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Preface

The importance of Lie groups in all areas of mathematics is indisputable. They have
been studied from several points of view, and the richness of their structure makes
them to be present not only in all areas of mathematics, but also in other areas of
science.

The theory of Lie groups was completely developed with the classification of
all simple connected compact Lie groups, which cannot be attributed to a single
mathematician but was achieved thanks to the contributions of several people, like
E. Cartan, W. Killing, A. Borel, E. B. Dynkin and H. S. M. Coxeter among others.

As algebraic topologists, the natural step to take from that point was then to
develop models isolating some of the topological properties of compact Lie groups.
There is not a single way to proceed, and several models could be defined, depending
on the properties we want to study.

Our particular interest then lies on the topological properties of p-completions
of classifying spaces of compact Lie groups. Roughly speaking, by p-completing a
space, we isolate the information that we may obtain from the cohomology of the
space at the prime p from other information that may make the picture more difficult
to understand.

From this point of view, a first generalization was introduced in [DW94]: the well-
known p-compact groups. In fact, this model does not generalizes all compact Lie
groups, but only those compact Lie groups whose group of components is a p-group.
This new class of spaces was completely classified in [AGMVO08] at the prime p odd,
and in [AG09] and [Mol07] at the prime p = 2. In [DW94], the authors proved that
the mod p cohomology of a finite loop space is always a finitely generated algebra.

More recently, p-local compact groups were introduced in [BLO07] as such a more
general model. It has been proved in [BLOO07] that indeed p-local compact groups
include all (p-completions of classifying spaces of) compact Lie groups, as well as all
p-compact groups. However, the more general the model is, the more difficult its
study becomes. In this sense, we are far from describing all p-local compact groups in
terms of a (smaller) well-understood list of p-local compact groups, and several basic
properties of them have to be “explored” before this can be done.

In this work, then, we try to cover some gaps in the newborn theory of p-local
compact groups, such as the definition and (some) properties of connected p-local
compact groups, and the mod p cohomology rings of p-local compact groups. While
the hopes are high that most of the constructions and results in this work will sooner
or later be proved to hold in the general case, the theory of p-local compact groups is
rather evasive, and it will not be an easy task.

Below we summarize briefly the work done in this memory, and we refer the
reader to each chapter for further details on a specific subject.

iX
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The first chapter introduces the notion of a p-local compact group as a triple
G = (5 F,L), where S is a discrete p-toral group, ¥ is a saturated fusion system
over S (roughly speaking, a category whose objects are the subgroups of S and such
that the morphisms among objects are actual group monomorphisms satisfying some
set of axioms(I), (II) and (III)), and where L is a centric linking system associated
to ¥ (roughly speaking, a category whose objects are the F -centric subgroups of S,
and such that the morphism sets are extensions of the corresponding morphism sets
in ¥, again satisfying a set of axioms (A), (B) and (C)). We also summarize all the
results from [BLOO07] that we will use at some point in this memory. We complement
the definitions and results from this source with some useful properties of p-local
compact groups which do not appear in [BLO07], like the fact that the normalizer
fusion subsystem of a fully normalized subgroup is always saturated (a feature which
was proved to hold for p-local finite groups in [BLOO3b]), and an equivalent set of
axioms for the saturation of a fusion system, inspired in the paper [KS08].

Each of the following chapters introduces original work on p-local compact groups
and saturated fusion systems.

The second chapter studies the realization of saturated fusion systems by infinite
groups, in the same way as this was done for finite fusion systems in [Rob07], that
is, using amalgams of locally finite artinian groups. Solving this problem in partic-
ular requires extending the results on constrained saturated fusion systems done in
[BCG*05] §4, which turns out not to be difficult in the exercise in the case of saturated
fusion systems over discrete p-toral groups, thanks to the results on higher limits
developed in [BLOO7] §5. While we were originally planning to apply the results on
realization of saturated fusion systems to avoid assuming the existence of a centric
linking system, in general the groups one obtains using the results in chapter §2
are rather difficult to work with (this is not at all surprising, in view of the results in
[Rob07], where it is already shown that in the case of finite fusion systems one already
will find the resulting groups difficult to work with).

The third chapter introduces a notion of connectivity of saturated fusion systems
and p-local compact groups, and studies the existence of connected components in
the case the group S has rank 1. In this sense, we first give a list of all connected
p-local compact groups of rank 1, and also show that each connected fusion system
over a rank 1 p-local compact group has a unique associated linking system. This list
just confirms what was initially expected, i.e., that rank 1 connected p-local compact
groups correspond to connected compact Lie groups of rank 1 (that is, S', SO(3) and
$3). Note that the same was proved to happen when classifying p-compact groups.

In addition to this list, we also prove that each saturated fusion system over a rank
1 discrete p-toral group determined a unique connected saturated fusion subsystem
over a discrete p-toral subgroup of rank 1, which can be then considered as the
connected component of the original fusion system. The corresponding result on
rank 1 p-local compact groups is also proved, although needs a better explaining.
In this case, such a p-local compact group G determines a unique connected rank
1 p-local compact group Gy, which we think of as the connected component of G.
However, to properly consider G, as a p-local compact subgroup of G, some kind
of inclusion, at least at the level of linking systems, had to be constructed. Such
an inclusion functor has indeed been constructed, but in a rather ad hoc way. This
inclusion, in fact, provides an example of a morphism (i.e., functor) between linking
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systems which does not send centric subgroups to centric subgroups. More examples
of such functors are provided in chapter 5. It remains to be solved the problem of
a proper classification of all rank 1 p-local compact groups in terms of the list of
connected rank 1 p-local compact groups that we provide.

The fourth chapter introduces unstable Adams operations for p-local compact
groups. The first two sections in this chapter contain the construction of such opera-
tions on p-local compact groups originally done in [Jun09], and the third section uses
this ideas to construct unstable Adams operations on the groups realizing saturated
fusion systems which we previously studied in chapter 2. There is in fact not much
difficulty in doing so, since both the construction of such groups and the construction
of unstable Adams operations in [Jun(09] are somehow similar.

The fifth chapter studies the action of unstable Adams operations on a given p-local
compact group, and is probably one of the most important chapters in this memory,
together with chapter 3. More concretely, we study the fixed points of a given p-local
compact group G under the action of families of unstable Adams operations {W;}.

This problem can be approached from different points of view, and we have
chosen an algebraic way of treating the problem. Thus, we propose a definition of
the invariants of G under the action of each W; which is not the obvious one (since
it seems not to work in general) and we prove that there always exists some M such
that, for all i > M, we obtain triples G; = (S;, Fi, £i) which are almost p-local finite
groups. However, the last condition to show in order to prove that the G; are p-local
finite groups is rather technical and quite difficult to prove in general.

Nevertheless, we prove thatindeed the G, are p-local finite groups for some specific
situations, the most important being when G is a rank 1 p-local compact group.

This study allows us to conclude, for instance, that the classifying space of G is the
(p-completion of the) homotopy colimit of the classifying spaces of the G;, which in
fact come equipped with inclusions G; < Gi,1. In particular, when the G, are proved
to be p-local finite groups, this again provides examples of functors between linking
systems which do not send centric subgroups to centric subgroups. Furthermore, if
the G; are p-local finite groups, then one can prove a version of the Stable Elements
theorem for p-local compact groups, using the same result on p-local finite groups
(proved in [BLOO3b]).

The two appendices at the end contain technical results needed all along this
memory. We have chosen to place them at the end and in different chapters due to
the extension of the contents in each of them.

The first appendix deals with extensions of p-local compact groups by discrete
p-toral groups, using the more general setting of transporter systems introduced for
p-local finite groups in [OV07]. In fact, in this chapter we just prove that the results
in the former paper extend as expected to the compact case.

The second chapter deals with saturated fusion subsystems of p-power index and
index prime to p of a given saturated fusion system. Again, we extend the known
results from [BCG*07] for p-local finite groups to the compact case, while in this
case we cannot extend the whole of the contents in the former paper since a better
understanding of quasicentric subgroups would be needed first. In particular, we
prove the existence of a unique minimal saturated subsystem of index prime to p,
a result which can be extended to a result on p-local compact groups, and which is
fundamental in the definition of connectivity for p-local compact groups.






Agraiments

Aquest treball no pot ser de cap manera considerat una feina individual. Ben al
contrari, estaria perdut si no hagués estat per tanta gent que m’ha envoltat i recolzat
des de bon comencament. Penso que la sort ha influit molt en el resultat, la sort de
tenir sempre al costat gent que m’ha donat tot el seu suport.

M’agradaria comengar, en aquest sentit, per la Malili. Ella sempre ha estat al meu
costat, aguantant els moments més baixos amb paraules d’anim. També vull donar
les gracies als meus pares i germans, i la meva familia en general, tot i que no ens
veiem gaire sovint, sempre els porto amb mi, i a la familia de la Malili, que m’ha
acollit com un més entre ells.

Voldria també donar les gracies a tots els amics de la U.A.B. Tots els companys del
departament, escampats per les diferents plantes del departament, que han fet que
les hores a la universitat no fossin hores de feina si no temps en bona companyia. A
la Berta, la Maria, la Noelia, la Natalia, la Judit, la Noemi, la Lola, la Sara, la Meri,
el Nacho, el David, el Yago, el Dani, I’Alberto, el Joan, el Pere, el Roc, el Javi, el
Ramon, el Geir Arne, el Wolf... (i segur que oblido algun nom), gracies a tots per
tants moments plegats! Perd no sén només ells qui m’han donat un cop de ma al
departament. També he de mencionar al Grup de Topologia Algebraica de Barcelona
en general, i el Carles sobretot, que em va donar I'empenta inicial en la bona direcci6é
i 'oportunitat d’entrar al mén de la topologia algebraica, i a tots els que en algun
moment han gaudit d"una estanga a la secretaria del departament.

A banda de la gent de I’Autonoma, molts altres amics han de ser esmentats per
tal que aquesta llista sigui complerta. El Fran, el Josep i el David, i, és clar, la
Neus, la Nagore i la Raquel, ens costa trobar un moment per veure’'ns perd quan ho
aconseguim sempre val la pena. I també els amics d’Aberdeen, als que sempre es un
plaer retrobar: la familia Levi, Antonio, Patri, Fei Xu, Charo, Jorge, Shoham, Emily,
Jay, David, Zain, Abbie, Mark, John, i tants d’altres que han fet d"una freda ciutat de
granit un lloc calid i acollidor.

Cal també que expressi el meu reconeixement al Carles, al Ran i al Bob, i a tants
d’altres que en algun moment han trobat un moment per escoltar els meus deliris
matematics. Tots aquests moments m’han servit per enriquir-me encara més amb els
seus coneixements, aixi com per madurar les idees que tenia al cap.

Tot i citar explicitament tants noms, segur que d’algun me n’he oblidat, i només
espero que ningu se senti menyspreat per no veure el seu nom aqui. Aquesta llista és
només un exemple de tota la gent amb qui estic en deute.

Certament, fer un doctorat ha estat una gran experiéncia, i abans de concloure
aquests agraiments, simplement voldria tornar a expressar la meva gratitud a tothom
qui, directament o indirectament, hi ha participat. Moltes gracies a tots!
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Chapter 1

Background on p-local compact groups

In this chapter we introduce p-local compact groups and list the properties which
will be used in the rest of this work. Most of the notions and results are taken from
the main source about p-local compact groups, that is, the paper by C. Broto, R. Levi
and B. Oliver [BLOO07], and hence we have organized this chapter following the same
order as the original paper.

More specifically, the first section is devoted to discrete p-toral groups, which
will play the role of Sylow p-subgroups in p-local compact groups. Then, in the
second section we introduce fusion systems over discrete p-toral groups, and in the
third section we present a rather powerful construction on saturated fusion systems
which will allow us to reduce computations on a finite number of (conjugacy classes
of) subgroups. The fourth section introduces centric linking systems associated to
saturated fusion systems, as well as classifying spaces of p-local compact groups. In
this section we have also included some results from sections §8, 9 and 10 [BLOO07].
The fifth section contains some results on higher limits which will be useful when
showing the vanishing of some obstructions in later chapters. The sixth section studies
normalizer fusion subsystems, in the same way as they were studied in appendix
§A of [BLOO3b]. Finally, the seventh section provides an alternative definition for
saturation of fusion systems which is inspired in definition 2.4 [KS08].

This chapter is to be understood as a list of basic definitions and properties to use
in later chapters on this work. We do not provide proofs of results already proved
in other sources (mainly from [BLOO07]) for the sake of simplicity. The reader is then
refered to the corresponding source for further details.

1.1 Discrete p-toral groups

Discrete p-toral groups are the natural replacement for Sylow p-subgroups in order
to extend the definitions of fusion and linking systems from [BLO03b]. They were
already proved to be a resourceful tool to use on the study of p-compact groups, as
shown in [DW94].

Let Z/p™ be the union of the cyclic groups Z/p" under the obvious inclusions. We
will think of Z/p™ as a multiplicative group for convinience. Note that Z/p™ is an
infinitely p-divisible group, that is, for each x € Z/p™ there exists y € Z/p™ such that
Y =x.



2 Background on p-local compact groups

Definition 1.1.1. A discrete p-toral group is a group P which contains a normal subgroup
Tp < P, isomorphic to a finite product of copies of Z./p*, and such that the quotient P/Tp is a
finite p-group.

For such a group, we say that Tp is the connected component or maximal torus of P
and P/Tp is the group of components of P. We say also that the discrete p-toral group P is
connected if P = Thp.

The rank of a discrete p-toral group P is the rank of the maximal torus Tp. That is, if
Tp = (Z/p™), then we will say that rk(P) = r.

The connected component of a discrete p-toral group P can be characterized as the
subgroup of all infinitely p-divisible elements of P, that is, for all x € P, there exists
some y € P such that y” = x. This is a property that will be used repeatedly along this
work. If Tp = (Z/p*), then we can define rk(P) = k, and
D IPI'Z (k(P), IP/T).

The order of a discrete p-toral group is then considered as an element in IN? with
the lexicographical order. Thus, we say that [P| < |[P’| if and only if rk(P) < rk(P’), or
rk(P) = rk(P’) and |P/Tp| < |P’/Tp/|. In particular, P < P" implies |P| < |P’|.

This class of groups will play the role of Sylow p-subgroups for p-local compact
groups. As explained in [BLOO07], the reason for choosing discrete p-toral groups for
such a mission is that they enjoy certain finiteness properties, necessary for the theory
to work. We describe these properties below, since we will also make (implicit or
explicit) use of them.

A group G is locally finite if every finitely generated subgroup of G is finite, and is
a locally finite p-group if every finitely generated subgroup is a finite p-group. These
two classes of groups are closed under taking subgroups, quotients and extensions.

A group G is called artinian if every nonempty set of subgroups, partially ordered
by inclusion, has a minimal element. Equivalently, G is artinian if its subgroups
satisfy the descending chain condition. Again, this class of groups is closed under
subgroups, quotients and extensions.

Proposition 1.1.2. (1.2 [BLO07]). A group is a discrete p-toral group if and only if it is
artinian and a locally finite p-group.

Below we list several properties of discrete p-toral groups.
Lemma 1.1.3. (1.4 [BLOO7]). The following hold for each discrete p-toral group P.
(i) For eachn > 0, P contains finitely many conjugacy classes of subgroups of order p".
(ii) P contains finitely many conjugacy classes of elementary abelian subgroups.

Lemma 1.1.4. (1.8 [BLOOY]). If P s P’ are distinct discrete p-toral groups, then P s Np:(P).

1.2 Fusion systems over discrete p-toral groups

Now we introduce fusion systems over the class of groups described in the previous
section. Both their definition and properties are similar to those for the finite case
([BLOO3Db]), and in fact finite fusion systems are a particular case of the definition we
give here.
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Definition 1.2.1. A fusion system ¥ over a discrete p-toral group S is a category whose
objects are the subgroups of S and whose morphism sets Homg (P, P") satisfy the following
conditions:

(i) Homg(P,P") C Homg(P,P") C Inj(P,P’) for all PP’ < S.
(ii) Every morphism in F factors as an isomorphism in F followed by an inclusion.

Given a fusion system F over a discrete p-toral group S, the rank is the rank of the discrete
p-toral group S.
Two subgroups P, P are called F -conjugate if Isox(P,P’) # 0. For a subgroup P <'S,
we denote
(P)g = {P’ < S|P’ is ¥ -conjugate to P}.

Definition 1.2.2. Let F be a fusion system over a discrete p-toral group S. A subgroup P < S
is called fully ¥ -normalized, respect. fully ¥ -centralized, if INs(P')| < [Ns(P)|, respect.
ICs(P)| < |Cs(P)I, for all P" < S which is F -conjugate to P.

The fusion system F is called saturated if the following three conditions hold:

(I) Foreach P < S which is fully ¥ -normalized, P is fully ¥ -centralized, Outs(P) is finite
and Outs(P) € Syl,(Outg(P)).

(I) If P < Sand f € Homg(P,S) is such that P’ = f(P) is fully ¥ -centralized, then there
exists f € Homg(Ny, S) such that f = fpp, where

Nf = {g € Ns(P)lf O Cq Of_1 € Auts(P,)}.

(Ill) If Py < P, < P3 < ... is an increasing sequence of subgroups of S, with P = U | P,
and if f € Hom(P,S) is any homomorphism such that fip, € Homg#(P,,S) for all n,
then f € Hom# (D, S).

Let P < S. Then, (P)# contains (at least) a fully #-normalized element P’. Thus,
Out#(R) is finite for all R < S. Also, the group Aut#(R) is artinian and locally finite,
being an extension of a finite group by an artinian locally finite p-group (which is
Inn(R)). Actually, as is shown in Proposition 2.3 [BLO07], the condition that Out#(P)
be finite in the definition above is not necessary, but helps in simplifying the definition.

When ¥ is a saturated fusion system, we may think of T = T, the connected
component of S, as the “maximal torus” of ¥, and of Aut#(T) as the “Weyl group” of
T.

Lemma 1.2.3. (2.4 [BLOO7]). Let ¥ be a saturated fusion system over a discrete p-toral
group S, with maximal torus T. Then, the following hold for all P < T.

(i) For every P" < S which is ¥ -conjugate to P and fully ¥ -centralized, P < T, and there
exists w € Auty(T) such that wp € Isox(P, P’).

(ii) Every f € Homg(P, T) is the restriction of some w € Auts(T).

As noted above, the groups Out#(R) are all finite. The following result can be
understood as an extension of this fact.
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Lemma 1.2.4. (2.5 [BLOO7]). Let ¥ be a saturated fusion system over a discrete p-toral
group S. Then, for all P, P’ < S, the set

Reps(P,P') Y [nn(P") \ Homy (P, P')
is finite.

We next define ¥ -centric and ¥ -radical subgroups. They play a similar role as in
the finite case.

Definition 1.2.5. Let ¥ be a saturated fusion system over a discrete p-toral group. A
subgroup P < S is called F -centric if all the elements of (P)s contain their S-centralizers,
that is,

Cs(P’) = Z(P') for all P € (P).

A subgroup P < S is called F -radical if Outg(P) contains no nontrivial normal p-
subgroup, that is,
0,(Outy(P) = (1}.

Clearly, ¥ -centric subgroups are fully ¥ -centralized, and conversely, if P is fully
F -centralized and centric in S, then it is  -centric.

Proposition 1.2.6. (2.7 [BLOO07]). Let F be a saturated fusion system over a discrete p-toral
group S, and let P < P’ < S be such that P is F -centric. Then, P’ is F -centric.

Given a saturated fusion system ¥, there is another class of subgroups, which
contains the class of  -centric subgroups, and that will sporadically appear all along
this work.

Definition 1.2.7. A subgroup H < S is said to be ¥ -quasicentric is, for all H' € conjHF,
the centralizer fusion system C#(H') is the fusion system of the discrete p-toral group Cs(H").

While we cannot prove all the results that hold about # -quasicentric subgroups in
the finite case, some key results can indeed be extended to the compact case, mainly
when no quasicentric linking system is involved. In this sense, appendix B is devoted
to study some of those situations which are of interest for this work.

