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Sumario

O ponto de partida para este trabath@ modelo introduzido por Radner (1968), que
estende a teoria de egbilio geral a situa@es nas quais os agenteésmt informa@o
diferentes sobre o estado da natureza. A ideia poaslatesta exte@® consiste em
restringir os agentes a produzir e consumir oS mesmos cabazes, em estados da natureza
gue rao distingam. Isto significa, essencialmente, que os contratos entre dois agentes s

podem ser contingent@socoréncia de eventos que ambos observam.

Uma propriedade importante de qualquer conceito de &oléca continuidade do
resultado relativamente a var@gs nos pametros do modelo. Pequenas vabes nos
patametros devem conduzir a pequenas vaeago resultado de eqtio. Mas, medindo
as variafes na informago dos agentes de acordo com as topologias introduzidas por
Boylan (1971) e Cotter (1986), 0 conceitaancooperativo d&quilibrio de Expectativas
Walrasianas(Radner, 1968) e o conceito cooperativordeleo privado(Yannelis, 1991)

nao se comportam de forma comia.

O problema crucialé que pequenas vari@egs nos campos de inforn&g privada
podem provocar grandes vartes no campo da informag comum. Como 0s contratos
contingentes se baseiam na infor@agomum, pequenas varggs na informago privada
podem abrir ou fechar mercados contingentes, levando a @iesasignificativas do

resultado de equbrio.



Neste trabalhcé introduzida uma topologia sobre a inforrdacg(-algebras finitas
definidas no espaco de estados da natureza) que ultrapassa este problema. Nesta topologia,
dois campos de informag esho poximos se ambos estiverembgimos da informago
comum. Com esta topologia, passa a verificar-se a semicontinuidade supenmiari€em

privadoda economia.

Em seguida, procura-se generalizar o modelo de Radner (1968). Aaexque forca
0S agentes a consumir o mesmo em estados gaalistinguene relaxada. Permite-se
gue os agentes facaoontratos de entrega incertalsto significa que, &m de poderem
comprar bens contingentes, como uniacicleta’ se estiver Sol’, os agentes podem
tamkem comprar o direito a receber um dos cabazes que esteja numa lista. Por exemplo,
uma ‘bicicleta azul ou bicicleta vermelhae estiver Sol’. Deste modo, o0 espaco de trocas

é alargado, possibilitando melhorias de bem-estar no sentido de Pareto.

No contexto das economias com entrega incerta, estudam-se as expectativas
prudentes/pessimistas. Estas levam o0s agentes a escolheggéssmatinimax Sao
apresentadas diversas justificas. Com expectativas prudentes, o modelo da
economia com entrega incergaformalmente equivalente ao modelo de Arrow-Debreu
(1954). Consequentemente, muitos resultados da teoria débeiguderal se aplicam
imediatamente a este modelo: e&istia de ficleo e equibrio competitivo, conve@ncia

nicleo-equilbrio, propriedades de continuidade, etc.
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Summary

The starting point for this work is the model introduced by Radner (1968), which extends
general equilibrium theory to a setting in which agents have different private information.
The idea underlying this extension is to restrict agents to produce and consume the same
bundles, in states of nature that they do not distinguish. Essentially, this means that
the contracts for contingent trade between two agents can only be contingent upon their

common information.

An important property of any solution concept is the continuity with respect to the
parameters of the model. That is, small changes in the parameters should lead to small
changes in the equilibrium outcome. But measuring changes in the information of the
agents according to the topologies introduced by Boylan (1971) and Cotter (1986), the
non-cooperativValrasian Expectations EquilibriufRadner, 1968) and the cooperative

private core(Yannelis, 1991) do not behave continuously.

The crucial problem is that small changes in the private information fields can lead to
big changes in the field of common information. Since contingent contracts are based on
common information, these small changes may open or close some contingent markets,

leading to significant changes in the equilibrium outcome.

In this work is introduced a topology on information (finitealgebras defined over the

space of states of nature) that overcomes this problem. In this topology, two information
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fields are close if both are close to their common information. As a result, we find that the
private core is upper semicontinuous with respect to variations in the information of the

agents.

Afterwards, a generalization of the model of Radner (1968) is sought. The restriction
that forces agents to consume the same in states of nature that they do not distinguish is
alleviated. Agents are allowed to sign contracts for uncertain delivery. This means that,
besides being able to buy state-contingent goods, for example, a “bicycle” if “weather is
sunny”, agents are also able to buy the right to receive one of the bundles that are included
in a list. For example, a “blue bicycle or red bicycle” if “weather is sunny”. In this way,
the space of possible trades is enlarged, and welfare improvements in the sense of Pareto

become possible.

In the context of uncertain delivery, the case is made for prudent/pessimistic expectations.
These expectations lead agents to selantimax strategies. Several justifications are
presented. With prudent expectations, the model of an economy with uncertain delivery
is formally equivalent to the model of Arrow-Debreu (1954). As a result, many results
in general equilibrium theory also apply in this model: existence of core and competitive

equilibrium, core-convergence, continuity properties, etc.
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Ah Love! could thou and | with Fate Conspire
To grasp this sorry Scheme of Things entire,
Would not we shatter it to bits - and then

Re-mould it nearer to the Heart's Desire!

- OMAR KHAYY AM -
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Chapter 1

Words of caution

According to Adam Smith’'s (1776) idea of thavisible hand in a market system,

individuals contribute to the welfare of the society by seeking to maximize their well-being.

The economic outcome of a market system is the result of individuals independently trying

to maximize their well-being, a notion known esmpetitive equilibrium

A competitive equilibrium is a situation in which:

i) each individual, taking prices as fixed, chooses the quantities of the different goods to

produce and exchange, in order to obtain the most preferred bundle in the budget set;

i1) equality between supply and demand holds, that is, for each good, the sum of the

guantities supplied is equal to the sum of the quantities demanded.

These conditions must hold for all the commodities in an economy. This is what general
equilibrium theory is concerned with: the determination of production, exchange and prices

of all the commaodities in an economy. The main contributor to this line of thought was Leon
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Walras (1874), in spite of the independent contributions of Stanley Jevons (1871) and Carl
Menger (1871}).

It is not obvious that such equilibrium situation is possible. Under general conditions,
the existence of competitive equilibriawas established by Arrow and Debreu (1954) and

by McKenzie (1954). Their results mean that there exists a price system which induces
individuals to choose quantities to produce and exchange which are consistent with equality

between supply and demand.

Furthermore, Adam Smith’s claim about the effectiveness aft¥isible handn promoting

the welfare of the society was supported by two famous results. According téirdte
Welfare Theorem, a competitive equilibrium allocation is Pareto-optimal. This means that
there isn’t any situation that all individuals prefer to a competitive equilibrium. Séwond
Welfare Theoremholds that any Pareto-optimal allocation can be attained as a competitive

equilibrium, if a certain redistribution of initial endowments is made.

The impossibility of measuring and comparing the well-being of different individuals could
seem to prevent the measurement of society’s welfare. But there are certain accepted criteria
for comparing different economic outcomes, as the criterion of Pareto (1906). An outcome

is designated aBareto-optimal if there isn’t any alternative that everyone preférs.

If the model of Arrow-Debreu-McKenzie described the economy perfectly, we wouldn’t

observe any unemployment or price volatility. In fact, some strong hypothesis are imposed.

1As early as 1781, A.N. Isnard presented the first general equilibrium model, considering a pure exchange
economy where in which each individual owned a single asset, with all demand functions having unit elasticity
in income and own price.

2The criterion of Pareto is criticized for neglecting the question of distribution. Assume that there are 10
units to divide among 2 individuals. If one of them receives 10, and the other receives nothing, the outcome

is optimal in the sense of Pareto.
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It is assumed that the agents hgafect and complete information and that there exists
a complete set of markets Let’s analyze these and other limitations of classical general

equilibrium theory.

The welfare theorems support the idea that market economies are efficient, but there are
elements that lead to “non-fair” equilibrium prices, suchadserse selectioand moral
hazard In fact, real market economies are almost never efficient, and Adam Smith’s

conjecture is not true in general.

For the two welfare results to be obtained, it is fundamental that each agent takes prices as
fixed. This assumption is usually designatecdpagfect competition Since there exists a

large number of sellers and buyers in the markets, no one can influenceprices.

Another assumption is that there are markets for all the products. Even for commodities that
will only be delivered in the distant future. These markets serve as a guide to the investment
decisions of the firms. For example, the absence of a market for delivery of buildings in
2100 could prevent agents from optimizing their investment decisidfany decisions are
actually based on bets, but the point is that even if we assume that agents behave rationally,
the efficiency of the market system is not guaranteed in general in the absarmepéte

markets

The conjecture of Coase (1960) focuses the importanpeopkrty rights and the problems
associated with the exploration of common resources. The example of fishing is quite

illustrative, since it is an activity with private benefits which has some costs that are

3For a discussion and critique of the assumptiopefect competitionrsee Makowsky & Ostroy (2001).

4Suppose that a firm decides to construct a building based on an estimate of the value that it will have in
2015. The problem is that this value depends on the number of buildings that will be built in 2006, 2007, etc.
And these depend on the estimate of the value of the buildings in 2016, 2017, etc. This extends to infinity!
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supported by the whole society (decrease of the quantity of fish in the ecosystem). Consider
a fishing zone shared by 100 firms, and a study that advises the use of 100 boats in order
to maximize the total (present and future) volume of fishing. If each firm decided to use

1 boat, this advice would be followed. But imagine that when the firms weight benefits
against costs, they conclude that it is better to use two boats and catch almost twice as
much fish as with one single boat. Since all firms send two boats, too much fish is caught,

and the ecosystem ends up being depléted.

There are other strong assumptions in the model of Arrow-Debreu-McKenzie. One is the
assumption ofinear prices that is, independence of prices from the quantities exchanged.
And it is assumed that firms have no profits, otherwise a new competitor would enter the

market free entry.

Now let’s turn to the crucial limitation which constitutes the motivation to our work: the
problems related to information. In general, the agents do not possess all the relevant
information for making economic decisions. There is usually some uncertainty about the

environment, and there are events which only some of the agents can observe.

Our work is in the context of the literature atifferential information economigsvhich
developed from the seminal article of Radner (1968). This literature seeks to extend the
model of general equilibrium to situations in which agents have asymmetric information.

What follows are some questions that the reader should keep in mind.

The complexity associated with the issues related to information is such that it cannot
be captured by any simple model. The market economy is too complicated to be fully
described in simple terms. A realistic goal is to find simple models that give enlightening,

although partial, descriptions.

SHardin (1968) has a classical article on this problem.
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Taking into account uncertainty about product quality introduces a lot of complexity. Even
if quality is assumed to be purely objective, buyers should question the truthfulness of
the claims made by sellers. This issue is usually referred to as the problemeotive

compatibility

For many commodities, the cost of providing them depends on the behavior of the
purchaserMoral hazard arises when behavior of the demander that is not easily observed
affects the cost of the supplier. An example is the case of insurance. After buying insurance,

agents may become careléss.

Sometimes several goods are different in the eyes of the consumer, but are sold as if they
were equal. When one side of the market treats certain commodities as different, while the
other side treats them as equal, problemaaiferse selectiorarise. An example occurs

when buyers cannot observe the quality of the product, but sellers can. In this case, the

sellers of high quality products withdraw from the market.

Akerlof (1970) analyzed a market in which the sellers could distinguish the quality level
of a product, while the buyers did not. Initially the buyers may expect an average level of
quality, and think of making a correspondent bid. But the sellers of good quality products
would not be willing to sell them at this average price. So, the potential buyers reason
that only the sellers of “bad” products will be willing to trade in the market. Expecting to
receive a “bad” product, they offer a low price. As a consequence, only “bad” products are

bought or sold, and all products are priced as if they were “tbad”.

6Assuming that carefulness is, even if only slightly, costly.

’C. Wilson (1980) studies a variant of the model of Akerlof (1970) in which agents differ on the value
that they attach to cars of the same quality. He finds that the results depend on whether it is an auctioneer, the

buyers or the sellers that set the price.
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Rothschild & Stiglitz (1976) analyzed an insurance market in which the sellers could not
distinguish the risk level of the customers, which could be high or low. So, they cannot
offer a better contract to the low-risk customers, because all the customers would pretend

to be low-risk to get this contract. As a consequence, there was no competitive equilibrium.

In the model of Arrow-Debreu, supply equals demand when the economy is in equilibrium.
But we observe frequently disparities between supply and demand of certain goods. The
classical example is unemployment, or excess of supply of labor. In fact, problems of

information may render the balance of supply and demand untenable.

Imagine a situation of full employment in which employers cannot observe perfectly the
effort of the worker. Firing the worker does not work as a punishment, because she can find

another job instantly. The incentives are for workers to shirk!

Another common situation is of excess demand for credit. The interest rate charged by
a bank influences the risk of the loans that are proposed. The interest rate that an agent
is willing to accept signals its risk-level. A bank which sets a high interest rate will only
attract loans with high risk. Therefore, the optimal interest rate may not be equal to the one

that balances supply and demahd.

The behavior of the agents varies with the interest rate. Higher interest rates diminish the
value of investments, and induce individuals to take more risks (since the worst possible
outcome is a return of zero, which corresponds to bankruptcy). pétfect information

these issues would be meaningless. But, since the bank cannot control the decisions of the

firms, it is important to analyze the incentives that the loan contracts give to firms.

8This is described in the seminal article of Shapiro & Stiglitz (1984).
9This is analyzed by Stiglitz & Weiss (1981).
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Spence (1973) studies actions outside the market that generate information which is then
used by the market. In his model signalling agents engage in education because their
potential employers see this a sign of good capabilities. If they had poor capabilities,
engaging in education would be irrational. So, signalling is a kind of implicit guarantee. A

situation in which beliefs are stable is@nalling equilibrium'©

Besides assuming that prices are linear, it is also assumed that theyraogeneoyshat
is, that all trades are made according to the same price system. Stigler (1961) questions
this hypothesis and analyzes the the problensesrch that is, of buyers seeking costly

information about the prices quoted by the different sellers.

The point of Grossman & Stiglitz (1980) is that if arbitrage is costly and gives no return in
equilibrium, then no agents will engage in this activity. As a consequence, in equilibrium,
the condition of null arbitrage profits should be substituted by one givingeguifibrium

amount of disequilibriurh

Besides analyzing whether an equilibrium situation exists or not, it is important to study
the way agents reach this situation - the problermgdlementationIn the seminal article
of Schmeidler (1980), Walrasian equilibrium is implemented as a Nash equilibrium of a

market game.

According to Hayek (1945), the perfect information model does not capture the
fundamental role of prices and markets in processing and disseminating information. Sixty
years have passed since he warned us that general equilibrium theory does not by itself
solve the economic problem. The theory “only” gives a logical solution to a problem in

which the relevant data is given.

10For a survey on signalling and general issues related to information see Riley (2001).
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“On certain familiar assumptions the answer is simple enough. If we possess all the
relevant information, if we can start out from a given system of preferences, and if we
command complete knowledge of available means, the problem which remains is purely
one of logic. That is, the answer to the question of what is the best use of the available

means is implicit in out assumptiohs.

But this relevant data is never given to a single mind.

“[...] the economic calculus which we have developed to solve this logical problem,
though an important step toward the solution of the economic problem of society, does not
yet provide an answer to it. The reason for this is that the 'data’ from which the economic
calculus starts are never for the whole society 'given’ to a single mind which could work

out the implications, and can never be so given.

After these words of caution, we can start the study of general economic equilibrium with

asymmetric information.



Chapter 2

Introduction

The treatment of uncertainty in the theory of general equilibrium is based upon two
foundations: theExpected Utility Theorenof von Neumann and Morgenstern (1944);
and the formulation of the ultimate goods or objects of choice in an uncertain universe

as contingent consumption claims (Arrow, 1953).

The Expected Utility Theorerprovides a convenient way to compare risky bundles, by

establishing the existence of an utility function that represents preferences over lotteries.

Under the formulation of objects of choice as contingent consumption bundles, besides
being defined by their physical properties and their location in space and time, commodities
can also be defined by ths&ate in which they are made available. For example, an
“umbrella” that is delivered if the “weather is rainy” and an “umbrella” delivered if the
“weather is sunny” are seen as two different commaodities. This formulation allowed Debreu

(1959, chapter 7) to extend the general equilibrium model to a situation of uncertainty.

There were essentially two lines of contribution to equilibrium theory with complete
information: one of Cournot (1838) and Nash (1950), and that of K. J. Arrow & Debreu

9
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(1954), and McKenzie (1954). But to take into account the problems of incomplete
information introduces a great deal of complexity. The main advances were made by
Harsanyi (1967), who extended the Cournot-Nash framework, and by Radner (1968), who

did the same to the model of Arrow-Debreu-McKenzie.

The transformation of games witincomplete informationinto games withimperfect
information accomplished by Harsanyi (1967) was a giant step. In a gamengtimplete
information agents are uncertain about the payoff functions. The meaningpgrfect
information is that when information is that agents cannot perfectly observe the strategies
chosen by the other players. Considering that there are many poggibtof players, it

may be assumed that an unobservable choice of nature at the beginning of the game selects
the actual players from the set of possible types. So, from a problem of knowledge about
payoffs, we move to a problem of knowledge about the type of player selected by nature.
With agents havingrior probabilities on the choice of nature, the game with incomplete
information ends up being defined as a game of imperfect information. This type of game

can be analyzed with standard techniques.

