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Introduction

This work is a contribution to the study of hitting probabilities for Gaussian random
fields. The motivation arises from applications to systems of linear stochastic partial
differential equations.

Let X = {X(z),z € R?} be a RP-valued Gaussian process with independent
and identically distributed components. The study of hitting probabilities for X
consists mainly in obtaining upper and lower bounds on the probabilities of the
random sets

Frao={XANTI#0={X(I)NA#0}1CR,AcCR".

In this thesis, a real valued Gaussian process X is termed anisotropic on I a
compact subset of R? if up to non null multiplicative constants its canonical metric

o(z,y) = [ X (@) = XYl 2, 2,y € 1,

is bounded below and above, up to a multiplicative constant, by the function
d
Gx—vy) = Z lz; —y;|™,z,y € I, Hy € (0,1].
j=1

If H = .... = Hy, X is termed isotropic.

Hitting probabilities estimates for the following examples of Gaussian anisotropic
processes are find in: Fractional Brownian motion [Xia99], Brownian sheet [KS99],
Funaki’s random string [MT02], Stochastic heat equation driven by white noise
[DKNO7], Fractional stochastic heat equation on the circle [NV09], Stochastic wave
equation driven by fractional colored noise [dICT14], Stochastic Poisson equation
driven by white noise [SSV18].

Additionally for centered Gaussian anisotropic processes abstract results on hit-
ting probabilities have been proved in [Xia09, Thm. 7.6], [BLX09, Thm. 2.1]. Such
results establish conditions which imply the existence of positive constants ¢, C' such
that for any Borel set A € B,(RP),

cCapp_p,(A) < P(X(I)NA#0) < CHp-p,(A),

for Dy = > =1 Hj L Cap, and Hg denotes the y-Bessel-Riesz capacity and the
[-dimensional Hausdorff measure, respectively.

Although this topic will not be covered in this work, hitting probabilities for
solution of systems of non linear stochastic differential equations have been subject
of study in [DN04], [DKN09], [DKN13] and [DSS15]. Such solutions are non Gaus-
sian stochastic processes with continuous trajectories. General criteria for hitting
probabilities to non Gaussian processes are proved in [DSS10, Thms. 2.1 & 2.4].



Consider the solution of the linear stochastic heat equation with null conditions,
introduced in [BT08],

9 .
5~ Av=T (1) € (0,7] x R,

where W is a noise fractional in time and colored in space. In [TX17, Thm. 4]
Tudor and Xiao prove that under the constraint 4H — (d — «) = 2, for any fixed
t €(0,7), and M > 0,

1/2 1/2

c[log |z —y||7*z —y| < |Jv(t, ) — v(t, y)| 2@ < Clloglz —y||/ |z —yl,

x,y € [=M, M]P. This result suggests the use of more general notions of Hausdorff
measures and capacities than the classical y-dimensional Hausdorff measure and the
[-Bessel-Riesz capacity.

Building on this fundamental idea, we develop the main ideas of this work in
two parts. The first part is devoted to the study of hitting probabilities for a class
of Gaussian random fields with canonical metric such that

B(x,y) = g(’x - y’)axay € [7

with g a gauge function (See Definition 1.1 for the definition). We term such gener-
alization as g-Gaussian processes.

In Chapter 1, we prove two main results of hitting probabilities for g-Gaussian
processes:

e Theorem 1.2 which establishes a criteria for upper bounds of hitting probabil-
ities. In this case the g,-Hausdorff measure H,, with

g5(7) =7"/(g7}(7))"

is the suitable choice for upper bounds of the hitting probabilities. We follow
an approach close to the proof of [DSS10, Thm. 2.1].

e Theorem 1.3 which establishes a criteria for lower bounds of hitting probabili-
ties, in terms of the (g,)~* capacity denoted by Cap,,)-1. The proof combines
the approach of [BLX09, Thm.2.1],[Xia09, Thm. 7.6] based on weak approxi-
mations of measures, and the results of [DSS10, Sec. 3].

We note that our results hold for processes with continuous mean function, removing
the constraint of being centered from prior research.

As an example of application of the results obtained in the previous chapter,
Chapter 2 is about the study of hitting probabilities for the solution of the linear
system of stochastic Poisson equations with boundary conditions given by

—Avj(x) = W;(z), z € B,
vi(z) = vo(z), €S
j=1,...,D where (W;,j =1,..., D) are independent white noises.
A version of this problem with null initial conditions vg = 0 is studied in

[SSV18][Sec. 5]. Such system has a random field solution for d = 1,2,3. If d =1, 3,
in [SSV18, Lem. 5.4 & Lem. 5.7] is proved that the solution is isotropic. In contrast,

vi



if d = 2 in [SSV18, Lem. 5.5] upper and lower estimates for the canonical metric
which suggest that the solution may be a g-Gaussian process are find, but they are
not sharp.

In Lemma 2.1 we prove that v is a g-Gaussian process in B, pp € (0,1) with
g(7) = [log (2po/7)]"/* 7 for d = 2. This lead us to Theorem 2.3 which establishes
lower and upper bounds for hitting probabilities for d = 1,2,3. This improves the
estimations in [SSV18, Thm. 5.10 & Thm. 5.11] for d = 2.

In the second part of this work, we study hitting probabilities for g-Gaussian
processes. Let I C R%, J C R if the canonical metric of a real valued Gaussian
process Y is g Gaussian on [ x J with g = (g1,92), 91,92 gauge functions, if its
canonical metric satisfies

o((t, ), (s,9)) < gu(lt = s) + galz = yl), (s, ), (x,9) € I x J.
In Chapter 3, we generalize the results of Chapter 1 for g-Gaussian processes:

e Theorem 3.1 which establishes a criteria for upper bounds of hitting probabil-
ities in terms of the gg-Hausdorff measure H,, with

a9(7) =77 /(g7 (7)™ (g7 (7)) ].

e Theorem 3.2 which establishes a criteria for lower bounds of hitting probabil-
ities, in terms of the (gy) ™' capacity Cap, )-1.

Finally, as an application of the criteria obtained in Chapter 3, we analyze two
examples of g-Gaussian processes. Chapter 4 is about the study of hitting probabili-
ties for the solution of the system of stochastic heat equations with initial conditions
given by

ot

ov; AUj = WjHav (t,fl)) € (07T] X Rd’
v;(0,2) = vo(x), = € RY,

j =1,...,D with (WjH’a, j = 1,..., D) independent copies of a fractional-colored
noise with Hurst parameter H € (3,1) and a € [0, d).

By following a similar approach that in [TX17], where the case o € (0,d) is
investigated, in Theorem 4.2 we prove that the canonical metric of the coordinates
of the solution of such system satisfies that for any ¢, s € [to, 7] and z,y € [-M, M]4,

lz —y

where f =1, if 4H — (d — o) = 2, and § = 0, otherwise.
In Chapter 5, we make a similar analysis for the solution for the solution of the
system of stochastic biharmonic heat equations with initial conditions given by

{% + (=A)?)v; = Wy, (t,2) € (0,T] x T¢,
vj(O,x) =(z),x € T,

8
_d-a 2e/dM \ * Ca
o((t, @), (s,y) < |t — S|H T 4 (10g f) |z — y|1/\(2H = )’

j=1,...,D with (W,,j =1, ..., D) independent copies of a white noise. According
to Theorem 5.2 each coordinate entry of such system turns out to be a g-Gaussian
process with

B
d)\ 2 -
n(r) =% ) = (g D) L g1, a-12s

vil



Most of the research carried out in this work has been recently published in two
articles: [HCSS21]| which contains the main results obtained in Chapters 1, 3 and 4,
[HCSS22] which is based in Chapter 5. Some of the proofs are given in more detail
in the thesis.
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Chapter 1

g-Gaussian random fields

This chapter is devoted to find hitting probabilities criteria for g-Gaussian processes.
We prove two main results relative to g-Gaussian processes: Theorem 1.2 which
gives upper bounds of hitting probabilities in terms of the g-Hausdorff measure
and Theorem 1.3 which gives lower bounds of hitting probabilities in terms of the
g-capacity.

Finally, as an example of g-Gaussian processes we introduce the class of isotropic
Gaussian processes. We discuss the obtained results in the context of such processes.

We will use the following notations. Let K be a set in a metric space (.5, d).
For p > 0, K denotes the set of points such that d(z,K) < p, and g =
Sup, zcx d(x, ) is the diameter of K. For x € R? and r > 0, B,(z) denotes the
closed Euclidean ball centered at x with radius r, if x = 0 we abbreviate B,.(0) by B,..
Positive real constants are generically denoted by the letter C, or variants, like C, C,
¢, ete. If we want to make explicit the dependence on some parameters aq, as, . .., we
write C(ay1, az, . ..) or Cy, 4,.... The symbol < between two mathematical expressions
means equivalence up to positive multiplicative constants.

1.1 Definition

A real valued Gaussian random field or Gaussian process is a real valued random
field X on a parameter set X for which the distributions of

(X(21), .0, X(20)),n € N* (21, ..., ) € X",
are multivariate Gaussian. The functions

m, = B(X(z)),02 .= B[(X(z) —m,)?],z € &,

rY T

are called the mean and variance functions of X. The functions
Oz .z _
0rz = E[(X(x) — ma)(X(Z) —mz)], poz = ——;2,T € X,
O,0%
are called the covariance and correlation functions of X.

Define a pseudometric 0 on X' by

02, 7) = 0 = [ X(2) — X(@) |20, 7.7 € X.
0 is not a metric, since although it satisfies all the other demands of a metric,

0(x,z) = 0 does not necessarily imply that x = z. Nevertheless, we shall abuse
terminology by calling 0 the canonical metric of X.



Definition 1.1. A gauge function is a strictly increasing continuous function g :
[0, 70] = Ry, 79 > 0 satisfying ¢(0) = 0.

Example 1.1. The following are examples of gauge functions:
L. g(r)=7",7,v>0.
2. g(1) = |log 7|7V, 7 € [0, ], v,v > 0.
Definition 1.2. Fix K a compact set of R? and assume that
X =A{X(z):z € K}

is a Gaussian process. We say that X is g-Gaussian on K if there exists a gauge
function g such that

0z, z) < g(|zr — z|),2,T € K. (1.1)
If X only satisfies the upper bound in (1.1) we say that it is §-Gaussian on K.

Remark 1.1. The class of g-Gaussian processes where g is a gauge function as in Ex-
ample 1.1 (1.) corresponds to isotropic Gaussian processes (see Section 1.3 bellow).
Chapter 2 is devoted to study a g-Gaussian process with a ¢g as in Example 1.1(2.)
(see Theorem 2.2).

Write
By (x):={r € K :0(x,7) < ¢}

for the 0 ball centered at x € K and radius . We denote by Ny(K,e) = N(¢e) the
minimum number of such balls needed to cover K.
If X is a g-Gaussian process on K, it is not hard to prove that

N(e) < C (gf—z)> e e (0,9(2x)]. (1.2)

[AT07, Thm. 1.3.5] and (1.2) implies that there exists a universal constant C' and
positive random variable 1 such that

sup |X(z) — X(2)] < C(K / ds\/dlog 5 € (0,7m). (1.3)

z,Z€K,
o(z,z)<s

This estimate gives a criterion for sample path continuity of g-Gaussian processes:

Example 1.2. Let X be a centered g-Gaussian process on K a compact subset of

R such that N
wﬂShvw=@%(3¥)] (1.4)

1
for some v > 1/2. We note that h™(7) = 2@ exp(—7"+), thus we can assert that

for any € > 0 small enough
K _1
1 —— | <e v,
‘%(h<a)—5
This implies that

N
/dq/log /ds 2v—<1—5) 5172 < oo

Then (1.3) implies that X has a modification with a.s. continuous sample paths.

2



Remark 1.2. The continuity criterion in Example 1.2 is sharp. According to Corol-
lary 1.5.5 in [ATO07], if X is a centered, stationary g-Gaussian process with

o) = flog (222)]

for some v € (0,1/2), then X has discontinuous sample paths.

1.2 Criteria for hitting probabilities

Let K be a compact subset of R% and
X ={X(z) = (Xi(x),...,Xp(x)), v € K},

be a D-dimensional process with i.i.d coordinates. The probability that the process
X hits A a Borel subset of R? is

P(X(K)NA#D). (1.5)

We devote this section to estimate (1.5) when X is a g-Gaussian process. The
main results are Theorems 1.2 and 1.3 which yield to upper and lower bounds in
terms of the notions of g-Hausdorff measure and g-capacity, respectively.

1.2.1 Upper bounds for hitting probabilities

The aim of this subsection is to prove extensions of Theorem 2.6 in [DSS10] on
sufficient conditions for upper bound estimates of hitting probabilities of Gaussian
processes.

We start with a technical lemma which is a generalized version of [DSS10, Lem.
2.5].

Lemma 1.1. [HCSS21, Lem. 3.1] Let g be a differentiable gauge function. Fix
zo € R? and let

M = {M(z) = (My(2),...,Mp(x)), x € Bi(x)},

be a D-dimensional stochastic process with a.s. continuous sample paths. Suppose
that for all € > 0 small enough,

([ (M) s

for some constant c¢y1. Set S:(v9) = B,-1 (x0). Then, the following statements
2
hold.

1. For all p > 1, there exist a constant ¢, depending on d and ¢y such that for
e > 0 small enough,

B( sw (M) - M)

YyES: (170)

1
< 107 6plgl(e)/0 log? (1 + %) g (971(6)7') dr, (1.7)

where g denotes the derivative of g.

3



2. Assume that g is such that, for any p, T € [0, 7], with 7o > 0 sufficiently small,

a(om) < o(D)glp), 3lpr) < %w(ﬂg(m), (1.8)

where ¢ and 1p are Borel functions such that, denoting ®(7) = @(7)¢¥ (1), we
have

1
C1,2
/O log? (1 + ﬁ) O(r) dr < co. (1.9)

Then, for all p > 1, there exists a constant ¢y 3(c11,p,d, ®) such that for all
e > 0 small enough,

E( sup |M(y) — M(xg)]p) < ¢y 3€P. (1.10)
yESE(mO)
Proof. 1. Let
Ce(w) = / dy/ dy exp (|M(y,w) — M(y,wﬂ) . (1.11)
(o) (o) 9y —al)

From (1.6), we deduce C.(w) < 00, a.s. Notice that for almost all w,
Co(w) > | S(wo)* = Cs (971(e))™, (1.12)

for some constant C'; > 0 depending on d.

Applying [DKNO7, Prop. A.1, (A.3)] to S := S.(xp) endowed with the Euclidean
distance p, u the Lebesgue measure, W(7) := €™ — 1 and p(7) := g(7), implies that
for any 6 > 0

ow ) - m@) <10 [ v (C5D) ) o

Y,JESe (x0),|ly—7| <o

with ('} depending on d. Here, we have used that the volume of the d-dimensional

Euclidean ball of radius  equals a multiple constant times 7¢. By writing 4 =

and 0 = # on the last inequality, we deduce

s )~ ateo <10 [ wor (OG0

y€Se (o)

Therefore, for any p > 1,

E < sup |M(y) — M(xo)\p> < 10PF (

y€Se (o)

< 107 (g (g*l(g)))p‘1 E </Og_1(€) log” (1 + %&”) a(7) dT>

97 (e)
= 10”5”_1/0 E {logp (1 + Olf;gw))] g(T) dr, (1.13)

where in the second inequality, we have applied Holder’s inequality with respect to
the measure ¢(7)dr. Observe that we may take C; as large as we want.

4



The function z +— log?(1 + z) is concave on [eP~! — 1,00). By (1.12) C.(w) >
Cor® 7 € 10,g7%(¢)] a.s. Hence, by taking C; > (eP~! — 1)C5 ', we can apply
Jensen’s inequality and (1.6) to estimate

E {logp (1 + le;g“))} < log” (1 o1 (g _17(@)%) ,

with some constant ¢; 2(c11,d). Use the last inequality on the right-hand side of
(1.13), and write the change of variables 7 — (¢~(¢)) ™" 7, to obtain,

E( sup IM(y)—M(wo)lp)

yGSE(:po)
1
< 107 Ep_lg_l(s)/ log? (1 + 01—2§> g (g7 (e)T) dr. (1.14)
0 T

This ends the proof of (1.7).
2. The conditions (1.8) imply pg(p7) < ®(7)g(p). For p:= g~ '(¢) this yields

g7 (e)g(g™ (e)7) < O(7)e.

Thus, the right-hand side of (1.7) is less or equal to (10¢)? fol log” (1 + %3) ®(7) dr
and therefore, assuming (1.9), we obtain (1.10).
[l

Remark 1.3. Fix zy in R? and assume that X is a g-Gaussian centered process on
Bi(zg). Then X satisfies the condition (1.6). Indeed, the upper bound in (1.1)
implies that for =,y € B.(x¢)

X(2) - X(y) X0 -X@\_
eXp( oz — ) )Se"p( Coley) )‘ plelZl),

where ¢ = 1/C and Z is a standard Gaussian random variable. Since, E([exp(c|Z])])
is finite, by Fubini’s theorem (1.6) holds.

Example 1.3. We verify conditions (1.8) and (1.9) of Lemma 1.1 for the gauge
functions in Example 1.1.

L. g(r) =7",7>0,v > 0. (1.8) hold for any p,7 > 0, with ¢(7) = 7%, ¢(1) = £.
Since fol log? (14 -5;) 7v~'dr < oo, for any C' > 0 and p > 1, (1.9) holds.

2. g(r) = |log 7|7, 7 € [0, 7], v,7 > 0. Then,
9(pr) = p"7"|log p7|" < (|log p| + |log 7|)” p"7"
< C(v,v)|[log p|" (1 + [log 7|)! p"7", p, 7 € [0, e_%].
Hence,
9(p7) < p(1)g(p), with o(7) = C(v,v) (1 + [logT])” 7",

The derivative of g is g(7) = |log 7|7~ (v|log 7|—v)7"~!, and it follows that g is

increasing on [0, e~+]. Therefore §(7) < v|log7|77¥~! < 2g(7). Consequently,
: 1 , v
glor) < Ze(r)glpr), with v(7) = .

Since ®(7) = C(v,v)(1 + |log 7|)Y7"~!, we see that condition (1.9) holds.



For any ¢ € (0,1), 5 € Z%, j = (j1, ..., ja), set

-l e,
Rj - E |: \/3 Jis \/C_i (]z + 1)1 y (115)

—1

and for z € Rj, define 2% = (g\/;)ji)
1

—~

Observe that diam(R5) = g~ '(e)

J

i=1,...,d
and R C B_fi@ (7%), where 75 = (g’\/éa) (3i + %))Z: ..... E Moreover, by the triangle
inequality,
sup (|M(z) — M(a5)[) <2 sup (| M (z) — M(z5)|) - (1.16)
2ER; 2€B 1) (75)

The next statement provides an extension of [DSS10, Thm. 2.6, (26)] to non
necessarily centered Gaussian processes.

Theorem 1.1. [HCSS21, Thm. 3.1] Fiz K a compact set of R and n > 0. Let
X ={X(z) = (Xy(2), ..., Xp(z)),z € KM} (1.17)

be a D-dimensional stochastic process with a.s. continuous sample paths and i.1.d.
coordinates that are distributed as Gaussian random fields. Fix e > 0 small enough,
j € 2% and let RS be as in (1.15). Assume that RS C K" and let o2,
inf:peK(W) 0326 > 0.

1. Let m, = E(X(x)) and X(z) = X(z) — m,. We assume that for some
constant C(d, D),

2
E | sup < C(d, D)e*. (1.18)
xERJE-
Then there exists a constant C(ai(n),d, D) such that, for every z € RP,

P (X(R;)N Be(z) #0) < C(0y.d, D)e”. (1.19)

2. Suppose that for some constant C(d, D)

E (sups X(z) — X(x;)|2> < C(d, D)e>. (1.20)

Then there exists a constant C_'(Ufwl),d, D) such that, for every z € RP,
P (X(R5)NBe(2) #0) < C(o3y.d, D)e”. (1.21)

Proof. 1. We follow the approach of [DSS10, Thm. 2.6] with some modifications
due to the fact that the process X is not centered.
Because X is continuous, for any z € R”

P (X(R5) N B(z) #0) :P(inf | X (z) — 2| ga).

1>
J:ERj

6



Assume we can prove that there exists a constant c(o.,,, d, D) such that for any

ZleR,

K(n)>

P ( in}% Xi(x) — 2| < 5> < (o2, d, D) e. (1.22)
TR

Observe that

D
i < i (z)— 2| <eb.
{;5% X(x)—2 < 5} C ﬂ {xlen]% Xi(z) — 2| < e}

=1

Then, because the components of X (z) are ii.d, (1.22) yields (1.19) with C' =

[ ( K(n)>d D)]
For the proof of (1.22), we fix z € R; and since X, is a Gaussian processes, its

conditional expectation es given by

E (Xl(x)pzl(x;)) —m,+ E (Xl(x)m(x;)) —m, + E@) X (29),  (1.23)

where
Cov <)~(1(x), Xﬂx?))
m, = BE(Xi(7)), d&(r)= - :
Var (Xl(x§)>
Define
V= int E(Xl(x)IXl(x§)> —ul, ;= sup X, (z) — E(Xl(x)pzl(g;;))‘.

We claim that these are independent random variables satisfying

P(zln}gs | X7 () — 2| §5) <P(YS<e+Z). (1.24)

Indeed, let

o {f/() E(Xl(g;)p?l(x;))—zl,xeR;},

ZJ = {ZE( )=Xi(z)— FE (Xﬂx)\f(ﬂxj)) T € Rj}

By (1.23), fff and Zj are Gaussian processes that for any z,7 € R,

E(fff(x)ZJ (az)):E([ £ (x )Xl(x¢)+mx—zl} [Xl(:i)— j(:i)f(l(xj)D
— E(@)E (Xl( )[Xl(@ (:z))”(l(x;)D —0.