We finish this section introducing some notions about the ¥ -conjugacy classes in
a (saturated) fusion system ¥ . This will not be used here but later on, but we find it
better to include it here.

Definition 1.2.8. Let ¥ be a (saturated) fusion system over a discrete p-toral group S, and
let A <S. Then,

e we say that A is weakly ¥ -closed if, for all P < S containing A and all f €
Homyz (A, S), f(A) < A;

o we say that A is strongly ¥ -closed if, for all P < Sand all f € Hom#(P,S), f(PNA) <
A;

o we say that A is ¥ -normal if, for all P < S and all f € Hom#(P,S), there exists
y € Homg(PA, S) such that yip = f and y\4 € Auts(A).
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Note that, in any of the three cases above A is normal in S. In definition 1.6.1 we
will introduce the normalizer fusion subsystem of a subgroup A in a (saturated) fusion
system ¥, denoted by N#(A). It will follow by definition of this fusion subsystem
that A is ¥ -normal if and only if N#(A) = F.

Lemma 1.2.9. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
A LS. If Ais F-normal then it is strongly ¥ -closed, and if A is strongly F -closed then it is
weakly F -closed.

1.3 A finite retract of a saturated fusion system

When working with saturated fusion systems over discrete p-toral groups, one has,
in principle, to deal with infinitely many conjugacy classes of objects. For instance,
it is easy to find examples of saturated fusion systems which contain infinitely many
conjugacy classes of centric subgroups. This is, of course, a great inconvenience
when trying to show certain properties for saturated fusion systems. Fortunately, it
was developed in [BLOO07] a construction which retracts a saturated fusion system to
a certain subcategory containing finitely many conjugacy classes of objects, among
which all centric radical subgroups are contained.

This construction will play a central role all along this work, and the reader will
be constantly refered to the properties listed this section.

Set then, for simplicity, W = Aut#(T), the Weyl group of the maximal torus T in .

Definition 1.3.1. Set the following
(i) The exponent of ST,

e=exp(S/T) = min{pklxpk € T for all x € S}.

(ii)) ForeachP < T,
I(P) ={t € T|w(t) =t for all o € W such that w)p = idp},
and let I(P), denote its connected component.
(iii) Foreach P < S, set P! = {x**|x € P} < T, and set
P* = P-I(P*), = {xt|x € P,t € I(P")),}.
(iv) Set H* = {P*|P € F}. Alsolet F* C F and L* C L the full subcategories with object
sets Ob(F*) = H* and Ob(L*) = H* N Ob(L).

Lemma 1.3.2. (3.2 [BLOO7]). The following hold for every saturated fusion system ¥ over
a discrete p-toral group S.

(i) The set H* contains finitely many S-conjugacy classes of subgroups of S.
(ii)) Forall P < S, (P*)* = P°.
(iii) If P < P’ < S, then P* < (P')".
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(iv) If P < S is ¥ -centric, then Z(P*) = Z(P).
As a consequence of the above lemma, we have the following result.

Proposition 1.3.3. (3.3 [BLOO7]). Let F be a saturated fusion system over a discrete p-toral
group. Fix P,P" < S and f € Homg(P,P’). Then f extends to a unique homomorphism
f* € Homg(P*,(P")*), and this makes P — P* into a functor from F to itself.

Corollary 1.3.4. (3.4 and 3.5 [BLOO7]). The functor (_)* is a left adjoint to the inclusion of
F* as a full subcategory of .

All F-centric F -radical subgroups of S are in H*. In particular, there are only finitely
many F -conjugacy classes of such subgroups.

Finally, we state Alperin’s fusion theorem for saturated fusion systems over dis-
crete p-toral groups.

Theorem 1.3.5. (3.6 [BLO07]). Let F be a saturated fusion system over a discrete p-toral
group S. Then, for each f € Isog(P, P’) there exist sequences of subgroups of S

P=PyPy,...,.Px=P and Q,...,Qs
and elements f; € Autg(Q;) such that
(i) for each j, Q; is fully normalized in ¥, ¥ -centric and ¥ -radical;
(ii) also for each j, P;_1,P; < Q;and fj(Pj_1) = Pj; and
(iii) f= fro ficr0...0 fi.

1.4 Linking systems over discrete p-toral groups

Linking systems are the third and last piece needed to form a p-local compact groups.
They provide some simplicial information in order to recover classifying spaces (when
the p-local compact groups comes induced by an actual group) which cannot be
obtained from the fusion system.

Definition 1.4.1. Let ¥ be a saturated fusion system over a discrete p-toral group S. A
centric linking system associated to ¥ is a category L whose objects are the ¥ -centric
subgroups of S, together with a functor

p: L—F°

and “distinguished” monomorphisms 6p : P — Aut p(P) for each F -centric subgroup P < S,
which satisfy the following conditions.

(A) p is the identity on objects and surjective on morphisms. More precisely, for each pair of
objects P,P" € L, Z(P) acts freely on Mor (P, P") by composition (upon identifying Z(P)
with 6p(Z(P)) < Aut p(P)), and p induces a bijection

Mor (P, P")/Z(P) — Homg(P, P").
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(B) For each F -centric subgroup P < S and each g € P, p sends 6p(g) € Autp(P) to
g € Autg(P).

(C) For each ¢ € Mor (P, P") and each g € P, the following square commutes in L:
P—"-p
op(8) J/ i opr (h)

P*(p)P//

where h = p(p)().

Definition 1.4.2. A p-local compact group is a triple G = (S, F, L), where S is a discrete
p-toral group, ¥ is a saturated fusion system over S, and L is a centric linking system
associated to F. The classifying space of G is the p-completed nerve

def
BG = L.

Given a p-local compact group G, the rank of G is the rank of the discrete p-toral group S.

We will often denote a p-local compact group by G, assuming that S is its Sylow
p-subgroup, ¥ is the corresponding fusion system, and .L is the corresponding linking
system.

Lemma 1.4.3. (4.3 [BLOO7]). Fix a p-local compact group G, together with the projection
p:L— F¢ andlet P,Q,R € L. Then the following hold.

(i) Fixany sequence P 4 Q5R of morphisms in ¢, and let g € p~'(g) and gj? € p~Hgf)
be arbitrary liftings. Then there is a unique morphism f € Mor (P, Q) such that

—_—

gof=3f,
and furthermore p( f~) = f.

(ii) If o, ¢" € Mor ¢(P, Q) are such that p(¢’) = cg o p(p) for some g € Q. Then there is a
unique h € Q such that ¢’ = 6g(h) o ¢ in Mor (P, Q).

As expected, the classifying space of a p-local compact group behaves nicely.

Proposition 1.4.4. (4.4 [BLOO07]). Let G be a p-local compact group. Then, | L] is p-good.

Also, the composite

$ ™9 (L)) — m(BG)

induced by the inclusion BS 514, factors through a surjection
S/T - m1(BG).

Let G be a p-local compact group, and let (_)* be the functor defined on ¥ in 1.3.1.
It was shown in [Jun09] that this functor can be in fact extended to a functor on £
with similar properties, although this will not be used in this work.

We finish this section justifying (somehow) the interest of p-local compact groups:
both compact Lie groups and p-compact groups induce p-local compact groups, and
they are not the only examples.
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Theorem 1.4.5. (8.10, 9.10 and 10.7 [BLOO7]). The following holds in general.

(i) Fix a linear torsion group G, a prime p different from the defining characteristic of
G and a Sylow subgroup S € Syl,(G). Then, G induces a p-local compact group
G = (5, F5(G), L5(G)) such that
BG ~ BGQ.

(ii) Fix a compact Lie group G and a maximal discrete p-toral group S € Syl,(G). Then, G
induces a p-local compact group G = (S, Fs(G), L(G)) such that

BG =~ BG).

(iii) Let (X, BX, e) be a p-compact group, and let BS L, BX bea Sylow p-subgroup. Then,
there is an induced p-local compact group G = (S, Fs,s(BX), Lg/ f(BX)) such that

BG ~ BX.

1.5 Some results on higher limits

Obstruction theory is implicit in the definition of p-local compact groups, and many
results and calculations depend on the vanishin of certain obstructions. We collect
certain results on higher limits which will be needed later on and also show the
obstructions for the existence and uniqueness of associated centric linking systems.
We start by introducing the orbit category, which plays a central role in this section.

Definition 1.5.1. Let ¥ be a saturated fusion system over a discrete p-toral group S. The
orbit category O(F) of F is defined as the category with objects the subgroups of S and
morphism sets

Morow) (P, Q) = Reps(P, Q).

Let O(F€) and O(F*°) be the full subcategories of O(F) with object sets the F-
centric and ¥ -centric subgroups in H* of S respectively. The orbit category has the
same problem as had the fusion system: the category has “far too many objects”. The
results on higher limits used for p-local finite groups made use of the subcategory
O(7°), but in the compact case this subcategory may still have inifinitely many con-
jugacy classes of objects. This is not the case in O(¥ *°), and the following result from
[BLOO07] allows us to work on O(F *°) without loss of generality.

Lemma 1.5.2. (5.1 [BLOO7]). Let ¥ be a saturated fusion system over a discrete p-toral
group S. Then, there are well-defined functors

()

O(F") oF ™),

incl
such that (_)*® is a left adjoint to the inclusion.

As a consequence, the following is proved in [BLOO07].



1.6 The K-normalizer fusion subsystem of a subgroup 9

Proposition 1.5.3. (5.2 [BLOO7]). Let ¥ be a saturated fusion system over a discrete p-toral
group. Then, for any functor F : O(F) — Z, there is an isomorphism

Hm” 5 (F) = im” 5 uc) (Fie).
Another important tool from §5 in [BLOO07] is the following proposition.

Proposition 1.5.4. Let ¥ be a saturated fusion system over a discrete p-toral group S. Let
also
O O(y:c)op — Z(p) — mod

be any functor which vanishes except on the isomorphism class of some fixed F -centric
subgroup Q < S. Then,

@*O(TC)((D) = N'(Out#(Q); P(Q)).

Let ¥ be a saturated fusion system over a finite p-group S. In Proposition 3.1
[BLOO3b] it was shown that the existence and uniqueness of centric linking systems
associated to ¥ depended on the vanishing of certain classes in some higher limits.
Below we give a similar result for saturated fusion systems over discrete p-toral
groups. As usual, let  be a saturated fusion system over a discrete p-toral group S.

The following functor will play a central role in all calculations of higher limits
that will be done in this group.

Definition 1.5.5. We define the center functor as the functor Z¢ : O(F ) — Ab defined by
Z#(P) = Z(P) and
incl

Zr P 5 Q) = @Q™ z(fen > z(p)
(note that Z(Q) < Z(f(P)) since both P and Q are F -centric).

Proposition 1.5.6. Let ¥ be a saturated fusion system over a discrete p-toral group S. Then
there is an element n(¥) € @30(¢C)(Z¢) such that ¥ has an associated centric linking
system if and only if n(¥) = 0.

Also, the group QZO(F)( ) acts freely and transitively on the set of all isomorphism
classes of centric linking systems associated to F .

The proof to this result is identical to the corresponding result in the finite case,
Proposition 3.1 in [BLOO3b].

1.6 The K-normalizer fusion subsystem of a subgroup

Given a saturated fusion system ¥ over a discrete p-toral group S and a subgroup
P < S which is fully #-normalized, one can define rather naturally the normalizer
fusion subsystem of P in ¥, the saturation of which is of great importance for some
constructions we will do later on. Hence, in this section we extend the results in
appendix §A [BLOO3b] to the compact case.

We start by introducing some notation (which already comes from appendix §A
in [BLOO3b]). Let A < S be any subgroup, K < Aut(A), and set

AutlL(A) = KN Autg(A) and Autf(A) = KN Auts(A).
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Define also the K-normalizer of A as
N§(A) = {x € Ns(A)ley € K.

Note that Aut§(A) = NE(A)/Cs(A), since for all x € Cs(A), ¢, = id € K. We can also

incl

think about the K-normalizer of A as the pull-back of K — Aut(A) < Ng(A), where the
right-side arrow is the morphism sending x € Ng(A) to ¢, € Auts(A) < Aut(A). There
are two cases of this construction that will be of special interest for us: K = Aut(A)
and K = {id}. In these cases, we have

N"@(A) = Ns(A) and NU(A) = Cs(A).
For f € Homg#(A, Q), we will write
fKf "t ={foyofllyeky
and say that A is fully K-normalized if, for all f € Hom#(A, S),

INKA) = N (FA)).

Definition 1.6.1. For a fixed A < S and a fixed K < Aut(A), we define the K-normalizer
fusion subsystem of A in F, N;-(A) as the fusion system over N§(A) with morphism sets

HomNg(A)(P, P’) = {f € Hom#(P, P')|dy € Hom#(PA,P’A) : yp = f, 14 € K}

In particular, we will refer to the normalizer fusion system and the centralizer fusion
system when K = Aut(A) and K = {id} respectively. This two cases will be of great
importance for us.

The main purpose of this section is then proving the following proposition.

Proposition 1.6.2. Let ¥ be a saturated fusion system over a discrete p-toral group S, and
let A <S, K < Aut(A) be such that A is fully K-normalized in F. Then, the fusion system
NZ(A) is saturated.

Some technical lemmas are needed in order to prove this result, just as well as they
are needed in [BLOO3b] for the very same purpose. We start by showing an analog
of Lemma 1.4 in [BLOO3b]. This will allow us in turn to follow the same proof for
Proposition A.6 in [BLOO03b] in the compact case.

Lemma 1.6.3. Let ¥ be a fusion system over a discrete p-toral group S such that axioms (1I)
and (111) in definition 1.2.2 are satisfied, and such that the next condition is also satisfied

(I') Each subgroup P < S is ¥ -conjugate to a fully F -centralized subgroup P’ such that
Out#(P’) is finite and such that

Outs(P’) € Syl,(Outs(P")).

Then, F is saturated.

Proof. We have to check that axiom (I) in 1.2.2 is satisfied, that is
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() If P < S is fully ¥ -normalized, then it is fully ¥ -centralized, Out#(P) is finite,
and
Outs(P) € Syl,(Outs(P)).

Thus, let P < S be fully F-normalized, and let P’ be as in condition (I'), and
f € Isox(P, P’). Since P and P’ are ¥ -conjugate, there is an explicit isomorphism

%

Auts(P)

Auty(P)

(P|—>fo(pof‘1.

Furthermore, this isomorphism restricts to an isomorphism between the correspond-
ing inner automorphism subgroups, and hence it induces an isomorphism Out#(P) =
Out#(P).

Now, since Outs(P’) € Syl,(Outs(P’)), and since Outs(P) is a finite p-subgroup
of Out#(P), it follows that we can choose f so that f.(Outs(P)) is a subgroup of
Outs(P’) € Syl,(Outg(P’)).

Now, we can apply axiom (II) to the morphism f. If we set

Nf={g € Ns(P)If o cgo f € Auts(P)),

then it follows that Ny = Ns(P) by the above, and hence P’ is also fully #-normalized.
This in turn implies that P is fully #-centralized and that condition (I) above holds.
O

Proposition 1.6.4. Let ¥ be a saturated fusion system over a discrete p-toral group S, and
A < S, K < Aut(A). Then, the following properties hold:

(i) There is a subgroup A’ < S and an isomorphism f € Isox(A, A”) such that A’ is fully
F -centralized and L L
Autl(A') € Syl (Autl (A)).

(ii) Ais fully K-normalized in ¥ if and only if A is fully F -centralized in ¥ and

Autg(A) € Syl,(Auti(A)).

(iii) Fix f € Hom#(A,S), and A’ = f(A), K’ = fKf™L. If A’ is fully K'-normalized in F,
then there are homomorphisms

y € Homg(N5(A)A,S) and x €K
such that yj4 = f o x.

Proof. (i) Choose fy € Homg(A, S) such that A’ = fy(A) is fully normalized in . Then,
by condition (I) of saturation, A’ is fully ¥ -centralized and Outs(A’) € Syl,(Outs(A")).
Hence, foAut§(A)f," is a subgroup of a Sylow p-subgroup in Aut/(A’). That is, there
exists a € Autg(A’) such that

foAuts(A) f < (a7 Auts(AN)a) N (foAuté(A)fO_l) € Sylp(foAutI;(A)f(;l).
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Set f = ao fy, K = fKfL. It follows that
Autf (A') = Auts(A') N (FAutl (A)f) € Syl (Autl (A")).
(ii) Suppose first that A is fully ¥ -centralized and
Aut§(A) € Syl,(Aut(A)).

In particular, [Cs(A)| > |Cs(f(A))l, for all f € Hom#(A, S), and we want to check that
|N§<(A)| > INgKf B (f(A))l. This follows immediately from the extensions

Cs(A) — Ng(A) — AutIS((A)
Cs(f(A) — NI (F(A) — Autl ™ (£(A)),

and the fact that f~! induces an inclusion Aut’;Kf B (f(A)) — Autk(A).
Conversely, suppose that A is fully K-normalized in #. By (i), there exists f €
Homg(A, S) such that f(A) is fully #-centralized and

Autl” (F(A)) € Syl (Autl (FA).
The following inequalities hold by hypothesis
o |Cs(A) < ICs(f(A)),
o INKA) 2 IN[ (f(A))], and
o [Auti(A)] < JAut!™ (F(A).

By the same arguments in the proof of Lemma 1.6.3, all these inequalities have to be
equalities, and (ii) holds.

(iii) Assume that f € Homg(A,S) is such that A’ = f(A) is fully K’ = fKf!-
normalized in F .

First note that A’ is fully K’-normalized if and only if it is fully K’ - Inn(A’)-
normalized in . Hence, we can replace K by K - Inn(A) without loss of generality,
and thus A < N§(A) (similarly for A”).

Since A’ is fully K’-normalized, by (i) it is fully ¥ -centralized and

Autf (A) = Autl(A%) € Syl (Aut™ " (A)).
Furthermore, there is some x € Autﬁ(A) such that
f()(Aut‘Ig(A))('l)f'1 < AutIS('(A’).

Now, since A’ is fully ¥ -centralized, we can apply axiom (II) to the morphism
f o x € Homg(A, S) to see that it extends to some y € Homg#(N, S), where

N = Nyox = {g € Ns(AI(f 0 X)cg(f 0 1) € Auts(A")).

Note that if g € N§(A), then ¢ € N, and (iii) follows.
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Lemma 1.6.5. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
A <S5, K < Aut(A) be such that A is fully K-normalized in F. Then, the following holds:

(i) Forany f € Home(NS(A)A,S), f(A) is fully fKf'-normalized in F .
(ii) For any H < K, A is fully H-normalized in F .

Proof. Point (i) corresponds to Lemma A.4 in [BLO03b] and point (ii) to Lemma A.5
in [BLOO3b]. Both proofs apply here.
O

Let ¥ be a saturated fusion system over a discrete p-toral group S, and let A < S,
K < Aut(A) be such that A is fully K-normalized in . Consider the K-normalizer
fusion subsystem foi(A). We introduce some notation before the proof of 1.6.2.

For each P < N¥(A), I < Aut(P), set
[-K= {0( € Aut(PA)loqp el, ap € K} < Aut(PA)
Then, the following holds

(1.2) vag w® = NLK(PA)(< NE(A)).

Furthermore, the following restriction map is surjective

I-K I
(1.3) Auti(PA) > Autyy , (P)

Let P < Ng(A), and f € HomNg;_(A)(P, Ng(A)). By definition, we can see f as a
morphism f’ € Homg(PA, S) such that f, € K, fi, = f, f'(P) < N§(A).

Lemma 1.6.6. Let P < NX(A), I < Aut(P). Then the following holds:

(i) There exists a morphism f € Homg(PA,S) such that f(PA) is fully f(I - K)f'-
normalized in § and fip is a morphism in NIF(A).