To model an economy in which agents have asymmetric information, it is considered that
it extends over two time periods. In the first period, agents know their endowments and
preferences, as a function of the state of nature, and have a partition of information, that
tells them which events they can observe. In this perxcahitg, agents make contracts for
delivery of goods in the second period, which can be contingent upon the state of nature. In
the second period, agents get to know which set of their partition of information includes
the actual state of nature. As a consequence, they are informed on their preferences and
receive the corresponding endowments. Finally, contracts are enforced and consumption

takes place.

For a survey omlifferential information economigsee Allen & Yannelis (2001).

10
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This setup allowed Radner (1968) to propose an extension of the model of Arrow-Debreu-
McKenzie to the case of private information. Byivate informationit is meant a situation

in which agents have asymmetric information and do not communicate.

The basic idea is that agents are not willing to pay for delivery that is contingent upon
events that they do not observe. As a result, it is assumed that they will consume the same
in states of nature that they do not distinguish. With this condition, the economy with
private information is formally equivalent to the Arrow-Debreu-McKenzie economy. The
equilibrium of prices and consumption vectors of the economy with private information is

designated as\&/alrasian expectations equilibriu(mVEE).

The essential modification, with respect to the equilibrium notion without uncertainty, is
this restriction of measurability, that is, of forcing agents to consume the same in states of
nature that they do not distinguish. Formally, the consumption of an agent, as a function of

the state of nature, has to be measurable with respect tofibld of its private information.

A corresponding cooperative notion of equilibrium is the it private core. This concept was
introduced by Yannelis (1991), who also proved existence in general conditions. Relatively
to the classical core notion, it has the same measurability restriction: allocations have to be

informationally feasible.

Allowing for communication introduces a lot of complexity. But, actually, the first notions

of a core in an economy with asymmetric information (Wilson, 1978) were based on the
ideas ofcommon informatiormndpooled information These are theoarse coreand the

fine core If coalitions are only allowed to block allocations by using allocations which
are measurable with respect to the common information among their members, the result

is the coarse core At the other extreme is théne core which is constituted by the

11
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informationally feasibleallocations which cannot be blocked by any consumption vector

that is measurable with respect to the pooled information of the members of a calition.

The notion ofincentive compatibilityfHurwicz, 1972) is the focus of a recent survey by
Forges, Minelli, & Vohra (2002) on the core of an exchange economy with asymmetric
information. They consider the restriction imfformationally feasibilityto be too strong,

and prefer to analyze incentives. The emphasis of their work is on incentive compatibility,

and on convergence of the core to price equilibrium allocations.

In the case in which it is possible to communicate, it is crucial to know if information can
be verified or not. If it can be verified, then we may be able to treat it as a commodity.
This is the crux of the work of Allen (1990), who studied information as if it were an
economic commodity, susceptible of production and exchange. There are non-convexities,
because each partition is only interesting in integer quantities (half partition would be
meaningless). With an infinite number of traders this problem disappears. A problem that
arises if production of information is considered in the economy is that the costs associated

to the production of information are essentially fixed costs.

The private core was shown to have nice properties. Koutsougeras & Yannelis (1993)
proved that it iscoalitionally Bayesian incentive compatib{€BIC). Einy, Moreno, &
Shitovitz (2001) prove an equivalence theorem for the private core. Serrano, Vohra, &
\olij (2001) present counter-examples to the core convergence theorems whenever expected

utilities are interim.

Forges, Heifetz, & Minelli (2001) obtain a Debreu-Scarf analogue for a type-model where
the space of allocations is defined as the set of incentive compatible state-contingent

lotteries over consumption goods. They show that competitive equilibrium allocations

2Note that such consumption vector may not be an allocation, since it may imdolhmationally feasible

12
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exist and are elements of the (ex-ante incentive) core. This core is constituted by the
allocations such that no coalition can propose a feasible incentive compatible allocation
which improves the expected utility of all its members. Any competitive equilibrium is

an element of the core of the-fold replicated economy. The converse holds with the
assumption of private values - equal preferences in states of nature that the agent does not
distinguish. This is in the lines of Prescott and Townsend (1984a, 1984b), who also impose

a finite “base” for lotteries and private values.

The main idea in Prescott and Townsend (1984a, 1984b) is that individuals trade state-
contingent lotteries over the initial consumption goods. This ensures that the consumption
set is convex. With objects of trade as incentive compatible state-contingent lotteries over
the original goods, competitive equilibria can be defined in the usual way, using expected

feasibility and constructing prices of lotteries as expectations of the prices of original goods.

To provide scope and context to this work, the first chapter was a discussion of the limits of

these models to explain real economies.

In this second chapter, the state of the art of general equilibrium with asymmetric was
presented. Special attention was given to the works on differential information economies.
This is a line of research that follows the seminal work of Radner (1968), where general
equilibrium theory was extended to a setting in which agents have different private

information.

The third and fourth chapter review the theory of general equilibrium. In chapter 3, the
analysis is restricted to perfect information. Chapter 4 extends the theory to the cases
of symmetric uncertainty (Arrow and Debreu, 1954), and to a setting of asymmetric
information (Radner, 1968). The idea underlying Radner’s extension is to restrict agents

to produce and consume the same bundles, in states of nature that they do not distinguish.

13



CHAPTER 2. INTRODUCTION

Essentially, this means that the net trades between two agents can only be contingent upon

their common information.

In the fifth chapter, the problem of the continuity of equilibrium with respect to variations in
the private information of the agents is studied. A new topology on finite information fields
is introduced. This topology evaluates the similarity between information fields taking
into account their compatibility, that is, the events that are commonly observed. With this
“topology of common informatidythe Walrasian expectations equilibrium (Radner, 1968)

and the private core (Yannelis, 1991) are upper semicontinuous.

In chapter 6, the model of Radner (1968) is generalized. Recall that Radner extended
the model of Arrow-Debreu to the case of private information by constraining agents to
consume the same in states of nature that they do not distinguish. But agents may be willing
to buy different goods for delivery in states that they do not distingeishnte if, in any

case, they become better off. This suggests the introductia@omtfacts for uncertain

delivery.

Finally, in chapter 7, economies with private information and uncertain delivery are studied.
Agents are assumed to Ipeudent that is, to followminimaxstrategies. Many classical
results still hold: existence of core and equilibrium, core convergence, continuity properties,
etc. In aprudent expectations equilibriunagents consume bundles with the same utility

in states of nature that they do not distingueshante Since this restriction is weaker than

equal consumption, efficiency of trade and welfare are improved.

In the appendix, both Von Neumann’s and Savage’s axiomatizations of expected utility are

presented, and the value of information is defined accordingly.

14



Chapter 3

Equilibrium with Perfect Information

In the literature ondifferential information economiestwo concepts of equilibrium
predominate: one is the cooperative notion ofd¢bes and the other is the non-cooperative
notion of competitive equilibrium The notion of competitive equilibrium has much in
common with the famous conceptiash equilibrium But while Nash equilibrium applies
to games in general, a competitive equilibrium makes sense in the contexnafkaet

economy

3.1 Nash equilibrium of an n-player game

A game in normal form is defined by the strategies available to each player, and by
the outcomes that correspond to every possible combination of strategies by the players.
A strategy determines every action of a player throughout the game for all possible
contingencies that the player may face. So, given the strategies of the players, it is possible

to determine each player’'s outcome. We assume that each agent compares the outcomes
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CHAPTER 3. EQUILIBRIUM WITH PERFECT INFORMATION

according to an agent-specifitility function that assigns a real number to each point in

the strategy space of the players.

Definition 1 (N-PLAYER GAME) A gameG = (X;, V;)’, inits normal form is defined
by:
- the set of strategies available to each playek;;

- the utility function of each player V;.

The space of the possible strategies of the gam¥ is- [[ X;. A possible strategy is
=1
x = (21,29, ....,o,) € X.

The utility function of each playel/; : X x X; — R, is such tha¥;(z, z}) is the utility of
agent; playingz; while the others play;, (j # 1).

The idea of an equilibrium as a situation in which no agent has incentives to deviate,
assuming the actions of the others as given, was first discussed by Augustin Cournot (1838)
in a context of a duopoly. It was rediscovered by John Nash (1950), who proved the
existence of such equilibrium solution for generaplayer games. This is probably why

it is referred asNash equilibrium although sometimes it is designated@surnot-Nash

equilibrium

Definition 2 (NASH EQUILIBRIUM)

The strategye* € X = [] X; is a Nash Equilibrium of the gan€ = (X;, V;)!, if and
=1
only if, for every playet, V;(z*, z}) > V;(z*, 2}) ,Va, € X;. Thatis,z* = (a7}, 23, ..., x})

aey n

is composed by best responses of each agerit to
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CHAPTER 3. EQUILIBRIUM WITH PERFECT INFORMATION

In a Nash equilibrium, each agent’s strategy is the best response to the strategies chosen by
the other agents. Existence of Nash equilibrium means that the agents can reach a situation

in which they consider their strategies to be simultaneously optimal.

Consider the illustrativgpaper-rock-scissors gamen this two-player game, the players
choose among three possible actions: “paper”, “rock” or “scissors”. The paper beats the
rock by enveloping it, the rock beats the scissors by breaking them, and the scissors beat the
paper by cutting it. It is straightforward that, given the strategy of the opponent, there is a
best response that makes one win every time (play paper against rock, rock against scissors,
and scissors against paper). But then, given this new strategy, the opponent’s best response
will be to play differently, in order to be able to win every time. The change of strategy leads
the opponent to choose a new optimizing strategy. From this circularity follows that there
isn’t any pair of mutually optimal pure strategies, that is, there isn’t a Nash equilibrium of

the game in the space of the pure strategies.

Yet, there exists a Nash equilibrium in the space of mixed strategies. If the players randomly
play paper, rock or scissors with equal probabilities (1/3 each) in each repetition of the
game, their strategies are optimal responses to the strategies of the opponent. As this
example suggests, the famous result of existence of Nash Equilibrium demands a convex
space of possible strategie’s;(convex for all;), otherwise, the theorem of Kakutani cannot

be applied. Convexity can be obtained by allowing the agents to play mixed strategies.

3.2 Nash equilibrium of an n-player pseudo-game

A pseudo-gamés a more general concept than that of a game. pseudo-game the
strategies that are available to a player may depend upon the strategies that are selected by

the other players. A game does not allow this kind of interdependence.
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Definition 3 (N-PLAYER PSEUDO-GAME)
A pseudo-game in its normal forlRG = (X;, F;, V;),, is defined by:
- the set of strategies potentially available to each playeé¥;;

- the set of strategies available to each playegiven the strategies chosen by the other
players,F; : X — X;, with X = [] X;;

=1

- the utility or payoff function of each playerV; : Gr(F;) — IR.

In a Nash equilibrium of a pseudo-game, a player may have strategies that would be
preferable, but which are inaccessible due to the choices of the other agents. This cannot

occur in a gamé.

When the correspondencg; is continuous and convex-valued, existence of Nash
equilibrium of a pseudo-game can be proved by direct application of the fixed point theorem
of Kakutani and Berge’s maximum theorem. Nash equilibrium of a game is a corollary of

this for the case in whicl#; is a constant correspondence.

Definition 4 (NASH EQUILIBRIUM OF A PSEUDO-GAME)

A strategyr* € X = [] X; is a Nash Equilibrium oPG = (X, F;, V)L, <

=1
a) xf € Fy(z*);
b) Vi(z*, z7) = Vi(a*, 2}) ,Va; € Fy(z7).
Again, the vector of equilibrium strategies, = (x7, z3, ..., 27), is composed by optimal

responses of each agentitd, but only among those in the possibility getz*).

1Pseudo-games are useful in many contexts. For example, to model situations where imitation is excluded,

as in the choice of location or in branding.
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3.3 Competitive equilibrium of an exchange economy

An exchange economys a system in which a finite number of agents exchanges an initial

distribution of endowments, without incurring in any transaction cost. Each economic agent
is characterized by: (1) a consumption possibility set; (2) preferences among alternative
plans that are feasible; (3) initial endowments of physical resources. The objective of each

agent is to maximize individual well-being.

The preferences of the agents are usually assumed to be representable by continuous and
guasi-concave utility functions, in order to guarantee the convexity of the set of desirable

bundles.

In general, each agent’s choice of bundles,depends on what the other agents choose.
The vectorr = (xy,z9,...,x,) IS designated as aallocation. The interaction between
the agents is mediated by a price-system. With a finite number of commoditite
price vector can be normalized o€ A}, = {p € R, : > .p; = 1} A common
simplification that guarantees existence of competitive equilibrium consists in allowing
only the consumption of non-negative quantitiesc IR', and assuming non-negative

prices,p; > 0 (hypothesis of free disposd).

Definition 5 (EXCHANGE ECONOMY)
An exchange economy is a tripte= (X;, U;, e;)I,, where, for each agerit
- the space of possible consumption bundleX;is
- the utility function isU; : X; — [R;

- the initial endowments are ¢ X;.
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A Walrasian orcompetitive equilibrium is an equilibrium in a situation of perfect

competition, as demand exactly matches supply with agents taking prices as fixed. In such
a situation, every agent has an utility maximizing bundle, that is, each agent has the optimal
guantities of each commodity at the prevailing price level. Therefore, each agent faces no

utility-increasing trades.

Definition 6 (COMPETITIVE EQUILIBRIUM)
(x*, p*) is a Competitive Equilibrium of the econoéy= (X;, U;,e;)l, <
1) z* = (3, ..., x) is feasible, i.e.zf € X, Vi; and izx; < anle;‘.
2) p* € Al is a price system such that for each agent
2.1zt € Bi(p*) = {x € Xi;p" - x < p* - ei);

2.2)Ui(z) > Ui(x}) = p* - 2 < p* - ¢; (v is U;-maximal inB; (p*)).

A competitive equilibrium is, by definition, a state in which every bundjethat an agent

would prefer toz? lies outside its budget set/;(x}) > U;(z}) < p -z > p-e;. Such

state must of course be feasible, that is, the sum of the quantities allocated cannot be higher
than the sum of the initial endowments;’  z; < > "  e;. Itis also necessary that the

cost of an agent’s consumption bundle does not exceed the value of its initial endowments:

p-x; < p-e;. This condition can be interpreted as excluding gains from speculation.

An assumption usually imposed to guarantee existence of competitive equilibrium is the
“hypothesis of survivalwhich determines that for every price-system there is at least one

bundle in the interior of the budget sétp, 3z, € X; : p-z, < p-e;.

2Existence of equilibrium may be ruled out by indivisibities or rationings, which can prevent some agents

from obtaining the bundle that they prefer at the prevailing market prices.
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The proof of existence of competitive equilibrium is based on two results: Berge’s theorem

of the maximum and Kakutani’s fixed point theorem.

The exchange economy is first characterized by two correspondences: one that assigns to
given prices the utility-maximizing bundles of each agent; and another that assigns to given
bundles the prices that maximize the difference between the value of the bundles and that
of the initial endowments, that is, the value of the excess demand. These prices ensure
that the allocations allowed by the agents’ budgets are also feasible. By the theorem of
the maximum, both correspondences are upper hemicontinuous, with non-empty compact

values.

The product of these two correspondences, whose image is the product of the images of
the two described correspondences, is a correspondence from the product space of prices
and consumption possibilities into itself. The product correspondence retains the properties
of upper hemicontinuity, and, given the quasi-concavity of the utility functions, has also
convex values. In these conditions, the theorem of Kakutani ensures the existence of a
fixed-point. The fixed point consists of an allocation and a price-system with the following
properties: in this price-system, each agent’s bundles is an utility-maximizer; and the prices
are such that ensure that this allocation is feasible. Thus, the fixed point is a competitive

equilibrium of the exchange economy.

3.4 The core of an exchange economy

Another known concept of equilibrium of an exchange economy is that ofdhe An
allocation is in thecoreif no coalition of agents can force a better outcome for themselves.

If some group of agents can reach a better outcamigy trading only among them, we say
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that the coalitionS blocksthe allocatione via the feasible allocation. By better we mean
an outcome that is not worse for any member of the coalition and is better for at least one

of them.

This concept of equilibrium is less restrictive than the competitive equilibrium. A

competitive equilibrium is always in the core, while the converse is not true.

W(&) S N(€)

Since an allocation in the core cannot be blocked by any individual coalition, the core
satisfies the criteria ahdividual rationality . And, since the coalition of all agents does

not block a core allocation, all the allocations in the coreRareto-optimal.

W(E) C N(E) C IRE)NOP(E)

According to the old conjecture of Isidro Edgeworth (1881), in conditions of perfect
competition, the core and the set of competitive equilibria coincide. In this context, perfect
competition is modeled by considering an exchange economy with an infinite number of

traders, so that the influence of each agent can be neglected.

This conjecture was proved by Debreu & Scarf (1963) for a market with an infinite number
of traders, but with a finite number of types of traders. By replicating a finite economy they

found that the core converges to the set of competitive equilibrium allocations.

Robert Aumann (1964) obtained a similar result for any infinite number of traders with
different preferences and initial endowments. Instead of a finite number of types of traders,
Aumann demanded neighboring preferences and endowments. With the further assumption
of quasi-ordered preferences, Aumann (1966) also proved that the set of allocations

satisfying the coinciding concepts of core and competitive equilibrium, in a market with
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an infinite number of traders, was not empty. A comprehensive study of economies with an

infinite number of traders was provided by Hildenbrand (1970).