Thus Y7 and Z5 are independent. Notice that Yf — Zj = Xj — z implying (1.24)
and finishing the proof of the claim
We next prove that, for any r > 0,

P(Y; <r) < C(ogw,d, D)r. (1.25)

7



As an auxiliary result, we first check that for all ¢ > 0 and z € R,
¢(2) 1] < C(0%cy.d. D). (1.26)

implying that, for all £ > 0 small enough, say ¢ < [QC(Ui(n),d, D)™, and for all
x € R;, we have

cj(r) > . (1.27)

NO| —

Indeed, because Var(Xl(xj)) > J?{(n) > 0, using Cauchy-Schwartz inequality and
(1.18), we deduce

! N Var(X(5))

< C(O?((n) ) d, D)€

We continue with the proof of (1.25). By (1.23),

vy <r)= {;3; me + E(X(2) X1 (a5) =2 < }

and the inequality ‘mz +F (Xl(x)p?l (;Uj)) — z1| < ris equivalent to

21— My r 5 21— My r
£ T e < X1<;U€~) < £ + £ '
() () ’ 5(@) ()

C

Since by (1.27), infiep: ¢5(z) > %, the above remarks yield

P(Y; <r)<supP (s —2r < Xl(xj) <s+ 2r) =sup P (Xl(xj) € Bgr(s)) .
seR seR
(1.28)
Because the density of X;(z%) is bounded by (Var(Xy(z%))2r) "2 < C (02, d, D),

we have .
PV < 1) < sup P (X4(a5) € Bar(s)) < C(0%,d, D) 7.

seR

This proves (1.25).
We now address the last step in the proof of (1.22). Let piz: be the distribution
function of Z5, because Y and Z5 are independent, by (1.25) we obtain,

P(Y:<e+Z)= [ pzs(d2)P (Y <e+z
J J R j J

< C(0%0.d, D) / iz (d2) (e + 2)
R
= C(Ui(n), d, D) |:€ + E (Z]E):| .

(1.24) together with the last inequality, implies that

P ( inf |Xp(z)— 2| < 5) < c(opw,d, D) [e+ E(Z)] . (1.29)

1>
xERj



Since X, (z) — E (X1 (2)| X, (x;)) — Xy (x) — 5 (2) Xy (2°) (see (1.23)), by the triangle
inequality Z% < 7%, + Z,, with

X, (x) — Xl(:vj)

1- (@) |Xi)

g _
Z;q = sup

e _
> ,  Zjo = sup
:JcERj

&
:veRj

Apply (1.18) and Jensen’s inequality to obtain E(Z5;) < C(d,D)e. Also, as a
consequence of (1.26), we have that E(Z5,) < C(0%,,d, D)e. This yields E (Z5) <
C(afm),d, D)e. Along with (1.29), this implies (1.22) and, as was argued above,
the proof of claim 1 is complete.

2. By going trough the proof of (1.19) one can check that hypothesis (1.18) was
only used for proving the inequalities

B[%(s5) - Xl(x)r < C(d, D)2,

and F(Z5,) < C(d, D)e. We claim that those inequalities are valid if we assume
(1.20) instead of (1.18). This implies (1.21).
Indeed, the first inequality is a direct consequence of (1.20), since

2

= B [X1(25) = X1(2)]" = (mas —my)?
< E[X(5) - Xi(2)]”,

E {Xl@;) - Xl(“")} ‘_ g [Xl(g@ — e — (X (z) — m,)

where m, denotes the first coordinate of the vector m,. A similar argument together
with Jensen’s inequality implies that E(Z5,) < C(d, D)e.
O

Definition 1.3. Let ¢ : Ry — R, be monotone increasing and right-continuous.
Assume that on a small non empty interval [0, 9], ¢ is strictly increasing. The
q-Hausdorff measure of a Borel set A C R” is defined by

H,(A) = liminf {i q(2r;) : AC [j B, (z;), supr; < 5} (1.30)

el | = et i>1
(see e.g. [Rog98]). In the particular case ¢(7) = 77, with v > 0, H,(A) is the
v-dimensional Hausdorff measure, usually denoted by #.,(A).

For a gauge function g define

D

(g=2(r))"

Fix po > 0, and assume that ¢ is differentiable in (0, pg). It is not hard to proof that
qy is strictly increasing on (0, po) if and only if

qy(1) = T e Ry. (1.31)

D>d eyt MR (0, po) (1.32)
or equivalently
D>d %, 7€ (0,9 (po)), (1.33)



this means that if (1.32) is satisfied, H,, is a well defined Hausdorff measure. The
qg-Haussdorf measure will naturally arise in the study of upper bounds for hitting
probabilities for g-Gaussian random fields.

Example 1.4. We study the map ¢, in the case of the gauge functions in Example
1.1.

1. g(t) = 7", 7,v > 0. We have that q,(7) = 7P2~%". Thus g, is strictly increasing
on R* if and only if D > d/v. In this case we recover the 7-dimensional
Hausdorff measure #., with vy =D — d/v.

2. g(t) = |log 7|7, 7 € [0,e 7], 7,v > 0. The inverse function of g satisfies

=l hosg T e [o. ()],

ev

or equivalently

Let W_1, be the lower real valued branch of the Lambert W function, defined
as the only solution of the following inequalities system

W_y(r)e" 10 =7, W_y(r) < =1,7 € [=e 1, 0]. (1.35)
(See [Chal3] for example). The last equality implies that

W_i(re") =1, 7<1. (1.36)

By (1.35), (1.34) and (1.36),

1 1 1/7
Y exp {_W_l <_zﬂ)] - <_sz) _v_r
Y Y g Y g~H(7)]>

Clear away ¢g~! in the last equation to deduce that the inverse function ¢g=! is

o) =ew |2 (<2 )| e e ()] )

v

According to [Chal3, Thm. 1],

2
1= V2r =T < W_i(—e T H < —1 V21— 3h 7 € [-e1,0].

Applying this result, we see that

e o (L Nk
g (t)=T exp( V‘Zlog <c7' )‘ ), (1.38)

where ¢ is a constant depending on v, v. Consequently,

d 3
qq(7) < 7PV exp (1 ‘210g (Cﬂ'%) ) . (1.39)
v

Thus g, is strictly increasing on an interval around zero if and only if D > d/v.
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Theorem 1.2. [HCSS21, Thm. 3.2] Consider a Gaussian process with continuous
sample paths X as in (1.17) and such that o3, = inf,cwm 0 > 0. Let g be a
gauge function and assume that the process X satisfies the condition (1.6) for any
v € KM, Suppose also that g fulfills the hypothesis of Lemma 1.1(2.) and that the
function q, given in (1.31) is strictly increasing on a small interval (0, po). Then
there exists a constant C'(K, ai(m, d, D) such that for any Borel set A C R,

P(X(K)NA#0) <C(K,05w,d, D) H,, (A). (1.40)

Proof. Let g, be the function defined in (1.31) and assume that on a sufficiently
small interval (0, pg), g, is strictly increasing. Fix e small enough. By the definition
of the Hausdorff g,-measure H,, (A), there exists a sequence of balls (B;,i > 1) with
radii r; € (0,¢), such that B;NA#0, A C Ui B;, and Y., q4(2r5) < Mg, (A) + €.
Then from (1.43) in Lemma 1.2 bellow, we deduce that for any Borel set A € R”,

P(X(K)NA#0) <> P(X(K)NB; #0)
< (;(K, Tri 4 D)) qy(2ri) < Hyy(A) + . (1.41)

i>1

Letting ¢ tend to zero, we obtain

P(X(K)NA#0) <C(K,0%u,d, D) H,y (A).
O

Remark 1.3 implies the following Corollary relative for upper bounds of hitting
probabilities for g-Gaussian processes.

Corollary 1.1. Consider a Gaussian process with continuous sample paths X as in
(1.17), and such that %, := inf, w02 > 0. Assume that Xy is §-Gaussian on
K@ with g a gauge function satisfying the hypothesis of Lemma 1.1(2.) and such
that the function q, given in (1.31) is strictly increasing on a small interval (0, po).
Then there ezists a constant C(K, af((m, d, D) such that for any Borel set A C R,

P(X(K>0A7é®) SO(K,O’%(,}),d,D) Hllg(A>‘ (142)

The following Lemma which derive upper bounds for hitting probabilities of
small balls in terms of the function g,, was used in the proof of Theorem 1.2.

Lemma 1.2. [HCSS21, Lem. 85.2] Fiz 2 € RP and ¢ > 0. Consider a Gaus-

sian process with continuous sample paths X as in (1.17) and such that oi{(n) =

inf,cxm 02 > 0. Let g be a gauge function and assume that the process X satisfies
the condition (1.6) for any x € K™ . Suppose also that g fulfills the hypothesis of
Lemma 1.1(2.).

Then, there exists a constant C(K d, D) such that,

2
O

P(X(K) n Ba(z) 7é ®> < C(K7 J?{(n)’d7D)QQ(5)' (143)

Proof. Since K is compact, there is a finite number of sets R; (defined in (1.15))
satisfying K' N RS # (); this number is a constant (depending on the dimension d

11



L1 —d
and K') multiple of <g—\/§f)> . Moreover, by Lemma 1.1 and the inequality (1.16),

we see that the condition (1.20) holds for any RS such that K N RS # () and this
implies (1.21). Thus,

P(X(K)NB.(z)#£0)< Y. P(X(R)NB.(2) #0)

JELL:KNRE£D

-1 —d
< C(K7 J?((nhdaD) gD (g\/f—;))

= C(Ka J?{(nhdaD) %}(5)7 (1'44)

where the last inequality is valid due to (1.21). O]
From Lemma 1.2 we deduce conditions for points to be polar, as follows.

Corollary 1.2. [HCSS21, Cor. 3.1] The hypotheses are as in Lemma 1.2. Assume
further that

i 4,(7) = 0,(0) = 0 (1.45)
Then, for any z € RP, P(X(K)N{z} # 0) =0, that is {z} is polar for the process
X restricted to K.

Proof. For any € > 0, we have P (X (K)N{z} #0) < P(X(K)NB.(z) #0). Ap-
plying (1.44) and using (1.45) yields the result. O

Example 1.5. We analyze condition (1.45) for the maps ¢, in Example 1.4.

1. g(1) =7",q,(7) = 7P~ 7,1 > 0. In this case
0if D >d/v,
q,(0) = 1if D=d/v, (1.46)
oo if D < d/v.

And (1.45) is satisfied if and only D > d/v.

2. g(1) = |log7|"",7 € [0,e7%],7,v > 0,q,(1) = 77 exp [_%W_l (—%T"f)],

(1.39) implies that
0if D > d/v,
0) = 1.47
%(0) { oo if D < d/v. (L47)

And (1.45) is satisfied if and only if D > d/v.

1.2.2 Lower bounds for hitting probabilities

The goal of this subsection is to prove Theorem 1.3, which gives lower bounds for
hitting probabilities for a g-Gaussian process.

Let X = {X(z) : © € K} be a Gaussian process in K, a compact subset of
R? and g : [0, k] — RT be a gauge function. We will make use of the following
conditions on X:

(CX1) o2=<1forxe K.

12



(CX2) There exist a positive constant C' such that for all z,z € K
[me —mz| < Cy(|z — ).
(CX3) There exists a positive constant ¢ such that for all 2,z € K
E(Var(X (2)|X(2))) > cg*(Jz — ).
Var(X (x)| X (z)) is the conditional variance of X (z) given X (Z) this means

Var(X (2)| X (2)) = B ([X(z) — E(X(2) X (@))P|X (2))

Remark 1.4. 1t is a well known property of Gaussian processes that (see [Xia09,
(41)] for example):

(0925,5@ — (0z — 05)2) ((Jr + Uf)2 - Dazc,i)

E(Var (X (z)|X())) = = (1.48)
=o3(1 ;) (1.49)

detTys  (0002)* — 035
==z = p , (1.50)

where I',. z is the covariance matrix of the vector (X (z), X (Z)).

Proposition 1.1 relates the canonical metric and the conditional variance of a g-
Gaussian process. It will be useful in the following chapters for checking that some
examples of g-Gaussian process satisfy (CX3). We follow a similar procedure than
the proof of [DSS10, Lem. 3.2, (1)].

Proposition 1.1. Let X be a Gaussian process on K a compact subset of R¢ sat-

isfying (CX1). Then

E(Var(X(2)|X(z))) < Co2_,z,7 € K. (1.51)

Additionally assume that
1. X is a g-Gaussian process in K.

2. limsw SUp z,zeK los—oa| =0.

lz-z|<e a3
3. pez <l foralzx,ze K, x+#2.
Then
E(Var(X(2)|X(z))) <02 ,,2,7 € K. (1.52)

T,z

Proof. We have that

(Di,:ﬁ — (02 — 05)2) ((Uw + 05)2 - Di,a‘:)
= Oi,:ﬁ [(Ux + 05)2 + (Ua: - 05)2} - (ai,i + [(Ux + Ui)(asc - 05:)]2)
<02, [(00 4+ 02) + (00 — 02)°] -

This, together with (CX1) and (1.48) implies (1.51).

13



Now we prove the lower bound in (1.52). (CX1) and 1. implies that for x, near
T, (0, +0z)* — 02 z 1s bounded by bellow by a positive constant. Furthermore, by

2.,
2 _ 272
2 —(0p,—0x)*=02_[1— l% Jm] >cDg2m,
’ ’ Dw,i

for x near z. This proves that there exists a 0 > 0 such that for any x,z € K with
|z — Z| < ¢ the lower bound in (1.52) is valid.

(1.49), (CX1) and 3. implies that E(Var(X(z)|X(z))) > 0 for | —Z| > §,2,% €
K. Since X is g-Gaussian process on K, by (1.51) it follows that the map z,z —
E(Var(X(z)|X(2))) is continuous. Thus

E(Var(X (2)|X(z))) > ¢ > eg*(|2 — 7[) > &0z 5,
for any z, € K that |z — Z| > 0 finishing the proof of (1.52). O

Definition 1.4. A function g : R? — R, U {oo} is a symmetric potential kernel
if:
(a) g is symmetric.
(b) g(z) > 0, for all z # 0.
(c) 9(0) =

(d) g is continuous on R” \ {0}.
The energy of a measure 1 on R relative to g is given by the expression

&) = [ oly=1) nlannan)

The g-capacity of a Borel set A C R is defined by
-1
A) = f 1.
Cony() = | f, 0] (1.59)

where P(A) denotes the set of probability measures on A. Since g is symmetric, this
defines a Choquet capacity (see e.g. [Kho02, Thm. 2.1.1, p. 533]).

When g(z) = |2|77, v > 0, the g-capacity is the Bessel-Riesz capacity usually
denoted by Cap,(4) (see e.g. [Kho02, p. 376]).

Associated with a gauge function g we define
P D d—1
o) = [ o) Pt dp. 7 R (1.54)
g7(7)
We are ready to state and prove the main result of this subsection.

Theorem 1.3. Fiz a compact set K of R? with positive Lebesque measure. Let
X ={X(z) = (Xqi(z),...,Xp(z)),x € K}

be a D-dimensional stochastic process with i.i.d. coordinates. Fiz N > 0 and let
A C By C RP be a Borel set. Assume that X, is a §-Gaussian process on K
satisfying conditions (CX1)-(CX3).
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1. [HCSS21, Thm. 3.4] Suppose that

lim vy (7)qy(7) € (0, 00), (1.55)

where q, is defined in (1.31). Then there exists a positive constant C' depending
on m,K,N,d,D, such that

P(X(K)NA#0)>C Capy-1(A). (1.56)

2. Instead of (1.55), assume that
v,(0) < 0. (1.57)
Then there ezists a constant C' := C(m, K, N,d, D) > 0 such that

P(X(K)NA#0) > Clv,(0)] . (1.58)

Remark 1.5. (1.55) and (1.57) are excluding conditions: Assume that there exists
a gauge function g satisfying (1.55) and (1.57). This implies lim, o g,(7) € (0, 00),
and thus

q4(9(7)) < C,7 € (0, Zx].

By the last inequality

D Dk
5,(0) = / 4, (9o "dp > ¢ / o ldp = 0.

Implying a contradiction to (1.57).

Definition 1.5. For reasons explained bellow (see Remark 1.6) if neither (1.55) nor
(1.57) are satisfied, we say that we are on a critical dimension type case.

Proof. We adapt the method used for example in [BLX09, Thm 2.1] inspired in
[KK93, pp. 204-206].
Proof of 1. For any x € K and a probability measure 1 on A, define

Do (2, w) = /A (27m) P2 exp (-W) u(dz)

- /Au(dz) /RD d€ exp (—% +i(6, X (z) — Z>) _ (1.59)

Consider the sequence of random measures on K, (v,,n > 1), with corresponding
densities (7,(x,w),n > 1). Set v,(K)(w) = [ Vp(x,w) dz. We aim to prove:

(i) There exists Cy > 0 such that for any n > 1, E (v,(K)) > C}.
(ii) There exists Cy > 0 such that for any n > 1, £ [(z/n(K))Z] < Oy Egyy-1 ().

We claim that (i) and (ii) implies (1.56). Indeed, Markov’s and Cauchy-Schwartz
inequalities together with (ii), leads to

(g1 (1)
9

P(yn(K)z >§5,5>O,n21.
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Thus, (pn(K))n>1 is a uniformly tight sequence of r.v. and by Prohorov’s theorem
there exists a subsequence nj, j > 1 and a nonnegative r.v. v such that v, (K)
converges in law to v.

By using the first equality in (1.59) we deduce that the event {X (K)N A = 0},
implies that v, converges to zero in law ,and in consequence

P(X(K)NA#0)>P(v>0).
Additionally, by the Paley Zygmund inequality, (i) and (ii),

B, ()] G |
E | (v, (K))*] ~ Colan (1)

P(v,,(K) > 0) >

We deduce (1.56), by letting j — oo in the last inequality and then using the
definition of g4-capacity.

Proof of (i). Since X (z) is a random vector with i.i.d. normally distributed
coordinates, its characteristic function is given by,

B (exp(ile. X)) = exp (ilgm.) - 55 )

Thus Fubini’s theorem yields to

:/ dx/ u(dz)/D dg exp (—i(f,z —my) - @ (% +a§)2>
- fte [ () o (i )

Let Ny = N +sup,cx |m.|. Applying (CX1), and since on the set A, |z —m,| <
Ny, the above computations yield

0> fLae 09 (7)o (-33)

o \ 7/ Ng
> |K| (r@) exp <_2_01) =Ch.

This ends the proof of (i). Notice that C := Cy(m, K, N, D).
Proof of (i1). For any z,z € K, z,Z € A, set

I(x,Z,2,2)
_ Cil(ED)(2,2)) 9P e F _ :
= e exp | == | exp (i{(&, ), (X (x), X (2)))) d€ dE.
RD xRD 2n
Using (1.59), the definition of v,(K) and Fubini’s theorem, we see that
Bl0n(®)] = [ deds [ uldy) pla E(Gezz2). (160
KxK AxA
Observe that I(z,7,2,2) = H]D:1 I(z,z,2, %), with
Ii(z,7,2, %)
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_ . £.)]2 _
_ /R gy dgy GO e GW) exp (i{(. &), (X;(x), X;(2))))

Since the factors in the product above are i.i.d. random variables, from (1.60) we
obtain
D
El0n(®)] = [ deds [ ptae) pias) [[E G20 (oD
KxK AxA -

Jj=1

Let I'; z denote the covariance matrix of the 2-dimensional Gaussian random vector
(X;(z), X;(2)), i
0 Oz
F _ — x €,
x,T (O-x,f O':% ) )

and set I, = %Idg + I'y z. The characteristic function of such random vector is
given by

E (exp (i{(&5, &), (X;(2), X;(2)))

= exp (z’((fj,fj), (Mg, my)) —

~—

)
(fjv gj)rx,i(fﬁ EJ)T)) )

N =

and we deduce,
E(lj(x,2,2,2))
& —i{(&,€5),(zj—mqe,Zj—mz 1 c T ¢
= /2 dg] dé’] e ((&5:€5),(z5—ma,Zj—me)) exp (_E(fjafj)ra;,x(fjaij) ) (162)
R

(1.50), (CX1) and (CX3) implies that
det I . > det Iy ; = o2 E(Var(X (2)| X (7)) > crcag®(|z — 7). (1.63)

Thus det Ty ; > 0 (the case z = Z can be proved by direct computations) and I'; ;
is invertible.

The function inside the integrals in (1.62) is the characteristic function of a
2-dimensional Gaussian random vector with covariance matrix I'} ; and mean vec-
tor (m,, mz) times the complex exponential function e~*{(&+):(%)) Then, by the
Fourier inversion formula

E(I(z, 7,2, %))
—Q—Wexp (—l(z“—m zj —mg) (T )71(2-—m z-—m)T>
orra 7o (30 e ) ()7 ey =)
(1.64)

where

1 Lio?2 —0,5
| -1 _ n T z,T
(Tzz) detI'7 7 ( —Owz it Ui) ’

We find upper estimates for (1.64). Let X;(z) = X;(x) — m,, then

_ 1 1 1
)t T = 2= 442 2(Z4452) =2 _
(a,b) (I z)  (a,b) det T, {(a (n + 0'I> +b (n + O’I> abam}
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>

JetT (a0 + b°02 — 2abo, ;)

E Ra)”(j(x) - bf(,-(:z)ﬂ

det '} ; ’

for any a,b € R. Due to (CX2), Xj is also a g-Gaussian process on K, and it also
satisfies (CX1) and (CX3) on K. Hence, applying Lemma 1.3 we deduce

o 1 ol (zj — %) — (ma — ma)|?
E(Ii(z,7,2,2)) < C———5exp <— - — . (1.65)
’ (det T ,)'? det T ;

Using this estimate in (1.61), we obtain

1
E [(va(K))?] < C/ dx dm/ pldy) p(dz)——55
KxK AxA (det T2 ;)
oz = 2) = (M — my)|”
— . 1.
X exp ( det T, (1.66)
(1.63) along with (CX2) implies
12
sup ., = ma| <C < . (1.67)

z,7€EK det FZ,E

Apply the inequality |(2 — 2) — (m, — mg)[> > 3]z — 2> — [m, — mz[* and (1.67)

on the right-hand side of (1.66) to deduce,

- - 1 clz — z|?
E [(1u(K))? SC’/ d:rdx/ w(dy ,udz—exp(——).
[ (F))’] KxK AxA (dy) ul )(det ngf)p/z det 7,

(1.68)

IfdetT ; > |z — z|?, the integrand is bounded from above by (det ng)*D/z, If
on the contrary, det I'; ; < |z — Z|?, the integrand is bounded (up to a multiplicative

constant) by |z — Z|~P, because the function 7 — 7°/2¢7°7 is bounded over R,. In
this way,
1
Bl <C [ dods [ utds) ntaz)
KxK AxA max ((detfg,i)D/2,|z—2|D>
1
< C’/ dx df/ dz) p(dz - — Doy
P e T T NE)
(1.69)
where in the second inequality we have applied (1.63).
Our next goal is to prove
dx dx
- —— < C(K,d)[qy(|]z — 2])] . 1.70
/K><K max (g7 (|z — z[), [z — 2|7) (6 Dl = 2] (1.70)

Indeed,

/ dx dz
(K xK)n{g(z—a))<|z—z} max (gP(Jz — Z|), |z — 2|P)
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and
dr dz

/<KXK>m{g<|m|>>|zz|} max (¢P(|z — z1), [z — Z|P)
/®/K D d—1
< O(K, d>/ l9(p)] P p* " dp

971 (1=—2)

= C(K, dyvy(|z — 2[) < C(K,d)[gy(|z — 2])]

where the last equality holds because (1.55) is equivalent to sup. ¢ g, 0g(7)q(7) €
(0, 00).
Hence,

E [(va(K))*] < C(K,d)Eq,)-1 (1),

and the right-hand side does not depend of n. Finishing the proof of (1.56).

