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Resum

L’any 1967, en l'article [34] de Yang, va aparéixer I'equacié quantica de Yang-
Baxter (o YBE, per les seues inicials en anglés) per primera vegada. Aquesta
és una equaci6 important en la fisica matematica que, a més, estableix la ba-
se d’algunes teories matematiques interessants, com ara, la teoria dels grups
quantics. Un dels problemes oberts fonamentals és trobar-ne totes les soluci-
ons.

En 1992, Drinfeld va plantejar en [17] la qliestié de trobar-ne totes les
solucions conjuntistes: una solucié conjuntista és un parell (X, r) on X és un
conjunt no buit i r: X x X — X x X és una aplicacié que satisfa que

T12 ©T23 O T12 = 123 O T'12 O T23,

on 7y X x X x X — X x X x X actua com 7 en les components (4, ) i
com la identitat en 'altra component.

Una subclasse d’aquestes solucions, la de les solucions involutives i no
degenerades, ha sigut molt estudiada en els dltims anys, ja que aquest tipus
de solucions no només és interessant per les aplicacions que té la YBE a la
fisica, sin6 també per la seua connexié amb altres teories matematiques, com
per exemple els anells radicals (veieu [27]), els grups trifactoritzats (veieu
[31]) o les algebres de Hopf (veieu [25]). D’ara endavant, ens referirem a les
solucions conjuntistes, involutives i no degenerades de la YBE simplement
com solucions, ja que aquestes seran les que estudiarem al llarg de la memoria.

En aquest context, Etingof, Schedler i Soloviev van introduir I'any 1999
en [19] dos grups fonamentals associats a una solucié (X, r) donada: el grup
d’estructura i el grup de permutacions, que van denotar per G(X,r) i G(X,r),
respectivament. Aquests dos grups resulten molt interessants perqué ens per-
meten estudiar les solucions utilitzant els métodes de la teoria de grups.

D’altra banda, en 2007 Rump va introduir en [27] una nova estructura
algebraica que serveix per a estudiar les solucions de la YBE: les brides
(o braces) a esquerra, que consisteixen en una terna (B,+,-) on (B,+) és
un grup abelia, (B,-) és un grup i ambdues operacions estan relacionades



vi

mitjancant I'equacio
a-(b+c)=a-b—a+a-c, peraqualssevol a,b,c € B.

En [14], Cedo, Jespers i Okninski van provar explicitament que cada brida a
esquerra té associada una solucié de I'equaci6 de Yang-Baxter ([14, Lema 2])
i també que, donada una soluci6é de la YBE, tant el seu grup d’estructura
com el de permutacions tenen estructura de brides a esquerra. A més a més,
cada soluci6 finita (X, s) és isomorfa a una altra soluci6é que esta inclosa en
la soluci6 associada a la brida a esquerra que forma el seu grup d’estructura,
G(X,s) ([14, Teorema 1]). En conseqiiéncia, podem concloure que el pro-
blema de construir totes les solucions finites de la YBE és equivalent a des-
criure totes les brides a esquerra finites, per la qual cosa, és clar que les
brides a esquerra sén una bona eina per a estudiar les solucions de 'equacio
de Yang-Baxter.

També cal destacar el concepte de grup involutiu de Yang-Baxter, més
conegut com IYB-grup, definit en 2010 per Cedo, Jespers i del Rio en [13]. Es
diu que un grup G és un IYB-grup si és isomorf al grup multiplicatiu (B, )
d’una brida a esquerra (B, +, -).

Amb tot aix0, el nostre treball ha anat en tres direccions, que mostra-
rem en cadascun dels tres capitols que conté aquesta memoria, i que son,
respectivament, I'estudi de les propietats de les brides a esquerra com a es-
tructures algebraiques, la recerca dels grups que poden ser I'YB-grups, i una
nova interpretaci6 dels grups de permutacio i d’estructura mitjancant el graf
de Cayley.

Després de llegir els articles [12] de Cedo, Gateva-Ivanova i Smoktunowicz
i [6] de Bachiller, Cedo, Jespers i Okniniski, vam decidir estudiar les brides a
esquerra com a estructures independents (és a dir, sense relacionar-les amb
les solucions de I'equacié de Yang-Baxter, simplement treballant-hi des del
punt de vista algebraic) perqué vam pensar que seria una bona forma de
comprendre-les millor i, a llarg termini, poder classificar-les. Aixi, en el pri-
mer capitol hem recollit els resultats que hem obtingut en aquesta direccio,
provant de buscar conceptes analegs als de la teoria de grups. En primer lloc,
hem definit séries principals i de composicié per a brides a esquerra i hem
provat un analeg al teorema de Jordan-Holder.

Definicié 1.2.4. Donada una brida a esquerra B, una série
0=BCBC---CB, =8B

on B; és un ideal de B i B;y1/B; és un ideal minimal de B/B; per a tot
i € {0,...,n — 1} Panomenem una série principal i els factors B;1/B; els
anomenem factors principals.
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Definicié 1.2.6. Donada una brida a esquerra B, una série
OZBogBlgan:B

on B; és un ideal de B;.1 i B;11/B; és simple per a tot ¢ € {0,...,n — 1}
lanomenem una série de composicié i els factors B;i1/B; els anomenem
factors de composicio.

Teorema 1.2.13.(Jordan-Holder per a brides). Dues séries principals (o de
composicid) d’una brida a esquerra B son equivalents.

D’altra banda, basant-nos en la definici6 de brides a esquerra resolubles
presentada en [6], hem definit el concepte de brida a esquerra superresoluble.

Definicié 1.2.14.(|6, Definici6 2.2]) Una brida a esquerra B és resoluble si
té una serie
0=B,CB C---CB,=B

amb B; ideal de B;y; per a tot i € {0,...,m — 1} i tal que tots els seus
factors son brides trivials.

Definici6 1.2.18. Diem que una brida a esquerra (B, +,-) és superresoluble
si té una série d’ideals

0=B,CBC---CB,=B

tal que B; és un ideal de B i |B;y1/B;| és un nombre primer per a cada
ie{0,1,...,m—1}.

En [12], Cedo, Gateva-Ivanova i Smoktunowicz defineixen les brides a
esquerra nilpotents per la dreta i nilpotents per I'esquerra. Nosaltres hem
trobat una caracteritzacié de les primeres i un resultat que les relaciona amb
les brides superresolubles.

Definicio 1.2.20.([12]) Direm que una brida a esquerra B és nilpotent per
l’esquerra si existeix un enter positiu n tal que B™ = 0. Una brida a esquerra
B és nilpotent per la dreta si existeix un enter positiu tal que B™ = 0.!

1B" i B(") fan referéncia a les cadenes que presenta Rump en [27].
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Proposicié 1.2.21. Una brida a esquerra B és nilpotent per la dreta si, i
només si, té una série 0 = By C By C --- C B, = B tal que B; és un ideal
de B i B;/B;_1 C Soc(B/B;_1) per a cada i € {1,...,n}.

Proposici6 1.2.23. Si (B, +,-) és una brida a esquerra que és nilpotent per
lesquerra i per la dreta, llavors B €és superresoluble.

També hem vist que I'ideal derivat d'una brida a esquerra superresoluble
no és necessariament nilpotent per ’esquerra i proposem la qiiesti6 segiient:

Qiiestio 1.2.26. Si B és una brida a esquerra superresoluble, el seu ideal
derivat B? és nilpotent per la dreta?

Finalment, a la darrera secci6 d’aquest capitol hem recordat resultats de
[19], [30] i [23] que tracten sobre algunes propietats de les brides a esquerra
que es poden deduir a partir de propietats del seu grup multiplicatiu sub-
jacent (o al contrari) i, en aquest sentit, hem obtingut el resultat segiient:

Proposicié 1.3.10. Si (B, +,-) és una brida a esquerra finita i el seu grup
multiplicativ (B, -) té una torre de Sylow, llavors B és una brida a esquerra
resoluble.

En el capitol 2, ens hem fixat en els IYB-grups. Recordem que un grup
G és un IYB-grup si és isomorf al grup multiplicatiu d’una brida a esquerra
(veieu [13]). Dels resultats de Etingof, Schedler i Soloviev en [19], sabem que
tots els IYB-grups son grups resolubles. Per la seua banda, Cedd, Jespers i
del Rio es preguntaren en [13] si 'afirmacio contraria també era certa, és a
dir, si tot grup resoluble podia ser un IYB-grup. Arran d’aixo, van aparéixer
nous resultat provant que determinades subclasses de grups resolubles, com
ara els grups abelians, els nilpotents de classe dos, o de classe tres i ordre
senar, o els grups A-resolubles, son IYB-grups (veieu [13], [15] i [18]). Pero,
finalment, Bachiller va mostrar un contraexemple en [2].

Malgrat tot, per [13, Corollari 3.1], se sap que tot IYB-grup és un produc-
te de dos IYB-grups, fet que inspira una altra qiiestio interessant: sota quines
condicions podem assequrar que un grup G és un IYB-grup, si G = NH es
pot factoritzar com a producte de dos IYB-grups N i H, amb N normal en
G ? En aquesta tesi, mostrem un nou teorema en aquesta direccié que millo-
ra els resultats que Cedo, Jespers i del Rio ([13, Teorema 3.3]) i Eisele (|18,
Proposicio 2.2]) havien trobat en aquest sentit.



Teorema 2.2.20. Suposem que el grup A actua sobre el grup G = NH, on N
1 H son subgrups A-invariants de G 1 N < G. Suposem que N i H sén IYB-
grups amb 1Y B-estructures A-equivariants (U, mn) i (V,7y), respectivament,
que satisfan les condicions seglients:

(Cl) NnH CKer(Z(N)onU)NKer(HonV).

(C2) (U,7n) també és IYB-estructura H-equivariant sobre N respecte a l'ac-
cid per conjugacid de H sobre N:"n=hnh™' peran e N, h€ H.

Liavors G té una IYB-estructura A-equivariant (W, ) tal que
KGI‘(N on U) CKer(HonV) (N) - KGI(G on W)

A més, hem obtingut noves families de IYB-grups gracies a alguns co-
rol-laris d’aquest teorema i hem donat un exemple d’una familia concreta
d’TYB-grups que verifica les hipotesis del nostre teorema perd que no pot
aparéixer com a conseqiiéncia dels resultats de [13] o [18]. Els resultats ori-
ginals del capitol 2 han estat publicats a [24].

Corol'lari 2.2.21. Siga un grup A que actua sobre un grup G = N x H que
és el producte directe de dos subgrups A-invariants N ¢ H. Suposem que N
i H sén IYB-grups amb IYB-estructures A-equivariants (U,mn) i (V,7u),
respectivament. Llavors G té una IYB-estructura A-equivariant (W, ng) tal
que

Ker(NonU)Ker(HonV) C Ker(GonW).

Corollari 2.2.22. Siga G un grup nilpotent de classe dos amb un 2-subgrup
de Sylow abelia. Aleshores G té una IYB-estructura totalment equivariant
(W, mg) tal que Z(G) C Ker(Gon W).

Corollari 2.2.23. Siga G = NH un grup tal que N és un subgrup nor-
mal nilpotent de classe dos i H és un IYB-grup amb 1YB-estructura (V, 7).
Suposem que se satisfan les condicions segiients:

1. NN H CZ(N),
8. HN N actua trivialment sobre V.

Aleshores G és un 1YB-grup.



Corollari 2.2.24. Siga G = NH un grup tal que N i H son dos subgrups
nilpotents de classe dos i N és normal en G. St NNH C Z(G) i [H,O9(N)] C
Z(N), llavors G és un IYB-grup.

Corollari 2.2.25. Siga un grup G = NiNs--- Ny, producte de s subgrups
Ny, ..., Ny que satisfan

1. N; és un grup nilpotent de classe dos amb un 2-subgrup de Sylow abelia,
peratoti=1,...,5s;

2. N; és normalitzat per N;, per a tot 1 <1i < j <s;
3. Ny---N;NNy1 =7Z(G), peratoti=1,..., s—1.
Llavors G és un IYB-grup.

Exemple 2.2.26. Siga p > 3 un nombre primer, siga m > 2 un nombre
natural © siga G el grup amb la presentacid segiient

m m m m—1 m—1
G={(abc|a =" =1, =a?"", a® =a™"",

a®=aa"Pb7?, b° = bay).

Aleshores, es pot emprar el corollari 2.2.24 per provar que G és un [YB-grup.
Ara bé, el fet que G és un IYB-grup no es pot obtenir a partir dels resultats
de [18] ni de [15].

Per tltim, com hem comentat a 'inici, en [14], els autors van provar que
donada una solucio (X, r) de la YBE, tant el grup d’estructura, G(X,r), com
el de permutacions, G(X, r), tenen una estructura natural de brida a esquerra.
Sabent ago, en el capitol 3 hem fet una descripcié d’aquesta estructura des
d’una perspectiva nova: utilitzant el graf de Cayley. Els resultats d’aquest
capitol es poden trobar a [8].

El primer pas ha sigut definir una suma sobre el grup de permutacions
G(X,r). Concretament, hem fet el segiient: donats o € G(X, ) i un generador
Sz, escrivim

o+ f:b = afafl(z%
— = -1
at (=) =af @iy
Tot seguit, amb l'ajuda d’una série de lemes técnics, hem pogut estendre
aquesta suma a tots els elements de G(X,r) i demostrar que el grup de per-
mutacions G(X, r) amb aquesta addici6 i la composicié habitual d’aplicacions
té estructura de brida a esquerra.
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Teorema 3.1.4. Considerem dos elements v, 8 € G(X, 1), que es poden veure
com

@ = ( "(Elfxl +52f12)+"')+5mf1m Gg(X,’f’),
B ( "(771fy1 +772fy2)+"’)+775fys eQ(X,r)7
1

,1},xi€X,1§i§m;nj€{—1,1},yj€X,1§j§s.

amb ¢; € {—
L’assignacio

a+B=((((((erfo, teafor) +0) + Emfan)
+ 771fy1) =+ 772fy2) + e ) =+ nsfysv

a+l=14+a=a, 14+1=1, defineix una operacié binaria interna sobre
G(X,r) de manera que (G(X,r),+,0) és una brida a esquerra.

També hem vist que podem obtindre el graf de Cayley de (G(X,7),+)
a partir del graf de Cayley de (G(X,7),0), i també al contrari, simplement
canviant-ne les etiquetes dels arcs.

Teorema 3.1.5. Considereu el graf de Cayley de (G(X,r),0) i recordeu que
els seus arcs son de la forma o = af,, v € X, a € G(X,r). Si canviem
les etiquetes de cadascuna d’aquests arcs per a(x), obtenint arcs de la for-

ma o ﬂ) af., aleshores el graf etiquetat obtingut d’aquesta manera és el

graf de Cayley del grup abelia (G(X,r),4), on + denota l'operacid definida
previament.

El segiient pas ha estat obtindre una descripcié del grup d’estructura
G(X,r) utilitzant el graf de Cayley del grup additiu del grup de permuta-
cions, (G(X,r),+). Ho hem aconseguit amb una construcci6 analoga a la
presentada en [7] per Ballester Bolinches, Cosme Llopez i Esteban Romero.

Hem considerat el graf de Cayley de (G(X,r),+) i hem denotat per F
el conjunt dels seus arcs. El grup multiplicatiu del grup de permutacions,
(G(X ) o), actua per esquerra sobre E de la seglient forma: si v € G(X,r)

i(a ozfz) € E, llavors

¥ % (a o), afx) = ('ya RGN wozfx) eFE.

Seguidament hem estés aquesta accié a W, el Z-modul abelia amb base E, i
hem construit el producte semidirecte [W]G(X,r).

A continuaci6é hem identificat tots els arcs de (G(X, ), +) que tingueren
la mateixa etiqueta prenent quocients modul

K = <€a7y 76@9 | Y € X: Ol7ﬁ € g(X7T)>7
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. - . . < s vy
on eq, denota 'arc que comenga en « i té etiqueta y, aixo és, & = o fy-1(y)-
Després d’aixo, hem considerat el grup quocient

(WIG(X,r)/K = [W/K]G(X,r)
i hem pres el subgrup
H={le1,+ K., f,) |z e X) <[W/K|G(X,r).
Finalment, hem simplificat la notaci6 del grup H i hem provat que aquest és
isomorf al grup d’estructura G(X, 7).
Teorema 3.2.3. Siga H = ((z, f,) | v € X) < [Z¥] G(X,r) el subgrup que

acabem de construir. Aleshores H és isomorf al grup d’estructura G(X,r).

També hem estudiat ’aspecte dels elements de H i hem definit una suma
sobre H per provar que (H,+,-) és una brida a esquerra.

Teorema 3.2.4. Siga H com en el Teorema 3.2.3, llavors:

1. H = {(ZIEX aﬂfj’Zzex arfr) ’ a; € ZL,x € X}

2. El producte de H té la forma

(Z W,a> : (Z m.,g) = (Z (ax—kbal(m))%aﬁ) ;

zeX zeX zeX

on o = Zzgx amfm; B = ZZEX bI‘fT

Teorema 3.2.5. Siga (X,r) una solucid de la YBE i siga H com en el
Teorema 3.2.3. Si definim en H una operacié + com

<Z a4, 7, a) + (E b7, B) = (E(aw +b,)7, o+ ﬁ) :

zeX zeX zeX

onoa =73 cxafe, B =2 ,cxbufs, aleshores (H,+,-) és una brida a es-
querra i Uaplicacio m: H — G(X,r) donada per 7 (3o 0.7, ) = o és un
homomorfisme de brides a esquerra.

Les segiients dues seccions les hem dedicades, respectivament, a donar una
interpretacioé geométrica d’aquesta visié amb grafs i a comparar les addicions
que hem emprat amb altres ja existents. Finalment, a I'altima secci6 hem
presentat alguns resultats que es dedueixen facilment com aplicacions de la
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perspectiva que empra el graf de Cayley. Hem comengat amb una forma de
trobar els parells congelats, un concepte introduit per Chouraqui i Godelle
en [16].

Definicié 3.5.1. Siga (X,r) una soluci6 de la YBE. Si considerem l'acci6
natural de r sobre X x X, els punts fixos d’aquesta accidé s’anomenen parells
congelats.

Proposicié 3.5.2. Siga x € X. Considerem en el graf de Cayley del grup
additiv de G(X,r) el cami de longitud dos que comenga en 1 amb els dos arcs
etiquetats com x i considerem els arcs corresponents en el graf de Cayley del
grup multiplicativ de G(X,r), amb etiquetes x, y, respectivament. Llavors
r(z,y) = (z,y). A més a més, (x,y) és unic parell de la forma (x,z) amb
z € X tal que r(z,z) = (x,2).

A continuacié hem mostrat que les relacions explicitament mencionades
en la definicié del grup d’estructura i les trivials de la forma zy = xy, sén
les tiniques relacions formades per igualtats de productes de dos generadors
que es poden trobar en aquest grup.

Teorema 3.5.4. Siguen x, y, z, t € X vistos com elements del grup d’estruc-
tura G(X,r). Aleshores xy = zt si, inomés si,x =z iy =t or(z,y) = (z,1).

També hem trobat una forma més senzilla de provar que la retraccio
d’una solucié de la YBE és de nou una soluci6, resultat que ja apareixia en
els articles [19] i [14], pero era dificil de comprovar, i hem descrit una manera
d’obtenir el graf de Cayley del grup de permutacions associat a la retraccié
d’una soluci6 de la YBE.

La nostra darrera aplicaci6 és una caracteritzacié de quan un grup de
permutacions d’una solucié de la YBE és una brida trivial.

Proposicié 3.5.11. Les afirmacions segiients a prop d’una solucid de la YBE
son equivalents.

1. El grup de permutacions G(X,r) és una brida trivial.

2. Per a cada x, y € X, si existeiz o € G(X,r) tal que a(x) =y, llavors
fo= [y (és a dir, x iy estan relacionats per la relacid de retraccid).






Resumen

El afio 1967, en el articulo [34] de Yang, aparecié la ecuacion cuantica de
Yang-Baxter (o YBE, por sus iniciales en inglés) por primera vez. Esta es una
ecuacion importante en la fisica matemaética que, ademas, establece la base de
algunas teorias matemaéticas interesantes, como por ejemplo, la teoria de los
grupos cuanticos. Uno de los problemas abiertos fundamentales es encontrar
todas las soluciones.

En 1992, Drinfeld plante6 en [17] la cuestion de encontrar todas las solu-
ciones conjuntistas: una solucién conjuntista es un par (X, r) donde X es un
conjunto no vacio y r: X x X — X x X es una aplicacién que satisface que

T12 © 723 O T12 = 123 © T"12 © 723,

donde r;;: X x X x X — X x X x X acttia como r en las componentes (i, j)
y como la identidad en la otra componente.

Una subclase de estas soluciones, la de las soluciones involutivas y no
degeneradas, ha sido muy estudiada en los tltimos afios, puesto que este tipo
de soluciones no solo es interesante por las aplicaciones que tiene la YBE a la
fisica, sino también por su conexién con otras teorias matemaéaticas, como por
ejemplo los anillos radicales (véase [27]), los grupos trifactorizados (véase [31])
o las algebras de Hopf (véase [25]). De ahora en adelante, nos referiremos a las
soluciones conjuntistas, involutivas y no degeneradas de la YBE simplemente
como soluciones, puesto que estas seran las que estudiaremos a lo largo de
la memoria.

En este contexto, Etingof, Schedler y Soloviev introdujeron en 1999 en
[19] dos grupos fundamentales asociados a una solucion (X, r) dada: el grupo
de estructura y el grupo de permutaciones, que denotaron por G(X,r) y
G(X,r), respectivamente. Estos dos grupos resultan muy interesantes porque
nos permiten estudiar las soluciones utilizando los métodos de la teorfa de
grupos.

Por otro lado, en 2007 Rump introdujo en [27] una nueva estructura
algebraica que sirve para estudiar las soluciones de la YBE: las brazas a
izquierda, que consisten en una terna (B,+,-) donde (B,4+) es un grupo

XV
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abeliano, (B, ) es un grupo y ambas operaciones estan relacionadas mediante
la ecuacion

a-(b+c)=a-b—a+a-c, paracualesquiera a,b,c € B.

En [14], Cedd, Jespers y Okninski probaron explicitamente que cada braza
a izquierda tiene asociada una solucion de la ecuacion de Yang-Baxter ([14,
Lema 2]) y también que, dada una solucién de la YBE, tanto su grupo de
estructura como el de permutaciones tienen estructura de brazas a izquier-
da. Ademas, cada solucion finita (X, s) es isomorfa a otra solucion que esta
incluida en la solucién asociada a la braza a izquierda que forma su grupo
de estructura, G(X,s) ([14, Teorema 1]). En consecuencia, podemos con-
cluir que el problema de construir todas las soluciones finitas de la YBE es
equivalente a describir todas las brazas a izquierda finitas, por lo cual, esta
claro que las brazas a izquierda son una buena herramienta para estudiar las
soluciones de la ecuacion de Yang-Baxter.