(i) If P is fully I-normalized in N;-(A), then PA is fully (I - K)-normalized in F .
Proof. (i) Choose fy € Homg(PA, S) such that fy(PA) is fully fo(I - K)f;'-normalized in

¥, and set fi = (fo)a. Since A is fully K-normalized in ¥, we can apply Proposition
1.6.4 (iii) to the morphism £, : fi(A) — A. Thus, there exist

¢ € Homye(NJ" (fi(A)£i(A),S) and x € fKf

such that i) = fi' o x = x" o f{!, where ¥’ = f{'xfi K.
If we set now f = ¢ o fy, then it satisfies

o fu=(@ofu=Wofilofi)=x €K

o f(P) = x(fo(P)) < N{(4),
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wll<1ere the second' inequality'holc.ls since fy(P) < N];Kf ! _1 (f1(A)) and because ({)(N?.Kf ! 1( fl (A))) <
Ng(A). Thus, fp is a morphism in N;i(A) and f(PA) is fully f(I-K)f '-normalized in
by Lemma 1.6.5 (i).

(ii) Assume P is fully I-normalized in N(IIJS(A). Using point (i), we can choose
f € Homg(PA,S) such that f(PA) is fully f(I - K)f '-normalized in ¥, and fjp is a
morphism in NZ(A).

Then, we have a chain of inequalities

INEKPAN = Ny (P >IN (P = NGO (£ P A,

where the two equalities hold by (1.2) and because fi4 € K, and the inequality holds
because P is fully I-normalized in N7I§(A).
Hence, PA is fully (I- K)-normalized in ¥ since f(PA)is fully f(I-K)f '-normalized
inF.
O

We are ready to prove Proposition 1.6.2 above.

Proof. (of Proposition 1.6.2). We will prove condition (I') in 1.6.3 and conditions (II)
and (III) from 1.2.2. For the sake of an easier reading, we will recall each of the
statements here.

(I') For each P < NE(A), there exists f € Hormys (P, N¥§(A)) such that f(P) is fully

centralized in NS(A), and
Autyka)(f(P)) € Sylp(A”tNé(A)(f(P)))-

Let Kp = Aut(P) - K. By Lemma 1.6.6 (i), there exists y € Hom#(PA, S) such that
y(PA) is fully yKpy~'-normalized in ¥, and such that f = y)p is a morphism in N2 (A).
/(1- 1/‘1 )
Then, by (1.2), Cyg(a(f(P) = NEK(2(PA)) = Ni™™ (y(PA)). Let f € Homye (4(P, NK(A))
be any other morphism in N:(A), and let )’ € Homg(PA, S) be such that Vip = f'- Then,
again by (1.2), Cysea)(f/(P) = N "7 ((PA)), and hence

[Curea (FPDI = INJ A = INY O (0 (PAY) = [y (f (P,

because y(PA) is fully y(1 - K)y !-normalized in .
It remains to check the Sylow condition. Since the subgroup y(PA) is fully yKpy~!-
normalized in , by Proposition 1.6.4 (ii) it follows that

Al ((PA)) € Syl (Autl (/(PAY).

Also, Nyk)(f(P)) = NgKPy_l (y(PA)) by (1.2) and also because yKpy ™! = Aut(f(P)) - K.
Hence, by (1.3),
Autyka)(f(P)) € Sylp(A”tN;(A)(f(P)))-

(I If f € HomNé (P, Ng(A)) is such that P’ = f(P) is fully centralized, then there
exists ]ch € HomNé w(Ny, Né((A)) extending f, where

Nf={ge€ NNg(A)(PNngf_l € Autyxa)(P')}.
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First, we construct a candidate to extend f. Let I = Auth(P), that is, all the
automorphisms of P which are conjugation by an element in Ny. Then, I' = fIf <
i AN 7 r ’
A”tNg(A)(P y=1I'= AutA”ng(A) (P),
since the groups on the right and on the left are intersections with I'. Thus Aut! . (P’) €

NK(4)
Sylp(Aut;'];(A)(P’)).
This, together with the fact that P’ is fully centralized in N;:(A) and Proposition
1.6.4(ii), implies that P’ is fully I’-normalized, and hence, by Lemma 1.6.6(ii), f(P)A is
fully I - K-normalized in .
By definition of N (A), there exists y € Homg(PA,S) such that yp = f, yu € K
(thus y(PA) = f(P)A). Also, by Proposition 1.6.4(iii), there exist

¢ € Homz(NEX(PA)A,S) and yel-K
such that ¢pps =y o x.
Now, by construction and by (1.2), Ny < N{X(PA) = Nzl\rg ( A)(P), and hence fy =

¢, € Homg(Ny, S). This is our candidate to be an extension of f. Namely, f has to
satisfy

* (fou €K,
e fo(Ny) < N&(A), and

e (fo)r = f-

The first condition is satisfied since (fy)ia = ¢ja = (¥ © X)ja, and both y4 and x4 are
in K, and the second condition follows then by construction.

The third condition, however, may fail: (fo)p = yp o xp, where yjp € [ = Auth(P).
This is not a problem since this means that x|p = ¢, for some ¢ € N, and we can
modify f, to satisfy also the third condition (withou losing the other conditions): f
extends to fy o c;' € Hommys (N, NE(A)).

(IlT) Let P; < P, <...beanascending chain of subgroups of N5(A), and let P = UP,,.
If f € Hom(P,N§(A)) is such that f, = fjp, is a morphism in NX(A) for all 1, then so is

f.

For each n, since f, is a morphism in N(lli(A), there exists a morphism y, €
Homg(P,A, S) such that (y,)p, = fu, (Yn)a € K. Let ¢, = (yn)a. For each n, since
¢n € K, there exists w, € K such that

(Pn = (Pn+1 O Wy.

Leti, : P,A — P,.1A be the natural inclusion, and let 7, : P,A — P,;1A be defined

by izx) = xif x € P, and 7,(x) = wy(x) if x € A. Note that if x € P, N A, then
wp(x) = (Qb;;lrl o P,)(x) = x,

and hence i), is a well-defined group homomorphism which makes the following
diagrama commutative:

Pn+1A Vn+1

i S.
| >
P,A "
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Thus, {y,} is an element of a (non-empty) inverse system, and thus, by Proposition
1.1.4 [RZ00], there exists an element y in the limit satisfying yp, = fu, Yp = f, ¥1a € K.
Thus, y is a morphism in , and so f is a morphism in N(A).

O

1.7 An alternative definition of saturation

The definition of a saturated fusion system is rather technical, and usually proving
saturation becomes quite a colossal task. This is why in the various papers about
fusion systems that have appeared since they were defined different strategies to deal
with saturation have been developed. We have already seen one of this situations in
Lemma 1.6.3, in the previous section.

In this section we study an equivalent definition for saturation of fusion systems
over discrete p-toral groups which was originally developed for fusion systems of
blocks in [KS08] (see Definition 2.4 in [KS08]). Let F be a fusion system over a
discrete p-toral group S, and consider the following conditions:

() Auts(S) € Syl,(Auts(S)).

(II) Let f : P — S be a morphism in ¥ such that P’ = f(P) is fully #-normalized.
Then, f extends to a morphism f : Ny — S in ¥, where

N ={g € Ns(P)If o cgo f' € Auts(P')}.

The main result of this section is the following proposition.

Proposition 1.7.1. The fusion system ¥ is saturated (in the sense of definition 1.2.2) if and
only if it satisfies axioms (I'), (II') and (1I1) (the last one being the same as in 1.2.2).

Before proving this, we need some technical results, in order to compare the
axioms from definition 1.2.2 to this new set of axioms.

Lemma 1.7.2. Let ¥ be a saturated fusion system over a discrete p-toral groups S. Then, a
subgroup P < S is fully F-normalized if and only if it is fully F -centralized and Auts(P) €
Syl,(Aut#(P)).
Proof. The “only if” part is clear by axiom (I) for saturated fusion systems, and we
have to prove the “if” part. Assume then that P is fully # -centralized and Auts(P)is a
Sylow p-subgroup of Aut#(P). Let also P’ € (P)# be a fully ¥ -normalized subgroup.
Then, there is a morphism f € Hom#(Ng(P), Ng(P’)) such that f(P) = P’, and hence
also f(CS(P)) < Cs(P’)

In fact, since P is fully #-normalized, it follows that fic,) is an isomorphism, and
thus f induces a monomorphism

f_l Auts(P) — Auts(P’).

The statement follows now because Auts(P) € Syl,(Aut#(P), Auts(P’) € Syl,(Aute(P’),
and f induces an isomorphism

Autg(P)
Vi foyo f‘l,

Aut(]:(P')
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Now we can prove Proposition 1.7.1 above.

Proof. (of Proposition 1.7.1). Clearly, if ¥ is saturated (in the sense of definition
1.2.2), then in particular it satisfies axioms (I") and (II’). Thus, we are left to prove the
converse.

Assuem then that  satisfies axioms (I'), (II') and (III), and we have to prove that ¥
satisfies axioms (I) and (II) (since (III) is already granted). First we show that axiom (I)
holds on ¥. Let P < S be any subgroup, and let f € Homg(P, S) be such that P’ = f(P)

is fully #-normalized. Then, by axiom (II'), f extends to some f € Homg#(N¢,S),
where
N¢ ={g € Ns(P)lfcf " € Auts(P)},

and, in particular, Cs(P) < Ny. Thus, if follows that f(Cs(P)) < Cs(P’), and hence,
since this holds for all P € (P")#, P’ is fully ¥ -centralized.

Suppose now that P is fully ¥ -normalized, and we want to prove that Auts(P) is
a Sylow p-subgroup of Aut#(P). Actually, by axiom (I'), there is nothing to prove if
P =S, so we can assume that P is a proper subgroup of S. Assume also that P is
maximal in order among all (fully #-normalized) subgroups of S such that Auts(P) is
not a Sylow p-subgroup of Auts(P), and let H € Syl,(Auts(P)be such that Auts(P) < H.
Let also f € H \ Auts(P) be a morphism normalizing Auts(P) (since both Auts(P) and
H are discrete p-toral groups, such a morphism exists).

It follows then that for each x € Ng(P), there exists some y € Ng(P) such that
flxgx™) = yf(g)y™", for all ¢ € P, and hence Ny = Ng(P), and hence by axiom (II'), f
extends to some y € Autr(Ns(P)). Furthermore, by taking an appropriate power of y,
we may assume that y has p-power order.

Now, let f* € Hom#(Ns(P), S) be such that N” = f'(Ng(P)) is fully #-normalized.
Since P £ S, it follows by Lemma 1.1.4 that P £ Ng(P), and hence Auts(N’) €
Syl,(Aut(N’)). In particular, ' = f'y(f')"! is conjugated in Autr(N’) to an el-
ement in Autg(N’), and hence we can assume that f’ has been chosen such that
YY" = ¢, € Autg(N’), for some h € Ng(N').

Since yp = f, the automorphism )’ restricts to an automorphism of f’(P), and
hence y € Ns(f'(P)). It follows that f'(Ns(P)) < Ns(f’(P)), and since P is fully ¥ -
normalized, the last inequality is in fact an equality, and

Y(8) = (f (m)u(f ()™

for all ¢ € Ns(P), and thus f € Auts(P), in contradiction with the hypothesis of
f € H\ Autg(P).

Finally, we prove that axiom (II) holds in F. Let f € Hom#(P,S) be such that
P’ = f(P) is fully ¥ -centralized, and we have to prove that f extends to some f €
Homg(Ny, S). Choose then some y € Homg(P’,S) such that P” = y(P’) is fully -
normalized and such that, in the notation of axiom (II'), N, = Ns(P’), and let f* = yo f.

Since P” is fully ¥-normalized, by (II') it follows that both y and f’ extend to
morphisms y € Homg(N,, S) and f* € Homg (N, S) respectively. We want then to see
that

(i) Nf < Ny, and

(i) f/(Nf) < P(N)).
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Were it the case, the composition (" o f")y, would then be the extension of f we are
looking for.

Let first ¢ € Ny. It follows then that there is some 1 € Ng(P’) such that fc,f~! = c.
Furthermore, since N,, = Ng(P’), it follows then that there is some x € Ng(P”) such

that
e =yay” =y(feef T = (NN = (Fes(f)
Since this holds for all ¢ € Ny, point (i) above follows.
Let now ¢ € Ny, and let x = £/(9). Let also i € Ns(P") be such f(gyg™) = hf(y)h~!
forall y € P. Since x = f(g), it follows that f/(gyg™") = xf'(y)x~!, and hence

y(fWHT) = f(gyg™) = xf (y)x,

which in turn implies that x = y(h)c for some ¢ € Cs(P”). Now, note that Cs(P) < Ny,
Y(Cs(P’)) < Cs(P”) and, since P’ is fully ¥ -centralized, we deduce that y(Cs(P’)) =
Cs(P”). Thus, ¢ € ¥(N,), and hence x € Y(N,). It follows then that f'(Ny) < y(N,).

O

1.8 Further notation

Along this work, some assorted notation will be used. Thus, this section is to be
understood as a summary of the main conventions we will follow.

The first notion to introduce is that of a Sylow p-subgroup for infinite groups.,
whenever it makes sense.

Definition 1.8.1. Let G be a group, and let S be an artinian locally finite p-subgroup of G.
We say that S is a Sylow p-subgroup of G if any finite p-subgroup P < G is G-subconjugate
to S.

The following lemma from §8 [BLOO07] provides a tool to decide whether a group
has Sylow p-subgroups.

Lemma 1.8.2. (8.1 [BLOO7]). Fix a group G, a normal discrete p-toral group Q < G, and a
group K < G such that G = QK. Assume that K has Sylow p-subgroups. Then, G has Sylow
p-subgroups, and

SY1,(G) = (QSIS € Syl,(G)).

This is the case, for instance, of the automorphism groups Aut#(P) and Aut £(P) in
a (saturated) fusion system or a linking system, since these groups are locally finite.
Furthermore, since these groups have a normal discrete p-toral group of finite index
(Inn(P) and P respectively), their Sylow p-subgroups turn out to be discrete p-toral
groups again. This fact will be used repeatedly and implicitely in this work.

The following notions, too, will used frequently. Let G be a group, and p a prime
number. Some of the following subgroups have already appeared in this chapter.

¢ O,(G) is the maximal normal p-subgroup of G;
e O,(G) is the maximal normal subgroup of G of order prime to p;

e OF(G) is the minimal normal subgroup of G of p power index;
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e O (G) is the minimal normal subgroup of G of p’ index.

Definition 1.8.3. Let G be a group and p a prime number. We say that G is p-reduced if
O,(G) = {1}, and that G is p’-reduced if O, (G) = {1}.

The following lemma needs no proof.
Lemma 1.8.4. Let G be a group and let p be a prime number. Then, the following holds:
(i) OF(G) is the subgroup of G generated by all infinitely p-divisible elements of G, and
(ii) OV (G) is the subgroup of G generated by all elements of p-power order.






Chapter 2

Groups realizing fusion systems

When dealing with p-local compact groups, and with saturated fusion systems in
general, it is sometimes useful to have a group realizing the fusion system. The
problem of constructing such group models for finite fusion systems has been dealt
with from different points of view, see for instance [Rob07] and [LS07]. In this chapter
we extend (some of) the results in [Rob07] for fusion systems over discrete p-toral
groups. Thatis, given such a saturated fusion system ¥ over S, we show the existence
of a group G such that 75(G) = F.

While the results in [Rob07] hold for a larger class of fusion systems than the
class of saturated ones (and it is possible to extend the results in this chapter to the
generality of [Rob07]), we are actually interested only on saturated fusion systems,
and hence restrict the statements here to this class of fusion systems for simplicity. In
this sense, we depend, in a previous step, on the work on constrained fusion systems
done in [BCG*05]. Equivalent results for the compact case are needed if we want to
extend the results from the first paper. Thus, this chapter is divided in two sections,
the first one studying constrained fusion systems over discrete p-toral groups, and
the second one realizing saturated fusion systems over discrete p-toral groups.

We have chosen to extend Robinson’s models for fusion systems because of their
resemblance with the construction of unstable Adams operations for p-local com-
pact groups done in [Jun09], since we intend to combine both constructions in later
chapters. We have not, however, explored the possibilities of other group models for
fusion systems, which will certainly be of interest in the theory of p-local compact
groups.

2.1 Constrained fusion systems

As happened already in the case of saturated fusion systems over finite p-groups,
constrained fusion systems are really well behaved, and this translates in the fact
that, for such a fusion system, there exists a unique associated centric linking system.
Actually, there is not much work to do in this section since most of the work on higher
limits that we need here has already been done in [BLOO07].

Let G be a locally finite, artinian p’-reduced group (definition 1.8.3). The group G
is then said to be p-constrained if there exists some normal p-subgroup P < G which
is centric in G (i.e., Cg(P) < P).

21
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Definition 2.1.1. Let ¥ be a saturated fusion system over a discrete p-toral group S. We say
that F is constrained if it contains an object P which is F -centric and ¥ -normal.

We now show the equivalent to Proposition 4.2 in [BCG*05] about the obstructions
to existence and uniqueness of associated linking systems. For a saturated fusion
system 7, recall the center functor Z# on O(F ) defined in 1.5.5 by Z#(P) = Z(P) for
all F -centric subgroups.

Proposition 2.1.2. Let F be a constrained saturated fusion system over a discrete p-toral
group S. Then, }

lim’ 570 (Z7) =0
forall i > 0. In particular, there exists a unique (up to isomorphism) centric linking system
associated to F .

Proof. Asafirstreduction, by Proposition1.5.3, thereis anisomorphismlim*, .. (Zr) =
im”* +..,(Z7), where the orbit subcategory O(F **) contains finitely many conjugacy
classes. This allows us now to follow the strategy for the proof of Proposition 4.2 in

[BCG*05].

Fix a subgroup Q < S which is F-centric and normal in #. Let also Py, Py,... P,
be representatives of the F-conjugacy classes of F -centric subgroups P < S such that
P # Q. We can order these representatives by their order, that is, |[P;| < |P;.4] for all j.
We can then filtrate the functor Z# as follows. For j =0,1,...,m, let Z, € Z# be the
subfunctor

Z.P) = Z(P) ,if Pis ¥-conjugate to P; for some k > j,
AN () , otherwise.

This filtration satisfies then that for each j, Z; 1/Z; vanishes except on the single
¥ -conjugacy class of P;. By Proposition 5.4 in [BLOO07], it follows that

lim” v (Z-1/Z)) = A (Outy(P)); Z(P)).
Since P; # Q (and since P; is ¥ -centric), Np o(P;)/P; = Outo(P)) is a non-trivial normal
subgroup of Outs(P;), and since Out#(P)) is finite, it follows by 6.1 (ii) in [J[MO92b]

that A*(Out#(P;); Z(P;)) = 0. This in turn implies that liLn*(Z i) = 0 for all j, and in
particular for j = 0. Thus, there is an isomorphism

(21) @*O(T'C)(ZT) = @*O(T'C)(ZT/ZO)/
where Z#/Z) is the quotient functor

— P :
22) (ZrIZo)P) = { [0 =2QF A=

Let I' = Outy(Q) and S’ = Outs(Q) = S/Q. Since F is saturated (and Q is -
normal), it follows that S’ € Syl,(I'). Consider the Z,[I'l-module M = Z(Q). Note
that, since Q is ¥ -normal and ¥ -centric, rk(Q) = rk(S) (since Outs(Q) has to be finite),
and hence S’ is a finite p-group. Thus, we can consider the fixed-point functor on
Og(T), H°M, defined by H°M(P) = M, and this turns out to be acyclic by Proposition
5.2 in [JMO92b]. Hence, by (2.1), the proof will be finished if we show that

]<-i£1*0(7-‘0c)(Z7'_/Z0) = @*OS,(F)(HOM)‘
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As in the finite case (using the functor (_)*), it follows now, since Q is #-normal
and ¥ -centric, that Og (I') is isomorphic to the full subcategory of O(F *°) with objects
the subgroups of S containing Q. Under this identification, H’M is the restriction of
Z#/Zo by (2.2), and the isomorphism above follows since (Z#/Zo)(P) = 0 for all
P # Q, and since there are no morphisms in O(¥ *‘) from an object in the subcategory
to an object not in it.

