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Preface

Dennis Sullivan conjectured in [Sul71] that if X is a finite CW-complex, then the pointed
mapping space map, (BG, X) is contractible for any locally finite group G. This problem was
solved by Haynes Miller in [M1l84]. The consequent works of W. Dwyer and A. Zabrodsky
([DZ87]), J. Lannes ([DL99]) and others show the importance of the study of the previous
mapping space in understing homotopical properties of X that can be detected by maps from
a classifying space of a finite p-group. In this way, E. Dror-Farjoun introduced in [Far96]
the notion of A-homotopy theory for an arbitrary connected space A. In this theory A and its
suspensions play the role of the spheres in classical homotopy theory. Hence, the A-homotopy
groups of a space X are defined to be the homotopy classes of pointed maps m;(X;A) =
[Z‘A, X],. The classical notion of CW-complex is replaced by the one of A-cellular space,
that is, spaces that can be constructed from A by means of pointed homotopy colimits. The
analogue to (weakly) contractible spaces are those spaces for which all A-homotopy groups
are trivial, this means, the pointed mapping space map, (A, X) is contractible, these spaces are
called A-null spaces.

Thanks to work of A. K. Bousfield ([Bou94]) and E. Dror-Farjoun ([Far96]) there is a
functorial way to study X throughh the eyes of A: the nullification functor P, and the cel-
lularization functor CW,. Roughly speaking, the A-nullification of a space X is the biggest
quotient of X which is A-null and CW,(X) is the best A-cellular approximation of X, in this
sense, CW,4(X) contains all the trascendent information of the mapping space map, (A, X),
since the latter is equivalent to map,(A, CW4(X)).

While many computations of P4(X) are present in the literature (see for instance, [Bou94]
or [Far96]), very few computations of CW,4(X) are available. W. Chachdlski describes a strat-
egy to compute the cellularization CW,4(X) in [Cha96]. His method has been successfully
applied in some cases to obtain explicit computations or qualitative information: cellular-
ization with respect to Moore spaces ([RSO1]), BZ/p-cellularization of classifying spaces of
finite groups ([FloO7], [FSO7] and [FF11]]), of Postnikov pieces ([CCS07]) and of classifying
spaces of compact Lie groups ([CF13])).

In this work, we compute the BZ/p™-cellularization of two families of spaces: XBZ/p-
acyclic spaces up to p-completion (e.g.: infinite loops spaces with some technical conditions)
and classifying spaces of p-local compact groups.

Below we summarize briefly the work done in this memory, and we refer the reader to
each chapter for further details on a specific subject.

The first chapter introduces the notion of A-nullification in two ways: as it is constructed
in [Bou94|] by A. K. Bousfield and as a particular case of the localization with respect to a
map given in [Far96] by E. Dror-Farjoun. Then, and since homological localizations are also
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localizations with respect to a map, we start the chapter with a section about localizations
with respect to a map, where we list some of its properties and basic results. The last two
sections are devoted to original work about relationships between the nullification functor and
R-completion functors (in the sense of Bousfield-Kan) and homological localizations. Then,
in the third section we present a generalization of some results that appear in [CE13]] about
how to commute the nullification and completion functors under favorable conditions. The last
section of this chapter is centralized in comparing the nullification functor and homological
localizations. Basically, in this section we continue the work in the comparison of these
functors that presented in [Dwy96] and [CF13]]. The main result of this section is

Theorem Let R be a subring of Q. Let X be a 1-connected space and let A be a
connected H.(—; R)-acyclic space. If P denotes the set of divisible primes of R. Then there

exists a fibration
F — Py(X) — Lr(X),

where F is the homotopy fibre of [ ,ep(Pa(X)), = (I1,ep(Pa(X))y)a-

The second chapter is devoted to A-homotopy and the A-cellular functor, with emphasis
when A = BG, where G is a discrete group. Another functors used to isolate properties
detecting by BZ/p is the Bousfield-Kan p-completion. It is important to undestand how these
two functors commute. That is:

Proposition 2.2.4, Let X be a connected nilpotent space and G a finite abelian group. Then,

(i) If X is 1-connected, then the map
CWae(nx): CWpe(X) — CWpe(X))
is a mod p equivalence for all prime p.

(ii) For all prime p | |G|, CWBG(X;,\) ~ CWBG,,(XI/,\); where G, is the p-torsion component of
G.

One of our goal is to give description as explicit as possible in terms of other localization
functor. In this way we have

Theorem 2.3.1 Let X be a 1-connected space and let p be a prime and r > 0. Then the
BZ/ p"-cellularization of X fits in a fibration sequence

QF — CWpzypy(X) > ZZ[%](X),

where ZZ[ 1,X is the homotopy fibre of the coaugmention map X — L 1,(X) and F is the
homotopy fibre of (Pspz, pr(C));; — ((Pgpzy pr(C))g)Q, where C is the Chachdlski’s cofibre.

Each of the following chapters introduces original work on the study of cellularization
of some spaces. Where, for instance, we present some cases such the cellularization is the
homotopy fibre of the rationalization, solving partially the question exposed in [CF13]: For
which class of classifying spaces of compact Lie groups (or spaces in general) is the BZ/p-
cellularization equivalent to the homotopy fibre of the rationalization, up to p-completion?
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The third section studies, given a finite abelian group G, the BG-cellularization of 2BZ/ p-
acyclic up to p-completion spaces, that is, spaces X such Pypz/,(X)) is contractible. Recall
that E. Dror-Farjoun proves in [Far96] that if a space X verifies Psa(X) ~ =, then X is A-
cellular. Then, in this chapter, we study a p-local version of the Dror-Farjoun’s result. That is,
if X 1s a 1-connected space such that Pypz, p(X)IA, ~ x, then the augmention map CWsz,,(X) —
X is a mod p equivalence. This allows us, using the results developed in Section the
following theorem:

Theorem Let X be a 1-connected space. Let p be a prime number. If (Pspz;,5(X)), = *
for some s > 1, then CWpz,,(X) has the homotopy type of the homotopy fibre of X;) — (X})q
forall r > 1.

As examples of XBZ/p-acyclic up to p-completion spaces we have the 1-connected infite
loop spaces E such that m,E is a torsion group, thanks to [McG97, Theorem 2]. Therefore
in the second section we get that the BZ/p"-cellularization of an infinite loop spaces E as
above is (weak) equivalent to the homotopy fibre of the rationalization E) — (E})q (see
Corollary [3.2.4)). The third section is devoted to present two consequence of the above result
that complete previous results from [[CCSQ7]. Specifically, in [CCSO7] the authors, on the
one hand, prove that a Postnikov piece is BZ/p™-cellular if and only if it is p-torsion and,
on the another hand, compute the cellularization of certain infinite loop spaces related with
K-theories with respect to K(Z/p, m) for all m > 2. In this sense, we prove that the BZ/p™-
cellularization of a 1-connected Postnikov piece X which m,X is a torsion group is equivalent
to the homotopy fibre of X — (X})q, and we compute the BZ/p"-cellularization of the
mentioned infinite loop spaces related with K-theories.

The fourth chapter deals with the cellularization of classifying spaces of p-local com-
pact groups, with emphasis in the finite case and in the compact connected Lie group, where
we get stronger progress. This chapter is organized as follows. First section is devoted to
compute specifically the A-cellularization of a classifying space of a finite p-group, where
A is such that 1A is a finitely generated abelian group. In the second section the study
is focused in the B,»-cellularization of classifying spaces of discrete p-toral groups, where
B,» = BZ/p™ X BZ/p™. More concretely, we compute the BZ/p™ and BZ/p™-cellularization
of these classifying spaces and we get the following existence result:

Proposition[d.2.5| Let P be a discrete p-toral group. Then there is a non-negative integer my
such that BP is B,n-cellular for all m > my,.

The previous integer m, depends on the order of the generators of the group of components
of P lifted to P.

The third section is divided in four subsection. In the fisrt one we introduces the notion of
kernel of amap f: | L], — Y}, where | L]} is the classifying spaces of a p-local compact group
and Ylf is a p-complete and XBZ/p-null space, following ideas of D. Notbohm ([Not94]).
Given a p-local compact group (S, ¥, £), we define ker(f) := {g € S | flp, = *}. We prove
in this section that ker(f) is a normal subgroup of S and, in addition, it is strongly ¥ -closed.
The main result of this subsection is to prove that f: |£|; — Y} is null-homotopic if and only
if ker(f) = S (Theorem[.3.16). Therefore, in the second subsection, we apply the thecnology
of the kernel with the map r) : [ L]} — Psp . (C),. Hence we get that for A a classifying space
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of the type BZ/p™ or B, and under good conditions over |L|IA,, if ker(rlﬁ) =S§,thenC WA(|L|IA,)
is equivalent to the homotopy fibre of ILIQ - (|£|’p\)Q (see Theorem and Corollaries
4.3.20 and [4.3.21). We improve this result in the fourth subsection in the finite case. More
concretely, if Cl,» denotes the smallest strongly ¥ -closed subgroup of § that contains all it
p"-torsion, then we prove:

Theorem 4.3.29, Let (S, ¥, L) be a p-local finite group. Then | L]} is BZ/p™-cellular if and
only if § = Cly(S).

This improvement with respect to the general case is given from [CLO9, Theorem 1,2],
this theorem is only proved in the finite case and the key that allows us to prove the theorem.
To close this subsection we finalize with example. In particular, we prove that, for all i >
0, the BZ/p'-cellularization of BG/, when G is a finite group such that the normalizer of
a Sylow p-subgroup controls fusion in G, is equivalent to the homotopy fibre of the map
BG/) = BNG(S), — B(Ng(S)/CL,(S)),.

Finishing this section, the fourth subsection is devoted to the particular case of a p-
completion of the classifying space of a compact connected Lie group. We prove the “good
conditions over | L] are not necessary in this case, using the classifying of compact con-
nected Lie group developed by E. Cartan. Furthermore, by the rational structure of a compact
Lie group, we conclude that for any compact connected Lie group G there is a integer my > 1
such that BGIA7 is K(Q X Z/p*™ x Z/p™, 1)-cellular for all m > m, (Corollary {4.3.48|). More-
over, the computation of the BZ/p™-cellularization of BG;,\ is described for all m > 0, this
comes from Theorem 1.5 in [Not94] (see Theorem [4.3.54). In particular, if G is a compact
1-connected simple Lie group, then we get for every m > 1 that the BZ/p™-cellularization of
BG?, is equivalent to the homotopy fibre of the rationalization BG, — (BG})q in most cases
(Proposition 4.3.59).

Te appendix at the end contain notions, definitions and thecnical results about Bousfield-
Kan R-completion and homological localizations needed all along this memory. We have
chosen to place it at the end due to the extension of the contents.
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Chapter 1

Localizations

In this chapter we introduce certain localizations in homotopy theory, with emphasis in local-
izations with respect to a map, and list the properties which will be used in the rest of this
work. The notions and results are taken from differents sources of A.K. Bousfield ([Bou94)),
G. Mislin ([Mis78]) and E. Dror-Farjoun ([Far96l).

More specifically, the first section is devoted to localization with respect to a map, where
we will explain certain properties which we will use repeatedly in later sections and chap-
ters. In the second section we present one of the most important examples of localization
with respect to a map, the nullification with respect to a space. The third section is centered
to describe the relations of nullifications with the Bousfield-Kan p-completion (described in
[BK'72]). Finally, the fourth section contains a result about when nullifications are homolog-
ical localizations (described in [Bou75]]). We will use this result in Chapter [3] to describe the
cellularization of infinite loop spaces.

In this chapter we do not provide proofs of results already proved in other sources for the
sake of simplicity. The reader is then refered to the corresponding source for further details.

1.1 Localizations with respect to a map

Given a cofibrant map f between cofibrant spaces (e.g.: a map between CW-complexes), a
f-local space is a topological space such that the induced map in mapping spaces is a weak
equivalence. Moreover there exists a functor which turn any space into a f-local one. A
special case, when the map f is null-homotopic, has particularly pleasant properties and is
called nullification (see Section[1.2)).

Definition 1.1.1 ([Far96, Definition 1.A.1]). Let f: A — B be a map between cofibrant
spaces. We say that a fibrant space X is f-local if f induces a weak homotopy equivalence on
function complexes,

map(f, X): map(B, X)——map(A, X).

Remark 1.1.2. Note that from the fibration map,(V,X) — map(V,X) — X we get that if
f: A — Bis a pointed map then map(f, X) is an equivalence if and only if so is map,(f, X)
for each choice of the base point.
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Now we are interested in the existence of a functor that turn an arbitrary space into a
f-local one. For this, we have to introduce certain definitions for a functor F: Top — Top.

Definition 1.1.3 ([Far96, Definition 1.A.2]). Let F: Top — Top be a functor. Then,

(a) F is coaugmented if it comes with a natural transformation n: Id — F, this means, for
each X € Top there is a map ny: X — F(X) (itis called the coaugmentation map) and for
all morphism g: X — Y € Top, we obtain the following commutative diagram

X 2~ F(X)
g F(g)

Y 2= F(Y)

(b) If F is a coaugmented functor we say that F is idempotent if both natural maps:

NFEX)

F(X)%F(F(X))

are weak equivalences and are homotopic to each.

(c) The coaugmentation map 7y is said to be homotopy universal with respect to f-local
spaces if any map g: X — Y into a f-local space Y factors up to homotopy through
nx: X — F(X) and the factorization is unique up to homotopy, i.e., there is a map
g: F(X) — Y such that the following diagram

X ul Y
A

F(X)

is commutative up to homotopy, and if there is another map 4: F(X) — Y such that
hony ~ gthenh ~ g.

In this way, E. Dror-Farjoun proves the following theorem:

Theorem 1.1.4 ([Far96, Theorem 1.A.3]). For any map f: A — B in Top (or Top.) there
exists a functor L;: Top — Top (or from Top, to Top.), called the f-localization functor,
which is coaugmented and idempotent. Moreover Ly(X) is f-local and the coaugmentation
map X — L#(X) is homotopy universal with respect to f-local spaces.

Remark 1.1.5. Note that in the definition of localization with respect to a map f: A — B,
the map and the spaces need be cofibrants. Furthermore, to verify the universal property of
localization the space X must be fibrant. In the case that they are not cofibrant, taking a
cellular approximation of this map we get a cofibrant map between cofibrants spaces which
is homotopy equivalent to the initial map. Similarly, if X is not a fibrant space then take the
cellular approximation of X to get a fibrant one with the same homotopy type.
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The main example of f-localization is given by localization with respect to maps of the
form A — %, or *+ — A. In this case Ls_,., = L,_4 is called the A-nullification or A-
periodization functor and it is denoted by P,4, because it is related to the Postnikov section
functor, but we will talk about nullification with more details in Section

Another important example is given by homological localization, see Section

Example 1.1.6. Let p be a odd prime number and let M"(Z/p) denote the Moore space with
a top cell at dimension n. Homotopically we can cosider the n-th mod p homotopy group
m,(X;2/p) = [M"(Z/p),X]. and the v -periodicity operator induced by the Adam’s map
vi: M"™(Z/p) — M"(Z]/p) where g = 2p — 2 (see [CN86] for more details). A v;-periodic
space, naively speaking, is a space for which v; induces an isomorphism on mod p homotopy.
The functor L,, turn every space into a v;-periodic one.

Now we want to list properties of f-localizations which we will use frequently. First,
certain immedate consequences of the definition, universality, idempotency and the above
theorem given by E. Dror-Farjoun:

Proposition 1.1.7 ([Far96, 1.A.8]). Let f: A — B be a map. Then:

(i) If T is f-local, then for all X both map(X, T) and map (X, T) are f-local for any choice
of base point. In particular, if T is f-local then so is Q"T for all n > 0.

(ii) The natural map L(X X Y) — L#(X) X L¢(Y) has a homotopy inverse and thus is a
homotopy equivalence.

(iii) A connected space T € Top. is local with respect to Xf: XA — XB if and only if QT is
f-local.

(iv) If T is f-local, then it is also ¥ f-local for all k > 0.
(v) L¢X =~ xif and only if for any f-local space P one has map (X, P) = *.

Another important property of f-localization is that the coaugmentation map is not only
universal respect to f-local spaces, it is universal also in certain class of maps: the f-local
equivalences or, sometimes called L,-equivalence:

Definition 1.1.8. A map g: X — Y is called f-local equivalence or Ls-equivalence if it
satisfies one of the two equivalent conditions:

(a) For all f-local space T the induced map map(g, 7') is an equivalence.
(b) The map g induces a homotopy equivalence Ls(g): Ly(X) — Ly(Y).
And in this sense is proved:

Proposition 1.1.9 ([Far96, Proposition 1.C.6]). For any map g: X — Y which is an Ly-

equivalence there is an extension X—Y 41>Lf(X) that is unique up to homotopy with l o g ~
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About homotopy colimits, the functor Ly does not commute with them in general. But we
get the following result:

Theorem 1.1.10 ([Far96, Theorem 1.D.3]). Given a small category I and a diagram over
it X: I — Top,, the natural map obtained by applying f-localization to the coaugmenta-
tion map: L¢(a): Ly(hocolim,; X) - L(hocolim,, Lf(f()) is a weak homotopy equivalence.
Moreover, there is a natural map c: hocolim,; Lf(f() — Ly(hocolim,, X) such that L(c) is
an inverse to Lg(a) and thus it is a homotopy equivalence. (The same is true for unpointed
homotopy colimits).

Corollary 1.1.11 ([Far96, Example 1.D.5]). Let f: A — B a map. Then:
(i) For any pointed spaces X,Y one has Ly(X V' Y) = Ly(L¢(X)V L¢(Y)).
(ii) For any pointed spaces X,Y one has Ly(X NY) = Ly(Ls(X) A Ly(Y)).

(iii) In any cofibration sequence X—=Y5y/X, if Le(X) =~ % then Ly(g): Ly(Y) — Lq(Y/X)
is a weak equivalence.

About the case of localizations with respect to a map and fibrations, there is a section
devoted to this in [Far96] (Section 3.D). Nevertheless, we want to state the following result
that will use in later chapter:

Theorem 1.1.12 ([Far96, Theorem 1.H.1]). If F—~E-%B is a fibration and L¢(F) =~ %, then
L¢(p): Ly(E) — L¢(B) is a homotopy equivalence.

Finally, the commutation rule for the f-localization and the loop functor described in the
following theorem is very useful in many situation.

Theorem 1.1.13 ([Far96, Theorem 3.A.1]). Let f: A — B be any map in Top.. and X € Top.
a connected space. There is a natural homotopy equivalence

Lf(QX) = Qsz(X)

1.2 Nullifications

Given a connected space A, the concept of A-nullification was introduced by A.K. Bousfield
in [Bou94]] with the name of A-periodization and, independently, by E. Dror-Farjoun in the
sense of f-localization for maps of the form A — * (or x — A). Roughly speaking, the A-
nullification of a space X is the biggest quotient of X in which all the information from A and
its suspensions is killed.

Definition 1.2.1. Let A and X be spaces. X is called A-null if the map A — * induces a weak
equivalence map(A, X) — X. If A and X are pointed spaces and X is connected this condition
is equivalence to map, (A, X) =~ *.

Note that the A-null space are the f-local space which f: A — * (or f: * — A) described
in Section
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Remark 1.2.2. 1f X is connected the condition map, (A, X) =~ * is equivalence to [Z'A, X], = 0
foralli > 0.

Example 1.2.3. If A = S” then a pointed space X is S”-null if and only if 7;(X) = 0 for all
i>n.

Example 1.2.4. One of the most important examples of null spaces is given by the Sullivan
conjeture solved by Miller in [Mil84, Theorem A]. This theorem says that if G is a discrete
group which is locally finite and X is a connected finite CW-complex, then map, (BG, X) = *.
This is means, any connected finite CW-complex X is BG-null for all discrete locally finite
group G.

As in Section [I.T| we are interested in a functor that turns a space into an A-null one.
Although this is a direct consequence of Theorem [I.1.4] it is also proved by Bousfield in
[Bou94]:

Theorem 1.2.5 ([Far96, Theorem 1.A.3], [Bou94, Theorem 2.10]). For any connected space
A there exists a functor P, : Top. — Top., called the A-nullification functor, which is coaug-
mented and idempotent. Moreover Ps(X) is an A-null space and the coaugmentation map
nx: X — Pa(X) is homotopy universal with respect to A-null spaces, this means, if Y is an
A-null space and f: X — Y is a pointed map then there is a map f: P,(X) — Y such that the

following diagram

Pa(X)

is commutative up to homotopy, and if there is another map g: Po(X) — Y such that gonx =~ f
then g ~ f.

The notation P, is derived from the following classical example:

Example 1.2.6. If A = §”, then the functor Pg. is P,_;, the (n — 1)-th Postnikov section
functor.

This last functor allows one to introduce an interesting partial order on spaces, the spaces
that are “killing” by A:

Definition 1.2.7. We say that a space Y is A-acyclic if P4(Y) ~ *. Hence we write A < Y.

Remark 1.2.8. This relation is indeed a “weak” partial order relation in Top, in the sense that
not verfies the antisymmetric property:

1. Reflexivity: By definition, for all A-null space P we have map,(A, P) ~ *, according to
Proposition (v) we get PA(A) ~ .

2. Transitivity: Assume that P4(B) =~ * and Pg(C) =~ *. By Theorem [[.2.5] an A-null
space P is B-null, because map, (B, P) ~ map,(Ps(B), P) ~ map,(*, P) ~ =. Hence, by
the same theorem, map,(C, P) ~ map,(Pg(C), P) ~ map,(*, P) ~ *, and Proposition
[[.1.7}(v) shows that P,(C) =~ .
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3. Not antisymmetry: X V X < X and X < X V X but, in general, X # X V X.

In this way we define the A-nullity class as the class of all A-null space, and as if A < B
then the A-nullity class in contained in the B-nullity class, we say that X and Y have the same

nullity class if X < Y and Y < X. For instant \/ X and X have the same nullity class for all n.
i=1
There is an alternative construction of the space P4(X) given by Bousfield in [Bou94, 2.8]:

Construction of P,(X). 1.2.9. Let X and A be pointed connected CW-complexes, the idea is
construct inductively an increasing sequence of CW-complexes:

X=XycXjc...cX,cX,;1C...,
as follows. Given X, let X, be the mapping cone of the evaluation map

ev: \/ YA - X,.

20
[EIAsxtl]*

Then P4(X) ~ h_r)nXC,.

@

A consequence of this construction is:

Proposition 1.2.10 ([Bou94, Proposition 2.9]). For X and A pointed connected spaces with
A n-connected, the homomorphism nt;(nx): m;X — m;P4(X) is bijective for i < n and onto for
i=n+l.

And a direct corollary is:

Corollary 1.2.11. Let X and A be pointed connected spaces. Then mi(nx): mX — m1PA(X)
is an epimorphism. In particular, if X is 1-connected then so is P4(X) .

From this construction is also easy to show the analogous property in homology with
coeflicients Z:

Proposition 1.2.12. For X and A pointed connected spaces with A n-connected, the homo-
morphism H;(nx;Z): H(X;Z) — H;(P(X);Z) is bijective for i < n and onto fori =n + 1.

Proof. Let X, and X, be as in the construction Hence we have the cofibration se-
quence:
\/ ZIA - Xa - Xa+1

20
[ZIA’X(F]*

By the exactness axiom in homology we get the following long exact sequence of abelian
groups:

Lo H(\/ TAZ) o H(XeiZ) - HiXaw: Z) - Hia(\/ TAZ) >

20 20
[(Z'A, X0l [Z'A.Xo ]
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From this sequence, for all i < n we obtain the exact sequence,
.o 0->HX,;;Z) > HXy13Z) - 0> ...

because H;(\/ >0 YA Z) = mi(\/ 20 Y'A) by Hurewicz’s theorem and A is n-connected.
[Z'A,Xq ] [Z'A,Xq ]
This means, H;(X,;7Z) = H;(X,.1;7Z) for all @ and all i < n, hence

Hi(PA(X);Z) = Hi(lim X,; Z) = lim Hi(X,; Z) = lim Hi(Xo; Z) = Hi(X; Z), for all i < n.

a a @

Fori=n+ 1, we get for all a:
4 Hn+l(Xa/;Z) > Hn+l(Xa+l;Z) —0—-...
and hence H,,1(X;Z) = H,+1(Xo; Z) » H,,1(X,; 2) for all @, and finally we have

Hn+l(X; Z) = li_r)nHrHl(X; Z) - h_r>an+l(Xa;Z) = Hn+1(PA(X)aZ)

3 a

O

Obviously, the A-nullification functor verifies all the properties listed in Section[I.1] More-
over P, verifies the following assumption on fibration:

Proposition 1.2.13 ( [Far96, Corollary 3.D.3(2)]). Let A be a pointed connected space and let
F — E — B be a fibration over a connected B. If B is A-null, then P, preserves the fibration,
i.e., PA(F) = PA(E) — P4(B) =~ Bis a fibration sequence.

1.3 Commuting nullification and R-completion

Let R be aring and let R, denote the R-completion functor of Bousfield-Kan (see Section|A.1
for more details). The functors P4 and R, do not commute in general. This means, in general
PA(Ro(X)) # Reo(P4(X)). In this section we will give some properties about nullifications and
completions. We start with a condition about when the nullification map is a R-equivalence.