Proof of 2. The procedure is the same that in 1. But now instead of (ii) we
claim that there exists C > 0 such that for any n > 1, £ [(yn(K))Q} < Cs. Indeed,
all the arguments given in the proof of 1. are also valid in this case until (1.69).
Hence, by (1.57) and (1.69)

Bl < [ dedr [ p(autds)g (e~ a)

< CO(d, K)vg(0) < o0.

From the last inequality we conclude the validity of (1.58) instead of (1.56).
The proof of the theorem is complete.
[

Theorem 1.3 gives us a condition for non polarity of points:

Corollary 1.3. Let X be as in Theorem 1.3 and assume (1.57). Then, for any
z€RP, P(X(K)N{z} #0) >0, that is {z} is non polar for the process restricted
to K.

Example 1.6. We compute v, and analyze conditions (1.55) and (1.57) for the
gauge functions in Example 1.4.

1. g(r) = 7",7,v > 0. We have that

Zx d—vD—1
Ug<7'>:/ p* " dp

(wD — d)~t |7~ @) — g (P if gy £ D,

v~tlog (ng( , otherwise.

Since q,(7) = 7P~ we deduce that

ln v, (7)g,(r) =

{(I/D —d)7, i D>d/,

0, otherwise,
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and

0, otherwise.

d—vD)lg" P itd/v> D,
Ug(o):{< ) /

Thus (1.55), (1.57) is satisfied if and only if D > d/v, d/v > D, respectively.

g(r) = 7|logT|,T € [0, e’%], v,v > 0. Due to (1.39)

. oo, ifD<d/v
iy (7) = {0, if, D> d/v (471
We have that p
v (7_) _ " |10 —vD 71/D+d71d
o(T) = gpl"p p-
g7(7)
We claim that
(0) C(v,v,d,D), ifeither D <d/v, or D =d/v,yvD > 1 (1.72)
v = )
I 00, if either D > d/v, or D =d/v,vD < 1.

Indeed, since g(0) = 0 it is clear that the claim is valid when D # d/v. Now
assume that D = d/v. By the change of coordinates p — —log p,

1 ')
vy(0) = /0 |log p| 7P p~'dp = /1 p "Pdp

_ ) C(v,v,d, D), ifyD>1
] o, if yD < 1.

Finishing the proof the claim.
Now, suppose that D > d/v. By the definitions of v, and g,

/g(gk) | | D —vD+d—1 4 -
log p| "7 p™ "7 dp {—} :
. (g(m)P

Then, since ¢g(0) = 0, and by applying the L’Hopital’s rule which is valid in
this case because of (1.71) and (1.72), we obtain that

vg(9(7))qe(g(7)) =

lim vy (7)gy(7) = lTlg)l 0g(9(7))44(9(7))

710
_| IOgT|—'yDT—VD+d—1
= lim — Dtd—1 D —D-1
0 TV [(d — vD)|log p|=7P — vD|log |=7P—1]
= (Dv—d)™.

Summarizing the discussion above, (1.55) holds if and only if D > d/v. And
(1.57) is valid if and only if either D < d/v or D = d/v,vD > 1.

We end this section with a technical lemma which proof is similar to Lemma 3.4

in [HCSS21].
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Lemma 1.3. Let X = {X(z) : « € K} be a g-Gaussian process in K a compact
subset of RY satisfying (CX3) and 0% = inf,cx 02 > 0. Then, there exists a positive
constant ¢ such that for any a,b € R and z,z € K,

El(aX (z) — bX(z))% > c(a — b)*. (1.73)
Proof. (1.73) is equivalent to say that the quadratic form
Q(a,b) = a*(02 — ¢) — 2ab(0,z — ¢) + b*(02 —¢),a,b € R,

2 _
is positive semi-definite for any z,z in K. Hence, it is enough to proof that there
exist ¢ > 0 that for any =,z € K,

(i) 02 —c>0,
(i) (03— c)(0F =) = (002 — )* 2 0.
(i) is valid for any ¢ € (0,0%]. (ii) is equivalent to
detTyz > d(2,z), 2,7 € K, (1.74)

where I'; 7 is the covariance matrix of the random vector (X (z), X(Z)) and 0 the
canonical metric of X. By (1.50) and (CX3)

detT,z > c(og) ¢*(Jx — 7)), 7,7 € K.

Since X is a g-Gaussian process in K, the last inequality implies that there exists ¢
a positive constant satisfying (1.74). We conclude that ¢ = 0% A ¢ fulfills (1.73).
O

1.3 Isotropic Gaussian processes

Definition 1.6. Fix n > 0 and let X be a D-dimensional Gaussian process with
i.i.d coordinates,

X ={X(z) = (Xi(),...,Xp(x)), z € KD},

where K is a compact subset of R, such that X is g-Gaussian with g(7) = 7V, €
(0,1}, i.e,
ox, (2,%) < |v — 7|V, 2,7 € KW, (1.75)

A process satisfying such kind of condition is called isotropic Gaussian process. By
Example 1.2 the sample paths of X are continuous a.s.

In Example 1.3(1.) we proved that g satisfies the hypothesis of Lemma 1.1(ii).
Additionally, from Example 1.4 (1.), ¢,(7) = 7" ~% and q, is increasing if and only
if D > d/v. From Corollary 1.1, we deduce that if ai(n) > 0 and D > d/v, for any
Borel set A C RP,

P(X(K)ﬂA;é(Z))SC’"HD_%(A), (1.76)
with C' := C(K, af(w),d, D).

Now, suppose that X; satisfies (CX1)-(CX3). Fix a bounded Borel set A C
By C RP. According to Example 1.6 (1.55), (1.57) are satisfied if and only if
D > d/v,d/v > D respectively. Then, applying Theorem 1.3 we obtain,
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1. If D>d/v,
P(X(K)NnA#0) chapD_g(A), (1.77)

with ¢ := ¢(K, N,d, D).
2. Ifd/v > D,
P(X(K)NA#0)>c¢>0 (1.78)
with ¢ := ¢(K, N,d, D).

Remark 1.6. Fix z € R” and assume that (1.76), (1.77) and (1.78) are valid. Hence

”HDf%({z}) =0, if D >d/v,

P(X(K)Nn{z} #0) = {p(X(K)ﬂ{z}#@)ZC>O> if D> d/v.

Thus, singletons {z} are polar if D > d/v and non polar if D < d/v.

We identify the value Dy = d/v as critical, usually called the critical dimension
for polarity of points. Observe that if D = d/v (1.55) and (1.57) are both false.
Thus it makes sense in the general context of g-Gaussian process to say that under
the same conditions we are on a critical dimension type case. (See Remark 1.5).

An open problem is to find a criteria to determine whether a g-Gaussian process
hits or not points in the critical dimension. Dalang, Mueller and Xiao studied this
problem in the case of Gaussian isotropic random fields in [DMX17]. We believe
its procedure could be adapted to a more general context. It is expected that a
g-Gaussian random field does not hit points in the critical dimension.

The following examples provide illustrations of the preceding results:

Example 1.7. Fractional Brownian motion. Let
B" = {B"(z) = (B{"(z), ..., Bh(z)),z € R}

a (d, D)- fractional Brownian motion of Hurst parameter H € (0, 1), i.e. a centered
Gaussian random field with i.i.d. coordinates that

1
E(B}(2)B} (y)) = 5 (|o" + yI*" — |z — y[*") 2,y € RY.

If d=1,H = 1/2, B is the D-dimensional Brownian motion.
Let B¥ = {Bf(z),z € R}, then
05 (2, y) = |z —y[*"

so B is g-Gaussian on any compact subset of R%, with g(7) = 7.
Fix K = [a,b] CR%, 0 < a < b < oo acompact box. BY satisfies that

e olxl1forzekK.

e [Pit78, Lem. 7.1] For all z,7 € RY,

E(Var(B"(z) | BY(2))) = o — z|*".

Let Dy = dH~'. By (1.76), (1.77) and (1.78) we deduce the following hitting
probabilities results relative to the fractional Brownian motion.
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1. Let D > D.

(a) There exists a constant C' := C(d, af((m,D, K) such that for any Borel
set A € B(RP),

P(BY(K)NA#0) < CHp_p,(A).

(b) Fix N > 0. Let A € B(RP) be such that A C By. There exists a
constant ¢ := ¢(d, D, K, N) such that

P(B"(K)N A #0) > cCapp_p,(A).

2. Assume that D < Dy. Let A € B(R”) be such that A C By. There exists a
constant ¢ := ¢(d, D, K, N) > 0 such that

P(BT(K)NA#0)>c>0.

And D, is the critical dimension.
As stated in [DMX17, Thm. 6.1] points are polar for fractional Brownian motion
in the critical dimension, that is, if D = d/H for all z € RY

P(BY(K)n{z} #0)=0.
Example 1.8. Fractional Brownian sheet. Let
B" = {B"(z) = (B{(z),..., B (z)),x € R%}

a (d,D)- fractional Brownian sheet of Hurst parameter H € (0,1), i.e a centered
Gaussian random field with i.i.d. coordinates that

1
E(B]I{@)BJH(Q)) = H 2 (|%‘2H + ‘yz|2H —|z; — yi\zH) T, Y € Ri.
i=1

If d =1, the fractional Brownian sheet and the fractional Brownian motion are the
same process. If H = 1/2, B is the Brownian sheet.
Let BY = {Bf!(z),z € R1} and K = [a,b] CR%, 0 < a < b < 0o be a compact
box. According to [AX05, Lem. 8],
02BH(x7y) = |£L’ - y|2Hax7y7 S Ka

so B is g-Gaussian on any compact subset of R%, with g(7) = 7. Additionally,
BH satisfies that

e o2x1forreK.
e [WXO07, Lem. 7.1] For all 2,7 € K,
E(Var(B"(z) | B"(2)) > ¢(K)|x — z|*.
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If we compare with the fractional Brownian motion of parameter H, the bounds
of the canonical metric and the conditional variance are in terms of the same expo-
nents. This leads to similar hitting probabilities results in both cases. For avoiding
repetitions we don’t explicitly state them for the fractional Brownian sheet.

Fix N > 0 and K = [a,b] CR%, 0 < a < b < o0, a compact box. In [KS99,
Thm. 1.1] is proved that there exists constants depending on N and K, such that

P(B'*(K) N A#0) =< Capp_ny(A), A € BR”) N By,

identifying the capacity as an optimal estimation for hitting probabilities. The
method used for proving the result is based in the Markovian properties of the
Brownian sheet, and it cannot be applied in the context of more general Gaussian
processes as the fractional Brownian sheet when H # %
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Chapter 2

The linear stochastic Poisson
equation

We apply the results of Chapter 1 to the linear stochastic Poisson equation with
boundary conditions
—Av;(z) = Wj(z), x € By,
vi(z) =vo(z), x€S¥,

j=1,...D, with (W;,j =1,..., D) independent copies of a white noise, B; the d-
dimensional unit ball centered at the origin, and S?~! the d — 1-dimensional sphere.

We first prove that such equation has a random field solution if and only if
d € {1,2,3}. By Theorem 2.2 the solution turns out to be a g-Gaussian process.
Section 2.3 is devoted to analyze additional second order properties required for
apply the hitting probabilities criteria of Chapter 1. Finally, in Theorem 2.3 we find
upper and lower bounds for hitting probabilities.

2.1 The solution

Definition 2.1. Let W = {W(A), A € By(R%)} be a centered Gaussian random
field with covariance

EW(A)W(B)) = |AN B,
where | - | denotes the Lebesgue measure, we say that W is a white noise.

Remark 2.1. The process B = {B(x) := W([0,z]),z € R%}, is the Brownian sheet
from Example 1.8 in Chapter 1.

The solution to the linear stochastic Poisson equation investigated in this Chap-
ter, is given in terms of the Wiener stochastic integral with respect to white noise.
We recall how to construct this integral.

We consider the case of deterministic integrands. For ¢ = 14, A € B,(R%), an
indicator function, we define

/ LAV (dz) = W(A),

which yields to
E (/ 1AW(dx)/ 1BW(dx)) =[ANB|=(14,1B)2re), A, B € By(RY). (2.1)
R R
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Let

i=1

E = {(p = ZailAi,ai ER,AZ' € Bb(Rd),}

be the vector space of step functions in R?. We extend the definition of the integral
as

/Rd AW () = 3wV (A), pe&

It can be proved that this extension is well defined, and as in (2.1)

B( [ wmian) [ wwwian) = (o i) o <.

Thus, the map ¢ — [ p(z)W(dx) is an isometry between £ and a linear subspace
of L*(Q). Such isometry can be extended to L*(RY) in a unique way, since step
functions are dense in this space. We denote this extension by

/Rd o)W (dzx), p € L2(]Rd).

And we define the stochastic integral with respect to white noise of a function
¢ € L*(R?), which is a centered normal random variable with variance |¢[2, (R

The following property, consequence of the construction, is called the (1t6) isom-
etry of the stochastic integral:

B ([ o) [ oaw@n) = oo PEY. (22)

The Green’s function of the Laplace operator £L = —A on B; the d-dimensional
unit ball centered at zero, is given by

G@y%:{ﬂu—yD—FQm%—ﬁ%>,y%a
’ Iz —y|) — (1), y=0,

(2.3)

with

2—d

||
NVD:{ﬂwmw a2,
L log(), d=2,

where w, is the d-volume of B;. (see for example [Eva9d8, p. 40]).

Remark 2.2. According to [BP90, p. 221], for d = 2,3, the Green function in (2.3)
has the following alternative expression

G<I7y) = F(|I - y|) - Ex(r(‘BT - y|)),$,y € Bl7

where B is a d-dimensional Brownian motion that starts from z at time zero and 7
denotes the first time it hits S¢1.
) 2

Remark 2.3. We have that
x
implying the symmetry of the Green function G(z,y) = G(y, x), and that

|y|? ]2

2
(WI ) =MFM2—mvy+1=<w

Y
$__

e <1+ |z|ly|,z,y € By \ S (2.4)

L —|z|ly] < |yl
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Consider the linear stochastic Poisson equation

{_m@;) =W(z), z€B (2.5)

v(z) = vo(x), xSt

where W is a space white noise on By and vy : B; — R a measurable function.

Definition 2.2. Assume that for any z € By, 1p,G(z,*) € L*(R?). The random
field solution to (2.5) is the Gaussian stochastic process

v(z) = Iy(z) + u(z),z € By, (2.6)
where
Io(w) = 2 ;Jf'z /S |;0_(yy)|dd5(y), we)= [ Caywy. @)

(See for example [MBS10, Thm. 3.3] for the definition of the hypersurface integral
in the left of (2.7)).

Remark 2.4. Assume that vy € C(S?71). Then the function Iy is in C°°(B;) and it
is a solution to the classical Poisson equation

—Av(x) =0, x € By,
v(x) = vo(z), x €S+
(see [Eva98, Thm. 15, p.41]).

It turns the linear stochastic Poisson equation has a random field solution if and
only if d € {1,2,3}.

Theorem 2.1. The stochastic process (u(z),x € By) in (2.7) is well defined if and
only if d € {1,2,3}. In this case,

sup E(|ju(z)|*) < oco. (2.8)

rEBy

Proof. By the stochastic integral isometry (2.2), and (2.7)

LY
ly|?

))Q,xeBl. (2.9)

We first claim that the integral on the right side of (2.9) is not finite when d > 3.
Indeed, we have that B, (z) C By for r, := %m Then, for d > 3

)Z(H)] (2.10)

o= B(ua)?) = [ dy (mx )T (|y\

1 y
2 2(2—d)
o Zc(d)/ dy ||z — y|* ——(|y|‘l’——
! By, («) 2 ly|?

By the lower bound in (2.4), for x € By \ S}

/ dy (Iy\
B”"z(m)

N
|y|?

2(2—d) <1 o)
< (1—|z|) dy < o0. (2.11)

B”"z (J’,)
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Additionally, since d > 3,

/ dylz — y|?*~ ) = / dyly[P¢ = cd/ dpp*™" = oc. (2.12)

T

The claim follows by (2.10)-(2.12).
Now assume that d = 1,2,3. We prove (2.8) by distinguishing cases:
Case 1. d = 1. We have that

1 [t 1 1
2 2 2\2
_ = d —uyl=1= =2(1 — < = 2.13
=g dle—y-f-ml=0-aP<g @B
implying (2.8).
Case 2. d = 2. Since for any x € By, Bi(x) C By,
| it = [ gy
B Bi(z)
2
< [ aru? = [ dppltogp? <. 210
B 0

Additionally, by (2.4)

/ dyl’ (\y!
B

The identities (2.9), together with (2.14) and (2.15) implies (2.8).
Case 3. d =3 The arguments for proving (2.8) are similar to those given in the
proof of the Case d = 2. We omit the details.

)
x__

|y|?

) < /B dy (log (1 — ly))? + log [1 + ‘y’)ﬂ

= Cd/o dpp [log (1 — p)’ +log (1+ p)Z] <oo. (2.15)

O
In the rest of this chapter we will assume that d € {1, 2, 3}.

2.2 Equivalence for the canonical metric

For the process u of Theorem 2.1, we denote by

ou(,y) = [lu(z) = u(y)l 20)- (2.16)

the canonical metric associated with u. This section is devoted to prove Theorem
2.2 where we establish an equivalent pseudo-distance for 9,,. This result implies that
u is a g-Gaussian process. The cases d = 1, 3, are studied in Lemmas 5.4 and 5.7 of
[SSV18]. In Lemma 2.1 we find sharp bounds for d = 2 this is an improvement of
Lemma 5.5 in [SSV18].

Theorem 2.2. Let (u(x),x € By) be the stochastic process defined in (2.7). Fiz
po € (0,1). There exists positive constants c¢,C depending on pg,d such that for any
ZE, y 6 Bﬂo;

2p g _
w2(o.) = log (22 )] o =g, 217

where B =1 ifd =2, and § = 0 otherwise.
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Proof. The cases d = 1,3 are Lemmas 5.4 and 5.7 in [SSV18]|. The case d = 2 is
Proposition 2.1 bellow. O]

Proposition 2.1. Assume that d = 2 and fix py € (0,1). Let (u(z),z € By) the
stochastic process defined in (2.7). There exists positive constants ¢, C' depending on
po such that for any x,y € B,,,

2
oﬁ%kag( o )u—M? (2.18)

|z — 9

Proof. Fix z,y € B,,. From (2.7), (2.3) and the isometry property (2.2) we deduce

_ 2, _ | 2
2(z, _/ dz [10 ("” 2l ll=ly z)} . 2.19
(o) = [ 4= |8\ R =2 (2.19)

Thus, since |z — y| < 2po,

(z,y) <2T+J), (2.20)

e —2[\1? 12122 — 2|\ ]
7= dz | log yJ = dz|log | 7—=5—— || -
B1 |’y—Z‘ B1 HZ| y—Z|
Let 6y be the angle of the vector z — y in polar coordinates. Writing the change
of variables z — y — 2z and then switching to polar coordinates,

2
I_/ dz{log (M)]
Bi(y) |2|

for

1 T — z—y2\1?
=1 Ad(@, p)p {log (1 + 2% cos(f — 6y) + %)} , (2.21)
with A = {(0,p) € [0,27) x R, : |p(cos,sinf) —y| < 1}.
[SSV18, (55)-(56), p.1877] implies that
|z — yI”
< — 2.22
— 8m(1 — po)t (222)
Upper bound. We have that A C [0,27) x [0,1 + po]. Thus,
1
1< (Li+1) (2.23)
where
27 H%\x—m o a2 2
T ::/ d9/20 dpp [log(l—l—ZucosejLu)} ,
0 0 P P
27 Lteo
2p,
= |z — y|2/ d@/ ’ dpp[log(1+2p~* cos O + p~2))?
0 0
= clpol — o 224
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1+po _ 12\ 12
i _/ d@/ dpp [log <1+2|‘T Y s+ 12 2y| )}
1+p0|x yl P 1Y
27
= II—yIQ/
0

We bound the integral on the r.h.s of (2.25). We distinguish two cases according
to the inequalities

+po
\ -yl

. dppllog(1 +2p~*cos @ + p2)]°. (2.25)
PO

|log(m1)| < [log(m)| if 1 <71 <7y, |log(me)| < |log(m)]if 0 << <1

Case 1. 2p~tcosf + p=2 > 0. Thus,

dpp[log(l +2p tcos+ p?))?

1+pg 1+pg

lz—yl _ _ lz—y] _
< [, dppllog(1+2p7" + p7*)* = 4L dppllog(1 + p~ )]
QpZO 2p/;O
\1+p0| 2
< 4/ " dpp~! = 4log < Po ) , (2.26)
Loy |z =y

2p(

the last inequality is valid since 0 < log(1 + 7) < 7,7 > 0.
Case 2. 2p~'cosf + p=2 < 0. Thus,

1+p0
lz—yl

dpplog(1 +2p " cos @ + p2))?

1+pg
2p0
1+pg 2po 2
lz—y| _ 1+pq _ log 1 — p
< 4L dppllog(1 — p~1)]? = 4 dpp™" [M]
PQ lz—yl P
2p0 1+po
1 1 2 it
<2 [ﬂ log (#)} / +r0 dpp!
Po — Po e
1 1 2 2
=2 {ﬂ log ( i Po)} | log ( PO ) , (2.27)
Po 1= po |z — y|

where in the second line we wrote the change of coordinates p — p~!, and the third
line follows from the fact that the function p — (p~!log(1 — p))? is increasing in
[0,1).

By following (2.23)-(2.27) we deduce

2po 2
I<clp log< )x—y. 2.28
The r.h.s in (2.20), together with (2.22) and (2.28) implies the upper bound in (2.17).

Lower bound. We have that [0, 27) x [0, 1 — po] C A. Thus, since cos(f —6p) > 1,
for § — 6, € [— mod 27

505

LT o —1y12
7> —/ df / dppllog(1 + [z —ylp~")]
1Jo Lty
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where the second inequality is valid since log(1+7) > 7/(7 +1),7 > 0.
The lower bound in (2.20),together with (2.22) and (2.29) implies that there
exist small positive constants ¢ 1(po), €2.2(po) such that if | — y| < & then

. 2
02 (x,y) > éaplog (ﬁ) |z —yl*.
|z =y
By (49) in Lemma 5.5 of [SSV18§],

inf 02(2,y) = E23(po) > 0.