3.5 Exchange economies as pseudo-games

An exchange economy, = (X, U;, ;)" ;, can be modeled as a pseudo-game with 1
players,PG = (X;, F;, Vi), The additional player is thauctioneer that can also be

designated asarketor price-setter

The space of possible strategies for the auctioneer is compact and convex:

Xn+1 :Al_i_ :{pe |Rl+ : ij = 1}

This player is not restricted in its choice+, . ; is a constant correspondence:
Fn_;'_l:XXAZ_—)AI_&_
But the possible strategies of each agent are a function of the choice of the market. They

must choose a bundle that belongs to their budget set. In this pseudo-game, the possible

strategies of the agents are:

Fi(x,p) = Bi(p) ={z; € Xi:p-2; <p- e}

The utility functions of the agents only change in terms of domain:

Vi: Gr(F;) — R, with Vj[(x, p); z}] = U;(z}).

2

The objective of the auctioneer is to maximize the cost of the excess demand:

23
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Vo1 : Gr(Fop) = X X A X A — IR, with V. 1[(x, p); q] = Zq~ (x; — €;).
i=1

A Nash equilibrium of this pseudo-game is a competitive equilibrium of the original

exchange economy.

Theorem 1 (EQUIVALENCE NASH-WALRAS)

The strategy(z*, p*) is a Nash equilibrium of the pseudo-gamé; = (X;, F;, Vi)t
if and only if (z*,p*) is a competitive equilibrium of the exchange econofhy=
(Xi, Ui, €i)iey

A corollary of this theorem is the existence of competitive equilibrium of the exchange
economyé = (X;,U;, e;),, since this pseudo-game is in the conditions of existence of
Nash equilibriun?

3.6 Existence of Nash equilibrium

Now we want to prove theorems of existence of Nash equilibrium and competitive
equilibrium. To guarantee existence of a Nash Equilibrium, it is enough to assume a

compact and convex space of strategies, and quasi-concave utility functions.

Theorem 2 (EXISTENCE OFNASH EQUILIBRIUM)

Consider a game defined in its normal for@&: = (X;, V;)I,. For everyi, let X; be

compact and convex, and be continuous and quasi-concave in the second variable.

= There exists a Nash Equilibrium.

3Because;(p) is a continuous and convex-valued correspondence.
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Proof.

Consider the correspondence of the “best responses”:

() = argmaxV;(z) = {z; € X;; Vi(z, z;) > Vi(z,2}), Vo € X;}.

SinceV; : X x X; — IR is continuous, and the constant correspondénceX — X; is,

of course, continuous and compact-valued, we can apply the Theorem of the Maximum.
The correspondence of the “best responses” is non-empty and upper hemicontinuous.
Furthermore,i;(z) is also closed because it is a u.h.c. correspondence with compact

Hausdorff range.

We also need to show that(z) is convex. Sincé/; is quasi-concave, for a given pair

21, 29 € Y;(x) and any\ € (0, 1):

Vilz,Az1 + (1 — N)z9] > min Vi(x, z1), Vi(z, 20) = V.

That is,y;(z) is convex. The product correspondence retains this property.

VX = X, = ][]vs v@) =]] i)
=1 =1

The product correspondence retains also the properties of upper hemicontinuity (Aliprantis
and Border, 1999, p. 537), and, by Tychonoff’'s Product Theorem (Aliprantis and Border,
1999, p. 52), of closedness.

The correspondence : X — X is upper hemicontinuous and closed, with nonempty
and convex values. Assuming th&tis a convex and compact subset of a locally convex
Hausdorff space (in particular, it may be a finite dimensional Euclidean space), we can

apply the fixed point theorem of Kakutani.
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This theorem establishes the existence of a fixed point).of There exists a Nash
equilibrium,z*, composed by the best responses of each agent to the strategies of the others.
QED

3.7 Existence of competitive equilibrium

First we prove existence of competitive equilibrium assuming a compact and convex space

of possible bundles. Then we extend this result.

Theorem 3 Let& = (X, U;, e;), be such that, for every
1) X; is a compact and convex subsetRif;
2) U; is continuous and quasi-concave;

3) for eachp € Al there existsr, € X; such thatp - z, < p - ¢; (“hypothesis of

survival”).

= There exists a competitive equilibriufm;*, p*).

Proof.

For eachi, define the utility functionsV;(p, =, z;) = U;(z;). These functions are obviously

continuous and quasi-concave as thebut the domain is conveniently modified.

Vii AL x X x X; — R.

The budget correspondence is defined by:
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Bi(p, ) ={z} € Xi:p-ai <p-e}.

By 3), B; is non-empty. To apply the Maximum Theorem, we also need the correspondence

B; to be continuous and compact-valued.

To see tha3; is upper hemicontinuous and compact-valued, consider its graph:

Gr(B;) ={(p,x,2}) € AL x X x X; : z; € Bi(p)}.

Now consider an arbitrary sequence in the grapbof

{(pwra 952)}20:1 :Vn € IN7 (pna 337”33;”) € GT(Bz)

We havep, -z}, < p, -e;. With lim,, .o pp, = Poo:

A point of the adherence is also a point of the graph. The graph;a$ closed, and,
therefore, closed-valued. It is also compact-valued, becBy$e is a closed subset of the
compactX; € IR,.. In these conditions, by the closed graph theorem (Aliprantis and Border,

1999, p. 529)B; is upper hemicontinuous.

To apply the Maximum Theorem, all that is left to prove is tBats lower hemicontinuous.
We will show that if somer € B;(p) belongs to an open sét, then there is an open ball
aroundp with radiuso such that for every’ € B(p,d) ()4, there exists some € B;(p')
that also belongs to'.

By thehypothesis of survivathere exists:, € X; : p-e; —p -z, > 0. SinceX; is convex,

for some), € (0, 1):
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Ay 4+ (1= X)) -o=my, € X;. Ofcoursethap - e¢; —p-z,, =r > 0.

Sincep’ € B(p,d), the minimum value of the initial endowments is:

/

p '€i:p'€z‘—(p—p/)'€z‘>p'€z'—5||ez'H-

On the other hand, the maximum costgf is:

/

pxy, =p-ay, + (P —p) - xa, <p-ay, + 0T,

As aresult, we have:

/

pei—p an, >pei—dlel —p-as, = dllaall > = d(lle]| + [[aa,[])-

So itis enough to choose=

__r
llell+llzxp [ °

The particular case witlk; = IR, ande; >> 0 satisfies 3). Since at least one of the
commodities has a positive prige > 0, a bundle withz,; = e;/2 andz,, = e; (with

k # j) satisfiep - x, < p - e;.

The cost of excess demand is:
l
Vipr : AL x X x Al — R; with V1 (p, z,q) = qu (T — ).

J=1

The objective function of the auctioneéf,, 1, is linear and, therefore, continuous.

Define also the constant correspondence:

By Aﬁr x X — Aﬁr ; with B, (p,z) = Aﬂr.

We are in conditions of applying Berge’s theoremtand B; for eachi.
i AL x X = X, , fori=1,....n;
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¢n+13Al+ ><X—>Al+.

All ¢;, are u.h.c. with compact (closed subsets of the comfgaeind convex (from quasi-
concaveness) values.

n+1
The product correspondence:= H 1; retains these properties, satisfying the conditions

=1

of Kakutani’s theorem.

YA x X — AL x X.

Therefore, there exist®*, 2*) € ¥ (p*, z*), which is a competitive equilibrium. In effect,
with p* € A, C R., we have:
xf € i(p*, ") = Us(x}) > Ui(2),Vz € Bi(p*);

thatis,U;(z) > U;(z}) = z ¢ Bi(p").

The only thing that remains is to be confirmed is thais feasible, i.e., tha) 27 <> ;.
i i=1

=1
We know that the equilibrium prices maximize the cost of the excess demand:

PTE Y (phat) &, p > (3] —e) 2 q- ) (2] —e), Vg€ AL
=1 =1

Furthermore, we know that:

x; € Bi(p*) & p* - (77 —e;) 2 0=
=0>p > (2} —e) >e;- y (2] —e;) = j-coordinate of the surh.

i=1 i=1

Each of the coordinates (X(ei — x}) is not negative, that is;* is feasible. There exists
i=1
a competitive equilibrium of the exchange econofuy, p*). QED

% =(0,...,1,...,0) € AL.
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Now we extend this result to consumption sets which are not necessarily compact.

Theorem 4 (EXISTENCE OFCOMPETITIVE EQUILIBRIUM)
Let€ = (X;, U;,e;), be such that, for all:
1) X; C IR{F is closed, convex and bounded from below.
2) U; is continuous and quasi-concave.
3) for eachp € A, there exists, € X; s.t.p - x, < p - e; (hypothesis of survival)

In particular, we have 3) i¢; >> 0 andX; = IR..

= There exists a competitive equilibrium.

Proof.

SinceX; is bounded from below, there exists < X , Vi.

With z* being feasible, we have:z zr < Z e;.

i=1 i=1

n n
Then: m=n-m< xZSZeiSE,W.
i=1 i=1

Let R > 0 be suchthafz : m < x <€} C B(0, R). By the previous theorem, there exists
(z*,p*), a competitive equilibrium of = (X; N B(0, R), U;, e;)™,. We want to show that
(x*, p*) is also a competitive equilibrium &f.
The equilibrium allocationg*, belongs to the budget set:

x; € Bi(p*) ={x; € Xiﬂg(O,QR) pt e <ptiet C{a € Xpipt o <pteeil.
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And maximizes utility in the restricted space:

Vz € X;NB(0,2R) : Ui(z) > Us(x}) = p* - 2 > p* - e;.

Letz € X; be such that/;(z) > U;(x) andp* - z < p* - ¢;. The existence of suchwould

deny that(z*, p*) is an equilibrium inf.

Consider a convex combination etvith the bundle that verifies theypothesis of survival
25 = 0xp + (1 —0)z.

Forallo € (0,1), we know that:; € X;, and that it is such that* - z; < p* - ¢;.

The utility functions are continuous, so we can choose a smal(0, 1) such that we also
haveU,(zs) > U,;(z]).

Now consider a convex combination gfandz;:

zs = Axf + (1 —0)zy , with X € (0,1).

Sincez; is in the interior of the budget set, also is,VA € (0, 1):

Ptz <Dpt-e.
The utility functions are quasi-concave,Bdz,) > U;(x}).

Now consider a\ € (0, 1) such thatzy € B(0, R). There exists a smad >> 0 such
thatz’ = z), + eis still in B(0, R), and also in the budget set. Since preferences have the

property ofno satiation U;(z') > Ui(zy).

This is a contradiction denying théat*, p*) is an equilibrium ing. Therefore, such does

not exist, andz*, p*) is also an equilibrium irg. QED
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Chapter 4

Equilibrium with Asymmetric

Information

In an economic system, we may distinguish betwemdogenousand exogenous
uncertainty. We deal exclusively wigxogenous uncertaintnly environmental variables

are acceptable as contingencies to be included in the contracts. In this context, uncertainty
can be seen as generated by an unobserved chanegwEbetween a set of possible states

of nature. Our problem is ofcbstless exchange at market clearing prices

When the relevant type of uncertainty is generated inside the economic system, that is,
if it concerns the decisions of the agents, then the problem becomes omeaoket

disequilibrium and price dynamits

The economy extends over two time periods. In the first, there is uncertainty about the

environment. Agents make contracts befoeg ante stageand after they receive their

For a review on the economics of uncertainty see Hirschleifer & Riley (1979).
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information {nterim stage¢. In the second period, contracts are enforced and consumption

takes place.

4.1 Modeling information

By a state of natureis designated a complete specification (history) of the environmental

variables from the beginning to the end of the economic systenevAntis a set of states.

Agents have subjective beliefs about the probabilities of occurrence of the different states

of nature. Each individual can assign to each state of nature a number between 0 and 1,
Q

with Z ¢’ = 1. Subjective certainty occurs when a probability of 100% is attributed to a
j=1
single state. When the beliefs of the agent give strictly positive probabilities to at least two

different states, we hawaibjective uncertainty.

The model is simpler when a finite number of possible states is assumed:

Q= {w!, ... w2

Agents have a prior belief regarding the probability of occurrence of each state:

Q
g C AL, whereA” = {g € R : ) "¢/ = 1}.
j=1
When an infinite set of states of nature is needed, we consider a compact and measurable
space of states of natur&?, F). In this case, the prior belief of an agent is represented by

a probability measure off2, F), with the density function denoted hy-).

2Notice that her&) denotes both the set of states and the number of states.
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To illustrate the theory, we borrow an example from Laffont (1986). Assume(ihas
three elementsy!, w? andw®. These states represent, respectivgdyd average andbad

product quality.

The seller knows the actual quality of the product. With pver beliefs written as

q = (q', ¢*, ¢*) the beliefs of the seller are:

q=(1,0,0) ,ifthe product iggood
q=(0,1,0) ,if the product isaverage
qg=(0,0,1) ,ifthe product idhad

The buyer is uncertain about the product quality, having the following prior distribution:

q=(¢" % ¢, withq' + ¢ + ¢ = 1.

An information structure without noise consists of ar-algebra orf2, such that the agent
knows whether the true state of nature belongs or not to each setofalyebra. Dealing
with finite 2, we can also define information as a partition such that the agent cannot

distinguish states of nature that belong to the same element of the partition.

After receiving its information, what the agent knows is which set of the partition includes
the true state of nature. In the example above, the information structure of the seller is
perfect. The seller knows the true state of natute:= {{w'}, {w?}, {w3}}. An expert

that never makes a mistake, but who is unable to distinggosklfrom averagequality, has

the partition: P, = {{w', w?}, {w?}}. Another expert that never makes a mistake, but who

cannot distinguiskveragefrom badquality has the partitionPp = {{w'}, {w? w?}}.

34



CHAPTER 4. EQUILIBRIUM WITH ASYMMETRIC INFORMATION

4.2 Terminal acts and informational acts

While nature chooses amostates individuals choose amoragts Two classes of acts can

be distinguishedterminalandinformational When makingerminal actions, individuals
make the best of their existing combination of information and ignorance to maximize their
utility. With informational actions, individuals defer a final decision while waiting or

actively seeking for new evidence which may reduce uncertéinty.

Upon receival of new information, agents adjust tipeior beliefs. Higheprior confidence
implies thatposterior beliefs are more similar to thprior.* New information has less
impact, so agents assign less value to their acquisition. A simple way to value new

information is to equate it to the expected gain that results from revising the best action.

The idea of information emerging with time is a possible justification for the fact that real
economic agents give value to flexibility and liquidity. The trade-off is between waiting and

making an irreversible decision.

When thinking about informational acts, some keywords come to mind: dissemination,
evaluation, espionage, monitoring, security, speculation, etc. These phenomena are very
complex. In our study, we deal only with terminal acts, avoiding these more complex

phenomena.

3The notion ofdegree of confidends fundamental when dealing with informational acts. A higiegree

of confidencémplies that a lower value is assigned to the acquisition of new information.

4In many models, there are two trading periods: “prior” and “posterior” to receiving message. In complete

market regimes, the price ratios are the same in both periods.
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4.3 Arrow-Debreu equilibrium under uncertainty

Suppose that the state of nature becomes public information imtéem stage As a
result, agents cannot deceive each other about the state of nature. In this case, assuming
the existence of complete markets for present and future contingent delivery, the model of

Arrow-Debreu-McKenzie can be extended to a context of uncertainty.

The basic idea underlying this extension is to distinguish commodities not only by their
physical characteristics, location, and dates of their availability, but also bgtdte of

naturein which they are made available.

Existence of separate markets for each of these contingent commodities is assumed. An
elementary contract in these markets consists of the purchase (or sale) of some specified
number of units of a specified commodity to be delivered if and only if a spedtsd of

natureoccurs. Payment is made at the beginning.

Agents make a single choice, the choice of a consumption plan, which specifies

consumption of each commodity in easfate of nature

Let X; denote the set of feasible consumption plans for ageand letz;(w) denote the
[-dimensional bundle consumed by agéeimtstate of nature). The functionr; maps the set
of states of nature int®’, thus, consumption (and also initial endowments) can be written

as a vector irRY",

The state-dependent utility function of agenis a real-valued function oiR!, and the

expected utility ofr; is the expected value (with beliefy of u;(x;, w):
Ui(r) = qi(w;)u(i, w5).
j=1
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Besides their consumption possibility sets, preferences, and initial endowments, agents are
also characterized by theprior beliefs,q; € A?, about the probabilities of realization of

the different states of nature.

Definition 7 (EXCHANGE ECONOMY WITH UNCERTAINTY)

An exchange economy with uncertaindy= (X, U;, e;, ¢;)",, is such that, for each

agenti:
- the space of possible consumption bundlek;is
- the utility function isU; : X; — R;
- the initial endowments are € X;;

- the prior beliefs arey; € AL

An equilibrium of the economy is a set of prices, and a set of consumption plans, such that:
each consumer maximizes preferences inside the budget set; and, for each commodity in

each state of nature, total demand equals total supply.

Agents areprice-takers so, there is no uncertainty about the value of the resource
endowments, nor about the present cost of a consumption plan. This means that there is

no uncertainty about a given agent’s present net wealth.

Note that since a consumption plan may specify that, for a given commodity, quantity
consumed is to vary according to the event that actually occurs, preferences reflect not only
tastes, but also subjective beliefs about probabilities of different events and attitude towards

risk (Savage, 1954).
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All the assumptions that were necessary to prove existence of equilibrium are preserved.
So, the existence theorem for exchange economies with perfect information still holds in

economies with symmetric information.