Proposition 1.3.1. Let R be a ring. Let X and A be pointed connected spaces. If H.(A;R) = 0
then H.(mx; R): H.(X;R) — H.(Po(X);R) is an isomorphism. Hence the coaugmentation
map induces a homotopy equivalence R.,(1x): Roo(X) = Roo(Pa(X)).

Proof. Let X, and X,,; be as in As in Proposition |1.2.12| we obtain the long exact
sequence:

Lo H( ) TAR) - Hi(X0iR) > Hi(XenisR) = Hia () TAR) - ..

>0 >0
[Z'A.Xq ]« [ZA,Xo ]

where .
A \/ TaR= \/ AR =0forali
i>0 i>0
[Z7A, X0 [ZA, X, ]
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and hence
H.(X;R) = H.(Xo;R) = H.(X,; R) for all .

Consequently,

H.(PA(X); R) = H.(lim X, R) = lim H.(X,; R) = lim H.(X; R) = H.(X; R).

Finally, R,(7x): Ro(X) — Rw(Pa(X)) is a homotopy equivalence by [BK72, Lemma
1.5.5]. O

In general, as we mentioned in the above paragraph, it is not true that if a space X is A-
null then so is X, hence it is not true that PA(X) = PA(XIC). For instance, X = BZ/p™/» =

K(Z/p™,1) is S*-null and X)) = K(Z,,2) is not S2-null. But thank to a Miller’s theorem the
assumption is true over certain strongly conditions. This theorem is:

Theorem 1.3.2 ([Mil84, Theorem 1.5]). Let A be a connected space with H,(A; Z[%]) =~ 0 and
let X be a nilpotent space. Then the p-completion map nx,: X — Xg induces an equivalence
in mapping spaces

map, (A, 1xy): map,(A, X)>map, (A, X)).

Corollary 1.3.3. Let A be a connected space with H.(A;Z[
space. Then X is A-null if and only if so is X,,.

i]) = 0 and let X be a nilpotent

The relationship between completion and nullification is described by N. Castellana and R.
Flores in [[CE13]]. In this source appears a powerful lemma ([CF13, Lemma 3.9]) to understand
this relationship. Moreover, it will be crucial in this work. We will present a generalization to
R, of this lemma:

Lemma 1.3.4 ([CF13, Lemma 3.9]). Let A be a connected space, and let X such that P(X)
and P4(R.X) are R-good spaces. Assume that R.(PA(X)) and R.(Ps(R.X)) are A-null
spaces. Then the R-completion map ng_x: X — RX induces a R-equivalence

Pa(Mr.x): Pa(X) = Ps(RoX).

Proof. Since R.,(P4(X)) is A-null, there is an unique map up to homotopy €: Pj(R.X) —
R (P4(X)) such that the following diagram is commutative

TIReo X

X —— R X ———=R.X

NP4 (X) NP4 (Roo X) lRm(npAoo)

PA(X) <P (R X) — = Ru(P (X))

The left square commutes by naturality of P4, so

Reo(Mp,x)) © MR x = € 0 PA(NR.X) © Np,(x)-

But also, Re(17p,(x)) © r.Xx = Nro(Pox) © NPy(x) Dy naturality of the completion. Now, by the
universality of P4 we get € o Po(nr_x) = Nr.p,x)- Since P4(X) is R-good,

(MroPax)) T H (Ro(Pa(X)); R) = H*(Pa(X); R)
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is an isomorphism. In particular, € is a monomorphism and P4(ng_x)* is an epimorphism.
Now consider the following commutative diagram:

R.X R.X ot R.X
l'lm(kmm lRm(UPA(RmX)) lRoo(PA (R X))
€ Roo(PA(1Rso X))
PA(RwX) R (PA(X)) ————— Ru(PA(RX))

That is,

Roo(PA(RxX)) © MR (RoX) = Reo(PA(MR,.x)) © € © NP, (R.X)-
But also have R, (P4(RxX)) © R (RoX) = MR (PA(Ra(X) © TP4(RX)- BY hypothesis R, (Pa(RX))
is A-null, then the universal property of P4 gives us that R, (Pa(1g.x)) © € = Ng_(p,r(x))- And
(MRo(PaR(x)))" 18 an isomorphism in homology with coefficient R, since P5(R.X) is R-good.
Therefore (Ro(P4(ng.x)))" is @ monomorphism abd hence P4(nz_x)" is so. O

Moreover, according to the Miller’s theorem, the Corollary[I.2.1T]and the previous lemma,
it is follows that:

Corollary 1.3.5 ([CF13, Corollary 3.11]). If X is a 1-connected space and A is such that
I:I*(A;Z[%]) = ( then PA(UX,Q)3 Pis(X) — PA(X!?) is a mod p equivalence.

Furthermore, the above authors described a general situation in which the nullification of
a mod p equivalence is so.

Corollary 1.3.6 ([CE13], Corollary 3.13]). Let A be a connected space which H.(A; Z[%]) = (.
If f: X — Yisamod p equivalence between 1-connected spaces then PA(f): P4(X) — Pa(Y)
is a mod p equivalence.

1.4 Comparing nullification and homological localization

W. G. Dwyer shows in [Dwy96] that if G is an abelian compact Lie group such that 7yG is a
p-group, then Pgz,,(BG) = LZ[%](BG). Afterwards N. Castellana and R. Flores give in [CF13]]
a relationship between LZ[;;] and Pgy,, in connected spaces with finite fundamental group. We
give general conditions for comparing nullification and homological localization. This will be
a fundamental step to study the cellularization of infinite loop spaces in Chapter [3] We start
with the next lemma:

Lemma 1.4.1. IfE(A) = 0, then for all X € Top there is a map uy: P,(X) — L,(X) such that
the following diagram
X

npy wi)
P, X o L,(X).

is commutative up to homotopy, where np(X) denotes the coaugmention map X — F(X) for
F=PyorlL,,.
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Proof. Note that the constant map A — * is an h,.-isomorphism, because A is h-acyclic.
Hence, given a space X, by definition of A.-local space, we get

map(A, L,(X)) =~ map(x, L,(X)) = Ly(X),
i.e., Ly(X) is A-null and, according to Theorem [[.2.5] there is a natural map
Hx: PA(X) — Ly(X)

making commutative the desired diagram. O

The previous lemma gives a condition to have a map between nullification and homologi-
cal localization. Now we want to try to describe the homotopy fibre of this map. In this sense,
our main result is the next:

Theorem 1.4.2. Let R be a subring of Q. Let X be a 1-connected space and let A be a
connected H,(—; R)-acyclic space. If P denotes the set of divisible primes of R. Then there
exists a fibration

F — PA(X) = LR(X),
where F is the homotopy fibre of | | pe,D(PA(X));‘ - (I1 pep(PA(X))”})Q.

Proof. Since X is 1-connected, so are P4(X), by Corollary [I.2.T1] and Lg(X), by Corollary
A.2.8| in particular P4(X) and Lg(X) are nilpotents. Hence we can apply Sullivan’s arithmetic
square to P4X and Lg(X) (see Section [A.1.2)), and we get the following homotopy pull back
diagrams

PA(X) Hp prime(PA(X));;\ LR(X) Hp prime(LR(X));;\
(Pa(X))g — (I, prime(Pa(X))})a » (Lr(X))g — (I, prime(Lr(X))})a

Now, since A is H.(—; R)-acyclic, Lemma shows that there is a natural map
Hx ' Pa(X) = Lr(X)

making commutative the folowing diagram

X
nry Wj)

PA(X) Lr(X),

MX
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and therefore we get the following commutative diagram:

X
NP4 (X) TLR(X)
PA (X) \ /JX LR(X) \
Hp prime (PA (X))I/,\ L. PHI(”X);\ Hp prime(LR (X));;\
(PA(X))q e (Le(X))a
(T prime(PA(X)) g —— Memme B0 (7 = (La(X))a

Let h, = H.(—;R). Since X is l-connected, according to Proposition [A.3.1| we have
(Lh(X))]A7 =~ Lz,,(Ly(X)) and we conclude from Proposition|A.2.12{that Lz;,(Ly(X)) = Lyz;,(X)

where, by Lemma |A.2.13] we get

Ly, (X) =~ X\ if p¢ P,
(LR(X));\ =~ Lyzyp(X) = { « g ! ,if p e P.

Let p be a prime not in . Since Z*(A) =0, E(A;Z/p) = 0, and hence ﬁ*(A;Z/p) =0
since H.(—;Z/p) = h.(=;Z/p). By Proposition [I.3.1] the coaugmentation map 7p,x: X —
PA(X) is amod p equivalence. It follows that (,uX)[A) : (PA(X))[A, - (Lh(X))[A, is an equivalence.
Similarly, it is proves that (ux)g: (Pa(X))g — (Lr(X))q 18 an equivalence. If p € P then
(LR(X))Q ~ % and we obtain the following fibration

np(/lX);\
[ (PACXY,)

[1,(PAX)))

[, (Le (X))

Now let F be the homotopy fibre of uy: P4a(X) — Lg(X). If we consider the homotopy
fibres over the horizontal arrows in the above diagram, then we get the next commutative (up
to homotopy) diagram, according to [BK72, Example XI.4.3],

F PA(X) - Lg(X)

N .

T

[Tyep(Pa (X)) l [Ty prime(PaCOY) ”J’” [T prime (L))
i (P4(X))q Ve (Le(X))o
\ . \ o T pime (uxm\* N
(HpeP(PA(X))p)Q (Hp prime(PA(X))p)Q (Hp prime(LR(X))p)Q




12 Chapter 1. Localizations

where the horizontal arrows are fibrations. Hence we get the following homotopy pull back
diagram
F—— [1ep(Pa(X)),

* —— ([1,ep(Pa(X))})a
this means, F is the homotopy fibre of HIDE,D(PA(X))[A7 — (Hpeso(PA(X))g)Q- O

And we finish this section giving a case in which nullification and homological localization
are the same.

Corollary 1.4.3. Let R a subring of Q. Let X be a 1-connected space and let A be a connected
H.(—; R)-acyclic space. Let P denote the set of divisible primes of R. Assume that (P(X ))2 ~
* for all p € P. Then PA(X) ~ Lg(X).

Proof. In the above theorem, if (PA(X))IA7 ~ «x for all p € P, then F =~ x. Hence uy: Ps(X) —
Lg(X) is an equivalence. O



Chapter 2

Cellularization

Given a pointed space A, E. Dror-Farjoun generalizes in [Far96] the concept of homotopy
theory, and he introduces the A-homotopy theory, in which the role of the spheres is replaced
by A and its suspensions. In this sense, the classical homotopy theory is the S°-homotopy
theory.

We introduce in this chapter the notion of A-homotopy theory. This chapter is then orga-
nized as follows. We start by giving the definitions of A-homotopy groups, A-cellular spaces
and A-cellular approximation of spaces. Moreover, we finish this chapter by explaining the
relationship between A-cellularization and A-nullification. In the second section we general-
ize some results about BZ/ p-cellularization and p-completion that appear in [CE13] to BG-
cellularization, where G is a finite abelian group. In the third section we compare the cellu-
larization, of spaces with good properties, with certain homological localizations. Finally the
fourth section is dedicated to show the differences between the cellularization of a space with
respect to a space B and with respect to a space A which is B-cellular.

As in the previous chapter, we do not provide proofs of results already proved in other
sources for the sake of simplicity.

2.1 A-homotopy and A-cellular spaces

It is well known that the n-th homotopy group of a space X is defined by homotopy classes
of pointed maps from S” to X, where S” ~ ¥"S°. In this way, E. Dror-Farjoun defines for a
pointed cofibrant space A:

Definition 2.1.1 ([Far96, 2.E]). Given a fibrant pointed spaces X, the n-th A-homotopy group
is defined by 7,(X; A) := [X"A, X]. = mymap,(X"A, X).

In this way, the idea of (weak) homotopy equivalence is replaced by A-equivalence, that
is:

Definition 2.1.2 ([Far96, Definition 2.A.1]). A pointed map f: X — Y of fibrant spaces is
called an A-equivalence, if it induces a weak homotopy equivalence on the pointed function

complex
map, (A, f): map,(A, X) — map,(A,Y).

13
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The concept of CW-complex space is replaced by the concept of A-cellular space:

Definition 2.1.3 ([Far96, Definition 2.D.2.1]). A fibrant pointed space is called A-cellular if
it can be built from A by means of pointed homotopy colimits, possibly iterated.

The full subcategory of Top. which objects are A-cellular spaces is a particular case of
closed classes:

Definition 2.1.4 ([Far96, Definition 2.D.1]). A full subcategory of pointed spaces C C Top.
is called a closed class if it is closed under weak equivalence and arbitrary pointed homotopy
colimits.

Remark 2.1.5. In this sense, C(A) denotes the closed class of A-cellular spaces, and it is the
smaller closed class that contains A. Moreover, to be A-cellular defines a partial order on
spaces, because A € C(A), if X € C(A) and A € C(B) then X € C(B) and if A € C(B) and
B € C(A) then C(A) = C(B), according to [Far96, Proposition 2.E.9]. Hence sometimes if X
is A-cellular then we write A << X.

Example 2.1.6. C(S°) is the category of CW-complexes and, for n > 1, C(S") is the category
of (n — 1)-connected complexes

The most important properties of closed classes and, in particular, of A-cellular spaces are
the following

Proposition 2.1.7 ([Far96, 2.D]). Let C be a closed class. Then:
(i) Cis closed under finite products.
(ii) If X € C and Y is any (unpointed) space, then X <Y = (X X Y)/ = XY is in C.

(iii) If F — E — B is a fibration sequence with B connected and F, E € C, then B € C.

(iv) If A—=X —LX/Aisa cofibration sequence and A € C, then so is the homotopy fibre of i.
(v) Cis closed under retracts.
This result gives us an important consequence for cellular classes:
Corollary 2.1.8. Let A be a pointed connected space. Then C(A) = C(A X A X ... X A).

Proof. Note that by Proposition (1), A X ... X A is A-cellular. Moreover, since A is a
retract of A X ... X A, Proposition [2.1.7/(v) shows that A is (A X ... X A)-cellular. Therefore,
C(A)=C(AX...xA). O

As in the case of nullification we are interested in a functor that turn any space into an A-
cellular one. For this, first we have to introduce the dual definition of idempotent coaugmented
functor:

Definition 2.1.9 ([Far96, Definition 1.A.2]). Let F': Top. — Top. be a functor. Then,
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(a) F is augmented if it comes with a natural transformation a: F — Id, this means, for each
X € Top. there is a map ax: F(X) — X (it is called the augmentation map) and for all
morphism g: X — Y € Top., we obtain the following commutative diagram

F(X)LX

o

F(Y)—">y
(b) If F is an augmented functor we say that F is idempotent if both natural maps:
Aar(x)
F(F(X))——=F(X)
(ax)

are weak equivalences and are homotopic to each.
Therefore, E. Dror-Farjoun proves in [Far96, 1.B] the following result:

Theorem 2.1.10. For any connected space A there exists a functor CWy,: Top. — Top.,
called the A-cellularization functor, which is augmented and idempotent. Moreover CW4(X)
is an A-cellular space and the coaugmentation map ax: CWx(X) — X is an A-equivalence,
this means, ay induces a weak equivalence map (A, ax): map, (A, CW4(X)) — map.(A, X).

Remark 2.1.11. Note that A need be cofibrant and X must be fibrant. As in the case of lo-
calization with respect to map, if they are not cofibrant or fibrant then consider the cellular
approximation of them.

Example 2.1.12. If A = S° then the S°-cellular approximation is the cellular approximation.
Andforn > 1,if A =S", CWs:(X) = X{(n — 1), the (n — 1)-connected cover of X.

This functor presents two universal properties:

Proposition 2.1.13. [|[Far96, 1.E.8] Let ay: CW4(X) — X be the A-cellular approximation of
a pointed space X. Then,

(i) The map ay is initial among all A-equivalences f: Y — X. This means, there exists a
map f: CWa(X) — Y such that the following diagram

CWA(X) 2> x

A

Y

is commutative, up to homotopy, and if g: CW4(X) — Y is another map such that fo f ~
ay, then g ~ f.
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(ii) The map ay is terminal among all map w: W — X from spaces W € C(A) into X. This
means, there exists a map w: W — CWu(X) such that the following diagram

CWa(X) ==X

| A

w

is commutative, up to homotopy, and if g: W — CWy(X) is another map such that
ax o =~ w, then g ~ Q.

As in the case of localization with respect a map, the cellularization functor commutes
with finite product:

Theorem 2.1.14 ([Far96, Theorem 2.E.10]). For any A, X, Y pointed connected spaces there
is a homotopy equivalence

CWA(X XY) = CWa(X) X CW4(Y).

And, moreover, there exists a commutation rule for the A-cellularization and the loop
space functor:

Theorem 2.1.15 ([Far96, Theorem 3.A.2]). Let A, X be pointed and connected spaces. There
is a natural homotopy equivalence

CW4(QX) = QCWsys(X).

This last theorem proves, in particular, that the cellularization of an infinite loop space is an
infinite loop space (see Chapter [3| for more details). Moreover it is also used to prove the fol-
lowing result about cellularization of Eilenberg-MacLane spaces whith respect to Eilenberg-
MacLane spaces:

Proposition 2.1.16 ([Far96, Corollary 3.D.10]). Let A = K(Z/p*,n) and X = K(Z/p', n), then

A ,‘kSl,

E. Dror-Farjoun studies also the cellularization of Generalized Eilenberg-MacLane spaces
and, in particular, of symmetric product of spaces. Let X be a pointed space and k > 0. Let
Y the symmetric group of k-letters. Then the k-fold symmetric product of X is defined by
SP* := X*/%,, and the symmetric product of X by SP® := hocolim,; SP*.

Proposition 2.1.17 ([Far96, Corollary 4.A.2.1]). Let X be a pointed space. For all 0 < k < oo,
SPK(X) is X-cellular:

And from this proposition we get:

Corollary 2.1.18. Let A be a pointed and connected space which m1(A) = Z X G, where G is
an abelian group. Then any connected space is A-cellular.
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Proof. Note that since m(A) is abelian,

SP(A) = | | K(H(A; Z), 1) = Bmy(4) x | | K(HI(A; 2), 1.

i>1 i>2

Hence Brri(A) is A-cellular, since SP*(A) is so and Propositions [2.1.17 and [2.1.7, Moreover,
Bri(A) ~ BZ x BG and hence BZ = S'! is A-cellular by Proposition Therefore, any
connected space is A-cellular. O

2.1.1 Relationship between cellularization and nullifications

In this subsection we present the relations between the functor CW, and P,. Intuitively
CW,4(X) contains all the “A-information” on X available via map, (A, X), while P4(X) con-
tains what remains of X after all that “A-information” is killed. Thus CW,(X) should morally
be the homotopy fibre of X — P4(X). That is “almost” the case but, as E. Dror-Farjoun and
W. Chachdlski prove it.

Proposition 2.1.19 ([Far96, Proposition 3.B.1]). For X,A € Top. one has PA(CW4(X)) ~ =
and CWA(PA(X)) =k,

The main relation between the nullification and the cellularization with respect to A that
E. Dror-Farjoun explains is:

Theorem 2.1.20 ([Far96, Theorem 3.B.2]). Consider the sequence
CWA(X)—">X—">Ps(X)

for arbitrary pointed connected spaces A, X. This sequence is a fibration sequence if and only
if the composite nx o ax =~ * or [A, X]. = *.

And the particular case of this theorem:

Proposition 2.1.21 ([Far96, Proposition 3.B.3]). For any pointed connected space A, X, if
Pss(X) = * then ay: CW4(X) — X is a homotopy equivalence.

In this way, W. Chachdlski proves, possibly, the best tool to compute the cellularization of
a space:

Theorem 2.1.22 ([Cha96, Theorem 20.3]). Let A be a pointed and connected space, and let
f: X = Y be a map of pointed and connected spaces. Assume that

(i) Y is the homotopy cofibre of a pointed map g: Z — X, where Z is A-cellular,

(ii) the induced map g.: [A,Z]. — [A, X]. is surjective.

Then if F is the homotopy fibre of the composite X Ly "L PsAY, then F is A-cellular, and the
map F — X is an A-equivalence.

And the following consequence:
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Theorem 2.1.23 ([Cha96, Theorem 20.5]). Let A and X be pointed and connected spaces.
Let C be the homotopy cofibre of ev: \/|4x.A — X, where the wedge is taken over all
the homotopy classes of pointed maps A — X. Then CWyX has the homotopy type of the

homotopy fibre of the composite map X—C X PsaC.

Remark 2.1.24. Sometimes we will call C the Chachdlski’s cofibre and Chacholski’s fibration
to the fibration CW,(X) — X — Psu(X).

From the definition of A-cellular and A-null spaces comes that any map f: X — Y from
an A-cellular space X to an A-null spaces Y is null-homotopic. Now we want to find a method
for detecing null-homotopic maps if Y is ZA-null.

Proposition 2.1.25. Let X and Y pointed connected spaces. Assume that X is A-cellular and
Z is XA-null. Then a map f: X — Y is null-homotopic if and only if for any map g: A — X
the composite f o g is null-homotopic.

Proof. If f is null-homotopic then for any map g: A — X the composite f o g is null-
homotopic. On the another hand, assume that for all map g: A — X the composite f o g
is null-homotopic. Let C be the homotopy cofibre over \/(4x;, A—=>X. Since f o ev =~ * by
hypothesis, there is a map f: C — Y making commutative the following diagram

Viaxy A
X——v
|
C/

and such that f =~ = if and only if f ~ *. Note that CW,(X) ~ X is the homotopy fibre of
X — Ps4(C), hence Ps4(C) =~ . Therefore Y is C-null, because Y is ZA-null and hence

map,(C,Y) ~ map,(Pss(C),Y) ~ map,(x,Y) = *.
Necessarily f ~ * and finally f ~ . m|

These type of results are quite useful when A = BZ/p, since any classifying space is
XBZ/ p-null.

2.2 Commuting cellularization and p-completion

Note that if X is nilpotent, then so is CW,4(X) by [CEF13, Lemma 2.5]. Hence we will prove
that the cellularization with respect a H,(—; Q)-acyclic space fits in a fibration

CWax) = [ | ewa0p > ([ | cWa0)p)o
p prime p prime

In particular, we are interested in the case when A = BG and G is a finite abelian group (in
fact, it is necessary that G split in a p-torsion component and in a p’-torsion component, for
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instance, G a nilpotent group). In this section, if G is a finite abelian group, then G, denotes
the p-torsion component of G.

In Section [I.3| we present when mod p equivalence is preserved by nullification, now we
will need a consequence of these results and, for this, we will need the next lemma, that will be
used frequently in later chapter of this work, a variation of Dwyer’s version of the Zabrodsky’s
lemma in [Dwy96].

Lemma 2.2.1 ([CCS07, Lemma 2.3],[Dwy96, Proposition 3.4]). Let F—FE LB be a fibration
over a connected base, and let X be a connected space such that QX is F-null. Then any map
g: E — X such that g|r ~ * factors through a map h: B — X up to unpointed homotopy and,
moreover, g is pointed null-homotopic if and only if f is so.

Now, we want to present two thecnical lemmas that we will use later:

Lemma 2.2.2. Let G be a finite abelian group and p a prime number such that p | |G|.
Let X and Y be 1-connected spaces and let f: X — Y be a mod p equivalence. Then
Pspi(f): Pspc(X) — Psps(Y) is also a mod p equivalence.

Proof. We want to apply Lemma to X and to Y where A = XBG. Note that £BG is
I-connected and, in particular, connected. Since X is 1-connected, Xl’,‘ and Psps(X) are 1-
connected. Moreover, PZBG(XIQ) is 1-connected, because Xﬁ is so. Consequently, Psps(X) and
PZBG(X[’,\) are p-good spaces (Y verifies the same conclusion).

Now, we have to prove that (PEBG(X))[A7 and (PZBG(X;));,\ are XBG-null spaces. We will
prove that (PZBG(X))Q is a XBG-null space (the proofs for (PEBG(XI’,\))’p\ and Y are analo-
gous). Note first that this is equivalent to prove that Q(P;BG(X))Q is a BG-null space, where
Q(Psp6(X)), = (Ppc(QX));, since Pspg(X) is 1-connected.