I,yEBPO,|I—y‘262,1

Since 1 > max, yep,, jo—y>a 108 (200/|2 — y]) |x — y[?, we deduce that the lower
bound in (2.17) is valid for ¢ = ¢y A Ea3.
[l

2.3 Further second order properties

In this section we prove further second order properties of the solution of the stochas-
tic Poisson equation. Theorem 2.2 together with Proposition 2.2 will be used in the
next section for proving the hitting probabilities result stated in Theorem 2.3.

Proposition 2.2. Fiz py € (0,1) and let (u(z),z € By) be the stochastic process
defined in (2.7).

1. For all z,y € B,,,
|O-i - 0-5| < C(napOa d)|$ - y|77’ (230)

withn =1, ford=1,2, andn € (0,1) for d = 3.
2. There ezist constants 0 < c(d, pg) < C(d, po) such that for any x € B,,,

c<o2<C. (2.31)

3. For any x,y € B,, such that x # vy, py, < 1.

2p A _
B(Var () = flog (22| lo =y 40y € B (232
where =1, ifd=2, and =0 if d=1,2.
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Proof. 1. Case 1. d=1. By (2.13),

1 2
02 — 02| = slr—yllz+yl (2— (2 +¢)) < sple =yl 7,y € By,

Case 2. d=2. By (2.3) and (2.9),

2
o2 :/ dz {log (—|x 5 Az )}
B H’Z| T — ’Z|
We claim that the map x + o2 has bounded partial derivatives in B,,. The mean

value theorem will imply (2.30). Indeed, by the rule of the derivation under the
integral sign,

o= [ o (LY [ (ol
B1

222 =zl ) Lo =22 [l2P2 - 22

By the lower bound in (2.4)

225 — zl|z)> |22 — 2] 1+ po
|22 — 22 = (1= |z[|2)2 = (1 = po)?’

implying that
102,001 < (Z+T),

|z; — 2] 1+ po
I::/dzlog xr—z [ — ,
N [log (|z — 2|)] PR TR

Hd%—zg'“w—%! 1+wo]
lo + .
g( 2] =27 " (1= po)?

Using the change of coordinates z — = — 2

|24 I+ po
I:/ dz |log (|z])] [——F—
Bi(z) 122 (1= po)?
_ 1+ po
< dz |log (|2 2|7+ —}
< [ dzhog () [l + g2

? 1+ po
:cd/d lo [1+—}:cd, < 00.
(d) i p|log p| 1=’ (d, po)

J = dz

B1

Following a similar procedure, but now applying (2.4), we deduce

L+ po -1 L+ po
jS/ dzlo < )[z 4+ —
B g L= po i (1 = po)?

? 1+ po }
= ¢(d, dp |1+ ———=p| =c(d, < 0.

Case 3. d=3. This is Lemma 5.13 in [SSV18].

2. Due to (2.30) the map = — o2 is continuous in B,,, additionally by (2.9) is
not hard to proof that o2 > 0,z € B,,, implying (2.31).

3. This is Lemma 5.1 in [SSV18].

PO
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4. Due to (2.17), and 1. 2. 3. in this Proposition, the hypothesis of Proposition
1.1, are valid for d = 2,3 implying (2.32).

If d = 1, condition 3. of Proposition 1.1 is not satisfied, hence we just deduce
(1.51) i.e. the the upper bound in (2.32). In this case, by the isometry (2.2),

1
rey =7 [ dlo =21~ = w2l lly 2 - |1 - yz)

1

= ey —le—yl) (z —yl+ 1) = (2 +47) 20,

This and (2.12) implies that,

1
00y = Ouy = 7517 = yI> (1 — a2y — |z —yl)

2 1=0

a2

1
O30y + Opy > 0,0, > 6(1 —p)?, o
Thus, by (1.50)

B(Var (u(z)u(y)) = 7270 T2l020 1 0

oy
(1 _P3>3 2
T\x —yl%,

implying the lower bound in (2.32). O

>

2.4 Hitting probabilities

Consider the Gaussian random field
v = () = ((2),...,vp(x)), = € By),

where (v;(z)), j =1,...,D, are independent copies of the process (v(z)) defined in
(2.6). The process v is the random field solution to the system of SPDEs
o) = W), e B .

vj(x) =vo(x), =e€8S

j=1,...,D, where (W;,j =1,..., D) are independent copies of a white noise intro-
duced at the beginning of section 2.1 and vy is such that the function = — Iy(x) is
continuous (see Remark 2.4 for sufficient conditions).

For 7 € Ry, let

i
2
g(1) = [10g (@)] PN g () = 7P (g7 (7)) Y, (2.34)
where d =1,2,3 and 8 = 14-9.

Let Dy = d[1A(2—d)]™'. According to Example 1.4 the function g, satisfies the
conditions required by the definition of the g,-Hausdorff measure if and only if D >
Dy. We are now able to prove the following result relative to hitting probabilities
bounds for the D-dimensional random field v.
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Theorem 2.3. Fiz py € (0,1), N > 0 and let K = B,,. Suppose that the function
K >z — Iy(z) satisfies condition (CX2). The D-dimensional random field v satisfy
the following bounds:

1. Let D > Dy.

(a) There exists a constant C = C(d, D, K) such that for any Borel set
A € B(RP),
Pw(K)NA#0) < CHg, (A). (2.35)

(b) Let A € B(RP) be such that A C By. There exists a constant ¢ :=
c(d,D,K,N) such that

Pu(K)NA#0) > cCap-1(A). (2.36)

2. Assume that D < Dy. Let A € B(RP) be such that A C By. There exists a
constant ¢ := ¢(d, D, K, N) > 0 such that

P(v(K)NA#D) > clo,(0)]" >0, (2.37)
with vy as defined in (1.54).

Proof. Theorem 2.2, Example 1.2 and the hypothesis on the (CX2) condition implies
that v has a modification with a.s continuous paths on K.

We distinguish two cases:

Case 1. D > Dy. By Theorem 2.2 and hypothesis (CX2) vy is g-Gaussian
on K™ (for n > 0 small enough). In Example 1.3 we proved that g satisfies the
hypotheses of Lemma 1.1(2.). This facts together with 2. in Proposition 2.2 implies
the validity of the hypotheses of Corollary 1.1 and then (2.35).

In Example 1.6, we verified (1.55). Additionally (CX1) and (CX3) are valid due
to Proposition 2.2. (1.56) in Theorem 1.3 implies (2.36).

Case 2. D < Dy. According to Example 1.6 in this case (1.57) is valid instead
of (1.55). Since the rest of the hypotheses of Theorem 1.3 remains valid, by (1.58)
we deduce (2.37). O

Theorem 2.3 implies the following Corollary which identifies Dy as the critical
dimension for polarity of points.

Corollary 2.1. If D > Dy, points are polar for v and are non polar if D < Dy.

Proof. Assume first D > Dy. By the definition of the ¢, measure we have H, ({z}) =
0. Hence the polarity of {z} follows by (2.35).

If D < Dy, we apply (2.37) to A = {z}. In fact, if D < Dy any bounded set A
is non polar for v. O
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Chapter 3

g-Gaussian random fields

This chapter addresses questions similar to those of Chapter 1 for a wider class of
g-Gaussian processes: g-Gaussian processes. By following the steps of the proofs
of Theorems 1.2 and 1.3, together with some additional technical tools, we find
upper and lower bounds for hitting probabilities in terms of the g-Hausdorff measure
and g-capacity, respectively. These results can be found in Theorems 3.1 and 3.2,
respectively.

g-Gaussian processes are a generalization of anisotropic Gaussian processes. We
finish this chapter by mentioning some examples of anisotropic Gaussian processes
that are solutions of Stochastic Partial Differential Equations and whose hitting
probabilities have been a subject of study in the past.

3.1 Definition

Fix I, J compact sets of R% and R%, respectively. Assume that
Y ={Y(t,x): (t,z) € I x J}
is a Gaussian process with canonical metric
o((t,2), (1,2)) = Y (t, 2) = Y (£, 2)l 120, (£, 2), (£,2) € T x J.

The functions my,, sz, (t,z) € I x J denote the mean and the variance of Y; and
the functions o4, .z), Pt,0).Ea)s (6, ), (£, Z) € I x J denote the covariance and the
correlation of Y.

Definition 3.1. Let g = (g1,92), with g1, g2 gauge functions. We say Y is g-
Gaussian on I x J if

o((t,x), (1, 7)) < gu([t = t]) + g2(l2 — 2), (¢, 2), (£, %) € I x J, (3.1)

where 0 is the canonical metric of Y. If Y only satisfies the upper bound in (3.1)
we say that it is g-Gaussian on [ x J.

Remark 3.1. The definition above can be extended to the case where we consider
gauge functions ¢y, ..., g, and compact sets I, ..., I,,. The results that we obtain in
this chapter are easily generalized to this case. We avoid to write them in such a
generality, since the applications we have in mind are solutions to Stochastic Partial
Differential Equations which canonical metric satisfies (3.1).
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Write
Boc(t,x) == {(t,7) € I x J: (i) < €}

for the 0 ball centered on (t,x) € I x J and radius . We denote by Ny(I x J,¢) =
N(e) the minimum number of such balls needed to cover I x J.
If Y is a g-Gaussian process on I x J, it is not hard to prove that

N(E) <C (%)dl ( Lt )d2 e €(0,01(21) A ga(25)]. (3.2)

(e 9" (e)

[AT07, Thm. 1.3.5] and (3.2) implies that there exists a positive random variable
7 such that

sup |Y(t,z) =Y (t,7)] < (3.3)

(t,2),(E,2)eIx J, -

3(t,x),(5,8) <6
(/ de\/dl log / da\/log dy———— )) ,0 € (0,m).
92

Similarly to Example 1.2, (3.3) implies the following criteria of sample path conti-
nuity for g-Gaussian processes.

Example 3.1. Let Y be a g-Gaussian process on [ x J, with I, J compact subsets of
R% R respectively. If [g1(7)Vg2(7)] < |log(7)|™, v > 1, then Y has a modification
with a.s. continuous sample paths.

Remark 3.2. By Example 3.1, we deduce that every g-Gaussian process with g
having entries as the gauge functions in Example 3.2, has a modification with a.s.
continuous sample paths.

3.2 Ciriteria for hitting probabilities
Let I, J be compact subsets of R% R?% respectively, and

Y = {Y(t,2) = (Yi(t,2),...,Yp(t.2)), (t,z) € I x J},

be a D-dimensional process with i.i.d. coordinates. The probability that the process
Y hits A a Borel subset of R” is

PY(IxJ)NA#0). (3.4)
We devote this section to estimate (3.4) when Y) is a g-Gaussian process. The

main results are Theorems 3.1 and 3.2 which yield upper and lower bounds in terms
of the notions of g-Hausdorff measure and g-capacity, respectively.

3.2.1 Upper bounds for hitting probabilities

The following result is an extension of Lemma 3.1. We will apply it in the proof
Theorem 3.1.
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Lemma 3.1. [HCSS21, Lem. 3.3] Let g1, g2 be differentiable gauge functions satis-
fying (1.6), (1.8) and (1.9) in Lemma 1.1. Let I and J be compact sets of R% and
R respectively. Fiz n > 0 and let

U={U(t,x) = (U(t,x),...,Up(t,z)), (t,x) €I x JM},

be a D-dimensional stochastic process with a.s. continuous sample paths. Assume
that there exists a positive constant cs; that for any € small enough,

( sup / ds/ ds exp <|U(s,x) — l{(s,x)|>) <eg e, tel,
zeJ ™ J Be(t) < (t) 91(]s — 5])
Ut,y) —U(t,y
(sup / dy/ dij exp <| (t,9) 7( ,y)|>) <eg e xelJ (3.5)
vertn JB.( o 92(ly — 91)

Let S;(t) = B,-1,(t), S2(x) = B, (z) and S.(t,x) = SX(t) x S%(z). Then,

2 2
for all p > 1, there exists a constant css(cs1,p,di,da, g) such that, for all € small
enough and (t,x) € I x J,

E ( sup |U(s,y) — U(t,a:)|p> < g9 P, (3.6)
(8,9)E8: (t,x)

Proof. Consider the process U® = {U(t,z),t € I}. If in the proof of (1.10) in
Lemma 1.1, we replace C.(w) by

U® —UD (5
Sup/ dy/ - exp(r (y.w) U <y,w>|>7
te1m J 52(z) 52(x) 92(ly — 1)

SUP,es. (o) M (y) — M (2)] by Supc;m supyesz(r [UY (y) — UD(x)], and (1.6) by
(3.5), we deduce that

E <Sup sup |U(t,y) — U(t,x)lp) < C(cs,1,p,da, g2)e?

tel(m yeS2(x)

The same procedure, now with the process U®) = {U(t,z),r € J}, leads to

E < sup sup ‘U(S, Z’) - U(t,x)\p> S 0(03,17]97 dl?.gl)gp
zeJ () seSL(t)
(3.6) follows by the triangle inequality. O

Remark 3.3. Let I J) be sets as in Lemma 3.1. Assume that U is a g-Gaussian
process on I x J with continuous sample paths, we prove that it satisfies (3.5).
By the contmulty of the trajectories of U,

B [ as [ asew (FEG) )

U —U(s
:/ ds/ dsexp E sup [U(s,2) (s,:c)|.
=(t) =(t)

wesm  91(]s —3|)
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Since U is g-Gaussian, there exists a positive constant such that for all z in 1™,

Us,2) — U(s, )]
E( PACEEIE

where Z is a standard centered Gaussian random variable. Then by the Sudakov-
Fernique inequality (see [Adl90, Thm. 2.9], for example),
£ (mp 00U

sup _
eesm  g1(ls —3|)

)gamww%

)SC@%

and we deduce the validity of the first inequality in (3.5). We prove the second
inequality in (3.5) by similar arguments.

For ¢ € (0, 1), j = (jl, e 7jd1ajd1+17 e 7jd1+d2) S Zdl+d2, define

Rm_ﬁiﬁ%g93@0+m]Rﬂ_ﬁf[w%ga£@0+n
g P \/d_l 79 \/d_l 7 ) 9 i:d1+1 \/d—2 2 \/d—2 ) Y

e e,1 £,2
R = R x R, (3.7)

For t € Rj’l, and for z € Rj’z, let

. (gf(s)j) o (g;1<e) j,) ‘
! \/d_l =1 dq ! \/d_2 i=d1+1 d1+da

..........

Fix dy,dy € N, for g = (g1, g2) with g1, g2 gauge functions we define

,7_D

G(T) = ——g———5» TER,. (3.8)
(97 (1)™ (92'(7)"™
Observe that if g1 = g2 := ¢ then ¢4 = ¢4, with d = d; + ds and g, as defined in
(1.31).
If we assume that gq, go are differentiable in (0, 79), then gq is strictly increasing
on (0,7p) if and only if

dy 4,
DT (Qfl(T)Ql(gfl(T)) i 92—1(7)92(92—1(7))) , 7 €(0,p0), (3.9)
or equivalently,
! 92 .
b= o) (911(92(7))91(911(92(7))) * ng(T)) ;7€ (0,95 (po))- (3.10)

i.e. that if (3.9) is satisfied then H,, is a well defined Hausdorff measure. (See
Definition 1.3 in Chapter 1 for the definition of ¢g-Hausdorff measure).

Example 3.2. We study the map g4 in the case of the gauge functions in Example
1.1.

Logi(r) =74, 7 >0, 1 >0,i =12 We have that q,(7) = 707X x =
di/vy + da/vs. Thus g, is strictly increasing on R* if and only if D > x. In
this case we recover the vy-dimensional Hausdorff measure H,,, for v = D — .
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2. (1) = ™, go(7) = |log 7" 72, 7 € [0,e7%%], 7,01, 5 > 0. In (1.37) from
Example (3.2) we computed the inverse function of go (with v instead of 1s),
by writing this function in (3.8) we deduce,

dy d 1
0= [ (58]
Y 7

with W_; the lower real valued branch of the Lambert W function. Similarly
to (1.39),

1
qo(T) < TP Xexp (y%‘Zlog (cr#)’Q) ,Xzﬁ%—@, (3.11)
2

with ¢ depending on 14, v. Thus gq is strictly increasing on an interval around
zero if and only if D > y.

Theorem 3.1. [HCSS21, Thm. 3.8] Fix I, J compact sets of RY and R%? and
n > 0. Let

Y = {Y(t,2) = Vi(t,z),....,Yp(x)), (t,z) € I x JW}, (3.12)

be a D-dimensional stochastic process with a.s. continuous sample paths and i.i.d.
coordinates that are distributed as Gaussian random fields. Assume that a?(n) Sy =
inf , yeronxgm 07, >0, and that the process Y satisfies (3.5) for some gauge func-
tions g1, ga. Suppose also that gy, gs fulfills the hypothesis of Lemma 3.1(2.) and

that the function q4 defined in (3.8) is strictly increasing on a small interval (0, po).

Then there exists a constant C(1,J, U?(m s> d1,da, D) such that for any Borel
set A C RP,
P(Y(IxJ)NA#D) <C x J, J?WJ(,,),D,dl,dz)’}-[qg(A). (3.13)

Proof. Let z € RP and ¢ > 0 small enough. Since Y satisfies the conditions of

Lemma 3.1, and Rj C S’E(tj,x;), for all p > 1, there exists a constant C(p,d;, ds)

such that for all € > 0 small enough and (¢t,z) € I x J,

E( sup Y (s,y) — Y (£ x5)|p) < C(p,dy, ds)eP. (3.14)

_ Jrg
(s,y)ER;

The proof of Theorem 1.1 is also valid with X' there replaced by Y, RS by Rj, and
I by 10 x Jm  Thus, by (3.14) we deduce

P (Y() 0 Bu(2) £ 0) < 0% o, day o, D)<,

for some constant C'(0%,) ;,,d1,dz, D). Similarly as in the proof of Lemma 1.2, an
argument based on total probabilities (see (1.44)) implies that,

P(Y(IxJ)NB.(z) #0) < C(”?(n),ﬂn)adl,dQ,D) qq(£)- (3.15)

We finish the proof of (3.13), using the same covering argument as in (1.41).
O
Remark 3.3 implies the following Corollary relative for upper bounds of hitting
probabilities for g-Gaussian processes.
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Corollary 3.1. [HCSS21, Cor. 3.2] Consider a Gaussian process with continuous
sample paths Y in (3.12), and such that o3, ., = inf ermysm 07, > 0. As-
sume that process Y1 is §- Gaussian (3.5) on I x JM with g1,9, gauge functions
satisfying the hypothesis of Lemma 3.1(2.) and such that the function q4 defined in
(3.8) is strictly increasing on a small interval (0, pg). Then there exists a constant

C(1, J, O’%(,])J(n),dl, dy, D) such that for any Borel set A C R,
P(Y(IxJ)NA#D) <CU X J,070 D, di, da)Hyy(A). (3.16)

Similarly as we did in Corollary 1.2 and with the same arguments, from (3.15)
we derive the following result on polarity of singletons.

Corollary 3.2. The hypotheses are those of Theorem 3.1. In addition assume that
I g(7) = 45(0) = 0. (3.17)
Then P(Y (I x J)N{z} # 0) = 0, that is, for the random field Y restricted to I x J,
any set {z} C RP is polar.
Example 3.3. We analyze condition (3.17) for the maps ¢4 in Example 3.2.
Log(r)=7",7>0,1>0,i=1,2. q(1) = 7°7X, x = d1/v1 + da/vo. In this

case
0 it D>y,

7(0) =<1 if D=y, (3.18)
oo if D < y.

And (3.17) is satisfied if and only if D > y.

2. g1(7) =7, go(7) = |log 7|" 72, 7 > 0, v, v1, 15 > 0.
41

qe(T) = 70 exp [—dg—;’?W_l (—%T%>} . Let x = di/v1 +dy/vs, (3.9) implies
that

{o if D>y, (319

0 =
(0) oo if D <.
And (3.17) is satisfied if and only if D > y.

3.2.2 Lower bounds for hitting probabilities

The goal of this subsection is to extend Theorem 1.3 to g-Gaussian processes.

Let Y = {Y(t,z) : (t,x) € I x J} be a Gaussian process in [ x J, with I,.J
compact subsets of R R%, respectively. Let g : [0,2;7] — Ry, g2 : [0,2] — Ry
be gauge functions. We will make use of the following conditions on Y:

(CY1) o7, < 1for (t,z) € I x J.

(CY2) There exist a positive constant C' such that for all (¢, z), (t,z) € I x J
Imee —mial < C(gi(lt —2)) + g2l — 7)) -

(CY3) There exists a positive constant ¢ such that for all (¢,z), (¢,z) € I x J

E(Var(Y (1,2)|Y (.2))) = ¢ (a(It — )° + galle — )
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The proof of the following Proposition which relates the canonical pseudomet-
ric and the conditional variance of a g-Gaussian process is analogous to that of
Proposition 1.1.

Proposition 3.1. Let Y be a Gaussian on process on I x J with I, J compact
subsets of R, R respectively, satisfying (CY1). Then

E (Var(Y(t,2)|Y(t,7))) < Cb%tyxx(g@)? (t,x), (t,z) € I x J. (3.20)
Additionally assume that

1. 'Y is a g-Gaussian process in I x J.

2. limg o SUP (t.0),(F.3)e1x 7 lote—ozal _
. ,T),(t,T X _ —
et |(t—t,z—2)|<e O(t,2),(2,)

3. pa) @z <1 forall (t,z),(t,z) € I x J, (t,x) # (t,T).

Then
E ( VaT(Y(tv $)|Y(t_, j))) = D?t,x),(t_,a’:)a (t7 l’), (t_7 j‘) el xJ (321)

Set w1y = g1(&1)V g2(2s). Assume that g; and g, are differentiable, and define

vg(T) = / " p P (g7 ()] g ()] P [0 (9 (0))ga(ga ()], (3.22)

for 7 € [0, IiLJ].
To highlight the analogy between v, and the function v, defined in (1.54), we
observe that if g in (1.54) is differentiable, by writing the change of variable p — g(p),

(D k)
vy(T) = / p P [ )] [ala ()] dp.

~1(r)

Our purpose is to prove the following result which gives lower bounds for hitting
probabilities in terms of the (g,)~'-capacity. (See Definition 1.4 in Chapter 1 for
the definition).

Theorem 3.2. Fiz I C R® and J C R% compact sets of positive Lebesque measure.
Let
Y ={Y(t,z) = (Yi(t,x),....Yp(t,x)), (t,x) € I x J}

be a D-dimensional stochastic process with i.i.d. coordinates. Fiz N > 0 and let
A C By C RP be a Borel set. Assume that Y, is a g-Gaussian process on I x J
satisfying conditions (CY1)-(CY3) and that on (0,kr.y), the gauge functions g;,
1= 1,2, are differentiable.