This economy is formally equivalent to the exchange economy without uncertainty, so it is

straightforward to establish:
(1) existence of equilibrium;
(2) Pareto-optimality of equilibrium;

(3) that every Pareto-optimum is an equilibrium relative to some price system and some

distribution of resource endowments.

Theorem5 (EXISTENCE OFCOMPETITIVE EQUILIBRIUM)
Let€ = (X, ¢;, ui, €)1, be such that, for all:
1) X; C RY is closed, convex and bounded from below;
2) the vector; € A% represents the subjective prior beliefs;

3) the expected utilityl); = Z ¢’ uf (z;), is continuous and quasi-concave;
we
4) for eachp € AQL,, there exists, € X; s.t.p -z, < p - e; (hypothesis of survival);

In particular, we have 3) i¢; >> 0 and X; = R,

= There exists a competitive equilibrium.

The model of Arrow-Debreu-McKenzie was easily extended to a context of uncertainty
(with symmetric information). It was only necessary to expand the consumption space from

a subset oRR’. to one ofIRY”, and to represent preferences byeapected utility function

SAn analysis of the assumptions needed on the preferences of the agents for this representation to be

possible is made in the Appendix.
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4.4 Radner equilibrium under asymmetric information

Real economic agents have limited foresight. Some of them have more information, or
better abilities to discern, than others. To take this into account, in general equilibrium
theory, we talk about aaconomy with asymmetric informatioif the information of the
agents idixedand purelyexogenousthe extension of the model of Arrow-Debreu to this

setting requires only a reinterpretation.

To say that the information of the agentsfised means that it is independent of their
actions. Introducing the possibility of acquisition of information is problematic, because

this may be like a set-up cost which implies loss of convexity.

We still consider a finite number of possible states of the nature:

Q= {w!, ..., "%,

Each agent is endowed with a partition of informatiéh= {P?, ..., PT}, with T < Q,

being unable to distinguish states of nature that are in the same set of the partition. What the
agent knows is in which of the sets of the partition is included the actual state of nature. Itis
natural to represent the information of agéby theo-field, F;, generated by the partition

P,

The union of the set®’ of a partition of information is equal tQ, and any intersection of

them is empty:
QY=o
j

QVi#k : we Pl =w¢g Pk
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Let e;(w) denote agent's endowment of commodities if state occurs. It is natural to

assume the functions andu; to bemeasurableavith respect taf;.

Any action that the agent takes at that date must necessarily be the same for all elementary
events in that set. This suggest that an agent should choose the same consumption in states

of nature that she does not distinguish.

An agent would not want to go to the market to buy a commodity whose delivery is
contingent upon the occurrence of an event that the agent cannot observe. To see this,
suppose that the agent faces a seller that promises to deliver some bundle if a result of a toss
of a coin isheads If only the seller observes the coin toss, what should the agent expect?

Well, the seller will say that the result weédls, and won't deliver anything.

This led Radner (1968) to restrict the consumption space of the agents. They are forced to
make the same trades and consume the same bundles in states of nature that they do not
distinguish. So it is also required thatbe measurable with respect£p. This restriction

is usually referred to asformational feasibility .

The concept of aneasurable functioprovides a compact way of representaipwable
consumptiorbundles. A commitment to delivgrunits of commodity; if and only if event

E C Q occurs, can be regarded as a function defined on the space of states of Bature,
with valuey in the setF, and zero elsewhere. Any sum of simple commitments that are
allowable with respect té; would be a function defined dn, being constant on elements
of the partition that generatds, the informations-algebra of agent. Such function has
the property that, for any and j, the set of elementary events in which the amount of
commodity; that is delivered ig is a set inF;. This is why we say that the function is

measurable with respect 1q.
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Restricting consumption to be measurable with respect to information, we obtain a theory
of existence and optimality of competitive equilibrium relative to a fixed structure of

information®

An allocation is feasible if each trader’s consumption plan belongs to her consumption set

and if total consumption does not exceed total endowments:

Vwl € Q, Zmi‘(uﬂ) < Zei(wj).
i=1 i=1

This condition implies a kind offfee disposdl Observe that the amount to be disposed

may not be measurable with respect to the information of any agent.

Each trader faces a single budget constraint:

Vi, x; € Bi(p) & p-x; <p-e;.

The model of Radner can now be seen as formally equivalent to the Arrow-Debreu
model. A Radner equilibrium allocation maximizes thexpected utilityof the agents,

is informationally feasible, and is physically feasible in all the states of nature.

Definition 8 (RADNER EQUILIBRIUM)

The pair(z*, p*) is a Radner Equilibrium in the econondy = (X, P;, ¢i, u;, €;)l,, if

and only if:
1) 2" = [25(wh), ..., 25 (W), zo(wh), ..., z,(w)] is such that, for every agent i:
1.1)z* is informationally feasible, that is,’, w* € P™ < x}(w?) = x} (W*);

1.2)2* is physically feasible, i.evw’ € 0> 27(w)) <Y ei(w).
=1 =1

For a complete presentation of this model, see Radner (1982).
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2)p* = (p*(wh), ..., p*(w?)) is a non-zero, non-negative price system, such that, for every

agenti:

x; = argmax{U;(z})} = arg max Il (z (w?)) ).
i gBi(p){ (27)} = arg {]Zqz i (@7 (@)}

With the expected utility functionbeing continuous and concave, we can apply Theorem
4 to establiskexistence of Radner equilibriumfor quasi-concave, weakly monotone, and
continuous expected utility functions. Such conditions are satisfied stete-dependent

utility functions are concave, weakly monotone, and continuous.

Theorem 6 (EXISTENCE OFRADNER EQUILIBRIUM)
Let€ = (X, q;, ui, €)1, be such that, for all:
1) X; C IRﬁl is closed, convex and bounded from below.
2) the vector; € A® represents the subjective prior beliefs.

3) the expected utility functiort/; = Zq” u“(x), is continuous, quasi-concave, and,

wes)
for every feasible consumption plan, there is another, also feasible, that is strictly preferred;

4) for eachp € A, there exists, € X, s.t.p -z, < p - ¢; (hypothesis of survival)

In particular, we have 4) i¢; >> 0 and X; = R,

= There exists a Radner equilibrium.
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4.5 Incomplete markets

To arrive at the notion of Arrow-Debreu equilibrium under uncertainty (Debreu, 1959,
chapter 7), existence @omplete contingent market€CM) was implicitly assumed. In

this setting, agents can buy any contingent commodity. As a result, the welfare theorems
hold.

When markets are not complete, the situation is more complicated. In general, there are
some future dates and events for which it is not possible to contract for future contingent
delivery. In this context, several concepts of equilibrium can be analyzed. To begin with,

there are many possible patterns of market incompleteness.

One example is thebsence of prior-round markets Information arrives before any
exchange takes place, preventing some risk sharing. An alternative is the consideration
of numeraire contingent marke(BlCM). Only one contingent commaodity is available for
each state. K. J. Arrow (1953) showed that equilibrium under CCM is achievable in this
regime. Another possibility is to consider that it is only possible to trade in spot and future
markets (FM).

Each of these possibilities has specific restrictions on the number of active markets. The
CCM regime implies the existence 6f x S markets, while NCM only demands + S
markets, and FM demands+ C.

In a context okemergent informatiobeing inconclusiverepeated rounds of tradaecrease
the effectiveness of FM relatively to CCM and NCM. A more sophisticated notion would
be of areactive equilibrium If deviations are followed by reactions, then deviations may

not occur in the first place. A set of offers igeactive equilibrium if, for any additional
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offer that yields an expected gain to the agent making the offer, there is another that yields a
gain to a second agent and losses to the first. Moreover, no further addition to or withdrawal

from the set of offers generates losses to the second agent.

Suppose that the agents can use equilibrium prices to make inferences about the
environment. An economic agent with a good understanding of the market is able to use
market prices to make inferences about the (non-price) information of the other agents.
These inferences are derived from the agent’s model of the relationship between market
prices and the non-price information received by the agents. Individuals successively revise
their models and expectations. An equilibrium of this system, in which the individual

models are identical with the true model, is called a “rational expectations equilibrium”.

The relation between equilibrium and informational acts is a complex one. We should keep
in mind the thoughts of Schumpeter (1911): information generation is a disequilibrium

creating process, while information dissemination is a disequilibrium repairing process.
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Chapter 5

Topology of Common Information

5.1 Introduction

A classic problem in economic theory is that of the continuity of economic behavior with
respect to variations in the characteristics of the agents. Economies with similar agents
are expected to generate similar outcomes. In the Arrow-Debreu setting, where agents are
characterized by preferences and initial endowments, Kannai (1970) and Hildenbrand &
Mertens (1972) have, respectively, shown upper semicontinuity of the core and Walrasian
equilibrium correspondences. In differential information economies, agents are also
characterized by their private information, so similarity between agents also requires

proximity of private information, evaluated by some topology on the information fields.

Information is modeled as a partition on the states of nature such that an agent distinguishes
states of nature that belong to different sets of the partition. The question to answer is: How

does an economy respond to small changes in the characteristics of the agents, including
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information? In differential information economies, this problem is not vacuous, since

the Walrasian expectations equilibrium (also known as Radner equilibrium) set and the
private core are not empty. Existence of W.E.E. in differential information economies was
established by Radner (1968), while Yannelis (1991) proved the existence of the private

core, and Glycopantis, Muir, & Yannelis (2001) gave it an extensive form interpretation.

To pursue this inquiry, a precise notion of proximity between information fields is needed.
Boylan (1971) proposed a topology that is analogous to the Hausdorff metric on closed
sets. Allen (1983) studied its properties and proved convergence of consumer demand and
indirect utility with respect to this topology on information. Cotter (1986, 1987) introduced

a weaker topology, based on the pointwise convergence metric, and showed that it retains

the same continuity properties.

The metric of Boylan was used by Einy, Haimanko, Moreno, & Shitovitz (2006)
establish upper semicontinuity of the W.E.E. correspondence. On the other hand, they
present an example showing that the upper semicontinuity of the private coré Tils.
unpleasant result suggests that small changes in information may have a big impact on the
economy. But it may also be read as a sign of inadequacy of the topologies of Boylan and

Cotter in the context of differential information economies.

A small perturbation in the information of an agent (in the sense of Boylan or Cotter)
may render it incompatible with the information of the others. Thus, it can provoke a
shift from a situation of no trade to one of full trade! These small perturbations that have
significant impacts should actually be seen as big changes. Here is introduced a topology

on information that accomplishes this. In tis@ology of common informationeighboring

1Referred to as Eingt al. in the rest of the paper.

2The example is also valid with the weaker topology of Cotter.
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information fields are compatible, in the sense of allowing the agents to observe essentially

the same events and, therefore, to make essentially the same contingent contracts.

This topology can be used to investigate the continuity properties of the private core
and W.E.E. correspondences in differential information economies with a finite humber
of agents, where the private information of each agent is a finite partition of a compact
and metrizable space of states of the wdrl@here are interesting positive results in the
literature. Balder & Yannelis (2005) showed upper semicontinuity of the private core when
the agents learn monotonically, and Einy et al. (2005) did this for the cases of convergence

to the complete information economy and of convergence with decreasing information.

The topology of common informatioallows us to establish upper semicontinuity of the
Walrasian expectations equilibrium and of the private core. Here this is done by recasting
results of Einy et al. (2005). This is enough evidence of the intimate relation between
convergence of equilibrium and convergence of information inttp®logy of common

information

The chapter is organized as follows: in section 2 the differential information economy is
defined; in section 3 thpology of common informatias introduced and characterized;
in section 4, upper semicontinuity of the W.E.E. and private core correspondences is

established; finally, in section 5 an example is presented as an illustration.

3As in the negative example of Einy et al. (2005) that excludes u.s.c. of the private core.
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5.2 The Differential Information Economy

Our framework is the model of differential information economy with a finite number of
agents. The economy extends over two time periods. In the first, agents make contracts that
may be contingent on the state of nature that occurs in the second periadtécontract
arrangement). Consumption takes place in the second period. In every state of nature, the

commodity space is the positive orthant®f.
The exogenous uncertainty is described by the probability measure ($page.), where:

- ), compact and metrizable, denotes the possible states of nature;
- B, ac-algebra of subsets 61, denotes the set of all events;

- u, a countably additive probability measure éi B), gives the (commonprior of

every agent.

In the differential information economy, = (¢, u*, 7)™, , for each agent
- Afinite partition of(2, P, generates the-algebraF’ c B, the private information of
agent;.

- u': Q x RY — IRy is the random utility function of agerit For allw, the function
u'(w,-) : RY — Ry is continuous, strictly monotone and concave. For ewvery

u'(-,x) : Q — IR, is continuous.

- ¢ : Q — RY, afunction inLﬁj representing the random initial endowments of agent

i, is F'-measurable and strictly positive’(w) > 0 for all w € Q.
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Let Ly: denote set of alF:-measurable functions in the random consumption set of agent

i,thatis: Ly = {a' € L! : Q — R!, such thatr’ is 7'-measurablg.

n

The product of these setsx = H Ly, is the space of allocations. With “free disposal”,

i=1
an allocationr € L is said to be feasible if:
Y at <) ¢ for (u-)almost every € €.

=1 =1
The economic agents seek to maximize tleehanteexpected utility, given by:

Ul(z) = /Qul (w, 2" (w)) dp.

A coalition S C N privately blocks an allocationm € Ly if there existy');cs € HLXi
ieS
suchthat: » "y <) "¢ andUi(y’) > Ui(a') for everyi € S.

ies ies
The private core of a differential information econofis the set of all feasible allocations

which are not privately blocked by any coalition. Although coalitions of agents are formed,
information is not shared between them. The redistribution of the initial endowments is

based only on each agent’s private information.

A price system is @-measurable, non-zero function: Q& — IR}. Consider bundles in
L;, with p > 1, and, accordingly, restrict the price functions to the unit-spher[e%pfvith

g >1lsuchthat + 1 =1.

For a price system, the budget set of agents given by:

Bi(r, ') = {x € Ly, such that /Q r(w)a (w)dp < /Q w(w)e%w)du}.

A pair (7, x) is a Walrasian expectations equilibrium7fis a price system and =
(z',...,2") € Lx is a feasible allocation such that, for everyz’ maximizesU* on
Bi(m, e).
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5.3 The Topology of Common Information

The previous studies on the continuity of economic behavior with respect to information
(Allen (1983) and Einy et al. (2005)) used the topology introduced by Boylan (1971). This
topology is generated by a pseudomettithat assigns a finite distance to any pairoef

algebrasg andy, contained in3.

d(x,y) = supacs infpey H(AAB) + suppey inface W(AAB).*

In this model, the information of each agent ig-algebra generated by a finite partition
of Q2 such that the agent can tell in which of the sets of the partition lies the actual state of

nature.
LetX = { = C B; xisthecs-algebra generated by a finite partition(of}.

Although the possible information of the agents is restricted to thistset is useful
to include thec-algebra of the total information3, in the topological space. Let

X =X U{B]}.

A stronger topology than Boylan’s is constructed, having the particularity of taking into
account the common information to establish similarity. Given twalgebrasy,y € X,

theo-algebra that represents the “common information betweamdy” is defined as:

rANy={Ae€x : 3B €ys.t u(AAB) =0}.>

4 AA B is the symmetric difference between sdtandB: AAB = A\B U B\ A.

5To see thatr A y is ac-algebra, consider a countable family of sété;} that belong tar A y. The

difficulty lies in showing that the union of these sets also belongs/ta. For eachA;, there exists &8; € y
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Observe that the-algebrasc Ay andy Az may be different. But also that they are equivalent

in the sense of Boylani(z A y,y A x) = 0.

The topology is generated by a functiafi, : X x X — RRT, defined as the sum of the

Boylan distances from each information field to the common information.

Definition 9 Vz,y € X, d*(z,y) = d(z,zAy) +d(z Ay, y) , whered(z, y) is the Boylan

distance between the information fields.

This function is not a distance, but a related concept that can be designateetasranent

since it satisfies the three following properties forall € X'

1. Positivity: d*(x,y) > 0 andd*(x, z) = 0;
2. Symmetry:d*(z,y) = d*(y, x).

3. Discrimination: d*(z,y) = 0 implies that for every set in: there is a set iny that

differs from it by at most a subset 6fwith ;-measure zero;

The detachmentfalls short of being a pseudometric because it violates the triangle

inequality. It is not true thatd*(z, y) < d*(z,2) + d*(z,y) Va,y,z € X.

Observe thatl* defines an equivalence relation dn Two c-algebrase, 2’ € X are

equivalent if and only if they have a nuktachment

such thaj:(A;AB;) = 0. With some manipulation: (| A;AU B;) = p(J A\U B:) + (U B\ U 4:i) <
2o H(ANUB)) + 32 m(Bi\U 4;) < 32, n(Ai\Bi) + >_; 1(Bi\A;) = 0. Since{ 4; € z and B; € y,
we have JA4; € z A y.

®To see this, usé(z A y,y A x) = 0.
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x~1 e d(x,2") =0.

Let)Y = X/ ~ denote the set of equivalence classestothat is,)) = {[z] : = € X},
where[z] = {y € X : d*(z,y) = 0}. According to Proposition 1, théetachmenand

Boylan’s pseudometric define the same equivalence classes.

Proposition 1 Vz,y € X, d*(z,y) = 0 < d(z,y) = 0.