También hay que destacar el concepto de grupo involutivo de Yang-
Baxter, mas conocido como IYB-grupo, definido en 2010 por Ced6, Jespers
y del Rio en [13]. Se dice que un grupo G es uno I'YB-grupo si es isomorfo al
grupo multiplicativo (B, ) de una braza a izquierda (B, +,-).

Con todo esto, nuestro trabajo ha ido en tres direcciones, que mostra-
remos en cada uno de los tres capitulos que contiene esta memoria, y que
son, respectivamente, el estudio de las propiedades de las brazas a izquierda
como estructuras algebraicas, la investigacion de los grupos que pueden ser
IYB-grupos, y una nueva interpretacion de los grupos de permutacion y de
estructura mediante el grafo de Cayley.

Después de leer los articulos [12] de Cedd, Gateva-Ivanova y Smoktu-
nowicz y de Bachiller, [6] Ced6, Jespers y Okninski, decidimos estudiar las
brazas a izquierda como estructuras independientes (es decir, sin relacionarlas
con las soluciones de la ecuacion de Yang-Baxter, simplemente trabajando
desde el punto de vista algebraico) porque pensamos que seria una buena
forma de comprenderlas mejor y, a largo plazo, poder clasificarlas. Asi, en el
primer capitulo hemos recogido los resultados que hemos obtenido en esta
direccién, tratando de buscar conceptos analogos a los de la teoria de gru-
pos. En primer lugar, hemos definido series principales y de composiciéon para
brazas a izquierda y hemos probado un analogo al teorema de Jordan-Holder.

Definicién 1.2.4. Dada una braza a izquierda B, una serie
O:BOgBlgan:B
donde B; es un ideal de B y B;;1/B; es un ideal minimal de B/B;, para todo

i €{0,...,n— 1} se denomina una serie principal y los factores B, 1/B; se
denominan factores principales.
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Definicién 1.2.6. Dada una braza a izquierda B, una serie
0=BCBC---CB, =8B

donde B; es un ideal de B;1 y B;11/B; es simple para todo i € {0,...,n—1}
se denomina una serie de composicion y los factores B;,1/B; se denominan
factores de composicion.

Teorema 1.2.13.(Jordan-Holder para brazas). Dos series principales (o de
composicion) de una braza a izquierda B son equivalentes.

Por otro lado, basandonos en la definicion de brazas a izquierda reso-
lubles presentada en [6], hemos definido el concepto de braza a izquierda
superresoluble.

Definicion 1.2.14.([6, Definicion 2.2]) Una braza a izquierda B es resoluble
si tiene una serie
0=ByCBC---CB,=8

con B; ideal de B, para todoi € {0,...,m—1} y tal que todos sus factores
son brazas triviales.

Definicion 1.2.18. Decimos que una braza a izquierda (B, +, ) es superre-
soluble si tiene una serie de ideales

0=ByCBC---CB,=B

tal que B; es un ideal de B y |B;11/B;| es un namero primo para cada
ie{0,1,...,m—1).

En [12], Cedo, Gateva-Ivanova y Smoktunowicz definen las brazas a iz-
quierda nilpotentes por la derecha y nilpotentes por la izquierda. Nosotros
hemos encontrado una caracterizacion de las primeras y un resultado que las
relaciona con las brazas superresolubles.

Definicion 1.2.20.([12]) Diremos que una braza a izquierda B es nilpotente
por la izquierda si existe un entero positivo n tal que B™ = 0. Una braza a
izquierda B es nilpotente por la derecha si existe un entero positivo tal que
B =2

2B" y B(™ hacen referencia a las cadenas que presenta Rump en [27].
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Proposiciéon 1.2.21. Una braza a izquierda B es nilpotente por la derecha
s, y solo si, tiene una serie 0 = By C By C --- C B, = B tal que B; es un
ideal de B y B;/B;_1 C Soc(B/B;_1) para cada i € {1,...,n}.

Proposicion 1.2.23. Si (B, +,-) es una braza a izquierda que es nilpotente
por la izquierda y por la derecha, entonces B es superresoluble.

También hemos visto que el ideal derivado de una braza a izquierda su-
perresoluble no es necesariamente nilpotente por la izquierda y proponemos
la cuestion siguiente:

Cuestion 1.2.26. Si B es una braza a izquierda superresoluble, jsu ideal
derivado B? es nilpotente por la derecha?

Finalmente, en la ultima seccion de este capitulo hemos recordado resul-
tados de [19], [30] y [23] que tratan sobre algunas propiedades de las brazas
a izquierda que se pueden deducir a partir de propiedades de su grupo mul-
tiplicativo subyacente (o al contrario) y, en este sentido, hemos obtenido el
resultado siguiente:

Proposicion 1.3.10. Si (B, +,-) es una braza a izquierda finita y su grupo
multiplicativo (B,-) tiene una torre de Sylow, entonces B es una braza a
izquierda resoluble.

En el capitulo 2, nos hemos fijado en los IYB-grupos. Recordamos que un
grupo G es uno ['YB-grupo si es isomorfo al grupo multiplicativo de una braza
a izquierda (véase [13]). De los resultados de Etingof, Schedler y Soloviev en
[19], sabemos que todos los IYB-grupos son grupos resolubles. Por su parte,
Cedo, Jespers y del Rio se preguntaron en [13] si la afirmacion contraria
también era cierta, es decir, si todo grupo resoluble podia ser un I'YB-grupo.
A raiz de esto, aparecieron nuevos resultado probando que determinadas
subclases de grupos resolubles, como por ejemplo los grupos abelianos, los
nilpotentes de clase dos, o de clase tres y orden impar, o los grupos A-
resolubles, son ITYB-grupos (véase [13], [15] y [18]). Pero, finalmente, Bachiller
mostr6 un contraejemplo en [2].

A pesar de todo, por [13, Corolario 3.1], se sabe que todo IYB-grupo es
un producto de dos I'YB-grupos, hecho que inspira otra cuestiéon interesante:
sbajo qué condiciones podemos asequrar que un grupo G es un IYB-grupo, si
G = NH se puede factoritzar como producto de dos I1YB-grupos N y H, con
N normal en G ? En esta tesis, mostramos un nuevo teorema en esta direccion
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que mejora los resultados que Cedo, Jespers y del Rio ([13, Teorema 3.3]) y
Eisele ([18, Proposicion 2.2]) habian encontrado en este sentido.

Teorema 2.2.20. Supongamos que el grupo A actia sobre el grupo G = NH,
donde N y H son subgrupos A-invariantes de G y N < G. Supongamos que N
y H son IYB-grupos con 1YB-estructuras A-equivariantes (U,wn) y (V,mu),
respectivamente, que satisfacen las condiciones siguientes:

(Cl) NnH CKer(Z(N)onU)NKer(HonV).

(C2) (U,7n) también es 1YB-estructura H-equivariante sobre N respecto a
la accion por conjugacion de H sobre N: "n = hnh™' para n € N,
heH.

Entonces G tiene una IYB-estructura A-equivariante (W, m) tal que
Ker(N onU) Cker(rronvy(IV) € Ker(Gon W).

Ademaés, hemos obtenido nuevas familias de IYB-grupos gracias a algunos
corolarios de este teorema y hemos dado un ejemplo de una familia concreta
de I'YB-grupos que verifica las hipotesis de nuestro teorema pero que no puede
aparecer como consecuencia de los resultados de [13] o [18]. Los resultados
originales del capitulo 2 han sido publicados en [24].

Corolario 2.2.21. Sea A un grupo que actia sobre un grupo G = Nx H que
es el producto directo de dos subgrupos A-invariantes N y H. Supongamos
que N y H son IYB-grupos con IYB-estructuras A-equivariantes (U, my)
y (V,mu), respectivamente. En ese caso, G tiene una IYB-estructura A-
equivariante (W, ng) tal que

Ker(NonU)Ker(HonV) C Ker(GonW).
Corolario 2.2.22. Sea G un grupo nilpotente de clase dos con un 2-subgrupo

de Sylow abeliano. Entonces G tiene una IYB-estructura totalmente equiva-
riante (W, mg) tal que Z(G) C Ker(Gon W).

Corolario 2.2.23. Sea G = NH un grupo tal que N es un subgrupo nor-
mal nilpotente de clase dos y H es un IYB-grupo con IYB-estructura (V, 7).
Supongamos que se satisfacen las condiciones siguientes:

1. NnH C Z(N);

2. [H,02(N)] CZ(N);
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8. HN N actia trivialmente sobre V.

Entonces G es un IYB-grupo.

Corolario 2.2.24. Sea G = NH un grupo tal que N y H son dos subgrupos
nilpotentes de clase dos y N es normal en G. Si NNH C Z(G) y [H, O5(N)] C
Z(N), entonces G es un I'YB-grupo.

Corolario 2.2.25. Sea un grupo G = N1Ny--- N, producto de s subgrupos
Ny, ..., Ny que satisfacen

1. N; es un grupo nilpotente de clase dos con un 2-subgrupo de Sylow
abeliano, para todo i =1,..., s;

2. N; es normalizado por Nj, para todo 1 <i < j <'s;
3. Ny---N;N N1 =7Z(G), para todoi =1,..., s — 1.
Entonces G es un 1YB-grupo.

Ejemplo 2.2.26. Sea p > 3 un nimero primo, sea m > 2 un nimero natural
y sea G el grupo con la presentacion siguiente

G _ <a7b7c | apm _ bpm _ 17 Cpm _ aprrrl7 ab — a1+pm—17 (1)
a®=aa"Pb7?, b° = ba). (2)

Entonces, se puede emplear el corolario 2.2.24 para probar que G es un [YB-
grupo. Ahora bien, el hecho de que G es un IYB-grupo no se puede obtener
a partir de los resultados de [18] ni de [15].

Por ultimo, como hemos comentado al inicio, en [14], los autores proba-
ron que dada una solucion (X, r) de la YBE, tanto el grupo de estructura,
G(X,r), como el de permutaciones, G(X,r), tienen una estructura natural
de braza a izquierda. Sabiendo esto, en el capitulo 3 hemos hecho una des-
cripcién de esta estructura desde una perspectiva nueva: utilizando el grafo
de Cayley. Los resultados de este capitulo se pueden encontrar en [§].

El primer paso ha sido definir una suma sobre el grupo de permutaciones
G(X,r). Concretamente, hemos hecho lo siguiente: dados o € G(X,r) y un
generador f,, escribimos

O‘_'_fz:afa—l(z)v (3)
o+ (7fz) = O‘fill

o=t (@)

(M=) )
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A continuacion, con la ayuda de una serie de lemas técnicos, hemos podido
extender esta suma a todos los elementos de G(X,r) y demostrar que el
grupo de permutaciones G(X,r) con esta adiciéon y la composicion habitual
de aplicaciones tiene estructura de braza a izquierda.

Teorema 3.1.4. Consideremos dos elementos o, § € G(X,r), que se pueden
VEr como

« ("'(Elle +52fzz)+'“)+€mfzm Eg(X7T)7 (5)
B = ( o (7]1fy1 + 772fy2) + - ) + 77£fys € g(X7 T)v (6)

cong € {-1,1}, z; € X, 1 <i<m;n € {-1,1},y; € X,1<j<s. La
asignacion

at = (((((erfor +e2fan) +- 1) +Emfan) (7)
+n1fyl)+772fy2)+"’)+775fys’ (8)

a+l=14a=a, 1+1=1, define una operacion binaria interna sobre
G(X,r) de forma que (G(X,r),4+,0) es una braza a izquierda.

También hemos visto como obtener el grafo de Cayley de (G(X,r),+) a
partir del grafo de Cayley de (G(X,r), o), y también al contrario, simplemente
cambiando las etiquetas de los arcos.

Teorema 3.1.5. Consideremos el grafo de Cayley de (G(X,r),0) y recor-
demos que sus arcos son de la forma o = af,, v € X, a € G(X,7r). Si

cambiamos las etiquetas de cada uno de estos arcos por o(z), obteniendo ar-

cos de la forma « RGN af., entonces el grafo etiquetado obtenido de este

modo es el grafo de Cayley del grupo abeliano (G(X,r),+), donde + denota
la operacion definida previamente.

El siguiente paso ha sido obtener una descripcion del grupo de estructura
G(X, r) utilizando el grafo de Cayley del grupo aditivo del grupo de permuta-
ciones, (G(X,r),+). Lo hemos conseguido con una construcciéon analoga a la
presentada en [7] por Ballester Bolinches, Cosme Llépez y Esteban Romero.

Hemos considerado el grafo de Cayley de (G(X,r),+) y hemos denotado
por E el conjunto de sus arcos. El grupo multiplicativo del grupo de permu-

taciones, (G(X,r), o), actta por la izquierda sobre E de la siguiente forma:

siyeG(X,r)y (« o), af,) € E, entonces

% (aﬂafz) = ('yozL(z))’yafz) eE.
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Seguidamente hemos extendido esta accion a W, el Z-mddulo abeliano con
base E, y hemos construido el producto semidirecto [W]G(X, 7).

A continuacién hemos identificado todos los arcos de (G(X,r),4+) que
tuvieran la misma etiqueta tomando cocientes médulo

K: <€a7y*657y | y S X? 0[7ﬁ S g(X7T)>7

. . . y
donde e,, denota el arco que empieza en « y tiene etiqueta y, esto es, o —

afa—l(y>.
Después de esto, hemos considerado el grupo cociente

(WIG(X,r)/ K = [W/K]G(X,7)
vy hemos tomado el subgrupo
H={le,+ K, f)|zeX)y<[W/K|G(X,r).

Finalmente, hemos simplificado la notacién del grupo H y hemos probado
que este es isomorfo al grupo de estructura G(X,r).

Teorema 3.2.3. Sea H = ((z,f,) | v € X) < [Z¥] G(X,r) el subgrupo
que acabamos de construir. Entonces H es isomorfo al grupo de estructura

G(X,r).

También hemos estudiado el aspecto de los elementos de H y hemos
definido una suma sobre H para probar que (H, -+, -) es una braza a izquierda.

Teorema 3.2.4. Sea H como en el Teorema 3.2.3, entonces:

1. H = {(ZxEX axj7zxex axfac) ’ ay € Z,x € X}

2. El producto de H tiene la forma

(Zazx,a> . (Z b, /3> - (Z (00 +borc) :cmzﬁ) 7

zeX zeX zeX

donde o =3 oy Gufa, B=7 cx bafo

Teorema 3.2.5. Sea (X,r) una solucion de la YBE y sea H cdmo en el
Teorema 3.2.3. Si definimos en H una operacion + como

(Z a, 1, a) - (Z b7, ﬁ) = (Z(az +b,)7, 0+ ﬁ) ;

zeX zeX zeX
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donde o = 3 v ufo, B =D cxbafe, entonces (H,+,-) es una braza a
izquierda y la aplicacion m: H — G(X,r) dada por (Z T, a) =q es
un homomorfismo de brazas a izquierda.

reX

Hemos dedicado las siguientes dos secciones, respectivamente, a dar una
interpretacion geométrica de esta visién con grafos y a comparar las adicio-
nes que hemos empleado con otras ya existentes. Finalmente, en la tdltima
seccidén hemos presentado algunos resultados que se deducen facilmente como
aplicaciones de la perspectiva que emplea el grafo de Cayley. Hemos empeza-
do con una forma de encontrar los pares congelados, un concepto introducido
por Chouraqui y Godelle en [16].

Definicién 3.5.1. Sea (X,r) una solucion de la YBE. Si consideramos la
accion natural de r sobre X x X, los puntos fijos de esta accién se denominan
pares congelados.

Proposiciéon 3.5.2. Sea x € X. Consideremos en el grafo de Cayley del
grupo aditivo de G(X,r) el camino de longitud dos que empieza en 1 con los
dos arcos etiquetados como x y consideremos los arcos correspondientes en
el grafo de Cayley del grupo multiplicativo de G(X,r), con etiquetas x, y,
respectivamente. Entonces r(z,y) = (z,y). Ademds, (x,y) es el dnico par de
la forma (z,z2) con z € X tal que r(z,2) = (x, 2).

A continuaciéon hemos mostrado que las relaciones explicitamente men-
cionadas en la definicion del grupo de estructura y las triviales de la forma
xy = xy, son las unicas relaciones formadas por igualdades de productos de
dos generadores que se pueden encontrar en este grupo.

Teorema 3.5.4. Sean z, y, z, t € X wvistos como elementos del grupo de
estructura G(X,r). Entonces xy = zt si, y solo si, t =z yy=1=t or(z,y) =

(z,t).

También hemos encontrado una forma mas sencilla de probar que la re-
tracciéon de una solucion de la YBE es de nuevo una solucién, resultado que
ya aparecia en los articulos [19] y [14], pero era dificil de comprobar, y hemos
descrito una manera de obtener el grafo de Cayley del grupo de permutacio-
nes asociado a la retraccion de una soluciéon de la YBE.

Nuestra ultima aplicacion es una caracterizacion de cudndo un grupo de
permutaciones de una solucién de la YBE es una braza trivial.

Proposicion 3.5.11. Las afirmaciones siguientes acerca de una solucion de
la YBE son equivalentes.
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1. El grupo de permutaciones G(X,r) es una braza trivial.

2. Para cada z, y € X, si existe « € G(X,r) tal que a(x) =y, entonces
fo = fy (es decir, x e y estdn relacionados por la relacion de retrac-
cion).
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Introduction

The quantum Yang-Baxter equation is an important equation in mathemat-
ical physics that appeared for the first time in 1967 in the paper [34] of Yang
and later in 1973 in the paper [10] of Baxter. This equation is not only in-
teresting from its applications to physics, but also because it establishes the
bases of the theory of quantum groups. One of the fundamental open prob-
lems about the Yang-Baxter equation is to find all its solutions: a solution
of the quantum Yang-Baxter equation is a pair (V,R) where V is a vector
space and R: V@V — V ® V is a linear map that satisfies

Ri20Raz0Riz = Rag 0 Riz 0 Ras,

where R;;: V@V RV - V@V ®V acts as R on the tensor factor (1, j)
and as the identity on the other factor.

In 1992, Drinfeld defined in [17] a specific subtype of solutions, the set-
theoretic ones, and proposed the question of finding all of them. A set-
theoretic solution is a pair (X, r) where X is a non-empty set and r: X x X —
X x X is a map satisfying

T12 0723 O T12 = T'23 O T12 O T23,

where r;; acts as r on components (i, j) and as the identity on the other one.
Note that if X is a basis of the vector space V', the set-theoretic solution
(X, r) induces a solution on V.

In addition, in the recent years, a subclass of these set-theoretic solu-
tions has been largely studied, namely, the non-degenerate and involutive
ones, which are also quite interesting because of their connections with other
mathematical theories such as radical rings (see [27]), trifactorized groups
(see [31]), and Hopf algebras (see [25]), for instance. Since these are the so-
lutions we are going to consider throughout the memoir, from now on, the
involutive, non-degenerate, set-theoretic solutions of the Yang-Baxter equa-
tion will be called just as solutions for short.

In order to study these solutions, in 2007 Rump ([27]) introduced the
concept, of left braces, a new algebraic structure consisting of a non-empty
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set B with two binary operations + and - such that (B,+) is an abelian
group, (B,-) is a group and both operations are related by the following
distributivity-like equation

a-(b+c)=a-b—a+a-c, foralla,bceB.

In fact, the definition we just stated is not the original one from Rump; it is
the equivalent definition presented by Cedd, Jespers, and Okniriski in [14].
We will work with this version. Implicitly in Rump’s article [27] and explicitly
in [14], the authors proved that every left brace B has a solution of the Yang-
Baxter equation associated to it, and also, every solution is isomorphic to a
solution included in the associated solution of a particular left brace. Hence,
it is clear that left braces are an appropriate tool to study the solutions of
the Yang-Baxter equation.

Consequently, in our first chapter we will deal with left braces as inde-
pendent structures (in other words, without relating them to the solutions,
just working with them from the algebraic structure view) in order to enlarge
our knowledge about them and understand them better. This idea crossed
our minds after reading the definitions of left and right nilpotency of a left
brace given by Cedo6, Gateva-Ivanova, and Smoktunowicz (see [12]) and the
definition of solvable left brace introduced by Bachiller, Cedo, Jespers, and
Okniriski (see [6]). We will as well reserve a section of Chapter 1 to study
some properties of a left brace (B, +,-) which can be deduced from prop-
erties of the underlying multiplicative group (B,-) and vice versa, following
the idea of papers like [30], [12] or [23].

On the other hand, in 2010 Cedo6, Jespers and del Rio defined in [13] the
concept of involutive Yang-Baxter group, or just I[YB-group. A group G is
said to be an IYB-group if it is isomorphic to the multiplicative group of
a left brace. Again, the original definition is not written in this form but
in an equivalent one which the authors themselves proposed in their work
along with some other equivalences (see [13, Theorem 2.1]). However, we will
use this form because our main objective from the beginning are left braces.
Since from the results of Etingof, Schedler, and Soloviev ([19]) it was known
that any IYB-group is a solvable group, Ced6, Jespers, and del Rio also asked
in [13] if the converse was true, that is, if every solvable group could be an
IYB-group. After that, there were new results proving that some subclasses
of solvable groups such as abelian groups, nilpotent groups of class two or
of class three and odd order, abelian-by-cyclic groups or solvable A-groups,
for example, are indeed TYB-groups (see [13], [15], and [18]). Even though all
those results seemed to lead to a positive answer to the question, Bachiller
showed a counterexample in [2]. Nonetheless, from [13, Corollary 3.1], it can
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be deduced that every IYB-group is a product of two IYB-groups, and that
fact motivates another interesting question: under which conditions can be
ensured that a group G is an IYB-group, if G = NH can be factorized as a
product of two IYB-groups N and H, being N normal in G?

In Chapter 2, after the first section which will verse about solutions of
the Yang-Baxter equation, we will study I'YB-groups and we will show a
new theorem in the direction of last question that improves the results that
Cedo, Jespers, and del Rio (|13, Theorem 3.3]) and Eisele ([18, Proposition
2.2]) proposed in this same direction. We will also obtain new families of
IYB-groups using some consequences of that theorem and we will construct
a concrete family of IYB-groups that fit with the hypothesis of our theorem
but cannot appear as a consequence of the results of [13] or [18]. The original
results of this chapter have been published in [24].

Returning to the solutions of the Yang-Baxter equation, Etingof, Schedler,
and Soloviev introduced in [19] two fundamental groups associated to a given
solution (X, r): the structure group, denoted by G(X, r), and the permutation
group, G(X,r). They are very interesting because they allow the study of the
solutions using methods from group theory. In particular, it is possible to
deduce properties of a solution from the characteristics of its structure or
permutation group (see [12], [29] or [5], for instance). Furthermore, in [14],
the authors showed that both groups G(X,r) and G(X,r) have a natural
structure of left brace.