1. [HCSS21, Thm. 3.5] Suppose that the derivatives ¢;, t = 1,2 are non increasing
on (0,Kky,y) and
lim vg(7/2)qq(7) € (0, 00), (3.23)

710

where qg is the function defined in (3.8). Then there exists a constant C' :=

C(m,I,J,N,dy,dy, D) > 0 such that
P(Y(IxJ)NA#D)>C Cap(qg)fl(A). (3.24)
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2. Instead of (3.23), assume that
vg(0) < 0. (3.25)
Then there ezists a constant C := C(m, I, J, N,dy,ds, D) > 0 such that

P(Y(IxJ)NA#D) > Clog(0)]". (3.26)

Remark 3.4. Similarly to Theorem 1.3, (3.23) and (3.25) are excluding conditions:
Assume that there exists gauge functions g1, go with non increasing derivatives on
(0, ky,y) satisfying (3.23) and (3.25) for g = (g1, g2). This implies that lim, | ¢4(7) €
(0,00) and in consequence

1

vy(0) = /0 " p lag(P)gr (p)n (g1 (p)gz (p)g2(g2 ' ()] dp
> e / Nl ()i (a7 (0)gr (P)éele ()] dp
91(kr,7) 1
—c / 70 (p) [ 01 (p))delgs™ (92 (0))] " dp, (3.27)

where in the last line we apply the change of coordinates p — g;'(p). Since g1, go
are continuous functions with ¢1(0) = ¢2(0) = 0,

. 91(p) .. 92(p)
lim inf — —— = liminf = . (3.28)
0 g3 (g1(p)da(95 H(g1(p))  e0 pgalp)
By the fundamental theorem of calculus and since g, is not increasing
J2 ga(r)dr .y 1
glp) _ 187 e —3) S e (Orrs) =1 (3.29)
pga(p) pga(p) 92(p)p n

By (3.27)-(3.29), it follows that

g1(kr,7)
vy(0) = C/ p~tdp = oo,
0

which is a contradiction to (3.25).

Definition 3.2. Similar to the g-Gaussian case, when neither(1.55) nor (1.57) are
satisfied, we say that we are on a critical dimension type case.

Proof. The approach to the proof is the similar as that of Theorem 1.3.
Proof of 1. For any (t,z) € I x J and a probability measure p on A, define

rn(t2)0) = [ ey (PR W) u(dy)

:/Au(dy) /RD dé exp (—%Jri(g,Y(t,x)—y)), n>1, (3.30)

and let v, (I x J)(w) = [;,; 7u((t,2),w) dtdz. We aim to prove:

(i) There exists C; > 0 such that for any n > 1, E (v,(I x J)) > C.
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(ii) There exists C5 > 0 such that for any n > 1, E [(v,(I x J))z} < Co&gy—1 (1)

This implies (3.24) using the same argument based in the Paley-Zygmund inequality
and the convergence of finite measures, which was explained at the beginning of the
proof of 1. in Theorem 1.3.

Proof of (i). We deduce the validity of (i) by following the lines of the proof of
1.(i) in Theorem 1.3 and applying (CY1) instead of (CX1).

Proof of (ii). By following the computations used to derive (1.69) in Theorem
1.3, and using hypothesis (CY1)-(CY3) instead of (CX1)-(CX3), we can prove that

E [(vall x J))] < (3.31)
rdz _ 1
C [ g T ) M) e P T
For h > 0, set
1= /(I e dt dx di d [max ([g:(t — #]) + g2(]z — 2])]°, hP)] (3.32)

Apply the change of variables (¢,t) — (t,t — 1), (z,Z) — (z,z — ), to deduce

T<iixJ | / do [max ([gs (1) + 2(le)I”.BP)] . (338)
Bg[ B

where |I x J| denotes the Lebesgue measure of I x J.
Let Z; denote the integral in (3.33) over the set of points (¢, ) satisfying g; (|¢|) +
g2(]z|) < h. Changing to polar coordinates, we see that

i =h" / dt / dx 1ig, (jt))+g2(2))<h}
By, “Bg,

<h P / dt Lig, (ep<ny / dz 1{g,(ja))<n}
Bg] BQ/J

97 (h) 95 " (h)
< O(dy, do)h ™" (/ pdl‘ldp> (/ pdz‘ldp) = C(dy, ds) [gq(h)] "
0 0

(3.34)

Next, we denote by Z, the integral in (3.33) over the set of points (r,z) such
that g1(|t|) + g2(]z|) > h. Applying two changes of variables: first polar coordinates,
l— (p1791)7 T = (p2792)7 and then pi — gl(ﬁl)v 1= 1727 we obtain

/®/I Q/J
Ty = C(dy, do) / dpr / dps Ligi (o) +gn(pn)>hy [91(p1) + g2(p2)] " pl o3
0 0

91(Z1) (Z 5
:C(dl,dg)/o dﬁ/o dry 1{7_1+72>h}(T1+T2)7D
(g7 () (57 () [an (g (m))] T [Ga(en ()]

a(Zr) 92( 1) b
< C(dy, ds, D) / dn / a7 Loy |71, 7)1
0 0
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x (7 )™ (957 () [an (o ()] el ()] (3.35)

where in the last inequality we have used |(71,72)| < 71 + 72 < 2|(71,72)|. Because
for i = 1,2, g; are increasing and ¢; non increasing, we deduce

91(D1) 92(2 1) b
7 S/ dﬁ/ dro 1g(rym)sny23 || (71, 2) ]~
0 0

(g (1 m)D) T (92 (s, m)]) ™7
X [91(9f1(|(71772)|))}_ [92(95" (|(71772)|))]

= i D) [ o )" Lo 0]
x [1(g7 ()] [2(95 ()] dp
= C(dy, dz, D)vg(h/2) < C(1,J) [gg(R)] ", (3.36)

where the last inequality holds because (3.23) is equivalent to

sup  vg(7/2)ge(7) € (0, 00).

TE[O,KJ,J}
Thus, from (3.31) by applying (3.34) and (3.36) with h := |y — |, we obtain
E[(vn(I x K))?] < C(I,J,dy,ds, D) Egpy-1 (11)- (3.37)

Finising the proof of (ii).
Proof of 2. The proof of (i) is still valid in this case. The proof of (ii) is valid
until (3.31), which together with (3.25) implies that

Bloatl x )] <0 [ dtddidson(e ~1) + gl )7

< C(dl,dg,j, J)Ug(()) < 0.

Thus following the same arguments used in 1. we deduce (3.24) with Cap,_)-1(4)
replaced by [v,(0)] .
[

Theorem 1.3 gives us a condition for non polarity of points:

Corollary 3.3. Let Y be as in Theorem 1.2 and assume (3.26). Then, for any
z € RP, P(Y(I x J)Nn{z} # 0) > 0, that is {z} is non polar for the process
restricted to I x J.

Example 3.4. We compute v, and analyze conditions (3.23) and (3.25) for the
gauge functions in Example 3.2.

1 gi(r)=7"7>0,15 >0,i=1,2.
L —1, -1, 1
vg(T) = (1,1,/2)—1/ p~ D1 pldi=D)/11+(da=1)/v2 [pQ—(Vl +v; )] dp

(ra(D = X)) |7 P20 i (PI] i D £y,
(Vll/g)il log (Iﬁi_—J) , if D= X5
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for x = dy/v1 + dy/vs.

Since qg(7) = 777X, we deduce

: (27 e(D = X)), if D > x,

1 2 =

Tlg)l vg(7/2)qg(T) {oo, it D < y.
Additionally,

0,(0) = (rva(x — D))_lfﬁ}‘:,D, if D <y,
g 00, if D> y.

Thus (3.23), (3.25) is satisfied if and only if D > x, D < x respectively.

- gi(1) =7, g2(1) = |log 77772, 7 > 0, with v, 1,2 > 0. Due to (3.11)

lim gy (r) = (3.38)

oo, ifD<y
0, it D> x,

for x = dy/v1 + da/vs.
We have that

vg(7) = vy /J P (a3 ()" [aala ()] " o

We claim that

vy

00, if either D > x, or D = x,y(D — %) <1

141

(0) {C’(l/l, vy, 7, dy,dyD), if either D <y, or D = x,y(D — &) > 1
vg(0) =

(3.39)

Indeed, since go(0) = 0, and by the change of coordinates p — g5 (p)

. 95 " (k1.0) g P
vg(0) =1 / [g2(p)] " p™ " dp
0

-1
9o (“I,J) d_liD

= Vfl/ |10g,0|’7<”1 )p”Q(X‘D)‘l dp.
0

The rest of the proof of the claim is the same that (1.72) taking into consid-
eration the values of the exponents.

Now assume that D > x. Computing the derivative of the reciproque of g¢g,
we see that

L (faolr) ) =74 (5 )" [(2 - D) g ()

+do7 (951(7)"" [og g3 ' (1) (vl log g (7)] — 7)71} :
(3.40)
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Apply the L’Hopital’s rule, which is valid in this case due to (3.38) and (3.39),
to obtain

i ((g9(m) ")

lim [vg(7)qe(7)]~" = lim = lim (Li(7) + La(7))

710 710 %9(7-) 710
where using (3.40), we have
b poy, d
o P (g ()™ (& - D)
LI(T) = dug 3

?(T )

ﬁ—D _ do—v- _ _ _ -1

Cdyrn T (g3 (1) [og go (M) P (el log gy (7)) — )
LQ(T) = dvg .

7 (7)
Since 1vs]log g3 (7)| < wallog g3 ' (7)] — v < wellog g5 (), as 7 L 0, we find:

lim Ll(T) = DV1V2 — dll/g, lim LQ(T) = —dgyl.
710 710

Consequently,

lim vy (7)g () = (Dvave — (dhva + dywn)) ™.

The last limit implies (3.23), since using (3.11) one can proof that q¢4(7) =< gq(27).
Resuming the discussion above, (3.23) holds if and only if D > x. And (3.25) is
valid if and only if D < x or D = x, v(D — dy/v1) = vdy/ve > 1.

3.3 Anisotropic (Gaussian processes

Definition 3.3. Fix n > 0 and let Y be a D-dimensional Gaussian process with
i.i.d coordinates,

Y = {Y(t,z) = Vi(t,z),....Yp(t,z)), (t,z) € I x JW},

where I,J are compact subsets of R, R%. respectively. Assume that X; is g-
Gaussian with g;(7) = 7, 1; > 0, ¢ = 1,2, this means,

Oy, ((t,2), (£,8)) = |t = " + o — 5, (t,2), (£,7) € P x KW, (3.41)

A process satisfying such kind of condition is called anisotropic Gaussian process.
By Remark 3.2 the sample paths of Y are continuous a.s.

Let x = dy/v1+da/vo. In Example 1.3(1.) we proved that ¢g; and g, satisfies the
hypothesis of Lemma 1.1(2.). Additionally, from Example 3.2 (1.), g4(7) = 7° X and
qg 1s increasing if and only if D > x. Thus Corollary 3.1, implies that if 0?(,7) s >0

and D > y, for any Borel set A C R?,
P(YIxJ)NA#D)<CHp_(A4), (3.42)
with C' = C(I x J, o2 dl,dQ,D).

» 2 rm) g
Now, suppose that Y] satisfies (CY1)-(CY3). Fix a bounded Borel set A C By C
RP. According to Example 3.4, (3.23), (3.25) are satisfied if and only if D > Y,

x > D respectively. Then, applying Theorem 3.2 we obtain,

46



1. If D >y,
P(Y(I xJ)NA#0) > cCapp_,(A), (3.43)

with ¢ :=c¢(I x J,N,dy,ds, D).

2. If x> D,
PYIxJ)NA#0)>c>0, (3.44)

with ¢ :=c¢(I x J,N,dy,ds, D).

Remark 3.5. Fix z € RP and assume that (3.42), (3.43) and (3.44) are valid. Hence

HD—X({Z}) = 0, if D> X,

PYUIxJ)N{z}#0)>c>0,if D < x. (3.45)

P(Y([xJ)ﬁ{z};«é@):{

Thus, singletons {z} are polar if D > x and non polar if D < .
Similarly to the case of isotropic Gaussian random fields we identify the value
Dy = x as the critical dimension for polarity of points.

We present a selection of known results on hitting probabilities from examples of
anisotropic Gaussian processes that are solutions of Stochastic Partial Differential
Equations.

Example 3.5. Stochastic heat equation. Consider the linear stochastic heat equa-
tion

an . X

ot — AU,L' = Wi, (t,i[}) € (O,T] X R,Z = 1, ...,D,

with null initial conditions. The processes (W;) are independent space-time white
noises. The random field solution to this equation is the Gaussian stochastic process

w;i(t,x) = /0 /Rd G(t — s,x — y)W;(ds, dy), (3.46)

with G(t,x) = W exp <—%> L0y, this means that

w = {u(t,z) = (u(t,),...,up(t,z)), (t,z) € (0,T] x R}

is a centered D-dimensional Gaussian process with i.i.d. coordinates and covariance

E(ui(t, v)u;(s,y)) = /o s dr /Rd dzG(t —r,x — 2)G(s — 1,y — 2).

This process was first introduced in [Fun83] on a more general context and it is
known as Funaki’s random string.
Let u = {uy(t,z), (t,z) € [0,T] xR}, it is a consequence of [MT02, Prop. 1] that

ou(t, ) < [t — |t + |z — |7, (t,2), (5,y) € Ry x R,
so u is g-Gaussian on any compact subset of Ry x R, with g = (g1, ¢92), ¢:1(7) =
7%792(7—) = T%'

Fix I x J = [a1,b1] X [ag,b2], 0 < a1 < by < 00,—00 < ag < by < 00 a compact
box. wu satisfies that
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e 0., < 1for (t,x) e I x J.

e [MTO02, (4.5), p.15] There exists a positive constant ¢ such that
E(Var(u(t, 2)[u(f, 2)) > ¢ (|t = #"/* + |z = 2[%)", (t,2), (F,7) € [ x J.

By (3.42), (3.43) and (3.44) we deduce the following hitting probabilities result
relative to the solution to the stochastic heat equation in (3.46).

1. Let D > 6.

(a) There exists a constant C' := C(I x J, a?w) s> d1,dg, D) such that for
any Borel set A € B(RP),

P(u(I x J) N A #0) < CHp_g(A).

(b) Fix N > 0. Let A € B(RP) be such that A C By. There exists a
constant ¢ := ¢(I x J,dy,dy, D) such that

P(u(I x J)N A #0) > cCapp_g(A).

2. Assume that D < 6. Let A € B(RP) be such that A C By. There exists a
constant ¢ := ¢(I x J,dy,dy, D)) > 0 such that

P(u(K)NA#D) > c> 0.

And Dy = 6 is the critical dimension.
Mueller and Tribe proved in [MT02, Thm. 1] that points are polar for w in the
critical dimension, that is, if D = 6 for all z € RP

P(u(I x J)yn{z} #0) =0.
Example 3.6. Stochastic wave equation. Consider the linear stochastic wave equa-
tion

821)@-

ot?
with null initial conditions. Here (W) are independent space-time white-colored
noises with covariance given by

—Av; =W’ (t,2) € (0,T] xR,i=1,...,D,

BV (t,2)W(s,9)) = 5(t — s)la — y|#, B € (0,d A 2).

The random field solution to this equation is the Gaussian stochastic process

wi(t, ) :/O /R Gt — s,z —y)WP(ds, dy), (3.47)

with G the fundamental solution of the wave equation, characterized by the property

FG(t,*)(€) = %, this means that

u = {u(t,z) = (ui(t,z),...,up(t,x)), (t,z) € (0,T] x R}
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is a centered D-dimensional Gaussian process with i.i.d. coordinates and covariance

tAs
E(ui(t,x)u,-(s,y)):/ dr/ dz/ dwG(t —r,x — 2)G(s — r,y — w)|z —y|~°.
0 rRd  JRd

This process was first introduced in [Dal99].
Let u = {u(t,z),(t,x) € [0,T] x R}, and I = [to,T], J = [-M, M]¢, for
to € (0,T], M > 0. [DSS10, Prop. 4.1] implies that

dult,x) = [t — s/ 4 o — "2, (1, ), (s,y) € RT x R.

so u is g-Gaussian in I x J, with g = (g1, 92), q1(7) = 7782 go(1) = 71792,
Additionally,

o 0y, =< 1for (t,x) e I x J.

e By [DSS10, Prop. 4.1] the hypotheses of Proposition 3.1 are valid and in
consequence there exists a positive constant ¢ such that for all (¢,z), (t,Z) €
I xJ
E(Var(u(t, z)[u(f, 7)) > ¢ (Jt — [ + |z — 2[F/%)7.

By (3.42), (3.43) and (3.44) we deduce similar hitting probabilites results that
in Example 3.5 with the main difference that in the case of the stochastic wave
equation the critical dimension is Dy = x = 2(d+1)/(2 — d).

Dalang, Mueller and Xiao proved in [DMX17, Thm. 9.1] that points are polar
for w in the critical dimension.
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Chapter 4

The linear stochastic heat
equation

We apply the results of Chapter 3 to the system of linear stochastic heat equations
{0”7 Av; =W (t.2) € (0,T] x RY,
(

J
v;(0,2) = vo(z), z € R
7 =1,...,D, with (I/V]H’a,j = 1,..., D) independent copies of a fractional-colored
noise with Hurst parameter H € (3,1) and « € [0, d).

In Theorem 4.1 we find conditions in terms of the parameters of the noise im-
plying that such equation has a solution. By Theorem 4.2 the the solution is a
g-Gaussian process. Section 4.3 is devoted to analyze additional second order prop-
erties related with the conditional variance of the solution.

In section 4.4, we prove the main result of this Chapter: Theorem 4.3 where we
find upper and lower bounds for hitting probabilities.

4.1 The solution

Given ¢ € S(R?) the Schwartz space of rapidly decreasing functions, its Fourier
transform is given by the formula

Fole) = [ oo

Let f be the Fourier transform of a tempered non-negative measure p on R? i.e. a
non-negative measure which satisfies:

1
L e <

for some [ > 0. Parseval’s identity implies the following relation:

/Rd /R Y(y)dedy = (2m)° " | FoO) FP©ud), — (4.1)

R4

for any ¢, € S(R?). We assume that for any non-negative measurable function h,

/Rd h(&)u(dé) < /Rd h(&)|E|7*dg, for some « € [0, d). (4.2)

In an abridged form, we will write this property as p(d¢) =< [£|~“dE.
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Definition 4.1. Fix o € [0,d), H € (1/2,1) and let {W>(¢t, A),t € [0,T],A €
B(R%)} be a centered Gaussian field with covariance

EW™et A\WHe(s, B)) = Ry(t, s)/A/Bf(z — w)dzdw (4.3)

t s
:aH/ / // |7 — P2 f(2 — w)dzdwdrdo,
o Jo JaJm

where Ry (t,s) := 2 (t* 4 s> — |t — s[*") is the covariance of a fractional Brownian
motion with Hurst index H and ay = H(2H — 1).

If « > 0, WHe is called a fractional-colored noise because it is a fractional
Brownian motion in time and has a non trivial spatial covariance. Consider the
particular case f(x) = do3(z). Then, pu(df) = d§ and (4.2) trivially holds with
a = 0. This corresponds to the fractional-white noise, whose covariance according
0 (4.3) is

E(W™0(t, AW™O(s, B)) = Ry (t,s)|AN B,

where | - | denotes the Lebesgue measure.

Example 4.1. The Riesz and the Bessel kernels are examples of functions f that
satisfy the above assumptions

1. Riesz kernels. f(x) = coalz|*™% 0 < a < d, where chq = 2¥*7°T((d —
«)/2)/T(a/2). The spectral measure is p(d€) = |£|~*d€.

2. Bessel kernels. = Cqo fo d)/2-1—we=lz|?/(4w) dw, a > 0, where 7, =
(T'(a/2). The spectral measure is u(df) = (1+[£?) a/zdf.

Now we construct the stochastic integral with respect to fractional colored noise.
This integral was introduced in [BT08, Sec. 3| and it is inspired in the Dalang
integral from the seminal paper [Dal99]. Let

&= {80 L= Zail[o,ti)xA“ai ER,A; € By(RH,0<t; < T}

i=1

be the vector space of step functions in R? x [0,7]. For ¢ € &, we define the
stochastic integral with respect to W as

/ o(s,y)WH(ds, dy) = Zal (ti, As).
(4.3) implies that

B ([ wtemwreas.dy) [ oswHeds,dn) = (o vup g0 € £ (00

where (-, -)3p is the inner product

(ot = | "ar / "t [z [ duetr2poto,w)lr o2z~ w).



Due to Parseval’s theorem and the convolution property of the Fourier transform

(o, ) dT da u(d&) Fip(r, %) (€)F (o, x)(©)|r — o172, (4.5)

R4
for any gp,@/} ef.

We define the Hilbert space HP as the closure of £ with respect to the inner
product (-, -)gp. Since the map ¢ — [ @(t,2)WH(dt,dz) is an isometry between
& and the Gaussian space of W it can be uniquely extended to HP. We denote
this extension by

T
/ / o(t, o)W (dt, dz), o € HP.
0o Jre

The space HP may contain distributions, and it contains |HP| the space of mea-
surable functions ¢ : [0,7] x R? — R such that

|90||7-L7>|—O‘H/ dT/ da/ dz/ dw|o(r, 2)p(o,w)||7 — o2 f(z — w) < co.
rRé SR

The fundamental solution of the heat operator £ = 2% — Av on R, x R? is given

by

8t
L |2[*
G(t,.l?) = WGXP (_4_t) 1{t20}-

Consider the linear stochastic heat equation

{% - AUj = WJH@: (ta l’) € (0’ T] X Rd’ (46)

v(0,7) = vo(z), z € R

where W@ is a fractional-colored noise and vy is a measurable function.

Definition 4.2. Assume that for any (¢,z) € (0,T] xR¢, G(t —-,x —*) € HP. The
random field solution to (4.6) is the Gaussian stochastic process

v(t, ) = Io(t,x) +u(t,z), (t,2) € (0,T] x RY, (4.7)
where
Iy(t,x) = /Rd G(t,z —y)vo(y)dy, wu(t,x)= /0 /Rd G(t — s,z —y)WHT*(ds, dy).
(4.8)

Remark 4.1. Since vy € C(R?) N L>=(R?), the function Iy is in C°°([0, 7] x R?) and
it is a solution to the heat equation

% _Av=0, (t,z) € (0,T] x RY,
v(0,2) = vo(x), x € RL

(see [Eva98, Thm. 1, p.47]).
More generally, assume that vy € C¢(R?), for some ¢ € (0,1]. Then the function

[0, 7] x RY 3 (t,2) — Iy(t,z) = /]Rd G(t,x — y)vo(y)dy,

is globally Holder continuous, jointly in (t,z), with exponents ((/2,() (see e.g.
[DSS]).
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Throughout this chapter, we will make use the following expression for the vari-
ance of u(t,z), (t,z) € (0,00) x R?

