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Abstract.  This study is part of the zeta function of the Burnside ring
study. The main objective of this paper is to determine the conductors of
all isomorphism classes of fractional ideals of finite index in B,(Cpn) the
Burnside ring for cyclic groups of order p™, which leads to a new explicit
formula for (p,(c,.)(s) the zeta function of B,(Cpn), and we present a
conjecture in which we establish when a fractional ideal M of B,(Cp») has a
Zy-order structure, according to its Zp,(c,n) (M; s) function.
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Conductores de los ideales fraccionales en anillos de
Burnside para p-grupos ciclicos y su funcion zeta

Resumen. Este trabajo es parte del estudio de la funcién zeta para anillos de
Burnside. El objetivo principal de este articulo es determinar los conductores
de todas las clases de isomorfismo de los ideales fraccionales de indice finito
en B,(Cpn) el anillo de Burnside para grupos ciclicos de orden p”, lo cual
permite obtener una nueva férmula para ( B,,(cpn)(S) la funcién zeta de
B,(Cpn), v se presenta una conjetura en la cual se establece cuando un ideal
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fraccional M de B,(Cpn) tiene estructura de Z,-orden, de acuerdo con su
funcion Zp, (¢, .) (M;s).

Palabras clave: Anillo de Burnside, funcién zeta, producto fibrado.

1. Introduction

The Burnside ring is an invariant of a group that detects solubility, and provides a
framework for the induction theorems, with various applications in topology, see [1, 2].
On the other hand, the zeta function is an invariant of the ring that describes the
distribution of prime ideals, see [5].

In Section 2, we recall the Burnside ring B (G) of a finite group G, along with the zeta
function (p(g)(s) of B(G).

In Section 3, our main goal is to determine all conductors of the fractional ideals of finite
index in B,(Cpn).

According to the definition given by Solomon for the zeta function of an order, it is
necessary to know all its ideals of finite index, which can be computationally challenging.
From [11, Section 3, 4], through a method used by Bushnell C. J. and Reiner I. [4], which
only depends on the finite set of the isomorphism classes of the ideals of finite index, we
have that:

For B,(Cp) there are 2 isomorphism classes of fractional ideals of finite index;
For B,,(C,2) there are 9 isomorphism classes of fractional ideals of finite index.

In both cases, we can see that this is a better alternative than the method used in [10],
where the same results were obtained by computing all the ideals. However, as we can
see in [6, Section 3], for B),(Cs) there are

82+ Tp+5(p—1)+3(p—2)

isomorphism classes of fractional ideals of finite index. So for B,(Cyn), this method used
by I. Reiner quickly becomes unmanageable.

In this paper, we present a method that only depends on n+ 1 conductors for the general
case By(Cpn).

According to Theorem 3.8, we have that the only conductors of the isomorphisms classes
of the fractional ideals of finite index in B,(Cpn») are:

NO = B:D(C;D")’

Ni=(p,p% ....p" 71 pt, pho,pt ) (Z; X By(Cpn-i)) for i=1,..,n—1, and
——

(n—i+1)—times

No = (.07, 0™, p") 23
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This allows us to present in Theorem 3.9, a new expression for ¢ Bp(cpn)(S) which depends

on:
N B
CHRNR

for i = 0,...,n. In Theorem 3.10, we develop a recursion formula, to compute J; and in
Corollary 3.11 we deduce that:

9i(p~°)
(= 1) (1 pe)

Ji= (n—)(n—i—1)
P 3

where g;(p~®) € Z[p~*] is a polynomial of degree:

9 (gi(p™®)) = w for i=0,...,n.

Finally, in the Conjecture, we establish when a fractional ideal M of B,(Cpn) has a
Zy-order structure, according to its Zp, (c,n) (M; s) function.

2. Zeta Functions of Burnside Rings

Throughout this paper, let G be a finite group. Its Burnside ring B(G) is the
Grothendieck ring of the category of finite left G-sets. This is the free abelian group
on the isomorphism classes of transitive left G-sets of the form G, H for subgroups H
of GG, two of which are identified if their stabilizers H are conjugate in G; addition and
multiplication are given by the disjoint union and Cartesian product, respectively. That
is:

B(G)= P z(G/H),

Hec(G)
where C(G) is a complete set of representatives of conjugacy classes of subgroups of G.