We are interested to apply the Zabrodsky’s Lemma to the following fibration

BG,—~BG— 111 BG),
Di#Dp
and the map BG — (PBG(QX));. Note that (PBG(QX))IA7 is BG ,-null, because Itl;(BGp; Z[%]) ~
0 and (Ppc(€2X)), = Q(Pspc(X));, is nilpotent (it is an H-space), hence [Mil84, Theorem 1.5]
shows that map,(G,, (PBG(QX))Q) ~ map,(BG,, Pp(€2X)), and this is contractible because
BG, is BG-cellular (it is a retract) and hence Ppg(BG,) ~ *. Therefore, Q(PBG(QX))IA7 is
BG,-null and any map BG — (Ppc(QX)), restricted to BG, is null-homotopic. Hence the
Zabrodsky’s lemma shows that

map, (BG, (Pps(QX))),) = map*(l | BG,,, (Ppc(2X))}).
i=1
Di#Dp

Now, since (Psps(X))), is 1-connected, Proposition shows that
(PZBG(X))Q = Lz;p(Pspc(X)),
hence we get
map, (| | BG,,. (Pso(QX))p) = Qmap, (Lzyy(| | BG,), Lajp(Psso (X)),

i=1 i=1
Di#p Di#p
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and Lz;,([1"-; BG,,) = *. Therefore (Pps(Q2X)), is BG-null, hence (PEBG(X))Q is XBG-null,

Pi#p
and then Psp;(nx) and Pspc(17y) are mod p equivalences by Lemma|[I.3.4]
Now consider the following commutative diagram

Pspc f

PZBGX PZBGY
PZBG(’?X)L ‘(PZBG(UY)
Pspe(X)) WPEBG(Y;\)
v86(f}

where the vertical arrows are mod p-equivalences. Moreover, the lower row is an equivalence
. ) N\ i ) k

bece_luse fisamod p equivalence and hence /' is an equivalence. Finally Pspc(f) is a mod p

equivalence. O

Lemma 2.2.3. Let X be a nilpotent space. Let G be a finite abelian group and p a prime

number such that p | |G|. Then CWpc (X) is a ([ 1qi61 BG,)-null space.
q#p

Proof. Let{p,..., p.} be the set of prime number ¢ such that g | |G| and assume that p = p;.
We have to prove

map*(l_[ BG,, CWg, (X)) = *.
i=2
Since X is nilpotet, CWpg,(X) is nilpotent by [CF13, Lemma 2.5]. Note that CWpg,(X)
is BG,-null fori = 2,...,n, because ﬁ*(BGp,;Z[[%]) = 0, and [Mil84), Theorem 1.5] shows
that map, (BG ,,, CWpg, (X)) ~ map,(BG,,, (C WBG,,(X));;\,.) and (C WBGP(X));;I_ ~ * according to
[CF13, Lemma 2.8].
We now proceed by induction. Assume that, forall k <n — 1,

k
map*(]—[ BG ), CWpq, (X)) = *;
i=2
we will prove that

map*(l_[ BG,, CWpgg, (X)) ~ *.
i=2
Consider the fibration

n—1 n—1

BG,, - | | BG, x BG,, - | | BG,.

i=2 i=2
Hence CWpg,(X) is (BG),)-null by induction. Therefore QCWpe (X) is (BG),)-null and,

moreover, any map from [[/, BG,, x BG,, — C Wi, (X) restricted to BG ), is homotopic
equivalent to a point. Hence, Zabrodsky’s lemma proves that

n—1 n

map*(l_[ BG,, X BG,,, CWjg, (X)) = map*(l_[ BG,,, CWsq, X),

i=2 =2

and map*(ﬂfz_z1 BG,,, CWpgg, (X)) = * by induction. O
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Therefore, our way to compute CWpgs(X) is the following:
Proposition 2.2.4. Let X be a connected nilpotent space and G a finite abelian group. Then,

(i) If X is 1-connected, then the map
CWp(nx): CWpe(X) = CWpa(X))
is a mod p equivalence for all prime p.
(ii) For all prime p | |G|, CWBG(X;) = CWpe,(X}).

Proof. (i) Let C be the homotopy cofibre of \/(zg.x), BG—=X. Let D be the homotopy
cofibre of

1x0ev

\/[BG,X]* BGHXI/)\ .
and let 7: X;) — D the induced map.
First, We want to prove that CWBG(XQ) is the homotopy fibre of Xlﬁ — Pspc(D). On
account of Theorem we have to prove that
® \/(36.x). BG is BG-cellular, but this is true since \/ 5 x;, BG is a pointed homotopy
colimit of BG;

e the induced map (77x o ev).: [BG, \/(56.x). BGl. — [BG, X} 1. is surjective. Hence,
let g: BG — X} be a pointed map, we have to find a pointed map f: BG —
V 86.x1. BG such that (7x o ev).[f] = g.

Note that (BG),, = [1,6/(BG,), = BG, since

BG, ,ifgq=p,

(BG,), :{ . Lifqg#p.

Hence [BK72, Proposition I1.2.8] shows that (1756)": [BG,, X,]. — [BG,X}]. is a bi-
jection.

Furthermore, X is nilpotent and ﬁ*(BGp; Z[]l)]) = (), hence the map
(nx).: map,(BG, X) — map,(BG, X))
is an equivalence, by [Mil84, Theorem 1.5]. This proves that the induced map
(7). [BG. X1, - [BG, X)].

is a bijection.
Therefore, there is an unique map (up to homotopy) i: BG, — X such that the following
diagram

nmi Tnx

BGPT>X
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(i)

is commutative (up to homotopy), this means, ((7z5)"o(nx).)[h] = [g], i.e., [nxohonps] =
[g].
Let i’ = h o ngg € [BG, X]. and let f be inclusion in the ([4’])th-position

f =Yy - BG — \/ BG.

[BG.X].

Therefore, (17x o ev).[f] = (1x).[ev(H))] = ). [A'] = [11x o A'] = [11x © h o 1156 ] = [g].

Consider now the following commutative diagram:

& lf

nxoev
Vise.x1. BG - X1/7\ —D.

Since X is 1-conencted, X} is so. Hence C and D are l-connected (by Seifert-Van
Kampen’s theorem). Moreover, f is a mod p equivalence, because id and nx so are.
It follows from Lemma [2.2.2] that Pspc(f) is a mod p equivalence. Now consider the
commutative diagram

CWps(X) —— X —— P3pc(C)
CWBG(’]X)\L l”x \LP;BG(f)
CWpe(X,) — X, — Psp(D)

where the second and third vertical lines are mod p equivalence. Therefore, CWps(1x)
is a mod p equivalence.

Let {p1,..., p,} be the set of prime number ¢ such that g | |G| and assume that p = p;.
First, we want to prove that

aXI/; : CWBGP(X;) - X;\
is a BG-equivalence. For this, we want to apply the Zabrodsky’s Lemma to the fibration
[T BGpi*i>BG*p>BGP

for any map BG — CWpq,(X))). Note that by Lemma 2.2.3, CWie, (X7) is ([ T2, BG,,)-
null. Hence QCWjg (X)) is also ([];_, BG),)-null and any map from BG — CWig (X))
restricted to []i—, BG,, is null homotopic. Therefore

map,(BG, CWj, (X)) = map,(BG,, CWpc, (X)),

Now, note that map,(BG,, CWpg,(X)))) ~ map,(BG,, X)) =~ map,(BG, X)) (the latter is
because X, = Lz,,(X), by Proposition|A.3.1} and use Lz,,(BG) = BG)), i.e.,

map, (BG, CWpgq, (X)) ~ map,(BG, X)),
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this means, the augmetation ax, : CWpg, (X ) — X is a BG-equivalence. Therefore

CWi6(CWig, (X)) = CWpa(X).

Finally, BG, is BG-cellular (it is a retract), and hence CWpg (X If) is so. Therefore
CWip(X,) = CWie(CWaz/p6,(X,)) = CWag, (X)).
mi
Remark 2.2.5. Note that C(BZ/p™ X ... X BZ/p™) = C(BZ/p"), where r = max{ry,...,r,},
because Proposition [2.1.16] gives that BZ/p' is BZ/p"-cellular foralli = 1,...n, and BZ/p" is
(BZ/p" X...x BZ/p™)-cellular by Proposition [2.1.7|since BZ/p" is a retract of BZ/p" X...X

BZ/p™. Hence if G, is a finite abelian p-group, then C(G,) = C(BZ/p"), where r = exp(G),),
i.e., the minimal exponent such that p"g for all g € G.

Corollary 2.2.6. Let X be a 1-connected space. Let G be a finite abelian group, p a prime
number and let r = exp(G ). Then (CWp(X)), = (CWgz;,r (X)),

Proof. First note that (CWps(X)), = (CWpa(X})), and (CWpz;,r (X)), = (CWpgz,p (X)),
by Proposition (). Finally, if r = exp(G)), then (CWp(X})), = (CWpz;y (X)), by
Proposition [2.2.4](ii) and Remark [2.2.5] mi

These results allow to compute the BG-cellularization in function of the BZ/p"-cellulariza-
tion, for all p dividing |G]|.

Corollary 2.2.7. Let X be a nilpotent space. Let G be a finite abelian group. Then CWpgs(X)
is the homotopy fibre of

[ [€€Wazye 03y = ([ [€Wazgpr XD)c-
pliGI pliGI

where r, = exp(G)).

Proof. Since X is nilpotent, CWgs(X) 1s so by [CF13, Lemma 2.5]. Therefore we can to apply
Sullivan’s arithmetic square to CWps(X) and we obtain the following pullback diagram

CWBG (X) np prime(CWBG (X));;\

| |

(CWre(X))g — (I, prime(CWa(X))})g-

By [CF13, Lemma 2.8], we have Ro(CWps(X)) =~ = for R = Qor Z/p, p 1 |G| , because
in this case H*(BG; R) = 0. Therefore, the above diagram becomes

CWpe(X) — [1j6/(CWpe(X)))
* (IT16/(CWhe(X)))a

and finally we get the fibration CWsg(X) — [],6/(CWaz/p» (X))IA, = ([T,16(CWpgz)pro (X ))[A,)Q,
where r, = exp(G,) from Corollary [2.2.6| m|
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2.3 Comparing cellularization and homological localization

In this section we introduce a general relation between cellularization and homological local-
ization, using the relation of nullification and homological localization describing in Section
[[.4 This last result will be use in Chapter [3] to compute the cellularization of infinite loop
spaces.

Combaning the Chachdlski’s theorem (Theorem [2.1.23) with Theorem [I.4.2]it is easy to
prove the following theorem.

Theorem 2.3.1. Let X be a 1-connected space and let p be a prime and r > 0. Then the
BZ/ p"-cellularization of X fits in a fibration sequence

QF — CWpzypy(X) — ZZ[%](X),

where Zz[i]X is the homotopy fibre of the coaugmention map X — Ly 1,(X) and F is the
homotopy fibre of (Pspz,, (C ))IA, - ((PZBZ/pr(C));)\)Q, where C is the Chachdlski’s cofibre.

This theorem implies the following direct corollary:

Corollary 2.3.2. Let X be a 1-connected space and let p be a prime. and r > 0. Let C be the
homotopy cofibre of

ev: \/ BZ/p" — X.
[BZ/p",X]x

If(PZBZ/p’(C));;\ = %, then CWBZ/pr(X) =~ LZ[%](X)'

Before we need a technical lemma about the relation of the homological localization of a
space a it Chachdlski’s cofibre.

Lemma 2.3.3. Let X be a pointed space and let C be the homotopy cofibre of

ev: \/ BZ/p" — X.
[BZ/p",X]x

Proof. According to Corollary (iii) if we prove that LZ[%](\/[BZ 1rx1. BZ/P) = *, then
the induced map LZ[%](X) — LZ[%](C) is a weak equivalence.

First, + — BZ/p” is a HZ[%]—isomorphism, because H.(BZ/p;Z|[
Hence, by Definition if P is a connected HZ[-]-local space, then

1
p

D = H(xZ[L).

1
p

map,(BZ/p", P) ~ map,(*, P) = x,

and hence Proposition [T. .7i(v) shows that L1 (BZ/p") = *.
4
Finally, Theorem|I.1.10] gives us:

Ly 1( \V BZ/p") = Ly1( \V Lz 1y(BZ/p")) = Ly 1( \V %)% Ly () =+

[BZ/p" X]- [BZ/p" X]. [BZ/p" . X]
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Hence the proof of the above theorem is the following:

Proof of Theorem On the one hand, let F be the homotopy fibre of(Pspz/,(C)), —
((Psz/p(C))})q- Theorem gives the fibration F' — Psypz,,,(C) — Lz1,(C). On the other
hand, by Lemma , Ly 1 1(C) = Ly 1 1(X). Therefore, if

S Pspzp(C) — LZ[%](X)
is the composite of Pypz/,(C) — Ly;1,(C) and the homotopic inverse map of
P
Ly 1)(X) =5 Ly 15(0),

then F' is equivalent to the homotopy fibre of f: Pspz/,(C) — Ly 1)(X).
Now consider the following commutative (up to homotopy) diagram

CWBZ/p’(X) E— ZZ[%](X)

| |

* X=X

o

F — Pspz)pr(C) —— LZ[%](X)

where the middle vertical line is Chachdlski’s fibration (Theorem [2.1.23)). Completing this
diagram yields the desired result. |

2.4 Comparing cellularizations
Let A, B, X be pointed and connected spaces. Assume that A is B-cellular, hence CW,(X) is B-

cellular according to Remark [2.1.5] Therefore, by the universal property given in Proposition
[2.1.13](ii), there exists a map w: CW4(X) — CWp(X) such that the following diagram

CWs(X) —=—= CWp(X)
AN S

is commutative up to homotopy, where ay: CWy(X) — X denotes the augmentation map for
X and Y = A, B. Moreover w is unique (up to homotopy) verifying this property.
The goal of this section is to describe the homotopy fibre of this map w.

Theorem 2.4.1. Let A, B be pointed and connected spaces. Assume that A is B-cellular. Then
for any pointed and connected space X there exists a fibre sequence

PA(QC) = CW4(X) = CWp(X)

where C is the homotopy cofibre of the map ev: \/ (4 cwyx0;, A = CWa(X).
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First to prove this theorem we have to introduce the following result:

Proposition 2.4.2. Let A, B be pointed and connected spaces. Assume that A is B-cellular.
Then CW,(CWpg(X)) ~ CW4(X) for all pointed and connected space X.

Proof. Let
J=CWy(ap): CW4(CWp(X)) > CWu(X)

and
g = CWy(w): CWH(CW4(X)) > CWA(CWp(X)),

where CW4(CWy (X)) = CW4(X). Therefore we will prove that f o g =~ Idcw,(x) and g o f =~
Ldcw,cwsx)-

First, f o g = CWjy(ap) o CWy(w) = CWyu(ap o w). Finally, since ag o w =~ au, we get
CWy(ag o w) = CWy(as) = ldcew,x).

SCCOHd, to prove that g ©° f = IdCWA(CWB(X))’ let ACW4(X) - CWA(CWB(X)) - CWB(X) be the
augmentation amp and consider the following commutative (up to homotopy) diagram:

acwy (x)

CWA(CWg(X)) CWa(X)
fl . laa
CWs(X)

Hence, since CW,(CWg(X)) si B-cellular (beacuse so is A) and Proposition [2.1.13](ii), we get
w O f = dcwy(Xx)- Now note that CWA(f) = CWA(CWA(aB)) = CWA((JB) = f, hence

go f=CWy(w)o CWu(f) = CWy(wo f) = CWalacw,x) = Idcw,cwyx)-
O

Remark 2.4.3. Note that in Theorem C is the Chacholski’s cofibre. Under these hy-
pothesis, to compute this cofibre we can change the index of the wegde by [A, X].,, because
[A,CWE(X)]. = [A, CW4(CWg(X))]. by Theorem [2.1.10, but CWs(CWp(X)) = CW4(X) by
the previous proposition and, moreover, [A, CW4(X)]. = [A, X]., one more time, by Theorem
[2.1.10, Hence [A, CWp(X)]. = [A, X]..

Now, we are able to prove the Theorem [2.4.1

Proof of Thereom[2.4.1, Let C be the homotopy cofibre of ev: /s cw,x. A = CWp(X).
According to Theorem [2.1.23| we get the following fibration

CWa(CWp(X)) = CWp(X) — Psa(C),

where CW4(CWg(X)) =~ CW4(X) by Proposition 2.4.2] Finally from Theorem [I.1.13] we
obtain the fibration
P,(QC) - CWyH(X) - CWp(X),
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Cellular approximations of infinite loop
spaces

In this chapter we discuss the cellularization of £BZ/ p-acyclic spaces up to p-completion,
we mean, X verifies PZBZ/I,(X)?7 ~ % We will prove that, under this hypothesis, X is cellular
up to p-completion, i.e., CWgz;,»(X), = X}. An important example of spaces verifying this
property is given by C. A. McGibbon in [McGY7/]]. He proves that if E is a 1-connected infinite
loop space with 7,(E) is a torsion group , then Pspz,,(E), ~ *.

We say that a space E is an infinite loop space if there is an infinite numerable set of
pointed spaces

E = Eo,El,...,En,...
such that for all n there is a weak equivalences E,—~QE,,,, this means,

E=Ey~QF, ~Q’FE, ~...~Q"E, ~ ...

Note that an infinite loop space defines an Q2-Spectra and hence any infinite loop space de-
fines a generalized homology theory (see, for instance, [Ada935] for more details). Given two
infinite loop spaces E, E’, a pointed map f: E — E’ is called an infinite loop map if for all n
there exists a map f,: E, — E; such that f, ~ Qf,,, and f; = f.

Finally, we will present some examples of BG-cellularization of infinite loop spaces,
specifically BO, BU, BSp and some connected covers of BO, where G is a finite abelian

group.

3.1 Cellular properties of XB7Z/p-acyclic spaces up to
p-completion

Recall that E. Dror-Farjoun proves that if X and A are connected spaces such that Pss(X) ~ =,
then X is A-cellular ([Far96, Proposition 3.B.3]). In this section we want to prove a mod p
version of this result:

Theorem 3.1.1. Let X be a 1-connected space. Let p be a prime number. If (Pspz;p+(X))), = *
for some s > 1, then CWpyz,,(X) has the homotopy type of the homotopy fibre of X lﬁ - (X S)Q
forall r > 1.

27
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The hypothesis (Pspz,,s (X)), = * for some s > 1 gives us the BZ/p"-cellularization for all
r > 1, since if X is 1-connected, then (Pspz;,(X)), = * if and only if (Pgpz/,r (X)), = * for all
r > 1. To prove this fact we need the following generalization of [CF13, Lemma 4.6.1]:

Lemma 3.1.2 ([CF13, Lemma 4.6.1]). Let A and X be connected spaces. Assume that X is
1-connected and FI*(A;Z[i]) =~ 0. Then (PA(X));,\ ~ x if and only if map (X, Z) ~ * for any
1-connected A-null p-complete space Z.

Proof. Note that (Ps(X)), = Lz,,(Pa(X)) and Z} ~ L7,,(Z) by Proposition , since X and
Z are 1-connected. Hence if Z is p-complete, then

map, (PA(X)),,Z) ~ map,(Lz;,(Ps(X)), Z) = map,(Ps(X), Z)
by Theorem[A.2.3]and since Z is A-null,
map*((PA(X));)\az) = map*(X’ Z)

Hence if (Pa(X)),, = *, then map,(X,Z) ~ = for any 1-connected A-null p-complete space Z.
On the other hand, assume that map, (X, Z) ~ = for any 1-connected A-null p-complete space
Z. Note that (PA(X))[A7 is A-null by Theorem Since (PA(X))Q is a 1-connected A-null
p-complete space, map,((Pa(X)),, (Pa(X)),) = x, therefore (P4(X))), = *. O

Now we are ready to proof the previous fact:

Proposition 3.1.3. Let X be a 1-connected space. Then (PZBZ/p(X));; ~ x if and only if
(Pspzpr (X)), = = forall r > 1.

Proof. 1t is clear that if (PEBZ/pr(X)),A, ~ % for all » > 1 then, in particular, (PZBZ/I,(X))”} ~ %,
Hence, assume that (Pspz,,(X)), = * and let r > 1. By Lemma (Pspz)pr (X)), = +if and
only map, (X, Z) ~ = for all 1-connected XBZ/p"-null and p-complete space Z. Now note that
if Z is ZBZ/p"-null, then it is ZBZ/p-null, because

map*(ZBZ/pa Z) = map*(PZBZ/p"(ZBZ/p)a Z)a

and since £BZ/p is XBZ/ p"-cellular (by Proposition 2.1.16)), Pspz;,-(XBZ/p) ~ *. Therefore,
if Z is a 1-connected XBZ/p"-null and p-complete space, then Z is a 1-connected XBZ/ p-null
and p-complete space and, by hypothesis, map, (X, Z) =~ . O

In Section [2.3| we saw the relationship between cellularization and homological localiza-
tion. Recall that according to Corollary if X is 1-connected and C, the homotopy cofibre
of ev: V(pz,rx. BZ/p" — X, verifies that (Pzgz/pr(C))f, = x, then CWpzpr(X) = Ly 11(X),
but, if (PZBZ/p"(X));)\ =~ x then (PZBZ/p’(C))z ~ %7

Lemma 3.1.4. Let X be a 1-connected space. Let C be homotopy cofibre of

ev: \/ BZ/p" — X.
[BZ/p",X]x

If(PZBZ/p'"(X));,\ =~ ok, then (PZBZ/p’(C));,\ >~ %,
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Proof. Letl =[BZ/p", X].. By Theorem|1.1.10|we get
A
(Prizipr () = Pz ColibPsazyp(\/ BZ/D) = Posyr (X))
I P
Moreover, since X is 1-connected, Pspz/,-(X) is so, and hence
Cofib(Psszpr(\/ BZ/P') = Pz (X))
1
is 1-connected by Seifert-Van Kampen’s theorem. Therefore Corollary [I.3.5]shows that

A

(Psszip( ColibPssze(\/ BZ/D) = oy (X))
1

P
A
(PZBZ/p’((COﬁb(PZBZ/p"(\/BZ/pr) - PZBZ/pf(X)));\)) '
) P
Furthermore,
A
(COﬁb (PZBZ/pr‘(\/BZ/pr) - PZBZ/[)’(X))) ~
) P
A
((Cofib (Prziyr(\/ BZ/ ) - (PZBZ/,,«X));))p,
I
where (Pspz,,r (X ))IA7 ~ x by hypothesis, and hence
A A
((Cofib ((Psuzipr(\/BZ1p 0y = +)) = (EPsizir(\/BZIpYY)
I p I p
We have proved that
A
(Pszii((CofibPsazyr(\/ BZIp') = PrzyprO)})) =
7 P
A
(PZBZ/p((ZPZBZ/pr(\/Bz/pr))g);\)) s
I p
and hence if we apply Corollary [I.3.5|two times, then we obtain
A A
(Psszinr(®Poszsn (\/ BZ100;)) = Pz (EPssc(\/ BZIPD))
! p I p
and by Theorem 1.1.10|, (Pspzypr(Z(\V/BZ/ pr)));\ ~ (Pspz)p(\V/(XBZ/ p’)))f,, and Corollary
[I.1.T1](i) shows that Pspz,,-(\/(ZBZ/p")) is contractible since Pspz;,(XBZ/p") is so. O

Now we can to prove Theorem 3.1.1f
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Proof of Theorem|[3.1.1] By Proposition (Pspz)pr (X)), = = for all r > 1, since it is
so forone r > 1. Fix r > 1. Since (PZBZ/pr(X));)\ ~ x, if C is the homotopy cofibre of

ev: Vigzpx. BZ/p" — X, then (Pspz,(C)), = * by Lemma 3.1.4) and hence Corollary
[2.3.2] gives the fibration

CWBZ/pr(X) - X - LZ[%](X)’

which is a nilpotent fibration (because the base is 1-connected). Therefore we can to p-
complete the fibration
(CWaz)pr (X)) = X = (L) (X))},

where (L 1(X)), = *, because (Lyz1,(X)), = Lz;y(Lz1,(X))) by Proposition |A.2.12 and
Lz;p(Lz11(X))) = x by Lemma|A.2.13 Therefore, (CWpz/,»(X)), = X. O

Furthermore, now it is not difficult to compute the BG-cellularization of these spaces when
G is a finite abelian group:

Proposition 3.1.5. Let X be a 1-connected space. Let G be a finite abelian group. If for all
p | |G| there is a r > 1 such that (PZBZ/pr(X));)\ ~ x, then CWpgs(X) has the homotopy type of

the homotopy fibre of [1 61 X, = (I1161 X,)a-

Proof. Since X is 1-connected, X is nilpotent and hence by Corollary there is a fibra-
tion CWpg(X) — [1,6/(C WBG(X))IA7 - (I] p”G|(CWBG(X))’p\)Q. Hence, we have to prove that
(CWpa(X)), = X)) for all p | |G|. If p | |G|, then (CWps(X)), = (CWpz),r(X)),, by Corollary
where r = max{s > 1| p* | |G}. Finally (CWpz,»(X)), =~ X)) by Theoremm O

3.2 Cellularization of infinite loop spaces

In this section we want to describe the BG-cellularization of a family of infinite loop spaces
that are £BZ/p"-acyclic spaces up to p-completion. We want to prove that if E is a 1-
connected infinite loop space with m, E a torsion group, then (Pypz,, (X)), = = for all p prime.
We will see that this is a consequence of the following theorem:

Theorem 3.2.1 ([McG97, Theorem 2]). Let E be an infinite loop space with m\E a torsion
group. Then (PBZ/I,(E))Q =~ x for all p prime.

A first question about the nullification and the cellularization of infinite loop spaces is:
the nullification and the cellularization of infinite loop spaces are again infinite loop spaces?
And in this case, the coaugmentation map and the augmentation are infinite loop maps? The
answer to both questions is yes:

Proposition 3.2.2. Let E be an infinite loop space and let A be a pointed space. Then P4(E)
and CW4(E) are infinite loop spaces. Moreover ng: E — P4(E) and ag: CW,(E) — E are
infinite loop maps.