O'Z (|u
= /dT/ do|r — o2

dz [ dwf(z —w)G(t — 71,0 — 2)G(t — 0, — w)
<L,

(0% _ —o(rta)€l2
= (2:)d/0 dT/O do |17 — o|*? 2/Rd,u(df)e Ar+o)lel”, (4.9)

which follows from the isometry (4.4) and (4.5) since F(G(t, %))(€) = e €. From
the second equality in (4.9), we see that u is stationary in z, i.e. that o2, does not
depend on x.

The next theorem establishes a necessary and sufficient condition for the integral
in the r.h.s. of (4.8) to be well defined.

Theorem 4.1. [Tud13, Thm. 2.5] (u(t, ), (t,z) € [0,T] x R?) given in (4.8) exists
and satisfies

sup  E(u(t,r)?) < oo
(t,z)€[0,T]x R4

if and only if

p(dg)
Ad (L [€[2)27 < o0. (4.10)
Due to (4.2), (4.10) holds if and only if 0 < d — a < 4H.

¢ ¢
:/ dT/ do |1 — a|2H*2e*2(T+")‘5|2.
0 0

We claim that for any ¢ > 0, £ € R?,

Proof. Let

(H) (2 A1) (le)w < K,(€) < C(H) (%W)QH (4.11)

The r.h.s of (4.9) together with (4.11) implies the theorem.
Upper bound. By the change of coordinates (o,7) — t~(7,0),

—tQH/ dT/ do|r — o172 e~ 2ol (4.12)

Suppose that [£| < 1, then by (4.12)

tQH/ dT/ do|T — |2H 2 = c(H )t2H

< C(H) (Tm)) ;

where in the last inequality we used that % <

1+|£‘2 if €] < 1.
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Now assume that [£] > 1. Apply Hélder’s inequality in (4.12), to get that

1 ) ol 1 1 ﬁ 1-2H
Ki(€) < (/ dre 5t ) (/ dr (/ do |7 — UIQH_26_2“|52> )
0 0 0
1 o\ 2H
= C(H)t*" (/ dre= "3 )
0

. . . 1 2
ince in this case — < ——
S €2 = 1+[¢[>

(o) = () (%) = ()
Te  2H = | — — e 2H [ ,
0 €[? — A1+ €

which finishes the proof of the upper bound.
Lower bound. Suppose that ¢|¢|*> < 1. Using the fact that e™™ > 1 — 7 for all
7 > 0, we conclude that

) 1
e 2R > 1 — 272 > 3 for all T € [0, ].

Hence

2 t 2H
K.(€) > (%) /0 dr /0 dolr — o1 2drde = c(H)2H > c(H) (ﬁ) |

Now assume that ¢|¢|* > 1. Using the change of coordinates (7, 0) — (27[£[?, 20]¢[?)

btai
we obtain o(H) 2[¢)2 2t
— (1740 H—
K:t(é') _ |€|4H/0 /0 e (T+ )|7—0'|2 2

Since the integrand is non negative,

C(H) [* [* i) omo_ cH) _  c(H)
) 2 e ), o = e =

Finishing the proof of the lower bound. 0

In the remaining of the chapter we will assume the constraint 0 < d — a < 4H.

4.2 Equivalence for the canonical metric

The canonical metric associated with the process w in (4.8) is defined by

0u((t, ), (5,9)) = llult, z) = uls, y)ll 20 (4.13)

This section is devoted to prove Theorem 4.2, which gives an equivalent pseudo-
distance for 9,. This result implies that u is a g-Gaussian process.
Let W® be a centered Gaussian process with covariance

E(WO(t, AYW(s, B)) = (£ A ) /A /B (= — w) d=duw
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:/ //1[O,t](r)1[0,s](r)f(z—w) dzdwdr.
Ry JAJB

This noise is called white-colored noise. Similarly to the fractional-colored noise, we
can construct the stochastic integral with respect to this noise. In this case, the
Hilbert space of integrands WP is given by the closure of £ with respect to the
inner product

gp@bwp—/ dr/Rddz/Rddwgorz (ryw)f(z —w). (4.14)

The stochastic integral in (4.8) can be written as an integral with respect to
W (see e.g. [Tudl3, (2.31)]):

/Ot /Rd Gt — 1, — 2) WoH (dr, d2)
:/R+ /Rd (/RdT G(t—T,x—Z)(T—T)f_g) We(dr,dz).  (4.15)

Using this property, we prove the first of the following proposition.

Proposition 4.1. 1. [HCSS21, Prop. 4.1] There exist a positive constant ¢y,
which depend on o, d, H, and T, such that for any t,s € [0,T] and x,y € R?

Di((twr)u (Sa y)) 2 C4,1|t - 3’2H_d_Ta- (416)

2. [Tud13, Thm. 2.6] There exist a positive constant ¢4, which depend on o, d, H,
and T, such that for any t,s € [0,T] and x € R?

2((t,2), (5,2)) < canlt — s]1-5% (4.17)

Proof. Assume, without loss of generality, that 0 < s <t <T.
1. From (4.15), the isometry with respect to inner product in (4.14), and Parse-
val’s identity, we obtain,

=E( /M/Rd
X <]£ [Cxt——Tgx——z)tho-—CKS‘—73y-—Z)1ﬁ§$}(T‘_T)fig>

x W(dr,dz)

dr/ dz/ dwf(z —w
Ry R R

3
dr [G(t— 7,2 — 2)lg<y — G(s — T,y — 2)1 (<) (T — r)f 2)

I
— =

X
S8

X
N
—

T [G(t — 7,8 —w)lz<y —G(s — 7,y — w)l(TSS)] (1 — r)f2)

)¢ dr d
om [ /Rdu( £)

—~
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X

f(/dT (Gt — 72— ey — Gls =T,y — Vireg] (T —1)5 g) (€)

/ o
]R+ Rd

el e G [P Ss)]

(4.18)

Split the domain of integration of the variable r into the subdomains [s, t] and [s, ¢]°,
and observe that on [s,#], the term e=2=7E1 (7 — 7); equals zero. Since the
integrand is non negative, we have

o). () = (2 [ ar [ ta) ( [ar e - r)fs)
= (277)7d /t dT’/ p(d§) (/t dr 672(t77)|£‘21(7—§t)(7' _ 7n)Hé)
s R r
>

(o, d, H)|t — s|2~2", (4.19)

where the last equality follows by explicit computations on the integral.
2. Similarly to (4.9)

2((t, x)
dT

da ’7_ _0_’2H 2/ ( )672(2t7(7+o))|§|2

2OéH / dT/ do |7__O_|2H 2/ ( )6—2(t+s—(r+0))|£|2

dT da |7__0_|2H—2/ M<d§)€—2(23—(7+0))\£|2
0 0 R4

t t
dT dU ’7_ . 0_’2H—2 /d M(d€)€—2(2t—(r+a))|§|2

dT

da |7 — \2H 2

( >( —22t- (T4 _ gp—2t+s—(r+o)gf | 22— (r+o>)|§\2)

\

2
aH dT

0_|2H 2

da |7 —

<6_2 (2—(r+0)ER _ gp—2t+s— (r+a))|£|2>

\

]Rd
= Il + IQ + Ig.

Let us first note that

2 S S
Iy < aitlil / dT/ do |7 — o|*" 72
(2m)4

/ (df) —2(t—7)|€|? < —2(t—0)[¢]? 6_2(5_0)”5\2) < 0’
R4

and therefore this term can be neglected.
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Concerning the first term above we can write, by the change of variables (1, 0)
(72, %) and using (4.9)

t—s

I, < 07,C(d, H)|t — s|*.

It remains to analyze the term Z,. Use the change of variables (7, o) — (=2, 5=2)

and then, the change of variables & — (f — s)2¢ along with (4.2) to obtain

7, < C(d,H)| s|2H—/ dT/ do |7 — of 2
/ dgl¢|™ “( “22t7Ho)le? _ 920t ro)lEl? 4 - (T+a>\s|2)
<ot myi- 5 [ [ o ot
/ delel™ ( “2RATHER _ 921 TH)IEP | o (T+a>\s|2> .

Now, using the change of variables £ — (2+7+0)§, = (1+7+0)¢ £ — (T+0)E,
we can write

T gc(d,H)|t—s|2H—”‘z“/ d§|§|—ae—2€|2/ dT/ do |1 — o|*H72
R4 0 0

(d—a)

(d—a) (d=a)
2+ut+v)” 2 —(14+u+v) 2z +(utv) 2 }

= C(d, H)|t — S|2H_d_Ta X Igjl X 12’2.

7, is finite since d —a > 0. We note that for u, v close to zero the integrand of Z; »
near zero is finite since 2H — 2 > 0 and that for u, v big enough

(d)(u+ )7,

(d-a) (d-a) (
2+ut+v)” 2 —(14+u+v) 2z +(utv)”
this together with the condition 4H — (d — «) > 0 implies that Z, is finite. O

The proof of the next proposition is the same as that of [TX17, Thm. 4], where
€ (0,d). For the sake of completeness, we provide the details and see that the
arguments can be adapted to cover the case a = 0.

Proposition 4.2. [HCSS21, Prop. 4.2] Let M > 0. There exists positive constants
C43,Ca4, that depend on o, d, H, M, such that for anyt >0, z,y € [-M, M]?,

2eN/dM —ld—a
0473(252[{/\1) (1 og " _y|> |x_y|2/\(4H (d—a))

26\/_M
|z —yl

where f =1, if 4H — (d — «) = 2, and B = 0, otherwise.

<0((t,2), (1Y) < caa(t® +1) (10g ) [ — y PRI (4.20)

Proof. Similarly as in (4.9), using (4.5), we have
0, ((t,2), (t,))
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_ GH ! - ' o T — o|2H-2 e 20+ (1 _ cosl(x — ) -
=t | ar [Laoir—apn2 [ uag) (1= cosl(— 1) €]).
(4.21)

Recall (4.2). After having applied the change of variables £ — |$"7Ty|, from (4.2),
(4.21) and (4.11) we deduce

cram(t A1)z — y|4H—d—a/ g (1 — s [(Ii:;) ' 77])
R

ey e = Sk (60)

2H 4H—d (1_COS[<;:Z|> K )
< coq (@ + 1|z — “O‘/d , 4.92
< 2an Aidatd w0l (e = P+ 2" 2

for all t > 0 and z,y € R, with some positive and finite constants Cld,Hy C2,d,H-
Next we give lower and upper bounds for the terms on the left hand side and
the right hand side of (4.22), respectively.

Lower bounds. By Schwartz’s inequality, B;(0) C {T} cRe:

%-n‘ < 1}. More-

T

2
over, for |§] < 1,1 —cosf > %. Consequently,

2

— i =y .

I-:/ dn (1 - K"H") n]) > 1/ dn QH' n) (4.23)
re (e =yl + 0P~ 4 Smw nl(e =yl + nf?)*

Shrink the ball B;(0) to the spherical sector defined by the constraint ¢ € [0, 7 /4]

on the angle. Then, pass to spherical coordinates and, without loss of generality,

suppose that (z — y)/|z — y| is the unit vector (1,0,...,0) in R% Since e =

|n| cos ¢, where ¢ € [0, 7/4] is the angle between (z — y)/|z — y| and 1, we obtain,
1 pi—ot

7> C/ dp ST

o (lz—ylP+0?)

We estimate this integral by distinguishing three cases.
Case 1. 0 < 4H — (d — a) < 2. Since |z — y|? + p? < 4dM? +1,

1 pd7a+1 1 pdfoHrl 1
/ dp > / dp = :
o Ple—yP+p22" = J, P@dMZ+ 127 ~ (d—a+2)(4dM> + 1)°H

Case 2. 4H — (d — o) = 2. Because |z — y| < 2v/dM, we clearly have

! pd*aJrl 1
/ d,O ( )2H Z Coz7d’H7M / dp pd—a—4H+1
0

2 2 .
EREEY i
2ev/dM
:Ca,d,H,Mlog _— ] .
|z -yl

Case 3. 4H — (d — a) > 2. Using a similar argument as for case 2,

1 pi-otl 1 e
d > ¢y dpp®=ot1=
/0 P =y & p2)pi = oM /wl PP

2eVdM

29



— Ca,d,H,M’33 . y’d—a—4H+2‘

Upper bounds. Apply the inequality 1 — cos(f) < 2 A 6% and then, use spherical
coordinates to see that the integral Z defined in (4.23) satisfies

(2 A [nl)?) /°° (LA p)p !
z < / d77 = Cq dp = Cq j 4.24
o e — o P Sy Pl 2 2
We estimate J by considering three cases, as we did for the lower bounds.

Case 1. 0 < 4H — (d — ) < 2. Since |z — y|* + p*> > p?, we have

1 00
j S / dp pd—a—4H+1 +/ d,O pd—a—4H—1 = Cod-
0 1

Case 2. 4H — (d — o) = 2. Splitting the domain of integration of 7, we obtain

lz—yl pd—a+1 2eVdM 00
._7 S / dp + / dp pd7a74H+1 4 / dp pdfafllel
0 jz =yt 2

z—y| ev/dM
1 2eVdM \  (2ev/dM)? 2eN/dM
- - <ca log | ——— | .
wﬂwm+%0ww>+ 2 S oy

Case 3. 4H — (d—a)) > 2. Using the inequalities 1/(|z —y|*+p?) < 1/(]x —y|?) and
1/(lz —y> +p*) < 1/p*, on {0 < p < [z —y[} and {|z — y| < p < oo}, respectively,
we have

|z—y| [e%S)
J <o — y\4H/ dp p*o + / dp ph oA = ¢ y|w — |2,
0 |

z—y|

From (4.23), and using the lower and upper bounds obtained before, we deduce
(4.20). O

We end this section by proving the equivalence for the canonical metric (4.13).
It is a consequence of Propositions 4.1 and 4.2.

Theorem 4.2. [HCSS21, Thm. 4.1] Fiz M > 0 and t, € (0,T]. There exists
positive constants cyp5, cag depending on o, d,ty, H, M, T such that for any t,s €
[t07T] and T,y € [_Ma M]d7

- 2 M
2((, ), (5,y)) =< [t — s[5 + (10g |efy| ) | — PR (4.25)
where f =1, if 4H — (d — a) = 2, and B = 0, otherwise.
The upper bound holds for any t,s € [0,T].

Proof. The estimate from above is a consequence of the upper bounds in (4.17) and
(4.20), which hold for any ¢, s € [0, T].
We prove the estimates from below by distinguishing two cases.

- B
_d—a c Al e _ a
Cose 1,0 o115 < =400 (g ) oyt

triangle inequality and then, using the lower bound in (4.20) and the upper bound
in (4.17), we obtain

0,((t,2), (s,y)) =

Applying the

0, ((t,2), (1)) — 0 ((t9). (5,9))

N | =
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B
cas(t2i N1 2e/dM ld—a _d-a
> 13( 02 ) <log - | |z — y|2/\(4H (d-a)) _ caolt — s/ 2

B

2H

> caa(ts” A1) log 2ev/dM lz — y|2/\(4H7(dfa)) i C4,2 It — 8|2HJ*TO‘.
8 |z — y 2

4cy 2

Case 2. ’t _ S|2H—d*T‘x > ca,3(t2H A1) <10g Z‘efy]\‘J) ’l‘ _ y’2/\(4H—(d—a))' By (4.16),

_d—a
Dz((t7$)a(37?/)) > C4,1|t_8|2H 2

B
2H
P cag(ty” A1) <log 26\/3M> o — y[2AAH (A=),

8c4 2 |z — y|

The proof is complete. O

4.3 Further second order properties

We prove Proposition 4.3 which together with Theorem 4.2, will be used in Section
4.4 to find hitting probabilities estimates for the solution of the stochastic heat
equation.

Proposition 4.3. [HCSS21, Lem. 4.1 & Lem.4.2] Fix M > 0 and ty € (0,T].
1. 07, =1 for (t,x) € [to, T] x RY,
2. For any (t,x) € (0,00) x RY, the mapping t — o7, is differentiable.

3. There exists 7 > 0 and C' > 0, depending on «,d,ty, H, M, T, such that, for
all s,t € [to, T] and x,y € [—M, M]?,

o}, — 0% o < CoLt((t, z), (s,y)). (4.26)

4. For any (t,7), (s,y) € [to, T] x R? such that (t,z) # (s,y), Plta)(sy) < 1.
5. For any (t,&?), (Svy) € [t07T] X [_M7 M]dz

B
—a 2evVdM
E(Var(u(t,z) | u(s,y))) = |t —s[?~ 2" + (log |Z\/__y| ) |z — [P~ (d=a)

(4.27)
where f =1, if 4H — (d — ) = 2, and B = 0, otherwise.

Proof. 1. Use the change of variable £ — (7 + 0)55 , in the last expression of the
array (4.9) to get

_ aH r—aP" e

_ / dT/ T+U S [, e (4.28)

/ J(de)e 1P < / ol o o (4.29)
R4 R

By (4.2)
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Apply the change of variables , 7+ 7, 0 = ¢, in (4.28) together with (4.29) to see
that azx is bounded from below (respectively, from above) by

2H—-2
{2H—(d=a)/2 / dr / P il (4.30)

T—l-a (1 + 0)[@-a)/2

Let Cpan = fo dr fo do % and observe that, since 4H — (d — a) > 0,
(t+ 2
Coam < oo. From the above computations, we deduce that the lower inequality
(d—a)

(respectively, the upper inequality) in the first claim holds with ¢ < t§H7 > Cadn
(respectively, with C' > T2H- 5 Coadm)-

2. Using the same arguments that those in the proof of 1. we deduce that
Otz = Cad, ptH—(d=a)/4 which clearly implies 2.

3. Assume, without loss of generality, that 0 < s < t. For all z,y € R? from
(4.9) and similarly as in (4.30), it follows that

-1 -1
H 2 2 CVH 2 2
/ p(d€)e —2( T+a)|£2(/ dT/ do |7 — |2H 2 / dr/ do |1 — |2H 2)
Rd
2H -2 2H—2
< CodH /dT/ do [r=o™" +2/ d’T/ da—’ﬂ . (4.31)
(1 +0) =N (tT+0) 2

Apply polar coordinates (7,0) — (pcos@, psinf) and then, the mean value the-
orem, to see that

/ dT/ do |T_U’2H i
(r40)%"
S/ dp P /’2’ de|cos€—sin0|25:2
2s 0 (cosf +sinf) z
H-Yo) o ld2e) ) . 2H—2
<2 T (t s)/ d0|cos9 sin 6|
0

B <2H_(d;_a)>2 (cos § + sin ) =

-1
Since 0 < 2H — (d;—a) < 2, we have 1y := <H — @) — 1> 0, and we deduce,

< C(a,d,H,T)(t — s).

|2H 2 4H —(d—a)
/ dr / 0 =7 e SOULAT)( =) (M) (4.32)

As for the second integral on the last line of (4.31), we have

2H—2 .
/ dT/ U| / dT/ do (0 — H_(d2 )_2, (4.33)

because 7 < ¢ implies 74+ 0 > 0 — T.
Our next goal is to obtain estimates from above on the right-hand side of (4.33)
in terms of powers of (¢ — s). For this, we consider three cases.
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Case 1. 0 <4H — (d — a) < 2.

ar [ e, 2R (- g2HNEY
dr | do (o —7)* =2 2=
C (2H — 52)(1+ 52 —2H)
(d—a)

(t —s)*=2 e

= (d—a) {d—a) = COla,d, H)(t — s)*~ 2

(2H — *57)(1+ 5% — 2H)
= Cla,d, H)(t — )5 (Fm) (434)

with 7y = 1.
Case 2. 0 <4H — (d — a) = 2.

/08 dT/ do (o —7)~" =tlog(t) — slog(s) + (t — s)log ((t — s)7")

[(tlogt — slog s) v/ ((t — s) log((t — s)))]

<
< 2(t — s)[(log T+ 1) V log((t — s) 1)),

where in the last inequality we have applied the mean value theorem. This yields,
for any v € (0,1),

/OS dT/ do (o — 1) < 2(|log T| + 2)([(t — s) V (t — 8)] < C(T) (t — s)
= C(T)(t — 5)" 12 (m), (4.35)

with 73 =2y —1
Case 3. 2 <4H — (d — a) < 4.

s _(d—a) _(d—qa) _ (d—a)
/ dr /t do (o0 — T)QH_Q‘LEQ) — T T — (-8
0 s (QH_ (dw)) (QH_l_(d—m)
2 2
tQH_ (d;a) o S2H— (d;a) TQH_l_(d;Ot)
< < (t—s)
<2H_(d—a>> <2H_1_(d—a>> of — 1 — =2

2 2 2

< Clayd, H,T)(t — )1 0m), (4.36)

Withn4:n1:<H—@> -1

Set 7 = min(n;,7 = 1,2, 3). Appealing to Theorem 4.2, and using (4.31), (4.32),
(4.34), (4.35) and (4.36), we obtain

|0tz,:c - 0§,y| < C(a,d, H,T)(t — S)(H—d?T")(lJrn)
< ciiClad, H,T) 05M((t, 2), (5,9)),

with ¢4 5 as in (4.25).
4. Assume that p( ) (sy) = 1 and hence, that there exists A € R such that

[u(t, z) = Au(s, y)[lr2@) = 0. (4.37)

We will see that this assumption leads to a contradiction.

63



Case 1. s < t. Apply (4.18) with u(s,y) replaced by Au(s,y) to obtain

e, ) = Nas. ey = 2o [ ar [t

_3
X 2

/RdT |:€—2(t—7')|f‘21(7_§t) _ )\6_2(8_7—)|§‘21(T§S):| (7’ — r)f

As in (4.19), this is bounded from below by a constant multiple of

/Rd pu(d€) /St dr (/t dr e~ 2IEP (7 r)HS)Q.

A direct computation shows that f: dr (f: dr e 27K (7 — r)H_§>2 # 0. Since
we are assuming (4.37), we reach a contradiction.