Finally, existence and uniqueness of a centric linking £ associated to # follow by
Proposition 1.5.6.

O

Finally, we prove the main result about constrained saturated fusion systems.

Proposition 2.1.3. Let ¥ be a constrained saturated fusion system over a discrete p-toral
group S. Then, there exists a unique (up to isomorphism) p’-reduced p-constrained artinian
locally finite group G such that

(i) S € Syl,(G),
(ii)) F = Fs(G), and

(iii) if Lisa(the) centric linking system associated to ¥, then G = Aut p(P) for any ¥ -centric
subgroup P which is normal in F, and L = Ls(G).

Proof. By Proposition 2.1.2, let L be the linking system associated to ¥, and let
p 1 L — F° be the projection functor. Fix also a compatible set of inclusions {tp} in
L.

Let Q< be a #-centric ¥ -normal subgroup, and let G = Aut £(Q). Then, since L is
a transporter system (as showed in Proposition A.2.5) there is an inclusion

S = Ns(Q) ~5 Autf(Q) = G.

Since Q is F -centric and ¥ -normal, 5/Q = Outs(Q) € Syl,(Outs(Q)), and hence there
is a commutative diagram

Q—=S§——Outs(Q)

o

Q> G——Outz(Q).

This implies, in particular, that S is a Sylow p-subgroup of G in the sense that each
p-subgroup of G is subconjugate to a subgroup of S (since Out#(Q) is finite and hence
the Sylow theorems apply on it). Note also that, since G is the automorphism group
of Qin £, it is an artinian locally finite group.

The rest of properties in the statement above now hold using the same arguments
used to prove Proposition 4.2 in [BCG*05], but we reproduce here the prove for the
sake of clarity.

We next prove that G is p’-reduced and p-constrained. Let P,P’ < S be any pair
of subgroups containing Q. By Lemma 3.2 [OV07], for any ¢ € Mor (P, P’), there is
a unique restriction of ¢ to Q, in the sense that there is a unique y(¢) € G such that
lg,s © Y(p) = @ o 1pp. Furthermore, these restrictions satisfy that
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(@) y(p" o) =y(@")-y(p) € G, for any pair of composable morphisms (containing
Q), and

(b) (6(x)) = x for all x € Ng(P, P’).
In addition, by axiom (C) of linking system:s, it follows that, for each g € P,

o(p(p))(g) o @ = @ 0 6(g) € Mor (P, S),

which, after restricting to Q, yields the relation

6(p(@)(8)) o y(@) = ¥(p) 2 6(8) € G,
or, equivalently,
(c) (@) € Ng(P, P’) and ¢,(y) = p(@) € Homg(P, P’).

Now, there are equalities

Co(Q) = Ker(Aut 1(Q) - Auts(Q)) = Z(Q),

where the first equality holds from property (c) (applied with P = P’ = Q), and the
second holds by axiom (A) of linking systems. Hence, Q is centric in G. This also
shows that G is p’-reduced and p-constrained.

Next we prove that ¥ = ¥5(G). The inclusion Homg (P, P’) € Homg(P, P’) is easily
seen to hold by lifting morphisms to L and using property (c) above. On the other
hand, let P, P’ < S (and assume Q is contained in both P and P’), and let g € Ng(P, P’),
and c; be the induced morphism. Then, f = c, restricts to an automorphism in ¥ of
Q by (c) above, and since Q is fully ¥ -centralized, this morphism extends to some

f € Homg(Ny, S), where

Ny ={x €S =Ns(Q)lfc.f € Auts(Q))
as usual. Furthermore, it is clear by hypothesis that P < Ny. In particular, f extends

to f € Homg(P,S) C Homg(P, S) (taking restrictions of the orlgmal f if necessary). Let

then i € Ng(P, S) be such thatf = ¢y, and note that (c;)io = fio = f = ¢;. Hence, h = gx,
for some x € Cs(Q) = Z(Q), and x € P, ¢x € Autg(P). Thus, f = ¢, € Hom#(P, S), and
f(P)=gPg™ < P".

Finally, we check property (iii) in the statement. Since G is artinian and locally
tinite, and has Sylow p-subgroups, we can apply Theorem 8.7 in [BLOO07] to see that
G induces a p-local compact group (S, ¥, £’). Butin fact we have already proved that
¥’ = ¥5(G), and by Proposition 2.1.2, there is (up to isomorphism) a unique centric
linking system £ associated to #5(G). Hence, L = Ls(G) =

Let Q < S be ¥ -centric and #-normal. We want to prove that G = Aut(Q). Let
Q" = 0,(G), and note that C5(Q’) = Z(Q’) since G is p-constrained (there exists some
discrete p-toral subgroup P < G which is centric, and hence Q" > P by definition of
Q’). Since Q is normal in ¥, each ¢, € Auts(Q’) extends to some ¢, € Autg(QQ’). It
follows that g7'h € Co(Q') = Z(Q'), h € Ne(QQ'), and so ¢ € Ng(QQ’). This shows
that QQ’ is a normal discrete p-toral subgroup of G, and hence, by definition of Q’,
Q < Q'. Hence, for any ¢ € G, ¢, € Auts(Q’) restricts to ¢, € Auty(Q), and Q < G. In
particular,

Aut(Q) = Ne(Q)/OF(Ce(Q)) = G/{1} =
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2.2 Robinson groups realizing fusion systems

Now we can extend the results from [Rob07] to the compact case. This models for
fusion systems are amalgams of locally finite, and this make them a rather wild model,
sometimes difficult to deal with. For instance, while such a group will have S as a
Sylow p-subgroup by construction, it is not at all clear that an arbitrary subgroup
G’ < G has Sylow p-subgroups at all.

Let ¥ be a saturated fusion system over a discrete p-toral group S, and choose
representatives Py = S, P,,..., P, of the F-conjugacy classes of ¥ -centric ¥ -radical
subgroups, such that P; is fully #-normalized for all j. From 1.3.2 (i) and 1.3.4 we
already know that there are finitely many # -conjugacy classes of such subgroups.

Now, for each P; in the list above, we have proved in 1.6.2 that the fusion system

N; Y Ng#(P)) is saturated, since we have chosen P; to be fully ¥ -normalized. Fur-

thermore, since P; is ¥ -centric, it is also Nj-centric, and it is normal in N; just by
definition of the normalizer fusion subsystem. Thus, N; is a constrained saturated
fusion system, and we may apply Proposition 2.1.3 to it: N; is realized by a certain
group L; such that Ns(P;) € Syl,(L;) by 2.1.3 (i).

Definition 2.2.1. Let ¥ be a saturated fusion system over a discrete p-toral group S. A
fusion-controlling setisaset P = {P1 = S, P,, ..., P,} of representatives of the F -conjugacy
classes of F -centric (¥ -radical) subgroups such that, for each j, P; is fully ¥ -normalized.

Note that the group L; realizing the normalizer fusion subsystem Ng(P;) is de-
termined up to isomorphism by P; and ¥, and hence there is no need of fixing L;
too.

Since Ob(F*) contains finitely many # -conjugacy classes, it follows that so does
such a set . Furthermore, as long as ¥ contains ¥ -centric fully ¥-normalized
subgroups, the following hold for all P € #:

(i) the normalizer fusion subsystem N#(P) is a saturated a saturated fusion system
over Ns(P), and

(ii) P is a N#(P)-centric subgroup which is normal in N#(P).
In particular, N#(P) is constrained and Theorem 2.1.3 applies to it.

Lemma 2.2.2. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
P be a fusion-controlling set for . For each P € P, let L be the group realizing the fusion
system Ng(P). Then, the following holds:

(i) P = O,(L);
(ii) L/P = Outy(P);
(iii) Ns(P) € Syl,(L).

Proof. It is immediate by definition.

The main result of this section is stated below.
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Theorem 2.2.3. Let F be a saturated fusion system over a discrete p-toral group S, and let
P ={P1 =S,P,,...,P,} be a fusion-controlling set for . Furthermore, for each P; € P, let
N; = Ns(P;) and L; be the group obtained in 2.1.3.
Then, the group
G:L1 *NQLZ*N3 ---*NrLr

satisfies the following properties:
(i) Py = Sisa Sylow p-subgroup of G;
(ii) G realizes the fusion system F, that is F = Fs(G).

We will call the group G in the statement a Robinson group realizing the fusion
system . Notice that G depends on the fusion-controlling set ¥ that we have
previously fixed, but different choices of fusion-controlling sets give rise to isomorphic
groups.

Before proving the theorem, we study the case where r = 2, that is,

G = L1 *N, Lz.
The proof for Theorem 2.2.3 is reduced then to show the following result.

Theorem 2.2.4. Let H and K be groups which have Sylow p-subgroups and such that such
Sylow p-subgroups are discrete p-toral groups, and let S € Syl,(H), P € Syl,(K) be such that
P < S. Then, the group G = H +p K has Sylow p-subgroup S and the G-fusion system on S is
precisely that generated by the H-fusion system on S and the K-fusion system on P.

A lemma is needed before giving a proof for the theorem.

Lemma 2.2.5. (Lemma 1 [Rob07]). Let G = A ¢ B, where C is a common subgroup of A and
B. Letalso X < Aand g € G\ A be such that X3 < A or X8 < B. Write g = apbia; . . . bsasbe,
wherea; € A\Cfori=0,...,sandb; e B\Cfori=1,...,s,00. Set Xy = X", Y, = Xgl,
Xy = Y], etc. Then,

<X0, Yi, Xlll <i< S> <C

This lemma is proved in [Rob07] without finiteness restrictions on A, B, C or X.
Thus the proof is the same here.

Proof. (of Theorem 2.2.4). By (the corollary of) Theorem 4.3.8 in [Ser03], and using
the Sylow hypothesis on S < H and P < K, it follows that every finite p-subgroup of G
is subconjugate to S. Since every discrete p-toral subgroup of G, R, can be expressed
as a union of finite p-subgroups, R = UR|, it follows then that every discrete p-toral
subgroup of G is subconjugate to S, and hence S is a Sylow p-subgroup of G.

It is easy to see then that the fusion system over S induced by G contains the fusion
system over S induced by H and the fusion system over P induced by K, ¥ C 75(G),
and we have to prove the equality.

By Lemma 2.2.5,if R<H, hy,...,hy1 € K\ Pand g,...,8 € H\ S are such that

R/ — Rl’hg]...h,gth] S H’

then all the intermediate subgroups R, R",R"81, ..., R’ are subgroups of P.
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Let now R < S be a non-trivial subgroup, and suppose that (R, R$) < S for some
g € G, and we have to show that conjugation by g is a morphism in F. If ¢ € H,
there is nothing to show, so we can assume that this is not the case. Thus, there exist
(possibly identity) elements ¢_«, g0 € H, and elements hy,... h, hy1 € H\ S and
g1,...,8 € K\ P such that

8= g—oohlgl .- -hrgrhr+1goo-

If we set Ry = R8 and Ry = (Rg)"&-M&"+1 then (Ry, Ry) < H, and hence by Lemma
2.2.5, all the intermediate subgroups

Ro, (Ro)hll (Ro)hlgll ., (Ro)h1g1-~~hr+l

are contained in P.

Now, conjugation from R to Ry is a morphism in ¥s(H) (that is, it corresponds
to conjugation by ¢_., € H). Conjugation from R, to (Rg)" is a morphism in Fp(K)
(conjugation by h; € K). In general, conjugation from (Ro)"~" to (Ro)"-"$i is a
morphism in Fs(H) (for j = 1,...,r), while conjugation from (Ro)"8i to (Ro)-"i+1 is a
morphism in Fp(K) (for j = 1,..., 7). Finally, conjugation from (Rg)"-"1 to (Ry)" 18
is a morphism in Fs(H).

This shows that every morphism induced by conjugation by an element of G on
subgroups of S can be expressed as a sequence of conjugations in Fs(H) and Fp(K),
and hence ¥ = F5(G).

O

Proof. (of Theorem 2.2.3). This is just an iterated application of Theorem 2.2.4.
O

Let ¥ be a saturated fusion system over a discrete p-toral group S, let  be an
(enlarged) fusion-controlling set for #, and let G be the corresponding Robinson
group realizing . Let also P < S. Then, for each Q € ¥ such that P < Q, there is an
obvious inclusion

incl incl

(2.3) o P25 0 -5 Lo 25 G,

where L is the group realizing the normalizer fusion subsystem of Q.






Chapter 3

Connected p-local compact groups

The notion of p-local compact groups was introduced as a unifying homotopical
setting for (p-completed classifying spaces of) compact Lie groups and p-compact
groups. As such, one would like then to have classification of p-local compact groups,
and, if possible, as close as possible to the classification of compact Lie groups and
p-compact groups ([AGMVO08] and [AG09]).

If this is to be the case, then a notion of connectivity on p-compact groups is needed
in order to do a first reduction from general p-local compact groups to connected p-
local compact groups. This is in fact a major gap in the theory, closely related to the
fact that Bousfield-Kan p-completion ([BK72]) does not preserve fibrations in general.

We introduce in this chapter the notion of connected p-local compact groups, and
exploit it in the case of rank 1 p-local compact groups. In this sense, it is not difficult
to give a list of all connected p-local compact groups of rank 1, but it is not at all clear
yet how one can reduce to consider only connected p-local compact groups.

This chapter is then organized as follows. We start by giving a notion of connec-
tivity for p-local compact groups and showing some of its properties. The second
section is devoted to study connectivity on p-local compact groups of rank 1. In this
chapter we prove that given a rank 1 p-local compact group G, a unique connected
p-local compact subgroup is determined by G, Gy, which we consider as the con-
nected component of G, and furthermore, it can be equipped with an inclusion of
p-local compact groups. Finally, the third section discusses briefly the existence of
such connected components in the general rank case.

The author wants to thank C. Broto, R. Levi and B. Oliver for their useful notes on
connectivity for p-local compact groups, as well as many talks on the subject. Some
of the notions in this chapter were “suspected” to the author, but got the final shape
thanks to them.

3.1 A notion of connectivity

As a first attempt to define connectivity on p-local compact groups we could say
that G = (5,7, L) is (topologically) connected if BG = ILI;,\ is simply connected. This
turns out to be quite a confusing definition, since some p-local finite groups can be
connected in this sense. Thus, a stronger notion is required, and since the “only”
difference between saturated fusion systems over finite p-groups and discrete p-toral

29
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groups is the existence of a maximal torus of positive rank, this notion should take
into account this maximal torus.

Lemma 3.1.1. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let T be
its maximal torus. Then, there exists a (unique) minimal strongly F -closed subgroup So < S
containing T.

The subgroup Sy will be called the connected component of S with respect to .
Note that if S is finite, then Sy = {1}.

Proof. The existence of Sy can be proved by taking the intersection of all strongly
¥ -closed subgroups of S containing T, since the intersection of two strongly ¥ -closed
subgroups is again a strongly ¥ -closed subgroup.

o

An alternative characterization of the subgroup Sy can be given as follows. Let P;
be the subgroup of S generated by all the elements of S which are ¥ -subconjugate
to T, and let in general P,.; be the subgroup of S generated by all the elements in S
which are ¥ -subconjugate to P,.. Let also S, = UP,,.

Lemma 3.1.2. Let F be a saturated fusion system over a discrete p-toral group S, and let S
be the connected component of S with respect to F and S|, be defined as above. Then, S = S,.

Definition 3.1.3. Let F be a saturated fusion system over a discrete p-toral group S, and let
So be the connected component of S with respect to . The group of components of ¥ is
defined then as the saturated fusion system

o(F) 2 F /5,

over the finite p-group S/S,.
Similarly, if G is a p-local compact group, and Sy is the connected component of S with
respect to ¥, then the p-local finite group of components of G is defined as the p-local finite

group

70(G) < (8/S0, 1o(F), mo( L)  (L/S0)").

The fact that 71o(¥) is saturated follows by Proposition A.1.1, since Sy is strongly
¥ -closed. Similarly, by Proposition A.3.3, together with Proposition A.2.6, 7y(G) is
indeed a p-local finite group.

For a saturated fusion system F over a discrete p-toral group S, let O (¥) over S
be the minimal saturated fusion subsystem of ¥ of index prime to p, whose existence
has been proved in Theorem B.4.3. By Theorem B.4.4, an associated centric linking
system £ on F induces a centric linking system OF (£) associated to O (F).

Definition 3.1.4. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
So be the minimal strongly F -closed subgroup of S containing T. Then, we say that F is
connected if each x € S is F -subconjugate to T and F = OV (F).

Let G be a p-local compact group. Then, we say that G is connected if the corresponding
fusion system F is connected in the sense above.
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Note that if F is connected, then in particular S = Sy. The above condition on
OF (F) appears in order to avoid “unnatural” situations, like the p-compact groups
known as the Sullivan spheres, whose induced p-local compact groups satisfy that all
x € S is F-subconjugate to T, but O” () & F, and can in fact be seen as extensions
of finite groups by a discrete p-torus of rank 1. Note also that, if S is finite and ¥ is
a connected saturated fusion system over S, then S = {1} and ¥ is the trivial fusion
system.

Lemma 3.1.5. If G is a connected p-local compact group, then BG is topologically connected.

Proof. By Proposition 4.4 [BLOO7], there is a natural epimorphism S - 71(BG), where
11(BG) is in fact a finite p-group. Thus, if we set K for the kernel of this epimorhphism,
then K contains the maximal torus T of S.

We next claim that K is a strongly 7 -closed subgroup. Indeed, let P € Ob(L),
@ € Autp(P), f = p(p) € Auty(P) and g € PN K. Then, by axiom (C) on linking
systems,

Op(x) = p o Op(g) 0 ™",

where x = f(g). Letalso w : Mor(L) — m;1(|£L]) the map from (the proof of) 4.4 [BLO07],
and set for simplicity w : Mor(£) — m1(BG) the composition of the former w with the
p-completion. In particular, this map sends compositions to products.

It follows then that w(6p(g)) = [1] € T1(BG), since g € K, and hence

w(6p(x)) = w(p) - w(6p(8)) - wle™) = [1],

which means that x € K. Alperin’s fusion theorem then implies that K is strongly
F -closed.

Now, by hypothesis, S is its own connected component with respect to #, and in
particular, if Sy denotes the minimal strongly ¥ -closed subgroup of S containing T,
then Sy = S. Since K is strongly ¥ -closed and contains T, it follows that K = S.

O

Before finishing this section, we prove some technical lemmas that will be useful
later on in this chapter.

Lemma 3.1.6. Let F be a saturated fusion system over a discrete p-toral group S, and let
P < S be ¥ -subconjugate to T. Then,

(MY csmynP=TnP

The last lemma can be understood as follows. If x € S is F -conjugate to an element
of the torus T, then either x is already an element in T or x acts nontrivially on T.

Proof. Let f : P — T be a morphism in . We can assume that P = (x) (otherwise we
can restrict f to all the cyclic subgroups of P), and furthermore we can suppose that
P’ = f(P) is a fully ¥ -centralized, since it is a subgroup of T. Hence, we can apply

axiom (II) of saturated fusion system to f: f extends to a morphism f € Hom#(N¢, S),
where
Ny = {g € Ns(P)lfc,f™' € Auts(P)}.

In particular, note that Cs(P) - P < Ny.



32 Connected p-local compact groups

Now, suppose that P acts trivially on T, that is, T < Cg(P), and in particular f
extends to

rT L s,

such that ]?ZP) = f(P) £ T and ]T(T) < T since T is the maximal infinitely p-divisible
subgroup of S. Thus, f(PT) = T, which means that PT = T, since f is a monomor-
phism,and P < T.

O

A discrete p-toral group S with maximal torus T fits by definition in an extension
T—S— S/T,

where S/T is a finite p-group. This extension, in turn, comes equipped with a mor-
phism

(3.1) ws : S/T —> Aut(T),

defined by ws(xT)(t) = xtx~! for all t € T, where x € § is a representative of the class
xT.