Proof. Sinced is nonnegative and satisfies the triangle inequality, we haved(z,y) <
d(x,x ANy) +d(x Ny,y) = d*(z,y). On the other handi(z, y) = 0 implies that for every
setA € x there exists a sé8 € y such thaj.(AAB) = 0. This also means thatA y = x.
So,d*(z,y) = d(z,z) + d(z,y) = 0+0. QED

Use ‘open ball§, B*(x,¢) = {y € X : d*(z,y) < €}, to generate the topology. In the case

of a metric, the triangle inequality ensures that the open balls generate a topology, that is,
that the open sets are arbitrary unions of open balls. In this case, it has to be proved that
the “open ball§ produced byd* also generate a topolody.This is done in three steps,
each of them illustrative of the characteristics of the topology. Proposition 2 shows that in
a small ‘open ball, all information partitions have more information than the center. And
according to Proposition 4, in a smalbgen balt all partitions have the same common
information with a third partition. These two results allow to prove that a kind of local

triangle inequality holds, implying that th@pen balls generated by/* are open sets.

Now it is shown that all the information fields which are very close to a given finite

algebrar have more information than

"The concept of ball” was generalized from distances to detachments, but, alternatively, a different

designation can be used, likegfen zonéwith some ‘reacH around a center.
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Proposition2 Vz € X, 30(x) > 0 such that
d*(z,y) < d(z) =>x ANy = z.

Proof. For the particular case af having no informationjz] = [{(), ©2}], the proposition
is trivial.
Now consider an arbitrary € X with some information. Since is a finite o-algebra,
there exists a finite number efalgebras that are containedzinThus:
I?Clgl d(xz,z) =9d(z) > 0.
B)[/Z];gllinition,d*(x,y) <(z) = d(z,z Ny) < o(z).
Sincez ANy Cx =[x Ay| = [z].
The way in whichz A y is defined implies that A y = . QED

The distance of Boylan and tlieetachmenére locally equivalent in the following sense.

Proposition3 Vz € X, 3§(x) > 0 such that
d*(z,y) < 6(x) = d*(z,y) = d(z,y).

Proof. By definition,d*(x,y) = d(z,z A y) + d(x ANy, y).

If = (or y) represents the total informatiod,and d* are clearly equivalentd*(z,y) =
d(z,y) +d(y,y) = d(z,y).

With finite o-algebras, in the small neighborhood as defined by Propositiom2; = .
So, we haved*(z,y) = 0+ d(z,y). QED

Observe that defines ai*-ball where this equality holds, not&ball. It is not true that
36(x) > 0 such thatl(z,y) < §(z) = d*(z,y) = d(z,y).
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An important corollary is that convergence in the topology generated/*bymplies
convergence in the topology of Boylan (defined &)y Note also that Proposition 1 is a

particular case of Proposition 3.

According to the Proposition 4, given two finite information fields, if one of them varies

slightly, the common information remains the same.

Proposition4 Vz,y € X, 35(z,y) > 0 such that
d*(y,z) < d(z,y) =xANy=a Az

Proof.  Consider two arbitrary finiter-algebrase,y € X. In the particular case of
[z] = [y], of course thatrt A y = z. By Proposition 2, there exists #y) such that
d*(y, z) < 6(y) implies thatyAz = y. It follows from the definition of common information
that this operation is associative. So, we havey =z A (yAz) = (x Ay) ANz =z A z.

In the general case &f] # [y], and because we deal with finitealgebras, there is only a
finite number of subsets 61, A, € x andA, € y. Thus:

Givenx andy, consideri(y) as in Proposition 2 and lé{x, y) = min{e, §(y)}.

From Proposition 2¢*(y, z) < é(z,y) = y=y A z. Thus,c Ay =x Ay A 2.

Assuming thatr A z # = Ay A z, then, by the way “common information” was defined, we
are sure thatz A z| # [z Ay A z]. So there exisfl, € z andA, € z with u(A,AA,) =0
such that there isn’t angt,, € y with u(A,AA,) =0oru(A,AA,) =0.

So,g;ier;u(AzAAy) = min (A AAy) > € > 6(x,y).

This implies that!* (y, z) > §(z,y).

This is a contradiction, soAz =z Ay Az =x Ay. QED

Propositions 2 and 4 can be read together. By the first, in a small neighborhood of an

information set, information does not decrease. According to the second, the possible
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increase of information has a bound, as the common information with another information

set remains constant.

Theorem 1 is based on a kind of local triangle inequality which implies that all the points
of an “open balt are “interior points. A point z is “interior"to A < dJe > 0 s.t.
B*(xz,e) C A.

Use two kinds of bpen ball$ to define the topology:

(1) the openi*-balls centered on finite-algebras with radius that are small enough for

not including thes-algebra of total informations;

(2) the openi*-balls centered it8.2 These bpen ball§ constitute a base for the topology

7 = {A : Ais aunion of open ball$.

Theorem7 Vx € X and0 < e < d*(x,B) . B*(z,e) = {y € X : d*(z,y) < €}
are opend*-balls (all points are interior). Thel*-balls defined byB*(B,¢) = {y € X :
d*(B,y) < €} are also open (all points are interior). This collection of open balls (consider

only rational radius) is a base for* and (X', 7*) is a topological space.

Proof. Given an arbitrary balB*(x, ¢), we want to show that all points of this ball are
interior points. Equivalently, that givem € B*(z, ¢), there exist®(z,y) > 0 such that
B*(y,d'(x,y)) C B*(z,¢).

Consider first a finite center, € X'. With ad(z, y) that is small enough for Proposition 4

to hold, and an arbitrary € B*(y, d(z, y)):

8Considering only finiter-algebras and using all the opétballs we obtain a simpler topological space
(X, 7).
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d*(z,z) =d(x,x N2)+d
=d(z,z Ny)+dxz Ny, z) <
<d(z,x Ny)+dx ANy,y) +d(y,z) <
< d*(z,y) +d(y, 2) <
< d*(z,y) +d*(y, 2).

(x A z,2) = (by Proposition 4)

Letd' (z,y) = min{d(z,y),e — d*(z,y)}. Foranyz € B*[y, §'(x,y)], we have:

d*(z,2) < d*(z,y) + d*(y, 2) < d*(z,y) + € — d*(x,y) = .

Thus, the arbitrary is an interior point. All points in the balls centered in finitealgebras

(with small radius to prevent them from containiByare interior points.

With = = B, and an arbitrary in B*(z,€), letd*(z,y) = a < ¢, and let§(B,y) = € — a.
Given an arbitrary € B*(y, 0(x,y)):

d*(B,z) =d(B,BANz)+d(BAzz)=
=d(B,z)+d(z,z) =d(B,z) <
<d(B,y) +d(y,z) =a+d(y, z) <

<oa+€e—a=c¢.

Thus, all points in the balls that are considered are interior points.

The sets whose points are all interior are open sets (members of the topology), since they
can be obtained by arbitrary unions of the members of the base. To see this, consider an

arbitrary set,A, whose points are all interior.

A=int(A) =Vr e A,IB"(x,¢e,) C A=
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= UgeaB*(z,€,) C A C U,eaB*(x,€,) = Ais aunion of open balls.

Of course that all the points inside an open set are interior points. A point in a set that is an
union of open sets is interior to at least one of the open sets, therefore it is also interior to

the union.

For the topology to be well defined, a finite intersection of open 4etaist be open. Itis
enough to prove that the intersection of two open sets is open. Consider an arbitrary point
a € A = A; N Ay. The point is interior to both open sets, so each of them contains a
ball centered iru. Designate these balls By*(a, ) C A; andB*(a,ry) C As. Pick the
smallest radius, w.l.0.gr;. Of course thaBB*(a, ) C A; andB*(a,r;) C A,. This open

ball, B*(a,r;), is contained in the intersection.

QED

The Boylan topology, defined hy, is a Hausdorff topology on the space of equivalence
classes of informatiom-algebras. Théopology of common informatias stronger, so it
inherits this property. Observe that the topology is first countable, as every point has a
countable neighborhood ba%¥e.Thus, to prove upper semicontinuity of the equilibrium

(or private core) correspondence, it suffices to show that given a convergent sequence of
economies, the limit of a sequence of equilibrium (private core) allocations of the sequence
of economies is an equilibrium (private core) allocation of the limit economy (see Theorem

16.20 of Aliprantis & Border (1999)).

9Given any two distinct points, there are Boylan neighborhoods of each point with null intersections (the
Boylan and Cotter topologies are separated because every topology generated by a metric is separated). And
for every Boylan neighborhood, there is a neighborhood in this topology that is contained in it, because:
Vo € X,e € RT: B*(x,¢) C B(x,¢). This implies that this topology is also separated.

10For every neighborhood of any there is an open ball with rational radius centered that is contained

in the neighborhood.
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The following example shows that thieetachmentloes not generate a topology on the
space of the infiniter-algebras. Let the space of possible states of natur@ be [0, 1]
and all the states be “equally probable”. Consider the simple informatiaigebra

z = {0,[0,1],13,1],Q}. An infinite informationo-algebray that is insideB*(z,¢) is

generated by the partition:

y? = 1[0, 5).]5 + 557, 5 + gulnen, ]z + 5, 1R

Now construct a sequence of information fields that approaghdsit remains outside
B*(z, ).

Letz? = {[0, 3 + 557, 3 + 57 3 + 35 )m=n....1, |3 + 5, 1]} be the partitions that generate

-----

the elements,, of the sequence of information fields.

Observe that the difference betwegandz, is that|0, % + za51] IS an elementary set in,,
but appears subdivided in Since the set of that is farther from0, 1 + 55+]is [0, 3], the

Boylan distance betweanandz, is 5.
So, we haved*(y, z,) = d(y,y A zn) + d(y A 2y, 2,) = d(y, 2,) + d(2,, 2,) = €/2"T,
But, sincer andz,, have no common informatiott:

d*(x,z,) = d(z,z A z,) +d(x A 2, 2,) = d(x,0) + d(0, 2,) =

1 1 € _ €,
§+2 on+l — T ontl

1Note that with some smalt, d*(z,y) = d(z,z Ay) + d(z A y,y) = d(z,2) + d(z,y) =
Sup ge, infpes H(AAB) = €/2.
12With the o-algebra of “no information” defined as = {(), 2}, to say thatr and z,, have no common

information means thai(z A z,,0) = 0.
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All the z, are outsideB*(z, €), while there isn’t any oped*-ball with centery that does not

include anyz,,. Therefore, there isn’t any opeti-ball centered iry contained inB*(z;, ¢).

5.4 Upper Semicontinuity Results

In this section, a recasting of three upper semicontinuity results of Einy et al. (2005) is
done. To illustrate the usefulness of the topology, a notion of convergence of economies is
used, which differs from theirs only in what concerns convergence of private information
fields. The use of thtopology of common informatipmstead of the topology of Boylan,
allows to establish the upper semicontinuity of the private core correspondence (Theorem
3).13

Definition 10 Let {&:}2, = {(e},us, Fi) ™}, be a sequence of economies with
differential information that converges &, = (e}, ui, F})",. Precisely, convergence
means that, for every ageht N:

i) el converges te} in the L{-norm;

i) ! converges uniformly ta} on every compact subset©fx IRﬂ;

iii) F converges ta™ in (X, 7).

B3Allen (1983) showed continuity of consumer demand with respect to information using the topology of
Boylan. Convergence in thepology of common informatiomplies convergence in the Boylan topology:

Zn € B(xg,€) = x, € B*(x0, €). Therefore, the results obtained by Allen remain valid with this topology.
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Note that what is needed is convergence of information fields for each agent in separate. The
common information among the agents is not calculated. What is relevant is the common
information between the information that an agent has in an economy of the sequence and

the information that the same agent has in the limit economy.

Since convergence of information fields in ttepology of common informatiomplies
convergence in the topology of Boylan, recasting Theorem 1 of Einy et al. (2005)

establishes upper semicontinuity of the W.E.E. correspondence.

Theorem8 Let {&.}%2, = {(e,,ul, Fi)",}2, be a sequence of economies with

differential information that converges & = (e, uj, F'3) ;.

Let{(zx, ) }32, be a sequence such that,, 7,) € W EE(E) for everyk, and for every
1€ N:
i) xi converges ta: in the L-norm;

ii) )} converges tar} in the L{-norm.

Then(ﬁo,ﬂ'o) € WEE(E())

From Proposition 2 we know that in a small neighborhood of a finite information fig)d
information fields are more ricH,in the sense thak, A F, = Fi, that is, all sets irnF
have an equivalent set ifi?, (that is,u(AAB) = 0). This does not imply thaF;, ¢ F?.

But, replacing all the sets ifi, by their equivalent inF, is obtained an information field,

1The limit economy differs of those in the sequence because markets for very unlikely contingencies may

disappear.
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F?, such thatF’ ~ Fi andF§ C F”. Furthermore, changing the information fields from
F' to F” has no impact on the solutions of the model. So, the sequEjiaan be used
to apply Theorem 2 of Einy et al. (2005), establishing upper semicontinuity of the private

core correspondence for all finitealgebras,.

Theorem9 Let {&:}2, = {(ei,ul, Fi)",}2, be a sequence of economies with

differential information that converges & = (¢}, uj, F) ™, with F} finite.

If a convergent sequence of allocations/ify {z;, }2° ,, with limy, ., 71, = zy, is such that,
for everyk, x;, = (v, 2%, ..., 2}) is a private core allocation ir€;, then the limit of the

sequencey, = (g, 7¢, ..., 73 ), is a private core allocation itg,.

The private core correspondence also converges when the information fields of all the agents
converge to the total information consisting of éhalgebra of all Borel sets ife. From
Proposition 3, convergence of information fields in tbpology of common information
implies convergence in the topology of Boylan. Thus, whequal to the complete
information field, Theorem 3 of Einy et al. (2005) establishes convergence of the private

core.

Theorem 10 Let {&.}%2, = {(e},ul, F}) "}, be a sequence of economies with
differential information that converges & = (i3, u’;, B) ™, with B defined as the-

algebra of all Borel sets if).

If a convergent sequence of allocations[jﬁ {zr}72,, with limy . xx = o, is such that,
for everyk, z;, = (2,23, ..., x}) is a private core allocation irf, then the limit of the

sequenceys = (g, 7%, ..., T'), is a private core allocation i 3.
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A negative counterpart of this result is given by Krasa & Shafer (2001): if the
complete information is approached by changing priors instead of expanding fields, upper

semicontinuity fails.

Theorem 4 is also related to a result of Balder & Yannelis (2005) that establishes upper
semicontinuity of the private core for sequences of economies with increasing information
(learning), that is, whert, C F) ., for everyk. It may seem at first thak), C Fj.
together with\/, Fj, = F, implies that,}ii& d(Fy, F,) = 0. This would allow us to recast

their result, because in the case of monotonic learning, convergence of information fields in
the topology of Boylan is equivalent to convergence in our topology. But, in fact, monotone
convergence in the sense of Balder and Yannelis does not imply convergence in the sense

of Boylan, so the results are complementary.

5.5 An lllustrative Example

In the introduction, was mentioned an example presented by Einy et al. (2005) which
excluded the upper semicontinuity of the private core. This example is reproduced in
this section to illustrate the problem of the continuity of the private core with respect to
variations in information. The sequence of information fields considered in this example

does notonverge in the topology of common information.

15To see this, consideé® = P, = [0,1] and P, = {[0, 5, .-, [, T8, ..., [257L],1}. Observe that the

partition Py is obtained by dividing each element Bf in half. It may be shown that(Fy1, F,) = 1/2

by selecting fromF. 1 the setd = (U, 5 oy [, 5, since min p(AAB) = 1/2.
By e
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Consider a sequence of economi€s,with two agents and one commodity, where only
one of the private information fields varies. The space of possible states of nature is
2 =[0,1] U [2,3]. The agents have equal initial endowments, independent of the state of

nature:e = % The private information of the agents are generated by the finite partitions:

F'=10,11U[2,2 +€],]2 + ¢, 3];
F?=10,1],[2,3].

€

Agent 1 only values consumption i, 1], while agent 2 only values consumption[ 3].

Their preferences are given by:

ul(w,x) = andu?(w,z) =

z ,ifwel0,1]; 0 ,ifw e |0,1];
0,ifwe 23] z ,ifwe 23]

The economies differ only in the parametewhich converges to zero. Private allocations

are of the form:

Te = (ai * X[0,1]U[2,2+¢ T a? " X]2+¢€,3) bi “ X[o,1] T b? : X[Q,S])-
Feasibility in[0, 1], [2,2 + €], and in]2 + ¢, 3] implies that:

ag +b <1
al +b2 < 1;
a? + b < 1.

Sincez. is a core allocatiom;! > 1, or elseU* (') > U'(z}). For the same reasob, > 1.

So,a! + b? < 1implies thata! = b? = 3, thatd! < 3, anda? < 3.

Therefore, the initial endowments form a (constant) sequence of private core allocations,

converging, of course, ta = e¢ = % In a limit economy, wherel'! = F? =
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{[0,1],[2, 3]}, the only private core allocation i& = (xo.1], X[2,3), corresponding to
a situation in which agent 1 consumes everythin@@in] and agent 2 consumes everything

in [2, 3]. Upper semicontinuity of the private core correspondence fails.

Observe that in the sequence of econontigseven for a very smalk, the common
information of the agents is null. So, agent 1 cannot trade worthless consumption in
2,3] for consumption in[0, 1] (which agent 2 doesn’t value). Their information fields

are incompatible, in the sense that they do not allow contingent trade. In the limit economy,
the agents have the same information, so they are able to make contingent trades. This is

the source of the discontinuity.