Our goal in Chapter 3 will be to describe this structure with a new ap-
proach, concretely, using Cayley graphs. We believe that this is a useful ap-
proach to obtain new results and clarify some known properties. First, we will
define an addition + over the permutation group (G(X,r),0) in such a way
that (G(X,r),+, o) will become a left brace. Also, that addition will allow us
to obtain the Cayley graph of (G(X,r),+) from the one of (G(X,r), o) just
by changing the labels of its edges. Secondly, we will use the Cayley graph
of (G(X,r),+) to construct a left brace (H,+,-) whose multiplicative group
(H,-) will be isomorphic to the structure group G(X,r). This construction is
motivated by the one presented by Ballester-Bolinches, Cosme-Llopez, and
Esteban-Romero in [7]. Finally, we will expose a geometrical interpretation
and some applications which can be easily proved with this vision and were
difficult to prove or understand otherwise. The original results showed in
Chapter 3 are collected in [8].






Chapter 1

The left brace structure

The concept of brace was first introduced in 2007 by Rump in [27] as a new
tool to study the non-degenerate, involutive, set-theoretic solutions of the
quantum Yang-Baxter equation, which we will cover in Chapter 2. Later, in
2014, Cedo, Jespers, and Okniriski proposed in their paper [14] an equivalent
definition of this algebraic structure which will be the one we will use in this
memoir.

In this first chapter, we recall the definition of left brace and we study its
intrinsic properties without even relating them with the solutions of the Yang-
Baxter equation, just considering it as an independent algebraic structure.

1.1 Definition and first properties

We begin with a section recalling the definition and some elementary prop-
erties of left braces. Most of these results are well-known and can be find in
[14], [23] or [11]. However, we include here the proofs in order to make our
exposition self-contained.

Definition 1.1.1. A triple (B, +,+) with B a set and + and - two binary
operations is called a left brace if it verifies that (B, +) is an abelian group,
(B,-) is a group and

a-(b+c)=a-b—a+a-c, (1.1)

for all a,b,c € B. We call (B, +) and (B, -) the additive and the multiplicative
groups of the left brace, respectively.
A right brace is defined analogously, replacing condition (1.1) by

(a+bd)-c=a-c—c+b-c
A left brace (B, +,-) that is also a right brace is called a two-sided brace.

5
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We will refer to a left brace (B,+,-) simply as B if the operations are
clear from the context. Also, we will usually write ab instead of a - b.

Definition 1.1.2. A left brace B will be called trivial if it satisfies that
a-b=a+0bforall abeB.

Note that every trivial left brace is in fact a two-sided brace.
Examples 1.1.3. Once recalled the definition, let us see some examples.
(1) Any abelian group can be seen as a trivial two-sided brace.
(2) Given the ring (Z,,+,-) with n = p{* - -- p%, where each p; is a prime
number, if we take a natural number m such that p; - - - ps|m and con-
sider the operation Toy = Z+¢§+mz -y, for T,y € Z,, then (Z,,+,0)

is a two-sided brace.

(3) If (2,n) = 1, then (Z,,+,0) where + is the usual sum and T oy =
Z + (=1)*y, for T,y € Za,, is a left brace but it is not two-sided.

Next lemma shows some elementary properties which will be useful for
calculations.

Lemma 1.1.4. Let (B,+,-) be a left brace. Then for any a,b,c € B, we
have:

(1) the neutral elements of (B,+) and (B,-) coincide;
(2) a-(-b)=a—a-b+a;
(3)a-(b—c)=a-b—a-c+a.

Proof. (1) Let us denote by 0 and 1 the neutral elements of (B,+) and
(B, ), respectively. Now it is enough to apply condition (1.1) of the
definition of left brace to any a € B and b= ¢ = 0:

a-(0+0)=a-0-a+a-0<=a-0=a-0—a+a-0<=a=a-0.
As this hold for any a € B, 0 = 1.
(2) Again applying (1.1), we obtain

a-(b—b)=a-b—a+a-(-b)<=a-0=a-b—a+a-(-b)
—a-(-b)=a—-a-b+a.
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(3) Using (1.1) and the previous property, we can easily compute

a-(b—c)=a-b—a+a-(—c)=a-b—a+a—a-c+a
=a-b—a-c+a. O

Next, we define the lambda homomorphism, which will be very useful in
the study of the left brace structure. For instance, we will use it to define
important substructures: the ideals and the left ideals.

Proposition 1.1.5. Given a left brace B, the map A: (B, ) — Aut(B,+)
defined by M(a) = \, where A\,(b) = —a-+ab for allb € B is a homomorphism
of groups.

Proof. First of all, for all a € B, as
Aa(b+¢)=—a+alb+c)=—a+ab—a+ ac= A(b) + Au(c)
holds for every b, ¢ € B, ), is a homomorphism of (B, +). Also,

Aa(Ap(€)) = —a+ a(—=b+bc) = —a + a(—b) — a + a(bc)
=—a+a—ab+a—a+albc) = —ab+ (ab)c = \yp(c),

and in particular, A\, 0 Ay-1 = Ag-1 0\, = Ag and A\g(c) = =0+ Oc = ¢, for all
¢ € B, which implies that ), is bijective for all a € B. Since Ay, = Ay 0 Ay for
all a, b € B, X is a group homomorphism. O

Definition 1.1.6. Given a left brace B, the maps A\, € Aut(B,+) for a € B
of Proposition 1.1.5 will be called the lambda maps of B.

Note that the commutativity of the law + is not required in the proofs
of Lemma 1.1.4 and Proposition 1.1.5. Hence these results are also valid
for skew left braces, a generalization of left braces introduced by Guarnieri
and Vendramin in [21] in which the commutativity of the additive group is
removed. However, the commutativity of + will be an essential part of the
proofs of the following results.

Lemma 1.1.7. Let B be a left brace. The following properties hold:
(i) ax; (b) = Ay (o).

(i1) Aadzr ) = WA o)
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Proof. Provided that A: (B,-) — Aut(B,+) is a group homomorphism and
AL = A1 for all a € B, we find that

ar ' (b) = a1 (b) =a(—a ' +a ') =a(—a") —a+aa'b
'Ya—a+b=a+b=b+a

—b— bbb —bta=b(—b")—b+bbla
=b(—=b"" +b7'a) = br-1(a) = bA; (a),

=a—aa

and hence (i) holds. We can prove (i7) easily from (4):
AaArziey = Aozl = )\b)\b—1<a) = )\},)\)\b—l(a). |
Now we are ready for our next step: defining some substructures.

Definition 1.1.8. A subset of a left brace B which is both a subgroup of
(B,+) and a subgroup of (B, -) will be called a subbrace of B.

A subgroup L of the additive group of a left brace B is called a left ideal
of B if it is closed for the lambda maps, in other words, if A,(b) € L whenever
b€ L and a € B. Note that if L is a left ideal of B, then it is also a subbrace
of B because ab™! = —\y-1(b) +a € L for all a,b € L.

Finally, a subset I of a left brace B is an ideal of B if it is a normal
subgroup of the multiplicative group (B,-) and A,(b) € I whenever b € I
and a € B. Note that if I is an ideal of B, then (I, +) is also a subgroup of
(B,+) because a—b = A\y(b~'a) € I for all a,b € I and hence it is a left ideal
too.

Example 1.1.9. Let B be a finite left brace. Then, for any positive integer
n, the additive subgroup nB = {na|a € B} is closed by the lambda maps,
because A\y(na) = ny(a). Hence, nB is a left ideal. In particular, every Hall
subgroup of (B, +) is a left ideal of B.

Proposition 1.1.10. Let B be a left brace and let I C B be an ideal. Then,
we can define a structure of left brace over the quotient B/I.

Proof. As (I,-) is a normal subgroup of (B,-), the group (B/I,-) is well-
defined. In a similar way, we can define the abelian group (B/I,+). It is also
true that for any b € B, bl = b+1 because for any a € I, b-a = b+Xy(a) € b+1
and b+ a = b- \-1(a) € bI, and hence the quotient inherits the brace
property. |

Definition 1.1.11. We define the socle of a left brace B, and denote it by
Soc(B), as the kernel of the lambda map, that is,

Soc(B) ={a€ B|X\,=idg} ={a € Bla-b=a+b,Vbe B}.
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Proposition 1.1.12. The socle of a left brace B is an ideal of the left brace.

Proof. Clearly, (Soc(B),-) is a subgroup of (B,-) because if a,b € Soc(B),
then A\gy-1 = A0\,1 =ido), ' =id™' =id, so ab™! € Soc(B). Let us see it is
normal: let @ € B and b € Soc(B), then A\y-15, = Ag-1 A, = A;1id A, = id,
and thus a 'ba € Soc(B).

Finally, we should see that it is closed under the A maps. If a € B and
b € Soc(B), using Lemma 1.1.7, we have that

)\a—l/\,\a(b) = )‘b)‘Abq(lfl) =id O)\id(a—l) = )\a—l — )‘/\a(b) =id
and hence, \,(b) € Soc(B). O

Definition 1.1.13. A left brace B will be called simple if 0 and B are its
only ideals.

Example 1.1.14. For any prime number p, the trivial left brace Z, is simple.
In fact, those are the unique left braces which can be trivial and simple at
the same time.

Definition 1.1.15. We define the star operation * on a left brace B as
axb:=—a+a-b—b=(\,—1id)(b), foralla,be B.

There is an equivalent definition for left ideal and for ideal of a brace
which uses the star operation defined by Rump in [27] and which also allows
us to define a right ideal. It is as follows:

Let (B,+,-) be a left brace. A non-empty subset I of B is said to be a
left (right) ideal of B if (I,+) < (B,+) and bxa € I (a*b € I) for every
a €I and b € B. I is called an ideal of B if it is both a left and a right ideal
of B.

Rump also noted in [27] that two-sided braces are equivalent to radical
rings because given a radical ring (R, +,-), we can define a two-sided brace
(R, +, o) with product ror’ ;= r-r'+r+7’', for any r,7’ € R. In this case, the
star operation of the brace coincides with the product of the ring. Conversely,
given any two-sided brace (B, +, o), we can define a radical ring (B, +, -) using
the star product of the brace as product of the ring: -0 :=bod —b—1.
Thus, in this sense, left braces are a generalization of radical rings.

The following lemma shows some properties of the star operation and in
the next one, we will use the new definition of ideal to prove that the product
of two ideals is again an ideal.

Lemma 1.1.16. Let (B,+,-) be a left brace. Then, for any a,b,c € B, we
have:
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I.ax(b+c)=axb+axc;

2. ax0=0%a=0;

3. ax(=b) = —(ax*b);

4. (@-b)yxc=ax(b*xc)+bxc+axc.

Proof. The first three properties follow easily by simple calculation and using
Lemma 1.1.4. Let us see the last one:

(a-b)xc=—-a-b+(a-b)-c—c=—-a-b+a-(b-c)—c
=—a-bt+a-(b+bxc+c)—c
=—a-bt+a-b—a+a-(bxc)—a+a-c—c
=—a+a-(bxc)taxc
=—a+a-(b*xc)—b*xct+bxct+axc
=ax*x(bxc)+bxctaxc. O

Lemma 1.1.17. If I and J are ideals of B, then IJ is also an ideal of B.

Proof. On the one hand, as I.J = I+ J, it is clear that (IJ,+) < (B, +). On
the other hand, as I and J are ideals of B, if ij € IJ and b € B, then by
Lemma 1.1.16,

(if)xb=1ix(j*b)+ixb+j*xbe lJ;
bx(if) =bx(ixj+i+j)=bx(ixj)+bxi+bxjell

Hence, IJ is an ideal of B. O

Another important contribution of Rump in [27] is the introduction of two
series of subbraces of B which will be used to define left and right nilpotency
of a left brace. They start with B = B' = B® and then B"™ and B™ are

defined inductively as

B*"' =B« B" = {Zai*bﬂai € B,b; € B", for everyz},

i=1

B = B 4 B = {Z a; b |a; € B™ b; € B, for every z} ,
i=1

for all positive integers n. Note that B® = B2 but B®) and B® are different
because * is not associative in general. Also, as a consequence of the following
lemma, we can see that the subbraces B’ of the first series are left ideals of
B and the ones of the second one, B are ideals for any 1.
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Lemma 1.1.18. Let B be a left brace, L a left ideal of B and I an ideal of
B. Then I % L is a left ideal of B. Moreover, I x B is an ideal of B.

Proof. If x € I % L, then there exist some elements a; € I,b; € L such that
z =" a;xb. Given y € B, Ay(x) = \(D i, a; xb;) = >0 Ay(a; % by).
Therefore, it is enough to prove that A\ (a xb) € I * L for each a € I,b € L.

Ay(a s b) = Ay(Aa(b) —b) = (Ay © Aa)(b) — A, (D)
= )‘ya( ) — Ay(0) = )‘(yuy’l)y(b) — Ay(0)
Ayay=1(Ay (b)) = Ay(b)
= (yay 1) Ay (D).

Since [ is an ideal of B, (I,-) < (B,-) and hence yay ! € I. Also, as L is a
left ideal of B, we have that A\, (b) € L. Thus A\, (a *b) € I * L, as desired.

We prove now that I x B is an ideal of B. It is enough to show that
(I*B,)<d(B,).lf v € I« B and y € B, then

<
I|

y ay) —y ty T = A (y) Hy
Apr(@ry+ae+y)+y!

)‘y 1($*y)+)‘y‘1( )+/\y‘1(y)+y71
Ay-1(z *y) + A1 ().

Note that, since I is an ideal of B, x also belongs to I, and then zxy € % B.
Now, since I * B is a left ideal of B, we have that both A,-1(z*y) and A,-1(z)
belong to I * B. Thus y~lzy € I * B. 0

Remark 1.1.19. It is easy to see that if I is an ideal of B, then the quotient
brace B/I is a trivial brace if, and only if, B2 C I.

To end this section, we define the concept of homomorphism of left braces
and show some properties related with it. The typical isomorphism theorems
also hold for left braces.

Definition 1.1.20. Let B; and B; be two left braces. Amap f : By — Byisa
homomorphism of left braces if f(a+b) = f(a)+ f(b) and f(a-b) = f(a)- f(D),
for all a,b € By. The kernel of f is defined as Ker(f) = {a € B | f(a) =
1p,}, as usual. Also, the set of automorphisms of the left brace B, forms a
group with the composition and is denoted by Aut(B;).

Proposition 1.1.21. Given a homomorphism of left braces f : By — B,
its kernel is an ideal of B;.
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Proof. Let us denote by I the kernel of f. Then both (I,4) < (B,+) and
(I,-) < (B,-) because they are the kernels of a group homomorphism from
(By,+) to (B, +) and from (By, ) to (By, ), respectively. Finally, if a € By
and b € Ker(f), then \,(b) € Ker(f):

fa(0)) = f(=a+ab) = —f(a) + f(a) - f(b) = = f(a) + f(a) =0. DI

Example 1.1.22. Let B; and By be two left braces. If there exists a ho-
momorphism of groups 7: (Bs,-) — Aut(Bj), we can take the semidirect
product of the multiplicative groups of By and B via 7, [B1]Bs, and con-
sider an addition over it defined componentwise. In that case, the semidirect
product has structure of left brace. As a particular case, the direct product
of two left braces is also a left brace.

Theorem 1.1.23 (First isomorphism theorem). Let f : By — By be a ho-
momorphism of left braces. Then B,/ Ker(f) = Im(f).

Theorem 1.1.24 (Second isomorphism theorem). Let B be a left brace, H
a subbrace of B and N an ideal of B. Then H NN is an ideal of H, HN 1is
a subbrace of B, and HN/N = H/(HN N).

Theorem 1.1.25 (Third isomorphism theorem). Let B be a left brace and let
N and H be two ideals of B with N C H C B. Then, (B/N)/(H/N) = B/H.

1.2 Study of the structure

Once covered the first definitions and properties of a left brace, we are going
to study this algebraic structure by defining analogous concepts to the ones
used in group theory. We will start with chief and composition series and
follow with solvability, supersolvability, and nilpotency. We decided to follow
this line of research after reading [6] and [12], in which Bachiller, Cedo,
Jespers, and Okninski defined when a left brace is solvable, and Cedo, Gateva-
Ivanova, and Smoktunowicz introduced left and right nilpotent left braces,
respectively.

Definition 1.2.1. An ideal I of a left brace B will be called minimal if there
is no other ideal J of B with 0 # J C [I.

Remark 1.2.2. Given an ideal I of B and a subbrace J of B, we have that
J/I is an ideal of B/I if, and only if, J is an ideal of B with I C J.
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Proof. Assume that I and J are ideals of B with I C J. Then, clearly
(J/1,4) < (B/I,+). Also, given al € J/I and bl € B/I, we have that

al xbl =al -bI —al —bl = (ab—a —b)I = (a*b)]

belongs to J/I because a * b € J. Analogously, bl * al € J/I, proving that
J/I is an ideal of B/I.

Conversely, let us suppose now that J/I is an ideal of B/I. Clearly,
(J,+) < (B,+) and I C J. In addition, if a € J and b € B, as al *x bl =
(axb)l € J/I, we have a* b € J. And analogously, b* a € J, and thus J is
an ideal of B. |

Definition 1.2.3. Given a left brace B, aseries0 =By C B, C---C B, =
B such that each B; is an ideal of B will be called an ideal series. If instead
of that condition, each B; is an ideal of B;,q, it will be called a subideal
series. A refinement of an ideal (or subideal) series is any ideal (subideal)
series containing the original one.

Definition 1.2.4. Given a left brace B, an ideal series
0=BCBC---CB, =8B

with B;;/B; minimal ideal of B/B; for all i € {0,...,n—1} is called a chief
series and the factors B;11/B; are called chief factors.

Proposition 1.2.5. An ideal series which can not be refined is a chief series.

Proof. Suppose 0 = By C B; C --- C B, = B is an ideal series that does
not admit any non trivial refinement. Then, for all ¢, B;,1/B; is a minimal
ideal of B/B;, because in other case, we would find an ideal I of B with
B; C I C B;yyand theseries0=B,C---C B, CclICcBy1C---CB,=8
would be a refinement of the original one. O

Definition 1.2.6. Given a left brace B, a subideal series
OZBogBlgan:B

with B;y1/B; simple for all i € {0,...,n — 1} is called a composition series
and the factors B;,1/B; are called composition factors.

Proposition 1.2.7. A subideal series which cannot be refined is a composi-
tion series.
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Proof. Suppose 0 = By € B; C --- C B, = B is a subideal series that
does not admit any non trivial refinement. Suppose B;,1/B; is not simple
for some i. Then, there exists a non trivial ideal I/B; of B;i1/B;, which
means that [ is an ideal of B;.; with B; C I C B;;; and then the series
0=ByC---CB;,ClIC Bjy; C---C B, = B is a refinement of the
original one, which is a contradiction. O

Remark 1.2.8. In a finite left brace B, there always exist a chief series and
a composition series: we just start with the trivial series 0 = By C B; = B
and refine it until we obtain the desired series.

Our next goal is to prove an equivalent of the Jordan-Ho6lder Theorem
for both chief and composition series of a left brace. To achieve it, we will
adapt to the new structure (in Proposition 1.2.11) the proof of that theorem
presented in [9] by Baumslag.

Lemma 1.2.9. Asumme L, N and T are ideals of a left brace B with T C L.

Then
LN LTN _ L L

TN TN TNNL T(NNL)

Definition 1.2.10. Two series of a left brace B are called equivalent if there
exists a bijection between their factors such that corresponding factors are
isomorphic.

Proposition 1.2.11. Two ideal series of a left brace B,

O:BOgBlg"'an:B7
0=4CA C---CA,=D8,

can be refined to two equivalent ideal series.

Proof. For each i, let us consider
By = (Biy1NAg)B; € (Biy1NA)B; € -+ C (Big1 N AR)B; = Big.

Note that each step is an ideal of B: as each B; and A; are ideals of B,
(Biy1 N A;) is an ideal of B and by Lemma 1.1.17, (B;4; N A;)B; is also an
ideal of B.

Thus, we have obtained a new ideal series which is a refinement of the
first one and have nm terms. Analogously, we can obtain a refinement of the
second series of mn terms by adding the terms

Aj = (Aj1 N Bo)A; C(Ajpi N B)A; - C (A1 N B)A; = Ajpr.
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Finally, using twice Lemma 1.2.9, we have that

(Bix1 N Aj41)B; ~ Biy1i N Aj
(BisiNAj)B: (Biya N A))(BiN By N Ajy)
. BiyiNAjn
C (B NA)(BiN Ajn)
_ Aj1 N Bip
(41N By)(A; N Biga)
_ Aj1 N B
(A NBi)(4;N A1 N Biy)
~ (A1 N Bi)A;
(Aj1 N Bi)A;

and so the factors in the new series can be paired so that corresponding
factors are isomorphic. O

Remark 1.2.12. With a little patience and some calculations, one can prove
that if the series of the former proposition,

0=By,CB C---CB,=5,
0=4,CA C---CA, =0,

are subideal series instead of ideal ones, then the series used in the proof,

B; = (Biy1 N Ao)B; € (Biy1 NA)B; € -+ C (Biy1 N Ap)Bi = By,
Aj=(Aj1N Bo)A; C (Aj1 NB1)A; C - C(Aj11 N B)Aj = Ajy,

are also subideal series, and hence we can adapt last proposition and obtain
that, in that case, we can refine the original series to two equivalent subideal
series.

Theorem 1.2.13 (Jordan-Holder). Any two chief (or composition) series of

a left brace B are equivalent.

Note that with the latter proposition and remark, the Jordan-Hdélder-like
theorem is clear. Now we continue with solvability.

Definition 1.2.14. A left brace B will be called solvable if it has a subideal
series with all its factors of prime order.

As mentioned above, the concept of solvable left braces was introduced in
[6] by Bachiller, Ced6, Jespers, and Okninski, but their definition was slightly
diferent, it reads:
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Definition 1.2.15. A left brace B is a solvable brace if it has a subideal
series
0=ByCBC---CB,=B

such that all its factors are trivial braces.

However, this two definitions are equivalent: assume (B, +,-) is solvable
in the sense of [6]. Then, there exists a series

0=ByCB C---CB,=B

such that B; is an ideal of B;y1, and B;i1/B; is a trivial brace for every
ie€{0,1,...,m—1}

Suppose that there exists j € {0,1, ..., m—1} such that | Bj41/B;| is not a
prime number. As B;,/B; is trivial, all subgroups (A/B;, +) of (Bj41/Bj, +)
are ideals of the left brace because aB; x bB; = B; = bB; * aB; whenever
(IB]' € A/B] and bBJ S B]‘+1/Bj.

Therefore, we can find

Bj/Bj = Ao/B; € A1/B; C --- C A,/ Bj = Bji1/B;

with A;/B; ideal of B;11/B; (and of A;41/B;) and |(Ai+1/B;)/(Ai/B;)| =
|Ais1/A;| a prime number for all i € {0,...,n — 1}.

In particular, B; is an ideal of A; and |A;/B;| is prime. Thus, we can
complete the initial series to obtain a new one with all its factors of prime
order:

0=ByCB C--CB;CAC---CA,=Bj1 C---C B, =B.

Conversely, as for any prime p the unique left brace of order p is the trivial
one, every subideal series with all its factors of prime order has all its factors
trivial.

In [6] the authors also note the following properties.

