

1

n
i=1

A

"> +3¢€¢€

< sup { I aiJ Txi’ 1¢73 € m}, er:lyj

A

n Pyl/p
¢ DI lTxi| )P+ 3 €.

As, by hypothesis, T is p - lattice summing,
" n < > P 1/p '
llyo|l < AP(T) sup {C I,2, [ XX [Py*"P, xv € BE,} + 3 €.

Finally, for each x' in B |<xi,x'>l = |<Rxg,x'>| = i<x;,R'x'>l

Ela
where R'x' : G » K is a continuous linear form with ||[R'x'|| s 1 + t,
By the Hahn - Banach Theorem, there exists an extension x"' of x' to E",

with ||x"'|] § 1 + t: and therefore
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[<x,RUx'> = f<xfx't>] = (1 +t) [<xy, x"' >
R
where x"'/(1+t) € BE""
Consequently

n 1/p
sup {C I, [<xi,x'>|p) , X' € BE,} <

< (1 + t) sup {( Zi=1|<x'i',xvn>lp)1/13, x"' € BE"'}
We have obtained that for every € > 0 and every t 2 0
n 1/p n 1/p
I¢ Ly IT"xg]p) I < XP(T) (1 +t) sup {( Zi=1|<xg,x"’>lp) ,

x"' € BE"'} +3 €

and then T" is p - lattice summing, with AP(T") < XP(T).

Remarks:
1- The result is true also for p = @ (T: E > F is said to be «» - la-
ttice summing if there is a constant K 2 0 such that for every finite

family {Xl""’ xn} in E
||Vi:1 lTxil Il € x max.{||xi]|, 1< 1ign}),
and the proof is very similar.

2- The same technics can be used to prove the well known result of
Piestch. which states that if T is a (p, q) - summing operator from a
Banach space E into a Banach space F (i.e. 3K > 0 sucﬁ that V AygeooXy
. n 1/9 n 1/p
inE, ( I, ilTXillq) s Ksup {( I, , |<xi,x'>|p) » x' € B, 1),
then the bidual T": E" =+ F" is also (p, q) - summing: for xV,..., x;
in E", one has just to bound ( Zizl llT”xg||q)1/q with other expresion
of the form ( 2121 |<T"xg,y§>lq)1/q +e, with y! € F', Hyill € 1,1 ¢ i¢
< n. ({3}, {shH.
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