We study often the Burnside ring of a finite group G' using the mark homomorphism
¢ : B(G) — ZI°9I which is an injective map. The ring B (G) := ZI¢(@! is the ring
of super class functions f : C(G) — Z with multiplication given by coordinate-wise
multiplication and it is called the ghost ring of G. For further information about the
Burnside ring, see [3].

Let p € Z be a rational prime and let Z, be the ring of p —adic integers. We denote the
following tensor products by:

BP(G) = ZP®B(G> = @ Ly (G/H)

HeC(G)

and

B,(G) =2, Q) B(G) =z,
7

where we have that B,(G) is a Zy-order, being EP(G) its maximal order. For further
information about orders, see [7, chapters 2, 3].
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Let A be a finite-dimensional semisimple algebra over the rational field Q or over a
p — adic field Q,, and let A be an order in A. When A is a Q-algebra, A is a Z-order in
A; when A is a Qp-algebra, A is a Z, — order in A. Let I be a left ideal of A, such that
the index (A : I) is finite. We use this index symbol in a general sense: if, for example,
Y; and Y3 are Z,-lattices spanning the same Q,-vector space, we put

(Yl : Y1 m}/z)

R oy

The symbol (Y7 :Ys2) is therefore unambiguously defined whether or not Y;
contains Ys.

Definition 2.1. We define the Solomon’s zeta function (a(s) of an order A, as follows:
Ca(s) = Z (A:1)77,

I < A, left ideal
(A: )< o0

which is a generalization of the classical Dedekind zeta function (i (s) of an algebraic
number field . When A is a Z-order in A, (j (s) is the global zeta function; when A is
a Zp-order in A, (a (s) is the local zeta function.

For the commutative rings B, (G) and EP(G), the sum extends over all the ideals of finite
index and converges uniformly on compact subsets of

{s € C: Re(s) >1}.

For further information about Solomon’s zeta function, see [9].

Theorem 2.2. Let G be a finite group and B(G) its Burnside ring, if ¢ € Z is a prime,
we have:

CB,(0) (5) = fo (%) €, (5)
where fa (¢~*) is a polynomial in Z[q~®]. See [9, Theorem 1].

Remark 2.3. If ¢ does not divide |G|, then we have that B, (G) = Eq (G), and we
conclude that fo (¢7%) =1 when ¢ does not divide |G| .

Definition 2.4. Let M be a full A-lattice in A. We define the zeta function Zy (M;s),
as follows:

Zy(M;s) =Y (A:N)™",

the sum extending over all full A-sublattices N in A, such that N, M are in the same
isomorphism class.

So we can express

Ca(s) =Y Za(M;s),
M

the finite sum extending over all the representatives of the isomorphism classes of the
full A-lattices in A.
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We define the conductor of M in A, as follows:

{M:Ay={zecA: MxCA}.

Let ®1p7.a} be the characteristic function in A of {M : A} . Now we choose a Haar measure
d*z on the unit group A*. For measurable sets F C A, B/ C A*, it will be convenient to
write:

u(E) = /dx, p* (B = /d*x.

E E’
We have that:
Zn (M:s) = pi* (Auta M) ~L (A : M)~ / By (@) 2] &',
A*

where ||z||, = (Lz : L) for x € A*, which is independent of the choice of full Z,-lattice
L in A, and we observe that it is multiplicative. Furthermore, we can see that |z||, =1

whenever z is a unit in some Zy-order in A. For further details on this result, see [4, 2.1
The Local Case, pp 138-139].