Proposition 1.2.16. Let B be a left brace. Then

(a) If we define dy(B) = B? and d;1(B) = d;(B)? for every positive integer
i, then B is a solvable left brace if and only if di,(B) = 0 for some k.

(b) Let I be an ideal of B. If I and B/I are solvable left braces, then B is
also solvable.

(¢) If B is solvable, then any subbrace and any quotient of B is solvable.
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Definition 1.2.17. Let B be a solvable left brace. Then the series
0=dy(B)Cdp1(B)C---Cdi(B)C B

will be called the derived series or solvable series of B, and dy(B) = B? will
be the derived ideal of B.

Following the idea of solvable left braces, we can define the concept of
supersolvable left braces.

Definition 1.2.18. We say that a left brace (B, +,-) is supersolvable if it
has an ideal series
0=ByCBC---CB,=B

such that |B;,1/B;| is a prime number for any ¢ € {0,1,...,m — 1}.

Clearly, a supersolvable left brace is always solvable. Also, if the left
brace is supersolvable, in particular, its multiplicative group is supersolvable.
Next we will see some straightforward properties and then we will deal with
nilpotency.

Proposition 1.2.19. The following properties hold:

(a) Any subbrace and any quotient of a supersolvable left brace are super-
solvable.

(b) The direct product of a finite number of supersolvable left braces is a
supersolvable left brace.

Definition 1.2.20. We say that a left brace B is left nilpotent if there exists
a positive integer n such that B™ = 0. A left brace B is right nilpotent if
there exists a positive integer n such that B™ = 0.

The following characterization of right nilpotent left braces shows that
this concept is similar to the one of nilpotent group, where the role of the
center of a group is played by the socle of a left brace.

Proposition 1.2.21. A left brace B is right nilpotent if, and only if, it has
an ideal series 0 = By € By C --- C B, = B with B;/B;—1 C Soc(B/B;_1)
for every i € {1,...,n}.

Proof. Assume that B is right nilpotent. Then, there exists a natural number
m such that B(™ = 0 and also 0 = B™ C Bm-1) C ... B® C B is
an ideal series for B. Let us see that B®/B0+) C Soc(B/BU*) for all
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i €{0,...,m—1}. If aB@Y € BO/BEHD  we should see that \,pus) =
idp/p,,,, Let bB*Y be any element in B/B0*+Y | then

AaB(i‘H) (bB(z+1)) — bB(z+1) — (aB(Z+1))(bB(1+1)) _ aB(i+1) — bB(z+1)
<« (ab—a—b)BHD = piHD
<~ axbe B,

and the last equivalence is true by definition of B+,

Assume now that B has an ideal series 0 = B, C B; C --- C B,, = B with
B;/B;_1 C Soc(B/B;_1). In particular, Soc(B/B,_1) = B/B,_1. Therefore,
for all a,b € B, Aup,_,(bBn_1) = bB,_1, or equivalently, a % b € B,_1. Thus,
B® C B,_;. Note that B;/B;_; C Soc(B/B;_;) implies bxa € B;_; whenever
be B; and a € B. Hence, if be B® C B,_; anda € B, then bxa € Bp_»
and so B® C B,_,. Following like this, we have that B+D) C By = 0 and

B is right nilpotent. O

Remark 1.2.22. For every left brace B, d,(B) € B"*'n B™*Y. Hence
every left nilpotent left brace is solvable, and every right nilpotent left brace
is solvable. However, there exist solvable left braces which are neither left
nilpotent nor right nilpotent: it is enough to take B; a right nilpotent left
brace which is not left nilpotent and By a left nilpotent left brace which is
not right nilpotent, and consider their direct product. Easily, B; x B is a
solvable left brace but is not left nilpotent nor right nilpotent. For a concrete
example, take By and B, as Example 1.2.24 and Example 1.2.25 later in this
section, respectively.

In [30], Smoktunowicz proposed another series of ideals B in the fol-
lowing way:

n
B = B and BI"*1 = Z Bl « BInt1=1 - for all positive integers n.
i=1

She also proved that, if m and n are natural numbers with A® = A(™ =0,
then Al¥) = 0 for some number s (see [30, Theorem 3.1]). We can use this
property to prove the next result.

Proposition 1.2.23. If (B,+,-) is a finite left brace that is both left and
right nilpotent, then B is supersolvable.

Proof. By Smoktunowicz’s results, if the left brace B is both left and right
nilpotent, there exists a natural number s such that Bl*l = 0. Let us consider
the series

0=B¥cpBslUc...cpll=p5
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We know that Bl is an ideal of B for every i € {1,...,s}. Suppose that
there exists a natural j € {1,...,s— 1} such that |BVI/BU*1| is not a prime
number.

Let (I,+) be a subgroup of (BU), +) containing BV*U.Ifi € [ and b € B,
then

ixbelI*BCBUW«BCYS BWyBUH-k — gt C .

M-

<. |
—

bxi€ BxIC BxBUl CY BWypBU+I-K = g+l C .

ol
—

Consequently, any subgroup of (BV!, 4) containing BV*+! is an ideal of
the whole brace B. Thus, we can refine the series:

0=BYc...cp=pncnc..-cl,=BYc...cBY =38

with Ij1/I; of prime order, for all k € {0,...,m — 1}. Then, B is a super-
solvable left brace. O

The following examples show that last result is not necessarily true if the
brace satisfies just one of the conditions about nilpotency but not the other
one. They can be found in [6] and [3], respectively.

Example 1.2.24. Consider the trivial left braces K = Zy X Zy and Zs and
let o : Z3 — Aut(K, +) be the action defined by a(z) = a,, with

o) =) (] 1)

for all z € Z3 and y, z € Zs. Then, the semidirect product B = [K]Z; is a left
brace which is right nilpotent (and then, solvable) but not left nilpotent. Also,
the multiplicative group of the left brace B is isomorphic to the alternating
group of degree 4, which is not supersolvable, implying that the left brace is
not supersolvable either.

Example 1.2.25. Counsider the left brace (B, +,-) having as additive group
(B,+) = (Zy x Zy x Zy,+) and product defined by

1 ) T1+ X2+ 21Y2 + X122 + Y122 + 12120
By = Y1+ Yo + 2122 + X120 + Y12122
21 22 z21 + 22

This left brace is left nilpotent but is not right nilpotent. Also, it has no
ideals of order 2, so it is not supersolvable.
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On the other hand, both B and B/B? are supersolvable, so this example
shows us that a left brace B having an ideal I such that both I and B/I are
supersolvable is not necessarily supersolvable.

To end this section, as in group theory the derived subgroup of a super-
solvable group is always nilpotent, we would like to know if there is a parallel
result for left braces. With the help of GAP [20], and in particular using the
package [33] about combinatorial solutions for the Yang-Baxter equation by
Vendramin and Konovalov, we found a supersolvable left brace of order 12
whose derived ideal is not left nilpotent:

gap> B:=SmallBrace(12,5);

<brace of size 12>

gap> s:=SolvableSeries(B);

[ <brace of size 12>, <brace of size 6>, <brace of size 3>,

<brace of size 1> ]

gap> List(s, x->IsIdeal(B,x));

[ true, true, true, true ]

gap> # As every subbrace in the solvable series of B is an
ideal and the factors have prime order, B is also a
supersolvable left brace.

gap> # Let us see that the derived ideal is not left nilpotent:

gap> B2:=s[2];

<brace of size 6>

gap> IsLeftNilpotent(B2);

false

Thus, it is not true that the derived ideal of a supersolvable left brace is
left nilpotent. However, every supersolvable left brace of the library of small
braces contained in the package [33] satisfies that its derived ideal is right
nilpotent. Hence, we propose the following question:

Question 1.2.26. If B is a supersolvable left brace, is its derived ideal B2
right nilpotent?

1.3 Relation with the multiplicative group

The last section of this chapter will be about some properties of the left brace
which can be deduced from properties of its underlying multiplicative group
and vice versa. All the left braces considered in this section will be finite.

The first result in this direction was proved by Etingof, Schedler, and
Soloviev in [19] and shows that the multiplicative group of a left brace is
always a solvable group.
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Proposition 1.3.1. Let B be a finite left brace. Then its multiplicative group,
(B,-), is solvable.

Proof. Let p be any prime number dividing the order of B and let (H,+)
be the Hall p’-subgroup of (B, +). We claim that (H,-) is also a subgroup of
(B,-): for any z,y € H,

oy t=ayt—rt+ar=N@y H+trcH

because H is a left ideal (recall Example 1.1.9). Therefore, (H,-) is a Hall
p/-subgroup of (B, ). Hence, (B, -) is solvable by P. Hall’s Theorem (see [26,
9.1.8)). 0

A very important result in this direction is due to Smoktunowicz and can
be found in [30]. It says that a finite left brace is left nilpotent if and only
if its multiplicative group is nilpotent. However, this result is quite difficult
to prove directly, but we can see it in an easier way as a consequence of
the following results by Ballester-Bolinches, Esteban-Romero, and Meng (see
[23]).

First, we need a few definitions: let X, Y be subsets of the left brace B
and define

X*xY =(zxy|zeX,yeY),,

where (S), denotes the subgroup generated by the set S C B in (B, +). Note
that if (Y, +) is a subgroup of (B, +), it follows from Lemma 1.1.16 (3) that

X*Y—{in*yi|xi€X,yi€Y}.

i=1

Also, note that if Y and Z are subgroups of (B, +), we have that X*(Y+72) =
(X *Y) + (X % Z) by Lemma 1.1.16 (1).

Definition 1.3.2. Given two subsets X,Y of a left brace B, we define induc-
tively L1 (X, Y) = X*L,,,(X,Y) for every m € N, where L1 (X,Y) = X *Y.
Note that in particular L, (B, B) = B"L.

Lemma 1.3.3. Let (B, +,-) be a brace. Assume thatY and Z are subgroups
of (B,+). Then

L,(X,)Y+2)=1L,(X,Y)+ L,(X,Z), forallneN.

Proof. We argue by induction on n. If n = 0, then the result is clear. We may
assume that n > 1 and L,,_1(X,Y + Z) = L,_1(X,Y) + L,_1(X, Z) holds.
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Then

L(X,Y+2)=XxL,1(X,)Y+2)
=Xx*(L,1(X,)Y)+L,1(X,2))
=Xx*L, (X, Y)+ X %L, 1(X,2)
=L,(X,)Y)+L.(X, 2). O
Definition 1.3.4. Let B be a left brace and let p be a prime. We say that

B is left p-nilpotent if L, (B, B,) = 0 for some n € N, where B, is the Sylow
p-subgroup of the additive group (B, +).

Lemma 1.3.5. Let B be a finite brace. Then B is left nilpotent if and only
if B is left p-nilpotent for all primes p dividing its order.

Proof. Denote by m(B) the set of all the primes dividing the order of B. It
is clear that the lemma holds when B = {0}. Thus we may assume that
B # {0}.

Assume that B is left nilpotent. Then L, (B, B) = 0 for some integer n >
1. Now, for every prime p dividing the order of B, we have that L, (B, B,) C
L,(B,B) = 0, where B, is the Sylow p-subgroup of (B, +). Hence B is left
p-nilpotent.

Conversely, assume that B is left p-nilpotent for every prime p € 7(B).
Then, there exist some positive integers n(p) (depending on p) such that
L. (B, B,) = 0, where each B, is the Sylow p-subgroup of (B,+). Let
m = max{n(p) | p € m(B)}. Then

L..(B, B,) = 0,for all p € n(B).
Observe that B = Zp@r( ) Bp- It follows from Lemma 1.3.3 that

L,.(B, B) Z B,| = Y Ln(B,B,)=0.

pem(B pET(B)
Hence B is left nilpotent. O
To continue with this approach, we will need to describe the sets L, (X, Y")
in terms of commutators of the semidirect product G = [(B, +)](B, -) via the
action A (recall Proposition 1.1.5).
Leta € (B,+) and b € (B, ). Then, viewed in G, a = (a, 1) and b = (0,b),
and we have

0,57

[(avl)v( ) } = (70‘71)(0717)(&71)(07[)71)
(—a,b)(a,b7") = (—a+ Ny(a), bb7")
(—a+ b-a—b,l):(b*a,l)€(B7+)§G.
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More generally, if Y is a subgroup of (B,+) and X is a subgroup of (B, "),
then

YV, X]=(y, 27| |reX,yeY), =(x*xy|z e X,yeY), = XY,
and hence,
L, (X, Y)=1[ -V, X],X],...,.X] = [\, X,..., X],
where X appears n times.

Lemma 1.3.6 (|27, Corollary of Proposition 8|). Let B be a finite brace such
that |B| = p™ for some prime p and n > 0. Then L, (B, B) = 0.

Proof. As B has order p™ for some prime p, n > 1, we have that the direct
product G = [(B,+)](B, ) is a p-group and so it is nilpotent. Also, we can
see that L, (B, B) = B™"! is a normal subgroup of G contained in (B, +) for
all n: let (ay,a2) € G and (b,1) € B"!, then

w (@1),a5) (b + a1, as)

Aoy (@1) 4 Aay (b + a1), 1)
Aap(—a1 +b+aq),1)
)‘ag( ) ) c Bn+1

(a1, a2) (b, 1) (a1, a9) = (=A
= (-
=(
= (

because b € B"*! which is a left ideal of B. Now, if L;(B, B) # 0, then we
have that

Li+l(B7B) = [LZ(B7B)7B] = [BileaB} S [BH»le} g Bi+1 = Ll(B7B)

applying [22, 5.1.6 (iii)]. Thus, as B is finite, there exists a positive integer
n such that L, (B, B) = 0. O

Theorem 1.3.7. Let (B,+,-) be a finite left brace and let p be a prime.
Assume that By and B, are the Hall p'-subgroup and Sylow p-subgroup of
the group (B, +), respectively. Then the following statements are equivalent:

1. B is a left p-nilpotent left brace.
2. Bp/ * Bp =0.

3. By * Q((Bp,+)) = 0, where Q((B,,+)) is the group generated by all
elements of order p in (Bp, +).

4. The multiplicative group (B, -) is p-nilpotent.
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Proof. Let us start with 1 implies 2. If B is p-nilpotent, there exists a pos-
itive integer n with L,(B,B,) = 0 and in particular, L,(By,B,) = 0.
Considering the action of (B,-) on (Bp,+), we have that L,(By,B,) =
By, By,...,By] = 0 and then we can apply [22, 8.2.7 (b)] to obtain that
By % B, = [Bp, By] = 0.

It is clear that 2 implies 3.

Let us continue with 3 implies 4. Considering again the action of (B, )
on (B, +), we have that

[Q((Bp, +)), By] = By * Q((By, +)) = 0.

It implies that B, acts trivially on Q((B,,+)). Then it follows from [22,
8.4.3] that B, acts trivially on (B, +), so that B, * B, = 0. Hence we have
By % B = By *(B,+ By) = By * B,y C By and thus By is a right ideal of B.
As by Example 1.1.9 we know that B, is also a left ideal of B, we conclude
that B, is an ideal of B and so (B, -) is a normal subgroup of (B, -). Hence
(B, ) is p-nilpotent.

We finish with 4 implies 1. Since (B, -) is p-nilpotent, we have (B, ) is
a normal subgroup of (B,-) and by Example 1.1.9, B, is a left ideal of B,
which implies B, is an ideal of B. Consequently, as B, is a left ideal of B
again by Example 1.1.9, we know that By * B, C By N B, = 0. Now we claim
that

L.(B,B,) =L,(B,,B,) foralln>1.

It suffices to prove that L, (B, B,) C L,(B,, B,) for all n > 1. We argue by
induction on n. Assume that n = 1, let + = ab € B, where a € B, and
b€ By, and let y € B,,. Then, by Lemma 1.1.16,

zxy=(ab)xy=ax(bxy)+axy+bxy=axy e B,*B,
since b * y = 0. Thus we have L(B, B,) = B* B, C B, * B, = L1(B,, B,).
Now we may assume that the result holds for n — 1. Arguing as above, we

obtain that B x L,_(B,, B,) C B, * L,,_1(B,, B,). Therefore

L.(B,B,) = B*L,_1(B,B,) C BxL,_1(B,, By)
C By * Ln1(By, By) = Lu(By, By).

Finally, since by Lemma 1.3.6 there exists an m such that L,,(B,, B,) = 0, we
have that L,,(B, B,) = L,,(B,, B,) = 0. Consequently, B is a left p-nilpotent
left brace and the circle of implications is complete. O

Now Smoktunowicz’s result follows by Theorem 1.3.7 and Lemma 1.3.5.
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Corollary 1.3.8 ([30, Theorem 1.1]). A finite left brace B is left nilpotent
if and only if its multiplicative group is nilpotent.

Our next goal is to show that if the multiplicative group of a left brace
has a Sylow tower, then this brace is solvable, but to achieve it, we will need
the next result, that can be found as Proposition 4.2.1 in Bachiller’s PhD
Thesis [3].

Proposition 1.3.9. Let B be a finite left brace. Assume that one of the Hall
subgroups H of (B,-) is normal. Then, H is an ideal of B.

Proof. As H is a Hall subgroup, we can assume that |[H| = nand |B: H| =m
with (m,n) = 1. In addition, we know that mB is a left ideal of B (see
Example 1.1.9) of order n. Now, as H is a normal subgroup in (B, -), which
is solvable, we have that H is the unique Hall subgroup of (B,-) of order
n, and thus H = (mB,-). Then the result is clear because a left ideal with
normal multiplicative group is an ideal. |

Proposition 1.3.10. If (B, +,-) is a finite left brace and its multiplicative
group (B,+) has a Sylow tower, then B is a solvable left brace.

Proof. Provided that (B, -) has a Sylow tower, we can find a series
0=ByCBC---CB,=8B

with B; < B for every i € {0,...,m} such that for every prime number
p dividing the order of B, there exists a unique k € {1,...,m} such that
By, /By is isomorphic to a Sylow p-subgroup of B.

In particular, By = B1/By is a normal Sylow p-subgroup of B for some
p, and then by Proposition 1.3.9, B is also an ideal of B, and then, an ideal
of Bz.

Assume now that Bj_; is an ideal of By. As Bj_1 < B, we can consider
the series

By1/By1 € By/Br1 € -+ C B/By_,

and then By/Bj_1 is a normal Sylow g-subgroup of B/Bj_; for some prime
g, and again by Proposition 1.3.9, By/By_1 is an ideal of B/By_; and of
Bi11/Bg_1. This means that, for all a; € By and all a1 € By, we have
that

(arBi-1) * (ar41Br—1) = (ak * agy1)Br-1 € By/Br—1 = (ax * ax41) € By,
(ar41Bi—1) * (axBr—1) = (aps1 * a)Br—1 € By/Br_1 = (ap+1 * ai) € By,

which imply that By, is an ideal of By;.
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In addition, as By and Bs/B; have prime power order, they are left nilpo-
tent left braces and then, they are solvable left braces. Now by Proposi-
tion 1.2.16, we know that By is also a solvable left brace. Continuing in this
way, we see that each B; is solvable and, in particular, the original left brace
(B, +,-) is solvable. O



Chapter 2
IYB-groups

In this chapter, we will recall the definitions and some properties of a certain
subclass of the solutions of the Yang-Baxter equation, namely, the involutive,
non-degenerate, set-theoretic ones, and we will see its connection with left
braces. After that, we will study the notion of IYB-group and we will try to
improve the knowledge about under which conditions a group factorized as
a product of IYB-groups is again an I'YB-group.

2.1 Solutions of the Yang-Baxter Equation

The quantum Yang-Baxter equation (YBE) is an important equation in
mathematical physics that lays the foundations of some interesting math-
ematical theories, such as the theory of quantum groups. It appeared in the
papers on statistical mechanics by C. N. Yang [34] and R. Baxter [10] and
one of the fundamental open problems is to find all its solutions. However,
following the idea of Drinfeld in [17], we will deal with the set-theoretic ones.

Definition 2.1.1. A set-theoretic solution of the Yang-Baxter equation is a
pair (X,r), where X is a non-empty set and r: X x X — X x X is a map
such that

T12 ©T23 O T12 = T'23 O T'12 O T23, (2~1)
where r13 = r X id and r93 = id xr. We will denote the components of the

map 7 by 7(z,y) = (fa(y), gy(x)), for any z,y € X.

A subclass of this solutions, the involutive and non-degenerate ones, has
received a lot of attention in last years because this type of solutions is of
interest, not only for the applications of the YBE to physics, but also for its
connections with some mathematical topics of recent interest such as radical

27
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rings (we have already mentioned the paper by Rump, [27]), trifactorized
groups ([31]), and Hopf algebras ([25]).

Definition 2.1.2. A solution (X, ) is non-degenerate if f., g, are invertible
for any z € X and we say that (X, r) is involutive if r* = id.

From now on, we will always refer to involutive, non-degenerate set-
theoretic solutions of the YBE, although we will call them just solutions
for short.

Definition 2.1.3. Consider two solutions of the YBE (X,r) and (Y;s). A
map ¢: X — Y is called a homomorphism of solutions if s( (1), p(z2)) =
(o x ©)(r(z1,22)) for all z1, 29 € X.

The following two results are well-known and follow directly from the
definitions. We include them here because we will need them in Chapter 3.

Lemma 2.1.4. Given o solution (X,r), if v, y € X, then fof, = Frow fou@)
and GzGy = ggr(y)gfy(m)

Proof. Since r is a solution of the Yang-Baxter equation, by (2.1) we have
that

T12723712(%, Y, 2) = 112723(f(Y), 9y(), z)
= fr2(fo (), fo,)(2), 9:(gy(2)))
= (1. (fay@)(2)): 91, 00 (2 (f2 (1)) 9:2(94 ()

and

rasT1ar3(T, Y, 2) = Tasr12(2; fy(2), 9:(y))
ra3(fa(fy(2)): 91,2 (), 9:(y))
(o (Fy(2))s Fopy @ (92(4)), Go.0) (95,0 (%))

coincide. We obtain the result by comparing the first and the third compo-
nents of both triples. O

Lemma 2.1.5. Given a solution (X,r), if v, y € X, then fr ) (gy(x )) ==z
and g ) (fz(y)) = y. In particular, for every x, y € X, g,(x) = ffac(y)( x),
Foy) = 950 ()

Proof. Since (X,r) is involutive, r?(z,y) = (fr.)(9y(2)); 9y, @) (fo(¥))) =
(2,y). The second part is true because it is also non-degenerate. O



2.1. Solutions of the Yang-Baxter Equation 29

Etingof, Schedler, and Soloviev introduced in [19] two groups associated to
a solution of the YBE. They are defined as follows: if (X, r) is a solution of the
YBE, then its structure group G(X,r) is the one defined by the presentation

G(X7 7") = <X ‘ TY = fa"(y)gy(x)v fOI‘ z,y € X>a
and its permutation group is
G(X,r)=(folz e X),

which is a subgroup of the symmetric group Symy on X. These two groups
are really important because they allow us to study the solutions of the
Yang-Baxter equation from the group theory perspective. In addition, Cedo,
Jespers, and Okninski proved in [14] that for every solution (X, r) of the YBE,
both groups G(X,r) and G(X,r) have a natural structure of left brace. In
Chapter 3, we will describe this structure using a new approach.