Lemma 3.1.7. Let F be a saturated fusion system over a discrete p-toral group S, and let S
be the connected component of S with respect to F. Then, the restriction of ws to So/T < S/T
is a monomorphism. In particular, So/T acts faithfully on T.

Proof. LetxT € Sy/T, and suppose that ws(xT) = idr. Then, for any x € S, representing
xT, x acts trivially on T, and, by definition of Sy, is #-subconjugate to T. Thus, by
Lemma 3.1.6, x € T and xT = 1T.

O

Lemma 3.1.8. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let T
be the maximal torus. If T is central in S, that is, if S = Cg(T), then T is ¥ -normal, and F is
an extension of a saturated fusion system (over the finite p-group S/T) by T.

If in addition L is an associated centric linking system for ¥, then L is an admissible
extension of L/T by T (in the sense of definition A.5.4), and there is a fibration

BT — | L] — |L/TI.

Note that £/T is not, in general, a linking system associated to ¥ /T, but a trans-
porter system (in the sense of definition A.2.1) such that the set Ob(L/T) contains all
¥ | T-centric ¥ /T-radical subgroups.

Let for instance S = T (a discrete p-torus of any rank), and let K < Aut(T) be a
finite p’ group (that is, p does not divide |K]|). Let also # be the fusion system over S
spanned by Aut#(S) = K, thatis, all morphismsin # are restrictions of automorphisms
in Aut#(S), and let L be the category with Ob(£) = {S} and Aut »(S) = T < K, where K
acts on T by automorphisms. Then, G = (5,7, £) is clearly a p-local compact group,
and T satisfies the conditions in the above lemma.

In this case, the quotient fusion system ¥ /T is just the trivial fusion system over
the trivial p-group {1}, and the quotient L/T is clearly not a centric linking system
associated to ¥ /T, since axiom (A) is not satisfied. It is, however, a transporter system
associated to the quotient fusion system ¥ /T.
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No matter how nice this lemma may seem, if we change in the statement the
conditions on T by the same conditions on a subtorus T" s T of strictly lower rank,
then it fails to be true in general.

Proof. Let f : P — P’ be a morphism in ¥, and we have to check that it extends to
some y : PT — P'T such that y;r € Aut#(T).

Suppose first that P’ is fully ¥ -centralized. We may then apply axiom (II) to f to
see that this morphism extends to some y : P - Cs(P) — P’ - Cg(P’). In particular, since
T < Cs(P), Cs(P’), y restricts to a morphism

T -5 P'T.

Furthermore, since T is the maximal infinitely p-divisible subgroup of S, it follows
that y(T) < T, that is, yr € Aut#(T).

If P’ is not fully ¥ -centralized, we may consider P” € (P’)# such that P” is fully
¥ -centralized, and morphisms f’ : P — P” and f” : P’ — P” in ¥ such that the
following diagram is commutative

pll
A

f

p P’
By applying the above arguments on f’ and f”, we see that these morphisms extend
respectively to )’ : PT — P”T and y"" : P’T — P”T, and hence the composition

y — ()///)—1 o )// . PT — P’T

extends the original f. Again, since T is the maximal infinitely p-divisible subgroup
of S, it follows that the restriction of y to T is an automorphism (in 7) of T.

Thus T is F-normal, and the extension theory developed for p-local compact
groups in appendix §A applies: Proposition A.1.1 says that /T is a saturated fusion
system over S/T.

The second part of the statement also follows from the extension theory developed
in appendix §A. In particular, the extension is easily seen to be admissible since T is
central in S.

O

Since we intend to study connectivity of p-local compact groups, we expect the
“connected components” that we might find to be somehow invariant in the original p-
local compact group. We introduce for this purpose the following notion of invariance
of fusion subsystems (definition 3.1 in [Lin06]). Actually, what we call here invariant
subsystems are called normal subsystems in [Lin06], but, by the time we started this
work, this notion had already been renamed as invariant subsystems in [Asc08], where
a stronger notion of invariance is also introduced. We do not mention this last
(stronger) condition here since it is not clear that connected components will satisfy
it in general.

Definition 3.1.9. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
S" <Sand F' C F be a fusion subsystem over S’. Then, ¥ is invariant in F if
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(i) S is strongly F -closed;
(ii) foreach P < Q < S" and eachy € Hom#(Q, S), the map

v

Homg(P, Q)

Homg(y(P), (Q))
fl yofoy‘1

is a bijection.

For instance, let G be a finite group, let S € Syl,(G), and let N be a normal subgroup
of G. Let also ¥5(G) be the (saturated) fusion system over S induced by G. Then,
the fusion subsystem Fs~n(N) (i.e., the fusion system over S N N induced by N) is
invariant in 75(G).

Note that, if ¥’ in the definition above is saturated, then it is enough to check
condition (ii) only for #’-centric #’-radical, by Alperin’s fusion Theorem 1.3.5.

3.2 Rank 1 p-local compact groups and their connected
components

In this section we study the connected component of a p-local compact group of rank 1.
Even in such a concrete situation, the connectivity problem becomes a rather difficult
issue, and in general all proofs follow ad hoc arguments. We provide in this section
a list of all connected p-local compact groups of rank 1, and show how, given a rank
1 p-local compact group G, it always contains a unique connected p-local compact
subgroup G, over the connected component of S with respect to #. Furthermore,
we are able to define inclusion functors £y — £, which we consider as the inclusion
of connected components, in all cases. However, we have not managed to express
any G in terms of its connected component together with the p-local finite group of
components. We list below the main results of this section.

Theorem 3.2.1. Let F be a connected saturated fusion system over a discrete p-toral group
S of rank 1. Then, ¥ has a unique associated centric linking system L.

Furthermore, the p-local compac group G = (S, ¥, L) is induced by one (and only one) of
the connected compact Lie groups in the list below:

(i) Gy = 51/
(ii)) G, = SO(3), or
(iii) G3 =S,
where cases (ii) and (iii) appear only for p = 2. In particular, if G is induced by G;, then
BG = (BG)),.

Note that there is nothing “unexpected” in the list above, in the sense that all
connected rank 1 p-local compact groups are induced by connected compact Lie
groups, and this list coincides with the classification of rank 1 connected compact Lie
groups, and also with the classification of rank 1 connected p-compact groups. The
following corollary was also an expected result.
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Corollary 3.2.2. Let G, and Gs be the connected p-local compact groups induced by the
compact Lie groups G, and Gs in the list above. Let also T be the maximal torus of Gs, and let
Z/2 = Ty < T be the order 2 subgroup of T.

Then, Ty is a central subgroup of G, and Gs is an admissible extension (in the sense of
definition A.5.4) of G, by T1. In particular, there is a fibration

BZ/2 ~ BTy — BGz — BG».

Another important feature of rank 1 p-local compact groups is that one can assign
a connected p-local compact group G (from the list in Theorem 3.2.1) to each p-local
compact group G. In fact, this Gy is uniquely determined by the connected component
of S with respect to . In this result we use the notion of invariant fusion subsystem,
3.1.9, which corresponds to definition 3.1 [Lin06].

Theorem 3.2.3. Let F be a saturated fusion system over a discrete p-toral group S whose
maximal torus has rank 1, and let Sy be the connected component of S with respect to F .
Then, ¥ uniquely determines a fusion subsystem ¥, over Sy such that the following holds:

(i) Fo is a connected saturated fusion system,
(ii) Fo C F is invariant in F.

We say then that F is the connected component of 7.

Similarly, let G = (S, F, L) be a rank 1 p-local compact group, and let Sy be the connected
component of S with respect to F. Then, G uniquely determines a p-local compact group
Go = (So, Fo, Lo) such that the following holds:

(i) Fo is the connected component of ¥, and

(ii) G, is isomorphic as a p-local compact group to one of the p-local compact groups listed
in Theorem 3.2.1.

We say then that G, is the connected component of G.

In fact, 2-local compact groups whose connected component is induced by S° de-
pend completely on 2-local compact groups whose connected component is induced
by SO(3). Corollary 3.2.2 above is a particular case of the following result.

Corollary 3.2.4. Let G be a 2-local compact group of rank 1 whose connected component is
the 2-local compact group G, induced by the compact Lie group G = S® (in Theorem 3.2.1),
let T be the maximal torus of G, and let Z./2 = Ty < T be the order 2 subgroup of T.

Then, Ty is a central subgroup of G, and G is an (admissible) central extension (in the
sense of A.5.1) of a 2-local compact group G' by Ty, where the connected component of G’
is the 2-local compact group G, induced by the compact Lie group G, = SO(3) (in Theorem
3.2.1). In particular, there is a fibration

BT, — BG — BG'.

The p-local compact group Gy in Theorem 3.2.3 can be considered as the connected
component of G since it is connected and uniquely determined by G. However, in
general, the centric linking system L, is not a subcategory of L, since in general
Fo-centric subgroups will not be F-centric subgroups. Instead, given the p-local
compact group G, together with its connected component, we will construct a functor
lo : Lo — L which will play the role of the inclusion of the connected component.
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Corollary 3.2.5. Let G be a rank 1 p-local compact group, and let Gy and 10(G) be the
corresponding connected component and the p-local finite group of components. For each
Py € Lgr, let P = Py - CS(PO) Then,

(i) Pis F -centric, and
(ii) Autp(P) contains a subgroup isomorphic to Aut p,(Pp).

In particular, a faithful functor " : Ly — L can be defined by sending each Py to the
corresponding P, and such that

(iii) the composition

| Lol = 1Ly — 1L — [mo(L)]

is nullhomotopic, and

(iv) there is a natural transformation from the inclusion functor incl : F;© — F¢ to the
functor iy : F" — F induced by 1.

All the above results will be proved in the following subsections by describing
explicitly each possible situation. In particular, we will treat separately the case p > 2
from the case p = 2. This is motivated by Lemma 3.2.6 below, where (as a corollary)
we prove that in the case p is an odd prime, the maximal torus T is always ¥ -
normal. Thus, the p odd version of the results above is proved almost automatically
in Proposition 3.2.7 (except from the construction of the faithful functor, which will
be treated in Proposition 3.2.26).

The case p = 2 is significantly longer to explain. In this case, we will start by
studying which discrete 2-toral groups Sy can appear as the connected component of
a discrete 2-toral group S with respect to a saturated fusion system ¥ on S. Thus,
Theorem 3.2.1 is proved as Proposition 3.2.19, Theorem 3.2.3 is then a consequence
of Proposition 3.2.18, and Corollary 3.2.4 follows by Lemma 3.2.17. The construction
and properties of the faithful functors (Corollary 3.2.5) for p = 2 will be studied in
Proposition 3.2.26, 3.2.30 and 3.2.32.

We start by stating a well-known fact about the automorphism group of a discrete
p-torus of rank 1. and in this case it is not difficult to give a complete description of
the whole group. In particular, our interest lies in the finite subgroups of Aut(Z/p*),
since for a saturated fusion system ¥, the group Aut#(T) has to be finite.

Lemma 3.2.6. Let T = Z/p*™. Then,

(zp2xz, p=2,
Aut(T) = { ZI(p-1)xZ), p>2

Proof. Let f € Aut(T). Recall that
T=2/p” = | Jzlp" =limz/p".
n=1

Thus, we see that the restriction of f to every cyclic subgroup T, = Z/p" gives an
automorphism of this subgroup, f,, such that the following squares are commutative
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for any n:
fa

1 n 1 n
. T . T
n+1 n+l1
znclTn l i mclT”

Thi1 —— Tha.
f11+1

Thus, it is clear that we can identify the automorphism group Aut(T) with the
inverse limit of the inverse system {Aut(T,)}. Finally, by Theorem 4.4.7 [RZ00], there
is an isomorphism

, (zpexz,p=2,
lim Aut(T,) = { Z/(p-1)x2Z, p>2.

O

As a consequence, for p > 2, the maximal torus T will always be central in S, and
hence, by Lemma 3.1.8, if ¥ is a saturated fusion system over S, then T is #-normal.
We restate and prove Theorems 3.2.1 and 3.2.3 for p odd as the following proposition.

Proposition 3.2.7. Let ¥ be a connected saturated fusion system over a discrete p-toral
group Sp, with p odd. Then, the following holds:

(i) So =T, and
(it) Fo is isomorphic to the saturated fusion system induced by the compact Lie group S?,
Fo = Fr(Sh).
In particular, Fo has a unique associated linking system Ly = L1(S'), and
|-£0|;\ = (le);/;\-

Let p be an odd prime, and let G = (S, ¥, L) be a rank 1 p-local compact group, with
maximal torus T. Then,

(i) T is a F-normal subgroup, and in particular it is strongly ¥ -closed. Hence, the
connected component of S with respect to F is T itself, and

(ii) the connected component of F is (isomorphic to) the fusion system Fr(S*).

In particular, G is an admissible extension of G/T by T, and there is a fibration
BT — L] — |L/TI.

Proof. Let first ¥ be any saturated fusion system over a discrete p-toral group S of
rank 1, with p > 2. Since for p odd the maximal torus T < S is central in S, it follows by
Lemma 3.1.8 that T is a ¥ -normal subgroup, and in particular it is strongly ¥ -closed.

Thus, if ¥y is connected and saturated over Sy, then Sy = T by definition of the
connected component of S, with respect to . Furthermore, since T is abelian, the
saturated fusion system ¥, over T is completely determined by Auts (T), which is
a finite subgroup of Aut(T). Thus, Auts,(T) < Z/(p — 1), but, if Auts(T) is not the
trivial subgroup of Aut(T), then Fy 2 O (%), and hence cannot be connected. This
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determines completely the list of connected saturated fusion systems over discrete
p-toral groups of rank 1, when p > 2.

It is now an easy calculation to show that the obstructions to the existence and
uniqueness of an associated centric linking system associated to %, both vanish, since
the orbit category O(F) contains a single object with trivial automorphism group.
Since S! already induces a centric linking system £, associated to %y, it follows that
this has to be the unique centric linking system associated to ¥y. By Theorem 1.4.5, it
follows that | L]} ~ (BS'),.

Let now G be a p-local compact group of rank 1, with p odd. Again, T is ¥ -normal,
and in particular strongly ¥ -closed. It is also clear that ¥ contains ¥, above as a
subsystem, since Autg (T) = {id}. It remains then to check the invariance of %, in ¥,
and in particular we only have to check that condition (ii) in definition 3.1.9 holds,
but this is obvious since for any two subgroups P < Q of T, Homg,(P, Q) = {incllg}.

The last part of the statement follows easily since T < Z(S), and hence the extension
is admissible.

O

3.2.1 Some rank 1 discrete 2-toral groups

We are thus left to study the case p = 2. The strategy followed here is rather exhaustive.
We will first study some properties of rank 1 discrete 2-toral groups and see which
ones can appear as the connected component Sy of a bigger discrete 2-toral group
S with respect to a saturated fusion system ¥ . This will give rise to a short list of
possibilities for Sy, and for each one we will check in later subsections that there only
exists a unique saturated, connected fusion system %, over Sy, and furthermore that
for each such ¥ there exists a unique associated centric linking system L.

Let then S be a discrete 2-toral group of rank 1 with maximal torus T. In this
section we want to study which discrete 2-toral groups can appear as the connected
component of a bigger discrete 2-toral group with respect to some saturated fusion
system.

In this case, Lemma 3.2.6 says that there only exists a nontrivial automorphism of
7Z./2% of (finite) order 2, which corresponds to the automorphism

(3.2) T u T

t——————tL.

This is obviously an order 2 automorphism, and we can now deduce the following
result.

Lemma 3.2.8. Let S be a discrete 2-toral group of rank 1, and let T = UT,, be the maximal
2-torus, where T, = Z./2" for all n. Then, either T N Z(S) =T or T N Z(S) = Th.

Furthermore, if T N Z(S) = Ty and x € S\ Cs(T), then all the elements in the coset xT are
S-conjugate to x.

Proof. The condition T N Z(S) = T means that Cs(T) = S. Thus, suppose that there
exists some x € S\ Cs(T). Since S is locally finite, the automorphism c, defined by
¢x(y) = xyx~! has order a finite power of 2. In particular, when restricted to T, it has
to be a nontrivial finite automorphism, and hence (c,)r = 7 in (3.2).
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Now, there is only an order 2 element in T, namely #;, and hence 7(t;) = t, that is,
T NZ(S) > T1. On the other hand, if t € T is of higher order, then clearly 7(t) # ¢, and
hence the first part of the statement is proved.

Let x € S be as above. Then, for each t € T, we have xtx~! = +71, and hence

Flxt = xt?,

which proves the second part of the statement since all the elements in T are infinitely
2-divisible (that is, each element in T has at least one square root).
O

Lemma 3.2.9. Let S be a rank 1 discrete 2-toral group, with maximal torus T = Z./2%, and
let ¥ be a saturated fusion system over S. Then, the connected component of S with respect
to F is isomorphic to one (and only one) of the following discrete 2-toral groups:

(i) T,

(ii) Do =UDgn ={x, Tlx* = 1,xtx ' =t forallt € T) = T < {x), or
(iii) Qoo =UQu =y, Tly* =1,y* =t yty L =t forall t € T),
where t, is the single order 2 element in T.

Proof. Let S be such a discrete 2-toral group. By Lemma 3.1.7, if S; < S is to be the
connected component of S with respect to some fusion system over S, then Sy/T has to
act faithfully on T, and hence by Lemma 3.2.6 Sy /T has to be isomorphic to a subgroup
of Z/2. If Sg/T = {1}, then Sq = T.

Suppose otherwise that So/T = Z/2. Then, by 11.3.8 in [AMO04], the isomorphism
type of Sy is determined by the group

H*(Z/2; T = Z)2,

where the superindex means that the coefficients are twisted by the automorphism

(3.2). In particular this means that there are (up to isomorphism) two possible discrete

2-toral groups Sy of rank 1 with the desired action on T and such that So/T = Z/2.
Consider the following two families of 2-groups:

{Dan = (ty, xn"%n_l =1= le/ tnXn = x”tin_l_l>}n22’

33 n— n— n—=1_
(3:3) Qo = (b, 2,27 = 22,227 =1, 1,2 = 2,2 "D ns,

There are obvious injections Dy: — Dyw and Qpr — Qo by sending (in both cases)
t, to tfl .1 and x, to x,41, which allow us to consider

Dy~ = U;o:3 Dy and Qp~ = U;ozz Qon,

which are two nonisomorphic discrete 2-toral groups of rank 1 with the desired
properties.
O

We have already studied the automorphism group T in Lemma 3.2.6, and now we
seek a better understanding of the automorphism groups of D~ and Qy~.
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Lemma 3.2.10. Let Sy be isomorphic to Dy~ or Qu~. Then, the group Aut(So) fits in an
extension

Inn(Sp) — Aut(So) — Z.

Hence, Inn(Sy) is a locally finite artinian subgroup of Aut(Sy), and is maximal among all
subgroups of Aut(So) with these properties.

Proof. Let Sy be as in the statement, with maximal torus T. Then, Sy/T = Z/2 and by
2.8.7 in [Suz82] there is an exact sequence

0 — HY(Z/2; T7) — Aut(So)/Autr(Sy) —> Aut(T) X Aut(Z/2),

where the superindex 7 on T means that the coefficients are twisted by the automor-
phism 7 (3.2) and Autr(So) = {c; € Aut(So)lt € T}. Now, Aut(Z/2) = {id}, and, by 11.3.8
in [AMO04], H'(Z/2;T%) = 0. Now, we know that the factor Z/2 < Aut(T) is in the
image of @, since it corresponds to the automorphism 7, that is, conjugation (in Sy)
by an element x € Sy \ T. In fact, it is not difficult to see that any automorphism
f € Z5 < Aut(T) can be extended to an automorphism of Sy, and hence @ is epi and
Aut(Sy) fits in an extension

Autr(So) — Aut(Sg) — Aut(T).

Now, by definition, Aut(Sg) < Inn(Sp), and in fact the pull-back of Aut(Sp) —
Aut(T) « (1) is Inn(Sy), and hence we deduce an extension

Inn(Se) —> Aut(So) — Z2 = Aut(T)/{t).