Proof. We give only the proof for the case of the cellularization; the case of the nullification
is analogous.
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First we have to find an infinite numerable set of pointed spaces {(CW4(E)),},s0 such that
(CWA(E))o = CWA(E) and (CWA(E)), = QCWa(E))y1-
Then take (CW4(E)), := CWzia(E,). By Theorem [2.1.15]
Q(CWA(E))nr1 = QCWsnig(Eps1) = CWeia(QE 1) = CWeia(Ey) = (CW4(E)),.
Now we have to find infinite numerable set of pointed maps {(ag),}.>0 such that
(ap)o = ag and (ag), = Qag)n+1-
Take (ag), = ag,: CWsis(E,) — E,. From the following commutative (up to homotopy)

diagram
ag,

CWZ"A (En) En

QaEnH
QCWsniyg(Epyy) —= E,

we conclude that Qag

n+1

the A-equivalence Qag

n+l1

is an A-equivalence. Moreover, by the vertical equivalences, we get

: CWseiu(E,) — E,, hence Qag, ., =~ ag, by Proposition [2.1.13[(1).
O

Let G be a finite abelian group. We want to find 1-connected £BZ/ p"-acyclic spaces up to
p-completion infinite loop spaces for all p | |G|.

Proposition 3.2.3. Let E be a 1-connected infinite loop space. If myE is a torsion group, then
(Pspzypr(E)), = * for all prime p and all r > 1.

Proof. Let p be a prime number. According to Proposition [3.1.3]it is sufficient to show that
PZBZ/I,(E)[A, ~ *. Note that QF is an infinite loop space whith 7;(QFE) = m, E a torsion group.
Therefore (Ppz/,(QE)), = *, by Theorem Now, since E is a 1-connected spaces,

Pspz;,(E) is so by Proposition [1.2.10, and hence Q(Pspz/,(E)), = (QPspz/,(E)),, where
QPsp7/p(E) ~ Ppz;,(QE) by Theorem|1.1.13| Therefore

Q(PZBZ/p(E))I/y\ = (PBZ/p(QE));;\ =k
and hence (Pspz),(E)), = *, since (Pspz),(E))), is 1-connected. O

In this situation, using Proposition [3.1.5] we get the cellularization with respect to the
classifying space of a finite abelian group:

Corollary 3.2.4. Let E be a 1-connected infinite loop space such that myE is a torsion group.
Let G be a finite abelian group. Then CWpgs(E) has the homotopy type of the homotopy fibre

of T pie1 X = (I pje1 Xp)e-

Remark 3.2.5. If G = Z/p’", then under the above hypothesis we get the fibration

CWBZ/p’(E) i E1/7\ i (E[/)\)Q
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3.3 Examples

3.3.1 Postnikov pieces

In [CCSO7], the authors prove that a simply connected Postnikov piece is BZ/p™-cellular if
and only if it is p-torsion, that is, its homotopy groups are p-torsion groups. Hence in this
subsection we want to generalize this result and understand the BZ/p™-cellularization when
not all the homotopy groups are p-torsion groups, as a consequence of Theorem [3.1.1| and
Corollary

Before, we need the following lemma about fibrations and £BZ/p™-acyclic spaces up to
p-completion. This is also proved in [McG97]| using a different strategy.

Lemma 3.3.1. Let F — E — B be a fibration of 1-connected spaces. Let p be a prime
number. IfPZBZ/pm(F);\ = ok then PZBZ/[)"’(E)Q = P):BZ/[)"’(B);;\-

Proof. According to the fibrewise localization ([Far96, Theorem 1.F.1]), there exist a space E
and a commutative diagram of fibrations

s PZBZ/p’"(F)

-
—

w<—ml

such that f induces a (weak) equivalence Pspz/pn(f): Pspz/pn(E) — PZBz/pm(E). Applying
the p-completion functor to the right fibration, we get the fibration

PZBZ/pm(F);;\ = El/7\ - B;,

since B is 1_-connected and [BK72, Lemma IL.5.1]. But Psgz,»(F )2 >, hence Eﬁ :_B;\.
Moreover, E is 1-connected since so are Psgz,,»(F) and B. Since Pspz (E)IA7 ~ Pspzypm(E ; )2
and P>;BZ/pm(B)[A7 o~ PZBZ/pm(BIA,)Q b}/ [CF13, Corollary 3.11], PZBZ/pm(E);; o~ P>;BZ/pm(B)[A7 and,
moreover, Pspzn(E)) ~ PZBZ/pm(E)g. O

Corollary 3.3.2. Let p be a prime number. Let X be a 1-connected Postnikov piece. If m,(X)
is a torsion group, then CWpgz;»(X) fits in a fibration

CWBZ/[)’"(X) —d X[/)\ g (X[/)\)Q.

Proof. Let X be a 1-connected Postnikov piece. For some integer n, the n-connected cover
X(n) is an Eilenberg-Mac Lane space. Consider the principal fibration

Kn,X,n-1) > Xn) > X{n—-1)

If n > 3, then K(r,X,n — 1) and X(n) are 1-connected inifite loop spaces whose second

homotopy group is a torsion group, hence Pspz/ (K (7w, X, n — 1))1/; = Pspzm(X(n)), = * by
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Proposition Therefore Pspzn(X(n — 1)), = * by Lemma An iteration of the
same argument shows that Psgz (X (2))2 ~ %, Thus, look at the fibration

X(2) - X - K(m,X,2)

where Pspz) (X(Z));\ ~ Pspz)m(K(m X, 2))2 ~ x (the last one happens because K(m,X,?2) is a
I-connected inifite loop spaces with second homotopy group is a torsion group and Proposi-
tion3.2.3)). Hence Lemmam shows that Pypz,,m(X)) = * and finally we get the fibration

on account to Theorem O

3.3.2 Infinite loop spaces related with K-theories.

The cellularization of the inifite loop spaces BU and BO and some connected covers of BO
with respect to K(Z/p,m) appears in [CCSO7] for all m > 2. Specifically, for all m >
2, CWgz/pm)(BU) = CWkz)pm(BSU) = = (|[CCSO07, Example 5.5]), CWkz/pm)(BO) =
CWK(Z/p’m)(BSO) = CWK(Z/p,m)(BSpl.I’l) ~ x and CWK(Z/,,,m)(BString) ~ x for all m > 2 and
CWkz/p2)(BString) =~ K(Z/p,2) ([CCSO7, Proposition 6.5]). Moreover [CCSO7, Proposi-
tion 1.6] establishes that the BZ/ p-cellularization of these spaces must have infinitely many
non-vanishing homotopy groups.

In this section we want to compute the homotopy groups of these spaces and BSp with
respect to BZ/p and, more generally, with respect to BG, where G is a finite abelian group.

Hence, if {py, ..., p,} is the set of prime dividing |G|, then we get the fibration sequence
CWia(E) = [ | Ep = (| | Epos
i=1 i=1

under good hypothesis, according to Corollary Hence we can compute easily the ho-
motopy group of CWpg(E) in terms of the homotopy groups of E.

Example 3.3.3. Let U(m) be the unitary group of degree m and let BU = | J,,_, BU(m). Hence
BU is the classifying space of complex vector bundles. Note that BU is an infinite loop space
which homotopy groups are

Z, ,if iis even,
m{BU) ={ 0 ,ifiisodd,

Hence m,BU is not a torsion group. But from the equivalence BU ~ BSU X BS' and
by Theorem CWpe(BU) = CWpg(BSU) x CWps(BS'), where BSU = BU(2) is a
I-connected infinite loop space which m,(BSU) a torsion group (in fact, it is 2-connected).
We can apply Corollary [3.2.4to BSU and we get the following fibration

CWya(BSU) - | | BSU), — (| | BSU)a.
i=1 p=1
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Fix p € {p1,...,ps}. Since BSU is 1-connected, by [BK72, Example 5.2], ﬂ*(BSU;,\) =
Z,®n,BSU, ie.,
7 ifiisevenandi > 4
. AY ~ p > =
7i(BSU,) = { 0 ,otherwise.

and .
| 2,®Q ,ifiisevenandi > 4,
mi((BSU,)g) = { Op , otherwise.

Therefore, the long exact sequence of homotopy groups associated to the previous fibration
is:

e If j > 2, then

o >0 = ;CWpa(BSU) - []L, Zpi - H;?ZI(ZM ® Q) = mj-1CWpa(BSU) -0 - - - -

e If j <2, then

.. —>0—>7T2jCWBG(BSU)—>O—>0—>7T2j_1CWB(;(BSU)—>O—> cee

Therefore,
[1L,Z/p> ,if jisoddand j # 1,

7;CW(BSU) = { 0 , otherwise.

Note now that CWpg(BS') ~ []L, BZ/p}, where r; = max{ri,...,r;}. Because BS' is
nilpotent (it is 1 -connected) and hence CWp;(BS!) is the homotopy fibre of

[ [eWsa(BSY;, = (] | CWaa(BSHj)o.
i=1 p=l

by Corollary Furthermore CWpg(BS ') =~ CWpq,(BS')) by Proposition (ii) and
Proposition (i), and CWpq, (BS 1)) =~ CWy, 11 (BS ")) by Remark and, moreover,
CWpg, P (BS'") =~ BZ/p;' since map,(BZ/p', BS") is homotopically discrete with components
Hom(Z/p},S") = Hom(Z/p!,Z/p}").

Finally, we get

[T~ Z/p} Lijj=1,
niCWpe(BU) = 1 Z/p> L if jisodd and j # 1,
0 , otherwise.

Note that we get CWps(BSU) ~ CWps(BU)(2).

Example 3.3.4. Let O(m) be the ortogonal group of degree m and let BO = | J,,_, BO(m).
Hence BO is the classifying space of real vector bundles. Note that BO is a infinite loop space
which homotopy groups are

Z/2 ,ifi=1,2 mod 8,
1 (BO)=<{ Z ,ifi=0,4 mod 8,
0 ,ifi=3,5,6,7 mod 8.
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Note that BO is not 1-connected. Consider BSO = BO{1), we have BO ~ BSO X BZ/2,
where BS O is a 1-connected inifite loop space which m, BSO = Z/2, a torsion group. There-
fore, by Corollary [3.2.4) we obtain the following fibration

CWy(BSO) - | | BSO), — (| | BSO))a.
i=1 p=1

where for all p € {py,..., p.},

Z2/2®7, ,ifi=1,2 mod8andi# I,
m(BSOY) =1 7, ,ifi=0,4 mod 8,
0 ,ifi=3,5,6,7 mod 8ori=1.

by [BK72, Example 5.2]; and

2/207,8Q ,ifi=1,2 mod8andi# 1,
m(BSOy)g) =4 2,8 Q ,ifi=0,4 mod 8,
0 ,ifi=3,5,6,7 mod 8ori=1.

Therefore, the long exact sequence of homotopy groups associated to the above fibration
becomes

e for j=1,2, mod 8and j # 1,
ro——= 00— 1;,CWpG(BSO) — 1., 2/2® Z,, —= 0 —> - --
e for j=3,7 mod 8,

. ,‘>()‘>7Tj+]CWBG(BS0)‘> ?:1 ij‘> H;:I(ZP_,' 03] Q)%ﬂ]CWBG(BSO)a()» -

e for j=5,6 mod 8or j=1,

... —>0——nj(CWpsBO)——=0—— ...

and hence,
M. 2/2®2Z,, ,ifj=1,2 mod8and;# 1,
n,CWps(BSO) = { [1, Z/p;° ,if j=3,7 mod 8§,
0 ,if j=0,4,5,6 mod 8or j=1.
where

n

Z/2 7if2€{pl"~"pn}a

Z/2®ng{0 JAE2 ¢ {p1,....pa}

j=1
Moreover, by Theorem@4.1.7}

Z[2 Jif2€{pi,...,pn}

CWpe(BZ/2) 2{ 0 if2 ¢ {p1,....pal

And finally:
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o If2e{py,...,p,}, then

Z/2 ,if j=1,2 mod 8,
7(CWseBO) =4 [1,Z/p> ,if j=3,7 mod 8,
0 ,if j=0,4,5,6 mod 8.
o If2¢{py,...,p,}, then
n7)p® Lif j=3,7 mod 8,
. — i=1 i
7(CWsBO) { 0 ,if j=0,1,2,4,5,6 mod 8.

Ana to the case BO and BSO, we get CWpgs(BSO) = CWprs(BO)(1).

Example 3.3.5. Let now consider the spaces BSpin = BO(4) and BString = BO(8). These
spaces are 1-connected infinite loop spaces which second homotopy group is a torsion group.

Therefore Corollary shows that

CWpe(BSpin) — H(BSpin)lA,i - (ﬂ(BSpin)IA,I,)Q, and
i=1

i=1
CWp(BString) — H(BString);[_ - (H(BString);i)Q.
i=1 i=1

Hence the long exact sequence of homotopy groups induced by the first fibration becomes
e for j=1,2, mod 8and j # 1,2,

co—— 0 — 1;,CWpa(BSpin) —= 1", 2/2® 2,, —= 0 — - --

e for j=3,7 mod 8 and j # 3,
... 07,1 CWag(BSpin)— [T, Z,—~ [1'=y(Z,, ® Q)—n;CWi(BSpin)—~0— . ..

e for j=5,6 mod 8orj=1,2,3,

and hence,
MM-2/2®2,, ,if j=1,2 mod8and j# 1,2,
n;CWga(BSpin) = [1-, Z[p® ,if j=3,7 mod 8 and j # 3,
0 ,if j=0,4,5,6 mod 8orj=1,2,3.

Similarly, we obtain

M- Z2/2®2,, ,if j=1,2 mod8and j# 1,2,
n,CWpa(BString) = ¢ [, Z/p® ,if j=3,7 mod 8and j# 3,7,
0 ,if j=0,4,5,6 mod 8orj=1,23,7.

One more time, we have that CWps(BSpin) = CWpg(BO){4) and CWps(BString) =
CWpa(BO)(8).
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Example 3.3.6. Let now Sp(m) the compact symplectic group of degree m and let BSp =
U;.-; BSp(m). BSp is a infinite loop space which homotopy groups are

Z/2 ,ifi=5,7 mod 8,
mBSp =3 Z ,ifi=0,4 mod 8,
0 ,ifi=1,2,3,7 mod 8.

Note that BSp is 1-connected which m,BSp = 0, a torsion group. Therefore, by Corollary
[3.2.4) we obtain the following fibration

CWac(BSp) = | |BSp)), = (| |BSp)p)e.
i=1

i=1

Therefore there is a long exact sequence of homotopy groups,

oo = ([T (BSP),,) — 72 (T35, (BSP),)a) = 721 CWaG(BSp) — 7t (T2 (BSp);,.)

|

- < m((TTi21(BSp), o) <— (I 1i (BSp)y,) <—— m;CWG(BSp) <— 7t (ITi21 (BSP)},)0)
where
e If j=1,2 mod 8, then,
co.i——0——m;CWp(BSp)——0——. ..
o If j =3,7 mod 8, then

e o= 0—7j | CWpa(BSp)— [, Zp,— [111(Z,, ® Q)—71;CWps(BSp)—~0— ...

e If j=5,6 mod 8, then

Q2 ¢{pi,--..Pad) 0 7;CWpgs(BSp) 0
(26 {pl,...,pn}) 0 ﬂ‘]CWBG(BSp)HZ/Q,H

Therefore, if 2 ¢ {p1, ..., p,} then

" Z/p* if j=3,7 mod 8,
) — i=1 i
m;CWpa(BSp) { 0 ,if j=0,1,2,4,5,6 mod 8.

andif 2 € {py,..., p,} then

Z]2 ,if j=5,6 mod 8,
n,CWpa(BSp) =3 [l Z/py ,if j=3,7 mod 8,
0 ,if j=0,1,2,4 mod 8.

Note that if 2 ¢ {pi,..., p,}, then CWps(BSO), CWps(BO) and CWpgs(BSp) are weak
equivalent.






Chapter 4

Cellular approximations of classifying
spaces

In this chapter we will discuss the cellularization of p-complete classifying spaces of Lie
groups, and more generally of classifying spaces of p-local compact groups, with respect to
classifying spaces of certain p-torsion groups. The definition and main properties of p-local
compact groups are given in subsection

The first section of this chapter contains a result on the cellular covers of the classifying
space of a finite p-group and then, it applies to the cellularization of Sylow p-subgroups
of finite group. The second section is devoted to describe the cellularization of discrete p-
toral groups, and hence of Sylow p-subgroups of p-local compact groups. In Section 3 we
present a strategy to compute the cellularization of classifying spaces of p-local compact
groups. Stronger results can bo obtained in the particular cases of p-local finite groups and
p-completed classifying spaces of compact connected Lie groups. The kernel of a map from
a classifying space will play an important role.

4.1 Classifying spaces of finite p-groups

If the cellularization of the classifying space of a p-group is, again, a classifying space of a
p-group was an open question solved recently by W. Chachdlski, E. Dror-Farjoun, R. Flores
and J. Scherer, with a positive answer. We computed, independently, the cellularization of
classifying space of finite p-groups with respect to a space with finitely generated abelian
fundamental group. Moreover, this result is an imput in our study of the cellularization of
classifying space of p-local finite group. In this section, P denotes a finite p-group and QP
the (normal) subgroup of P generated by elements of order p’ with i < r.

An initial computation of cellularization of classifying space of finite p-groups is given
from:

Corollary 4.1.1 ([CCS07, Corollary 2.5]). Let r > 1 and let G be a nilpotent group generated
by elements of order p' with i < r. Then BG is BZ/p"-cellular.

This corollary allows to compute the BZ/p"-cellularization of these classifying spaces (see
also [FloQ7, Propositions 4.8 and 4.14]):

39
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Proposition 4.1.2. Let P be a finite p-group. Let r > 0. Then CWpgz,,-(BP) ~ BQ,P.

Proof. The map BQ,-P — BP induced by the inclusion Q, P — P is a BZ/p"-equivalence
because

map,(BZ/p", BQ, P) ~ Hom(Z/p", Q,-P) ~ Hom(Z/p", P) ~ map,(BZ/p", BP).

Then CWpgz,,r(BP) = CWpgz,,,(BQ,-P) and BQ,, P is BZ/p"-cellular by [CCS07, Corollary
2.5], since a finite p-group is nilpotent. O

Remark 4.1.3. This proposition gives a condition about when BP is BZ/p"-cellular: BP is
BZ/ p"-cellular if and only if P is generated by elements of order p’ with i < r. Hence, for any
finite p-group there exists a ry such that BP is BZ/p"-cellular for all r > r.

Now, using Remark and the previous proposition it is easy to prove the following
corollary:

Corollary 4.1.4. Let P be a finite p-group. Let BG be the classifying space of a finite abelian
p-group and let p" = exp(G). Then CWp(BP) =~ BQ,P.

Proof. By Remark@]we get CWyyr pz/pi(BP) = CWpz,,/(BP) and the latter is equivalent
to BQ, P, by Proposition [4.1.2] O

Lemma 4.1.5. Let P be a finite p-group. Let G be a finite abelian group, and G, be the
p-torsion subgroup of G. Let p" = exp(G,). Then CWpg(BP) ~ BQ,P.

Proof. By Corollary we have that CWp, (BP) =~ BQ, P. Note that BG, is a retract of
BG and then BG, is BG-cellular by Proposition (V). Hence BQ, P ~ CWpge, (BP) is
BG-cellular. We will prove that the augmentation agp: B, P =~ CWpg,(BP) — BP is a BG-
equivalence. Let pr: G — G, the projection over G,,. Consider the following commutative
diagram

map, (BG.azp)

map, (BG, B, P) map,(BG, BP)

Bpr* T: ~ T Bpr*

map,(BG,, BQ, P) W map,(BG,, BP)
where the vertical arrows are equivalences, since P and Q- P are p-groups, and the down ar-
row is an equivalence, since BQ,,- P is the BG ,-cellularization of BP. Therefore map,(BG, agp)
is an equivalence, and hence the map CWps(1): CWpa(BQ,P) — CWpg(BP) is an equiva-
lence, where CWps (B, P) ~ BQ,-P. O

Now we know the cellularization of BP with respect to the classifying space of a finite
abelian group. The following proposition gives us a method to extect the previous results to
cellularization with respect to any space with finitely generated abelian fundamental group.

Proposition 4.1.6. Let A be a space with m A an abelian group. Let G and H be discrete
groups. Assume that CWg,, o(BG) =~ BH. Then CW4(BG) ~ BH.
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Proof. Let agg: BH =~ CWpga(BG) — BG be the augmentation map. Note that BmA =~
K(H(A;Z), 1) a retract of SP*(A), an A-cellular space by Proposition Hence BH is
A-cellular because B A is so. Consider now the following commutative diagram

map, (A.agc)

map, (A, BH)

=T

map,(Bm A, BH)

map, (A, BG)

T:

Tap.Gramg MaP.(BmiA, BG)

where the horinzotal arrows are equivalences because G and H are discrete groups, and the
down arrow is an equivalence because BH is the BmrA-cellularization of BG. It follows that
map, (A, apgg) is an equivalence, this implies CW4(BG) ~ CW4(BH) ~ BH, because BH is
A-cellular. O

We can summarizethe previous results in the following theorem:

Theorem 4.1.7. Let P be a finite p-group. Let A be a space with G = m|A a finitely generated
abelian group. Then

(i) If m\A is infinite, then any CW-complex is A-cellular. In particular, BP is A-cellular.

(ii) If mA is finite and a Sylow p-subgroup of G, G, is not trivial, then CW(BP) =~ BQ,, P,
where p" = exp(G,).

(iii) If m\A is finite and (p,|G|) = 1, then BP is A-null and hence CW4(BP) is contactible.
Proof. (1) The result follows from Corollary [2.1.18

(i) From Lemma we get CWg,,a(BP) ~ BQ, P and hence Proposition proves
that CW,(BP) ~ BP".

(iii) In this case Hom(mA, P) = {e} because m;A does not have elements of order p, and
map, (A, BP) ~ Hom(r A, P).
O

4.2 Classifying spaces of discrete p-toral groups

In this section we want to present some results on the cellularization of classifying spaces of
discrete p-toral groups. As in the previous section we want to understand when this spaces are
cellular with respect to the classifying space of a p-torsion group. In this section, P denotes
a discrete p-toral group, Py = (Z/p™)" denotes the maximal divisible subgroup, called the
maximal torus in P, # = P/P, the group of components of P. Let B,» = BZ/p>™ X BZ/p™
for m a non-negative integer. Obviously, not all classifying spaces of discrete p-toral group
will be cellular with respect to BZ/p™ for some m, for instance, CWgz,m(BZ/p™) ~ BZ/p™.
In fact, it is not difficult to compute the cellularization with respect to BZ/p™ or BZ/p™ of a
discrete p-toral group:
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Proposition 4.2.1. Let P be a discrete p-toral group and Py = (Z/p*™)" a maximal torus of P.
Then the inclusion BPy — BP is a BZ/p*-equivalence and hence CWpgz;,~(BP) ~ BP,,.

Proof. Let m = P/P, be the group of components of P. Consider the fibration

BP,~BP-%Bn

and if we apply it the functor map,(BZ/p™, —), then we get the fibration

map,(BZ/p*, BPO)gmap*(BZ/ p~, BP)—map,(BZ/p*, Br).,

where map,(BZ/p™, Br). is the connected component of the constant map c: BZ/p™ — Br
and map,(BZ/p®, BP),. are the connected components of map,(BZ/p*, BP) that map into
map,(BZ/p*, Brr). via g.. Since map, (BZ/p~, Bn) = Hom(Z/p®~, n) = {e}, map,(BZ/p™, Br)
is connected and hence map,(BZ/p®, Br). ~ map,(BZ/p~,Bnr) ~ %. Therefore, f. is a
BZ/p~-equivalence and CWgz)p~(BP) =~ CWgg),~(BPy) ~ BPy, since BPy = (BZ/p~)" is
BZ/ p*-cellular. O

The study of the BZ/p-cellularization of discrete p-toral group is described in [[CF13]
Exmaple 6.16] and it is not difficult to extend this result to BZ/p™-cellularization:

Proposition 4.2.2. Let P be a discrete p-toral group. Then the BZ/p™-cellularization of BP
is equivalent to BQ,»(P).

Proof. Note that
map, (BZ/p", BP) ~ Hom(Z/p"™, P) ~ Hom(Z/p", Q,nP) ~ map,(BZ/p"™, BQ,(P)),
that is, the map BQ,»(P) — BP is a BZ/p"-equivalence, hence
CWpgz)m(BP) = CWpzyym(BQ,m P)
and BQ,,» P is BZ/p™-cellular according to Theorem O

Nevertheless, BZ/p™ is BZ/p~-cellular and, in particular, (BZ/p™ x BZ/p™)-cellular for
all m > 0. The main goal of this section is to prove that for any classifying space of a discrete
p-toral group there is a my > O such that it is cellular with respect to BZ/p™ x BZ/p™ for all
m = my.

If 7 is a finite group and x € x is an element of order |x| < p™, then there is a homomor-
phism a,: Z/p™ — n defined by a,(1) = x. We denotes by f,: BZ/p™ — Bnr the map induced
by the homomorphism «, in classifying spaces.

The next proposition is a result about lifting of maps from BZ/p™ to the group of compo-
nents of a p-toral group.

Proposition 4.2.3. Let P be a discrete p-toral group, Py = (Z/p*™)" a maximal torus of P and
7 the group of components of P. For any generator x of nt there is a m, > 0 such that the map
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fi: BZ/p™ — Bn lifts to BP, that is, there is a map f.: BZ/p™ — BP such that the following
diagram

) BP
i - 7 J/Bpr

e

BZ/p"™ —— B,

is commutative, i.e., such that Bpr o f, = f.