On the other hand, in [14], the authors also proved that given a left brace,
we can always construct a solutions of the YBE with the next result. Hence,
left braces are a suitable structure to study these solutions.

Proposition 2.1.6. Let B be a left brace and consider the mapr: BX B —
Bx B defined by r(z,y) = (A(y), /\;:(y) (x)). Then (B,r) is a non-degenerate
mvolutive set-theoretic solution of the Yang-Bazter equation.

Proof. Let us denote f,(y) = A;(y) and g,(z) = )\;:(y)(:r), as usual. Note
that the following equation holds for any x,y € B because of the properties
of left braces:

2y = Aa(y) + 7 = M(YAL]) (@) = fo(y)gy(@). (2:2)

First of all, we shall see that both f, and g, are bijective for any x,y € X.
For f., the result is clear because A\, € Aut(B,+). The case of g, is not
immediate: we will find an equivalent expression for g,(y) and will give its
inverse.

(
= ) (2.3)

With this, it is easy to check that g, '(z) = (yz~' —y)~" is the inverse of
gy(z) and hence g, is bijective.
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Next, let us see that r satisfies Equation (2.1), or equivalently, that the
next three equations hold (see the proof of Lemma 2.1.4) for any z,y,z € X:

feo fy = Tr.w) © foy@);
gfgy(z)(Z)(fz(y)) = f.gfy(z)(z) (gZ(y));

92 ° 9y = Gg.(y) © 9fy(2)-

The first one follows using Equation (2.2) and from the fact that X is a
homomorphism of groups (see Proposition 1.1.5):

Joo fy =220 Ay = Aoy = A ygy (@) = M) © Agy@) = Sraw) © Sou(@)-

Let us see the second one. On the one hand,

912,102 (F ) = A;flam(fgy(m)(z))(fZ(y»
B )\;f;y)(fgy(m)(z))(fz(?/))
= )‘E(fy(z))(fz(y))-
On the other hand,

Foryo@(9:(1)) = fop, @) ()\;\yl(z) ()
= Agpy @A, )1 (1))
= Ay, 0@y ()1 (y)
= Ny ()1 144, (21 () (by Equation (2.3))
= Aot ()~ £y ()20~ (¥)
= Aot (1)
= A= (£, (=)~ (¥)
= ALy (2))12(Y)
)‘le (fy( z))( =(y))
= Ao (Fo()-

To obtain the third one, we will use Equation (2.3) repeatedly to prove
that g,. = g. 0 gy:

9:(gy(x)) = gz((yfl(éf1 +y) =Gy @ )+ )

Yy~
=y @ ry) -2 )T = (wa) e = () )
((y2) "Mz +y2) 7" = gya(a).
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Hence,
92 ° 9y = Jyz = 9fy(2)g:(y) = 9g:(y) © 9fy(2)>
as desired.
Finally, by direct computation, 72 = id. Thus, (B, r) is a non-degenerate
involutive set-theoretic solution of the YBE. O

Definition 2.1.7. Let B be a left brace. The set-theoretic solution of the
Yang-Baxter equation (B,r) defined in the former proposition is called the
solution of the Yang-Baxter equation associated to the left brace B.

We finish this section by recalling the definitions of retract relation, re-
traction of a solution and multipermutation solution. We will also recall some
results which will help us relate multipermutation solutions with right nilpo-
tent left braces.

Definition 2.1.8. Let (X,r) be a solution of the YBE. The equivalence
relation on X given by x ~ y if and only if f, = f,, is called the retract
relation. The solution induced by this equivalence relation is the retraction
of (X,r) and is denoted by Ret(X,r). In Section 3.5 we will prove that
Ret(X,r) is indeed a well-defined solution.

In addition, one defines recursively Ret” (X, r) = Ret(Ret™(X,r)) for
all m. A solution (X,r) of the YBE is said to be a multipermutation so-
lution of level m if m is the minimal positive integer such that Ret™ (X, r)
has only one element. In this case, the multipermutation level is denoted by
mpl(X,r) = m. A solution (X,r) of the YBE is said to be irretractable if
Ret(X,r) = (X,r).

Proposition 2.1.9 ([14, Lemma 3'|). Let B be a left brace and let (B,r)
be the solution of the YBE associated to B. If (B/Soc(B), ") is the solution
of the YBE associated to the left brace B/Soc(B) then (B/Soc(B),r") =
Ret(B, ).

Proof. First, let us see that B/~ and B/ Soc(B) coincide as sets. If a € B,
its equivalence class is

[a) ={beB|=X}={be€ B| A1, =id}
={be B|a'beSoc(B)} = aSoc(B),

and thus B/~= {[a] | a € B} = {aSoc(B) | a € B} = B/ Soc(B).

n fact, the original result is from Rump (see Proposition 7 in [27]), but we follow the
notation of [14].
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Now, if we call Ret(B,r) = (B/~, ), it remains to prove that 7 coincides
with the solution associated to the left brace B/Soc(B), r'. Let a,b € B,
and let us call Soc(B) = S to simplify the notation. Then

#lal. 1) = (e8] 5y (0)]) = (fab — . [z (@)
= ([ab— a], [(ab— a)"a — (ab—a)™"])

( (ab—a)S, ((ab—a)"'a — (ab—a)™")5S)
(aSbs — aS (ab—a)~'SaS — (ab—a)~'S)

_ ( w5 (08) A _ys(a8) ) = ()\as(bS) L) (@9)
=1"(aS,bS) = 1'(aSoc(B), bSoc(B)),
as desired. O

Proposition 2.1.10 ([12, Proposition 6]). Let B be a nonzero left brace and
let (B,r) be its associated solution of the YBE. Then the multipermutation
level of (B,r) is m < oo if and only if B™*Y =0 and B™ # 0.

Proof. We begin proving the direct implication by induction. If mpl(B,r) =
1, then for all a,b € B, a ~ b, that is, \, = Ay. In particular, A, = \; = idp
for all @ € B. With that, for any a,b € B, A\.(b) = a*xb+ b = b and thus
axb=0. Hence B® =0 and B = B #0.

Assume that mpl(B,r) = m. Then, by the definition of the retraction,
mpl(Ret(B,r)) = m — 1. Recall that Ret(B,r) = (B/Soc(B),r") by Propo-
sition 2.1.9, where (B/Soc(B),’) is the solution of the YBE associated to
the left brace B/Soc(B). We obtain by induction that (B/Soc(B))™ = 0
and (B/Soc(B))™1 2 0. It can be proved easily that (B/Soc(B))™ =
B /Soc(B), hence we have that B(™ C Soc(B) but B™ Y ¢ Soc(B)
Therefore, B+ = B(™ x B C Soc(B) * B = 0 and B™ # 0 because

Soc(B)={a € B| A\, =idg} ={a€B|axb=0,Ybe B}.

Now, let us prove the inverse implication by induction too. If B® =
axb=0forall a,b € B, so Soc(B) = B and thus Ret(B,r) = (B/ Soc(B), ')
has just one element, that is, mpl(B,r) = 1.

Assume B = 0 but B # 0. Provided that B™+Y) = B(™) « B =0,
we have that B™ C Soc(B) and then (B/Soc(B))™ = B™) /Soc(B) = 0.
In a similar way, B™ # 0 implies (B/ Soc(B))™~Y = B™M=Y /Soc(B) # 0.
Hence, by induction and Proposition 2.1.9 again, mpl(Ret(B,r)) = m — 1
and therefore mpl(B,r) = m. O

Remark 2.1.11. It is obvious from last proposition that the solution asso-
ciated to a left brace B is a multipermutation solution if, and only if, B is a
right nilpotent left brace.
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2.2 Involutive Yang-Baxter groups

Once recalled the definitions and some properties of the solutions of the Yang-
Baxter equation, we come back to our main topic: left braces. Concretely, we
will try to improve our knowledge about which groups can become I'YB-
groups.

Definition 2.2.1. A finite group G is called an involutive Yang-Baxter group,
or simply an IYB-group, if G is isomorphic to the multiplicative group of a
left brace.

The original definition of IYB-groups presented by Cedd, Jespers, and
del Rio in [13] is not exactly this one, but an equivalent one. Originally, a
group G is an I'YB-group if there exists an involutive non-degenerate solution
of the Yang-Baxter equation (X,r) with G = G(X,r). In fact, the authors
show in [13, Theorem 2.1] that both definitions are equivalent, and that TYB-
groups are also related to other interesting concepts such as cycle sets, linear
cycle sets or 1-cocycles. Another interesting and useful equivalence is the one
proposed by Syzak in [32] considering trifactorized groups. However, the best
one for our purposes is the approach using 1-cocycles, hence next we recall
their definition and some elementary properties.

Recall that given a group G, a left G-module is a pair (V, p) where V' is an
abelian group and p is a left action of G on V' which is compatible with the
abelian structure of V, this is, p: G — Sym(V) is a group homomorphism
such that py(a+b) = pg(a)+py(b) for all g € G and a,b € V, where p, = p(g).
We will usually denote py(a) as ga. When there is no possible confusion, we
omit the action an call the G-module just as V. We will also denote the
kernel of the action as Ker(GonV) = Ker(p) = {g € G | p; = idv }.

Definition 2.2.2. Let G be a group and let V' be a G-module. A map
m: G — V such that w(gh) = 7(g) + gm(h) for every g, h € G is called a
1-cocycle or derivation.

Lemma 2.2.3. Let G be a group, V be a G-module and n: G — V a
bijective 1-cocycle. Then, the following properties hold:

1. 7(1g) = Oy.
2. gn(g™') = —n(g), for all g € G.
3. If v € Ker(GonV) and g € G, then w(zg) = n(z) + 7(g).

4. If v € Ker(GonV) and g € G, then w(gxg™t) = gn(x).
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Proof. Let v be an arbitrarily chosen element of V. Since 7 is bijective, there
exists a unique g € G such that v = 7(g). Then,

m(lg) +v=m(lg) + 1en(g) = 7(g9) = v = 7(1lg) = Oy,
and the first statement holds. For the second one, if g € GG, we have:
Oy =7(lg) = m(gg™") = m(g) + gn(g™") = gn(g™") = —n(g).
Now, if x € Ker(GonV), it is, = acts trivially on V, it is clear that
m(zg) = 7(x) + wm(g) = 7(x) + 7 (g),

and Statement 3 follows. Finally, we prove Statement 4:

m(gzg~") = w(g) + gn(zg™")
=n(g) +g(n(z) +7(g7"))
:W(9)+97T( )+ gm(x)

(99

99~") + gn(x) = gn(x),

:1

as desired. ]

Now we are ready to prove that I'YB-groups are equivalent to bijective
1-cocycles.

Theorem 2.2.4. A finite group G is an IYB-group if, and only if, there exist
a left G-module V' and a bijective 1-cocycle m: G — V.

Proof. Assume that V is a left G-module and 7: G — V is a bijective
1-cocycle. Let us consider the following operation on G:

g1+ g2 =7 x(g1) +7(g2)), forall g;,g,€G.

We just need to prove that (G, +,-) is a left brace. Let g1, g2, g3 € G, then

g+ (924 93) = g1 + 7 (w(g2) + 7(g3))

=7 (m(g1) + 7 (7 (7 (g2) + 7(93))))
=7 (m(g1) + 7(g2) + 7(g))

=7 Y (r(m (7w (g1) +7(g2))) + 7(g3))
=7 (n(g1) +7(g2)) + g3

= (g1 + g2) + g3,

and hence the associativity holds. As w(1g) = Oy, it is easy to see that 1 is
the neutral element for this new operation. Also, if g € G, h = 7~ (=7 (g)) is
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its symmetric element. Thus, (G, +) is a group and it is abelian because V' is.

Finally, as 7(g1 - g2) = m(g1) + g17(g2) implies g - go = 7 (7(g1) + g17(g2)),
we have that

9))) + a1
(92) +7(g3))))) + ¢

g1 (g2 +93) + 91 =7 (7(
7 (m( (

=7 (n(91) + 91(7(g2) + 7(g3))) + o1
T (m(m (m
7 (m(

Ha(rH (w(g) + 91(m(g2) + 7(g3))) + (1))
=7 (m(g1) + g1(m(g2)) + g1 (w(g3)) + 7(g1))
=7 '(m(g1- 92) + (91 - g3))

=01-92+ 9193,

and G is an IYB-group.

Conversely, if G is an IYB-group, there exists an addition on G such that
(G,4+,-) is a left brace, and then we can consider trivially (G,+) as a G-
module with respect to the left action \. The map = = id: G — G is a
bijective 1-cocycle:

m(gh) = gh =g+ gh—g= g+ A(h) = 7(g) + A\g(7(Rh)) = 7(g) + gm(h),
for all g, h € G. O

Definition 2.2.5. The pair (V,7) of Theorem 2.2.4 will be called an IYB-
structure on the group G.

The notion of IYB-structure was introduced by Eisele in [18] along with
another quite useful notion to study ['YB-groups: equivariant IYB-structures.
Next, we define them, but we need to establish some notation before.

Notation 2.2.6. Suppose that a group A acts on the left on an I'YB-group
G with an IYB-structure (V, 7). If a € A and g € G, we denote with °g € G
the result of the action of a € A on g € G.

Definition 2.2.7. Let A be a group acting on an IYB-group G with an
IYB-structure (V, 7). The I'YB-structure (V,7) will be called A-equivariant
if there exists a group action of A on V' such that

m(“g) = ar(g)

for all a € A, g € G, where we denote with av the result of the action of
a € Aonwv € V. In fact, since 7 is bijective, such action of A on V is uniquely
determined by the action of A on G' by means of av = 7(“7~!(v)) for every
ac€AveV.
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Definition 2.2.8. An IYB-structure (V,7) on a group G will be called
fully equivariant if (V,7) is Aut(G)-equivariant, under the natural action
of Aut(G) on G. Note that in this case (V. 7) will be A-equivariant for every
group A acting on G.

In [19], Etingof, Schedler, and Soloviev showed that any IYB-group is a
solvable group (recall Proposition 1.3.1) and implicitly asked whether the
converse was also true, that is, whether every solvable group can be an IYB-
group. Later, Cedo, Jespers, and del Rio asked that same question explicitly
in [13], and proved that abelian groups, nilpotent groups of class two, abelian-
by-cyclic groups, and solvable A-groups? are I'YB-groups. They also showed
that every finite solvable group is isomorphic to a subgroup of an I'YB-group.
In addition, in [15] it is proved that all nilpotent groups of class three and
odd order are I'YB-groups, and in [18] Eisele proposed a way to show that
all 2-groups of order up to and including 512 and all other p-groups of order
strictly less than 1024 are IYB-groups using GAP.

All those results seemed to lead to a positive answer to the question.
However, Bachiller found a counterexample in [2]: he showed that there exist
a prime p and a p-group G of order p'® and nilpotency class 9 which is not
an [YB-group. Thus, not every solvable group is an I'YB-group. Nevertheless,
another result from [13] motivated a new interesting question. The result says
as follows.

Lemma 2.2.9 ([13, Corollary 3.1]). If G is an IYB-group, then its Hall
subgroups are also IYB-groups.

Proof. By Theorem 2.2.4, as GG is an ['YB-group, we can find an I[YB-structure
(V,m). Then if W is a Hall subgroup of V', it is G-invariant and H = 7= (W)
is a subgroup of G of the same order. With that, (W, 7y) is an IYB-structure
on H, where 7y is the restriction of 7 to H, and thus H is an [YB-group. [

Therefore, as every I'YB-group is solvable, applying Lemma 2.2.9, we know
that every IYB-group is a product of two IYB-groups, and the following
question arises.

Question 2.2.10. Let G = NH be a finite group which is the product of
the subgroups N and H. Assume that N and H are IYB-groups and N is
normal in G. Under which conditions can we ensure that G is an IYB-group?

In this context, Cedo, Jespers, and del Rio in [13] and Eisele in [18] proved
the following results.

2A solvable A-group is a solvable group with all its Sylow subgroups abelian.
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Theorem 2.2.11 (|13, Theorem 3.3]). Let G be a finite group such that G =
AH, where A is an abelian normal subgroup of G and H is an IYB-subgroup
of G with associated IYB-structure (B, ) such that HNA acts trivially on B.
Then G is an IYB-group. In particular, every semidirect product A x H of a
finite abelian group A by an IYB-group H is an IYB-group.

Theorem 2.2.12 ([18, Proposition 2.2]). Let G = [N]H be a finite group.
If H is an IYB-group and N has an H-equivariant IYB-structure, then G is
an 1YB-group.

Our goal from here to the end of this chapter will be proving a result in
this same direction that significantly improves both Theorem 2.2.11 and The-
orem 2.2.12 by removing the abelianity condition on N and the requirement
for the group G to be a semidirect product. To achieve this aim, in the next
subsection we will collect some examples and some preliminary results which
we will need later. After that, in Subsection 2.2.2 we will prove our result
and show some corollaries which help us obtain new families of I'YB-groups.
Finally, we construct in Subsection 2.2.3 a family of [YB-groups that appear
as a consequence of our results, but cannot appear as a consequence of the
results of [13] or [18].

In the sequel, all groups considered will be finite. The results from here
to the end of the chapter have been published in [24].

2.2.1 Some examples and preliminary results

We begin with a lemma which makes it easier to see whether an IYB-structure
on a group G is A-equivariant for a group A acting on G or not.

Lemma 2.2.13. Let (G, ) be an IYB-group with IYB-structure (V, ) and
let A be a group acting on G. Let us consider the left brace (G, +,-) with the
addition in the proof of Theorem 2.2.4:

g+h=n""(n(g) +n(h)) foralg, heQq.

Then (V,m) is A-equivariant if and only if A is a group of automorphisms of
the left brace G.

Proof. Suppose that (V, ) is A-equivariant. Then there exists an action of
A on V, whose result is denoted by av for a € A, v € V, such that

7(“g) =an(g) forallae A, g€ G.
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Given g, h € G and a € A,

m("(g+h)) = an(g + h) = a(n(g) + 7(h)) = an(g) + am(h)
=7("g) +7(*h) = =(*g + *h).
Since 7 is bijective, this implies that *(g + h) = “g + “h. Hence the action of
A on G preserves the addition, as desired.

Conversely, assume that A is a group of automorphisms of the left brace G.
Let a € A, v € V. Since

(77 () + 77N (W) = 7 ("7 () + 7 (w))

we have that the assignment av = 7(“7~'(v)), a € A, v € V, defines a group
action of A on V. Moreover, given a € A, g € G, as 7(g) € V, we have that

a_—1

am(g) =7("7"(7(g))) = 7("9),
which implies that (V) is A-equivariant. O

Now, we show some examples which will be useful to prove the corollaries
of Theorem 2.2.20.

Example 2.2.14. Every abelian group G is an IYB-group. We can consider
V = @ as a trivial G-module and take m = idg as the bijective 1-cocycle.
Thus, obviously, (V,7) is fully equivariant and Ker(GonV') = G.

Example 2.2.15 ([18, Remark 2.7]). Let (G, -) be an odd order nilpotent
group of class two. Then for every element g € G there exists a unique
element h such that g = h%. We will denote it by h = V9. Let us define an
addition + on G by means of

g+ 92 = 9192V [92, 1]

It can be checked that (G,+) is an abelian group. We give V = (G, +) a
structure of G-module by means of the law

p!](v) = g *v +gil7

where p, = p(g) for g € G and p: G — Sym(V') is a group homomorphism.
If we set m = idg, then (V) ) is a fully equivariant TYB-structure on G and
Ker(GonV) = Z(G).

Note that the following example is a special case of [1].
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Example 2.2.16. Suppose that (G,-) is a nilpotent group of class two. Set
Z = 7(G) and write G/Z = (a Z) X -+ X (a,Z). Thus every element of G can
be written in the form af' - --alz, where z € Z. We can define an addition
on G by means of

alir . tnz + al . CLZ"Z, — a§1+51 .. aﬁ{‘ﬂ"zz'.
It is not difficult to check that (G,+,-) is a two-side brace. We give V' =
(G,+) a structure of G-module by means of the following law:

pg(v)=g-v—g=v H (a:, a;]",

1<j<i<n

where p, = p(g), p: G — Sym(V) is a homomorphism, g = a}' - --alrz € G
and v = ai' - asrZ € V. If we set m = idg, we have that (V,7) is an
I'YB-structure on G.

Definition 2.2.17. An automorphism « of a group G is called central if
a(g)g™ € Z(G) for all g € G. The set of all central automorphisms of G
is denoted by Aut.(G) and is a normal subgroup of Aut(G) (for example,
see [28]).

Proposition 2.2.18. Let (G, -) be a nilpotent group of class two. There exists
an IYB-structure (V,m) on G such that (V,7) is Aut.(G)-equivariant and
Z(G) C Ker(GonV).

Proof. Write A = Aut.(G) and choose the IYB-structure (V,7) on G as
defined in Example 2.2.16. It is not difficult to see that Z(G) C Ker(GonV).
We must only show that (V) ) is A-equivariant. By Lemma 2.2.13, it suffices
to show that every central automorphism preserves the addition on G defined
in Example 2.2.16. Let g = af' ---alrz, h = a' -+ - a2’ € G, where 2,2’ €
Z(G) and « € A. As « is central, we may assume that a(a;) = a;z;, where
z€Z4(Q),i=1,...,n

a(g 4 h) — a(a§1+51 . atn+5nzz)
= afa)" " afa,)" T ra(z)al?)

(a120)" 50 (apzn) " T a(2)al(2)

t1+s1 tntsn
e a
n

ay 2 ral2) - 2 al?)
ay!

ceatr e ra(2) dalt s ath - 2l
(a1 - (a7 0(2) + (20 - (a0
afar)™ - aan)"alz) + afar)™ - alan) " a2)

a(g) + a(h),
as desired. O
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We end this subsection with a necessary lemma for the proof of our main
theorem.

Lemma 2.2.19. Let A be a group acting on a group G with A-equivariant
IYB-structure (V, ), which determines the unique action of A on V. Then
foreverya€e A, g€ G andv eV,

(“g)v = a(g(a™'v)).

Proof. Since a™'v € V and 7 is bijective, we may assume that 7(x) = a™'v
for some x € G. Note that gn(z) = 7(g9x) — 7(g). Hence we have

a(g(m(2))) = aﬂ(gr) ar(g)
m(“(gx)) — 7 ("g)
=7(("g)(“x)) — =(*9)
= ("g)n("z) = (“g)an(x).
Note that am(x) = v, and thus (°g)v = (“g)an(z) = a(g(r(z))) = a(g(av)),
as desired. O

2.2.2 New results on I'YB-groups

We are now ready to state and prove our main theorem in the direction of
solving Question 2.2.10.

Theorem 2.2.20. Suppose that the group A acts on the group G = NH,
where N and H are A-invariant subgroups of G and N < G. Suppose that
N and H are IYB-groups with A-equivariant IYB-structures (U,7n) and
(V,7y), respectively, satisfying the following conditions:

(Cl) NnH CKer(Z(N)onU)NKer(HonV).

(C2) (U,mn) is also an H-equivariant 1YB-structure on N with respect to
the action by conjugation of H on N:"n = hnh™' forn € N, h € H.