We notice that, in the case under consideration, the arguments hold for any
(t,z), (s,y) € [0,00) x R%
Case 2. s =1t € [ty,T], x # y. Apply (4.21) with u(t,y) replaced by Au(t,y) to see
that

t t
o _
A e

X / pu(dg) e 2rolle” (1+ X —2Xcos[(z —y) - ¢]) .
R

Using the lower bound estimates in (4.2) and (4.11), we deduce

lu(t, ) — Mu(s, 9)|2a > Cla d, o, H) / (147 — 2\ cos[(z — y) - £])

Rd
el
T eEe %

By assumption, the integral on the right-hand side must be zero. However, this

integral is bounded from below by the integral on the spherical sector of the ball B;
2

where 2 cos[(z — y) - {] < 3£, Consequently,

) L+ A2 b pdert
0= ||U(t,l‘) - /\u(tay)HLZ(Q) = C(Oé,d, t07H) 2 /0 (1 +T2)2Hdr’

which is a contradiction.
5. 1. and 3. implies that

lim  sup ——— =0.
el (t2).(En)erxs Ot z),(5,7)
(-T2 <e

By Theorem 4.2, 1. and 4., the rest of the hypothesis of Proposition 3.1 are also
valid. Thus we deduce (3.21) which by (4.25) implies (4.27). O
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4.4 Hitting probabilities

Consider the Gaussian random field
v = {’U(t,l’) - (Ul(tux)v "‘7UD(t7x))7 (t,l‘) € [OvT] X Rd}?

where the components are independent copies of the process v(t, z) defined in (4.7).
The process v is the random field solution to the system of SPDEs

S (t,x) = Avj(t, ) + W, (t,2) € (0,T] x RY,
v;(0,2) = vo(x), z € R,

j=1,...,D, where (WJH’a,j =1,...,D) are independent copies of the fractional-
colored noise W7« introduced at the beginning of Section 4.1 and vy is such that
the function (¢, z) — Io(t, x) is continuous (see Remark 4.1 for sufficient conditions).

Throughout this section, we will consider the compact sets I = [tg,T] and J =
[— M, M]?, with ty € (0,T], M > 0, and the gauge functions defined in R,

g(T) =775 ga(7) =

8
—a 2 dll/j 2 —o
H-* (log evd ) N (2H-4 )7ﬁ:14H—(d—a):2.
T

We remind the related function to g = (g1, g») introduced in Chapter 3,

ag(7) =72 (971 (7)) Mgz 1 (7)) %

Let Dg = [H — (d — «)/4] ' +d[1 A (2H — (d — «)/2]7!. According to Ex-
ample 3.2 the function g4 satisfy the conditions required by the definition of the
qg-Hausdorff measure if and only if D > Dy. We now give the main theorem on
hitting probabilities for the process v.

Theorem 4.3. Suppose that the function I x J > (t,z) — Iy(t,x) satisfies the
condition (CY2)

1. [HCSS21, Thm. 4.2] Let D > Dy .

(a) There exists a constant C' := C(I,J,D,d) such that for any Borel set
A CRP,
P(IxJ)NA#0) < C Hy,(A). (4.38)

(b) Fix N > 0 and let A C By(0) C RP be a Borel set. There exists a
constant ¢ := ¢(1, J, N, D,d) such that

P(o(I x J)NA#0) > ¢ Capy, - (A). (4.39)

2. Assume that Dy < D or D = D, gd[l ANRH —(d—«)/2)]" > 1. Fiz
N > 0 and let A C Byn(0) C RP be a Borel set. There exists a constant
c:=c(l,J,N,D,d) such that

P(v(I x J)NA#0) > c[vg(0)]7" > 0. (4.40)
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Proof. Theorem 4.2, Example 3.1 and the hypothesis on the (CY2) condition implies
that v has an a.s. continuous modification on I x J.

Case 1.D > Dy. Proposition 4.3(1.) implies that o;m o > 0 and by Theorem
4.2 uy is g-Gaussian in 1™ x J® for n > 0 small enough. In Example 1.3 we proved
that g; and gy satisfies the hypothesis of Lemma 1.1, and according to Example 3.2
qg 1s strictly increasing on a small interval around zero. Thus the assumptions of
Corollary 3.1 are valid and (3.16) is (4.38).

Additionally to the paragraph above, we observe that by Proposition 4.3, u,
satisfies conditions (CY1)-(CY3) on I x J. Since in Example 3.4, we verified the
validity of (3.23), (3.24) in Theorem 1.2 implies (4.39).

Case 2. D < Dy or D = Dy and gd[l AN2H—(d—a)/2)]7' > 1. (4.40) follows
by (3.26) in Theorem 3.2, since according to Example 3.4, in this case (3.25) is valid
instead of (3.23).

O

Remark 4.2. Assume that D = D, gd[l A (2H — (d — «)/2)]7! > 1. This implies
that § = 1 and forces to 4H — (d — ) = 2. Thus, we deduce that D = 2 +d

and ¢ > 1. The assumptions are equivalent to the conditions 4H — (d — a) = 2,
D=d+2andd> 2.

Theorem 4.3 implies the next corollary which identifies conditions D = D, and
gd[l A(2H — (d — «)/2)]7' <1 with the critical dimension for polarity of points of
v.

Corollary 4.1. If D > D,, points are polar for v. If D < Dy or D = Dy,
gd[l A(2H — (d— «)/2)]7! > 1, points are non polar.

Proof. Assume first D > Dy. By the definition of the ¢4 measure we have H, ({z}) =
0. Hence the polarity of {z} follows by (4.38). The rest of the Corollary follows by
(4.40). O
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Chapter 5

The linear stochastic biharmonic
heat equation

We apply the results of Chapter 3 to the linear stochastic biharmonic heat equation

{(% +(=A)2)v; = W, (t,z) € (0,T] x T¢,
v;(0,2) = vo(z),z € T

j=1,..,D, with (W;,j =1,..., D) independent copies of a white noise.

We introduce some notation used throughout this chapter. As usually, N denotes
the set of natural numbers {0,1,2,...}; we set Zy = {0,1}, and for any integer
d > 1, N** = (N\ {0})% For any multiindex k¥ = (ky,...,k;) € N% we set
k| = (Z?Zl k2)'/2, and denote by n(k) the number of null components of k. The
results of this chapter are published in [HCSS22].

5.1 The solution

The d-dimensional torus T is the box [0, 27]? with the identification x ~ y if and
only if z; = y; mod 27r. We denote by B(T?%) = {A C [0,27)? : A € B(R%)} the
Borelians in the T¢torus and L?(T¢) the set of square integrable functions in T¢.

For x € [0,27), let egx(z) = 72 sin(kz), e11(x) = 72 cos(kz), k € N*, and
e10(7) = (27r)"Y2. The set of functions B defined on T? consisting of

L ., . d
Eik = €iyk & - ®€id7kd7 1= (11,. .. ,Zd) S ZQ,

with k; € N*if i; = 0, and k; € N if i; = 1, is an orthonormal basis for L?(T?) (See
[Gral4, Prop. 3.1.15 & Prop. 3.1.16], for example).
Define

(Zo x N)L = {(i,k) € (Zy x N)*: (ij,k;) # (0,0), Vj=1,...,d}.

Notice that B = {e; = i, 5, ® -+ ® €iypy> (1, k) € (Zy x N)L}.
Assume that k; > 0, then

1 . . .
> ik (w))ein, (y) = — (sin(kjz;) sin(k;y;) + cos(kjz2) sin(k;y;)))
1€2Lo

1

== cos(k;(z; — yj;))-
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The last equality together with the fact that o1 (z;) = (27)~'/2 implies that for any
z,y € T,

d

}:adwgngém%ﬁllma@@y—%»,kewhmhuﬁ)GQQXMi

i€Z4 j=1

(5.1)

Let (—A)? be the biharmonic operator (also called the bilaplacian) on L?(T?).

The basis B is a set of eigenfunctions of (—A)? with associated eigenvalues \, =
S k4 ke N4 Observe that d™!|k[* < Ay < [k[*, and infyeyas Ap = d.

j=1%j>
The semi-group G, generated by —A? is denoted by G, = et that is for
fe LT,

Gt(f> = Z eiAit <f, 5i,k>L2(’]1‘d)€i,k- (52)

(i,k)€(ZaxN)4

This is a convolution semi-group with the Green function G defined by

.
Gltizy)= Y e Meu(@enly) =) ziT)ﬁd T costks(z; — uy)), (5.3)

(i,k)€(Z2xN)L keNd j=1

the last equality being a consequence of (5.1).

Let f € L'([0,T]) x L*(TP) and vy € L*(T?), according to [DPZ14, Prop. A.6]
there exist a unique weak solution(see [DPZ14, Def. A.5] for a definition) to the
Cauchy problem

¥%+GAFW=ﬂ@JMHQﬂxT%
v(0,z) = v(z),r € T,

given by
olt.2) = Guloa)) + [ Gou( )
= /Td G(t;z, 2)vo(2)dz +/0 dr /Td dzG(t —r;z, 2) f(r,x).

Definition 5.1. A centered Gaussian field {W (¢, A),t € (0,T], A € B(T%)} with
covariance

EW(t, A\W(s,B)) = (t Ns)|AN B|
is called space-time white noise.

The construction of the stochastic integral with respect to white noise in [0, 7] x

T is very similar to the case of white noise in R? explained in section 2.1 of Chapter
2. Asin (2.2)

T
| [ etrawtands), o € 20,1 x 1),
o Jrd
turns out to be a centered Gaussian random field with covariance
T T
([ [ etrawiands [ [ vtrawiand)) = ompma. 60
o Jr o Jr
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Consider the linear stochastic biharmonic heat equation

{(% + (=A)?)u(t,x) = W(t,x), (t,x) € (0,T] x T,

=ov(x), v € T? (5:5)

I~
—~
=

8
~

|

where W is a space-time white noise on [0, 7] x T? and vy : T* — R is a measurable
function.

Definition 5.2. Assume that for any (t,7) € (0,7] x T¢, G(t —-;x,*) € L*([0, T] x
T?). The random field solution to (5.3), is the Gaussian stochastic process
v(t,x) = Io(t,x) +u(t,z), (t,2) € [0,T] x T¢,

where

Io(t,x):/TdG(tx 2vo(2)dz, ult, ) //T — i, 2)W(dr,dz2),  (5.6)

where G given in (5.3), and the stochastic integral is a Wiener integral with respect
to space-time white noise.

Remark 5.1. (5.6) is a linear version of the solution to the Cahn-Hilliard stochastic
equation studied in [DPD96] and [CWO01] but in a different spatial domain. Da
Prato and Debussche originally considered a solution with boundary conditions in
the spatial domain [0, 7]<.

We first find sufficient conditions on the initial condition vy implying the conti-
nuity of the map Ij.

Proposition 5.1. [HCSS22, Prop. 5.1] Let vy € LY(T%), d = 1,2,3. Then, the
function (t,x) — Io(t,z) is jointly Lipschitz continuous.

Proof. Increments in time. Fix 0 < s < t < T, Using the definition of G(¢;z, 2)
given in (5.3), we see that for any x € T

|o(t, x) — Io(s, )|

N AR YT SRSNERAE

keNd» iezd

(ik) €(Z2xN){
/dz|v0 ]Z )\ X wd Hcos —zj))‘
keNds  F

< Ca(t = s)|voll 1 (ra) Z /dp@ Ap

keNd*

1 _
< Calt = 8)[lvollprrsy Y N [Callvoll Lr(zay] (2 = 5),

keNd.*
where the convergence of the series in the last equality is equivalent to to a harmonic

series > ,ene  |k|7*, which converges if and only if d < 3.
0<n(k)<d—1

69



Increments in space. Let x,y € T Then, for any ¢ € [0, 7],

t.) = hot) = | [ dzon) Y o) - mnen)

(i,k)E(ZaxN)d

<lo-al 3 e [ defun(o)
T

keNd*

Up to a multiplicative constant depending on d, the series in the above expression

4
is bounded by fooo ,ode_wgifl = Cy4l'g (%%1), where I'y denotes the Euler Gamma
function.
The proof of the proposition is complete. O

The following theorem gives necessary and sufficient conditions for the stochastic
integral in (5.6) to be well defined.

Theorem 5.1. [HCSS22, Thm. 2.1] The stochastic process (u(t, ), (t,z) € [0,T] x
T?) given in (5.6) is well-defined if and only if d = 1,2,3. In this case,

sup  E(Ju(t,z)*) < oc. (5.7)
(t,2)€[0,T] x T4

Proof. Fix (t,z) € (0,T] x T¢. By (5.3) and applying Fubini’s theorem, we have

t t
[ T
0 Td 0

(i,k)€(Za xN)4

1 ! \
— d —2 ET
> 2n(k)7rd/o re

keNd
t 1 — 672/\kt
- (2m)1 T Z k) +igd), (5.8)
keNd
0<n(k)<d—1

Apply the inequalities e S1—e™ <1, valid for all u > 0, to see that the series

in (5.8) is equivalent to a harmonic series >, ,cne || ™%, which converges if and
0<n(k)<d—1
only if d < 3. Equivalently, the Wiener integral defining u (¢, x) is well-defined if and
only if d < 3. This finishes the proof of the first statement.
By the isometry property of the Wiener integral (5.4), E((u(t,))?) is equal to

the right-hand side of (5.8). Taking the supremum in (5.8), we have

E(( ( ))2) T 1 — 6—2/\kt
SUp ul,x))”) < + sup - -
(t,x)G[O,T]X']I‘d (27T>d tE[O,T] e 2n(k)+1ﬂ-d}\k
T 1
= (2 T Z Ry, < O(T,d). (5.9)
keNd

]

In the rest of the chapter we will take d € {1, 2, 3}.
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5.2 Equivalence for the canonical metric

For the process u of Theorem 5.1, we define

DU((t7 x)v (Sv y)) = ||u(tv I) - U(S’ y)||L2(Q)‘

This is the canonical metric associated with w. This section is devoted to establish
an equivalent pseudo-distance for ,.
Throughout the proofs, we will make frequent use of the identity

1
u((t,2), (:9))” = Zomria

l—e “Pe —2Xg (t—s) —)\k(t s -
X Z e +1-— HC —v;))

keNd* j=1

1 — e 2Mlt=s) ¢ _g
2n(k +17rd ke%* + (27T)d’ (5'10)

0 < s <t. This formula is proved using the Wiener isometry (5.4)
0,((t,x) / dr/ dz (G(t —r;z,2) — G(s — 139, 2))?
Td

t
—/ dr/ dz (G(t—r;x,z)—G(s—r;y,z))2+/ d?“/ dz G*(t —r;x,2),
0 Td s Td

(5.11)

(the last equality holds because the Green’s function G(r;y, z) vanishes if r < 0)
and using the definition (5.3). The first (respectively, second) series term in (5.10)
equals the first (respectively second) integral on the rignt-hand side of (5.11).

We start by analyzing the L?(Q)-increments in the time variable of the process
u.

Proposition 5.2. [HCSS22, Prop. 3.1] 1. There exist constants cs1(d,T) and
cs2(d) such that, for all s,t € [0,T], z € T¢,

s (d, T)|t — s|'=¥* < 0,((t, 1), (5,2))% < cs0(d)|t — 5|4 (5.12)
2. For any (t,z), (s,y) € [0,T] x T¢,
0.((t, ), (5,9))* > c51(d, T)|t — 5|44, (5.13)
where ¢51(d,T) is the same constant as in (5.12).

Proof. Without loss of generality, we suppose 0 < s <t <T. Use the first equality
in (5.11) and then apply Lemma 5.1 bellow with h := ¢ — s. This yields the second
inequality in (5.12).
From (5.10), we have
1 1 — 6—2)\k(t—s)
2
0u((t,2), (5,2))" = Sy > " : (5.14)

keNd*
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Let » > d. Applying the inequality 1 —e™" > Tras u = 0, we obtain

1 — 6—2>\k(t—3)

1
2 M >2t=s) ) 1+ 27 (t — 5)

keNd,* keNd*
|k|>r
2(t — s) 1
I S _
Tt 4 2(t—s) kz k|4
6 *

d,*
Z M / dzlz|74
rt 420 —s) S

— ¢ 2(t — 5) a4
d r=t+2(t —s) ’

1/4
since Ay < |k[*. Choosing r = <f4_—€> , the inequality above yields

0.((t, ), (s,))* > csa(d, T)(t — s)l_d/4,

with ¢5,1(d, T) = ¢g24°Z0. This is the lower bound in (5.12).

Notice that from (5.10) we deduce

1— 6—2/\k (t—s)

Ak

1
0,((t, ), (S;Z/))Q 2 on(k)+17d Z

keNd*

Hence the proof above yields (5.13). O

Forany j =1,...,d, fix real numbers 0 < ¢y ; < 27 and define J; = [cg j, 2m—co 4]
and J = J; x ... x Jy € T% The next statement deals with increments in space.

Proposition 5.3. [HCSS22, Prop. 3.2] Let (u(t,z), (t,x) € [0,T] x T¢) be the
stochastic process defined in Theorem 5.1 and let J be a compact set as described
before. There exist positive constants c(d), C(d), c53(d) and c54(d) such that, for
anyt >0, x,y € J,

B
c53(d)Cy (log c(d) ) & — y[2A0-D)

|z — 9

B
<2u((t,2), (1) < csa(d) (1og |f %) r— gD, (5.15)

where Cy = (1 —e724), and = Lg=2}-
The upper bound holds for any (t,z) € [0,T]x T?. The lower bound holds for any
x,y € T if |z — y| is small enough. Fort = 0, the lower bound is non informative.

Proof. From (5.10) we deduce

o2kt d
0u((t, ), (£,9)) 2n(k p Z <1 - HCOS(’%(% - yj))) - (5.16)

keNd*
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Upper bound. Because of (5.1) and the mean value theorem,

1—Hcos = 2" 12ty " (ein(r) — eik())? < CA)AA (K] |2 —y])?).
i€zd
(5.17)
for any (i,k) € (Zy x N)%.
Case d = 1. Since ;- 75 < 00, from (5.16) and (5.17) we have

1 _ 6—2/\kt

0u((t,2), (10))? = - S0 (1~ cos(k(r — ) < Gl . (519)

A
E>1 k

Case d = 2,3. For any k € N% let I, = [ky, ky +1) x - -+ X [kg, kg +1). Observe that
for any d-dimensional vector z € I, we have |z| < |k| 4+ v/d. Fix py > [3Vd] + 1

and let o > 0. Then,
dz
(@, po) < /____
0 Z ’kla Z I (|Z| _ \/E)O‘

keNd keNd
k= po k= po
00 dz oo pd—l dp
<ci| —Fo—af L
oo (12| = V) 0o (p— V)
< Cua / 1 dp, (5.19)
PO

where the last inequality holds because on [pg, 00), p — vVd > 1/2p.
Let py be as above, p; = L(3/2)\/C_ZJ + 1, and S > 0. By arguments similar to
those used to obtain (5.19), we deduce

B L Po pd—l dp
B2 s 2 / rz\ 0/ (b = Vay?

keNd keNd
Pl§|k|</’o p1<[k|<po
PO
< C’dﬂ/ p? 18 dp, (5.20)

p1

where in the last inequality, we have used that on [py, o], p — Vd > ( / 5) p.
2A(4—d)

Set h = |z —y| and py = {cdh_ i-d J +1, where ¢; = 3\/_(27r\/_)
that po > |3v/d] + 1. Then, from (5.16), (5.17) and since z, y in T

0u((t,2), (t,9))* < C(d) | Ti(d,p0) + 17 | To(2.p0) + Y # . (5.21)

keNd
1<|k[<p1

Using (5.19), with the choice of p, specified above, we see that T} (4, py) < Cygh?N4=9)
and

log (£), d=2
T2(2,p0) SCdX {ho_gl(h)7 i 5
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Since ZkeNd, 1<|k|<p1 # = ¢4 < 00, substituting the above estimates in the right-
hand side of (5.21) we obtain the upper bound in (5.15).
Lower bound. Case |x — y| small. We start from (5.16) to obtain

- e;; Z _y cos(kj(z; — yj))' (5.29)

0t ). (L) = ot 7

keNd*
Let T'(z,y) denote the series on the right-hand side of (5.22). Because for any

z € [=m/2,m/2], we have cosz < 1 — (22)2, we deduce

LTI, (1= [@/mkylay — yyl)?)

T(z,y) = (5.23)

keNd:*
kjlo;—y;|<m/2

Case d = 1. Using (5.23), we obtain

1 Fle—yl -
Tz @Ple -y Y 52 —yP / 2 dp
keN\{0} 1
klo—y|<m/2

= (2)%|z —y/? (1 - %VC - y') '

Assume |z—y| < 9%, with 0 < ¢y < 1 arbitrarily close to 1. Then 1——|x y| > 1—cg
and, in this case,

—2t

Iz — y)?. (5.24)

0u((t,2), (t.9)” = 4(1 — co) -

Case d = 2,3. Consider the series on the right-hand side of (5.23) and apply the
formula (5.31) of Lemma 5.2 below with m := d and p; = [(2/7)k;|z; — y;]]?, to see
that

T(x y) (2/7T) [51(33, y) - (2/77')252(1‘73/)} ’ (525)
where

d

(kjlx;
Sy = 33 'W |

keNd*  j=1
kjlej—y;1<m/4

So(x,y) = E § : (kju |2, J1||k’12‘ 2 — Yial) .
keNd* J1,J2€{1,...,d},
kjlz;—y;|<m/4 J1<J2

Note that the condition k;lx; — y;| < 7/4 implies 1 — (2/7)2(k;|z; — y;])* > 3/4.
Hence, for d = 2 we see that

2

Dkl = yi)? = 2/ (Rl — ) (Rl — ge)

J=1

= (kalzy — y1)* (1 = (2/m)* (ka2 — 12])?) + (Kol — go])?
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=~ w

2
n Z (kjla; —
7=1

Similarly, for d = 3 we have

| W

3 3
Z (kjlz; — (1 — (2/m) (ki |z — ijrl‘ Z (kjley — i),

Jj=1 J=1

where in the sum above, we set j +1=11if 5 = 3.
Thus, in both dimensions d = 2, 3,

Si(z,y) — (2/7T) Sy(w,y) > (3/4)S1(z,y).

The next goal is to find a lower bound for S;(z,y). Without loss of generality
we may and will assume |x; — y1| < |xg — 29| < ... < |zg — ya|. Set

NE“ = {k e N 1y < ky < ... < kg

We claim that,

d

(kjlx; — y;])? 1 1
sepz 3 YEEMEL e ¥ 62

keNdr 5=l kN
kjlz;—y;|<m/4 kjlawj—y;|<m/4

Indeed, set K = (k7);, Z = (|z; — y;*); and let @ be the angle between the vectors

K and Z. Because Z?ﬂ(kﬂ%’ — y;|)? is the Euclidean scalar product between K
and Z and 0 € [0, 7/4],

J 12 , 4 1/2 L :
r—y
Z(k‘j|xj y;])? > cos(m/4) (Z k4) (Z |z; — yj|4) > B4
j=1 j=1
Assume that [z — y[ < Z=. The set {k € N%* : |k| < Z|o —y|~'} is non empty and
is included in {k € Nd* k < Ta; —y;|7' i =1,...,d}. Hence,
1 1 1 Fle—yl™!
— > —zcd/ p'=% dp.
2 wEa 2 W%,

< T o —1
kjlz;—y;|<m/4 Ikl<gle=yl

For d = 2, the last integral equals log <#>, while for d = 3, it is equal to

(m/4)|x —y|~' —V/d. Observe that if |z — y| < 577 this expression is bounded below

by (7/20)]x —y[~".
Summarizing, from (5.26) and assuming |z — y| < 5.7 the discussion above
proves

1 z —yP2, d=2
sl<a:,y>szX{Og<M'”>|x " | (5.27)

|z — yl, d=3.
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Therefore, for any z,y € T¢ such that 0 < |z — y| < 507> we have proved that
the lower bound of (5.15) holds with the constant c¢s3(d) depending only on d and
C,=1—e?,
Lower bound. Case |x — y| large. We recall a standard “continuity-compactness”
argument that we will use to extend the validity of the lower bound established in
the previous step, to every z,y € J satisfying ﬁg < |z —y| < 2m.

