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Let E be a normed linear space over K (IR or €) and L be
a subset of E.

A point yelL is said to be a best approximation to xeE from
L, yePL(x), if ||x-yll<||x-2z]|, for every zel.

A point yel is, said to be better approximation to xeE from
L than other point zel, y(f z, if ||x-yll<llx-2z]|-

A point xeE is said to be Birkhoff-orthogonal to other
point yeE, xiy, if |[|x|l<llx+ty|l, for every teK, |2|, |3].

Let E1 and E2 be normed linear spaces over X . We shall
say that a norm || || in E,XE, is of type A, |1}, if

X1.Ly1—x1, X2.Ly2—X2 :=$ ”(x-' 1x2)“s“(Y1 ’y2)“

and we shall say that || || is of type M, [1], if

3, sy 1 11X s 1yl 2 11 0e,x) (sl (v, y) |

The importance in Approximation Theory of the A and
M-norms is due to the following facts. '

THEOREM 1. A norm in E,XE, is of type M if and only if
for every x. €E, and every'Lk subset of Eyo (k=1,2), it veri
fies

y1€Py (X1):5ePy ()24, Y5 €P, yp (Xq0X0) (1)

In other words, the M-norms are the only norms in E1xE:2
satisfying the minimum requirement of compatibility given by
(1). In this sense we propose the M-norms as the widest class
of suitable norms for the approximation in normed product spa

ces.

THEOREM 2. |1|.-A norm in E,XE, is of type A if and only
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if for every X €E, and every L, linear subspace of E,, (k=1,2)
it verifies (1).

THEOREM 3. |1|. A norm in E.]xE2 is of type M if and only
if for every xkeEk and every Lk linear subspace of Ep» (k=1,2)
it verifies

X X, (x
vz vK Py = 9]
L1 L2 L1x >

We can paraphrase the above theorems by saying that the
A-norms (M-norms) are the only norms which preserve best (be
tter) linear approximations in the passage to the product.

X,)
]

(z,,2,) (2)
L 1142

If is obvious that every M-norm is A-norm and it is easy
to see that if E1=E2=]2 , the norm in E1xE2 defined by
Il(x1,x2)||=-f|x1i+lx2| , if X1%5>0
L sup CIxglalx, 1), 1F xyx<0
is of type A but not of type M.

However, aside the trivial case in which E, and E2 are
real and of dimension 1, it is conjectured in |1] that every
A-norm is M-norm, and this paper 1is essentially devoted to
the proof that such conjecture is true in the case X=IR.

THEOREM 4. If E:1 and E2 are real normed linear spaces and
if the dimension of any of them is »2, then every A-norm in

E1xE is an M-norm.

2
- The proof is based in the following.

LEMMA. Let E be the real linear spaceR2 endowed with any

norm. If x,yeE are such that O<|ixll<llyll, then there exist a fi

nite number of points x1,.”,xmeE and a real number 0<6<1
such that
xLx1—x, x1ix2—x1,...,xmL9y—xm
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