Then G has an A-equivariant 1Y B-structure (W, ) such that
Ker(N onU) Cker(rronvy(IV) € Ker(Gon W).

Proof. Note that, since (U,7x) and (V,7my) are A-equivariant, there exist
actions of A on U and V such that 7y (*n) = any(n) and 7y (*h) = amy(h)
for alla € A,n € N and h € H. Thus we can view U & V as an A-module
via the law:

a(u,v) = (au,av),a € A, (u,v) e U d V.
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Let us consider X = {(nn(z7!),mu(z)) e UV : x € HN N}. By
hypothesis (C1), NN H acts trivially on U and V, and NN H C Z(N). Note
that for every z, y € NN H, it follows from Lemma 2.2.3 (3) that

(v (@), (2)) + (v (™), 7 (y) = (v (@™'y ™), T (2y))
= (mn((zy) ™), mu(wy)) € X.

Moreover, ifa € Aand xt € NN H,

a

a(my(z™h), 7 (2)) = (amy(27), am(2) = (wy(("2) ), 70 (")) € X.

Hence, X is an A-submodule of U & V.

Consider the quotient A-module W = (U & V')/X. By hypothesis (C2),
there exists a unique action of H on U such that my("n) = hry(n) for every
h € H,n € N, where hu denotes the result of the action of h € H on u € U.
Now we consider the assighment G x W — W given by

(g9, (u,v) + X) = g((u,v) + X) = (n(hu), ) + X,

where g = nh, n € N, h € H and (u,v) € U & V. We need to check that
this assigment is an action of G on W. We first prove that it is a well-defined
map: let ¢ = nh = A’ and suppose that (u,v) + X = (v/,v") + X, where
n' € N, h e H, (v,v) € U@ V. It suffices to show that

(n(hu), w) + X = (n'(Wu), R'V") + X.

Write t = n~tn’ = (W)~ € NN H and so ¢ acts trivially on U and V. Thus
Wu' = (t7'h)u' = t71(h/) = b/ and h'v' = t71(h') = hv'. Furthermore,
n'(Wu') = n(t(hu')) = n(hu'). Hence it is enough to show that

(n(h(u—u)),h(v—1")) € X.

Note that as (u — u/,v — v') € X, there exists some € N N H such that
u—u' =7my(x7t) and v —v' = 7wy (z). Also, by hypothesis (C2), hry(z71) =
nn(ha='h™'). Now, as both hz~'h~! and z act trivially on U and V, it
follows from Lemma 2.2.3 (4) that nay(hx=h™!) = 7y(nhz~th~n~!) and
hrg(z) = mg(hah™). Since hah™' € Z(N), we can conclude that

(n(h(u =), h(v = ")) = (n(hmy(27")), hru (x))
= (rx((heh™) "), my (hah™)) € X,

so this assignment is a map from G x W to W.
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Next, let us check that it is indeed an action. Let g3 = ni1hy and go = naho
with n; € N and h; € H, and (u,v) + X € W. It follows that

(9192)((w,v) + X) = (nhanohy haho)((u,v) + X)
= ((nihinghy D ((hiho)u), (hihe)v) + X
= (m("na((hho)u)), h(hov)) + X
= (n1(hi(na(hou))), hy(hov)) + X
= g1((na(hau), hov) + X)
= 91(g2((u, v) + X)),
where the fourth equality holds by Lemma 2.2.19. Hence this map is an action
of G on W, as desired, and it is easy to see that N N H C Ker(GonW).

Our next step is to define a bijective 1-cocycle from G to W. Consider
the assignment 7: G — W given by

7(g) = (mn(n),mu(h)) + X,
where g = nh,n € N, h € H. The first thing to show is that 7 is a map. Note
that if g = nh = n'h/ withn, n’ € N and h, ' € H, we have that z = n~'n' =
R((K)™1) e NN H CZ(N), and 27! = n/~In = n'(n)"In(n)~! = n(n’)~L.
The fact that H N N acts trivially on U and V implies that

mn(27h) = an(n(n)™)

= mn(n) +nan((n')7)
=nan(n) +n'(z an((n)7)
= 7n(n) +n'my (7))

= my(n) — mn(n'),

where the last equality follows by Lemma 2.2.3 (2), and by a similar calcu-
lation, we have that 7y (2) = 7y (h) — 7y (R). As

w(nh) =n(n'h) < (7n(n), 7y (h)) + X = (rxy(n), 7z (R)) + X
< (ﬂ'N(TL) — FN(n/),WH(h) — WH(h/)) e X
— (ny(z7Y), mu(2)) € X,

and the last line is true by definition of X, we have that the assignment 7 is
a map between G and W.

Secondly, given (u,v) + X € W, as my and mwy are bijective, we can
take g = 7' (u)7y' (v) and clearly 7(g) = (u,v) + X, hence 7 is surjective.
Furthermore, as
INIIH] _ [U[IV]

G| = =
] INNH| | X|

=|wi,
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we conclude that 7 is bijective.
Finally, we prove that 7 is a 1-cocycle of the G-module W. Let g1 = nihy
and gy = nohg, with n; € N and h; € H. Then

7(g192) = T(nihinghy) = w(nihinghy *hihsy)
= (mn(nhangh ), mg(hihy)) + X
= ((rx(n1), 7 (hy)) + X) + (i (hanghy ), bamg (he)) + X)
=7(91) + ((n1(hamn (n2)), hama (he)) + X)
=7(g1) + 91((mn (n2), 71 (h2)) + X)
=7(g1) + 917(g2)-
Hence (W, ) is an IYB-structure on G. Let us show that it is A-equivariant.

Let g =nh € G withn € N,h € H and a € A. Recalling the action of A on
W above, we easily conclude that

ar(g) = a((my(n), 7y (h)) + X) = (any(n),arg(h)) + X
= (mn("n), 7 ("h)) + X = n("n"h) = 7("g),

\
>

as desired.
The last part is to check that

Ker(N onU) Cker(rronv)(IV) € Ker(Gon W).

Take g = nh with n € Ker(NonU) and h € Cker(rronv)(IV), and let (u,v)+X
be any element of W. As 7y is bijective, there exists a unique n’ € N such
that wx(n’) = u. Thus, since n acts trivially on U and h acts trivially on V
and centralizes IV, we have that

g((u,v) + X) = (n(hu), w) + X = (hu,v) + X = (hry(n'),v) + X
= (v ("n)v) + X = (mn ('), 0) + X = (u,0) + X
and the theorem is proved. O

Next, we consider some interesting consequences. Our first corollary shows
that the direct product case follows directly from Theorem 2.2.20.

Corollary 2.2.21. Let a group A act on a group G = N x H which is the
direct product of two A-invariant subgroups N and H. Suppose that N, and
H are I1YB-groups with A-equivariant IYB-structures (U,my) and (V,7y),
respectively. Then G has an A-equivariant IYB-structures (W, ng) such that

Ker(NonU)Ker(HonV) C Ker(GonW).
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The next result appears as a consequence of Corollary 2.2.21.

Corollary 2.2.22. Let G be a nilpotent group of class two with an abelian
Sylow 2-subgroup. Then G has a fully equivariant IYB-structure (W, ng) such
that Z(G) C Ker(GonW).

Proof. We call N = Oy(G) and H = Oy(G). Then, G = N x H, N is abelian
and H is an odd order nilpotent group of class two. By Example 2.2.14, N
has a fully equivariant IYB-structure (U, 7y) with Ker(NonU) = N. Also,
by Example 2.2.15, H has a fully equivariant TYB-structure (V,7wg) with
Ker(HonV) = Z(H). Taking A = Aut(G) and applying Corollary 2.2.21,
we have that G has a fully equivariant IYB-structure (W, m¢) such that
Ker(NonU)Ker(H onV) C Ker(GonW). Finally, note that

Z(G)=Z(N)Z(H) C NZ(H) = Ker(NonU) Ker(Hon V') C Ker(GonW).
O

The following corollary is an extension of Theorem 2.2.11.

Corollary 2.2.23. Let G = NH be a group such that N is a nilpotent
normal subgroup of class two and H is an IYB-group with IYB-structure
(V. 7). Assume that the following conditions hold:

1. NN H CZ(N),

2. [H,05(N)] € Z(N);

3. HN N acts trivially on V.
Then G is an IYB-group.

Proof. Name N; = Oo(N) and Ny = Oo(N) and note that N = Ny x N.
Consider the action of H on N via conjugation: both N; and Ny are H-
invariant. As N, is nilpotent of class two with odd order, by Example 2.2.15,
there exists a fully equivariant (and of course, H-equivariant) I'YB-structure
(Us, mN,) on No such that Ker(NyonUs) = Z(Ns).

Note that [H, N;] C Z(N)NN; = Z(N;), which means that every element
of H acts on NV as a central automorphism. Then, by Example 2.2.16 and
Proposition 2.2.18, there exists an Aut.(/V;)-equivariant (and hence also H-
equivariant) I'YB-structure (U, my,) on Ny with Z(N;) C Ker(N; onUy).

Applying Corollary 2.2.21, we obtain that N has an H-equivariant ['YB-
structure, (U, my) say, such that

Z(N) = Z(Ny) Z(N2) C Ker(Ny on Uy ) Ker(Ny on Us) € Ker(N onU).
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Since N N H is contained in Z(N) and acts trivially on V' by conditions
1 and 3, we have that NN H C Ker(Z(N)onU) N Ker(H onV). Applying
Theorem 2.2.20 for A = 1, we conclude that G is an IYB-group. |

Note that [13, Corollary 3.10] is a special case of the following result.

Corollary 2.2.24. Let G = NH be a group such that N and H are two
nilpotent subgroups of class two and N is normal in G. If NNH C Z(G) and
[H,O4(N)] CZ(N), then G is an IYB-group.

Proof. As H is a nilpotent group of class two, it follows from Example 2.2.16
and Proposition 2.2.18 that there exists an I'YB-structure (V,7y) on H such
that Z(H) C Ker(HonV). Since NN H C Z(G), we have that N N H is
contained in Z(N) and Z(H), which acts trivially on V. By Corollary 2.2.23,
G is an IYB-group. O

Corollary 2.2.25. Let a group G = N1 Ny - - - N, be the product of s subgroups
Ny, ..., Ny satisfying

1. N; is a nilpotent group of class two with an abelian Sylow 2-subgroup,
foralli=1,...,s;

2. N; is normalized by N;, for all1 <i < j <s;
3. Nl---N,;ﬂNHl:Z(G),foralli:l,..‘, 8—1.
Then G is an IYB-group.

Proof. Write X; = Ny ---N; and H; = N;y1---Ng forall i =1,... s, where
H, = N,y = 1. We will use induction on i to prove the following result:

X; has an H;-equivariant 1Y B-structure (U;, ;)
such that Z(G) C Ker(X; onUj;).

When i = s, we will have that G is an IYB-group.

For i = 1, X; has a fully-equivariant (then Hj-equivariant) ITYB-structure
(U, m) with Z(X;) C Ker(X; onU,;) by Corollary 2.2.22. Also, by condition
3, Z(G) = X1 N Ny. Thus, Z(G) C Z(X;) C Ker(X; onUy).

Assume it is true for the case i — 1, this is, X;_; has an H;_;-equivariant
IYB-structure (U;_1,m—1) with Z(G) C Ker(X;_yonU;_1). As H; < H,_;,
we have that (U;_1,m_1) is H;-equivariant too. Note that H; acts on the
group X; = X; 1N;, where X; 1 < X;, and X, 1 and N; are H;-invariant
by condition 2. Applying again Corollary 2.2.22, N; has a fully equivariant
IYB-structure (V;, ¢;) such that Z(N;) C Ker(N;onV;). Since

Xi—l n Nz = Z(G) Q Ker(Z(Xi_l) on Ui—l) n Ker(Ni on ‘/;)7



46 Chapter 2. 1YB-groups

it follows from Theorem 2.2.20 that X; has an H;-equivariant IYB-structure
(U;, m;) such that Ker(X;_; on U;_1) Cker(v, onv;) (Xi—1) € Ker(X; onU;). And
finally, note that

Z(G) g Ker(Z(Xi,l) on Uifl) g Ker(Xi,l on Uifl) g Ker(XZ- on UZ)

bl

as desired. ]

2.2.3 A concrete example

We close this chapter studying the following example, which shows that The-
orem 2.2.20 actually improves Theorem 2.2.11 and Theorem 2.2.12.

Example 2.2.26. Let p > 3 be a prime, let m > 2 be a natural number and
let G be the group with the following presentation

m—1

m m m m—1
G=(abc|a =" =1,&" =a"", a® =a""",

a®=aa"Pb7?, b° = ba).

Then G is a group of order p*” and nilpotency class 2m with derived subgroup
G’ = (b*,a) and Frattini subgroup ®(G) = (¢?,0”,a). Let N = (a,b) and let
H = {¢). Then G = NH, N is a normal subgroup of G, N is nilpotent of
class two (in fact, a minimal non-abelian group) and NN H = (¢*") C Z(G).
By Corollary 2.2.24, G is an ['YB-group.

Claim 1. The group G cannot be expressed as the product of an abelian
normal subgroup of G and a proper supplement.

It will be enough to show that every abelian normal subgroup of G is
contained in ®(G). Let T be an abelian normal subgroup of G. Since T is
abelian, for every g € GG we have that the map ¢ — [t,g] = t719, t € T, is
an endomorphism of 7. Note that [a,b] = a?" ', [a,¢] = a ?b7?, [b,c] = a,
and that a?, b? € Z(N). Every element of G has the form c*b'a” for suitable
integers k, [, 7. Suppose that *b'a” € T\ ®(G). Then ptk or p1 1.

Suppose first that p { k. Then [c*bla”, ] = [b,c]'[a,d]" = a'(a™Pb7P)" =
a7 € T. Since ged(l — pr,p™) = 1, there exist A\, 4 € Z such that
Al —pr)+ pp™ = 1. Therefore (al’p’"b’w)’\ =ab~" € T. Since T is abelian,

L= [Mar, ab™] = [e, b= b, ab= ] a, ab™]

= ([a,b*""][a, c])k[b, a)’ = a PRy g = g PR ek

m—1

It follows that ¢ P*=""""" = ph=P¥ = 1. Therefore p™ | pk, in particular, p | k,
against our hypothesis on k.



2.2. Involutive Yang-Baxter groups 47

Suppose now that p t . Then
[*, b a”,b] = [c, b [b, 0] [a, 0] = a *a™?" " =a K" e T

Since ged(—k + rp™~1, p™) = 1, we conclude that a € T. Therefore

1= [c*ba", a] = [c,a)"[b, a]'[a, a]” = a?*BPra """ = Pk Pk,

m—1 m—1

It follows that a?*~?""" = bk = 1. Consequently p™ | pk and p™ | pk—Ip™*,
which implies that p™ | I[p™~! and so p | [, against our hypothesis on [.

We conclude that all abelian normal subgroups of G are contained in ®(G)
and so the fact that G is an [YB-group cannot be obtained as a consequence
of the results of [13].

Claim 2. The group G cannot be expressed as a non-trivial semidirect
product of a normal subgroup and a complement.

Suppose that the result is false. Then there exists a normal subgroup N
with a complement. In particular, N is not contained in ®(G) = (¢, b, a).

Step 2.1. Let us prove that {a,b’) < N.

Suppose that c't/a¥ € N\ ®(G). Assume first that p { i. By taking a
suitable power, we can assume that ¢ = 1. Therefore

77

[cbak b = a b o ekl a™b = a*b a0 W a b

b q_ipm—1 m—1 _ - \pym—1
—a ka 1—jp ak+lcp —a 1+(k—j)p e N.

This element is a generator of (a), consequently a € N. We conclude that
[a,c] = a™Pb™P € N, and since a € N, we obtain that ¥* € N. In particular,
(a, b’y < N.

Suppose now that pt j. Then

[cVa*, ] = [Va* c] = a ¥ b I Wabe = a b7 (ba) a"a PFbP*

= q kp=Ipi FHIG=0P" T2 b Pk Pk i+ G—Dp™ T 2=pkp—pk & N

and p does not divide the exponent of a. Hence we can assume that N
possesses an element of the form ¢! with p 1 . Consequently [c‘b!,c] =
a =02 ¢ N and so a € N. As above, since [a,¢] = a?b? € N and
a € N, we have that o” € N and again (a,b’) < N.

Step 2.2. Let us prove that N has no elements of the form cbaF.

Since G’ = (a,b) has order p*"~! and N £ ®(G), we conclude that
|G/N| < p™. Suppose that cb’a* € N, then N(b) = G and so N has a cyclic
complement of order p. Suppose that c¢'bla” is a generator of this complement.
We can check by induction that, for u € N,

2 —1 ) —1 ) — P P
b = plumo(=1" ()P  USo (D (5 )P
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Now we have that
1= (dbla"y? = ?Ma)" ™" - (ba") (ba”). (2.4)

We obtain that ¢ € (c) N (a,b) = (a”" ") and so p™ " | 4, that is, i = tp™!
for an integer t. Since ¢'b'a” cannot be in ®(G) = (c?,b?,a), we conclude
that p does not divide I. The exponent s of b in the right hand side of
Equation (2.4) satisfies that

p—1 tpm—l
5:l<p— ( ) )p) (mod p?)
=0
1

p— m m—1 _
=1 (p — " = 1) 1)> (mod p?)

but s = 0 (mod p?), and so p | I, against the previous remark. Hence no
element of the form cb’a* belongs to N.

Step 2.3. Final contradiction

Take C' = (c"b*a') a complement to N in G. Since ¢ € NC, we have a
power of ¢"b%a’ in which the exponent of c is equal to 1. In other words, we
can assume that r = 1 and cb®a’ € C. Note that (cb*a’)?" € (", 0", a?")
for k natural, and so (cb*a’)?" = " = a”"' € C'N N with " # 1. This
contradicts that C' is a complement to N in G.

Therefore, the fact that G is an IYB-group cannot be obtained from the
results of [18].

Since these groups have nilpotency class at least 4, they cannot be ob-
tained as a consequence of the results of [15].



Chapter 3

A new approach using graphs

As mentioned in Chapter 2, it is known that given a non-degenerate involutive
solution (X,r) of the YBE, both its structure group and its permutation
group have a natural structure of left brace. In this chapter, we will describe
these left brace structures of G(X,r) and G(X,r) by means of the Cayley
graph.

In the first section, we will define an addition over the permutation group
such that (G(X,r),+,0) becomes a left brace and we will see how to obtain
the Cayley graph of (G(X,r),+) from the one of (G(X,r), o) with respect to
the natural generating set {f, | z € X}.

In section 3.2, we will obtain a description of G(X,r) using the Cayley
graph of (G(X,r),+) and we will use it to prove that it also has a left brace
structure. Section 3.3 will verse about a geometrical interpretation and we
will compare other definitions of the additions with our ones in section 3.4.

Finally, we will use the Cayley graph approach to give some interesting
applications in section 3.5. The results of this chapter are collected in [8].

3.1 The permutation group as a left brace

In order to obtain a left brace structure over G(X,r), we need to define an
addition. We start by defining the addition of elements of G(X,r) and its
generators f,, © € X, or their opposites. Given a € G(X,r) and x € X, we
write

o+ fx = O‘fafl(m%
_ — -1
at(=fa) =af @iy

We will use the abbreviation a — f, to denote a 4 (—f;). For a = 1g(x,,
we define —f, =1— f, = fq__l1 )" The following technical lemmas gather the

49
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information about this addition needed for our purposes.

Lemma 3.1.1. Let a € G(X,r) and x, y € X, then the following equalities
hold:

1. ) (

2. ( ) (

3 (at fo) + fy = (a+ fy) + for
( ) (

4.

Proof. We will begin with the first equation. Let us call u = a~!(x) and
v = a~!(y). By definition, we have that

_ — -1
(OZ + fz) fy Oéfuj.g;il(v)<f’;1<v))7
-1
(= fy) + fo = Oéfgal(v)ffq;lm(“)’
so it is enough to prove that
fggl(u)fu = ffggl(v)(u),fg;fl(v)(fil(v))'
Observe that by Lemma 2.1.4
forwfu = T5 1 @ fouert -
Therefore it suffices to show that
0 (7 (0) = (07 (0).

Note that f;'(v) = g1, (v) by Lemma 2.1.5. Hence have to show that

-1 _ -1
74 (950 ®) = 9ular (),
or, equivalently,
9571w (V) = 9571 () (a9 (1)) (3.1)
Let us call z = g; 1 (v), then v = g,(z). By Lemma 2.1.4,
It @90 = 9g,01 95,57 @) = Irat @) 9w

By applying this equality to z, we observe that Equation (3.1) holds and so
(a+fo) = fy=(a—=f) + fo
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Now the rest of the statements follow easily. In order to prove the second
equality, let us call u = a~1(z). By the proof of the first one, we already have
that (a+ f,) — fo = (o — fz) + f» and we only need to see they coincide with
. As

_ — -1
(@t fo) = fo O‘f“fq;gl(“)(fal(u»’
we only have to prove that gfill <u)( ft(u)) = u. This is a consequence of the
fact that, by Lemma 2.1.5,

9rt () = 17 (1) = i )
Finally, to obtain equations 3 and 4, we apply 1 and 2.

(a+ fo)+ fy=(((a+ fo) + f,) + fo) = fa
= (((a + fx) + fy) - fr) + fr
= (a + fy) + fo

(= fa) = fy=(((a=fo) = fy) + fa) = [a

=(((a=fo)+ fa) = fy) = [fa
= (a— fy) = fa O
From now on, we will write ef,, for ¢ € {—1,1} and z € X, to denote f,
ife=1and —f, ife =—1.
Lemma 3.1.2. The following properties hold:

1. Leto be a permutation of {1,...,m}, e; € {-1,1}, 2z, € X, 1 < j <m.
Then

( e ((ElfTI + 82f12) + 53f13) +- ) + Emfzm
= ( . ((ﬁn—(l)fzam +5n(2>fzo<z>) +5n<3>fzg<3>) + ) + Eo(m) fao (m)-

2. If (- (e1foy +eafun) + o0 ) Femba, = (- (i foy tpafe) +00 )+ 1 fey
and ( o (nlfy1+772fy2)+' : ')+775fys = ( o (Vlfw1+V2fw2)+' o )+Vufwu,;
’withEiE{—l,l}, r; € X, lﬁiﬁm;,uje{—l,l}, zeX,1<5<¢;
me{-1L1}, e X, 1 <k<s;ye{-11}, w, € X, 1 <h<u,
then

(' o (((((Elfm +52fﬂ£2) + - ) +5mfzm>
+771fy1) +772fy2) + - ) +77sfys

= (o (G (nfa +pafe) +0)
+Mtfzz) +V1fw1) +V2fw2) +)+Vufwu
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Proof. Statement 1 follows as a consequence of the equations of Lemma 3.1.1,
the facts that 1 +¢e1f,, =¢e1f,, and 1 + 50(1)f%(]) = 50(1)f%(1) and the fact
that the symmetric group of degree m is generated by the transpositions
(,i+1),1<i<m-—1.