According to Boylan’s topology on information, the fields generated by the partitions
{[0,1] U [2,2 + €],]2 + ¢, 3]} and {[0, 1], 2, 3]} are neighbor. Nevertheless, these fields
imply substantially different economic outcomes. The first has no information in common
with agent 2’s information field, so it does not allow contingent trade. It is as useless for
agent 1 as would be the null information field, 2}. The second is compatible with the
information of agent 2, that is, agents have common informafiéri0, 1], [2, 3], 2}, based

on which they are able to make contingent trades.

This means that a very small perturbation can lead to incompatibilities in the information
of the agents, and have a big impact on the economic outcome. This motivates the
introduction of a new topology that can grasp the compatibility of the information of
the agents. According to thepology of common informatiorif the information fields
become incompatible, the perturbation could not have been a small one. Compatibility of

information fields is preserved under small perturbations.

18Note that the information partitions’ = {[0,1],[2,3]} and F'" = {[0,1] U {2},]2,3]} are equivalent

in the sense of Boylan.
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With this new topology, the example does not show any failure of continuity, because
the sequence of information fieldd = {[0,1] U [2,2 + €],]2 + ¢, 3]} does not converg.

A sequence that would actually converge o = {[0, 1], [2,3]} in our topology is, for
example,FY' = {[0,1],[2,2 + €],]2 + ¢, 3] .18 But, in this case, contingent trades would

also be allowed in the sequence of economies, not just in the limit economy.

In thetopology of common informatiotwo information fields that are neighbor may differ
only in events that are very unlikely. Notice thaf and £ differ because whilef}
observed?2, 3], F'' can distinguish the unlikely evert, 2 + ¢] from ]2 + ¢, 3]. Trades
contingent on realization d&, 3] are allowed. Only trades that are contingent on a very

“unlikely” event, [2, 2 + €|, are excluded.

Information fields that are very close in the topology of Boylan may also differ in an
additional way, by distinguishing different but very correlated events. In facgand F!
differ because they allow the observation of very correlated evetts] U [2,2 + €] is
similar to [0, 1]; and]2 + ¢, 3] is similar to[2, 3]. Nevertheless, the common information is

null and so contingent agreements are not allowed.

The differences of the first kind only imply that agreements cannot be contingent on the
very unlikely events that are not commonly observed, and therefore, have a small impact
on economic outcomes. Differences of the second kind may prevent valuable agreements,
contingent on events that are not commonly observed but nevertheless probable, and thus

may imply very different economic outcomes. This second type of differences between

ConsiderQ = [0,2], and a strictly decreasing sequeneg} that converges to zero. The limit of a
sequence of information fields, = {0, [0,1 — €,],]1 — €,, 2], 2} must include all the set$,1 — ¢,] after
somen (or sets that are Boylan-equivalent). Otherwise, there is no common information betyeed £y,

and thereforel*(F,,, Fy) = 1 — e. This means that the limit cannot be a finite information field.

8Note thatF} A F!' = F}, sod*(F},FY) = d(F},F}) = .
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information fields that are neighbor is allowed by the topology of Boylan but not by the

topology of common information.
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Chapter 6

Economies with Uncertain Delivery

6.1 Introduction

Uncertainty and private information are crucial in modern economies. Agents know that
their decisions can lead to different outcomes, depending on the decisions of others, and
on the state of the environment. The complexity associated with these issues is such that
it cannot be completely captured by any simple model. A realistic goal is to find simple

models that give enlightening, although partial, descriptions.

In general equilibrium theory, several proposals have been made regarding the introduction
of private information. A first one was made by Radner (1968), who restricted agents to

consume the same in states of nature that they did not distinguish. With this condition,

the model of K. J. Arrow & Debreu (1954) could be reinterpreted in a way that took into

account each agent’s private information.

After this first solution, another concept came to dominate the literatureratienal

expectations equilibrium(Muth, 1961). But to assume that agents have rational
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expectations and take prices as fixed can be problematic. If, by observing prices, an agent
can infer all the information of the others, then it is useless to have more informeation

ante Agents do not care about producing and gathering information, therefore, insights on
these economic processes do not arise. Furthermore, this kind of inference also seems to

require agents to have incredible knowledge and cognitive abilities.

Another alternative approach was taken by Prescott and Townsend (1984a, 1984b),
who restricted trade contracts to be incentive compatible. But how can the incentive
compatibility of the contracts be guaranteed? Again, agents would have to know
everything about the whole economy in order to evaluate whether the contracts are incentive

compatible or not.

The objective of this work is not to provide an equilibrium concept that is “better” than
these in all instances. The goal is to present an equilibrium concept that fits a situation in
which agents know only their characteristics (endowments and preferences in each state of
nature) and the prevailing prices. The economy is not assumed to be common information.
Agents do not know the endowments, preferences and private information of the others, and

aren’t able to figure them out.

The notion that is propose is@udent expectations equilibriumin this model, agents

are allowed to makeontracts for uncertain deliverythat is, contracts that may give them
different bundles in states of nature that they do not distingexsdmte Agents buy the right

to receive one of these different bundles, and expect to receive the worst of the possibilities
contracted. This leads them to select bundles with the same utility for consumption in states
that they do not distinguish. So, agents actually end up receiving the worst possibility,

which is as good as any of the others.

In sum, economies with incomplete private information are modeled, in which agents are

assumed to follow a simple rule-of-thumb: to@ident The model of Arrow-Debreu can
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be reinterpreted to cover this situation, therefore, many classical results still hold: existence

of core and equilibrium, core convergence, continuity properties, etc.

In a prudent expectations equilibriunagents obtain the same utility in states of nature
that they do not distinguish, instead of equal consumption. This is a weaker restriction,

therefore, efficiency of trade and welfare are improved.

The chapter is organized as follows: in section 2, contracts for uncertain delivery are
defined, section 3 includes examples that motivate the model; and, in section 4, an

interpretation of the economy with uncertain delivery is given.

6.2 Contracts for uncertain delivery

The theory of general equilibrium under uncertainty has developed upon the formulation of
objects of choice as contingent consumption claims (Arrow, 1953). Under this formulation,

besides being defined by their physical properties and their location in space and time,
commodities can also be defined by gtate of naturan which they are made available.

For example, abicycl€ in “rainy weathet and a ‘bicycl€’ in “ sunny weathérare seen

as two different commodities. This incorporation of uncertainty in the commodity space

allows an interpretation of the Walrasian model that covers the case of uncertainty.

The Arrow-Debreu (1954) economy extends over two time periods. In the first period,
agents know their preferences and endowments, which depend on the state of nature. In this

ex antestage, agents trade state-dependent endowments for state-dependent consumption.
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In the second period, the state of nature becomes public information, trade is realized, and

consumption takes place.

Now suppose that the state of nature does not become public information. In this case,
agents have to be careful when trading contingent goods. Consider a seller that offers the

following game:

“1 will toss a coin. If the result is heads, you receive a bicycle; if it is tails, you don’t

receive anything.

How much would an agent pay for this contingent good, which can be described as a
“bicyclé’ if the state of nature is “heads™? If it is common information that the agent
does not observe the coin toss, this contingent good has no value. The seller is able to avoid
delivery. This suggests that agents are only willing to pay for goods which are contingent

upon events that they can observe.

This restriction allowed Radner (1968) to extend the model of Arrow and Debreu to the
case of private information. Agents are constrained to consume the same in states of
nature that they do not distinguish. That is, consumption is measurable with respect to the
private information of each agent. This restriction trivially implies incentive compatibility.
Whatever the state of nature that occurs, agents are always sure about the bundle that will be
delivered to them, so they can never be deceived. On the other hand, incentive compatibility

does not imply measurability, so this restriction may be seen as too strong.

Relaxing this restriction could allow agents to achieve better outcomes, in the sense of

Pareto. But does it make sense to buy the right to receive different bundles in states of

1For a thorough analysis of the problem of incentive compatibility in exchange economies with private

information, see Forges, Minelli, & Vohra (2002).
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nature that the agent does not distinguish? Suppose now that the seller offers a different

game:

“I will toss a coin. If the result is heads, you receive a blue bicycle; if it is tails, you

receive a red bicyclé.

Even if it is common information that the agent does not observe the coin toss, this is a
valuableuncertaincontingent good, because the delivery obécycle is guaranteed. An

agent is probably willing to pay for the right to receiveldue bicycle or red bicycle

Here the notion of objects of choice as uncertain consumption bundles is proposed, and
these uncertain bundles are designatedliass™ If the specified contingency occurs, a
contingent list gives an agent the right to receive one of the bundles in the list. Agents
are now allowed to signcontracts for uncertain delivefywhich specify a list of bundles

out of which a single one will be selected for delivery. These contracts can be contingent,
S0, in general, agents buy the right to receive one of the bundles in the list if the specified
contingency occurs. The selection of the bundle that is delivered is made by the seller, but

the buyer is certain about receiving one of the bundles in thé list.

Agents are able to sign more general contracts, so allowing contracts for uncertain delivery
may be seen as opening additional marRefssupplier may not be able to guarantee the
delivery of neither a “blue bicycle” nor a “red bicycle”, while being able to ensure the
delivery of one of the two. In the Radner model, there woulchdérade butcontracts for

uncertain delivenallow trade to take place.

2Contracts commonly known as “options” are covered by this definition.

3Obviously, contracts for contingent delivery (Arrow, 1953) can be seercastracts for uncertain

delivery with lists of only one element.
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6.3 Examples

Two situations will be presented in which there aren’t any commonly observed events. As

a consequence, if agents are constrained to consume the same in states that they do not
distinguish, there will beno tradein equilibrium. Allowing agents to sigoontracts for
uncertain deliveryleads to welfare improvements in the sense of Pareto. In these two

examples, agents actually reach the full information (first-best) outcome.

Example 1: Perfect substitutes

This economy has two agents and four commodities: “ham sandwiches”, “cheese

sandwiches”, “orange juices” and “apple juices”.

Both agents need to eat and drink. Sandwiches are perfect substitutes, as well as the
juices. Agents want to maximize expected utility, having the same preferences in every

state, described by a Cobb-Douglas utility function:

u = <5h + Sc>0'5 : (jo + ja)0'5'
There are four possible states of natiter {w;, ws,ws,wy}.
- Inwy, agentA is endowed with two “ham sandwiches” and agBnwith two “orange
juices” eq(w1) = (2,0,0,0) andeg(wy) = (0,0,2,0);

- In w9, agentA is endowed with two “ham sandwiches” and ag&ntvith two “apple
juices”™ e4(w2) = (2,0,0,0) andeg(w2) = (0,0,0,2);

- In w3, agentA is endowed with two “cheese sandwiches” and agenwith two

“orange juices”e(ws) = (0,2,0,0) andeg(ws) = (0,0,2,0);

72



CHAPTER 6. ECONOMIES WITH UNCERTAIN DELIVERY

- In wy, agentA is endowed with two “cheese sandwiches” and ageénwith two

“apple juices”eq(wy) = (0,2,0,0) andep(wy) = (0,0,0,2).

Each agent observes only its endowments. Their information partitions are:

Py = {{w1, w2}, {ws,ws}} andPp = {{wy, w3}, {ws,ws}}.

Agents want to guarantee that they will eat and drink in the future. The problem is that
they are unable to buy any specific good for future delivery contingent upon events (sets of

states) that they observe.

For example, agent A wants to buy orange juice. For consumption to be the same across
undistinguished states, the delivery of orange juice must be contingent upon events that A
can observe. The possibilities are: (i) delivery in all states, (ii) deliverfuin w,}, (iii)

delivery in{ws, w4}

None of these possibilities is feasible, because agent B only has orange juice in the states
wi andws. The same reasoning applies to each of the other commodities, so there is no
trade in this economy. From another angle, suppose that agent A consumed some quantity
of “orange juice” inw;. The same consumption would have to take place,irbut inws

there isn’t any “orange juice” in the econorhy.

There isno tradeif equal consumption in undistinguished states is imposed. Nevertheless,
contracts for uncertain delivery allow agents to guarantee future consumption of a sandwich

and a juice.

4We can assume strictly positive endowments, substituting every zero for aesraall reach the same

conclusions.
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An agent can buy a sandwich (or a juice), as an uncertain bundle with two possibilities. The
agents trade a “ham sandwich or cheese sandwich” for an “orange juice or apple juice”.
Since agent A is able to ensure the delivery of a sandwich and agent B is able to ensure
the delivery of a juice, contracts for uncertain delivery allow them to attain the optimal
outcome, which is:
[ (1,0,1,0)inw,
(1,0,0,1) in wy,

TpA=2g =

(0,1,1,0) inws,

(0,1,0,1) inwy.

\

Both agents obtain an utility that is equal to 1 in all states of nature. This constitutes an
improvement in the sense of Pareto relatively to the Walrasian expectations equilibrium

solution, which resulted in an utility of zero to both agehts.

In states of nature that an agent does not distinguish, the consumption vectors are different,

but note that the correspondent utility is always the same.

Example 2 - Risk sharing

Consider now an economy with two agents and two commodities. There are three possible
states of naturew;, wy andws. The statev, has a probability of 0,2%, while; andws

have a probability of 49,9%.

The initial endowments depend on the state of nature:

(199, 100) in wi, (1,100) in {wy,ws},
(1,100) in {ws, w3} (199, 100) in ws.

STogether with the price vector= i[(l, 2,1,2);(1,2,2,1);(2,1,1,2); (2,1, 2,1)], this allocation is an

) ) )

equilibrium of the economy with uncertain delivery.
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Again, agents observe only their endowments, and there isn’t any event that is observed by

both agents:

PA = {{wl}, {w2,w3}} andPB = {{wl,wg}, {u)?,}}.

Agents want to maximize expected utility, having the same preferences in all states of

nature. The marginal utility of good 1 is diminishing, while that of good 2 is constant:

ua(ry, v2) = ug(xy, x2) = 10y/77 + 2.

Observe that the game is symmetric. Agehtvants to sell good 1 i, and to buy in

{ws,ws}. AgentB wants good 1 ifw;,w»} and to sell it inws.

The total resources in the economy are:

(200, 200) in wy,
€total = (2, 200) in wa,
(200, 200) in ws.

In the least probable state;, physical feasibility implies that:' + 22 = 2. This restriction

is crucial.
In @ symmetric solutiony{'(wy) = x¥(we) = 1. Measurability implies that (w;) = 1

andz®(w;) = 1. Agents retain their endowments, and there is no trade. The resulting

expected utilities are:

Uy = Uy =0.499 - (10v/199 + 100) + 0.501 - 110 = 175.

Without symmetry, we would have (w.l.o.g.):
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Physical feasibility implies that:
it (wy) <200 — 2B (w;) <199 +e,
2B (w3) <200 — 27t (w3) <199 —e.

The only measurable and efficient allocations are of the form:

M (wy) = (199 + ¢, 100 — p), 2P (wy) = (1 — e, 100 + p),
24 (wq) = (14 ¢,100 — p), ; 2P (wy) = (1 — e, 100 + p),
74(w3) = (1 +¢,100 — p). 2P (w3) = (199 — ¢,100 + p).

Trade is constant across states of nature. To receive an additional quaraitgood 1,

agentA paysp units of good 2. Then:
Uy = 0.499 - (10 - /199 + € 4 100 — p) 4+ 0.501 - (10 - /T + e + 100 — p) =
= 4.99 /199 + e+ 5.01 - /1 + e + 100 — p.
Up = 0.499 - (10 - /199 — €) + 0.501 - (10 - /T — ) + 100 + p =
=4.99-/199 — e+ 5.01 - /1 — e+ 100 + p.

Ua+Up =499 (vI99F e+ /199 —€) + 5.01 - (VI + e+ T —e) + 200.

d(Ua+Up) L2 )2 L2 )
de =499 [\/199+e \/199—e]+5'01 [\/1+e \/1—6]<0

It is not possible to increase the sum of the utilities, therefore Pareto improvements
relatively to the initial endowments are not possible. The only “core” allocation corresponds

to the initial endowments, so there i8d trad€ in this economy.

Can the agents improve this situation? Let’s restrict the contracts that agents can make to

those that give them the same utility in states that they do not distinguish.
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In a symmetric allocation, each agent géts100) in w,. The correspondent utilities are
us = up = 110. An allocation with measurable utility for agent A must have the same

utility in ws:

104/ 2 (w3) + 25 (w3) = 110 = 25 (ws) = 110 — 10/ 2 (ws).

Thus,z*(w3) must be of the form:

2 (w3) = (X, 110 — 10V X).

Without waste of resources, we hav8(w;) = (200 — X,90 + 10v/X). By symmetry:
28 (wy) = (X, 110 — 10v/X) andz?(w;) = (200 — X, 90 4 10v/X).

The utility of agent A in{w», w3} has to be equal to 110. To arrive at an optimal solution, it

is enough to maximize utility io;:
U=10v/200 — X +90+10vX = U'=—5-(200 — X)"'/2 4 5. X172,

U=0= (200—-X)2=Xx"12 = X =100.

This gives the following state-contingent and expected utilities:
ua(wr) = 10-+/100 4 90 + 10+/100 = 290.

Us =Up =0.499 - 290 4 0.501 - 110 = 200.

The symmetric optimal solution is:
(100,190) in wy,
= ¢ (1,100) in w,, ut =

(100, 10), ws.

290 in w1,
110/in {ws, ws}.
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(100, 10) in wy, _
B ) B 110 In {wl,wQ},
z” =4 (1,100) in wo, u” = _

290 In ws.

(100, 190), ws.