3. The conductors of the fractional ideals in B,(C,n)

Remark 3.1. Let p be a prime, and let Cy,» be a cyclic group of order p™ for n € N.
Due to the mark homomorphism, we can see B, (Cpn) in B, (Cpn) as follows:
B, (Cpn) = {(z1, 22, ... ,&p41) € Z;“: (z; — i41) €P'Z, for i=1,..,n},

and then we can give the following fiber product structure:

(T1y ey Tny Tng1) Tnt1

(1“17“'71"71) Tp = Tn+1

We observe that Z,, is a PID. Therefore, it has ideals of the form p”Z,, for every integer
r > 0, and according to the structure of the fiber product, we have that the ideals of
finite index in B, (Cpn) are ideals of the form:

1= (a’pr) Bp (Cp") + (‘]v O) ’

where « is an element of B, (Cpn71> and J < B, (Cpna) is an ideal such that:
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L g1 (J) = 07
2.g1 (o) = g2 (p"), where « is uniquely determined mod J, and
3.if D = pZ, x p*Z, x -+ x p"Z, x {0} we have that:

fl (D) o g J.

For further details on this result, see [6, 8].

In this section we will denote

Ni=(p,p% ....p"" 1 pt, pb o pt ) (Z; X By(Cpn-i)) for i=1,..,n—1and

(n—i+1)—times

Nn = (pap27 -"upnﬂpn) ZZ+1'

Lemma 3.2. Let Ny = B,(Cpn). Then Ny, ..., N,, are the conductors of some fractional
ideals of finite index in By(Cpn).

Proof. First, let’s note that {Bp(Cpn) : Bp(Cpn)} = Np and then A is its own con-
ductor.

Next, let ¢ € {1,...,n — 1}, and let Z{ x B,(Cpn-:) be the fractional ideal of finite index
in B,(Cpn), which belongs to the same isomorphism class as N;. It is easy to see that
Ll % Bp(Cyn—i) = (€1, €2..., €5, Biy1, Bit2, -y Pug1) C L2 as Zy-module, where:

er = (1,0, ...,0) Bir = (0,011, .. 1)

(i+1)—th coordinate

es = (0,1,0,...,0) and Bita = (0,...,0,p,p,...,p)
1

(i+2)—th coordinate

¢ = (0,,0,1,0,..,0) Bpi1 = (0,...,0,p").

i—th coordinate
We know that {(Zi X Bp(Cpn—i)) : Bp(Cpn)} =
{(y17 -"7yn+1) € QZ+1 : (y17 "'7yn+1) (Z;) X Bp(cp”*i)) - Bp(cp")} .

If (Y1, Ynt1) € {(ng X Bp(Cpn-i)) + By(Cpn)}, then we have that:

(ylaoa ’O) € BP(CP") Qi1 = (07 "'aovyi-‘rla "'ayn-i-l) € BP(OP")
(an2707 70) € BP(OP") and Q42 = (07 ~'~7O7pyi+27 "'7pyn+1) € BI)(C[)")
(0,...,0,9;,0,...,0) € Bp(Cpn) Ant1 = (0,...,0,p" 'y, 11) € Bp(Cpn).

(i) (if)
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From (i), it follows that y, € p“Z, for x € {1,...,i}. From (ii) we have that a;11 €
By(Cyn), then yy € p'Z, for A € {i+1,..,n+1}. It follows that yy = p'by for some
by € Z,,. Furthermore, we have that y;11 —y; € plZp forle{i+1,..,n}, thenb1—b €
p'~'Z,. Hence, we have:

{(Z}, x Bp(Cpa-i)) : Byp(Cpr)} CN;.

It is ecasy to see the reverse inclusion {(Z} x B,(Cpn-:)) : Bp(Cpn)} 2 N;. So that:

{(Z; X Bp(Cpn—i)> : B,(C, n)} =N; fori=1,..,n—1.

Finally, it is easy to see that {ZZ‘H : BP(Cpn)} = N,,. Hence N, is the conductor of
the fractional ideal Zp*" of finite index in By,(Cpn).

%]

Proposition 3.3. Let M, N be full Zy,-lattices in Qp'. Then {M : B,(Cpn)} = N if and
only if {aM : By(Cypn)} = @' N for every o € (Qp)"+.