To prove Statement 2, we use Statement 1:

(o (G (enfay +e2fay) +00) +Emfa,,)

+fy) +mefy) ) sty

= (o (G (e +pafe) +00) + pefe)
+fy) +efy) )+ sy,

= (- (((C Oty +mfy) + ) + 05 fy)
+pnfa) +pafn) 4o r) + pefa

= (- (- nfun +v2fwn) + ) + Vufw,)
tufe) tpafs) 4 )+ ks

= (o (G (e + pafe) +00) + pefe)
+V1fwl)+V2fwz)+"')+Vufwu~ O

Lemma 3.1.3. The following properties hold:
1. Ifv e X, then f* =—fir1

2. If o € G(X,r) and x € X, then we have af;! = a — fatrst@y and
afz =a—+ fa(m)»

3. If a € G(X,r), then a = lg(x,y or there eristt € N, x; € X and
g€ {-1,1}, 1 <i <t, such that

OL_ZEZfL: E1fm +52f12) ')+5tfzz-

Proof. To prove the first statement, note that —f,-1(,) = f;f{ll (@) and

so it suffices to check that
G (@) =1,

(z

or equivalently, that f, (gfgl(z)(x)) = z. But by Lemma 2.1.5,

Fo (9710@) = fo (17 10y (@) = £olf @) =2,
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and so the equality holds.
Let us continue with the second statement:

@ = fogri @y = o

—1 -1
_ —1 = af _1 1 = Offz
ity @ @G @) T Y @)

by the argument of Statement 1. Also, since & + fu@) = afa-1(a@) = fa,
the second equality is clear.

Finally, the last statement is immediate by Statement 2 because every
element of G(X,r) can be expressed as a finite product of elements of the
form f, or f;!, with z € X. O

Now we are ready to extend this addition to all elements of G(X,r) and
show that the permutation group G(X,r) with this addition and the compo-
sition has in fact a structure of left brace.

Theorem 3.1.4. Given two elements a, § € G(X,r), by Lemma 3.1.8 (3),
they can be seen as

a = ( o (Elfml + 52fm) + - ) + Emfmm € g(Xa 7")7
B = ("'(nlfyl +772fy2) Jr) +"7sfys € Q(X,r)7

withe; € {—=1,1}, z; € X, 1 <i<m;n; € {-1,1}, y; € X, 1 <j <s. The
asstgnment

« +B = ( o (((( o (Elf:n +€2f:102) +oee ) +5mfzm)
Fmfy) +mefy) + ) + by

a+l=14+a=aq,14+1=1, defines an internal binary operation in G(X,r)
such that (G(X,r),4+,0) is a left brace.

Proof. By Lemma 3.1.2 (2), we have that + is an internal binary operation
and an immediate consequence of Lemma 3.1.2 (1) is the commutativity of +.
Also, 1 is the neutral element of 4+ by definition.

Next we prove that + is associative. Note first that if f = f, or f = —f,
for some € X, then a + (8 + f) = (o + B) + f. We must prove that
(a+8)+~v=a+(f+~) when o, 8, v € G(X,r). If v = 1, the result
is clear. If 4 # 1, then there exist ¢ € N, z; € X and ¢; € {-1,1}, 1 <
1 < t, such that v = Zle €ifz,- We argue by induction and assume that
(+ ) +0=a+ (8+0) when 6 can be expressed as a sum of ¢t — 1 terms
€ifz; (when ¢ = 1, this sum is understood to be 1). We express v = § + & f»,,
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where 0 = Zf;} €;fz; 1s a sum of £ — 1 terms. By the induction hypothesis,
(a+B)+0=a+(8+0). Then

(a+B)+y=(a+p)+(0+cifs)

= ((Oé + ﬁ) + 6) + Etfact

(by the previous remark)
=(a+ (B+9)) +efs, (by the inductive hypothesis)

(

(

a+ ((B+90)+eifa)
=a+(B+ (0 +efa))
=a+(B+7)

Hence the addition is associative.

By Lemma 3.1.1 (2), the commutativity, and the associativity, we have
that if a = 2221 €ifu,, wWith g, € {11} and z; € X, 1 < ¢ < ¢, and
£ = Z:.Zl(—sl-)fml7 then « + 8 = 8 4+ a = 1 and 8 becomes the symmetric
element of o. We conclude that (G(X,r),+) is an abelian group.

Finally, we must show that if o, 8, v € G(X,r), then a(8 +7) + a =
af+ary. The result is clear when v = 1. We prove it now when v = f,, v € X
recall the definition of the addition for the generators and Lemma 3.1.3 (2).

a(B+ fo) +ta=a(Bfs1m) +a
= (@B)fs1) +
= (aB + fap-1@) T
= af + (fas-1@) + @)
=af+ (fa(z) + a)
=af+ (a+ faw)
= af + afa-1(a)
=af+af,.
The result is also true for v = —f,, v € X.
aB-f)va=a (B2 ) +a

I5-1(a)

by the previous remark)

by the previous remark)

_ -1
= @B e T

= (aB — faw) +
= &6 + (Oé - fa(w))

_ -1
saftaln o eteE)

aB+af}

gz (2)

= O‘ﬂ + a(_fm)'
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Now we suppose that v = 22:1 gifs, with t € Ny g; € {-1,1}, z; € X,
1 < i < t. We argue by induction on ¢ and we may suppose that a(8+6)+a =
af +ad for § = Y-\ eifs, (when t —1 = 0, we agree that § = 1). Let
f =¢tfz, Then
alf+y)+a=aB+ 6+ f)+a

a((B+6)+ f) +a
=a(f+0)+af
af +ad —a+af
af + (ad + af) — «

=af+ald+f)

=af + ay.
This shows that (G(X,r),+,0) is a left brace. O

To end with this section, we will show that be can obtain the Cayley
graph of (G(X,r),+) just by relabelling the Cayley graph of (G(X,r), o) and
we will present some examples. Recall that given a group G with generating
set S, the Cayley graph T'(G,S) of G with respect to S has as vertices the
elements of G and edges of the form = = zs, labelled with s, for z € G
and s € S. For simplicity, in the Cayley graph of G(X,r) with respect to

the natural generating set {f, | * € X}, the edge « ELN af, for x € X and
a € G(X,r) will be represented as o = af,, with label x instead of f,.

Theorem 3.1.5. Consider the Cayley graph of (G(X,r),0) and recall that
its edges are of the form a = af,, v € X, a € G(X,r). If we replace the

label of each such edge by a(x), obtaining edges of the form « o), afe,

then the labelled graph obtained in this way is the Cayley graph of the abelian
group (G(X,r),+), where + denotes the operation studied during this whole
section.

Proof. First, notice that by Lemma 3.1.3 (3), the additive group (G(X, ), +)
is generated by the same set as (G(X,r),0), that is, {f, | = € X}. Also, if
|X| = n, the n edges with inicial vertex a € G(X,r) labelled by a(z) for
each © € X cover the n different generators because the solution (X,r) is
non-degenerate.

Now, the Cayley graph of (G(X,r),+) would be the one having the el-
ements of G(X,r) as vertices and edges of the form o = a + f,, for any
a € G(X,r) and z € X. Thus, the edge starting in o and with label a(z)
should end in the vertex o+ fu() but o+ fu) = af, by Lemma 3.1.3 (2),
and hence the graph obtained as stated in the theorem is the Cayley graph
of (G(X,7),+). O
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Remark 3.1.6. Note also that if we have the edge o = o+ f, in the Cayley
graph of (G(X,7),+), as a + f, = afs-1(y), there is an edge in the Cayley
graph of (G(X,r),0) joining o and o + f, with label a=!(z):
a” ()
o —=a+ f,.
Therefore, if we have the Cayley graph of the additive or the multiplicative
group of G(X,r), we can obtain the other one just by relabelling the edges.

Example 3.1.7. Let (X, r) be the involutive non-degenerate solution of the
Yang-Baxter equation such that X = {1,2,3,4,5} and f1 = fo = f3 = 1,
fa=(1,2)(4,5), and f5 = (1,3)(4,5).

We can draw the Cayley graph of (G(X,r), o) (see Figure 3.1(a)) and use
Theorem 3.1.5 to obtain the Cayley graph of (G(X,r),+) (see Figure 3.1(b))
just changing some labels. For example, the edge (1,2)(4, 5)—59(17 3,2) in
the graph of (G(X,r),0) becomes (1,2)(475)%(1,3,2) in the graph of
(G(X,r),+) because (1,2)(4,5)(5) = 4.

We have assigned different colors for the different labels € X to visualize
more easily the changes between the graphs. In addition, we have drawn the
loops corresponding to the generators fi, f2, and f3 as just one loop because
they coincide and in this way we can simplify the picture, but there are
actually three loops in each vertex.

5 4
2,50 (3,2 wes O Qs

(2,3)(4,5) 1 (2,3)(4,5)

5

3@ O (1,23 3@ 0O (J1,2,3)
4 4

(a) (G(X,7),0) (b) (G(X;7), +)

Figure 3.1: Cayley graphs from Example 3.1.7.

Example 3.1.8. Let (X, ) be the involutive non-degenerate solution of the
Yang-Baxter equation such that X = {1,2,3,4} and f1 = f3 = (1,2,3,4),
fo= fa=1(1,4,3,2). In this case, we will simplify the graphs even more by
using the assigned colors instead of the labels. The graphs corresponding to
this example are shown in Figure 3.2.
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(1,2,3,4)

(1,3)(2,4) 1 (1,3)(2,4)

(1,4,3,2) (1,4,3,2)

Figure 3.2: Cayley graphs of (G(X,r),0) and (G(X,r),+) for Example 3.1.8.

3.2 The structure group as a left brace

Our next goal will be obtaining a description of the structure group G(X,r)
by means of the Cayley graph of the additive group of the permutation group
(G(X,r),+), with the addition introduced in the previous section. We will
also note using this vision that G(X, r) has structure of left brace too. To do
so, we will use a construction that can be regarded as an analogue of the one
described in [7] by Ballester-Bolinches, Cosme-Llopez, and Esteban-Romero.

Consider the Cayley graph of (G(X,r),+) and let us denote by E its set
of edges. Let W be the free Z-module with basis E. Then, the multiplicative
group of the permutation group, (G(X,r), o), acts on the left on E as follows:

if vy € G(X,r) and (« o), af;) € E, then

a(z (

% (a—)>afz) = ('yozﬂ)’yafz> € F.

Now we can extend the action to W: if ZeeE mee € W, with m, € Z for
e € F, then

v * (Zmee) = Zme(v*e) € Wfor all y € G(X, ).

eck eckE

Therefore, we can construct the semidirect product [W]G(X,r).
The next step is identifying all edges in (G(X,r),+) with the same label,
or equivalently, taking quotient modulo

K = <€a7y 76@9 | Y € X7 Ol7ﬁ € g(X7T)>7

where e, , denotes the edge starting in o and with label y, it is, « Y fa—1(y)-
The following lemma shows that K is a normal subgroup of the semidirect
product.
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Lemma 3.2.1. If K is as defined above, then K = K x 1 < [W]G(X,r).
Proof. For each generator e, —eg,, of K and any v € G(X, ), we have that

Y (Cay = €8y) =V * Cay — Y * €8y = Cran(y) — CrBA)

which is also one of the generators of K. Thus, K is invariant for the action
of (G(X,r),o0).

Next, let us see that K < [W]G(X,r). Let e, — g, be a generator of K
and let (3, 5 mee, ) be an element of [W]G(X,r). Then

(Z mee, 7) (Eay —€py, 1) (Z mee, 'y)

ecE ecE

= (Z(—me)(vl *e), ’Vl> <€a,y —egy + 1% (Z mee> ,1lo 7)
ecE eclE

= (D—me)(w o)+ ( —eayt Y mee> e v)
ecE ecl

= (Z(mg)('yl *€) + (e4-1an-1(y) — Ex-187-1()) + Z me(y ! xe), 1)
ecE eeE

= (67_104,7_1(1/) T Gy 1B (y) 1) €K O

With this, we can construct the quotient group
(WIG(X,r)/K = [W/K]G(X,7)
and take the subgroup
H={le1,+ K., f,) |z e X) <[W/K|G(X,r).

Finally, we shall prove that this group H we have just constructed using the
Cayley graph of (G(X,r),+) is isomorphic to the structure group G(X,r) =

(X |2y = fa(y)gy(x), ,y € X).
To simplify the notation, as we have identified all the edges with the same
label by taking quotients modulo K, we can regard the group H as

H={((zf) |z eX)<[Z¥]G(X,r),

where Z = €1, + K and W/K = Z* is a free abelian group with basis X and
the action of G(X,r) over W becomes the following action of G(X,r) over

7.
v * (Z w) => a(x), 7EGX,r).

rzeX zeX
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Notation 3.2.2. In the proofs of the following three theorems, we will also
omit the bars in the elements T = e;, + K of W/K = ZX to work without
worrying about them.

Theorem 3.2.3. Let H = ((Z, f,) | # € X) < [ZX] G(X,r) be the subgroup
constructed above. Then H is isomorphic to the structure group G(X,r).

Proof. First of all, note that if (z, f,) is a generator of H, x € X, then
(z, fo) "t = (=f7 =), £71), because, clearly,

(x7f1)(7fw71(‘r)7f;1> = (.I - fz(f;l(‘r))’fzf;l) = (07 1)

and

(=S (@), o) (@, fo) = (= f (@) + £ (@), £ fa) = (0,).

Let F' be the free group on the set of generators X. Then there exists
an epimorphism 8: F' — G(X,r) sending each generator of F' to the corre-
5ponding generator of G(X, 7). Note that the kernel of 3 is the normal closure
of (y*27 fo(y)gy(z) | 2,y € X) in F. Moreover, as H is also an X-generated
group, there exists an epimorphism v: F' — H given by v(z) = (z, f.).

Let us call V = Ker~y and N = Ker 5. We will prove now that N < V. It
is enough to check that y~'a~' f,(y)g,(x) € V for z, y € X.

f2(y)gy(x))

(=1, (y)7fy 1)( 2 @) Fo D @) Frw) (9y(2)s fo, )

= (=f; (v) — ( ) ) + S (9 (),
fy fz ffw y)fgy(m))'

Recall that f.f, = ff,(y)fg,(x) (Lemma 2.1.4) and then f,~ Y ) fou @)

For the first component, it is clear that —f, ' (y) + f, ' fs 1fg,g(y) = 0 and
Fr(gy(x)) =  (Lemma 2.1.5). Thus, we obtain that yilx’lfz(y)gy(x) ev.
It follows that there exists an epimorphism 7: G(X,r) — H such that
no B =, that is, the following diagram is commutative.

-1 71

Yy

F—2ax.r)

SN

H

We will prove now that N = V. Let w = af*---z5» € V with z; € X,
gi € {—1,1}, 1 <i < n. We prove by induction on n that w € N. If w =1,
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that is, w has no letters, then it is clear that w € N. Suppose that if a word
with less than n letters or their inverses belongs to V', then it belongs to V.

Since the positive exponents contribute as positive coefficients in the free
abelian group generated by X and the negative exponents contribute as neg-
ative coefficients, we have that the number of positive exponents coincides
with the number of negative exponents and n is even, n = 2m, say. Since r
is non-degenerate, given z, z € X there exists y € X such that z = f.(y)
and so y = f,'(2). Therefore n, . = (f;'(2)) "o 29,1, (x) € N. It follows
that if

€1 gi—1,,—1_, Ei+2 Er
w=ay"r Tz Tl
and
_ £l €i—1 p—1 —1,.€i+2 £
U=Ty Ty Ja (Z)(gfgl(z)(m)) Tiyg X",
1 eiva e
g1, @) a2t , ,
then u~'w = ng,;;fz @ ) € N,sow € N if, and only if, u € N.

Note also that f;'(z) and g;-1(,)(z) are two elements of X. Therefore, in
order to prove that all words in V' which are products of 2m elements, m
of them in X and m of them inverses of elements of X, belong to N, it is
enough to do it for all words of the form wy = @1 -+ z,y;' -y, * € V, with
zj,y; € X, 1 <5< m.

Call Fiy = fo, -+ fa,1 () for 1 < i < t, with Fy; = x¢, and G, =

for - fan £yl - [ (ys) for 1 <'s <m. Then

Y(wo) = (Fip+Fia+Fig+-+Fim—Gpn—Gpo—--—Gh,
for o fom yjnl"'fy_ll)
=(0,1).

We conclude that f,, - fe,, y‘ml e y‘ll = 1 and so Gy = y;. Since all F}
for 1 < j < m and Gy for 1 < k < m are elements of X, there exists
a t with 1 < ¢ < m such that y; = Fy;. Note that for 1 < k < ¢ — 1,
= Frugr, (@) Frly ot € N Call

-1
Wy = T, Wg—1METk

for 1 <k<t—1 Thenw, €V for1 <k <t—1and wg € N if and only if
wg_1 € N. We check by induction on k that

W = Tp41 " Imy;Ll o 'yglng,L(xl) o 'ngJrl,:,(Ik)Fk_-o—ll,t

for 1 <k <t. For k =1, since y; = Fi 4, we have that

wy = 27 wo(Fregm, (x1) Folay Do = oo wnyp) 45 g, (21) F5 )
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Suppose that w1 = T -+ Tyt -+ y;lgpg’i(ml) e ng.t(xk,l)F,;tl. Then
w = T Wiy (Fragp,, (00) Fiy o )T
= Tpy1 xmy;zl T y2_1.gF2,t (1’1) CGFgay (‘Tk)Fk_—o—ll,t'

We conclude that

Wi—1 = Ty - xmy;Ll o yglgFQ,r,(m) e gFt.t(xtfl)FtTtl'
Since Fi; = x4, we have that

T W T = T Tl Yy G, (@1) < R, (Te),

so that w;—; € V and w,—; € N if and only if x; Yw,_1xp € N. We conclude
that wy € N if and only if x[lwt,lmt € N. But x;lwt,lxt can be expressed as
a word with 2m—2 elements of X or their inverses. By induction, x;lwt_lxt S
N. We conclude that V = N.

Then we have proved that the homomorphism 7: G(X,r) — H is in
fact an isomorphism. O

Theorem 3.2.4. Let H be as in Theorem 3.2.3, then:

1. H= {(ZzEX azEVZzeX azfz) } a; € Z,x € X}
2. The product of H has the form

(Z axx,a> : (Z bw.ﬂ) = (Z (ax+ba1(m))x70éﬁ> :

zeX reX reX

Proof. In order to prove the first statement, note that, due to the associativity
and the commutativity of the additions in G(X,7) and in ZX), it is enough
to show that

H= {(Zﬁﬂmzﬁz‘fzz) '
i=1 i=1
reNU{0}e; e {-1,1},z; € X,1<i < r}7 (3.2)

where the element corresponding to r = 0 is the neutral element (0, 1). Let
us call K the right hand side of Equation (3.2).
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We prove first that H C K by induction on the number of factors in
T UT™! appearing in an element of H, where T = {(z,f,) | * € X} is
the natural generating set for H. Clearly, the generators (z, f,) and their

inverses (z, fo)"! = (=f7Hx), £,1) = (= f(x), —f4:1()) belong to K for
each # € X. Suppose that (w,a) = [[(z;, fi,)* € K. Then

(waa)(xafx) = (w + a(m),afx) - (w + a(x)7a + fa(z)) €K
and
(w,a)(z, f) 7 = (w,0) (=f7'(2), ;) = (w = af (), af; ")
= (w - Ckfm_l(l'), o — faf;l(x)) €K,

where the last equalities hold by Lemma 3.1.3 (2). We conclude that H C K.
We prove now that K C H. We argue by induction on the number r of

terms in (v, 8) = (O i, €i%iy iy Eifas) € K. Let

r—1 r—1
(vo, Bo) = (Z €3, Zfi.fx,) €K
i=1 i=1
By the inductive hypothesis, (vo, 5o) € H. Assume that £, = 1, then
(v,8) = (vo + v, Bo + fa,) = (Uo + T, 50f5[;1(zr))
— (v, o) (B @), Sy 10an)) € H-
Assume now that ¢, = —1. Then
(0, 8) (B (@0)s 1) = (v + 20, Bfs-1(2,) = (v + 20, B+ f2,) = (vo, o),

which implies that (v, 8) = (vo, Bo) (67 (2), fﬂ—l(zq‘))_l € H. This completes
the proof of Statement 1.

Statement 2 follows from Statement 1 by applying the definition of the
product in a semidirect product, that is, if (ZIEX a7, a) and (ZIEX bz, B)
are in H, with a,, b, € Z for x € X, then

(Z amx,a> . (Z m,ﬁ) = (Z 4w+ Y bwa(x),w)

zeX zeX rzeX zeX
= (E apx + E bal(z)x,aﬁ)
reX zeX

- (Z (az +ba-1()) x,aﬁ) : O

reX
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Now that we have studied the aspect of the elements in H, in the following
theorem we will define an addition over H such that (H,+,-) is a left brace.
Therefore, we will have that given a finite involutive non-degenerate set-
theoretic solution (X,r) of the YBE, we can construct its structure group
G(X,r) using the Cayley graph of the group (G(X,r),+) and prove that it
has structure of left brace.

Theorem 3.2.5. Let (X,r) be a solution of the YBE and let H be like in
Theorem 3.2.3. If we define in H an operation + by means of

(Z a, 1, a) - (Z b7, ﬁ) = (Z(az +b)7, 0+ ﬁ) ;

zeX zeX zeX
where o = Y v apfe, B =D cxbofe. Then (H,+,-) is a left brace and
the map m: H — G(X,r) given by 7 (3 ey aa®,a) = a is a left brace
homomorphism.

Proof. Since the additions in G(X,7) and Z*) make them abelian groups,
only condition (1.1) of the definition of left brace is in doubt. Consider

(ZmeX a3, a), (ZmeX wa,ﬂ)7 (ZIEX cxac,y) € H. Then, bearing in mind
that (G(X,r),+,0) is a left brace and Theorem 3.2.4 (2), we obtain:

() (5] # (o)) + (o)

_ (Z ., a) (Z(bw + )T, B+ 7) + (Z a7, a)

zeX zeX zeX

= Z (az + bo-1(z) + Ca—l(z)) x, a8+ ’y)) + (Z Q3T oz)
zeX zeX

= Z (az =+ ba’l(w) + Ca—1(z) + a'z) xz, Oé(ﬂ + 7) + Oé)
zeX

(a.'v + bofl(z) + a, + cofl(z)) x, 046 + O{’Y)

(az + ba—l(z)) x, 04/3) + (Z (az + Ca—l(z)) x, a’y)

>

xe

Il
N N NN N

zeX zeX
= Zaﬂ:,a) (Z bzx,ﬁ> + (Z azx.,oz> (Z czx,’y> .
xeEX zeX xeX zeX

It follows that (H,+,-) is a left brace. The fact that 7 is a left brace epimor-
phism is clear. |
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3.3 A geometrical interpretation of the struc-
ture group in terms of the Cayley graph of
the permutation group

In this section we present a geometrical interpretation of Theorem 3.2.3 in
the line of [7]. Let G be a group with a generating set S and let F' be the
free group on S. There exists a unique epimorphism 3: F' — G that sends
the generators of F' to the corresponding generators of G. If w € F, then
w is a word on S U S™!, that is, w = s§'...s5" with r > 0, &; € {—1,1},
s; € 5,1 <4 < r. If we have the Cayley graph of G with respect to .S,
we can consider a path of length r starting from 1 and following the edges
labelled s;, in the same sense if ¢; = 1 and in the opposite sense if ¢; = —1,
for 1 <i < r. The other end of this path is §(w).