They can obtain this allocation by signing a contract under which, in every state of
nature, each agent would deliver to the other one of two bundié:—90) or (0,0).
It is straightforward to see that agents would deliy89, —90) if their endowments are

(199, 100), ending up with (100,190) in that state of nature.

This solution can also be achieved as a competitive equilibrium with the prevailing price
vectorp = [(1,2); :35(10,2); (1,2)], leading agents to select the non-measurable bundles

x4 andxB.

The resulting expected utility is close to 200, higher than the 175 which correspond to the
classical solution. Again, the introduction of contracts for uncertain delivery allowed a

Pareto improvement in the exchange economy.

6.4 Economies with Uncertain Delivery

To clarify the modification that is proposed to the model of the economy, first an economy
that leads to the model of Radner (1968) is described. This economy has separate markets

for each commodity, and extends over two periods. In the first period, agents make
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contingent trade agreements in each market. In the second period, agents receive their

information, trade is realized, and consumption takes face.

In this interpretation of the model, a very demanding notion of information is used. To have
information about an event is actually to be able to prove in a court of law that the event
occurred’. For the goods to be delivered in the second period, the agent has to be able to
prove that the specified contingency occurred. This has the obvious implication that, in this

economy, contracts for contingent delivery are enforceable.

Agents are not able to buy a “blue bicycle or red bicycle”, because the markets are separated.
To see this, suppose that an agent buys a “blue bicycle” if the “coin toss result is heads” and

buys a “red bicycle” if the “coin toss result is tails”. The agent ought to receive a “bicycle”,

in any case. But notice that the agent cannot neither prove that the state is “heads”, nor that
itis “tails”. So, the sellers in both markets evade the law, and the agent gets nothing. In this

economy, contracts for uncertain delivery are not enforceable.

As a result, agents only will demand goods contingent on events included in their private

information. This resembles what occurs in the model of Radner (1968).

The maodification that is introduced is to lump markets together, so that there is only one
representative of the market dealing with the agent. Thus, an agent can take the “market”

to a court of law, in order to receive a “blue bicycle or red bicycle”.

6Information is received in the second period, but in the first period the agents already know which events
they are able to observe.

’Another way to see private information is as allowing agents to “distinguish” between states of nature.
So this would be a very demanding notion of “distinguishing” between two states: to be able to prove in a

court of law that the state cannot be one of the two.
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Instead of expanding the market structure to have different markets for lisaclthe
structure ofcomplete contingent markeis kept. But now it is as if the obligation of

delivering the contingent goods rested in the market as a whole.

Another natural way to conceive the Radner economy, and the modified one, is to consider
a much weaker notion of “distinguishing”, based on awareness. An agent that does not
distinguish between; andw, is in fact not aware that these are two different states. In

this case, the agent does not participating in the complete markets for contingent delivery.
Instead of observing prices iy, andw,, the agent only observes prices for delivery in the
event{w;,w- }, which are equal tp(w;) + p(w2). Consequently, the agent makes the same

net trades (and consumes the same) in undistinguished states, simply because the agent is

not aware that these undistinguished states are actually more than a single state.

But when the seller appears and says that this event contains two different states (for
example: “heads” and “tails”), then the agent becomes aware of the existence of two states.
But the agent is still not able to know which of the states occurred. This corresponds
to the economy with uncertain delivery. Agents become aware of the existence of all
the states, and observe all the state-contingent prices. Being allowed to participate in the
complete contingent markets, agents can choose non-measurable bundles, that is, uncertain

consumption.

In both interpretations, bBst can be seen as a bundle that is not measurable with respect to
the information of the agent. Consider three possible states of ndure:{w;, ws, ws}.

An agent who does not distinguish from w, may select a random consumption bundle
that deliversz; in wy, x5 in wy andxz in ws. With 21 # x5, this consumption bundle

is not measurable with respect to private information. «inand w,, the agent will
have to accept delivery of; or x,. She may preferr; and the real state of nature

may bew;, but since she cannot prove that the state of natute ,isshe has to accept
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o If this is the bundle that is delivered. la; and w,, she receivesa, or z,”, an
uncertain bundle that is denoted @s V z;). Instead of writing the consumption bundle
asx = (z1,x9, z3), from the perspective of the agent it would be more adequate to use the
notationz = [(z1 V x2), (1 V x2), x3]. Observe that this construction implies measurability
of the vector of contingent lists with respect to the information of the agent. Instead of

contingent bundles, agents are constrained to select contingent lists.

Observe that if consumption is measurable with respect to the information of the agents,
then the contingent bundles may be seen as contingent lists with only one element. Let
the information of an agent b&® = {{w;,w.},{ws}}, and consider the measurable
consumption bundle = (z1,z1,23). The correspondent list 8 = [(x; V z1), (21 V

$1),ZE3] = ($1,$1,5E3)-

In the economy with uncertain delivery, the prices of the lists are restricted to be based
on the prices of the contingent commodities. The intermediaries are prevented from doing

speculation. Their role is simply to offer to the agent a list composed by contingent goods.

Consider the right to receive a “blue bicycle or red bicycle”. It is weaker than the right
to receive a “blue bicycle”, in the sense that delivery of a “blue bicycle” implies delivery
of a “blue bicycle or red bicycle”, while the converse is not true. Thus, uncertain delivery
of a “blue bicycle or red bicycle” should not be more expensive than the delivery of a
“blue bicycle”. If it were more expensive, there would be an opportunity for arbitrage. An
intermediary could buy a “blue bicycle” and sell it as a “blue bicycle or red bicycle” with

profit.

To see how prices are assigned to the lists consider an agent with infornfatien
{{w1,w2},{ws}}. The agent can obtain the list= [(z; V z2), (x1 V x2), 3] by buying

any of the following bundlesx, = (x1,x1,23), ©p = (21,29, 23), T, = (T2, 71, 23), OF
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xq = (2,2, x3). It ONly makes sense to buy the cheapest of these bundles, so the price of

a list is actually the price of the cheapest alternative.
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Chapter 7

Prudent Expectations Equilibrium

This chapter is organized as follows: in section 1, the idea of prudent preferences is justified;
the model of general equilibrium with uncertain delivery is formalized in section 2, and

characterized in section 3; in section 4, concepts of core in economies with uncertain
delivery are introduced and commented; and, finally, in section 5 we conclude the paper

with some remarks.

7.1 Prudent preferences

It is necessary to extend the domain in which preferences are defined, to include the non-

measurable bundles. What is the utility of receiving Or x5"?
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7.1.1 Prudence as a rule-of-thumb

We assume that agents are not able to figure out the true probabilities of getangz-.

So, they cannot use expected utility. They use a simple rule of thumb, instead. Consider,
for example, a seller which has a “bicycle” to sell. Instead of selling a “bicycle”, the seller
could gain by selling a “bicycle or car”, and always deliver the “bicycle” and never the car.

In order to defend themselves against being deceived by the sellers, the agents expect the

worst outcomé:

Vo, .,z s u(z V... Vo) = _nllinku(:z:j).
J=1
This is our proposal: the utility of an uncertain bundle (a list) is equal to the utility of the

worst possible outcome.

Contingent bundles which are constant in states that the agent does not distinguish can
be seen as contingent lists with only one element. In this case, prudent utility is equal to
the primitive utility. Now we extend preferences to a domain that include also the non-
measurable bundles (contingent lists), preserving the values in the space of measurable

bundles.

7.1.2 Prudence as a result

The following analysis resembles the work of K. Arrow & Hurwicz (1972) on optimality
criteria for decision under ignorance. By “ignorance” it is meant that the agent has no prior

probabilities on the occurrence of different states, perceiving them as a single state.

1These preferences have some relation with Choquet expected utilities (Schmeidler, 1989), but they are a

degenerate case since an infinite weight is placed on the lowest utilities.
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The “prudent behavidris necessary to generate preferences that have the two following
properties: (1) ifx’ > z, then substituting: by «’ in a list does not decrease the utility of
the list; and (2) indifference between a bundieand a list with the alternatives, andz,

wherezs > z;.

The first property is a kind of monotonicity:

(PL)z; =y;,Vj=1,..,k = (z1V..Vxg) = (y1 V... Vyg).

Suppose that an agent is indifferent between receiving a “blue bicycle” and a “red bicycle”.
What utility should be assigned to the delivery of a “blue bicycle or red bicycle”? An
“uncertainty averse” agent would prefer to know what will be delivered in the future.
Although she is indifferent between the two bicycles, she wants to know which bicycle
will be delivered. On the other hand, an agent with “taste for uncertainty” may prefer to be

surprised. A corollary of P1 is that agents are neutral with respect to uncertainty:

Vaq, X i@y~ oo~ o= (0 V. Vo) ~ 2y~ ~ T

Itis easy to see that P1 implies that the utility of a list cannot be lower than the utility of the

worst possibility. Assuming that the least preferred bundlg is

rjzx, Vi=1..k = (@1 V.. Vz) = (1 V... Vi) ~ 1.

The second property means that an agent is indifferent between a byratid a list with
x1 andz, + a, wherea > 0. The seller complies with the contract by delivering so
why would she make the effort to deliver the addition@l The agent realistically expects

to receive always,, and never; + a.

(P2) Vay, ...,z : Tpp1 2> xp = (1 VooV agp V ager) ~ (21 V... V).

Assume that preferences satisfy P1 and P2. Introducing an alternative stjch dees not

increase the utility of the list, and, by P1, introducing an alternative that is less attractive
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thanz, ., also does not. In fact, there isn’'t any additional alternative that increases the

utility of the list.

Yy, ooy Ty Tpeyr 2 (1 Vo Vg V aggr) < (21 V. Vo).

This implies that agents behave with prudence, being indifferent between the uncertain

bundle and the worst possibility:
v Rz, Vi=1,.,k = (ryV..Vap) ~11 &

& Vo, g og i u(z V.. V) = ‘rrllinku(xj).
J=L

Suppose that uncertainty is between two possible bundles: a “bicycle” and “$1 million”.
Since it is the (hypothetic) seller that selects the bundle after the observation of the state
of nature, the buyer should prudently ignore the possibility of receiving “$1 million”. By
delivering a “bicycle”, the seller complies with the contract. The “$1 million” may have
been included in the contract just to make it more attractive, while, in any circumstance, the

seller plans to deliver a “bicycle”.

7.1.3 Prudence by construction

A further justification for pessimism may be given. Take the utility functions defined over

lists and make the following transformatian:

u'(x1) = max{u(x; V ...)}

The transformed utility of a list; is equal to the maximum of the utilities of lists containing

x1. The reasoning for this transformation is that, knowing the preferences of the agent, the

’Herez; denotes a list, ang, V ... denotes any list containing .
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seller may sellz; as the most preferred list which contains In any casex; will be
delivered. Soy/’ is a kind of virtual utility of ;. Observe that under the assumption of

prudent preferences, we have= u.

Under this framework, notice that if the seller has a product to deliver whithy is' ),
then this product cannot have more virtual utility to the seller than either x,. The
seller has to sell this product as list containiag V z»), which cannot have more virtual

utility than z; or x,:

(A) v (z1V xe) = max{u(zy Vs V..)} <min{u (z1), v (x2)}.

Assume that, when faced with the possibility of receiving thedjstr the listz,, the agents

do not prefer to receive the worst possibility with certainty.

u(zy V xg) > min{u(xy), u(xs)}.

Denote byy a list containing bothr; and x5, that maximizes utility, that is, such that
u(y) = u/(z1 V xy). Similarly, find the listy,; such thatu(y,) = «/(z,) and the listy,

such thatu(ys) = u'(x3). Sincey is a maximizer:

u(y) = uys vV yz) = min{u(yy), u(yz)} & w'(e1Vxe) > minfu' (1), o' (23)}

Together with (A), this implies that the transformed preferenceprargent

(21 V x9) = min{u/(z1), v (x2) }.

So, over the (virtual) preferences, prudence seems to be a weak restriction. But for
the transformation to be applied in the context of our results, it is necessary that the
transformation fromu to «’ preserves continuity, weak monotonicity, and concaveness.
Continuity and weak monotonicity should normally be preserved. The assumption of

concaveness is harder to interpret.
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WAy + (1= N)ag) > M (x1) + (1 — N/ (20) &

max{u(Az; + (1 — N)z2 V..0)} > dAmax{u(z; V ...)} + (1 — A) max{u(za V ...) }.

Having a the product (lottery)x; + (1 — \)z», the seller can sell it as one of the elements
of a list with utility «/(Az; 4+ (1 — X)z5). Alternatively, the product can be sold as a lottery
between two lists. One that give&z;), and other that gives'(x,). Concaveness means

that the buyer weakly prefers the first “package”.

If these hypothesis are accepted, prudence is ensured by construction.

7.1.4 Prudence as realism

It seems pessimistic to consider that the utility of a “blue bicycle or red bicycle” is equal

to the worst possibility. The seller should deliver the bundle that has the lomse g}

value. But it is a big step from the lowest value to the lowest utility for the buyer. So, in
some situations, prudence may be seen as overly conservative. But when the interests of
the seller and the buyer are perfectly aligned, then the buyer should reasonably expect the

worst possibility.

If the bundles are actually portfolios that give a money return, and the bicycle is what the
agent buys with this money, then it is perfectly realistic to consider that the minimum is
going to be delivered. Suppose that there is a second round of trade. In this case, agents
should evaluate the utility of bundles (portfolios) by their indirect utility. Sellers do exactly
the same valuation. In this case, the seller always delivers the bundle with the lewest (

pos) value, so this worst bundle is what the buyer always receives.
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7.2 General Equilibrium with Uncertain Delivery

The model of theeconomy with uncertain deliveng actually the model known as a
differential information economybut now agents are allowed to select non-measurable
consumption bundles. The economy extends over two time periods. In the first, agents
trade their state-contingent endowments for state-contingent bundles. In the second period
agents receive (and consume) one of the bundles that corresponds to a state that the agent
does not distinguish from the actual state of nature. This is equivalent to assume that agents

select measurablests.

Trade takes place in markets for contingent goods, where agents select bundles which do
not need to be measurable with respect to their information. These bundles are, in turn,
equivalent to lists. For example, suppose that= {w;,ws, w3}, and that the agent’s
partition of information isP, = {{w;,w-},{ws}}. The agent may select a consumption
bundle that is notP-measurableg = (1, x9,23). Observing{w;,w-}, the agent has

the right to receiver; or x5, while the observation af; ensures consumption af. So,

from the perspective of the agent, this bundle is seen as the folloiingeasurable list:

x = (21 Vx2), (21 V 2a), x3).

Nothing essential is lost by considering that the choice is between non-measurable bundles
instead of measurable lists. For convenience, restrict lists to a maximiédretiernatives,

and divide each state of nature inkd identical sub-states. This transformed economy is
equivalent to the original economy. But now agents can select any consumption list with a
maximum of K~ alternatives for each original state of nature, simply by selecting different

bundles in theK sub-states.

Consider a finite number of agents, commodities and states of nature. In the economy with

uncertain delivery¢ = (e;, u;, P;, ¢;)™,, for each agent
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A partition of 2, P;, represents the private information. Sets that belong, tare
denotedA’. The set of states of nature that agendbes not distinguish fromy, is
denotedP; (wy,).

- Agents assign subjective probabilities to the different elementary events that they

observe. To each sef € P, corresponds a prior probability, with > q = 1.

- Preferences are the same in undistinguished states, represented by the Von Neumann-
Morgenstern (1944) utility functiona{ : R — Ry, which are assumed to be

continuous, weakly monotone and concave.

- The initial endowments are constant across undistinguished states, and strictly

positive:e! > 0 for all ;.

After receiving information, agertknows that the state of nature that occurred belongs to
A{ one of the sets oF,. In this interim stage, the agent is sure of receiving one of the
bundlesr;(w) with w € A{ . Under prudent expectations, the utility that the agent expects

is the lowest:

wl(a) = min o] z().
wea;

The objective function, that may be designatecpasient expected utilityis simply the

expectednterim utility:

Ui(x;) = Z q v] ().

AZ €P;

From the properties of the state-dependent utility functiefsit is shown below that the

prudent expected utilitiunction is also concave.
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Us(\z; + = g v+ (1= Ny, =
Alep
= Y g min{u](\zi(w) + (1= Nyi(w))} >
Alep,; weA]
> Y g) min{Au(w:(w)) + (1= N (y:(w))} >
AleP; weA;
> Y ¢ min{hd(z(w)}+ Y d mm{ (1= Nul(yi(w)} =
alep, UM Aep, S
=AY gl +1=2 ) qv
Alep; Alep;

= \Ui(2) + (1 = MUi(ys).

With this property, we can interpret the model of Arrow-Debreu to cover the case of an
economy with uncertain delivery in which agents predent The economy with uncertain
delivery is transformed in the Arrow-Debreu econoyp = (e;, U;)!,, where, for each
agent;:3

- The utility function,U; : RY" — IR., is continuous, weakly monotone and concave.

- The vector of initial endowments; € IR, is strictly positive.

We impose exact feasibility with free disposal:
Z:c < Ze & Yw: Zx(w) < Ze(w)

We normalize the price functions to the simplexRit’, that is:

3Note that ifz is P;-measurable, then prudent expected utility is equal to classical expected utility. If
agents are perfectly informed this obviously occurs. So, with symmetric information, the transformed model

is equivalent to the classical model of Arrow and Debreu.
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The “budget set” of ageritis given by:

Bi(p,e;) = {xl € R%, such thath(w)xi(w) < Zp(w)ei(w)}.

A pair (p*, z*) is acompetitive equilibrium with prudent expectatiohg* is a price system
andz* = (z7,...,z}) is a feasible allocation such that, for evéry; € IR maximizesU;

cey n

on B;(p*, e;).