Proof. Let x be a generator of 7 and let g € pr~'(x). Let Q the cyclic subgroup of P generated
by g, hence Q = Z/p™ for certain m since P is locally finite p-group (see [BLOO7, Proposition
1.2]). Therefore if we define f,: BZ/p™ — BP as the map induced in classifying spaces of
the homomorphism 8, : Z/p™ — P given by B,(1) = g, then Bpr o f, = f, if and only if
pro By = ay, and pr(B.(1)) = pr(g) = x = a.(1). O
Remark 4.2.4. Note that given x a generator of & the integer m, does not depend on the choice
of the pre-image g € pr~'(x), becuase if g,h € pr-!(x), then (g) = Z/p™, (h) = Z/p™ and
there exists a t € P such that t - Z/p™ - t! = Z/p™, that is, ¢, : Z/p™ — Z/p™ is an
isomorphism, and hence m, = my,.

Then, we are ready to prove the main result of this section (we follow ideas in [[CCSQ7]):

Proposition 4.2.5. Let P be a discrete p-toral group. Then there is a non-negative integer my
such that BP is B,n-cellular for all m > my,.

Proof. Consider the Chachdlski’s fibration CWp,,,(BP)—~BP—*~Psp ,.(C). If we prove that
g = = then BP is B.-cellular, because if g ~ *, then C WBpm (BP) ~ BP x QPzBpm (C), hence

* = PBpm (CWBpm (BP)) =~ PBpm (BP) X PBpm (QPZBPW )

and QP;BP,,, (C) = Pg,, (QPEBpm(C)) ~ . Finally Psp,, (C) =~ because it is connected.

Now consider the fibration

BP,——>BP-"- Br.

Note that, on the one hand,
map, (BPy, QPs;,,,(C)) ~ map,(BPy, Ps ,,(QC)) ~ map,(Pg ,(BPy), Py ,(QC)) = *,

because BP is B »-cellular and hence Pg (BPy) =~ *. That means, QPZBP,,, (C) is BPy-null.
On the other hand, since BP, is B,»-cellular, there is a map

i: BPy > CWs, (BP)
such that the following diagram
BP

e

CWBpm (BP) < BP al PZBpm (C)

prr

Br
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is commutative. Therefore got ~ goc ol ~ *. Hence, by Zabrodsky’s Lemma, there is a map
g: Bn — Psp ,,(C) such that the following diagram
P

N

0
CWsg,,(BP) —— BP Psp,,(C)

Bpr
g

Br

is commutative and g =~ = if and only if g = x*.

We will prove that BP is B,.-cellular or equivalenty that g ~ * by induction over the
order of 7. Assume first that ¥ = Z/p”. By Proposition there is a m > 0 and a map
f: BZ/p™ — BP such that Bpr o f = f = Ba, where a(1) is the generator of 7 = Z/p’.
Moreover, since BZ/p™ is B,»-cellular there is a map ]_‘: BZ/p" — C WBpm (BP) such that the
following diagram

CWg,(BP) —— Bp —"— Psp,,(C)

A .
7 / pr, -
| f 8

BZ/p™ BZ[p

is commutative, i.e., go f ~ goco f ~ % hence go f =~ % Therefore g ~ *, because
fori > 1, m,(BZ/p") = 0 and hence m;(g) = 0, and since (1) is the generator of Z/p",
m(g)a(l)) = m(go f)(1) =0.

Let {xi,...,x,} be a minimal set of generators of 7 and let H < & the normal subgroup
generated by xi,..., x,_ and its conjugates by powers of x,, since r is nilpotent (it is a finite
p-group) there is a short exact sequence

where Z/p“ is generated by the image of x,. Consider the pull-back of Bpr over Bj, we obtain
the diagram

BP, —— BP,

|

BP ——~pp—*> Ps,,(C)

lpr/ \LBV
Bj

BH —— Bn

where BP’ is also the classifying space of a discrete p-toral group. By induction BP’ is B -
cellular, hence g o h ~ *, because map,(BP’, Psp ,,(C)) ~ map (BP’',CWg , (Psp . (C))) = .
Therefore g o Bj ~ % by Zabrodsky’s Lemma.
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Consider now the diagram

B({x,) N H) BH
| e
J
B((x,)) Br—*—> P55, (C)
l \L g’/ - 7
BZ|p* ——— BZ/p"

By induction BH is B,»-cellular, hence Psp,(BH) ~ and therefore
map*(BH’ PZB,,m(C)) = map*(PZBpm(BH)’ PZBPm(C)) =k,

By Zabrodsky’s lemma there is a map g': BZ/p* — Psp ,(C) making the previous diagram
commutative and such that g ~ « if and only if g’ ~ *. Now again Zabrodsky’s lemma applied
to the left fibration gives glp,) = * if and only if g" ~ . Since B({x,)) is B,»-cellular by
induction, map,(B({x,)), Psp . (C)) ~ = and we get g|p(y,y = *, hence g ~ =, and finally BP is
B,»-cellular. O

4.3 Classifying spaces of p-local compact groups

In this section we give the strategy to compute the cellularization with respect to A of the
classifying space of (S, ¥, £), a p-local compact group, where A is a classifying space of type
BZ/p™ or BZ/p*® x BZ/p™ for m > 1. This section is divided in two subsection. In the first
subsection we present the basic definitions and result about p-local compact group (we follow
the source [BLOO7]]). The second one is devoted to the concept of the kernel of a map. In the
third one we will describe the kernel of the map r;,\: |£|1A7 — Pss(C)%, used to compute the
A-cellularization of | L] .

4.3.1 p-local compact groups

In this section we want to introduce the concept of “p-local homotopy theory” of classifying
spaces of finite groups, or more generally of compact Lie groups, this means, the homotopy
theory of its p-completion. If G is a finite group, then it turns out that there is a close connec-
tion between the p-local homotopy theory of BG and the “p-local structure” of G, this means,
the conjugacy relations in a Sylow p-subgroup of G. This connection then suggested the
construction of certain spaces which have many of the same properties as have p-completed
classifying spaces of finite and compact Lie group: the classifying spaces of “p-local finite
groups” and “p-local compact groups”.

A p-local compact group is an algebraic object which consists of a system of fusion data
in a discrete p-local group S, as formalized by LI. Puig in the finite case and generalized by
C. Broto, R. Levi and B. Oliver. Such objects have classifying spaces which satisfy many of
the homotopy theoretic properties of p-completed classifying spaces of finite groups.

We need to describe discrete p-toral group, which play the role of Sylow p-group in p-
local compact groups:
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Definition 4.3.1. A p-toral group is a compact Lie group P which contains a normal subgroup
Py < P, isomorphic to a torus, i.e, Py = (S')", and such that the quotient P/P, is a finite p-
group.

For such a group, we say that Py is the connected component or maximal torus of P and
P/ Py is the group of components of P.

The rank of a p-toral group P is the rank of the maximal torus P,. That is, if Py = (S'),
then rk(P) = r.

We have that a p-toral group is a central extension of a torus and a finite p-group, in this
way a discrete p-toral group is a central extension of a discrete p-torus, that is, a finite produt
of copies of Z/p™, and a finite p-group.

Definition 4.3.2. A discrete p-toral group is a group P which contains a normal subgroup
Py < P, isomorphic to (Z/p*)", and such that the quotient P/Py is a finite p-group. In this
case, the rank of P is rk(P) = r, the connected component or maximal torus of P is P, and
P/ Py is called the group of components of P. If P = Py, then P is called connected.

A particular case of discrete p-toral group are the finite p-groups. In fact, a finite p-group
is a discrete p-toral group of rank 0.
Therefore a fusion system over a discrete p-toral group is defined as follows:

Definition 4.3.3. A fusion system over a discrete p-toral group S is a category ¥, where
Ob(F) is the set of all subgroups of S, and which satisfies the following two properties for all
P,O<S:

(a) Homg(P, Q) € Homg(P, Q) C Inj(P, Q); and
(b) each ¢ € Hom# (P, Q) is the conposite of an isomorphism in ¥ followed by an inclusion.

Let G be a finite group and let S be a Sylow p-sugbroup. The p-fusion system of G over S
is the category F5(G) where Ob(¥5(G)) is the set of all subgroups of S and Morg, (P, Q) =
Homg(P, Q) for all P,Q < §, where Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢, for some g € G}.
Fs(G) is a fusion system over S € Sylp(G).

To define a p-local compact group we need to define a special class of fusion system, the
saturated fusion system, and for this we have to introduce the following technical definitions:

Definition 4.3.4. Let ¥ be a fusion system over a discrete p-toral S. Two subgroups P, Q < §
are said to be F -conjugated if they are isomorphics as objects of F .

Definition 4.3.5. Let ¥ be a fusion system over a discrete p-toral S':

(i) A subgroup P < S is F -centric if Cs(P’) = Z(P’) for all P’ < § which are ¥ -conjugate
to P.

(i) A subgroup P < S is ¥ -radical if Outy(P’) = Auty(P)/ Inn(P) is p-reduced, i.e., if
0,(Outs(P)) = 1.

If £ = F5(G) for some finite group G, then P < § is ¥ -centric if and only if P is p-centric
inG (i.e., Z(P) € Sylp(CG(P))), and P is ¥ -radical if and only if Ng(P)/P-Cs(P) is p-reduced.
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Definition 4.3.6. Let ¥ be a fusion system over a finite p-group S':

(i) A subgroup P < S is fully centralized in ¥ if |Cs(P)| > |Cs(P’)| for all P” < § which is
F-conjugate to P.

(i1) A subgroup P < S is fully normalized in F if [Ng(P)| > |Cs(P’)| for all P* < S which is
F-conjugate to P.

(iii) ¥ is a saturated fusion system if the following two conditions hold:

(D) For all P < S which is fully normalized in 7, P is fully centralized in ¥, Out#(P)
is finite, and Outs (P) € Syl (Outy(P)).

D) If P < S and ¢ € Homg(P, S) are such that ¢(P) is fully centralized, and if we set

N, ={g € Ns(P) | pcop™" € Auts(p(P))},

then there is ¢ € Homg#(N,, S) such that ¢|p = ¢.

(IIl) If P, < P, < ...1is an increasing sequence of subgroups of S, with P, = ;2 P,
and ¢ € Hom(P., S) is any homomorphism such that ¢|p, € Hom#(P,, S) for all
n, then ¢ € Homg (P, S)

If G is a finite group and S € Syl (G), then the category F5(G) is a saturated fusion system
(see [BLOO3Db, Proposition 1.3]).

The role of the p-completed classifying space of a finite group G is replaced by the p-
completion of the nerve of certain category associated to a saturated fusion system.

Definition 4.3.7. Let # be a fusion system over a discret p-toral group S. A centric linking
system associated to ¥ is a category L whose objects are the ¥ -centric subgroups of S,

together with a functor n: £ — F°¢, and “distinguished” monomorphisms P> Aut r(P)
for each ¥ -centric subgroup P < S, which satisfies the following conditions:

(A) mis the identity on objects and surjective on morphisms. For each pair of object P, Q < L,
Z(P) acts freely on Mor (P, Q) by composition (upon identifying Z(P) with 6p(Z(P)) <
Aut,(P)), and 7 induces a bijection

Mor (P, Q)/Z(P)—— Homy(P, Q).

(B) For each ¥ -centric subgroup P < S and each g € P, m sends (6p(g)) € Autg(P) to
¢, € Autg(P).

(C) Foreach f € Mor (P, Q) and each g € P, f o 6p(g) = dp(7f(g)) o f.

Let G be a finite group and S € Syl (G), then the associated linking category of G over S
is the category Ls(G) where Ob(Ls(G)) is the set of all subgroups of S and Mor £ (P, Q) =
{x € G| xP'x < Q}/OP(Cs(P)) for all P,Q < S. The category Ls(G) is a centric linking
system associated to Fg(G).

Finally, the definition of p-local compact group is the following:
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Definition 4.3.8. A p-local compact group is defined to be a triple (S, ¥, L), where S is a
discret p-toral group, ¥ is a saturated fusion system over S, and L is a centric linking system
associated to . The classifying space of the triple (S, ¥, £) is the p-completed nerve |L]).
If S is a finite p-group, hence (S, ¥, £) is called p-local finite group.

Given a finite group G with Sylow p-subgroup S, then (S, F5(G); Ls(G)) is a p-local
finite group with classifying space | L (G)Ig ~ BGIA7 (see [BLOO3a, Proposition 1.1]). Given
a compact Lie group G it is possible construct a saturated fusion system ¥ (G) over a certain
discret p-toral subgroup S of G and a linking systems Ls(G) associated to Fs(G) such that
|Ls(G), = BG}, as follows

Let G be a compact Lie group, the fusion system of a compact Lie group is defined as
follows: For any S € Syl,(G), #5(G) is a category which objects are P < S and for all
P,O<S,

Morg ) (P, Q) = Homg(P, Q) = Ng(P, Q)/Cs(P)

is the set of homomorphisms from P to Q induced by conjugation by elements of G.

Theorem 4.3.9 ([BLOQ7/, Theorem 9.10]). Fix a compact Lie group G and a maximal dis-
crete p-toral subgroup S € Sylp(G). Then there exists a centric linking system L(G) associ-
ated to Fs(G) such that (S, Fs(G), Ls(G)) is a p-local compact group with classifying space
|-Ls (G)IIA, ~ BG;.

One of the standard techniques used when stduying maps between p-completed classifying
spaces of finite groups is to replace them by the p-completion of a homotopy colimit of simpler
spaces.

Definition 4.3.10. Let ¥ be a saturated fusion system over a discrete p-toral group S. The
orbit category of F is the category O(F ) whose objects are the subgroups of S, and whose
morphisms are defined by

Moro) (P, Q) = Reps(P, Q) := Inn(Q)/ Homg(P, O).

We let O°(F) denote the full subcategory of O(%) whose objects are the ¥ -centric subgroups
of S. If L is a centric linking system associated to ¥, then 77 denotes the composite functor

ft: L—"SF—0(F)
We next look at the homotopy type of the nerve of a centric lonking system.

Proposition 4.3.11. Fix a saturated fusion system ¥ over a discrete p-toral group S and an
associated centric linking system L, and let &1 — O°(F) be the projection functor. Let

B: O°(F) — Top

be the left homotopy Kan extension over i of the constant functor £L——Top. Then B is a
homotopy lifting of the homotopy functor P — BP, and

|.£| = hOCOlimOc((}-) (B) .
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We will use an important class of subgroups of S that are preserved by fusion:

Definition 4.3.12. Let ¥ be a fusion system over a discrete p-toral S. Then a subgroup K C S
is strongly ¥ -closed if for all P < K and all morphism ¢: P — S in ¥ we have ¢(P) < K.

Note that if G is a finite group and Sin Syl (G), K € § is strongly ¥5(G)-closed if and
only if K is strongly closed in G, i.e., if for all k € K and g € G such that c,(s) € S, then
cy(s) € K.

It is easy to see that an intersection of strongly ¥ -closed subgroups is a strongly ¥ -closed
subgroup. Hence note that, given a subgroup P < §, we can consider the smallest strongly
¥ -closed subgroup of S that contains P.

4.3.2 The kernel of a map from a classifying space

The kernel of map f: BG), — Y,, where G is a compact Lie group and Y, is p-complete
and XBZ/ p-null space, is defined by D. Notbohm in [Not94]]. He defines it, for a fixed Sylow
p-subgroup § of G, by ker(f) := {g € S | flpey = *}. In general, following Notbohm’s
description,

Definition 4.3.13. Let (S, ¥, £) be a p-local compact group and let ¥, be a p-complete and
LBZ/p-null space. Let f: | L]} — Y, be a pointed map. Then

ker(f) :={g €S | flag = *}.
The first question about ker(f) C § is: is ker(f) a (normal) subgroup of S ?

Proposition 4.3.14. Let f: |L]; — Y, as in Definition Then ker(f) is a normal
subgroup of S.

Proof. Let x € ker(f), since (x) = (x!), x™! € ker(f). Hence to prove that ker(f) is a group
we have only prove that if x, y € ker(f), then xy € ker(f).

Consider the composite B{x,y) — BS — X — Ylf, by [Not94, Proposition 2.4], this
map is null-homotopic, because x,y € ker(f). Hence flpyy = *, since {(xy) < (x,y). Then
xy € ker(f).

To prove that ker(f) is normal in S, let x € § and y € ker(f). Hence we have to prove
that xyx~' € ker(f). Let tzp: BP — BS the induced map by the inclusion of a subgroup
Pof S in S. Since ¢,: (y) — {(xyx~') is an isomorphism, Lp(yx-1y © Bcy = 1p(y), and hence
FlBiyety = flay © Bex = , because flgyy ~ *. Then xyx™"' € ker(f). o

Now, we are interested in proving that ker(f) is a strongly ¥ -closed subgroup of S.

Proposition 4.3.15. Let f: |L|) — Y} as in Definition Then ker(f) is strongly F -

closed.

Proof. Let P < ker(f) and ¢: P — §. First, let x € P, we want to prove first that ¢(x) €
ker(f). as in the previous proposition, tp )y © By = gy and hence flp) = flaw © Be = *,
because flpwy =~ *. Then p(x) € ker(f). Since ¢(P) = {(p(x) | x € P) and flpv) = * for all
x € P, o(P) < ker(f). O
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Furthermore, Dwyer proves in [Dwy96, Theorem 5.1] that if we have a compact Lie group
G (in particular a finite group), then a map f: BG, — Y, where Y is p-completed and
YBZ/p-null, is null-homotopic if and only if f is null-homotopic restricted to the classifying
space of a Sylow p-subgroup, this means, f is null-homotopic if and only if ker(f) = S. Now
we will prove a version of this theorem for p-local compact groups:

Theorem 4.3.16. Let (S, ¥, L) be a p-local compact group. Let Y, be a p-complete and
LBZ/p-null space. Then a map f: | L]} — Y is null-homotopic if and only if ker(f) = S.

Proof. Obviously if f ~ * then f|ps ~ * and hence ker(f) = S. Hence, assume that f|gs ~ *,
we have to prove that f = *. According to the Propositiond.3.11} | L[} = (hocolimo«((BP))),
where BP denotes the homotopy lifting B for P € F¢. Note that f|gp ~ * for all P € F¢
because the map BP — |L|)) factorizes by BS. Therefore we have two maps

f
(hOCOlim()c(q.')(BP));; :*; Yl/7\ N

such that f|gp =~ *|gp =~ * for all P € F°. Moreover, the obstructions for this maps to be homo-
topic are in limgc(ﬁ ni(map(BP, Y)).), fori > 1. Since a BZ/p-null space is BQ-null for any fi-
nite p-group Q (by Lemma ) ,Y ﬁ is XBP-null and hence map,(BP, Y, ﬁ) 1s homotopic dis-
cret, therefore map, (BP,Y If)c ~ % and, from the fibration map,(BP, Y If)c — map(BP, Y If)c —
Y 1’,\, we obtain map(BP, Y If)c ~Y ;\. Hence the obstructions live in limé)c(ﬂ m(Y ;) and to finish
the proof we will prove that limgc(ﬁ ﬂ*(Y[/)\) = 0. Note first that JT*(YI/)\) is a constant functor
in O°(F) because if we have a homomorphism ¢: P — Q in ¥¢, hence we get the following
diagram

map(BQ, Y"), B map(BP, Y}).

Y, Y,

id
Moreover, by hipothesis, Y If ~(Y ;\ 2, and hence we can consider 7. (Y If) as a constant functor
n.(Y)): O(F)® — Zy). Let F = m(Y)). Fix P in O°(¥)® and consider the functors
0T~ Ly

mY) ,if Q=P,

Fr(Q) ::{ 0 LifQ=P.

and Fp(Q) := F(Q)/Fp(Q). By the exact sequence of lim’ associated to the exact sequence
of functors 0 —» Fp —» F — Fp — 0, if we can prove that limi)f(gc) Fp = 0 then we obtain
limp ) F = limpy. g Fp, where Fp(Q) = n.(Y If) for Q # P and Fp(P) = 0. Repeating
this method, taking as F the functor F'p in each step, a finite number of times we get that if
limg, -, Fp = 0 for all P € O°(F) then limy, &, 7:(Y;)) = 0. Therefore, according to [BLO03b!
Proposition 3.2], lim’()c(ﬂ Fp = N(Outg(P); .Y 1’,\). But by [JMQ92, Proposition 6.1 (i)], if
p 1| Outg(P)| then

(Y)Y i i =0,

A(Outy (P); 7. Y;) = { 0 i
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and if p | | Out(P)| = | ker(Outg(P) — Aut(n*(Ylﬁ)) = ()| then by [JMO92, Proposition 6.1
(ii)], A/(Outg(P); . (Y, ) = 0. From this we get that limgc(ﬂ m(Y)) = 0and finally f ~ «. O

In order to complete the previous proof, we need to prove the following result. This
statement is a particular case of Theorem 9.8 in Miller’s proof of Sullivan conjecture [Mil84].

Lemma 4.3.17. If X is a BZ/ p-null space then X is BP-null for all finite p-group P.

Remark 4.3.18. The previous lemma can also be proved by using Lemma 6.13 in [Dwy96]
which states that Pgz,,(BP) is contractible. Then map, (BP, X) ~ map,(Pgz/,(BP), X) = x, if
X is BZ/p-null. A direct proof can be obtained by induction (using the central extension of a
p-group) and Zabrodsky’s Lemma.

4.3.3 The cellularization of a classifying space

Assume now that there is a map ¢: \/; A — |L|, where I is a finite set, such that the mor-
phism of sets ¢..: [A, \/;A]l. — [A, |‘E|/p\]* is surjective. Hence if C denotes the homotopy cofi-
bre of ¢, Theorem shows that CW,(|L]}) is the homotopy fibre of r: |L]} — Pgs(C).
Moreover, since C is 1-connected, Pspz, pr(C)f, is so, and hence we can consider ker(r;\), be-
cause by [Mil84, Theorem 1.5],

map, (£BZ/p, PZBZ/p'(C),A,) ~ map,(XBZ/p, Pspz,y (C)) =
map, (Pspz,(EBZ/ p), Pspz)p (C)) = *,

where Pspz),(XBZ/p) =~ * because LBZ/p is LBZ/p"-cellular, i.e., Psz/pr(C);\ is BZ/ p-
null. The main goal in this section is to prove the following theorem:

Theorem 4.3.19. Let (S,F, L) be a p-local compact group. Assume that H,(|L|};Z) is a
finite group and that there is a map ¢: \/;A — |.£|IA,, where 1 is a finite set, such that m(¢)
is an epimorphism and ¢.: [A,\/;A]l. = [A, |‘£|1A7]* is surjective. If ker(ry) = S, then the
augmention map dy, : C WA(|£|’;) — |L|1A, is a mod p-equivalence.

And the following corollaries:

Corollary 4.3.20. Let (S, F, L) be a p-local compact group as in Theorem IfILD) is
nilpotent and ker(r)) = S, then CW4(|L]}) fits into a fibration

CWA(LL) = 1LY = (Lo

Proof. Note that since | L]} is nilpotent, CW,(|L]}) is nilpotent by [CF13, Lemma 2.5] and we
can consider the Sullivan arithmetic square:

CWA(I-[:l;;\) Hq prime CWA(|‘£|;)\)2

i i

(CWA(l-Elg))Q I (Hq prime(CWA(l-Elé;\)(/i\)Q
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Now, since H,(A; Q) = 0 and H.(4;Z/q) = 0 for g # p, (CWA(ILI))q = * and CWA( L)) =
+ for ¢ # p by [CF13, Lemma 2.8]. Moreover, CW,(|Ll})) = |L£[; by Theorem [4.3.19
Therefore the above pullback diagram becomes

CWA(LI)) —— LI}

i |

i (1L1)g

and this finishes the proof. O

Note that if BS is A-cellular, then Py, (C) =~ *. Therefore Pss(C )[A, ~ x and hence ker(rlf) =
S. This proves the following corollary:

Corollary 4.3.21. Let (S, ¥, L) be a p-local compact group as in Theorem IfILl is
nilpotent and BS is A-cellular, then CW,(|L]}) fits into a fibration

CWA(LL) = 1L = (L))o
Furthermore, there exists a non-negative integer mg such that

CWi, (1£15) = 1L} = (LI})g
is a fibration for all m > m.

Proof. If BS is A-cellular, then ker(rlﬁ) = S and apply Theorem4.3.19, Moreover, by Propo-
sition there is a non-negative integer m, such that BS is B,»-cellular for all m > m,. O

Note that if () is surjective, then C is a 1-connected space, by Seifert-Van Kampen’s
theorem, and so is Pg4(C). Hence by [BK72, Lemma I1.5.1] we get the fibration

CWaA(LINA-L1 L) 2 Psa(C)).
We will begin proving the following technical lemmas:

Lemma 4.3.22. Let (S,7,L) be a p-local compact group as in Theorem 4.3.19, Then the
fundamental group of PA(CWa(Ll})}) is a finite p-group and hence PA(CWa(IL]))}) is a
p-good space.

Proof. Let Y = CW4(IL]}),. We want to prove that 7Y is a finite group, because the homo-
morphism 1Y — 7 P4(Y) is surjective by [Bou94, Proposition 2.9], hence 7 P5(Y) is a finite
group and finally P4(Y) is a p-good space by [BK'72, Proposition VII.5.1].