Proof.
(=) If {M : B,(Cpn)} = N, then we have that
{aM : B,(Cpn)} =
{BeQpt!: B(aM) C By(Cpr)} = {B e Q" : (aB)M C By(Cpn)} =
{BeQpt :(aB) € {M:By(Cpr)}} =™ {M: By(Cpn)}

SO:
{aM : B,(Cpn)} = a N,

(<) If {aM : 1Bp(Cpn)} = a !N for every o € Qpt!, then in particular, when o =
(1,...,1) € Qpt, this gives:
{M : Bp(cpn)} = N.
4]

Remark 3.4. We will denote in this section M; = (Z), x By(Cpn-i)) for i =1,...,n — 1,
and M,, = Z;}H. Let M be a fractional ideal of finite index in B,(Cpn) such that:

{M : By(Cpn)} = a{M; : By(Cpn)},
for some j € {1,...,n} and a € (Q})""'. Then, Proposition 3.3 gives:
{OCM N Bp(cpn)} = {Mj . Bp(cpn)} .

This allows us to avoid the units a € (Q;)”‘H, when we work with isomorphism classes,
since [M] = [aM].
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Lemma 3.5. Let M be a fractional ideal of finite index in B,(Cpn). If
{M : By(Cpn)} = {M; : Bp(Cpn)},
for some i € {1,...,n}, then M C M,.
Proof. First, we observe that if {M : B,(Cpn)} = {M,, : B,(Cpn)} then it is clear that
M C M,.

From the proof of Lemma 3.2, we have that {M; : B,(Cpn)} = N, for i = 1,...,n — 1,
then we know that (0, ...,0,p", ...,p") € {M; : B,(Cpn)}.
!

(i+1)—th coordinate

Now, if {M:By(Cpn)} = {M,;:By(Cpn)} for some i € {1,..,n — 1}, then
(0,...,0,p", ...;p") € {M : By(Cypn)}. It follows that

(0, ey O,pi, ...,pi)(ml, ...7mn+1) S Bp(Cpn)

for all (my,...,mu41) € M, then

(07 ) O7pimi+17 "'apim’r‘rH.) € Bp(Cpn)a

S0
pi(mkﬂ —my) € kap for k=i+1,...,n.

It follows that (mg41 —mg) € pk*in for k=14 1,...,n, then we have
(7’n17 ...,mn+1) eM,; = Z; X Bp(cpn—i),

and so
M C M,.

Remark 3.6. With the above notation, we have the following set contentions
Mo =By(Cpn) CM; S My C - C M, =Z7H

Let M be a fractional ideal of finite index in B,(Cp») such that M ¢ B,(Cp») and
M # M, for all i € {1,...,n}. We have that M C M, then we can choose i € {1,...,n}
the least index, such that M C M; and so M € M;_;.

Lemma 3.7. Let M be a fractional ideal of finite index in B,(Cpn) and let i €
{1,...,n} the least index, such that M C M,;. Let M = X UY, where X = M N
M§_y and Y = M N M,y (Here M{_, is the complement of M;_y in Z7*). If
there are Y1, ....,Yny1 € M, such that X C (N = (y1,...;n+1) as Z,—module) and
{N: By(Cpn)} C{ M Byp(Cpn)}, then {M : By(Cpn )} = {M; : By(Cpn)}.

Proof. We have that ¢ € {1,...,n} is the least index, such that M C M,, then
X # 0. Now, N C M, then {M : B,(Cpn)} € {N:B,(Cpn)}, and by hypothesis
{N : B,(Cpn)} € {M; : B,(Cpn)}, so:

{M = By(Cpn)} € {M; 2 Bp(Cpn)}.
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Finally, we have that M C M;, then:
{Mi : Bp(Cpn)} C{M : B,y(Cypr)},

and so:

{M : Bp(Cpn)} = {M; : Bp(Cpr)}-

In the following two theorems, we consider the hypotheses of the previous lemma.