Consider the function

23 (z,y) = oz, y) = 0u((t,2), (,y))?,

where ¢ > 0 is fixed. Because of the upper bound in (5.15), this is a continuous
function. Furthermore, from (5.16), we see that it is strictly positive. Thus, for any
co > 0, the minimun value m of ¢; over the compact set

{oi(z,y); (z,y) € J* : |z —y| > co}

is achieved, and m > 0. Referring to the left hand-side of (5.15), let M be the
maximum of the function

o(d) \’ _
J2 2 (Qf,y) = (10g |I(—)y|> ’Qf - y’2/\(4 d)a 5 = 1{d:2}-

Taking ¢y = ﬁa, we deduce,

m e(d) \’ _
W((t ty))? > — (1 _ y|2A4=d) 1

for any z,y € J such that ﬁg < |z —y| < 2m.
This ends the proof of the lower bound and of the Proposition. m

With Propositions 5.2 and 5.3 we obtain an equivalent expression of the canonical
pseudo-distance (2.16), as stated in the next theorem.

Theorem 5.2. [HCSS22, Thm. 3.1] Let (u(t,z), (t,x) € [0,T]xT¢) be the stochas-
tic process defined in Theorem 5.1.
1. There exist constants cs4(d), C(d) such that for any (t,z),(s,y) € [0,T] x T¢,

B
0.((t,2), (5,9))* < c54(d) <|t — 5|t (log @) |z — y|2/\(4_d)) . (5.28)

|z — 9

with ﬁ = 1{d:2}-
2. Fiz ty € (0,T] and let J be a compact subset of T¢ as in Proposition 5.5. There
exist constants c5¢(d, to, T') and c(d) such that, for any (t,x), (s,y) € [to,T] X J,

0.((t, ), (5,9))>* > cse(d, to, T)

- c(d) \’ -
X (\t—s]l /1 4 (log |x(—)y|) |z — y|? ¢ d)), (5.29)
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Proof. The estimate from above follows by applying the triangle inequality and the
upper bounds in (5.12) and (5.15), which hold for any (¢, ), (s,y) € [0,T] x T%. The
value of the multiplicative constant in the upper bound is ¢5 5(d) = 2[c5 2(d)+c54(d)],
where ¢;52(d), ¢54(d) are given in (5.12), (5.15), respectively.

To prove the lower bound, we consider two cases (see Propositions 5.2 and 5.3
for the notations of the constants).

Case 1: cso(d)|t—s|' =4 < Css(d Cro (1 og |§(dy|) |z —y|*\4=D  where O}, = 1 — e~ 2,

Applying the triangle 1nequa11ty and then, using the lower bound in (5.15) and
the upper bound in (5.12) we obtain,

1
DU((tvx) (3 y)) 50 ( 7 tay» -0 (( 7y)a(svy>>2
> CB,S(d)CtO ( > |2/\ (4—d) _ 0572(d)|t _ 8|1_d/4
2 —
> C5,3(d)cto ( d) >ﬂ |2/\ (4—d) ‘I‘ <d)|t . S|1_%.
8 — | 2
. _g|tmd/d c5,3( Cto o 12A(4—d)
Case 2 csa(d)[t — 3| ( 0g L y‘) Yl .

By (5.13), we have

|1—d/4 _ c1(d,T)

0,((t, ), (s, y))2 >c51(d, Tt —s [CB,Z(d)H . S|1—d/4}

05’2((1)
B
> C5,1(d7 T) 0572(d) |t _ S|1—d/4 + C3(d>ct0 (log C(d) ) |(L’ _ y|2/\(4—d) ]
cs.2(d) 2 8 |z — y|
The proof of the theorem is complete. O

We finish this section by proving the auxiliary lemmas used in the proofs of
Propositions 5.2 and 5.3.

Lemma 5.1. [HCSS22, Lem. 7.1] Let d € {1,2,3}. There exists a constant Cy
such that for any h > 0 and x € TY,

/ dr/ dz (G(r+h;x,2) — G(r;x, 2))* < Cght =44, (5.30)
0 Td

Proof. Using the expression (5.3),and the inequality 1 —e ™ < 1A 7, 7 > 0, we see
that

/ dr/ dz (G(r+ hyz,z) — G(r;z, 2))
0 T4
1 > —Ak(r+h )2
:ZW/O drr (e7 M0 — 7

keNd
1 — oMb 2 : 872
. L (=™ T min(1, [k[°A%)
on(k)+1,d A\ ZE
keNd keNd
0<n(k)<d—1 0<n(k)<d—1
=Cy Y min(Jk[7* |k['h?) == Cy T(h).
keNd
0<n(k)<d—1
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where we make use of the convergence of the series Y, a. [k| 7.

Case 1. h > 1. We have that min (|k|™%, |k|*h?) = |k|~*. Thus, T'(h) = C < oo,
which implies T'(h) < Ch.

Case 2. 0 < h < 1. Let T'(h) < Ty(h) + Ty(h), where

Tuh) = Y min (k7R
keN?, 0<n(k)<d—1
|k|<[h=1/4)

Ty(h) = > min (||~ |k[*h?) .
keN? 0<n(k)<d—1
|k|>[h1/4)

For the first term, we have

Ty(h) < > |k|*h? < h > 1< Cy B4,
keN? 0<n(k)<d—1 keN? 0<n(k)<d—1
k|<[h=1/4) |k|<|h=1/4)

For the second term, we have

Ty(h)

IN

Z |k,|—4 < Cd hl_d/4.

keNd 0<n(k)<d—1
|k|>h~1/4)

Since 1 —d/4 < 1, the estimates obtained in the two instances of h imply (5.30). [

Lemma 5.2. [HCSS22, Lem. 7.2] For p; € [0,1], j = 1,...,m, the following
formula holds:

m

1 - p] - ij Z piDj + Z DiD;Pk
7j=1

1<j 1<j<k
1<4,5<m 1<4,5,k<m

Jj=1

— o (1) 'pipa e (5.31)
Proof. On a probability space, consider independent events (A;)i<j<n such that
pj = P(A;). Then,

(1—pj) = 1= P(A;N...NAS)) = 1 — P(UR,A)° = PUTA)),

Jj=1

and (5.31) follows from the well-known inclusion-exclusion formula in probability
theory. O]

5.3 Further second order properties

We prove Proposition 5.4 which together with Theorem 5.2, will be used in Section
4.4 to find hitting probabilities estimates to the solution of the biharmonic heat
equation.

Proposition 5.4. [HCSS22, Lem. 4.1] Fizty € (0,T] and let J be a compact subset
of T as in Proposition 5.5.
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1. 0}, =<1 for (t,x) € [to, T] x T°.
2. There exists a constant Cyr such that for all s,t € (0,T) and z,y € T,

|ohe = 00yl < Cardu((t,2), (5,9))*. (5.32)
3. For any (t,x),(s,y) € [to, T] x T¢ such that (t,x) # ($,Y), Pt (sy) < L.

4. For any (t,2), (s,y) € [to, T] x J,

B
EWVar(u(t,z) | u(s,y))) < |t — s|1_% + <log |f(_d;|> |z — y =D (5.33)

with B = 1d:2~

Proof. 1. The upper bound is proved in (5.9). (5.8) implies that for any ¢,z €
[tQ,T] X Td
t t
2 > > 2
Tte = am)d = (2m)d

2. Without loss of generality we may assume that 0 < s < ¢. Applying (5.8)
yields

—2Xgs —2X\,(t—s
07— o _tos 1 3 em s (1 — g7 2uli=9))
t,x syl n
Y (271-)d 2 (k)—i—lﬂ-d = )\k
0<n(k)<d—1

Use the inequality (5.13) to get Gz < cardu((t,2), (s,9))*. Since e~ < 1 and

because of (5.10), we see that the second term on the right-hand side of this equality
is bounded above by 0,((,z), (s,4))? This ends the proof of (5.32).

3. Assume that p(z) (s, = 1. Then, there exist A € R\ {0} such that ||u(t,z) —
Au(s,y)||r2() = 0. This leads to a contradiction. Indeed, consider first the case
0 < s < t. By the isometry property of the Wiener integral,

|lu(t, =) — Au(s,y ||L2 / dr/ dz(G(t —r;z,2) — AG(s — r;y,z))2
']I‘d

—l—/ dr/ dz G*(t —r;z,2)
s T4

t—s
2/ d?"/ dz G*(r;x, z) > 0, (5.34)
0 Td
by the properties of G.

Next, we assume ¢t = s and = # y. In this case by the first line in (5.34)

t
/ dr/ dz(G(t — 11, 2) = AG(t = 13y, 2))* = 0.
0 Td

This implies that for a.e. 2 € T G(t—r;x,z) = AG(t—r;y, 2), and that A > 0. Since
the expression of an element of L?(T?), in terms of the basis B is unique, by replacing
the terms in the last equality with (5.3) we deduce that €;x(z) = Ae; x(2), for every
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(i,k) € (Zy x N)L. Thus in particular cos(z) = Acos(y) and sin(z) = Asin(y).
Hence A = 1 and as a consequence

u(t, ) — Au(t, y)llz2) = lu(t, ) —u(t,y)||L2@) = 0

which is in contradiction with the lower bound in (5.15).

4. This fact follows by Proposition 3.1, which hypothesis are valid due to The-
orem 5.2 together with the previous statements of this proposition. We skip the
proof since it is analogous to 5. in Proposition 4.3. O]

5.4 Hitting probabilities

Consider the Gaussian random field
v=(v(t,z) = (vi(t,2),...,vp(t,2)), (t,z) €[0,T] x T?),

where (v;(t,x)), j =1,..., D, are independent copies of the process (v(t,z)) defined
in (5.9).
For 7 € Ry, let

B
(1) = 7(4_d)/87 g2(1) = <10g @) 2 7-1/\((4—d)/2)7 B = La—ay,
6o(r) =" (7" (1) " (51 (7) "

Let Dy = [(4 —d)/8]7 ' +d[1 A ((4 —d)/2)]"". According to Example 3.2 the
functions g4 satisfy the conditions required by the definitions of the gg-Hausdorff
measure if and only if D > D.

In the next theorem, I = [t;, 7] and J = [0, M]¢, where 0 < t, < T and
M € (0,2m).

Theorem 5.3. [HCSS22, Thm. 6.1] Suppose that the function I x J > (t,x) —
Io(t,x) satisfies the condition (CY2). The hitting probabilities relative to the D-
dimensional random field v satisfy the following bounds.

1. Let D > D.

(a) There exists a constant C := C(I,J,D,d) such that for any Borel set
A € B(RP),
P(Ix J)NA#0)) < CHg,(A).

(b) Let N > 0 and A € B(RP) be such that A C By(0). There exists a
constant ¢ := (I, J, N, D,d) such that

P(o(I x J)NA#0)) > cCapg,y-1(A).

2. Assume that D < Dy or D = Dy. Fix N > 0 and let A C By C RP be a
Borel set. There exists a constant ¢ .= c¢(I,J, N, D,d) > 0 such that

P(v(I x J)NA#0)) > clvg(0)]7' > 0.
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Proof. As in Theorem 4.3, the proof of this Theorem is an application of Corollary
3.1 and Theorem 3.2, but now considering Theorem 5.2 and Proposition 5.4. We
skip the details for avoiding repetitions. O

Theorem 5.3 implies the following Corollary which identifies D = Dy with the
critical dimension for polarity of points of v.

Corollary 5.1. If D > Dy, points are polar for v. If D < Dy points are non polar.
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Chapter 6

Future research

By a way of conclusion, we propose some open problems that arose during the
development of this work and could be subject of future research.

Modulus of continuity

It follows from (1.3) in Chapter 1 that for any g-Gaussian process on a compact
subset K of R?, there exists a positive constant C' depending on K that

lim sup |X(2) ~ X(2) (/05 dg\/dlog (gf—fgg)D <c

o(z,z)<6

If the limit in the last line equals to a positive constant thus we would have computed
the exact global modulus of continuity of X. General criteria for computing the
exact global exact modulus of continuity of anisotropic Gaussian random fields can
be found in [MWX13, Thm.4.1] and [LX21, Thm. 6.1].

An open problem is to find criteria for computing the exact global modulus of
continuity of a g-Gaussian processes. Due to the simplicity of its covariance function
a first step would be to compute it in the case of the family of y-Gaussian processes,
introduced in [MV05], defined by the Volterra representation

5= | t \/ (%) = s

where W is a Brownian motion.

Polarity of points at the critical dimension

As we mentioned in Remark 1.6, it is an open problem to determine whether a
g-Gaussian process hits or not points in the critical dimension.

Hausdorff dimension of level sets

Let K be a compact subset of R% and
X ={X(z) = (Xi(2),..., Xp(x))), 2 € K}
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a (d, D)-dimensional real valued stochastic process. For z € R? we denote the level
set {x € K : X(z) =z} by L,. In [Xia09, Thm. 7.1] the Hausdorff dimension of a
level set is computed when X is an anisotropic Gaussian process.

We believe that the Hausdorft dimension of the level sets for g-Gaussian process is
determined by the upper index of g (see [Xia07, (3.14) & Thm. 3.2.0]). Additionally,
it is a question of interest if the dimension of the level sets can be given in terms of
more general notions as the critical parameter of a scale, as defined in [Klo12].

Hitting probabilities for non-linear SPDEs

By following the line of [DKN13],we propose the study of hitting probabilities for
the solution of the non linear system of stochastic partial differential equations given
by

{%w)—mj@,x) = YLy i (i)W (@) + bi(o(t, ),
Uj<07$> = UO(J?),

(t,z) € (0,T] x R? with W]-H’O‘, j =1,..., D independent copies of a fractional-colored
noise with Hurst parameter H € (%, 1) and « € [0,d). When b,0 = 0, we recover
the linear stochastic heat equation studied in Chapter 4.

Since this solution is not a Gaussian process mainly two new technical difficulties
arise:

e The necessity of extending the criteria for lower bounds for hitting probabilities
in Theorem 3.2 to more general process. A good start point is to follow the
density based hypothesis approach from Theorem 2.1 in [DSS10].

e The usual Malliavin calculus tools used for estimate the density of the solution
in the case of [DKN13] does not immediately work in this new case since the
driving noise is not white anymore. To develop a new technique for solutions
driven by more general noises is an open problem.

84



Bibliography

[Ad190]

[ATO7]

[AXO05]

[BLX09]

[BP90)

[BTO8]

[Chal3]

[CWO1]

[Dal99)]

[DKNO7]

[DKNOY]

R. J. Adler. An introduction to continuity, extrema, and related topics
for general Gaussian processes. IMS, 1990.

R. J. Adler and J. E. Taylor. Random Fields and Geometry. Springer,
2007.

A. Ayache and Y. Xiao. Asymptotic properties and Hausdorff dimensions
of fractional Brownian sheets. J. Fourier Anal. Appl., 11(4):407-439,
2005.

H. Biermé, C. Lacaux, and Y. Xiao. Hitting probabilities and the Haus-
dorff dimension of the inverse images of anisotropic Gaussian random
fields. B. Lon. Math. Soc., 41(2):253-273, 2009.

R. Buckdahn and E. Pardoux. Monotonicity methods for white noise
driven quasilinear SPDEs. In Diffusion processes and related problems in
analysis, volume 1, pages 219-233. Birkhauser, 1990.

R. M. Balan and C. A. Tudor. The Stochastic Heat equation with
Fractional-Colored Noise: Existence of the Solution. ALFA, Lat. Am.
J. Probab. Math. Stat, 4:57-87, 2008.

[. Chatzigeorgiou. Bounds on the Lambert function and their applica-
tion to the outage analysis of user cooperation. IEEE Commun. Lett.,
17(8):1505-1508, 2013.

C. Cardon-Weber. Cahn-Hilliard stochastic equation: existence of the
solution and of its density. Bernoulli, pages 777-816, 2001.

R. C. Dalang. Extending the martingale measure stochastic integral with
applications to spatially homogeneous SPDEs. FElectron. J. Probab., 4:1—
29, 1999.

R. C. Dalang, D. Khoshnevisan, and E. Nualart. Hitting probabilities
with applications for systems of non-linear stochastic heat equations with
additive noise. ALFA, Lat. Am. J. Probab. Math. Stat., 3:231-271, 2007.

R. C. Dalang, D. Khoshnevisan, and E. Nualart. Hitting probabilities for

systems of non-linear stochastic heat equations with multiplicative noise.
Probab. Theory Relat. Fields, 144(3):371-427, 2009.

85



[DKN13]

[d1CT14]

[DMX17]

[DN04]

[DPD96]

[DPZ14]

[DSS]

[DSS10]

[DSS15]

[Eva9g]

[Fun83]

[Gral4]

[HCSS21]

[HCSS22]

[Kho02]

[KK93]

[Klo12]

R. C. Dalang, D. Khoshnevisan, and E. Nualart. Hitting probabilities
for systems of non-linear stochastic heat equations in spatial dimension
k > 1. Stoch. PDE: Anal. Comp., 1(1):94-151, 2013.

J. C. de la Cerda and C. Tudor. Hitting times for the stochastic wave
equation with fractional-colored noise. Rev. Mat. Iberoam., 30(2):685—
709, 2014.

R. C. Dalang, C. Mueller, and Y. Xiao. Polarity of points for Gaussian
random fields. Ann. Prob., 45(6B):4700-4751, 2017.

R. C. Dalang and E. Nualart. Potential theory for hyperbolic SPDEs.
Ann. Prob., 32(3):2099-2148, 2004.

G. Da Prato and A. Debussche. Stochastic Cahn-Hilliard equation. Non-
linear Anal.-Theor., 26(2):241-263, 1996.

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions.
Cambridge University Press, 2014.

R. C. Dalang and M. Sanz-Solé. An Introduction to Stochastic Partial
Differential Equations. Book in preparation.

R. C. Dalang and M. Sanz-Solé. Criteria for hitting probabilities with ap-
plications to systems of stochastic wave equations. Bernoulli, 16(4):1343—
1368, 2010.

R. Dalang and M. Sanz-Solé. Hitting probabilities for nonlinear systems
of stochastic waves, volume 237. American Mathematical Society, 2015.

L. C. Evans. Partial Differential Equations. Graduate Studies in Math-
ematics. American Mathematical Society, 1998.

T. Funaki. Random motion of strings and related stochastic evolution
equations. Nagoya Math. J., 89:129-193, 1983.

L. Grafakos. Classical Fourier Analysis, 3rd Edition. Springer, 2014.

A. Hinojosa-Calleja and M. Sanz-Solé. Anisotropic Gaussian random
fields: criteria for hitting probabilities and applications. Stoch. PDE:
Anal. Comp., 9(4):984-1030, 2021.

A. Hinojosa-Calleja and M Sanz-Solé. A linear stochastic biharmonic
heat equation: hitting probabilities. Stoch. PDE: Anal. Comp., 2022.

D. Khoshnevisan. Multiparameter Processes: an introduction to random
fields. Springer, 2002.

C. Kahane and J. P. Kahane. Some random series of functions, volume 5.
Cambridge University Press, 1993.

Benoit Kloeckner. A generalization of Hausdorff dimension applied to
Hilbert cubes and Wasserstein spaces. J. Top. Anal., 4(02):203-235, 2012.

86



[KS99]

[LX21]

[MBS10]

IMT02]

[MVO05]

IMWX13]

INV09]

[Pit78]

[Rog98]
[SSV18§]

[Tud13]

[TX17]

[WX07]

[Xia99)

[Xia07]

[Xia09)

D. Khoshnevisan and Z. Shi. Brownian sheet and capacity. Ann. Prob.,
27(3):1135-1159, 1999.

C. Y. Lee and Y. Xiao. Chung-type law of the iterated logarithm and
exact moduli of continuity for a class of anisotropic gaussian random
fields. arXiv:2108.11485, 2021.

T. Madej, G. Biernat, and J. Siedlecki. Integration on hyperspheres in
Rn. J. Appl. Math. Comput. Mech, 9(2):135-144, 2010.

C. Mueller and R. Tribe. Hitting properties of a random string. Electron.
J. Probab., 7:1-29, 2002.

O. Mocioalca and F. Viens. Skorohod integration and stochastic calculus
beyond the fractional Brownian scale. J. Funct. Anal., 222(2):385-434,
2005.

M. Meerschaert, Wensheng Wang, and Y. Xiao. Fernique-type inequal-
ities and moduli of continuity for anisotropic Gaussian random fields.
Transactions of the American mathematical society, 365(2):1081-1107,
2013.

E. Nualart and F. Viens. The fractional stochastic heat equation on
the circle: time regularity and potential theory. Stoch. Proc. Appl.,
119(5):1505-1540, 2009.

L. D. Pitt. Local times for Gaussian vector fields. Indiana U. Math. J.,
27(2):309-330, 1978.

C. A. Rogers. Hausdorff measures. Cambridge University Press, 1998.

M. Sanz-Solé and N. Viles. Systems of stochastic Poisson equations:
Hitting probabilities. Stoch. Proc. Appl., 128(6):1857-1888, 2018.

C. A. Tudor. Analysis of variations for self-similar processes: a stochastic
calculus approach. 2013.

C. A. Tudor and Y. Xiao. Sample paths of the solution to the fractional-
colored stochastic heat equation. Stoch. Dynam., 17(01):1750004, 2017.

D. Wu and Y. Xiao. Geometric properties of fractional Brownian sheets.
J. Fourier Anal. Appl., 13(1):1-37, 2007.

Y. Xiao. Hitting probabilities and polar sets for fractional brownian
motion. Stochastics, 66:121-151, 1999.

Y. Xiao. Strong local nondeterminism and the sample path properties of
Gaussian random fields. Asymptotic Theory in Probability and Statistics
with Applications, 2007.

Y. Xiao. Sample path properties of anisotropic Gaussian random fields. In
A minicourse on stochastic partial differential equations, pages 145-212.
Springer, 2009.

87