From the fibration ¥ — |£|2 — Pss(C)5, it is got because C is 1-connected since ¢
induces an epimorphism in fundamental groups, we get the exacte sequence of groups

= m(Pea(0)) » mY —» m( L) — ...

where 7r1(|£|;) is a finite p-group according to [Gonl10, Theorem B.1.6] or [Gon13, Theorem
B.5]. Therefore we have to prove that m,(Pss(C )9) is finite.
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Hurewicz’s theorem shows that HQ(PZA(C)IA,;Z) = ﬂz(PzA(C)/p\), since PEA(C)I@ is sim-
ply connected. Note that since XA is 1-connected, we obtain an epimorphism H,(C;Z) —»
H,(Ps4C;Z) by Proposition [[.2.12] From the cofibration

\A-iLy-c
I
we get, by the exactness axiom in homology, a long exact sequence of homology groups

(L D)L Hy(C 2y H (VA T —
and from here a short exact sequence
0—-kerfi » Hy(C;Z) - Im f, —» 0,

where ker f; C H2(|.£|2;Z), and hence ker f; is finite, and Im f, € H;(\/; A;Z) = 11 (\/; A)wp =
[1;mA, where ;A = Z/p® X Z/p™ or Z/p™. If ;A = Z/p™, then Im f; is finite and fi-
nally so is H,(C;Z). Assume now that m;A = Z/p™ X Z/p™. Therefore, we get Hy(C;Z) =
(Z/p™)" x H' where H' is a finite group and hence m,Pss(C) = (Z/p™)" x H, where H is
a finite group. Py4(C) i1s 1-connected, and consequently it is connected and nilpotent, hence
[BK72| Proposition VI.5.1] shows that there is a splittable short exact sequence

0 — Ext(Z/p~, mPsa(C)) — ma(Psa(C),) — Hom(Z/p®™, 71 Pza(C)) — 0
hence, since Ps4(C) is 1-connected,
m(Psa(C);) = Ext(Z/p™, ma(Psa(C))) = Ext(Z/p™,(Z/p™)" x H).

By [BK72| Example V1.4.4 (i)], Ext(Z/p>~, H) = Zp ® H, a finite group, and by [BK72|
Example V1.4.2], Ext(Z/p~,Z/p*) = 0. Therefore JTQ(PZA(C);,\) is finite. |

One of the known properties of classifying spaces of p-local compact group is that the are
BZ/ p-acyclic up to p-completion, i.e., PBZ/p(ILIIA,);,\ ~ %. Now, we want to proof the same
property replacing BZ/p by certain A:

Proposition 4.3.23. Let W and X be connected spaces such that BZ/p is W-acyclic, W is

FI*(—;Z[%])—acyclic and Pgz;,(X) = Ly 14(X). Then Pw(X) = Pgz;,(X) and hence PW(X);\ is
P

contractible.

Proof. First, Py(X) is BZ/p-null since BZ/p is W-acyclic:
map, (BZ/p, Pw(X)) =~ map,(Pw(BZ/p), Pw(X)) ~ map,(x, Pw(X)) = *.
Hence, there is a map f: Ppz/,(X) — Pw(X) such that the diagram

NPy

X Py (X)

P
ne v -
BZ/p P

Ppzip(X
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1s commutative.

Second, Pgz/p(X) is W-null because Ppz/p(X) =~ LZ[%](X), and LZ[%](X) is W-null since
map, (W, LZ[%](X)) o~ map*(LZ[I%](W),LZ[%](X)) ~ map*(*,LZ[%](X)) ~ %, Hence there is a map
g: Pw(X) — Ppz/,(X) such that the diagram

np
X =l Ppz, p(X )
7

7
7
ey s 8
e

Pw(X

1s commutative.
It follows that f o g = idp,x) and g o f = idpy, (x), i.€., Pw(X) = Ppz;,(X). Finally,
H.(Pw(X);Z/p) = H (Ppz))(X); Z/ p) = H"(Lz11(X); 2/ p) = 0. m

Corollary 4.3.24. Let (S, ¥, L) be a p-local compact group. Then P(|L]}), = *.

Proof. Note that BZ/p is A-acyclic because BZ/p is BZ/p™-cellular and hence A-cellular.
Moreover Ly;1,(A) =~ * because I:I*(A;Z[%]) =~ (. Finally, from [CF13, Proposition 4.11],
P

Przp(ILI5) = Ly1y(1£]7). The result follows directly from the Proposition 4.3.23 O
The next thecnical lemma is leading up to the proof or Theorem 4.3.19}

Lemma 4.3.25. Let (S, 7, L) be a p-local compact group as in Lemma Ifker(r)) = S,
then PA(CWA(1LI})}), is an A-null space.

Proof. Let Y = CWa(|£]}),- We want to prove that P4(Y), is an A-null space, i.e.,
map, (A, Pa(Y),) = *.

Let F be the homotopy fibre of the p-completion map P4(Y) — Pa(Y );,\ and let 7 = m1(Pa(Y)).
By Lemma@.3.22| r is a finite p-group, hence Br is a nilpotent p-complete space and accord-
ing to [BK72, Lemma I1.5.1] we can to p-complete the fibration

P4(Y) — Po(Y) — Br,

where m ) is the 1-connected cover of P,(Y), because m;Br = & acts nilpotently on each
H;(P4(Y);Z/p) (a finite p-group always acts nilpotently on a Z/p-module). We get the com-
mutative digaram of fibrations

F—— Py(¥) — (PA(Y)))

o

F—— Pa(Y) —— Pa(Y))

L]

* Bn=—————=Bn
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Since P,(Y) is 1-connected, it is nilpotent and hence F is nilpotent by [BK72, Lemma
V.5.2]. Moreover, we can to p-complete the top fibration because both spaces are 1-connected
and hence nilpotent and we obtain F; = x. It follows that rr;F are uniquely p-divisible for all
i (see the proof of [BK72, Lemma V.9.4] for more details).

On the other hand, we have the fibration

map, (A, Q(PA(Y),,)) — map,(A, F)y — map,(A, Ps(Y)).
where map, (A, PA(Y)) =~ *. Therefore
Qmap, (A, PA(Y))). ~ map,(A, Q(P4(Y)})) = map, (A, F)
and map, (A, F) ~ map, (A, Fﬁ) by [Mil84, Theorem 1.5], but since Fﬁ =~
Qmap, (A, PAY)). = *.

We have mimap, (A, P4(Y),). = 0 for all i > 1, Therefore the proof is completed by show-
ing that
momap, (A, P4(Y)}) = [A, PA(Y),]. = *.

For this, we want to apply obstruction theory to the following extension problem

F

|

fA(Y)

e np
Ve

APV

Since ker(r)) = S, Theorem shows that r) ~ x, hence we get ¥ = | L]} X Q(Pza(C))).
Hence

PA(Y) = P4(LI)) X PA(QPsA(C))) = PA(IL])) X QPs(Psa(C)))

and
Ps(Y), = Pa(IL]}), X (QPsa(P5a(C)))),

where (QPza(P3a(C)y));, = Q(Pza(Pza(C)y,),), becuase C is 1-connected and hence so is
Psa(Psa(C))); and P4(IL])), = * by Corollary 4.3.24, Hence the extension problem becomes

PA(LD) X F’

|

Py(IL15) X QPss(P3a(C)))

7
—
—~
—~
—~
—

AT Q(Pa(Pea(C)N)))
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where F’ is the homotopy fibre over QPZA(PZA(C)IA,) - Q(PZA(PEA(C)Q);\), a fibrations of
H-spaces. Therefore we can apply obstruction theory over the extension problem

F/

|

QPsaA(P3a(C)y)

7
-~
-~
-
-

A~ = Q(Pss(Psa(C)L))

and, obviously, if we can to resolve this extension problem then we can to resolve the above
extension problem. As m;F are uniquely p-divisible for all i, so are m;F’ for all i, hence
H(A;x iF’") = 0 and, by obstruction theory, there are unique (up to homotopy) lifts over the
above extension problems. It follows that [A, P4(Y),]. = [A, Pa(Y)]. and [A, P4(Y)]. = =. O

Now, we are ready to proof Theorem #.3.19}

Proof of Theorem[d.3.19, Since ker(r)) = S, Theorem shows that ) ~ *. As in
Lemma[4.3.25| we get CW4(IL])), = | L]} X Q(Pza(C)y), and applying P4 and p-completion
we get

PA(CWA(L) ), = Pa(LL)y X Q(Psa(Psa(C)))))

On the one hand, since Ps4(C) is 1-connected, according to [[CF13] Corollary 3.11],
Psa(Psa(C))), = Psa(Pza(0)), = Psa(C);.

On the other hand, PA(CW,(IL]))) = * is a p-good space, PA(CW,(IL[))), = * is A-
null, PA(CW,(ILI))}) is p-good by Lemma and P,(CW4(L[})))) is A-null by Lemma
hence [CF13, Lemma 3.9] shows that P,(CWA(IL[))5),y = Pa(CWa(IL)) = =
Therefore Q(Pza(C),) = =, and since Pss(C), is connected, Psa(C), = . This implies
that CWa(IL])), = |L]}. O

According to the proof of Theorem4.3.19} it is important that C is 1-connected. If C is not
1-connected, then we can reduce the cellularization to another p-local compact group, which
is A-equivalent to the first one, and whose Chachoélski’s cofibre is simply connected. For this
we need the next version of a result of Castellana-Crespo-Scherer:

Proposition 4.3.26 ([CCS07, Proposition 2.1]). Letm > 1 and let F—~E-"~BG be a fibration,
where G is a discrete group. Let N be the (normal) subgroup generated by all elements g € G
of order p' for some i < m such that the map f,: BZ/p™ — BG induced by a,: Z/p™ — G
given by a,(1) = g lifts to E. Then the pullback of the fibration along BN — BG

L BG/S)

oo

BN — BG 2> B(G/S)

induces a BZ/p™-equivalence f: E' — E on the total space level.
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Proof. We want to show that f induces a BZ/p™-equivalence. The top fibration in the diagram
yields a fibration

map, (BZ/p™, E')-L~map,(BZ/p", E)-~>map,(BZ/p", B(G/S)).,

where map, (BZ/p™, B(G/S)). is the component of the constant map, and map,(BZ/p"™, E)
are the components sent to map,(BZ/p™, B(G/S)). via p.. Since the base space is homotopi-
cally discrete, we only need to check that all components of map,(BZ/p™, E) are sent by p, to
map,(BZ/p", B(G/S)).. Thus consider a pointed map h: BZ/p™ — E. The composite p o h
is homotopy equivalent to a map induced by a group homomorphism a: Z/p™ — G whose
image (1) = gisin S by construction. Therefore p o h ~ p’ o 7 o h is null-homotopic. O

Remark 4.3.27. In the original version the authors consider N to be the (normal) subgroup
generated by all elements g € G of order p’ for some i < r such that the inclusion B(g) — BG
lifts to E, but this is not correct. Consider the fibration BZ/ 2$BZ/4$BZ/ 2, this fibration
has not section and hence N = {0}. Then E’ ~ BZ/2 and CWpz,4(BZ/2) ~ BZ/2 # BZ/4 =
CWpz,4(BZ/4), contradicting the proposition. However, N = Z/2 = (g), since f, = p. Hence
E' ~ BZ/4 and f : E’ — BZ/4 is an equivalence, in particular it is a BZ/4-equivalence.
And hence the way to construct this new p-local compact group is the follows:
Proposition 4.3.28. Let (S, , L) be a p-local compact group. Then there exists a p-local

compact group (S, ¥y, Ly) and a BZ/p™-equivalence f: |£N|2 — |,[j|2 such that the homo-
topy cofibre of ev: \/[BZ/p"’,ILNIQJ* BZ[p™ — |Lyl, is 1-connected.

Proof. Let N be the (normal) subgroup generated by all elements g € 7r1(|£|l§) of order p' for
some i < m such that the map f,: BZ/p" — B7r1(|.£|9) induced by a,: Z/p" — 711(|L|IA,),

a,(1l) = g, lifts to ILI;,\. Let X is the pullback of the fibration
LIy — 1L1) — Bry(1£I))

where IZI/[A7 is the 1-connected cover of |£L]7, along BN — Bri(|L]}). Then

LIy —— LI
| ; ¢A
X—1 L0

|

BN — Bmi(I£]))

According to [Gonl10, Theorem B.4.4], there is a p-local compact group (S, Fy, Ly) such that
X =~ | Lyl}. Furthermore, f: X — |£]) is a BZ/p™-equivalence by Proposition

Let now C be the homotopy cofibre of ev: \/ gz, x). BZ/p™ — X. By Seifert-Van Kam-
pen’s theorem, we get the push out of groups

*8z)pm x1. L] P™ Mﬂ'lx

l l

{e} mC
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where mX = N. If we prove that m;(ev) is an epimorphism, then m;(C) = {e}. Hence, let
x € mX = N < m(£L])) a generator, we have to find a map g,: BZ/p™ — X such that
mi(g)(1) = x. Let f/: BZ/p™ — BN such that m;(f,)(1) = x and let f, the composite
BZ/p™ — BN — Bﬂl(ILI[A,). By definition of N, there is a map f,: BZ/p" — |L|1A7 such that
the following diagram

BN — B (L)

commutes. Since X is the pull back of the diagram, there is an unique map (up to homotopy)
gx: BZ/p™ — X closing the above diagram. Therefore m;(gx)(1) = m;(f{)(1) = x. O

4.3.4 Classifying spaces of p-local finite groups

In this section we want to go into detail about the BZ/p™-cellularization of classifying spaces
of p-local finite groups. As a p-local finite group is a particular case of p-local compact
group, we can use Theorem Given a p-local finite group we will identify, under some
hypothesis, ker(r;) with Cl,(S), the smallest strongly # -closed subgroup of S that contains
all the p'-torsion of S, for all i < m. In fact, the main goal of this section is to prove that ILIQ 18
BZ/p™-cellular if and only if S = Cl,.(S). Hence, in this section, (S, ¥, £) denotes a p-local
finite group, Q,(S) denotes the (normal) subgroup of S generated by its elements of order
p', which i < m, Cl,+(S) denotes the smallest strongly ¥ -closed subgroup of S that contains
Q,»(S) and C will be the homotopy cofibre of the evaluation map

Viszypm 1. BZ/ p™ = | LI}

Therefore, we will prove the next theorem:

Theorem 4.3.29. Let (S,F, L) be a p-local finite group. Then |L|} is BZ/p™-cellular if and
only if § = Cly(S).

Note that if § = Q,n(S), then § = CI,»(S), because Q,n(S) < Cl,»(S) < §. Moreover
there exists a non-negative integer my such that S = Q,»(S) for all m > m,. Then we obtain
the following corollary:

Corollary 4.3.30. Let (S,7, L) be a p-local finite group. Then there exists a my > 0 such
that |.[:|IA7 is BZ/p™"-cellular for all m > my.

According to Theorem {.3.19] we need that C is 1-connected. Then the next lemma is
devoted to prove this when § = Cl,»(S).

Lemma 4.3.31. Let (S, 7, L) be a p-local finite group such that S = Cl(S). Then C is
1-connected.
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Proof. Let C be the homotopy cofibre of ev: \ zzpm gn). BZ/p" — |Ll}. Hence mC =
ﬂl(ILIIA,) /N, where N is the minimal normal subgroup of 7T1(|.£|;,\) that contains Im(ev). More-
over, by [BCG*07, Theorem B], (| £]}) = S/O;(S), where

OP(F(S) = ([P,O’(Auts(P)] | P < S).

Furthermore, as all map BZ/p™ — | L]} factorizes by BS we get the following commuta-
tive diagram

Viszipmiop. BL/P" — L],

evs T

BS

where Im(evs) = Q,»(S) and, moreover, Im(ev) < Im(evs). Hence m;C = S/Q,»(S) - O’;(S ).
By [DGPS11, Proposition A.9], Q,(S) - O‘;(S ) is strongly # -closed and contains Q,»(S).
Therefore § = Q,n(S) - O’;(S) since § = Cl,»(S) and hence ,C = {e}. a

In order to be ready to prove that ker(rg) = Cl,»(S), first note that ker(rg) is a strongly
¥ -closed subgroup by Proposition and Q,n(S) < ker(r)), hence Cl,(S) < ker(r)). To
prove the other inclusion we need, for a given strongly # -closed subgroup K, to construct a
map f: |L|1A7 — Z, where Z is p-complete and XBZ/p-null, such that f|gx =~ *.

Proposition 4.3.32. Let (S, 7, L) be a p-local finite group. Let K be a strongly F -closed sub-

group. Let p be the composite S ——S |K £>2|5 /K|, Where 1 is the quotient homomorphism
and reg is the regular representation of S /K. Then there are a non-negative integer m > 0
and amap f: | L] = B(Zs/k me);; such that the following diagram

(ABp))) m
S —= (B(Zs/x))"

B
tsi iAf,

)

is commutative up to homotopy.

Proof. Let n = |S/K]|. According to [CL09, Theorem 1.2], if p is fusion invariant then there
are a non-negative integer m > 0 and a map f: [L] — B(Zs/k ¢ EPm)lA, such that flgs is

. . (AB )A m Ay R .
homotopic to the composite BS *pﬁ(B(Zn)” s —>B(X, 1 Z,n)). Therefore, it is sufficient

to show that p is fusion invariant, this means, for all P < S and ¢: P — § in ¥ there is an
w € X, such that p|,p) o ¢ = ¢, © plp.

Note that the homomorphisms p|p and c,pl|p equip to S/K with a structure of P-set, and
moreover the induced P-set are X,-isomorphic. Hence, to prove tha above equality, we only
need to show that (S/K, <) and (S/K, <,) are equivalents as P-sets.

Note that for any ¢: P > S € F,

(S/K, <,) = Iso"(¢) Resi(P)(S/K) = [s0"(¢) Resi(P) Indf((*).
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Applying the Mackey formula to Resf,( P) Indy, we get

S/K<)= || Ts0' (@) Ind5p) . T50"(€0) Resfs oy ()
[xlep(P)\S /K

— P * * K
= U Indga_lw(},)nK) Iso™(¢) Iso™(cy) Res(w(P)mK)X(*).
[xlep(P)\S/K

where the second equality comes from the commutativity of isogation and induction and,
where K* = K because K is strongly ¥ -closed and ¢,: K — S is in ¥, hence c,(K) =
K* < K and since c, is an isomorphism, K* = K. Now, note that ¢~'(¢(P) N K) = PN K,
because as ¢y pnx: (P)N K — S isin F, o(P) N K < K and K is strongly ¥ -closed,
¢ (¢(P) N K) < K but also ¢~ (¢(P) N K) < P, hence ¢~ (¢(P) N K) < PN K. If we prove
that |¢™'(@(P) N K)| = |P N K|, then we show that ¢~ !(¢(P) N K) = P N K, where since ¢! is
an isomorphism, ¢~ (¢(P) N K)| = |p(P) N K|. We have |p(P) N K| = |¢" (o(P)NK)| < |PN K]
and since ¢lprg: PN K — Sisin ¥, PN K < K and K is strongly F-closed, ¢(P N K) < K
but also (P N K) < ¢(P), hence ¢(P N K) < ¢(P) N K and therefore |o(P N K)| < |¢(P) N K],
where |p(P N K)| = |P N K| because ¢ is an isomorphism. We conclude from this that |P N
K| = |¢(P) N K| and |¢~'(¢(P) N K)| = |¢(P) N K| and finally that ¢~'(¢(P) N K) = PN K.
Therefore in the above formula since Iso*(¢) Iso*(c,) Res{foup)m k(%) = * as (P N K)-set and
¢ N e(P)NK)=PNK,wegetforallg: P> S € F

S/K<py= || md =] ]PPok
I

[x]lep(P\S/K r

where I, = |p(P)\S/K]| and, since K < §, the number of double cosets in ¢(P)\S/K is the
same as the number of cosets in S /p(P) - K, this means, I, = |S/¢(P) - K| = |S|/l¢(P) - K|. In
particular, if ¢ = idp, then

(S/K, <) = ]_[ Indb () = ]_[ P/PNK,
[x]eP\S/K ]

where [ = |S|/|P - K|.
Therefore, the proof is completed by showig that [ = [, for this it is enough to show
lo(P) N K| = |P N K| and this is proved in the above paragraph. O

Corollary 4.3.33. Let (S,F,L) be a p-local finite group. Let K be a strongly F -closed
subgroup. Then there exist some N > 0 and a map f: |.£|IA7 — (BZN)Q such that f|px =~ *.

Proof. By the previous theorem there exist some m > 0 and a map f: |£] = B(Zs/x me)f;
such that flgs = Ag o (ABp),. Note that p|x = e and hence f|px = *. Now consider the regular
representation of reg: Xis g tX,» — Xy, where N = |Xg/k 22 ,»|. Therefore take f as one of the
representation of the homotopy class (*)"'([ f]), where 1" : [|£|;\, (BZN);\]* - [I£], (BZN)Q]*
is the bijection induced by the p-completion map n: |£| — |L];. O

Therefore, we can compute expefically ker(r):

Proposition 4.3.34. Let (S, 7, L) be a p-local finite group such that C is 1-connected. Then
ker(r)) = Cln(S).
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Proof. Let K be a strongly ¥ -closed subgroup that contains Q,(S). According to Corol-
lary there exist N > 0 and a map f: |L|”} — (BZ/p" )2 such that ker(f) = K. Note
now that since Q,»(S) < K, for all g: BZ/p™ — |L|} we get f o g ~ *. Furthermore, if
c: CWezypn(ILl)) — 1L, then c.: map,(BZ/p", CWgz;,m(IL]})) = map (BZ/p™,|L]}) and
hence ko (f oc) ~ = for all k: BZ/p™ — CWBZ/pm(|£|IA,). Therefore f o ¢ ~ * by Propo-
sition (note that (BZ/p" )2 is XBZ/p-null and hence £BZ/p™-null by Lemma .
Consider now ¢: Bker(r,) — Pspz;,»(C),, since r, ot = =, there is a map I: Bker(r,) —
CWpz,pn(IL]7) such that the following diagram

CWzy (1L

. 7
7 - =23
- c

-

Bker(r)) —*— L) —L—~ (BZ/p"),

A
»
*2 \L P

Psazym(C))

is commutative. Moreover, 7 o c o f =~ %, because ¢ o f =~ %, and hence ¢t o f ~ . Therefore
ker(r)) < ker(f) = K. We proved that if K is a strongly ¥ -closed subgroup that contains
Q,n(S), then ker(r)) < K and ker(r}) is strongly F-closed by Proposition 4.3.15 hence
ker(ry) = Cln(S). O

Then, now we can prove the Theorem §.3.29;

Proof of Theorem[d.3.29 1f | L]/} is BZ/p™-cellular, then Pspz;,»(C)) = *, and hence § =
ker(r)), and ker(r)) = Cl,»(S) by Proposition If § = Cl,n(S), then by Lemma
and Proposition , ker(r}) = Cl,n(S) = S. Moreover, |.L]} is nilpotent since m;(|L]}) are
finite groups for all i > 0 by [CLO9, Lemma 7.6], | L]} ~ (I£]});, is a nilpotent space by [BK72,
Proposition VII.4.3(i1)], 7r1(|£|[§) is a finite p-group by [BLOO3b, Proposition 1.12] and, by
[BLOO3b, Theorem B], H*(|.L];Z) — H*(BS;Z) and hence, from the exact sequence

0 — Ext(H.(|L]):Z),Z) —» H*(|L[); Z) - Hom(H.(|L[}; Z),Z) — 0

it follows that Hom(H.(|£l;; Z), Z) is finite and, necessarily, H,(|£]};Z) is finite. In particular,
H,(1.L]}; Z) is finite. Furthermore [BZ/p™, |£|IA,]* is finite because there is an epimorphism of
sets [BZ/p™,S 1. - [BZ/p™, |.£|IA,]*, where [BZ/p™, BS ]. = Hom(Z/p™, S) is finite since S is
a finite group. Therefore | L)) is BZ/p"-cellular by Corollary o

Question. What is the BZ/p™-cellularization of the classifying space of p-local finite group
it S # Cl,n(S5)?

Let G be a finite group. The case when G is generated by elements of order p is well
studied by R. Flores and R. Foote in [FF11]. Then now we will give some examples of
cellularizations of BG),, when G is not generated by elements of order Pl

Example 4.3.35. Let G = X3, the permutation group of 3 elements. X3 is generated by traspo-
sitions, i.e, by elements of order 2, but the Sylow 3-subgroup of X3 is § = Z/3. Therefore
BS = BZ/3 is BZ/3-cellular and hence S = €3,(S) for all » > 1. Therefore, S = Cl-(S) and
hence (BZ3); is BZ/3"-cellular for all r > 1 by Theorem 4.3.29]
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Example 4.3.36. Let G be a finite group and S a Sylow p-subgroup. Assume that the normal-
izer Ng(S) of the Sylow p-subgroup in G controls fusion in G, that is, whenever P < G is a
p-subgroup such that gPg~' < N;(S), we have g = hc, wuth h € Ng(S) and ¢ € C(P). Under
this condition, the inclusion Ng(S) < G induces an isomorphism in mod p cohomology (see
for instance [MP97, Proposition 2.1]). In other words, BNg(S )IA7 ~ BGIA,. Furthermore, we get
Q,i(S) < ClL,i(S)<S aNg(S), forall i > 0, and there is an integer n > 0 such that C[,(S) = §
if and only if i > n. Therefore, BG, is BZ/ p'~cellular if and only if n > i, according to Therem
Now we will compute the BZ/ p'-cellularization of BG, for 1 < i < n. First, we have
the fibration
BS —~BNg(S)—B(N(S)/S),

where CWpgz,,i(BS) =~ BCl,(S) and CWpgz,,/(B(Ng(S)/S)) = * by Theorem since p
and |[Ng(S)/S| are coprime. Therefore B is a BZ/p'-equivalence and hence CWpgz,,i(BG) =~
CWgz,,i(BS) = BCl,(S). Now we want to compute the cellularization of BG;,\ ~ BNg(S )’p\.
Note that [BZ/p', BN(S)]. = [BZ/p', BNs(S),1. by [BKO2, Proposition 7.5] and consider
the following diagram of horizontal cofibrations,

BCl,(S) — BNg(S) —C

hence C) =~ D;; and Theorem [2.1.22 gives the following fibrations
CWpgz,pi(BNG(S)) = BCL,(S) — BNg(S ) —— Pspz;,i(C),
CWBz/pi(BNG(S )2) e BNG(S );7\ e PZBZ/pi(D)-

We need to identify Psgy,,i (D), specifically, we want now to prove that

Pspz;i (D), = Pspzypi(C), = B(NG(S)/ClL,(S)),

using Lemma @ Hence we need to verify that if X = C or D, then Pggz;,/(X) and
Pspz,,i(X)) are p-good spaces and Pspz,,i(X), and Pspz,,i (X)), are BZ/ p'-null spaces. m(C))
and ﬂl(DIA,) are finite groups, since mC and m;D are finite groups. Hence m(Pspz/,i(C)),
m1(Pspzy (D)), nl(PZBZ/p,-(CQ)) and ﬂl(PzBZ/pi(D;\)) are finite groups and then Pypz,,i(C),
Pspz/yi(D), Pspzypi(Cp) and Pspz,i(D)) are p-good spaces.