Since Z has no finite subgroups, it follows that Inn(Sy) is the greatest artinian locally
finite subgroup of Aut(S).
O

Lemma 3.2.11. Let Sg = Qp~, T be its maximal torus, and T, < T be the subgroup of T of
order 2. Then, Z(Sog) = T1 and So/T; = Dye.

Lemma 3.2.12. Let Sy = Dy, with maximal torus T. Then, Vx € Sy \ T, x*> = 1.
Let Sy = Qy, with maximal torus T. Then, Yy € S\ T, y* = Land y* = t.

Proof. LetftirstSy = D,~. Inthiscase, Sy = T>(x) forsome x € So\T. Furthermore, there
isasections : So/T — (x) < Sp which is a group homomorphism, since Dyu1 = T, > (x)
for all n. Since all the elements in the coset xT are Sp-conjugate as shown in Lemma
3.2.8, the first part of the statement follows.

Let now Sy = Qp~. Then again, all the elements y € Sy \ T are So-conjugate, by
Lemma 3.2.8. Also, by definition of Q,~, there is at least one y € Sy \ T such that
y2 =t € T and such that y4 = 1, where t; is the order 2 element in T. Thus the second
part of the statement is proved.

O
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3.2.2 Connected saturated fusion systems over discrete 2-toral groups
of rank 1

So far we know which discrete 2-toral groups of rank 1 can appear as the Sylow
2-subgroup of a connected saturated fusion system, we still do not know whether
for each Sj in 3.2.9 we can find connected saturated fusion systems over S, or not
(note that if one drops the connectivity condition, then one can always consider the
trivial saturated fusion system over Sy, which will not be connected in general). In
this subsection we prove the following result.

Proposition 3.2.13. Let S be any of the discrete 2-toral groups in Lemma 3.2.9. Then, there
is a connected saturated fusion system Fy over Sy which is unique up to isomorphism.

To prove this result we will study each case in 3.2.9 separately. The first one is
actually quite easy to check.

Lemma 3.2.14. Let Sy = T. Then, there is a unique connected saturated fusion system ¥
over Sy, namely, Fo = Fr(Sh).

Proof. Tt is clear that #7(S') is both connected and saturated over Sy = T. Thus we
have to check that this is the only choice.

Let Fy be a saturated fusion system over T. Since T is abelian, the whole fusion
system is determined by Autg (T) by axiom (II), which has to be a finite subgroup of
Aut(T) and furthermore has to satisty axiom (I) for fusion systems. Thus, Auts(T) =
{id} and hence 7 = F1(S%).

O

The main part of this section is devoted to prove the existence of a unique con-
nected saturated fusion system over D,~, which in turn will imply the existence of a
unique connected saturated fusion system over Q,~. Actually, these fusion systems
do not come out of nowhere since they are induced by the compact connected Lie
groups SO(3) (in the case Sy = Dy~) and S (in the case Sy = Qy~), but we will give a
full descriptive construction of them, since we want to prove uniqueness too.

Lemma 3.2.15. Let Sy be a discrete 2-toral group with the isomorphism type of either Dy~ or
Qo, with maximal torus T, and suppose F is a saturated fusion system over Sy. Then,

Auty(T) = Auts,(T) = Z/2.

Proof. By hypothesis, there already exists some x € Sy such that (c,)r = 7 in (3.2),
and hence Aut#(T) cannot be the trivial group. Since then Auts (T) is the greatest
finite subgroup of Aut(T) and we are assuming ¥ to be saturated, it follows that
Aute(T) = Auts (T).

O

Lemma 3.2.16. Let Sy = D,~. Then, there exists a unique connected saturated fusion system
Fo over Sy, which is induced by the compact Lie group SO(3).

Proof. Start assuming the existence of such a fusion system ¥. We will find some
restrictions for it to actually exist, which will lead to both existence and uniqueness.
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Recall that Sy = T > (x), where x is an order 2 element acting nontrivially on T.
Since we know that Aut#(T) = {(c,), we may apply the functor (_)* from 1.3.1 to F. If
¥ is saturated, then Ob(F*) contains all the ¥ -centric ¥ -radical subgroups of Sy.

It is a rather easy exercise to obtain a list of representatives of the Sy-conjugacy
classes of subgroups in ¥ *, and we outline the details below.

Set T = UT,, where T,, = Z/2" for each n. Let also A < T be any subgroup, and set
as usual

I(A) = {t € T|w(t) = t for all w € Aut# (T) such that wy = id,}.
Then, since Aut# (T) = {c,), we easily deduce that
o if A <Ty, thenI(A) =Ty and I(A), = {1}, since the element x acts trivially on T;;
o if A>T, then I(A) =T = I(A),, since ¢, does not restrict to the identity on T.

Now, in the notation of the definition of the functor (_)*,1.3.1,e = 1, since So/T = Z/2,
and thus for any P < S, the following holds:

e if P < T;, then P* = P;
o if P > T, thenP*=P-T.

Now it is easy to deduce the following list of representatives of the Sp-conjugacy
classes of subgroups in F*. We set for simplicity C = (x).

(34) {{1}/ TllTZI TIC/ Tl X C/ TZ > C/TNC = SO}
We can discard many of the elements in the list below by easy arguments:
e the subgroups {1}, T;, T» and C cannot be ¥ -centric;

e the subgroup T cannot be ¥ -radical since its outer automorphism group (in ¥)
is a 2-groups by Lemma 3.2.15;

e the subgroup T, = C cannot be ¥ -radical because, as we prove below, its outer
automorphism group in ¥ is a 2-group.

Indeed, T, < C = Dg, whose automorphism group is isomorphic to Ds. Its inner
automorphism group is

Inn(Ty = C) = (To = C)/(Th) = Z/2 X Z/2,
and hence Out(T, < C) = Z/2. Now, it is easy to check that the element t; € T3
induces by conjugation a nontrivial automorphism of T, = C which is clearly not
in Inn(T, = C). Hence,

Z/2 = Outs,(T> = C) < Outy(T, = C) < Out(T, = C) = Z,2,

and Outy(T, = C) = Z/2 is a 2-group.
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This leaves us with only two Sp-conjugacy classes to study: (Sp)s, = {So} and
(T1 X C)s,. Set for simplicity P = T; x C.

Now, from Lemma 3.2.10 we deduce that Auts(Sy) = Inn(Sy), so we really do not
have choice here.

Consider now P. It is an elementary abelian 2-group of rank 2 (i.e., isomorphic
to Z/2 X Z/2), and in fact the set (P)s, already contains all the elementary abelian
subgroups of Sy of rank 2. Hence (P)# = (P)s,.

On the one hand, the automorphism group of P is then isomorphic to the sym-
metric group on three letters,

Aut(P ) = 23.

On the other hand, using the group relation xtx = ¢! (for all t € T), is follows easily
that Cg,(P) = P and Ng,(P) = T, < C. Since (P) = (P)s, it follows that P is fully
F -normalized, and hence

72 = (T, % C)/P = Ns,(P)/Cs,(P) < Auts(P) < Aut(P) = Z,.

Thus, either Auty(P) = Z./2 or Aut#(P) = X3. Note, however, that if Aut#(P) = Z/2,
then ¥ is not connected.

On the other hand, if ¥ is the fusion system over S, determined by Aut#,(Sg) =
Inn(Sp) and Autg (P) = L3, then it is easy to check that ¥ is both connected and
saturated. The uniqueness now follows since we have already seen that, with the
connectivity condition, there is no other choice to build up a saturated fusion system
over Sy.

Now, the compact Lie group SO(3) induces a connected saturated fusion system
over Sy, and hence 7y = F5,(SO(3)).

O

Finally, we deal with the case Sy = Q,~. This case is also easy to handle, since it
can be shown to completely depend on the case Sy = Dy-.

Lemma 3.2.17. Let Sg = Q»~. Then, there is a unique connected saturated fusion system ¥
over Sy, which is induced by the compact Lie group S°.

Furthermore, if we set T1 < T for the order 2 subgroup, then ¥ satisfies the following
properties:

(i) T is central in 5y,
(ii) there is an isomorphism of saturated fusion systems Fo/T1 = Fp,..(SO(3)),

(iii) the map O : Ob(Fo) — Ob(Fo/T1) defined by O(P) = P/T; gives a bijective correspon-
dence between the set of Fo-centric subgroups and the set of Fo/T1-centric subgroups
which restricts in turn to a correspondence between Fy-centric Fo-radical subgroups
and Fo/T1-centric Fo/T1-radical subgroups.

Proof. The uniqueness of such % is proved by explicitly constructing it as we did in
(the proof of) Lemma 3.2.16. To show property (i), recall that in Lemma 3.2.12 we
have seen that all the elements y € Sy \ T have order 4. Thus, Sy contains a single
order 2 element, the generator of T, which means that T; is strongly #o-closed for
any saturated fusion system over #y. Since in addition T; = Z(Sy), the condition of
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being F,-central is easily checked using axiom (II) on %y. Property (ii) is immediate,
and property (iii) follows easily by inspection of the subgroups in Q»~ and Dy-.
O

We have then given a list of all possible connected saturated fusion systems of
rank 1, and the next question to solve is whether, given a general saturated fusion
system, ¥, it does have a uniquely determined connected component ¥, and if so,
which is the relation between ¥, and ¥ .

With all the information we have, we can state the following proposition.

Proposition 3.2.18. Let ¥ be a saturated fusion system over a discrete p-toral group S of
rank 1. Then, there is a unique connected saturated fusion subsystem ¥y C F, which is
invariant in ¥ in the sense of definition 3.1.9.

Proof. For p odd, this has been shown in Proposition 3.2.7. For p = 2, it is not difficult
to see that

(x) determining Sy, the connected component of S with respect to ¥, also determines
the fusion subsystem ¥y, in particular as a fusion subsystem of ¥ .

Indeed, let ¥ be such a saturated fusion system over S. The statement in (x) is clear
if the connected component of S is T. Suppose now that the connected component of
Sis Sy = T>(x) = Dy~,and let P = T; X {x) < Sy. It follows then that, for the element x
to be in Sy, a morphism f : (x) — T in F has to exists (since otherwise, the connected
component of S with respect to ¥ would be T). Using axiom (II) we can then see that
Autg(P) = X3, and hence the full fusion system ¥, describe in (the proof of) Lemma
3.2.16 is contained in . Since ¥ has been proved to be the only connected saturated
fusion system over Sy, (x) is clear in this case. The statement (x) when Sy = Qs«
follows also by the same arguments.

The invariance issue can be easily checked by inspection of each case. We check
it below in the case So = D,~. Note that we only need to prove the invariance
condition on the ¥y-centric Fy-radical subgroups of Sy since ¥ is saturated. Set, as
usual, P = T; X (x) < Sp. Then, by Lemma 3.2.16, Sy and P are representatives of the
So-conjugacy classes of Fy-centric Fy-radical subgroups. The invariance conditions is
now easily seen to hold for both conjugacy classes since, again by Lemma 3.2.16,

Aufﬁ(SO) = Aut#(Sp) = Inn(Sy),
and
Autz (P) = Auty(P) = Aut(P).
O

3.2.3 Centric linking systems associated to connected saturated fu-
sion systems in rank 1

In this section we study the existence and uniqueness of centric linking systems
associated to the saturated fusion systems in Proposition 3.2.13. We study each case
separately, and describe explicitly the (unique) linking system in the case Sg = Dje.

The following proposition is a restatement of Theorem 3.2.1 for p = 2, and provides
a list of all 2-connected compact groups of rank 1.
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Proposition 3.2.19. Let S; = T, Sy = Dy~ and Sz = Qo be the discrete 2-toral groups listed
in Lemma 3.2.9, and for j = 1,2,3 let F; be the unique connected saturated fusion system
over S; from Proposition 3.2.13. Consider also the (connected) compact Lie groups Gy = S,
G, = SO3) and G3 = S°.

Then, for each j, there is a unique centric linking system L; associated to ¥ ;. Furthermore,
this linking system satisfies L; = Ls(G;), and

|Lil; = (BG));.

Thus, for each j, the resulting 2-local compact group G; is connected, and these are the only
connected 2-local compact groups of rank 1.

Again, we prove this result by steps, considering each S; separately. The case j = 1
is as usual easy to check.

Lemma 3.2.20. Let Sg = T, and let Fo = Fs,(So). Then there is a unique centric linking
system L associated to Fy, whith classifying space

|Lo|§\ = (le)ﬁ\-
That is, Go = (So, Fo, Lo) is the 2-local compact group induced by S'.

Proof. As happened in the proof of Proposition 3.2.7, showing that the obstructions
to the existence and uniqueness of a centric linking system associated to ¥, vanish
is immediate, since O(¥) contains a single object with trivial automorphism group,
and this centric linking system has to be the one induced by S'.

Alternatively, since the only ¥y-centric subgroup is Sy itself, a centric linking
system associated to ¥, will have a single object, namely Sy. Furthermore, Aut £ (So)
is completely determined by the extension

1)
So =% Autz,(Se) —> Auts(So) = {id).

Thus, Aut(Sg) = So, and there is no choice there. Finally, the classifying space of
such a linking system with a single object has homotopy type

|[-Loly = (BAut £,(So))y = (BS");.
O

Lemma 3.2.21. Let Sy = Dy, and let Fy be its corresponding connected saturated fusion
system. Then, there is a unique centric linking system Ly associated to F, whose classifying
space satisfies

Loy = (BSO@3))5.

That is, Go = (So, Fo, Lo) is the 2-local compact group induced by SO(3).

Proof. Recall that the obstructions for the existence and uniqueness of associated
linking systems lie in the groups @] oy (L), for j = 2, 3respectively (by Proposition
1.5.6). In this particular case, using that for all j there is an isomorphism

s ~ T/
1(£1 O(%)(Z'ﬁ)) = m O(ffocr)(Z%)/
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it follows easily by Proposition B.1 [BM07] that these groups are trivial in particular
for j = 2,3, and hence there exists a unique centric linking system L, associated to %.

More concretely, in the terminology of Appendix B [BMO07], the calculations that
we want to perform are equivalent to the calculation of ligij 11(1)(M)f for j = 2,3, where
G =13 H; =27Z/2 <G, I(1) is the category with objects {0, 1} and morphism sets

Autm)(O) =G Autm)(l) = {ld}
HOW[]{(D(O, 1) = (Z) HOM]I(1)(1, 0) = H1 \ G,

and M is the diagram

c( (Z/2xZ/2) Z[2.

Proposition B.1 [BM07] is then easily seen to apply in this case.

Nevertheless, we will give an explicit description of such £, and its construction,
since it will help in later sections. Recall the notation in the proof of Lemma 3.2.16,
and recall that % is determined by Aut# (So) = Inn(Sp) and Auts,(P) = Xs.

Suppose L is a centric linking system associated to #,. Then, £, is determined
by the groups Aut,(So) and Autr (P). This is, for instance, a consequence of Propo-
sition 4.2.2, the version of Alperin’s fusion theorem for linking systems developed as
Proposition 4.8 [Jun(09].

Consider first the subgroup Sy. Then, Aut ,(So) fits in an extension

0
Sy —> Aut £,(So) — Outz(So) = {1).

Thus, Aut ,(So) = Sp, and there is no choice here.
Consider now the subgroup P. The group Aut z(P) fits in an extension

P = Z(P) 25 Aut ,(P) —> Autys,(P) = Outysy(P) = Zs.

Furthermore, Dg = N, (P) € Syl,(Aut £ (P)). Thus, using for instance the list of groups
of order 24, we see that the only choice is Autz (P) = ¥4, the symmetric group on 4
letters.

Now it is easy to check that the category .L, with object set Ob(Ly) = {R € ¥} and
morphisms spanned by Aut (So) = So and Aut (P) = L, satisfies the axioms of a
linking system.

Finally, it remains to check that the compact Lie group SO(3) induces the 2-local
compact group (So, Fo, Lo), which is an easy exercise.

O

Lemma 3.2.22. Let Sy = Qy~, and let Fy be its corresponding connected saturated fusion
system. Then, there exists a unique centric linking system L associated to ¥, with classifying
space

| Lolf = (BS)3.

That is, Go = (So, Fo, Lo) is the 2-local compact group induced by S°.
Proof. In this case, it would be easy to apply again Proposition B.1 [BM07] to show

that the obstructions to the existence and uniqueness of £, vanish, as we did in the
proof for Lemma 3.2.21.
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We give also an alternative proof. By Lemma 3.2.17, there is a correspondence
between the sets of Fy-centric subgroups and #,/T;-centric subgroups, which in fact
restricts to a correspondence between ¥y-centric Fy-radical subgroups and ¥y/T;-
centric ¥y/T;-radical subgroups.

Alsoby Lemma 3.2.17, any linking system L associated to % has to be an extension
of the linking system induced by SO(3), £p,..(SO(3)), by T1, and these extensions are
determined by the group

H*((BSO(3))5;Z/2) = Z/2.

Thus, there exists (up to isomorphism) only one nontrivial extension of Lp,.(SO(3))
by Z/2, and the group S° induces one. This proves the statement.
O

This finishes the proofs of Theorems 3.2.1 and 3.2.3, since we have completed the
list of connected 2-local compact groups, and we also have checked that, given a
saturated fusion system ¥ over a discrete 2-toral group S, the connected component
of S with respect to ¥, Sy, is completely determined by #. The proof for Corollary
3.2.4 holds easily now.

Lemma 3.2.23. Let G be a 2-local compact group whose connected component is the 2-local
compact group induced by S®. Let also Ty < T be the order 2 subgroup of T. Then, Ty is a
F -central subgroup, and G/ T is a 2-local compact group whose connected component is the
2-local compact group induced by SO(3).

In particular, G is an admissible extension of G/T1 by T1.

Proof. 1t follows clearly from Lemma 3.2.11. The extension is admissible because T;
is central in G.
Od

The following notion is then well-defined for rank 1 p-local compact groups.

Definition 3.2.24. Let G be a p-local compact group of rank 1, and let G be the unique rank1
connected p-local compact group determined by G and whose Sylow subgroup Sy is strongly
¥ -closed. We call then G the connected component of G.

3.2.4 Inclusions of connected components

We have then assigned to each p-local compact group G a connected p-local compact
group G, uniquely determined by G, and now we define inclusions (of p-local com-
pact groups) of Gy into G. More concretely, we will define a functor 1o : £f — £
which will induce the inclusion map BGy — BG. As usual in this section, we will deal
with each case separately (depending on the connected component of G).

Lemma 3.2.25. Let G be a rank 1 p-local compact group, and let G, be its connected com-
ponent. Then, for each Py € Ly, Py is fully F-centralized, and hence P = P, - Cs(Py) is
F -centric.

Proof. The first part of the statement follows since (Py)# = (Py)s in all cases, and the
second part follows by Proposition 1.2.6.
O
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We first consider p-local compact groups whose connected component is the p-
local compact group induced by S'. This is, as usual, the easiest case to deal with.
Let Gy be the connected component of G. Then, £y has a single object, T, with
automorphism group

Autz (T) = 57(T) = T.

In particular, £§ = £y. One can then define the functor i, as follows.

(3.5) L o L
Tt 1o(T) =T - Cs(T)
Aut g (T) ——— 1o(Aut £, (T)) = 15(T) < 15(S) < Aut(T).

Proposition 3.2.26. Let G be a rank 1 p-local compact group whose connected component
Go is the p-local compact group induced by S'. Let also 11o(G) be its p-local finite group of
components.

Then, T is normal in F, G is an extension (in the sense of A.5.1) of G/T by T, and there
is a fibration

| Lol — |L] — |mo(G)],

where the left arrow is (homotopically equivalent to) the map induced by the functor 1y, and
the right arrow is the map induced by the functor L — L/Sy (between transporter systems).

Proof. In this case, either using Lemma 3.1.8 or Lemma B.2.5, one can prove that T
is normal in ¥. Hence by Proposition A.3.3, there is indeed a fibration like in the
statement. The rest of the statement is also clear by the extension theory developed
in appendix §A.

m|

We now turn to the most difficult case to deal with. That is, that of 2-local
compact groups whose connected component is the 2-local compact group induced
by SO(3). As in the previous discussion, we start by defining and describing the
functor 1o : LJ' — L.