Private information is introduced in the model of Arrow and Debreu by a transformation

of the preferences. This transformation preserves the properties of continuity, weak
monotonicity and concaveness. Everything else in the model remains unchanged.
Therefore, several classical results still hold: existence of core and competitive equilibrium,

core convergence, continuity properties, etc.

7.3 Characteristics of Equilibrium

On the measurability of utility

In this extended Arrow-Debreu model, competitive equilibrium allocations are
characterized by the fact that in states of nature that an agent does not distinguish, the

utility of the contingent bundles tends to be the same. Instead of imposing a measurability

4This framework also allows the analysis of continuity properties of equilibrium with respect to
information as a problem of continuity with respect to preferences, which was settled by Hildenbrand &
Mertens (1972).
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restriction on the consumption space, as in Radner (1968) and Yannelis (1991), we see the

weaker restriction of measurable utility arising naturally in our model.

Actually, if equilibrium prices aren't strictly positive, then some equilibrium allocations
may have non-measurable utility. But, removinigese component oéxcess suppjyve can
obtain consumption vectors with measurable utility, which are also equilibrium allocations.

The following results make this precise.

Theorem 11l Let (z*,p*) be a competitive equilibrium with prudent expectations. Then,
for each agent iz} = y + z;, with y* having measurable utility, and; being “free”.

Precisely:
yr € RY and such thatw' € P,(w) = u(y; (w)) = u¢’ (y7 (w')).

z € R and such thatp* - z; = 0.

Proof. Recall that for any,’ € P;(w), preferences are equaly = u. Now suppose
that for somev’ € P;(w), we have different utilities, that isuy (zf(w)) > uf (2} (w')).
Then, there exists some< 1 such that (- 2} (w)) = u¢ (zf(w')). Whenever this occurs,
modify the allocation accordingly to obtaifi < x7. This allocation has measurable utility.
If ¥ belongs to the interior of the budget set, there exists a posifueh that the allocation
(1+ €) - yF belongs to the budget set and has higher utility thanin this casez* would
not be an equilibrium allocation, and we would have a contradiction. Therefore,not

in the interior of the budget set, that is:= x} — y is such thap* - z; = 0. QED

With utility being measurable with respect to the information of the ageosdent
expected utilitys equal to expected utility, for any prior probabilities over states of nature

consistent with the given prior probabilities over observed events.
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Y @ minu] (zi(w) =Yg u (m:(w)).
: weA?

Azepz o weN
The pair(y*, p*) is also acompetitive equilibrium with prudent expectatiofsut, sincey*
has measurable utility, the prudent behavior is not shown to have been unjustifieent
expected utilityis equivalent to the classical expected utility, so the prudent expectations
were, in a certain sense, self-fulfilled. A natural refinement of the concept of equilibrium
is to demand expectations to be fulfilled, that is, to restrict equilibrium to allocations with

measurable utility.

A pair (y*,p*) is a “prudent expectations equilibridnif p* is a price system ang =
(yi,...,y;) is a feasible allocation such that, for everryy; € IRY maximizesU; on

Bi(p*, e;) with u;(y;) being P,-measurable.

Corollary 1 Given any competitive equilibrium with prudent expectatigns, p*), there
exists a prudent expectations equilibriuify;*, p*) under the same price systemr (as

defined in Theorem 1).

Proof. The allocationy* has the same prudent expected utilities as the equilibrium
allocationz*: U;(y*) = U;(z*), for all <. Under the price system*, both allocations
cost the samep* - yf = p* -z, for all i. Thus,y* is also allowed by each agent’s budget

restriction, and maximizes utility. Furthermore, since< x*, y* is feasible. QED

An important consequence is the existence of equilibrium allocations with measurable
utility. If instead of forcing agents to consume the same in states that they do not distinguish,
as in Radner (1968) and Yannelis (1991), we force them to consume bundles with the same

utility, equilibrium existence is preserved.

Corollary 2 There exists a prudent expectations equilibrium.
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There exists a competitive equilibrium of the Arrow-Debreu economy, so this is an obvious

consequence of Corollary 1.

From Theorem 1, it is straightforward that with strictly positive prices, thea 0 and
x* = y*. That is, allcompetitive equilibrium with prudent expectatidms/e measurable
utility. Any conditions that guarantee strict positivity of prices are sufficient to guarantee

that equilibrium allocations angrudent expectations equilibria

On incentive compatibility

Remember the seller that offered the game:

“I will toss a coin. If the result is heads, you receive a blue bicycle; if it is tails, you

receive a red bicyclé.

If the agent is indifferent between the two colors, the impossibility of observing the state of
nature is not a problem. The agent does not fear being “tricked”, because the delivery of a

bicycle is guaranteed.

After receiving private information, the agent can prove that the state of nature belongs to,
for example,A{. Whatever the state iﬁ{, the bundles that are supposed to be delivered
have the same utility. So, agents cannot be deceived to receive consumption bundles with

lower utility. Contracts can be enforced and issues of incentive compatibility do not arise.

In sum, the consideration of contracts for uncertain delivery allows us to relax in a natural
way the measurability assumption, while preserving (trivial) incentive compatibility. This
enlarges the space of allocations, improving the efficiency of exchange, relatively to

economies in which consumption has to be measurable with respect to private information.
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On welfare

Compared with measurable consumption, measurable utility is less restrictive, as it allows
agents to select different consumption bundles in order to take advantage of variations in

prices across states that they do not distinguish.

Theorem 12 Let (z*, p*) be a competitive equilibrium with prudent expectations.

W' € Pi(w) = p*(w) - 27 (w) < p*(w) - 27 ().

Proof. Suppose that for some’ € P;(w), we hadp*(w) - z}(w) > p*(w) - 2} (W').
Designate by); a modified bundle with} (w) = x}(w’) being the only difference relatively
to 7. This bundle has the same utility and allows the agent to retain some income. There
exists a positive such thai1 + ¢) - y; belongs to the budget set and has higher utility than

xf. Contradiction! QED

In spite of the penalization implied by prudence, in equilibriyggmydent expected utilitis
higher in the sense of Pareto than that which is attainable under the classical restriction of

equal consumption in states of nature that are not distinguished.

Theorem 13 Let(z*, p*) be an equilibrium in the sense of Radner (1968).
There are Pareto optima of the economy with uncertain delivenguch thatU;(z;) >

U;(z7), for every agent. The improvement may be strict (see section 3).

Proof. The proof is straightforward. Ifz*, p*) is an equilibrium in the sense of Radner

(1968), the allocation* is still feasible in the economy with prudent expectations. QED

If preferences are strictly concave and relative prices vary across states that at least one

agent does not distinguish, then, ircampetitive equilibrium with prudent expectatipns
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consumption is not measurable. In these cases, welfare improvements are strict in the sense

of Pareto.

7.4 Cooperative Solutions: the Prudent Cores

Cooperative solutions can be defined in a similar way. Instead of constraining allocations
to be measurable with respect to information, we introduce agaiprtident expectations

regarding consumption in undistinguished states.

Remember that the economy with uncertain delivery and prudent expectations was
transformed into an Arrow-Debreu economy. The core of an Arrow-Debreu economy

exists, and we designate it as th@ddent private coré

A coalition S C N “privately blocks an allocationz if there exists(y;);cs such that:
Zyi < Zei andU;(y;) > U;(x;) for everyi € S, whereU;, is the prudent expected
€S €S

utility of agents.

The “prudent private coréis the set of all feasible allocations which are rpitvately

blockedby any coalition. Although coalitions of agents are formed, information is not

shared between them. Tipeudent expected utilitis based only on each agent’s private

information.

Theprudent private cores very similar to a modified private core where measurable utility
is required instead of measurable consumption. Given an allocation prakent private
core, there exists another with the same utility for every agent, which has measurable utility

and requires less resources.
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Theorem14 Letx € PPC(E).
There exists some& € PPC(E) such thatVi = 1, ..., n:
a)x; < x;;
b) Ui(x}) = Ui(z:);

c) u;(«}) is P,-measurable.

Proof. If u;(z;) isn't P,-measurable, we can multiply the(w) that have higher utilities
in each element of?; by a factor smaller than 1 to obtain a modified allocation with
measurable utility. These higher utilities are not taken into account in the calculation of
prudent expected utility, because only the worst outcome is considered. Therefore, expected

utility remains unchanged and this allocation satisfies’ x;. QED

Even being penalized by the prudence, allocations irpthdent private corelominate, in
the sense of Pareto, those in fivevate core(Yannelis, 1991). The latter are always feasible

in the economy with uncertain delivery, while the converse is not true.

The coarse core and the fine core introduced by R. Wilson (1978), also have correspondent

concepts with prudent expectations: tipeddent coarse cofeand the ‘prudent fine coré

To find theprudent coarse coteconsider astrong block in which prudence is based on

common information.

A coalition S C N strongly blocksan allocationz if there exists(y;);cs such that:
>y <) e andUis(y:) > Ugs(x;) for everyi € S, whereUy is the ‘strongly S-
E)Erﬁdent éi(spected utilityof agenti in the coalitionS. Theinterim utility for agenti in
coalition S is calculated using the minimum utility across states that the coalition cannot

distinguish using only the common information among the members.
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To find theprudent fine coreuse a weak notion of block, based on pooled information.

A coalition S C N weakly blocksan allocationz if there exists(y;);cs such that:
Zyi < Zei andU}"s(y;) > Ujs(x;) for everyi € S, whereUjs is the ‘weakly S-prudent
éi(spectedzelftilityof agenti in the coalitionS. The interim utility for agent in coalition S

is calculated using the minimum utility across states that the coalition cannot distinguish

using the pooled information of its members.

In any case, welfare is improved in the prudent cores.

7.5 Concluding Remarks

We model economies with private information amacertain deliveryin which agents are
assumed to follow a simple rule-of-thumb: tom@ident The model of Arrow-Debreu can
be reinterpreted to cover this situation, therefore, many classical results still hold: existence

of core and equilibrium, core convergence, continuity properties, etc.

The inclusion ofcontracts for uncertain delivergllows agents to improve their welfare. In

any case, they are better off relatively to allocations with measurable consumption.

Expecting to receive the worst of the possibilities contracted, agents behave prudently by
selecting bundles with the same utility for consumption in states that they do not distinguish.
Instead of consuming the same, as in Radner (1968) and Yannelis (1991), agents consume

bundles with the same utility.
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In certain situations, such prudence may not be appropriate, but there are others in which
it is absolutely justified. For example, if there is a second round of trade, agents should
evaluate portfolios by their indirect utility. In this case, the seller always delivers the bundle

with the lowest value.

While an intuition for the concept of rational expectations equilibrium was the idea that
“agents cannot be fool&din the prudent expectations equilibrium it is the market that
cannot be fooled. Agents use a rule of thumb which is related to Murphy’s i@anything

can go wrong, it will.

An advantage of this concept with respect to thigonal expectations equilibriuns that it

is useful to have more informatioMarkets for informatiorcan be studied with two-stage
games: in the first stage, agents trade information; in the second, they maximize prudent
expected utility. This way, economic insights on information production and dissemination

could be obtained.

Real economic agents follow simple rules of decision, instead of making huge amounts of
calculations (Tversky and Kahneman, 1974). This further justifies the study of equilibrium

with agents constructing expectations in a simple way.
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The Expected Utility Hypothesis

An actis a mapping of a probability spac@ (F, 1) into a space of consequencés, This
may be simplyRR, representing utility. Each act induces a probability meague (R, B),

wherel is the Borelianr-algebra.

For simplicity, assume a finite number of possible states of nature:{w, ..., wq}. The

o-algebraF consists of the subsets Of

Under theexpected utility hypothesis there exist functions(-) that are nondecreasing
and bounded.such that it is possible to represent the rational behavior of an agent by the

maximization of;:

> av @)

INon-boundedness of(-) leads to the St. Petersburg paradox, according to which agents are willing to
pay an infinite value to play a game that p&ysunits of utility if a head appears for the first time on thié

toss.
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A.1 Von Neumann’s Axiomatization

Maximization of expected utility can be viewed as a consequence of rationality. Consider

the space of lotteries1 over the finite set of bundles (w!), ..., z(w®)].2

Assume that the choices of a rational agent between lotteries are represented by the
complete and continuous preorderirg That is, that the binary preference relatien

satisfies:
(a) reflexivity - a' > a',Va' € M;
(b) transitivity - a! = a? anda® = a® = a' = a3, Va!, a?, a® € M;
(c) completeness Va', a* € M, eithera' = a’ora® = a';

(d) continuity - Va' € M, {a: a = a'} are closed sets.

In a seminal paper, Samuel Eilenberg (1941) showed that every continuous total preorder
given on a connected and separable topological space admits a continuous utility

representation. Debreu (1964) showed that the assumption of connectedness could be
replaced by second countability. A negative result was presented bydzs& Henes-

Beloso (1995): in every non-separable metric space, there exists a continuous total preorder

which doesn’t have a continuous utility representation.

So, withIR! as the commaodity space, there exists a continuous and nondecreasing function

U(-) (defined up to a monotone increasing transformation) that represents
a' = a* & Ula) > U(a?);

al = a* & Ula') > U(a?).

2Note thatM is equivalent to the simplex dR®.
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Von Neumann & Morgenstern (1944) proposed axioms that imply that there exists some

U(-) that is linear in the probabilities:

Q

Ula) =Y ¢ (x(w)),

j=1

where u(-), defined up to an increasing affine transformation, is Wlo® Neumann-

Morgenstern utility functionThese axioms of rational choice are three:

Axiom 1 (Completeness) - The agent has a complete preordering on the space of lotteries

M, defined over the consequences.

This first axiom may be interpreted as the indifference of the agent regarding the means that

lead to the consequences.

Axiom 2 (Continuity) - Va!, a?,a® € M such thata! = a? anda? = o there exists

a € [0,1] such thatva' + (1 — a)a® ~ a?.

Axiom 3 (Independence) ¥« €]0, 1[,Va € M :
a' = a? = aa' + (1 — a)a > ad® + (1 — a)q;

a' ~a*> = aa' + (1 — a)a ~ aa® + (1 — a)a.

A.2 Savage’s Axiomatization

Let's drop the assumption of existence of a measure of objective probability. Savage (1954)
considers only as given the space of agts,associating consequences to the events in a

measurable spac€)(F), and a complete preordering,, on the space of acts. Rational
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behavior under uncertainty is specified by seven axioms on this preordering. From these
axioms, Savage derives a subjective probability distribution and an utility function such that

the preordering is represented by the expected value of this function.

Define first the conditional preferences. Lietc F be an event. Comparison between acts

depends only of the consequences wheoccurs:
axpad =axd,

withw € F = a(w) = a(w) A d'(w) = d'(w), andw ¢ E = a(w) = @' (w).

Axiom 1 (Existence) - Conditional preferences exist.

For anyx € C, the constant act, is defined bya, = z, Vw € Q.

Axiom 2 (Constant acts) vz € C, a, € A.

There may not be such acts, it is sufficient to imagine their existence.

Axiom 3 (Independence) - IE # 0, a, > g ay & x = 2.

Let £, £’ € F be two events, and, 2’ € C two consequences with > z’. Construct acts

a,a’ € A as follows:
weE€F=qaw)=randw ¢ F = a(w) =2’

weF =dw)=randw ¢ F' = d'(w) =2’

If « = o, we say that the qualitative probability &f is at least as great as that bf:
E-FE'.
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So it is possible to infer subjective probabilities from the preordering over lotteries. For the

relation= to be well defined, we need:

Axiom 4 (Comparability) - All the events are comparable in qualitative probability.
And we also need some technical axioms.

Axiom 5 (No indifference) da,d’ € A suchthat > a' vV a' > a.

Axiom 6 (Continuity - implies infinite?) - If a > o/, for anyz € C there exists a finite
partition of ) such that ifa or «’ is modified on an event of the partition so thabecomes

the consequence in this event, the strict preferenesovkrad’ is preserved.

Axiom 7 (Independence Il) - Let € A. Then:
a =g a.(w) Yw € Eimpliesa’ =g a;

aq,(w) =g @ Yw € Eimpliesa = a'.
These seven axioms allowed Savage (1954) to obtain the following result.

Theorem Given axioms 1-7, there exists a unique probability meagudefined on
(©2, F), and a continuous, nondecreasing and bounded funetigrdefined up to an affine

transformation such that:

0 d & fyula(@)duw) > fould(w)du(w)

pissuchthat?’>FE < u(E') > u(E), and itis called thegent's subjective probability
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A.3 The value of information

Consider a rational decision maker with imperfect information, seeking to maximize

expected utility:

max/ u’(a) ¢* dw.
weN

acA

Leta* be the solution of this problem, and |[Btbe the partition of information of the agent.
With the agent revising expectations according to the Theorem of Bayes, after receiving its

information, P’ € P, the (osterio) beliefs are:

Pr(w|P) =0, if w ¢ P7;

Pr(w|Pl) =21 __ = 4 ifyec P

j=¥i q¥ dw q(P]) ?

For eachP’ € P, the agent solves the problem:

max/ u“(a) Pr(w|P?) dw;
weN

acA

Which is equivalent to:
acA

max/ u“(a) ¢“ dw =V (P?).
wepPI

So, the value of having the information structurean be estimated, for finite and infinite

partitions, as:

U(P, q,u(A)) = Z V(PY)q(P7),

orU(P, g, u(A)) = / V(P9 )q(P)dj.

J
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