Moreover, if X = D,C ; or Df,, then 7, X is a finite p-group, and hence so is 71 Pypz,,i (X).
Therefore, as in the proof of Lemma we get Pspy,i(X) is a ZBZ/ p'-null space. Con-
sider the following fibration

Bui;

BCl,(S)—>BNs(S)—=B(NG(S)/CL,(S)),
and note that

map, (BC1,(S), QPspz/,i(C)) = map,(BCL,(S), Ppz,,i(QC)) = x,
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ie., QPysp7,,i(C)is BCI,(S)-null. Moreover ro Bi; ~ * because BCI,(S) = CWpgz,,i(BNg(S)).
Hence Zabrodsky Lema proves that there exists amap 7: B(G/Cl,(S)) — Pspz,,i(C) such that
the following diagram

BCl,(S) —— CWpgz,,i(BNG(S))

N

Bf ———=BNs(S)
B(G/Cl(S)) Pspz,,1(C)

7

Furthermore, 7 is a (weak) equivalence, hence Pypz,/(C) = B(G/Cl,(S)) and finally
Pz, (C), = B(G/ClL,(S)),, a ZBZ/ p'-null space.
Then Lemma(1.3.4{ gives us

B(G/Clpi(S)),A, = PZBZ/pi(C)I/y\ = PZBZ/pi(C,/,\);,\

and
P ZBZ/p"(D)I/; ~ P EBZ/pi(D;)[/;-
Hence Pspz,,i(D), = B(G/CL,(S)),, since C;) = D7, and we get the fibration

CWagz,,i(BNG(S),) = BNG(S), = B(NG(S)/CL,(S)),,

since CWpgz,/(BNG(S),) is p-complete. Finally, recall that BNG(S );\ ~ BG, and hence
CWpz,,i(G}) is equivalent to the homotopy fibre of BNG(S);, = B(Ng(S)/CLy(S))y,-

As example of this we can consider G = Z/p" ¢ Z/q, with p # g and n > 1. Note that G =
Z]p"Z]|q = (Z]p™)1=Z/q, where the action of Z/q in (Z/ p")? is given by permutation. Hence
G is not generated by elements of order p',i>1,because if g € G, then g = ((xy,..., Xq), 0),
where x; € Z/p" and o € Z/q, hence

gpl = ((X], st -xq)’ 0-) . ((X], R xq)’ O-) et ((X], DR xq)’ 0-) = ((xo—pi(l), DR xo—pi(q))7 O-pl)7

and o' = 1 if and only if i = 0.

Moreover, Ng(S) = G because if § € Sylp(G), then S = (Z/p")? < G. Furthermore,
ClLi(S) = Qu(S) = (Z/p")? (obviously, Q,(S) = (Z/p')? and if o € Z/q and g € Q,(S),
then go € Q,i(S)). Hence Cl,(S) = § if and only if i > n. Therefore, B(Z/p" ¢ Z/q), is
BZ/p'-cellular if and only i > nand if 1 < i < n, then CWpgz,,i(B(Z/p" Z/q)g) is equivalent
to the homotopy fibre of B(Z/p" Z/q)lﬁ — B((Z/p" Z/q)/(Z/pi)q)lA,.

Another example studied in [ESO7] is given by the Suzuki group Sz(2"), with n an odd
integer at least 3. On account of [Gor80, Section 16.4] the Sylow 2-subgroup of Sz(2") is an
extension

0—-(2/2)" -8 — (Z/2)" - 0,

where the kernel in the center of the group and contains all its order 2 elements. Hence
Ch(S) = (Z/2)" and BS is BZ/2"-cellular for all m > 2 and. Moreover, the normalizer
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Ng;0n(S) = S < Z/(2" — 1) wich is maximal in Sz(2"). In [ESO7, Example 5.2] the authors
prove that Ng,»(S) controls fusion in Sz(2"). Therefore, BSz(2")} is BZ/p™-cellular for all
m > 2 and CWgz,5(BSz(2")}) is equivalent to the homotoy fibre of B(S = Z/(2" - 1))) —
B((S = Z/(2" = 1) /(Z/2)")5.

4.3.5 Classifying spaces of compact Lie groups

In this section we want to compute the A-cellularization of the p-completed of the classifying
space of compact Lie groups, where A = BZ/p™ or A = BZ/p™xBZ/p*. We want to conclude
that if a Sylow p-subgroup is cellular then we can compute the cellularization as the fibre of
the rationalization, using the results developed in Section[4.3] As is usual, in this section, B »
detones the space BZ/p™ x BZ/p™.

Following Theorem [4.3.19] in the case when G is a compact Lie group, we can check
some of the hypothesis. More precisely, there is a map ¢: ;A — |£]}, where [ is a finite
set, such that 7, (¢) is an epimorphism and ¢.: [A, V/; Al. — [A,]L];]. is surjective.

By thecnical reasons, we have to modify the “standard” Chachdlski’s cofibration. Note
that if we have a pointed map f”: BZ/p* x BZ/p™ — BG), then we obtain a pointed map
g: BZ/p® — map(BZ/p", BG))s, where f = f’|pz;,». Moreover, map(BZ/p™, BG)); =
B(Cg(Z/p™)),, by [DZ87]]. Hence

8= (81,...,8np): BZ/p™ — (BS")))"" c map(BZ/p", BG));.

where r(f) denotes the rank of C5(Z/p™) Let B = \/[f]e[BZ/pm,BGQ]*((BZ/p"")r(f)xBZ/pm). Note

now if we define s : B — BG]A7 by Y((x1,..., X5 Y)f) = (81(x1)s .. ., & (X)), Wwhere g =
(g:)i is the induced by a pointed map in [f], and if given amap f”: BZ/p*XBZ/p™ — BG), we
define F: BZ/p™ x BZ/p™ — (BZ/p=)") x BZ/p™ by F(x,y) = (%, ...,x,y) then y(F) = f.
That is, we have proved the following lemma:

Lemma 4.3.37. The evaluation map : B — BG), induces an epimorphism of sets
W.: [By, Bl.—=[Byn, BG)L..
The cofibre of this map will play the role of the Chachdlski’s cofibre:

Proposition 4.3.38. Let C be the homotopy cofibre of y: B — BG),. Then CWg ,(BG)) is
equivalent to the homotopy fibre of BG), — P ,,(C).

Proof. Consider the map y: B — BGI’;. On the one hand, note that BZ/p*® and BZ/p™ are
retracts of B,» and hence they are B,»-cellular spaces (by Proposition [2.1.7}(v)). Therefore B
is a Bn-cellular space. On the other hand, by Lemma[4.3.37| we obtain that the induced map
.. [Byn, Bl. — [Byn, BG)]. is surjective. The result follows from Theorem O

We will use the Thereom |4.3.19} hence we have to verify the hypothesis of this theorem.
One of this is, in our case, [BZ/p™, BGIA,] is finite.

Lemma 4.3.39. Let G be a compact Lie group. Then [BZ/p™, BG,] is finite for all m > 0.
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Proof. Note that [BZ/p™, BG] = Rep(Z/p™,G) is defined by conjugacy classes of elements
of order < p™. Let n be a integer large enough to have the inclusion G — U(n), where U(n) is
the unitary group of dimension n. Let T = Ty, the maximal torus in U(n). For all Z/p” < G,
r < m, there is a g € U(n) such that gZ/p"g™' < T, this means for all Z/p” < G and h € H
there is a g € U(n) such that hZ/p"h™' < gTg™", and [Pal60, Corollary 1.7.29] shows that the
number of conjugation classes of this subgroups is finite. Hence [BZ/p™, BG] is finite and
finally so is [BZ/p™, BG/]. i

Other condition is the cofibre C must be 1-connected. If G is connected, then BG;\ is 1-
connected and hence so is C. But, if G is not connected (and G is not a finite group) then we
can find a integer m > 0 such that this condition holds. Before we need the following propo-

sition about lifting of maps from BZ/p™ to the classifying space of the group of components
of G:

Proposition 4.3.40. Let G be a compact Lie group and G, the connected component of the
identity element. Let 1 = G /G, be the group of components of G. For any element x € m with
order a power of p there is a non-negative integer m, such that f.: BZ/p™ — Bn lifts to BG,
that is, there is a map f.: BZ/p™ — BG such that the following diagram

BG
;7
/fx/ g \LBpr

BZ[p™ — B,

is commutative, i.e., such that Bpr o f, = f..

Proof. Let xy € m such that o(xy) = p”, r > 0, and consider m,, = (xp) = Z/p".

Let go € G such that pr(go) = xo and let A = (go) = {gy | n € Z} < G. Note that A is
abelian and hence A is an abelian closed subgroup of G, a compact Lie group. Therefore A
is an abelian compact Lie group. By [BtD83| Corollary 1.3.7] A = (S')* x 7/, where 7’ is an
abelian finite group.

Note that (S )* x {0} ¢ G, because e = (1,0) € (S")* x {0} and (S ")* x {0} is connected.

Let go = (wo,y0) € (SN x 7’ and take hy = (w,',0) - (wo,¥0) = (1,¥) € {1} x 7/,
where y, is the projection of y, over the p-torsion component of n’. Therefore pr(hy) =
pr((wyg', 0) - (w0, ¥0)) = pr(wy', 0) + pr(wo, yo) = pr(go) = Xo, because (wy',0) € (S1)* x {0}
and hence pr(w;',0) = 0.

Since hy = (1,y0) € {1} X Z/p™ for some m > 0, p"x, = 0 and hence hgm = (177, p™yy) =
(1,0) = e. Furthermore m > r because on the one hand pr(hgm) = pr(e) = 0 and on the other

m

hand pr(hgm) = p"pr(hy) = p", hence p” = 0 € Z/p" and therefore p" | p”,i.e.,m > r.
Consider now B = (ho) = {e, ho, 12, . .. ,hgm_l} < A < G and take a: Z/p™ — Z/p" given
by a(1) = 1. We define @: Z/p™ — G by

L

a:Z/p" B G
1 ho! t(ho),

and proa(l) = pr(hy) =1 =a(l),1.e, proa = a.
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Therefore if we take f = Ba and f = Ba then we obtain the following commutative
diagram
BG

e

BZ/p" —— Br.
O

Lemma 4.3.41. Let C be the homotopy cofibre of y: B — BG. Then there is a non-negative
integer m such that C is 1-connected. Therefore Psp ,,(C) is also 1-connected.

Proof. Let m’ such that p™ > max{o(x) | x € rr}. Note that C is the homotopy push out

v

|

**>C,

hence by Seifert-Van Kampen’s theorem we obtain the following push out diagram of groups

0 rm@)
*[BZ/p”’,,BGQ]Z/p X Z/pm ]4> JTI(BG;)\)

| i

{0} i (C),

where [BZ/p™, BG)] is finite by Proposition Hence 7,(C) = m1(BG)/ < Im(mr, ().
Therefore if 71 () is surjective then 71 (C) = 0.

Note that any homomorphism from Z/p™ to a finite group is trivial, hence Hom(Z/p*™ x
Z/p™ , m(BG))) = Hom(Z/p™ , 71 (BG))). Let x € mG/O”(mG), hence by Proposition 4.3.40)
there is a non-negative integer m such that if we consider the homomorphism «a: Z/p™ —
oG/ OP(myG), defined by a(l) = x, then there is a map Ba: Z/p" — BGQ such that the
following diagram

BG),

Ba J/

BZ/p>™ x BZ/p™ " Br(BG)).

is commutative. Hence [Ba] € [BZ/p™ X BZ/p™, BG,] and m;(y)([Be]) = (1) = x, ie.,
() is surjective. O

Let S € Syl,(G). By Lemma{.3.41] there is a mg > 0 such that C is 1-connected for all
m > mg. Let r: BG[A, — Psp . (C), then we can consider ker(r[’,‘) <S.

Proposition 4.3.42. Let G be a compact Lie group and S € Syl (G). Assume that Hy(BG);Z)
is finite. Then there is an integer mo > 1 such that for each m > mq such that ker(r)) = S the
augmention map CWg ,,(BG,) — BG), is a mod p equivalence.
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Proof. Since [BZ/p’, BGQ] is finite by Lemma 4.3.39|and ¢: B — BGQ induces an epimor-
phism in pointed homotopy classes of maps from B,» by Lemma#.3.37, Theorem4.3.19]gives
us that CW3 ,,(BG)), ~ BG). O

Corollary 4.3.43. Let G be a compact connected Lie group. Assume that m,G is finite. Then
ifker(ry) = S, then the homotopy fibre of BG), — (BG)q is homotopic to CWy ,,(BG}).

Proof. If G is connected, then BG, is 1-connected, and in particular nilpotent. Moreover by
Hurewicz Theorem HZ(BG[A,; 7) = ﬂz(BG[A,) and it is finite because ;G is so. Then the result

is follows from Corollary 4.3.20 O

Corollary 4.3.44. Let G be a compact connected Lie group. Assume that m\G is finite. Then
there is an integer my > 1 such that the homotopy fibre of BGQ - (BGI/;)Q is homotopic to

CWs,,(BG)) for all m > mq.

Proof. By Proposition[4.2.5] there exists a m; > 0 such that BS is B,»-cellular for all m > m,;.
By Lemma 4.3.41] there is a m, > 0 such that C is 1-connected for all m > m,. Take

moy = max{1l,m;,m,}, then BS is B,.-cellular and C is 1-connected for all m > m,. Since BS
is B,n-cellular, ker(r;\) = § by [Dwy96, Theorem 1.4]. Then, for all m > my, we can apply

Corollary #.3.43] m|

Next we will remove the hypothesis ;G finite using the classification of compact con-
nected Lie group:

Example 4.3.45. G = S is a compact connected Lie group such that 7;S' = Z is not finite,
but the fibration
K(Z/p®, )—>K(Z,,2)—K(Z,,2)g

induces a fibration
map, (B, K(Z/p™, 1)—>map.(Byn, K(Zy, 2)))—=map, (B, K(Zy, 2)o).
for all m > 0, where K (Zp, 2)o = Lo(K (Zp, 2)) because K (Zp, 2) is 1-connected, and hence
map, (B, K(Z,,2)q) = map,(Lo(Byn), K(Z,,2)g) = *,

because FI*(Bpm; Q) = 0 and hence Lg(B,») ~ *. Therefore the above fibration becomes

map*(Bpm’ K(Z/poo’ 1))L>map*(Bpm’ K(Zp’ 2))H* 5

this means, ¢ is a B,»-equivalence. Moreover K(Z/p®,1) = BZ/p™ is B»-cellular for all
m > 0, hence we obtain CWpg ,, (BS 1)IA,) ~ BZ/p®™ and finally we have the fibration

CWp,,.(BS"))) — (BS")) — (BS')))q.

i

Lemma 4.3.46. Let G; be compact Lie groups, i = 1,...,k, such that for any i there ex-
ists an integer m; > 0 and the fibration C WBpmi ((BG,-);\) - (BG,-)[A, - ((BG,')[A))Q. If m =
max({my, ...,m} then CWg ,,(BG1)), X ... X (BGy),) fits in a fibration

CWs, (BG)) X ... X (BGR)S) — (BG)) X ... X (BGY)h — (BG)) X ... X (BGY)Mg
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Proof. Note that C WBpml.((BG,-)g) is Byn-cellular (since m > m;, BZ/p™ is BZ/p™-cellular)
and hence for all i we have the fibration

CW;,, (BG))) — (BG))) = ((BG)))as
and the homotopy fibre of
(G1), X ... x(Gp), = ((G)), X ... x (G)))g
is CW,,(BG1);) X ... x CWg ,(BGy),) = CW3 ,,((G1), X ... X (Gp)p). O

Theorem 4.3.47. Let G be a compact connected Lie group. Then there is an integer my > 1
such that the homotopy fibre of BG), — (BG)q is homotopic to CWy ,,(BG}) for all m > my.

Proof. A compact connected Lie group G is homeomorphism to G = H/K, where H =
G X...X Gy xT", G;is 1-connected simple Lie groups for all i € {1,...,k} and K is a finite
subgroup of the center of H (see [BtD8S, Theorem V.8.1]). Therefore we obtain the central
fibration, a hence principal fibration, BK — BH — BG. Since the fibration is principal
tha action of 7 BG in H;(BK;Z/p) is trivial for all j and, in particular, nilpotent. Hence by
[BK72, Lemma IL.5.1] we have the fibration BK) — BH, — BG,.

Moreover, for all i € {1,..., k} we have that G, is a compact Lie group, because is simple,
and mG; = 0 is a finite group. Therefore by Corollary #.3.44] there is a m; > 0 and a
fibration CW3 ,, (BG)),,) — (BGy), — ((BG));)q. Furthermore for any factor BT" = (BS by
we obtain the fibration CWp ,((BS'))) = (BS')) — ((BS')))q for all n > 0. It follows from
Lemma that there is a non-negative integer /; such that C WB,,fl (BH)) fits in a fibration

C WBP,1 (BH,) — BH;\ - (BHQ)Q. Moreover BK;,\ is the classifying space of an abelian

finite p-group, hence BK is BZ/ p-cellular for certain non-negative integer /, and hence it
is B,-cellular. Take m = max{ly, L}, hence BK; is B,»-cellular and we have the fibration
CWs,(BH)) — BH, — (BH))q.

Note that since BKIQ is the classifying space of an abelian finite p-group, (BKIQ)Q o~
%, Furthermore since BG is 1-connected, BGI/; is it and hence tha action of nl(BGQ) in
H j(BKlﬁ; Q) is trivial (and nilpotent) and hence from [BK72, Lemma I1.5.1] we obtain the
fibration (BK))q — (BH))q — (BG))q, where (BK)q = *, hence (BH))q = (BG))q. Let F
be the homotopy fibre of BG), — (BG ) and consider the following commutative diagram of
fibrations

BK) —~ CWp,,(BH)) F

l ]

BK) BH) BG,

Now the right vertical fibration induces a fibration in map spaces

map, (B, F) — map, (B, BG,’;){C} — map, (B, (BG;)Q)C
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but since BG), is 1-connected, (BG,)q =~ Lo(BG)) and hence

map, (B, (BG,)g) = map, (B, Lo(BG))) =

map, (Lo(Byn), Lo(BG))) ~ map, (, Lo(BG))) = *.
Therefore map,(B,», ) — map,(B,, BG)) is an equivalence, this means that f is a B-
equivalence and hence CWg, F = CWs, (BGIA,). Furthermore, since BK IQ and CWg,, (BH[Q)

are B,»-cellular spaces, [Far96, Theorem 2.D.11] gives that F is B,»-cellular, hence F =~
C WBP,,, (BGI/)). i

Corollary 4.3.48. For any compact connected Lie group G there exists an integer my > 1
such that BG, is K(Q X Z/p™ X Z/p", 1)-cellular for all m > my.

Proof. Let G be a compact connected Lie group G. Then there is an integer my > 1 such that
for all m > my we have the fibration CW3 ,,(BG,) — BG, — (BG/)q by Theorem
This fibration induces the following fibration

(G))g = CW;,,(BG)) — BG)

since Q((BG))g) = ((QBG)))g = (G))g. Moreover, (Gy)g = ([TL(S¥)))g = K(@,, k),
where k; are odd numbers (see [BT82, Section 19]). Note now that K(Qp,ki) is K(QP, 1)-
cellular by [Far96, Proposition 3.C.8]. Furthermore, Q » 1s an infinite Q-vector space and hence
K(Q,,, 1) is K(Q, 1)-cellular since so is K(V,,1) ~ K(Q",1). Therefore, (Gl’,‘)Q is K(Q, 1)-
cellular and hence it is K(Q x Z/p*™ x Z/p™, 1)-cellular for all m > 0 and hence BGIA7 18

K@Q x Z/p>™ x Z/p™, 1)-cellular for all m > my, since so is C Ws, (BG[A,) and Proposition
(ii). m

Next, we will give some examples of cellularization of BG:

Example 4.3.49. Let G = S!. In Example 4.3.45| we have seen that for all m > 0,
CWs,,(BS')y) = (BS')), = (BS")))q.
Basically because we have the fibration
CWiz)p=((BS)N) = (BS ")) — ((BS"))g

In fact, in this case, S = Z/p™ and BS is (BZ/p™ x BZ/p™)-cellular for all m > 0.
Furthermore, CWgz,,»(BS) =~ BZ/p™ for all m > 0 because BZ/p™ < BZ/p is a
BZ/p™-equivalence. Moreover, as in Example from the fibration

K(Z/p*, D)—>K(Zp,2)—K(Zp,2)q
we get the fibration
map,(BZ/p™, K(Z/p*,1))—>map,(BZ/p", K(Z,,2))—map,(BZ/p", K(Z,,2)0).

for all m > 0, where map,(BZ/p", K (Z,,, 2)q) = *. This means, ¢ is a BZ/p™-equivalence and
hence CWBZ/pm((le);)\) ~ CWpgzym(BZ|p™) =~ BZ/p™.
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Example 4.3.50. Let G = S® and p = 2. Then S = P, is constructed as follows: P, =
li_n} P,, and P, = Q,.1, where O, denotes the generalized quaternion group given by Qo =

(Z]2"' < Z/4)/{(2"2,2)). Moreover, for n > 2, Q1 = {(x,y) such that
(i) ¥ =y"=1,
(i1) If g € Oy, then g = x* or g = x“y for certain a € Z,
(i) X2 =y?,
(iv) For all g € Q1 such that g ¢ (x), then gxg~! = x7!, in particular, yxy~! = x7!.
Note first that Qo1 = (y, yx~!), because x = yx™! - y7!, and o(y) = o(yx™') = 4 since
yx~' - yx~!' = yyxx~! = y?. Hence BP, is BZ/4-cellular for all n > 2 by Proposition4.1.2]
Forn = 1, Py = (x,y), where o(x) = o(y) = 2, hence BP, is BZ/2-cellular and, in

particular, BZ/4-cellular.
Therefore, BP, is BZ/4-cellular for all » > 1 and hence BS = BP. is BZ/4-cellular

because is a pointed homotopy colimit of BZ/4-cellular spaces. Then, Theorem 4.3.47|shows
that there is a fibration

CWpzyn((BS?)y) — (BS?), — ((BS?)})q,

for all m > 2.

The case m = 1 is result, using a different method, in [CE13, Example 6.10], where they
obtain that CWpz2((BS*)y) = BZ/2.

Example 4.3.51. Let G = SO(3) and p = 2. In this case S = D;~, where Dy~ = h_r)n D»n, the
colimit of the diedral groups. BD,~ is BZ/2-cellular by [FloO7, Example 5.1]. Then, Theorem
gives us the fibration

CWBZ/zm(BSO(?))Q) — BSO(3)£\ b d (BSO(?))Q)Q,

for all m > 1. The case m = 1 is described in [CE13, Proposition 6.17] using a different
method.

Question. What can we say about the BZ/p"-cellularization of BG), if BS is not BZ/p"-
cellular?

Example 4.3.52. Let G be a compact connected Lie group and let p be a prime number such
that (p, [Wgl) = 1. Then, Ng(S) controls fusion in G. Hence proceding as in Example 4.3.36]
we get the fibration

CWBZ/pm(BG;)\) — BNg(S )]A7 — B(NG(S)/Clpm(S))lA,,
forall m > 1.

In the case of compact connected Lie group we get a stronger result thanks to the following
theorem of D. Notbohm. From now on and following his convention, ker(f) is the clousure of

{g€S | flpg = *}



4.3. Classifying spaces of p-local compact groups 71

Theorem 4.3.53 ([Not94, Theorem 1.5]). Let G be a compact connected Lie group and let
f: BG), — Y}, where Y, is a p-complet and 2BZ/ p-null space. Then, there exists a compact
Lie group H and a commutative diagram

f
BG) L~y

|,

A S A
BHP—>YP

such that ker(f) = {e}. Moreover, the homotopy fibre of q is equivalent to BT, where T is a
compact Lie group.