We recall some notation from the previous sections. The torus T can be seen as
the union of all cyclic groups of order 2", T, = (t,). Also, we fix an order 2 element
x € Sg < S such that xtx™' =t for all t € T. Recall also that in this case, Ob(LY)
contains only two Sp-conjugacy classes (which in fact correspond to S-conjugacy
classes):

(So)7, = (So)s, = (So)s = (So)# = {So}
(Po)r, = (Po)s, = (Po)s = (Po)s,

where Py = Ty X (x) = Z/2 X Z/2. Fix then the representatives Sy and P, for each
conjugacy class above. Since for each representative its conjugacy class both in F
and in % is completely determined by S, it will be enough to define ¢, on these two
objects. We already have candidates for 1(Sy) and 1y(Py) by Lemma 3.2.25. Namely,
S = SO . CS(SQ) and P = PO : Cs(Po) respectively.

Lemma 3.2.27. The subgroup S’ < S is, in fact, S itself.
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Proof. Recall that Auts(Sg) = Auts(So) = Inn(Sy). Hence, since Sy is clearly fully
¥ -normalized (and ¥ is saturated by hypothesis), there is a commutative diagram

Z(So) Cs(So) — Cs(S0)/Z(So)
S S

| |

Ini’l(S()) —_— Auts(SO).

The statement clearly follows from this diagram.
O

Thus, the functor () could be already defined on objects by 1y(Sp) = S and «(Py) = P.
However, it is not clear a priori that such an injective functor can be defined on the
level of morphisms. In fact, since Aut (Sog) = 0s,(So), there is an obvious inclusion of
Aut p(So) into Aut £(S), induced by the inclusion Sy < S:

(3.6) 05,(S0) = Aut £,(So) = 65(S0) < 65(S) < Aut£(S),

and the problem lies in showing a similar statement for Py. Recall that there are
isomorphisms Autg (Py) = Aute(Py) = L3 and Aut (Pp) = Xs.

Lemma 3.2.28. There is a subgroup B < Aut 0(P) which is isomorphic to the automorhism
group Aut p,(Py), and which satisfies the following properties:

(i) for each @ € B, the morphism p(@) € Mor(¥) restricts to an automorphism of Py, and
(i) the subgroup B contains the subgroup 6p(Ns,(Po)).

Proof. We first check that there is an inclusion Autg,(Py) = Autg(Py) < Auts(P). Note
that, via the axiom (II) for saturated fusion systems, we can in fact embed Aut (Py)
into Auts(P), but only as sets.

By 2.8.7 in [Suz82], there is an exact sequence

37) 0 — H'(P/Py; Po) —> Auty(P)/Autp,(P) — Auty(Po) X Aut(P/Py),

where, in fact, Autp (P) = {c, € Autg(P)ly € Py} = {id} since P = Py - C5(Pp) and Py is
abelian. Note also that by definition of P, the natural action (by conjugation) of P/P,
on Py is trivial.

Let then fy € Auts,(Py) be an order 3 automorphism, and let f; € Aut#(P) be an
extension of fj (in the sense of axiom (II)). Then,

(DP(fl) = (fO/]F)

for some f_ € Aut(P/Py). Let also w, = c,, and note that ®p(w;) = (wy,id), since
P/Py < 5/Sg and 5/S acts trivially on Sg. Thus, f, = w2 0 fi 0 w, 1 satisfies

Op(fo) = (w20 foows', /)= ),
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and hence f = f, o f1_1 = [wa, f1] (the commutator of w, and f;) is such that

Dp(f) = (fy %, id) = (fo, id).

Also, ®p(f°) = (id, id), that is, f°> € H'(P/Py; Py), which is clearly a (finite) 2-group. It
follows that the subgroup (f) < Auts(P) has a subgroup of order 3. We can assume
that f itself has order 3 without loss of generality.
We now check that the subgroup A = {w;, f) is isomorphic to Auts (Py). Mainly,
we have to show that
wyo fowy' = fl

By definition, f = [ws, il = w2fiw;'f7!. Thus, by replacing f by this expression in
wy 0 fow; ! (and using that w, has order 2), we obtain

Wy O f ) a)gl = a)2(a)2f1w£1f1—1)a)£1 — fla)Zfl_la)El — flfz_l — f—l

and A has the desired isomorphism type. Note also that all the elements in A are
extensions in the sense of axiom (II) of the automorphisms in Aut (Py).

Next, we show the existence of the subgroup B < Aut ¢(P). This subgroup will be
in fact a lifting in L of the subgroup A above, and hence property (i) will follow. Let

A < Aut £(A) be the pull-back of Aut(P) LN Autgs(P) « A. There is a commutative
diagram

Z(P) — Aut (P) —"~ Auts(P)

| |

ZP)——— 4 A

and it follows from the Sylow theorems that A contains an order 3 element, namely
@, which is a lifting in £ of the morphism f € A.

Let also B = (0p(Ns,(Po)), ) < A. We claim that B is isomorphic to the group
Autr (Po). If we check that B has order 24, then, the fact that there is an extension
op(Py) — B — A, together with the list of all groups of order 24 will imply that B
has the desired isomorphism type. Note that 6p(Py) < Autz(P), since S is strongly
F -closed (use axiom (C) to check it).

Thus, we only have to check what happens with the composition (t,) o ¢ o 6(t,?).
In particular, we want to see that this conjugation is a composition of a morphism in
6p(Ns,(Po)) followed by a power of ¢. Since p(6(t2)pd(t;')) = wa fw;! = 71, it follows
by axiom (A) that

O(t2) o pod(ty’) = 6(z) 0 97,
for some z € Z(P). Furtheremore, since ¢* = 6(1), the identity element in Aut ;(P), one
has (using axiom (C)):
5(1) = 8(zf(2)f*(2))-
This is the same as saying that z € C*({f); Z(P)) is a cocicle (see I1.3.8 in [AMO04]).
However, since f has order 3 and Z(P) is a finite 2-group, it follows that the reduced

cohomology ﬁ*(( ), Z(P)) = 0, and hence z is also a coboundary. That is, there is some
y € Z(P) such that

z=y ' f(y).
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It follows now that the projection of z in P/ Py is the trivial element, since, by assump-
tion, f induces the identity on P/Py. Hence, z € Py, and B has the desired isomorphism
type. Properties (i) and (ii) in the statement now hold by construction.

O

In fact, Lemma 3.2.28 is a particular case of the following result.

Lemma 3.2.29. Let R < S be any subgroup, and let Ry = RN Sy as usual. Let also
Dg : Autg(R) — Autg(Ro) X Aut(R/Ro) the natural map which sends an automorphism f
to the restriction to Ry on the first factor and to the induced automorphism on R/R, on the
second factor.

Then, Im(®g) is a direct product of a subgroup H of Auty(Ro) by a subgroup of Aut(R/Ry),
and there is a section s : H < Aut#(R).

Proof. 1f Ry is not in the ¥ -conjugacy class of Py = T; X (x), then Aut#(Ry) = Auts,(Ro),
and the statement is clear since N (Ryg) < Ng(R). If Ry is in the F-conjugacy class of
Py, then the same arguments used to prove Lemma 3.2.28 above apply here.

O

Once the subgroup B < Aut(P) is fixed, we can identify Aut (Py) with B in a
way that the “distinguished” Sylow 2-subgroup 6p,(Ns,(Po)) < Autr,(Po) is sent to the
subgroup 6p(Ns,(Po)) < B. The functor y : L — L is then spanned by the following

(3.8) Ly ° L
So! 10(S0) =S
Pol LQ(P()) =P

Aut £, (So) ——— to(Aut £,(So0)) = 65(So)

Aut.ﬁo(PO) — LO(Aut-Co(PO)) =B,

and it follows that it is a functor because the conjugacy classes of Sp and Py in ¥ satisfy
(So)r = {So} and (Po)s = (Po)s,-

We cannot prove such a strong statement as 3.2.26 in this case, since it is clear that
So is not an ¥ -normal subgroup of S. It is in fact an a future project to study further
consequences of the existence of this inclusion functor, and to see if one can define
some kind of “action” of L on £, through (y. It is not clear at all to what extend we
have the right to refer to £, as the connected component of L.

Proposition 3.2.30. Let G be a rank 1 2-local compact group whose connected component
is the 2-local compact group induced by SO(3). Let also 11o(G) be the corresponding 2-local
finite group of components.

Then, the composition | Lo| = | LY| — | L] — |mo(G)| (where the arrows are induced by
to and the projection L — L/Sy respect.) is nullhomotopic.

Proof. 1t follows by construction of ¢y and by definition of 7y(G) = G/So.
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Let F be the fiber of the projection | L] — |no(L)]. Then, the above result implies
the existence of the dotted arrow in the diagram below.

1Ll

j ey ——)

However, it does not seem in general that the above map |£Ly| — F will be a (mod p)
homotopy equivalence.

Even if | £y| is far from being the fiber of the projection |L| — |ro(L)|, having an
inclusion functor as ( is an important property of £y. However, there are still some
details to check.

Let G be a rank 1 p-local compact group, and let G, be its connected component,
together with the inclusion functor ¢y : £f" — L. It is easy to see that the following
square is not commutative in general:

Lr 2.

POl X lp
TOCI’ ?'.

incl.

Instead, let iy : ¥5" — F be the functor induced by projecting 1, on ¥ (through the
projection functor p). More explicitly, on objects, i is defined by sending an object

Qo € Ob(¥") to in(Qo) = 10(Qo) = Qo - Cs(Qo)- On morphisms, let f € Homge(Qo, Q)
and let ¢ € Mor =(Qo, Q;) be a lifting of f, and define iy(f) = p(10)(@).

Corollary 3.2.31. The following hold for the functor iy defined above:
(i) Foreach f € Mor(¥;"), io(f) is an extension of f in the sense of axiom (II).

(ii) There is a natural transformation between the functors incl and i.
In particular, the square above commutes up to homotopy after realization.

Proof. Point (i) is immediate.
To prove point (ii), define 0 : incl. — iy by

0(Qo) = [Qo = incl(Qo) = i(Qo) = Qo - Cs(Qo)]
on objects and by

Qo ——"%> Qo Cs(Q0)
fol 0(fo) Lf
Q) ———— Q)+ Cs(Qp)
for each morphism fy, € Mor(¥;"), where f = p(i(¢o)), for some lifting ¢, of fy in L.
To prove that 0 is a natural transformation we have then to check that the above
square is commutative. Now, by point (i), f = iy(fo) is an extension of f; in the sense
of axiom (II), and hence the square is indeed commutative. Thus, after realization, 0

induces a homotopy equivalence.
O
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The following question arises naturally after the above discussion. Several choices
are made in order to define the functor 1y (3.8), mainly regarding the subgroup B <
Autg(Py - Cs(Pg)), and different sets of choices may give rise to different functors ¢/,
which in turn give rise to homotopy commutative squares

1]
L —— L]

o 0|

T e 7,
where all arrows are independent of the choices except for (maybe) [)|. What is then
the relation (if any) among all possible inclusion functors 1y? We suspect that this is
related with some notion (still to be made clear) of action of £ on £, but it seems that
developing this in detail and with the enough generality would take too long in time
and space, and hence we leave it as an open question.

Finally, let G be a 2-local compact group whose connected component G, is induced
by S°. Then, by Corollary 3.2.4, G is an extension of a 2-local compact group G’ by Z/2,
where the connected component of G’, Gj is the 2-local compact group induced by
SO(3). Furthermore, the projection G — G’ restricts to the projection Gy — G|, which
in turn induces a bijective correspondence between ¥y-centric #y-radical subgroups
and ¥, -centric ¥ -radical subgroups.

Then, we can define a functor « : £ — Lby pulling back the functor ¢j : £{ — L'
Thus, Proposition 3.2.30 and Corollary 3.2.31 can be extended as below, and the
corresponding proofs are given by the commutative diagram

BZ/2 | Lol | £
BZ/2 |L] 1L

.

ITto(L)] == |mo(L)].

Proposition 3.2.32. Let G be a rank 1 2-local compact group whose connected component is
the 2-local compact group induced by S°. Let also 11o(G) be the corresponding 2-local finite
group of components.

Then, the composition | Lo| ~ | Ly| — | L] — |mo(G)| (where the arrows are induced by
lo and the projection L — L/Sy respect.) is nullhomotopic.

Corollary 3.2.33. The following hold for the functor iy : Ly — L:
(i) Foreach f € Mor(¥"), io(f) is an extension of f in the sense of axiom (II).

(ii) The induced maps lincl.| and |iy| are homotopy equivalent.

3.3 Connectivity on p-local compact groups of general
rank

It is clear that the exhaustive description of rank 1 p-local compact groups to study
connectivity is out of range if we think of doing the same in the general case. We want,
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however, to discuss superficially the issue of connectivity in the general rank case. In
this sense, we will describe some rather natural construction that could lead to the
existence of connected components for all p-local compact groups. Our construction
is, however, quite primitive.

We first show some easy proposition about a class of p-local compact groups which
admit connected components. We are thinking of constrained p-local compact groups.

Proposition 3.3.1. Let F be a constrained saturated fusion system over a discrete p-toral
group S, with maximal torus T of rank r, and let L be the unique centric linking system
associated to ¥, and G the corresponding p-local compact group.

Then, the p-local compact group induced by the connected compact Lie group (S'Y,
Go = (T, Fo, Lo), is the (unique) connected component of G. Furthermore, the following
holds:

(i) T is normal in F,
(it) Fr((S")') is invariant in F in the sense of [Lin06], and

(iii) if P < S is F -centric and ¥ -normal, then T < P and there is a commutative diagram

BT BP BP/T
]

BT BG BG/T
L

BG/P ==BG/P,

where G/ T, G/P are p-local finite groups.
In particular, a functor 1y : L1((§")") — L can be defined by

(3.9) L, o L

T W) =RY T.cy(T)
Aut £ (T) ——10(Aut £,(T)) = 6r(T) < 0r(R) < Aut £(R),

such that, if 71o(G) is the p-local finite group of components, then there is a fibration

BT ~ | Lol 2 | £] — (L)l

Proof. Let P < S be ¥ -centric and #-normal. Then, rk(S) = rk(NS(P)) = rk(P), since
Outg(P) = Ng(P)/P is a finite p-group. Thus, T < P, and since P is ¥ -normal and T is
the maximal infinitely p-divisible subgroup of S, it follows that T is also normal in F,
and in particular it is strongly ¥ -closed.

Hence, the connected component of S with respect to ¥ is T, and it is clear that
there is a unique connected saturated fusion system over T, ¥y = Fr((S')"), as well as
a unique associated centric liniking system £, = L1((S')") on %.

The invariance of ¥y in ¥ is obvious since Auts (T) = {id}, and T is the only %o-
centric object in ¥y. The existence of the commutative diagram is also clear since both
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T and P are ¥-normal, and the existence of the fibration follows by the extension
theory from appendix §A.
O

Let G be ap-local compact group (of rank greater than 1), and let Sy be the connected
component of S with respect to ¥ . The following questions remain open

e Is there a connected saturated fusion subsystem %, C ¥ over S5,? maybe more
than one?

e Suppose such a connected saturated fusion subsystem exists. Is it invariant in
¥ (in the sense of definition 3.1.9)?

e Suppose such a connected saturated fusion subsystem exists. Is there an asso-
ciated linking system L,?

e Furthermore, suppose such a linking system exists. Can we construct an inclu-
sion functor ( : LJ — L as in Corollary 3.2.5?

As a matter of fact, we can algorithmically construct a fusion system over Sy.
However, the saturation issue of our candidate remains unsolved. We describe this
construction below, after the following interesting property about the functor (_)°.

Lemma 3.3.2. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
(So, o) be a saturated fusion subsystem of F over a strongly F -closed subgroup Sy < S such
that T < So. Let (_)* and ()] be the “bullet” functors defined in 1.3.1 for ¥ and Fy. Then,

Ob(Fg) € Ob(F™).

Proof. 1t follows easily from the definition of the functor (_)® in 1.3.1, together with
the fact that So/T < S/T and Auts (T) < Aute(T).
O

Let ¥ be a saturated fusion system over a discrete p-toral group S, and let S
be the connected component of S with respect to . We want to construct a fusion
subsystem ¥y C ¥ over Sy, and the first step to take is reduce the Sp-conjugacy classes
of subgroups of Sy to consider to a finite number of them, just as is done via the
functor (_)* in F. Since, to define (_)*, the only information needed is Auts(T), we
first need to determine who should be the automorphism group in % of T.

Let K be the set of subgroups of Auth(T) such that Auts (T) € Syl,(H) for each
H € K. Thereis a partial ordering in K given by inclusion of subgroups, and we may
then consider the subset K of maximal subgroups in % under this order relation. Let

(3.10) Auty(T) Y ApexcH < Auty(T)
Lemma 3.3.3. The subgroup Autg (T) has Auts,(T) as a Sylow p-subgroup.

Proof. 1t is obvious since each H € K has Auts (T) as a Sylow p-subgroup.
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We would like connected components of fusion systems to be also invariant in the
sense of definition 3.1.9 (3.1 in [Lin06]). Note that in particular this would mean that
Autg (T) ought to be normal in Aut#(T), which is not at all clear to be the case.

Now, we can define an operation (_); on the set of subgroups of S, following the
steps in definition 1.3.1. Let H; = {(P)j|P < S}. Lemma 1.3.2 (i) applies also in this
case to show that H; contains finitely many Sy-conjugacy classes, and by Lemma
3.3.2, H; < Ob(F*).

Since the set H; comes equipped with a partial order relation given by inclusion
of subgroups, one could now start an inductive process (starting on Sp) to define
Autg (P) for each P € H; out of Auts(P) whenever P can be fully j-normalized (this
too can be done inductively).

This defines a fusion subsystem ¥, of ¥ over Sy which satisfies axiom (I) (and
probably axiom (III) too) by construction of ). However, checking axiom (II) is a
difficult problem, as well as checking invariance of 5.

It would be also interesting studying the following situation. Let G be a compact
Lie group with connected component G, and let G, G, be the corresponding induced
p-local compact groups. One should the check first whether G is connected in the
sense of definition 3.1.4, and, if this is the case, then try constructing an inclusion
functor ¢y : Ly — L as in Corollary 3.2.5.



Chapter 4

Unstable Adams operations on p-local
compact groups and Robinson groups

We introduce in this chapter a powerful tool for p-local compact groups: unstable
Adams operations. These operations play an important role in the theory of compact
Lie groups, for instance when describing the space of self-maps of classifying spaces
(see Theorem 1 [J]MO90]), in K-theory (see [AC77]), and many others, and we expect
the analogous operations on p-local compact groups to be as central in the theory as
they are for compact Lie groups.

Unstable Adams operations for p-local compact groups were prove to exist in
[Jun09], where a explicit construction of operations can be found. We will recall in
this chapter the constructions from the original source, avoiding proofs when they
can be checked in [Jun09]. As an improvement of these results, we construct as well
unstable Adams operations on Robinson groups realizing saturated fusion systems.

First, we define unstable Adams operations, both for p-local compact groups and
for Robinson groups realizing fusion systems.

Definition 4.0.4. Let G = (S, ¥, L) be a p-local compact group, and let q be a prime different
from p, and m € IN. We define an unstable Adams operation \V of degree q" on G as a

triple (s, Yy, ¥ 1), where
(i) s : S — Sis a fusion preserving automorphism such that, forall t € T, Y(t) = t7°;

(ii) Y : F — F is the natural functor induced by Yg;
(iii) Y : L — Lis a functor such that 1 0(P) = ys(P) and such that
poyr=1igop,
where p : L — F is the usual projection functor.