According to Theorem 3.1.5, if we draw the Cayley graph of the per-
mutation group of (G(X,r),o) with respect to the natural generating set

= {f. | * € X} and we replace in each edge of the form a = af,,
x € X, a € G(X,r), the label x by a(z), then we obtain the Cayley graph
of (G(X,r),+) with respect to the same generating set. We can use these
Cayley graphs to obtain the images of elements of the free group on S in
(G(X,r),0) and (G(X,7),+).
Example 3.3.1. Let (X,r) be the solution in Example 3.1.7, that was the
one with X = {1,2,374,5} and with f1 = f2 = f3 = 17 f4 = (172)(4,5)7
and f5 = (1,3)(4,5). Recall that we can see the complete Cayley graphs of
(G(X,r),0) and (G(X,r),+) in Figure 3.1. We show here a reduced version
omitting the loops because we are not going to use them in these examples
(see Figure 3.3).

«a, 2)(4 5) )] <1 3,2) a, 2><4 5)
/ = \ / = \
1 D (2,3)(4,5) 1 D (2,3)(4,5)

N Ny

(1,3)(4,5) 4 (1,2,3) (1,3)(4,5) 4 (1,2,3)

Figure 3.3: Cayley graphs of (G(X,r),0) and (G(X,r),+) (simplified).

Consider the free group F with basis X and the word w = 44571 € F. Its
image in (G(X,r),+) will be fy + f1 — f5. This can be obtained by following
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the path starting from 1 and with edges labelled 4, 4, and 5 (the last one
reversed) in the Cayley graph of (G(X,r), +). The path is drawn in Figure 3.4
and we obtain that fi + fi — f5 = (2,3)(4,5).

(1,2)(4,5) 4 (1,3,2)

(2,3)(4,5)

o @]
(1,3)(4,5) (1,2,3)

Figure 3.4: Path in the Cayley graph of (G(X,r),+)

Now we compute the image of the same word w = 445~! € F in the
multiplicative group (G(X,r),o) by following the path starting from 1 and
with edges labelled 4, 4, and 5 (this one reversed) in the Cayley graph of
(G(X,7),0). The path is drawn in Figure 3.5. We see that fy o f; 0 f5' =
(1,3)(4,5).

(1,2)(4,5) (1,3,2)
Q
1 O (2,3)(4,5)
(@]
(1,3)(4,5) (1,2,3)

Figure 3.5: Path in the Cayley graphs of (G(X,r),0)

Suppose now that we want to obtain an element of (G(X,r),+). We can
identify G(X,r) with the subgroup H of Theorem 3.2.3 with generating set
T = {(=, f») | * € X} identified in the obvious way with X. We can follow in
the Cayley graph of (G(X,r),+) a path labelled with the terms as before. The
last end of the path corresponds to the second component of the element in
H. To obtain the first component, we can count in the same path how many
edges labelled by each element x € X does the path traverse, taking into
account that the edges traversed in the opposite direction of the edge would
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count as negative. For each z, this number would be the coefficient a, € Z
of the first component of the element in H, that will be >~ _\ a,7.

Finally, suppose that we want to obtain an element of (G(X,r),-), iden-
tified again with H with generating set T as in the previous paragraph. If we
follow the path in the Cayley graph of (G(X,r), o) starting from 1 with edges
labelled with the corresponding elements of X, the last end corresponds to
the second component of the product. In order to find the first component of
the product, we can follow the same path but in this occasion in the Cayley
graph of (G(X,r),+), with the new assignments of labels, and again take
into account the number of signed traversals of edges labelled with x € X to
obtain the coefficients b, € Z of the first component Zze  b,Z of the product
in H.

Example 3.3.2. Let us continue with Example 3.1.7, as before. The image
in (G(X,r),+) of the word w = 445! € F will have fi+ f1— f5 = (2,3)(4,5)
as second component. To obtain the first component, note that the path in
Figure 3.4 contains two arcs labelled 4 and an arc labelled 5 traversed in the
opposite direction. This means that w maps to (4, f1) + (4, f1) — (5, f5) =
(2-44(=1)-5,(2,3)(4,5)).

Now, the image in (G(X,r),-) of the word w = 445~! € F will have
faofiofs !t =(1,3)(4,5) as second component. To obtain the first component
we have to consider the same path but in the Cayley graph of (G(X,7),+),
with the labels changed according to Theorem 3.1.5. The new labels for
these edges are now 4, 5, 4, respectively, the first two ones traversed in the
direction of the edges and last one reversed. The path appears on the right
hand side of Figure 3.6. The edges labelled 4 cancel because there is one
traversed positively and another one traversed negatively, and there is an edge
labelled 5 traversed positively. Consequently, the image of w in (G(X,r), ")
is (‘1’ f4) ’ (21>f4) : (5a f5)_1 = (O A+1- 5a (173)(475))'

(1,2)(4,5) (1,3,2) (1,2)(4,5) (1,3,2)
o] o]

O (2,3)(4,5) 1 O (2,3)(4,5)

0] o
(1,3)(4,5) (1,2,3) (1,3)(4,5) (1,2,3)

Figure 3.6: Same path in the Cayley graphs of (G(X,r),0) and (G(X,r),+)
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3.4 A comparison with other definitions of the
addition

Bachiller, Ced6, and Jespers defined in [4] an addition in the structure group
of a solution of the YBE which induces an addition in the permutation group
such that both groups acquire brace structures. The aim of this section is
to prove that both additions coincide, respectively, with our additions in the
structure group and in the permutation group.

The definitions of the additions in [4] depend strongly on the isomorphism
between the structure group and the subgroup of the semidirect product of
the free abelian group Z* with basis X and the symmetric group on X given
by Etingof, Schedler, and Soloviev in [19]. For the reader’s convenience, we
summarize the arguments of [19] and we adapt their notation to the left
actions we are considering here.

In [19], its authors prove that G(X,r) is isomorphic to a subgroup of the
semidirect product My = [ZX]Sym(X), where the action of Sym(X) on Z*
is the natural action of Sym(X) on X, extended by linearity to ZX. The
product in My is defined as usual:

(a,0)(b,7) = (a + o (b),07), foralla,beZ* o, 7€ Sym(X).

They define a group homomorphism ¢ : G(X,r) — My by means of (x) =
(z, fz) € Mx for each z € X and write ¢(h) = (n(h), ¢(h)) € Mx for each
heG(X,r). If hy,hy € G(X,r), then

(m(hiha), ¢(hihe)) = P (hiha) = ¥ (hi)(he)
= (m(h1), ¢(h1))(m(h2), d(h2))
= (m(h1) + ¢(h1)(7(h2)), d(h1) P (h2)).

Therefore, the map ¢: G(X,r) — Sym(X) is a group homomorphism with
image G(X,r) and ¢(z) = f, for z € X, and the map 7: G(X,r) — Z¥ isa
1-cocycle with respect to the action of G(X,r) on Z¥ given by h' 3" v a,x =
o(h) (X ,ex 02x) =2 ,ex aup(h)(z), for h € G(X,r),a, € Z. Also, n(z) =
forz € X.

They prove that 7 is bijective by showing that it possesses an inverse
p: ZX — G(X,r). They call Z the set of elements of Z* that can be
expressed as a sum of at most k terms of the form x or —x with z € X.
Thus, Z* = |J,>, Zi and they define the inverse p of 7 inductively. For
elements of Z¥, p(0) = 1, p(z) = x, and p(—z) = (g;(x))"! for z € X.
Now, if p has been already defined for elements of Zi ;| and n € Z;X, then
n=a+¢foraeZy |, &€ {x,—z} for some z € X. In this case, we consider
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the right action of G(X,r) on Z%X defined by ah = ¢(h)7'(a) for a € Z¥,
h € G(X,r), and define p(n) = p(a)p(Ep(a)). With this, it is easy to check
that p is the inverse of 7. Note that by definition of p in Zf,

p(zp(a)) = p(d(p(a)) ™ (x)) = d(p(a)) " (2); (3:3)
p((=2)p(a)) = p(¢(p(a)) ™' (—2)) = p(—=d(p(a)) "' (2))
= (9o(ptan 1) ($p(a)) " ())) 7" (3.4)

This construction is used by Bachiller, Cedé, and Jespers in [4] to define
additions in G(X,r) and G(X, r). The addition in G(X, r) is defined by means
of

hy 4+ hg = p(mw(hy) + m(he)), for hy, hy € G(X,r).

Given h € G(X,r) and = € X, we obtain that
bt = p(r(h) +7(2)) = p(r(B) + ) = plr(R)plap(n(h)))
= hp(zh) = he(h) ™ (z),
where the last equality follows by (3.3), and so
U(h+ ) = (n(hp(zh)), o(he(h) ™ (z)))
= (m(h) + o(h)(m(p(xh))), ¢(h)e(d(h) " (2)))
= (7(h) + 2, 0(h) fom)1(@)) -
On the other hand,
h—x = p(n(h) —n(x)) = p(r(h) = x) = p(x(h))p((=2)p(7(R)))
= hp((=2)h) = h(goeny-1(a) (@(R) 7} (2)))
where the last equality follows by (3.4). Thus,

U(h =) = (n(hp((=2)h)), d(h(gsm) -1 () (S(M) 7 (2))) 7))

_ 1
G0 —ac,qﬁ(h)f%(h) o GG
The addition in G(X,r), that coincides with the image of ¢, is defined by
¢(h1) + ¢(ha) = ¢(h1 + ha), where hy, hy € G(X, 7). Let @ € G(X,r) and
xz € X. Then o = ¢(h) for a certain h € G(X,r) and f, = ¢(z). Hence,
a+ fo=¢(h) + ¢(x) = o(h+ ) = ¢(h) fon)-1 () = fa1(a)

and
a—fo=¢(h) = d(@) = d(h—x) = (W) f, "\ (omy1a)

_ -1
- O‘fgaq(m)(a—l(z))'

We conclude that the additions obtained with the arguments of [19] and [4]
coincide with our additions.
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3.5 Some applications

We will close this chapter presenting some results that follow easily as appli-
cations of the Cayley graph approach. We will begin with a way of finding
the frozen pairs, which were introduced by Chouraqui and Godelle in [16].

Definition 3.5.1. Let (X,r) be a solution of the YBE and consider the
natural action of 7 on X x X. The fixed points of this action are called frozen
DAITS.

Proposition 3.5.2. Let x € X. Consider in the Cayley graph of the additive
group of G(X,r) the path of length two starting at 1 with both edges labelled
with x and consider the corresponding edges on the Cayley graph of the multi-
plicative group of G(X, ), with labels x, y, respectively. Then r(x,y) = (x,y).
Moreover, (x,y) is the unique pair of the form (x,z) with z € X such that
r(z,z) = (z,2).

Proof. We have that f, o f, = fo + fr.) = fo + fo and = fo(y). Hence

y = £7(2). Now r(2,y) = (fuly), £ (2)) = (5 £ (2)) = (2, 1).
Moreover, if r(z, 2) = (z, 2), then f,(z) =z and so z = f;!(z) = y, hence

the unicity holds. O

Example 3.5.3. Consider again the solution (X, r) with X = {1,2, 3,4, 5},
fi=f=f=1 f1=(1,2)(4,5), and f5 = (1, 3)(4,5). Figure 3.7 (b) shows
the paths of length two starting at 1 and with the two edges labelled by the
same x for each x € X in the Cayley graph of (G(X, ), +), and Figure 3.7 (a)
show the corresponding paths in the Cayley graph of (G(X,r),0).

(1,2)(4,5) (1,3,2) (1,2)(4,5) 1,3,2)

(2,3)(4,5) 1 (2,3)(4,5)

(1,3)(4,5) (1,2,3) (1,3)(4,5) (1,2,3)

(a) (G(X,r),0) (b) (G(X,7),+)
Figure 3.7: Paths to find the frozen pairs

Note that we have drawn just one loop to represent the edges labelled by
1, 2, and 3 to make the picture easier, but they are in fact three different
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paths. Hence, applying Proposition 3.5.2, we find easily that the frozen pairs
are (17 1)7 (27 2)7 (37 3)7 (47 5)7 and (54)

Next we will see that the relations explicitly mentioned in the definition
of the structure group and the trivial ones of the form xy = xy are the unique
relations that can be found in this group involving equalities of products of
two generators. The proof is already implicit in the proof of Theorem 3.2.3,
but it becomes more evident from our description of the structure group.

Theorem 3.5.4. Let z, y, z, t € X be regarded as elements of the structure
group G(X,r). Then xy = zt if, and only if, v = z and y =t or r(z,y) =

(z,t).

Proof. The element xy corresponds to a path of length 2 in the Cayley graph
of (G(X,r),0) starting at 1 and with labels z and y, and the element =zt
corresponds to a path of length 2 in the Cayley graph of (G(X,r), o) starting
at 1 and with labels z and ¢. They correspond to paths in the Cayley graph
of the additive group of G(X,r) starting at 1 and with labels z, f.(y) for
the first one, and z, f,(¢) for the second one. Hence {z, f.(y)} = {z, f.(¢)}.
If = 2, then f.(y) = f.(t) = f.(t) and, since f, is bijective, y = t and

we are in the first case. Now suppose that * = f.(t), 2 = f.(y). Then
r(z,y) = (fz(y),f;(y)(x)) = (2, f71(z)) = (2,t) and we are in the second
case. The converse is clear. O

Our next objective is to prove that the solution induced by the retract
relation (recall Definition 2.1.8) is indeed a well-defined solution of the YBE,
as mentioned in Chapter 2. To achieve this, we should recall the concepts of
block and block system of an action: if G is a permutation group acting on
a set , a block of this action is a subset B C {2 such that for each g € G,
gB = B or ¢gBN B = (. Note that we are not requiring the action to be
transitive. In addition, a block system is a partition of {2 formed by blocks.

Lemma 3.5.5. Let (X, ) be a solution of the YBE. The equivalence classes
for the retract relation ~ on X are blocks for the natural action of G(X, )
on X.

Proof. Suppose that © ~ Z, that is, f, = fz. Then, given a € G(X,r),
afy = afz, that is, o+ fo@) = o+ foz), which implies that fom) = fa@). O

Remark 3.5.6. It is possible to prove Lemma 3.5.5 without using the de-
scription of the addition in G(X,7), but the proofs we know are not so im-
mediate and intuitive. For completeness, we present one such proof.
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Alternative proof of Lemma 8.5.5. Suppose that z ~ Z. It is enough to show
that for each t € X, f, () ~ f,1(Z) and fi(x) ~ f,(7).
For every t € X, by Lemma 2.1.5 and Lemma 2.1.4 we have that

feliow = TrustenJo, @ = Sl

and so
ot = o el i
Analogously,
i = I el
Since f, = fz, we conclude that f—1,) = f;-1(;) and so () ~ f7 (@)
By Lemma 2.1.5 and Lemma 2.1.4, we have that

_ -1 -1
g1 0 (92(8) = oty (71 (f fﬂw)(”)

= f1 1 )
ffgw) (120 (77 @) (f fuw (1)

g

_ r—1 —1
= o (Fato®)

= foutt (f f:(lw)(t))
= £ (fH (@)
Therefore
9x(t) = g;-z—llu-t—l(t»(f;l(ftil(t)»v
which implies, by Lemma 2.1.5, that

_ -1 _ -1
fft(x) - fifwfgl.(t) - ftfxfgf—ill(fil() (f;l(ft—l(t)))-
PR URIO))
Analogously,
ff (&) — ftfifill 1,1 .
i gfj—l(ft—l(t))(fi (f@®))
Since f, = fz, we have that fy,,) = ff,(z). Consequently f;(z) ~ fi(z). O

We can use Lemma 3.5.5 to give an immediate justification for the con-
struction of the solution associated to the retraction.

Proposition 3.5.7 (see [19] Section 3.2 and also [14]). If (X,r) is a so-
lution of the YBE, then the map 7: (X/~) x (X/~) given by 7([z],[y]) =
([fo(W)], lgy(2)]) is such that (X/~,T) is a solution of the YBE and the nat-
ural surjection ¢: X — X/~ induces a homomorphism of solutions of the

YBE.
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Proof. The only thing which is in doubt is that 7 is a map, that is, if 1 ~ x5
and Y1 ~ Y2, then fm(yl) ~ fzz(yZ) and gy1(11) ~ ng(l’g). Since Ty ~ T2,
fur = fuy- This together with Lemma 3.5.5 gives fu, (y1) = fu, (Y1) ~ fun (y2)-
Now gy, (z1) = ff:(yl)(zl) and gy, (z2) = fﬁi(yz)(l’g) by Lemma 2.1.5. Since
Jor (1) ~ fan(y2), we have that fr, () = ff,, (). Since 21 ~ x5, we have by
Lemma 3.5.5 that fa<yl)(w1) = fﬁ;w)(xl) ~ ff;i(yz)(acg). Hence 7 is a map
and ¢ induces a homomorphism of solutions of the YBE. O

Now we will deal with some results about the socle of the permutation
group of a solution (X,r) of the Yang-Baxter equation and its relation with
the permutation group of Ret(X,r). We will use them to obtain the multi-
permutation level of a multipermutation solution.

Lemma 3.5.8. If (X,r) is a solution of the YBE, then
Soc(G(X,r)) ={a € G(X,r) | a induces the identity on X/~}.
Proof. Recall that the socle of a left brace (B, +,-) is
Soc(B)={ae€ B|A=idg} ={a€eB| forallbe Ba+b=a-b}

(see Definition 1.1.11). Also, as A\, € Aut(B,+), in order to prove that
Ao(b) = b for all b € B, it is enough to check the condition for the ele-
ments of a generating set of (B,+). If we assume that B = G(X,r), we
obtain that

Soc(G(X,r)) ={aeG(X,r)|forallz € X, a+ f. = af,}.
Since af, = a + fuo(x) by Lemma 3.1.3 (2), we have that

Soc(G(X,r)) ={aecG(X,r) |forallz € X, a+ fu = a+ fuw)}
={acG(X,r)|forallz € X, f, = faw}
={aeG(X,r)|forallz € X, z ~ a(z)},

and the result follows. O

Proposition 3.5.9. If (X,r) is a solution of the YBE and (X/~,7) is its
retraction, then

G(X,r)/Soc(G(X,r)) 2 G(X/~,7).

Proof. The permutation group G(X/~,7) of the retraction (X/~,7) of (X, r)
is

G(X/~ ) = (i) | € X),
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where fi): X/~ — X/~ is given by fiy([y]) = [f.(y)]. It is clear that
all relations of G(X,r) are satisfied by G(X/~,7), since if a product of ele-
ments of the form f, or f;! acts trivially on X, then it acts trivially on the

blocks of X/~. By von Dyck’s theorem, there exists a group epimorphism
n: G(X,r) — G(X/~,7) such that 7(f;) = fj. Then

kern = {a € G(X,r) | a induces the identity on X/~} = Soc(G(X,r))
by Lemma 3.5.8 and therefore G(X,7)/Soc(G(X,r)) = G(X/~,7). O

We can use Proposition 3.5.9 to obtain the Cayley graph of the permuta-
tion group associated to the retraction of a solution of the YBE. We identify
in X the elements related with respect to the retract relation. The arcs in
the Cayley graph corresponding to the same retraction class will be identi-
fied and the vertices will be replaced by the permutation that this vertex
induces on X/~. The elements of Soc(G(X,r)) will be mapped to 1x,.. We
identify all vertices with the same labels, that will correspond to the same
element of G(X,r)/Soc(G(X,r)). This new graph will be the Cayley graph
of G(X/~,7) = G(X,r)/Soc(G(X,1)).

Example 3.5.10. Let X = {1,2,3,4,5} and let r be the solution of the
YBE given by fi = fo = f3 = 1x, fu = (1,2)(4,5), f5 = (1,3)(4,5). The
Cayley graph of (G(X,r),0) is given in Figure 3.8, where each loop in the
figure represents three loops with labels 1, 2, and 3, respectively.

5
CRCR 6 <o (X

3@ 0 (a2,
4

Figure 3.8: Cayley graph of the multiplicative group of G(X,r)

The retraction classes are {1,2,3}, {4}, and {5}. We identify the arcs cor-
responding in each retraction class and we replace the vertices by the result
of the action of G(X,r) on the blocks of X/~. The result is shown on Fig-
ure 3.9. We see that the vertices corresponding in Figure 3.8 to 1, (1,3,2),
and (1,2,3) are replaced by 1 in Figure 3.9, because they are the elements
of Soc(G(X,r)).
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Figure 3.9: Identification in the Cayley graph of G(X,r) of the arcs in the
same retraction class and substitution of the vertices by the result of the
action on the blocks

Now the vertices with the same labels must be identified. This gives the graph
with two vertices corresponding to G(X/~,7) = {1, ([4],[5])} that is drawn
on Figure 3.10.

Figure 3.10: Identification of equal vertices in the retraction

We can also repeat the process to find that (X,r) is a multipermutation
solution with multipermutation level 3. If we call X; = X/~ = {[1] =
{1,2,3},[4] = {4}, 5] = {5}}, or X; = {1,4,5} for shorter, and r = 7, its
retraction is Xo = Xi/~ = {[1] = {1}, [4] = {4,5}} and Figure 3.11 shows
the Cayley graph of G(Xj, 72 = 71).

[4]
! e

Figure 3.11: Cayley graph of G(X;/~,71)
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Finally, the retraction of Xy = {1,4} is X3 = {[1] = {1,4}} which has only
one element. Then, (X,r) has multipermutation level 3. The Cayley graph
of G(X3,r3 =74) is drawn in Figure 3.12.

Figure 3.12: Cayley graph of G(Xs/~,72)

Our last application is a characterization of when the permutation group
of a solution of the YBE is a trivial brace. Since a left brace is trivial whenever
it coincides with its socle, Lemma 3.5.8 can be used to obtain this last result.

Proposition 3.5.11. The following statements are equivalent for a solution
(X,r) of the YBE.

1. The permutation group G(X,r) is a trivial brace.

2. For everyx,y € X, if there exists « € G(X, 1) such that a(x) =y, then
fo = [y (in other words, x and y are related by the retract relation).

Proof. The fact that the permutation brace becomes a trivial brace means
that the Cayley graph of the composition and the addition of G(X,r) co-
incide. This is equivalent to state that for every x € X and for every
a € G(X,r), fa@) = fz- The result holds immediately. O

Example 3.5.12. By the previous proposition, we know that the permuta-
tion group of the solution we have been working with (see Example 3.1.7)
is not a trivial brace because f; # f5 even though we can find a € G(X,r)
with a(4) =5 (we can take f; as such «, for example).
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