The construction of H and ¢ is given by the classification of compact connected Lie groups
as follows: First, if G is a compact connected Lie group, there is a extension of compact Lie
groups 1 =K-—~G-%>G—1,where G = G, x...XGxT, G; is 1-connected simple Lie groups
foralli € {1,...,k} and K is a finite subgroup of the center of G. The idea is, given a simply
connected Lie group M, to associate a p-subgroup H(M, p) for every prime p as follows:

Ny (T) AP (p, IWul) =1,
HM,p)=3 SUR)=~2/2 ,if M =G,and p =3,
M , otherwise.

Therefore, D. Notbohm proves that the inclusion H(Gy, p) — G induces amod p equivalence
in classifying spaces, where G; = G| X ... X G and H(Gy, p) = H(Gy, p) X ... X H(Gy, p).
Moreover, for ker(f o Ba), we can split G; = G’ X G” such that ker(f o Ba) = S’ X T,
where §” € Syl (G') and ' C Tgr X T that is normal in H(G"”, p) X T (according to [Not94,
Proposition 4.3]). Finally, D. Notbohm proves that the inclusion ¢: (G’ X H(G”,p)XT)/K —
G induces a mod p equivalence in classifying spaces and he defines H = (H(G”,p) X T)/T’
and g : (G’ X HG",p)xT)/K — (HG",p)xT)/K — (H(G”,p) xT)/T = H, since the
(classical) kernel of the projection G’ X H(G”,p) x T — H is G’ X I', which contains K.
Therefore, ¢ = Bg), o (BLIC)“. Note that the homotopy fibre of ¢ is B(G’ X I'/K);,. See [Not94,
Section 4] for more details of this construction.

Theorem 4.3.54. Let m > 0. Let G be a compact connected Lie group. Then, there exists a
compact Lie group H and amap ¢: BG,, — BH,) such that CWpgz,;,n(BG) is mod p equivalent
to the homotopy fibre of ¢.

Proof. By Theorem there exists a compact Lie group H and a commutative diagram

|

BH;\ $- PZBZ/pm(C);\

where C is the Chachdlski cofibre and such that ker(7) = {e}. Since CWpz,,#(BGY)), is equiva-
lent to the homotopy fibre of 7, we have to prove that n: BH; — Pspz,,»(C),, is a homotopy
equivalence. We will construc a map u: PZBZ/[,W(C)IA7 - BH; such that n o u =~ idpy, and

pmon= iszBZ/pM(C)Q'
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®

(ii)

Definition of u: PEBZ/pm(C)Q — BH}: Consider the fibration

A
rp

and the map ¢: BG/p\ - BH;\ If Q(BH;\) is CWBZ/pm(BG/p\)]/;—HUH and ‘10|CWBZ/[,m(BG$); =~ ok,
then there is a map u: Pypz, pm(C)IA, — BH 1/7\ such that the following diagram

14
BG) BH)

o A

Pspzm(C),y

is commutative, i.e., pt o r, = ¢, by Zabrodsky’s Lemma (Lemma [2.2.1). On the one
hand we have to see that map,(CWpz,,»(BG?),, Q(BH,)) ~ . Since BH), is a p-good
space, BH, = Lz,;,(BH) by Proposition|A.3.1} and hence

map*(CWBZ/pm(BG;})g, Q(BH;,\)) ~ map*(CWBZ/,,m(BGQ), Q(BH;)),
that is contactible since Q(BH))) is BZ/p™-null. On the other hand, to show that
‘)0|CWBZ/pm(BG;)\)[/; =k

is equivalent to show that golchZ/pm(BGQ) ~ %, according to [BK72, Proposition 11.2.8].
This is equivalent to show that for any map BZ/p"™ — CWpgz,,n(BG)) the composite

BZ/p"—=CWpgz, pm(BG;\)ﬁ)BH " is null-homotopic, by Proposition |2.1.25| and hence
it is equivalent to prove that for any map BZ/p™ — BG/, the composite

g: BZ/p"—~BG,%BH)
is null-homotopic. Note that 7 o g ~ % and hence g ~ * since ker(n) = {e}.

nop = idpy,, .cy,: Consider the above fibration and the map no¢: BG, — Pspz;pm(C),.
If Q(Pspz/p(C)y) is CWpzypm(BG,),-null, then Zabrodsky’s Lemma shows that the
map (r,)": map,(Pspz/pn(C)y, Pspzipn(C)y) — map,(BG), Pspzpn(C)p)cwy,, mpcyy) 18
an equivalence, where map*(BGIA,,PZBZ/pm(C);\)CWBZ/F,,,(BGQ); denotes the pointed maps
from BG), t0 Pspz,»(C), that are null-homotopic restricted to CWpgz,,»(BG});,. More-
over, (r})"(idpy,,, mcyy) = 1Mo ¢ since no¢ = ry, and (r,)"(n o p) = 1 o ¢ since
nouo rlf ~ n o . Then, idp,, .y and n o u are in the same connected compo-
nent of map*(PEBZ/pm(C);)\,PZBZ/pm(C)S), that is, n o u = idp,,, .y Therefore, it is
sufficient to prove that Q(Pspz/,m(C);) is CWgz;m(BG,),-null, that is,

map, (CWpgz,,n(BG)),, QPspz/pm(C)))) = *

Since C is 1-connected,so is Pypz,,(C). Hence, Q(Pspz/,m(C)) = Ppzypn(QC),. More-
over, as Pgz,,»(QC) is a p-good space, Pz » (QC)IA] =~ Lz;,(Ppz;,m(€C)), and hence

map*(CWBZ/p’”(BG;)I/:’PBZ/p’”(QC);) = map*(CWBZ/p’"(BG;;\)aPBZ/pm(QC)Ify\)-
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Furthermore, H.(CWpgz (BG)); Z[
H-space), then

1‘—7]) = 0 and Pgz/,»(2C) is a nilpotent spaces (it is a

map, (CWpgz,n(BG)), Ppz;pn(QC);) ~ map,(CWpz;m(BG), Pgz;pm(QC)) = ,

by Theorem[1.3.2]

(11) pon =~ idBH,g s LetT' = G’ xT'/K and consider the fibration
A A A
BFP — BGP - BHP,

and the map o r): BG, — BH). By Zabrodsky’s Lemma, if Q(BH)) is BI')-null,
then ¢*: map,(BH,, BH}) — map*(BGA,BH[’;)BfQ is an equivalence. Furthermore,
@"(idpy) = pory since por, = ¢, and ¢ (uom) = por, since uonoy = por,.
Then, idBH[g and u o n are in the same connected component of map,(BH,, BH 9), that
is, g o = idpy;. Finally, map,(B[), BH)) ~ Hom(I,H = G/T) =~ %, and hence
map, (BT, QBH)) ~ Qmap, (BI™, BHp), = .

O

We can describe the situation for compact 1-connected simple Lie group G by the descrip-
tion of the strongly closed subgroup in G given in [Not94, Proposition 4.3]. Basically, D.
Notbohm proves that if G is a 1-connected compact simple Lie group and K < § € Syl (G)
is a strongly closed subgroup in G, then K = § or K is a finite p-group. Moreover, if K is a
finite group then

(a) If (p,|Wgl|) = 1, then K is central in Ng(S).
(b) If (p,|Wgl) # 1, then:
(1) If G # G, or p # 3, then K is central in G.
(i) If G = G, and p = 3, then K is central in SU(3) < G,.
Note that situation (a) is described in example 4.3.52]

Proposition 4.3.55. Let G be a compact 1-connected simple Lie group. Let p be a prime
such that p | |Wgl. Then for all m > 1, the BZ/ p"-cellularization of BG), is equivalent to the
homotopy fibre of the rationalization BG, — (BG))q.

Proof. Fix m > 1 and take K = CI,»(S). Note that Cl,»(S) < ker(rlﬁ).
If Cl,n(S) = S, then ker(r)) = S and by Corollary 4.3.43) we get the fibration

CWs,.(BG)) — BG, — (BG))q.
Assume that Cl,»(S) is a finite p-group, then

(1) If G # Gy or p # 3, then Cl,»(S) is central in G, where Z(G) = Z/n or Z/2 X Z/2, for
some n > 1 depending on the group G (according to the classification), but there are not
central elements of order p. Therefore CI,»(S) cannot be central, that is, Cl,.(S) is not
finite and hence Cl,»(S) = S.
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(i) If G = G, and p = 3, then Cl3«(S) is central in SU(3) < G,, where Z(SU(3)) = Z/3.
Therefore, Cl3»(S) = Z/3, but there exits not central elements of order 3, hence Cl3(S)
not contains all the elements of order 3. This is not possible, hence Cl3»(S) = S.

O

Remark 4.3.56. The Theorem 6.9 in [CE13] says us that the BZ/ p-cellularization of BG;, G
is a compact connected Lie group is the classifying space of a p-group generated by order
p elements, or else it has an infinite of non-trivial homotopy groups. Note that the previous
proposition gives us a more specific result in the case of a compact 1-connected simple Lie
group, that is, if the BZ/p"-cellularization of BG, has infinite non-trivial homotopy groups,
then it is equivalent to the homotopy fibre of the rationalization BG[A) - (BG?,)Q.

Question. Is it possible generalize this result to classifying spaces of p-compact groups and
p-local compact groups?



Appendix A

R-completion of Bousfield-Kan and
Homological localizations

In this chapter we want to introduce two classical functors which isolate homological infor-
mation on a ring R (usually Z/p or a subring R C Q): the R-completion of Bousfield-Kan
introduced in [BK72]; and the homological localization with respect to H.(—; R), introduced
in [Bou735]]. This chapter is then organized in three sections as follows. The first section is
devoted to R-completion of Bousfield-Kan, with appear the basic definition, properties and
examples. In the second section appear an introduction to homological localizations with em-
phasis in localize with recpect to homological theories with coefficients. Finally section three
gives us the similarities and differences between these two functors.

This chapter is to be understood as a summary of classical results, hence we do not provide
all the proofs. The reader is then refered to the corresponding source.

A.1 R-completion of Bousfield-Kan

Let R be aring. The R-completion functor trie to isolate the homological information on a ring
R. Hence, amap f: X — Y is an R-equivalence if it induces an isomorphism f,: H.(X;R) —
H.(Y;R). The R-completion functor is a coaugmented functor R, : Top. — Top. with the
following fundamental property:

Lemma A.1.1 ([BK72, Lemma 1.5.5]). A map f: X — Y is a R-equivalence if and only if
Roo(f): Ro(X) = R (Y) is an equivalence.

Important classes of spaces in R-completon are the following:
Definition A.1.2 ([BK72, Definition 1.5.1]). A space X is called:
(a) R-good if the coaugmention map 17y : X — R, (X) is a R-equivalence,
(b) R-bad if it is not R-good,
(¢c) R-complete if ny: X — R.(X) is a weak equivalence, i.e., R,(X) ~ X.

And these spaces are related as follows:

75
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Proposition A.1.3 ([BK72, Proposition 1.5.2]). For a space X the following conditions are
equivalent:

(i) X is R-good,
(ii) Ro(X) is R-complete,
(iii) Ro(X) is R-good.

As the authors mention: this implies that, roughly speaking, “a good space is very good
and a bad space is very bad”. Moreover this result shows that the coaugmentation functor is
not idempotent in general, only over R-good spaces.

Examples of these types of spaces are the following:

Proposition A.1.4 ([BK72, Proposition VIL.5.1]). Let X be a space which n\(X) is a finite
group. Then X is p-good for all prime p.

A finite wedge of circles is p-bad for all prime p, because from [BK72, Proposition 5.3] if
A =Zx...xZisafree product of n copies of Z, then (S' v ... v S} ~ K(A, 1)) = K@, 1)
and by [Bou92, Theorem 1.11], Hm(K(Ap, 1); F,) is uncountable for m = 2 or m = 3 or both.

Proposition A.1.5 ([AKO11, Proposition III.1.10]). If P is a finite p-group, then BP is p-
complete.

An important result about homotopy classes of maps and R-completion is given in the
following proposition:

Proposition A.1.6 ([BK72, Proposition I1.2.8]). Let f: X — Y an R-equivalence between
connected spaces. Then f induces , for every connected spaces W, a bijection of pointed
homotopy classes of maps f*: [Y, Ro(W)]. = [X, R(W)]..

And in particular:

Corollary A.1.7. Let X and W connected spaces. Then the coaugmentation map nx: X —
R (X) induces a bijection of pointed homotopy classes of maps (x)*: [Ro(X), Ru(W)], —
[X, Reo(W)]..

A.1.1 Nilpotent spaces and R-completion of fibrations

A nilpotent space is a space which the action of the fundamental group on higher homotopy
group is finite in certain filtration quotients. More precisely:

Definition A.1.8 ([BK72, Definition 11.4.1]). Let 7 and G be groups and let a: 7 — Aut(G)
be an action of 7 on G. The action « is called nilpotent if there exists a finite sequence of
subgroups of G:

le}=G,2...4G;2...4G, =G,

such that foralli=1...n:

(a) G; is closed under «,
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(b) G;/G; is abelian, and
(c) the induced action on G;/G,, is trivial.
A group is nilpotent if the action on itself via conjugation is nilpotent.

Definition A.1.9 ([BK72, Definition I1.4.3]). A connected space X is called nilpotent if the
action of m1(X) on each m;(X) is nilpotent.

The nilpotent spaces have good properties under p-completion, as we see in the following
results:

Proposition A.1.10. [f X is a nilpotent space, then

(i) [BK72, Proposition V1.5.1] X is nilpotent and, for n > 1, there is a splittable short
exact sequence

0 — Ext(Z/p®, m,(X)) — m,(X})) = Hom(Z/p*, 1,-1(X)) — 0.

(ii) [BK72, Proposition V1.5.3] X is a p-good space, and hence X 2 is p-complete.

A fibration E — B of connected spaces is preserved by R-completion if it is nilpotent (this
means, if it fibre F is connected and the action of 7{(E) on each m;(F') is nilpotent) according
to [BK72, Lemma I1.4.8]. Moreover there is a more general lemma about fibration preserved
by R-completion:

Lemma A.1.11 ([BK72, Lemma I1.5.1] Mod-R fibre lemma). Let p: E — B be a fibration
of connected spaces with connected fibre F = p~'(x) and let the action of m;(B) on Hy(F;R)
be nilpotent for all i > 0. Then R.(p): Ro(E) — R (B) is a fibration and the map R(F) =
Roo(p71(%)) = (Reo(p))" (%) is a homotopy equivalence.

Example A.1.12 ([BK72, Example I1.5.2 and proof of Proposition VIL.5.1]). The condition
of the mod-R fibre lemma are satisfied if, for instance:

(1) Bis 1-connected,
(1) E = F x B and p is the projection on the second factor,
(i11) the fibration p: E — B is principal.

(iv) m(B) and H;(F;R) (i > 1) are all finite p-groups for a prime p (a finite p-group always
acts nilpotently on finite p-groups),

(v) m(B) is a finite p-group and R = Z/p (a finite p-group always acts nilpotently on Z/p-
modules).

Corollary A.1.13. If X is 1-connected, then R,(QX) ~ Q(R.(X)).

Proof. 1f X is 1-connected then QX is connected. Therefore applying the mod-R fibre lemma
to the fibration QX — * — X, we get the fibration R.,(Q2X) — * — R.(X) and hence
Roo(QX) = Q(Rw(X)). O
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A.1.2 Sullivan’s arithmetic square

D. Sullivan noted in [Sul71]] that the homotopy type of a simply connected finite complex is
determined by “primary” information, “rational” information and certain “‘coherence” data. In
this way E. Dror-Farjoun, W. Dwyer and D. Kan generalize this result for virtually nilpotent
spaces in [DDK77].

Definition A.1.14 ([DDK77, Definition 2.2]). A space X is called virtually nilpotent if for
every integer n > 1, m;(X) has a normal subgroup of finite index which acts nilpotently on
7,(X).

The main theorem of [DDK’/7] is the following:

Theorem A.1.15 ([DDK77, Theorem 4.1] First Arithmetic Square Theorem). If X is a
virtually nilpotent space and R C Q is a subring, then the arithmetic square for X

ROO(X) prrime(z/p ®R)OO(X)

| |

XQ = (ROO(X))Q - (prrime(Z/p ® R)OO(X))Q

is a homotopy pull back.

In the case of X be a nilpotent space the authors first prove that Z.,(X) =~ X (by [DDK77,
Proposition 3.3.(i)]) and since Z/p ® Z = Z/ p for all prime p, we get the following corollary:

Corollary A.1.16. If X is a nilpotent space, then the arithmetic square for X

1( prrime X‘l/y\
XQ - (prrime X;;\)Q

is a homotopy pull back.

A.2 Homological localizations

Now we introduce the concept of homological localizations defined by A.K. Bousfield in
[Bou75)]. In this section, in addition to presenting the main properties and definitions of
homological locatizations also explain the main properties which we use in this work about
homological localization with respect to a homology theory with coefficients relation to the
localization with respect to a map.

Definition A.2.1 ([Bou735, 2.1 & 3.1]). Let A, be a generalized homology theory (defined by
a spectrum). A space X € Top. is called h-local if for every h-isomorphism f: U — V (i.e.,
f induces an isomorphism f.: h.(U) — h.(V)) the induced map f*: map(V, X) — map(U, X)
is a weak equivalence.
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Remark A.2.2. If h, = H.R = H.(—; R), then an HR-isomorphism is a R-equivalence.

As is usual when we define a local space, we are interested in a functor hat turn a space
into a local one:

Theorem A.2.3 ([Bou75, Theorem 3.2]). Let h. be a generalized homology theory. There
is an idempotent coaugmented functor L;,: Top. — Top. called the h-localization functor.
Moreover L,(X) is an h-local space and the coaugmentation map nx: X — Ly(X) is an h-
isomorphism which is homotopy universal with respect to h-local spaces, this means, if Y is
an h-local space and f: X — Y is a pointed map then there is a map f: Ly(X) — Y such that

the following diagram

Ly(X)

is commutative up to homotopy, and if there is another map g: L,(X) — Y such that gonx = f,
then g ~ f.

Remark A.2.4. In particular if we have an A-isomorphism X — Y and Y is h-local, then
Ly(X)~Y.

Remark A.2.5. Given a generalized homology A, take the map f : VVf, : U, — V,, a
wegde over all h-isomorphisms between spaces of cardinality not bigger than the cardinal-
ity of h.(S?), taking one copy for each homotopy type. Hence L, = L;. This means that
homological localizations are localizations with respect a map, in particular homological lo-
calizations verify the properties listed in Section|I.1

Remark A.2.6. For h, a generalized homology theory we have h.(X) = h.(X"X) for all X and
n. Hence if f: U — V is an h-isomorphism, then so is X" f. Therefore the condition f induces
a weak equivalence f*: map(V, X) — map(U, X) in Definition[A.2.1]is equivalent to f induces
a bijection f*: [V, X] — [U, X].

It is not easy to compute the homotopy groups of L,(X), but over good conditions it is
well-known. This case is when h, = H.(—; R) for some ring R, and in this case we denote by
Ly the functor L,(X), and X is a nilpotent space:

Proposition A.2.7 ([Bou75, Proposition 4.3]). Let X be a connected nilpotent space and let
P be a finite set of prime numbers. Then,

(i) If R = Z[P '], where Z[P'] denotes the localization of Z with respect the multiplica-
tively closed set P, then n,Lg(X) = Z[P'1@n. X, and H,(Lx(X); Z) = Z[P '@ H.(X; Z).

(ii) If R = Z/p, the there is a splittable short exact sequence
0 - Ext(Z/p>,n,X) — n,Lg(X) - Hom(Z/p*,n,.1X) = 0

(iii) IfR = | | Z/p, then Lp(X) = | | Lz;,(X).

pEP pEP
Corollary A.2.8. Let X be a 1-connected space and let P be a finite set of prime numbers. If

R=Z[P ' orR = H Z|p, then Lg(X) is 1-connected.
peP
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A.2.1 Homological localizations with coefficients

Some of the properties of localizations with respect to a homology theory with coeflicient was
developed by G. Mislin in [Mis78]. We will use homology with coeflicients in an abelian
grup G. For A, a homology theory defined by a spectrum E, we define h.G = h.(—;G) :=
[—, EAM(G)], where M(G) is the Moore spectrum of type G, (see [Ada95, Part I11.6]) . There
exist universal coeflicient sequences:

Proposition A.2.9 (|Ada95, Proposition I11.6.6]). Let h. be a homology theory defined by a
spectrum E and G be an abelian group. Let X be a spectrum. Then

(i) There exists an exact sequence (it need not split) for all n:

0 — m,(E)®G — m,(EG) — Tory(n,_1(E),G) — 0.

(ii) More generally, there exists exact sequence for all n:
0 — h,(X)®G — h,(X;G) = Tory(h,_1(X),G) — 0.
and, if X is a finite spectrum of G is finitely generated,

0— 1'(X)®G — h'(X;G) = Tory(h"*'(X),G) — 0.

Remark A.2.10. This implies that an A-isomorphism is also an AG-isomorphism, or, a hG-
local space is also h-local.

G. Mislin in ([Mis78]]) develops the following results about homological localization with
coeflicients that we will use later:

Proposition A.2.11 ([Mis78, Corollary 1.5]). If f: X — Y is an HG-isomorphism, then it is
also an hG-isomorphism.

Proposition A.2.12 ([Mis78, Proposition 1.10]). If X is 1-connected, then
Lyz/p,(Lp(X)) = Lyz)p(X).

We proceed now to describe two thecnical lemmas about homology with coefficients and
homological localizations:

Lemma A.2.13. Let h. be a homology theory and let R be a subring of Q. Let g. = h.(—;R).
Let P denotes the set of divisible primes of R. Then

h(—=;Z 0 S
N L e

and g.(—;Q) = h.(-:;Q).
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Proof. By definition of homology theory with coefficients (see [Ada95, p.200]), it is sufficient
to show that
_ ) MZ/p) ,ifp¢P,
M(R)/\M(Z/p)—{ « ifpe.
and M(R) A M(Q) = M(Q).
According to the definition of a Moore spectrum M(G) (see [Ada95, p. 200]) we have
7,(M(G)) =0forr <0,
mo(M(G)) = Hy(M(G)) = G,
H,.(M(G)) =0forr>0.

Consider the short exact sequence in Proposition[A.2.9|(i) applied to E = M(Z/p) or M(Q)
and G = R, we get the short exact sequence:

0 — 7(E)®R — n.(E A M(R)) — Tor(n,_,(E),R) — 0.

Note that Toriz(nr_l(E),R) = 0, because R is free torsion and hence 7,.(E A M(R)) =
n(E) ® R. Moreover since n.(E) = 0 for all r < 0, m.(E A M(R)) = O for all r < 0.
Furthermore, since my(M(Z/p)) = Z/p and ny(M(Q)) = Q, we obtain

~ . Zlp .iftp¢P,
and 7g(M(R) A M(Q)) = R®Q = Q.
For a spectrum X it is defined H,(X) := n.(X A HZ), hence we now consider the short exact
sequence in Proposition[A.2.9)(i) applied to E = M A HZ and G = R where M = M(Z/p) or

M(Q), we obtain the following short exact sequence:
0—>nmn(MANHZ)®R — n,(M AN M(R) A HZ) — Tor%(ﬂr_l(M AN HZ),R) — 0.

As R is free torsion, Toriz(n,_l(M A HZ),R) = 0 and therefore 7,(M AN M(R) A HZ) =
n.(M N HZ) ® R, where n,(M N M(R) A HZ) = H.(M AN M(R)) and n,(M AN HZ) = H.(M).
Finally, if r > O then H,(M) = 0 and hence H,(M A M(R)) = 0, this finishes the proof. O

Lemma A.2.14. Let R be a subring of Q. Then Lo(Lg(X)) = Lo(X).

Proof. By Theorem and on account of Remark we only need to show that there
is an HQ-i1somorphism Lg(X) — Lg(X).

Since X — Lg(X) is an HR-isomorphism, by Proposition is an AR-isomorphism,
where i, = H,Q. By Lemma[A.2.13] h.R = H.Q, i. e., X — Lg(X) is a HQ-isomorphism and
by Theorem[A.2.3] we get the equivalence

map(Lg(X), Lo(W)) =~ map(X, Lo(X)),

hence there is a natural map Lg(X) — Lg(X) such that the following diagram:

X

N

Lr(X) Lo(X),

is commutative (up to homotopy), where X — Lg(X) and X — Lg(X) are HQ-isomorphism,
hence Lg(X) — Lo(X) is an HQ-isomorphism. ]
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A.3 Comparing R, and L

The R-completion of Bousfield-Kan and the HR-localization functors verify the same uni-
versal properties up to the idempotency, but there exists a family of spaces which the R-
completion is idempotent, the called R-good spaces (see Section [A.T). Hence it is natural to
think that the R-completion of R-good spaces is equivalence to the HR-localization.

Proposition A.3.1. Let R be a ring. If X is a R-good space then R.,(X) =~ Lg(X).

Proof. On account of [BK'72, Definition 1.5.1], since X is R-good, the coaugmentation map
X — R.(X) is a R-equivalence. Therefore it is sufficient to prove that R.,(X) is an HR-local
space by Remark[A.2.4] Given a R-equivalence f: U — V the induced map f*: [V, R(X)] —
[U, R(X)] is a bijection by [BK72, Proposition II.2.8], hence according to Remark [A.2.6]
R..(X) is HR-local. Therefore Lz(X) ~ R.(X). O
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