Theorem 3.8. The only conductors of the isomorphisms classes of the fractional ideals
of finite index in By(Cpn) are:
No = By(Cyr),

Ni=(p,p?,....p7 L ph Pt ) (Z; X Bp(c’pnfi)) for i=1,...n—1, and

(n—i+1)—times
No = (.07, 0™, p") 23
Proof. This follows from Lemmas 3.2, 3.5 and 3.7. %]

Theorem 3.9. There are polynomials f; (p°) € Z [p®] of degree:

nn+1)

0 (i) < ",

fori=0,....,n such that:

@) =350 [ el de
T @

Proof. Let M be a fractional ideal of finite index in B,(Cpn). We know that:

ZBP(CP") (M’ S) =
« —1 —s s *
w* (Autp, o, )M)  (Bp(Cpn) : M) / @]l gn+s d .
()" N{M:B,(Cpn)}
First, it is easy to see (as in [6, Remark 3.2]) that:

un* (AutBP(CPn)M)_l = ((Z;)n-H :Auth(Cpn)M) €. (1)

Now, from Remark 3.1, we can proof by induction on n that the ideals of finite index in
B, (Cypn) are of the form:

(pklﬁla "'7pkn+16n+l) {(xla "'axn-‘rl) € Z;H—l : Ri € anlZpa "'7RA € pmkzp} ’
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where:
LO<kiy Bi€Zyfori=1,...,n+1

2.1<A<n, 0<m; <n, Z;\:1mj<w;

3. Rj = S (i +pais + o+ ™ i, ) o for ag, € {0,..,p— 1} and at least
two «; 1 are nonzero.

Then M is of the form:
M = {(x1, .. @ps1) €Z)T" 1 Ry €P™ Ly, ..., RA € P Ly},

for some R; € p™iZ, and Z;‘zl m; < @ It is easy to see (as in [6, Remark 3.2])
that:
A Y/ Z
= X +ee X
M p™z PN

and so:
(Bp(Cpr) : M) ™" = (By(Cpr) : Z2H) 7 (Zpt' s M) " =
(ZZ—H : Bp(Cpn))Sp_(Z;\ZI mj)s = p(%)sp_(z;zl mj)s = (ps)d (2)
for some d € N, such that 0 < d < w
Furthermore, from Remark 3.8, there is i € {0, ...,n} such that:
{M : Bp(Cpn)} = Ni, (3)

and so, from Eq. (1), Eq. (2) and Eq. (3) it follows that:

Zp,(cyn) (M;s) = far (p*) / |z |lgp+s d*
(@) N

for some polynomial fys (p®) € Z [p®] of degree 0 < 9 (fa(p®)) < %

Finally, we know that
CBP(C:D") (S) = Z ZB;D(C;D") (M’ 8) ’
M

where the sum extends over all the representatives of the isomorphism classes of fractional
ideals of finite index in B,(Cpn). So, if we associate these representatives according to
their conductors, we get the desired result. v

Theorem 3.10. There is a recursion formula to compute:

H.13| (a;”rl d*xv

(@)

fori=0,...,n.
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Proof. First, we choose a Haar measure d*z on (Q;‘,)nﬂ, such that d*x = (d*a)nH,

where d*a is a Haar measure of Q5 such that fz* d*a = 1. Thus:
P

s * s * S —s\1 * 1
/ lally, d*a = / lally, d'a=3" | (v )/da - i
=0 Ea p
P

Q;nZP oLj ptZ*
t=0
Then, we have:
z||?phy1 d¥x =
[ el
(@) NN
n+1
, . (p_s) 71(71,2«#3)
(P75 ™2™ [ g / llellg, d”e G (4)

@y NZp

Now, let i € {1,....,n — 1}. We choose a Haar measure d*y on (Q;‘))n_iﬂ, such that
d*y = (d*a)" """ then, we have:

.sn d* _
[Epe

(@)™ N

s r i

0ty Pt ) [ lali, aa / [ollg—ssr 'y =
— P
(n—i4+1)—times Q;Jrl Qy NZp (Q;)7l_i+l N Bp (Cpn—i)

i(2n43—1)

(p” s ]
W ||y||ngi+1 dy| . (5)
(@) N8 (Cpns)

Finally, we can compute recursively

E—

(@)™ N B (Cpns)

as follows:

Let 2 < 1. We choose a Haar measure d*y;4+1 on (Q;‘))l+1

We know that, B, (sz) is local, where:

, such that d*y;41 = (d*a)' .

tad (B, (Cy)) = (9 -1) [Z % By ()]

Thus
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and then:
||yl+1||a;+1 d*yip1 =
(05) " NBs(cy)
d Y1 + / Hyz+1\|&7+1 d* g1 =
()" nB;(c,) (@) N@p) (2o x Bp (i1 )]

1esliger | [ Tl [ iy du| -
Q5 N Zyp Q;)lan(cp,_l)
_s\[+1
1 ) o
pl(lg—l (p— 1)l + (1—p) ”ylHQéd Y| - (6)
(Q;)lme(Cpl—l)
v
Corollary 3.11.
9:(p™°)

/ ”w”(a;JH d*x = p(nfi)(;tfifl)

(p—1)" @ —p)"
(@)™ N
where g;(p~*) € Z[p~*] is a polynomial of degree:

9 (gsr) = MY,

fori=0,...,n.

Proof. From [6, Remark 3.6], we have that:

)

o 122 +p()’
[ g as- v
, v (P—1(1—p~)
(@5)" N Bu(Cy)

then, from Eq. (6) it is easy to see by induction on 2 <[ that:

(7)

* hi(p~?
||yl+1||cs@z+1 d Y41 = TCE=) ( : ) —
p p =z (p—1)'@A—p9)
()" NBy(c,)
P P

where h;(p~*®) € Z[p~*] is a polynomial of degree:

1(1+3)

0 (lu(p™) = =5
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and so, from Eq. (4), Eq. (5) and Eq. (7) it follows that:

g:(p™%)
(p—1)" (@1 —p=s) T

S
/ “w”Q;-i'l d'x = p(n—i)(;],—i—l)
@) " nm

where g;(p~°) € Z[p—*] is a polynomial of degree:

d(g:(p°)) = @

fort=0,...,n. ]

Lemma 3.12. Let M be a fractional ideal of finite index in B,(Cyn). If M is a Zy-order,
then:

it (Autp, (M)~ (By(Cyn) - M)™° = p¥(p — 1)°(p°)°,
forb+c+d= w
Proof. From the proof of Theorem 3.9, we have that:
M ={(z1,....xns1) €Z3T . Ry €P™MZLy,...; RN EP Ly},
for some R; € p™iZ, and E;‘Zl mj < "“’Tﬂ) From Eq. (2) we have:
(By(Cyr) M) " = ()57~ (5 m), ®)

and from Eq. (1) we have:

i (Aut, ey M) = (25)" 2 At ¢, M) -
Now, by hypothesis, we have that:

Endg, (¢, M = M,

and then its group of units is Autp,(c,.)M = M*. It is easy to see (as in [6, Remark

3.2]) that:
(Z;)n+1 N 7, * 7, *
o X -+ X
M* p™M7 PN

(Z5)™+ : Autp, (o, M) = p(Zi= ™) A (p — 1, 9)

then:

Finally, from Eq. (1), Eq. (8) and Eq. (9) we obtain:

. -1 s A ) o (D)) X my
u* (At e, M) (By(Gyr) : M)~ = pEiam) A 1) () (5 =)

Now, we present our conjecture:

Vol. 43, No. 1, 2025]
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Conjecture. Let M be a fractional ideal of finite index in By(Cyn). Then, M is a Zy-
order if and only if:

Zp,(cym) (M;5) = p(p — 1)°(p°)* / |zl gp+ d*z,
()" N{M:B,(Cypn)}
forb+c+d= %
Remark 3.13. Let M be a fractional ideal of finite index in B,(Cpn). We have that:

ZB:D(C:D") (M7 S) =

u (Auth(cpn)M)f1 (Bp(Cpn) : M)~ / ||foQZ+1 d*z.
()" N{M:B,(Cpn) }
If M is a Zp-order, then the result in the Conjecture, follows from Lemma 3.12. Con-
versely, if:
Zpycymy (Ms5) = p*(p — 1)°(5°)" / el dz,
(@) " N{M:B,(Cpm)}

forb+c+d= w, then M is a Z,—order for n =1,2,3.
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