Let F be a saturated fusion system over a discrete p-toral group S, G be a Robinson group
associated to ¥, and let q be a prime different from p, and m € IN. Let also it : T — G be the
canonical monomorphism from Lemma 2.3. An unstable Adams operation of degree g on
G is a group automorphism W¢ : G — G such that

(i) W induces a fusion preserving automorphism on S;

(ii) the restriction of W to T is the q"-th power map.

57
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Note that, in the definition of unstable Adams operations for p-local compact
groups, since ¥ £(S) = 15(S), in particular it follows that for each P € Ob(L) and each
teTNP,

W £(6p(£)) = Opsp)(Ps(H))-

4.1 Unstable Adams operations on saturated fusion sys-
tems

We start by constructing unstable Adams operations of saturated fusion systems. This
section does not contain any new result, but describes explicitly how to construct un-
stable Adams operations on fusion systems. In fact, all we have to do is define fusion
preserving automorphisms of the Sylow S, restricting to a certain automorphism of
the maximal torus. Mainly, the aim of this section is showing the following result.

Theorem 4.1.1. (3.2 [Jun09]). Let F be a saturated fusion system over a discrete p-toral
group S with maximal torus T, and let q be a prime different from p.Then, there exists m € N
and P, : S — S such that ,, is a fusion preserving automorphism and such that, for each
teT, Pu(t)=t.

Let # be a saturated fusion system over a discrete p-toral group S, and let T < S
be its maximal torus. Then, there is an extension

T—S— S/T,

where S/T is a finite p-group. Thus, we can write S/T = {ay,...,a;}. Furthermore, if
we fix a (finite) set x C S of representatives of the 4;, then we may write S = (T, x),
and every y € S can be uniquely writen as

y = tyx;,

for some t, € T and some x; € x. From now on, consider the set x fixed.
We can now define, for each m € IN, a map from S to S itself as follows:

(4.1) S lpm S

y= tyx]' L — ¢m(y) = thxj,

This, of course, may not even be a group homomorphism. However, by increasing
m, this map can be greatly improved. Mainly all the results in this sections are based
in the following lemma.

Lemma 4.1.2. Let p, g be different prime numbers, and let n,m € IN be such that 4" — 1 is
congruent with 0 modulo p" but not modulo p™'. Then, /" — 1 is congruent with 0 modulo
pn+1.

Proof. We may write 4" — 1 = p"k, for some k € IN not congruent with 0 modulo p,
k < p —1. We distinguish two different cases.
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Suppose first that p > 2. Consider (4" — 1)":

p
PP = (g — 1) = Z (;;)(_1)1'(,1"1)(?—1) —A+B,

j=0

where
m -1 . mNp—i
A=gm-1 and B= Y] ()-1ig"y.
Obviously, p""k? is congruent with 0 modulo p™*!
to check that B = 0 modulo p™*'.
Seen as a polynomial on 4", B has an even number of terms, and, since j =
1,...,p =1, it follows that p divides all the coefficients in B. Furthermore, since
(;) = (%), it follows that 1 is a root of this polynomial, that is

, since n + 1 < pn. Hence, we have

B =p(@" -1)B,

where B’ is a polynomial on g" of lower degree. Since 4" — 1 = p"k by hypothesis, it
follows now that p"*! divides B, and hence the statement is true for p odd.
Suppose now that p = 2. This case is easier: if 4" — 1 = 2", then

22n — (qm _ 1)2 — q2m _ 2qm + 1 — (qu _ 1) _ (zqm _ 2) — (qu _ 1) _ z(qm _ 1),

and g°" — 1 is congruent with 0 modulo 2"*1.

Lemma 4.1.3. (3.3 [Jun09]). Fix P < Sand f € Autg(P). Then the following holds:
(i) there exists some my such that, for all i > my, P; : S — S is a group automorphism;
(ii) there exists some m, such that, for all i > my, the automorphism 1; satisfies 1;(P) = P;

(iii) there exists some my such that, for all i > mj3, the automorphism 1; satisfies 1;(P) = P
and ;f = fi;. In particular, ;fp7' = f € Auty(P).

Actually, since the lemma above only depends on certain finiteness conditions, we
can deduce the following.

Corollary 4.1.4. (3.4 [Jun09]). Let H = {Py, ..., P,} a finite set of subgroups of S, and for
each j let M; C Auty(P;) be a finite subset of automorphisms. Then, there exists m € IN such
that, for all i > m, for each P; € H and each f € M,;,

Yi(Pj) =P and ¢ify;t = f.
Next step towards Theorem 4.1.1 is the following lemma.

Lemma 4.1.5. (3.5 [Jun09]). Let P < S, f € Aut#(P) and m be such that, for all i > m, 1; is
a group automorphism, Yi(P) = P and {;f(7" € Auty(P). Then, for each g € P,

Yo (Cg 0 f) © lpl_l € Autg(P).
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Since, for each P < S the group Out#(P) is finite, if we fix P and a finite set of
representatives in Aut#(P) of the elements in Out#(P), then there exists m such that,
foralli > m, ;(P) = P and

Ebi o AutT(P) o lpl_l = Autff(P).

Proposition 4.1.6. (3.7 [Jun09]). Let P < S and m be such that, for all i > m, ;(P) = P and
YiAute(P)Y;t = Auty(P). Then, for each g € S,

Y; o Autg(P5) o ¢:1 = Auty(PV®).

Now, to prove Theorem 4.1.1 we just need to fix a set H of representatives of each
of the S-conjugacy classes of ¥ -centric ¥ -radical subgroups of S, and for each P € H,
also fix a set of representatives Mp in Aut#(P) of the elements in Out#(P), and increase
m until all the previous results hold for each P € C. Note that, by Lemma 1.3.2 (i) and
Corollary 1.3.4, the set H is finite. Alperin’s fusion theorem (Theorem 1.3.5) finishes
the proof.

Theorem 4.1.7. (3.9[Jun09]). Let ¥ be a saturated fusion system over a discrete p-toral group
S, and let m be as in Theorem 4.1.1. Then, there exist infinitely many functors Wy, : ¥ — F
such that, for each i, when restricted to the maximal torus T < S, W, is the g™-th power map.

Proof. Since we have already shown the existence of at least one functor WV,,, we can
now compose V¥, with itself, giving rise to a new such functor of degree 2m. Iterating
the process proves the result.

o

Note too that the construction of 1, is done by “making choices” of represen-
tatives, the main choice made when fixing the set y C S of representatives of the
elements in S/T. Thus, a different set of choices may lead to a different unstable
Adams operation on the same fusion system.

Proposition 4.1.8. (3.10 [Jun09]). Let x1, x» € S be different sets of choices, and let my, m;
such that x; gives rise to an unstable Adams operation W, on the same ¥, for j = 1,2. Then,
there exists M such that, for all i > M, as functors on F,

\Pirm = \Pimz-
One can already see the similarities between the construction of Robinson groups

realizing saturated fusion systems and the construction of unstable Adams operations,
since it mainly depends on a choice of a fusion-controlling set for ¥ .

4.2 Unstable Adams operations on linking systems

In this section we finish introducing the work from [Jun(09] with the construction of
unstable Adams operations on linking systems associated to saturated fusion systems
over discrete p-toral groups. Again, nothing new is proved in this section.
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Definition 4.2.1. Let G be a p-local compact group, and let W&, \V ; be functors defined on
F and L respectively. We say that they are compatible functors if

poW,=Wgop,
where p : L — F is the usual projection functor.
We start by giving an analog of Alperin’s fusion theorem for linking systems.

Proposition 4.2.2. (4.8 [Jun09]). Let L be a centric linking system associated to a saturated
fusion systems F over a discrete p-toral group S. Then, for each ¢ € Isor(P, P’) there exist
sequences of objects in L,

P=Py,Py,...,Pk =P and Qi,...,Qk,
and morphisms ¢; € Aut £(Q;) such that
(i) Qjis F-centric F-radical for each j=1,...,k;
(i) Pi_1,P; < Qj, and p(¢p;)(Pj-1) = Pj foreach j=1,...,k; and

(le) lpg,oQ = (Pk o ¢k—1 0...0 (Pl OlpQ,-

The proposition above is actually all we need in order to prove the following
result. Let y be a set of representatives in S of the elements in S/T, H be a set of
representatives of the S-conjugacy classes of ¥ -centric ¥ -radical subgroups, My be
a set of representatives in Auts(P) of the elements in Out#(P), for each P € H, and
m be such that 1, is a fusion preserving automorphism of S as in Theorem 4.1.1
(constructed with respect to all these choices we have just done). Let also ¢# be the
self-functor on ¥ defined by 1,,,.

Recall, by Theorem 4.1.7, that in fact we have a whole infinite family {t;,}; of
fusion preserving automorphisms defined on S.

Now, for each P € H, let Mp be a set of liftings in Aut 0(P) of the elements in Mp.
Then, each ¢ € Aut(P) can be uniquely writen as ¢ = 6p(g) o ¢ for some g € P and

some @ € Mp, and we can define maps

Wp,

Aut p(P) ' Aut ¢(P)

¢ = 6p(g) © p———0p(VPin(g)) © P.
Lemma 4.2.3. (4.10 [Jun09]). For each P € H and each ¢ € Mp, there exists some mp such
that, for all i > mp, the map Wp; is a group automorphism.

Thus, once we find M such that, for alli > M, the above lemma holds forall P € ‘H,
the same arguments used to prove Theorem 4.1.1 apply to show the following result.

Theorem 4.2.4. (4.12 [Jun09]). Let G be a p-local compact group, and let q be a prime
different from p. Then, there exists m € IN and an automorphism V,, = (s, Y&, V) such
that

(i) Y r and g are compatible functors,
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(ii) P £(65(5)) = 65(P5(S)) < Aut(S), and
(iii) the restriction to the maximal torus T is the q"-th power map.

Again, once such an automorphism on G has been constructed, its iterated compo-
sitions give rise to a whole family of automorphisms of increasingly greater degrees.

Corollary 4.2.5. Let G be a p-local compact group, and let q be a prime different from p.
Let also m and \V,, be as in Theorem 4.2.4. Then, there is a whole family of unstable Adams
operations, {W,,}, defined on G. For each i, W,,, has degree g'™.

By definition, an unstable Adams operation W on G = (5,F, £) is a triple ¥ =
(Ys, Y7, ). Ithappens, however, that for the unstable Adams operations constructed
in [Jun09], the whole triple W can be recovered from the functor 1,. This does not
mean that this is the case for all unstable Adams operations.

4.3 Unstable Adams operations on groups realizing fu-
sion systems

Finally, in this section, we construct unstable Adams operations for Robinson groups
realizing saturated fusion systems. This construction is almost immediate since both
Robinson groups and the unstable Adams operations from [Jun09] share some points
in their constructions. Let then # be a saturated fusion system over a discrete p-toral
group S. Whether # comes together with an associated centric linking system or not
is of no importance here. Let also g be a prime different from p.

As in the previous section, let x be a set of representatives in S of the elements in
S/T, ‘H be a set of representatives of the S-conjugacy classes of ¥ -centric (¥ -radical)
subgroups, Mp be a set of representatives in Aut#(P) of the elements in Out#(P), for
each P € H, and m be such that ¢, is a fusion preserving automorphism of S as
in Theorem 4.1.1 (constructed with respect to all these choices we have just done),
together with the self-functor on ¥, ¢+, defined by ¢,,. Let also {{;,,}; be the whole
tamily of fusion preserving automorphisms on S induced by iterated compositions of
Y, with itself.

Let  C H be the subset of fully #-normalized subgroups (since we have fixed
in H representatives of all the S-conjugacy classes of #-centric ¥ -radical subgroups,
we have, in particular, fixed fully #-normalized representatives of the ¥ -conjugacy
classes of ¥ -centric (¥ -radical) subgroups). Then, by Alperin’s fusion theorem, they
form an (enlarged) fusion-controlling set for ¥, and we may apply Theorem 2.2.3 to
obtain a group G realizing ¥ .

Fix P € P, and let Np = Ng(P). Since P is fully #-normalized, the normalizer
fusion subsystem N#(P) is saturated and constrained, and we may apply Proposition
2.1.3 to it: there is a unique centric linking system Lp associated to N#(P), which is
induced by the group Lp = Aut,(P). Furthermore, Np € Syl,(Lp).
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Now, by definition, there is a commutative diagram

Z(P) P Inn(P)
| l
Z(P) —5—>Lp Auts(P)

| |

Outqr(P) _— OutT(P),

so we can fix a set of liftings Mp in Lp of the elements in Mp C Aut#(P). Once this is
done, we can construct a family of unstable Adams operations, {¥p;} on Lp as done
in Theorem 4.2.4. By construction, the automorphism Wp; sends 6p(Np) to 6p(Np) for
alli. Let iy, be the automorphism of Np induced this way:.

Lemma 4.3.1. For each P € P, let Np = Ns(P), let Lp be the normalizer linking system and
let {Wp;} the family of operations on Lp constructed above. Then, there exists some M such
that, for all i > M, for each pair P,P" € P and all x € Np N Np,

YN, i(X) = P, i)

Proof. We prove the above lemma for a pair P, P’ € P, the general statement being an
easy consequence. Let Tp < Np, Tp < Np be the corresponding maximal tori. Then,
by definition, the automorphisms 1y, ; and Vy,, ; restrict to the g"-th power map on
Tp and Tp,, and hence the statement is true for all x € Tp N Tp..

To finish the proof, note that (Np N Np/)/(Tp N Tp) is a finite p-group (Tp N Tp being
the maximal torus of the discrete p-toral group Np N Np). If we fix representatives
X1, ..., X of the elements of this quotient in Np N Np/, then, it is implicit in Lemma
4.1.3 that there exists M such that, for all i > M and each of these representatives x;,

Unp,i(X)) = Xj = Y, i(x)),

and hence the statement holds for the pair P, P’.
O

Proposition 4.3.2. Let G be the Robinson group realizing ¥ constructed from the (enlarged)
fusion-controlling set P. Then, there exists some M such that, foralli > M, the automorphisms
{Wpilpeqr induce an automorphism

\I]G,i :G— G

Furthermore, if T is the maximal torus of S, then, W, restricts to the q¢™-th power map
onT.

Proof. Again, the proof reduces to showing the case H’ contains only two elements,
P,P’. That is, suppose G = L; #y, L,, where N; € Sylp(Lj), j=1,2,and N, < Nj.

By Lemma 4.3.1 above, there is some M such that, for alli > M, the automorphisms
Yy, i and Py, ; agree on the intersection Ny NN, = N,. The universal property of amal-
gams (push-outs) implies now that W, ; together with W,; induce an automorphism
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\I]G,i G- G

where I = N; N No.
The last part of the statement follows by definition of the automorphisms W, ; and
W, ;.
O

Theorem 4.3.3. Let ¥ be a saturated fusion system over a discrete p-toral group, H be a
set of representatives of the S-conjugacy classes of F -centric F -radical subgroups, P be the
(enlarged) fusion-controlling set inside H, and let G be the Robinson group realizing F built
up from P.

Let also V¢ ; be a family of Adams operations defined on ¥ as in Theorem 4.1.7, and (W ;}
a family of Adams operations defined on G as in Proposition 4.3.2. Then, there exists some M
such that, for all i > M, the functor ¢ ; is naturally induced by W¢,;.

Proof. This is immediate, since the functor ¢#; is induces by the fusion preserving
automorphism 1s;, which in turn is implicit in W¢; by definition.
O



Chapter 5

Fixed points of p-local compact groups
under the action of unstable Adams
operations

Let G be a group, and let f : BG — BG be a self-map. Then, one can consider the
subspace of homotopy fixed points of BG under f, BG", defined as the following
homotopy pull-back:

Y

BGY BG
y i

and in some particular cases it can be shown that BG" is homotopy equivalent to the
classifying space of another group H, BG"/ ~ BH. For instance, this happens when
f = Ba, with @ € Aut(G) an actual automorphism of G. However, this is in general
a difficult problem to solve, and usually one looks for such a homotopy equivalence
after completing the space BG" on some suitable prime p.

An interesting example of this situation is deduced from the following result by
E. M. Friedlander and G. Mislin.

Theorem 5.0.4. (1.4 [FM84]). Let G be a reductive complex Lie group G, let q be a prime,
and let F, be the algebraic closure of the field IF,. Then, for each prime p different from q, there
is a map

BG(F,) — BG,

inducing isomorphisms in mod p cohomology, where G(IF,) is the discrete group of Fy-rational
points of a Chevalley integral group scheme associated to G.

We can then easily prove the following corollary.

Corollary 5.0.5. Let G and q be as in Theorem 5.0.4. Let also p be a prime different from q,
and let \V be an unstable Adams operation of degree a p-adic unit acting on BG. Then, there
is a homotopy equivalence

(BG(Fy)), =~ (BG"))

for certain n.

65
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This result is proved by considering the Frobenius map a on G(IF;) with same
degree as W. In this case, the space of homotopy fixed points of BG(IF,;) under Ba is
simply the classifying space of the fixed-point subgroup of G(FF,) by @, G(FF,) for a
certain n, which is the same as in the statement of the corollary above.

This is of even greater importance since, up to homotopy, all self-maps of compact
connected simple Lie groups are compositions of an actual automorphism of the group
followed by an unstable Adams operation, as proved by S. Jackowski, J]. McClure and
B. Oliver in [[MO92a].

Theorem 5.0.6. Let G be a compact connected simple Lie group with maximal torus T and
Weyl group W. Then there is a bijection

Rep(G, G) A {k > Olk = 0 or (k,|W]) = 1} — [BG, BG]
of monoids with zero element, which sends the pair (, k) to the composition W* o Ba.

Here, Rep(G, G) = {0} L1 Out(G), and W* is the unique (up to homotopy) unstable
Adams operation of degree k on BG.

A similar situation was studied by C. Broto and ]J. Meller in [BM07], where the
authors replace the compact connected Lie group G by a p-compact group (X, BX e)
such that BX is 1-connected.

Theorem 5.0.7. (Theorem A [BMO7]). Let p be an odd prime, and let (X,BX,e) be a
1-connected p-compact group. Let also q be a prime power, prime to p, and let T be an
automorphism of the p-compact group of finite order prime to p.

Then, the space of homotopy fixed points of BX by the action of T o W1, denoted by BX"*"",
is the classifying space of a p-local finite group.

The results from [BM07] suggest that a more general setting is needed if we intend
to unify all these results in a single theorem about spaces of homotopy fixed points,
and p-local compact groups seem to be an appropriate candidate.

Let then G be a p-local compact group, let W be an unstable Adams operation, and
let X be the space of homotopy fixed points of BG under W. There are then (at least)
two main different ways of studying the space X, namely from the topological point
of view and from the combinatorial point of view.

The topological approach to this problem can be sketched as follows. Consider
the natural map BS — BG. This maps induces in turn a map f : B(S¥) — X, where S¥
stands for the subgroup of all x € S such that W(x) = x, and then one can reproduce
the construction from section §7 in [BLO03b] to obtain a triple (S, Fsv, £(X), ng, f(X)).

Then, one “only” has to check that all conditions in Theorem 7.5 [BLO03b] hold for
this triple to see that X is the classifying space of a p-local finite group.

The combinatorial approach starts by studying the invariants in G as a triple,
that is by checking if one obtains a p-local finite group (S¥,F Y, L") by means of
the combinatorial description of W as a triple (s, Y+, £). Then, one “only” has to
compare the homotopy type of the classifying space of this p-local finite group with
the X.

In this work we have focused on the combinatorial approach of the problem,
and, more concretely, on the problem of obtaining p-local finite groups from unstable
Adams operations on G, and the issue of comparing the homotopy types is left as a
future project.
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We consider then a fixed p-local compact group and a family of unstable Adams
operations as constructed in [Jun09]. The advantage of considering a whole family
instead of a single operation is clear, since some properties hold only after considering
operations of suitably higher degrees.

We obtain a family of triples {G; = (S;, i, L)} such that, for all i, G; looks “almost”
like a p-local finite group, in the sense that F; is an H;-generated, H;-saturated fusion
system over S; (for a certain subset H; € Ob(¥;) which we will properly describe), and
L; satisfies the axiom of a linking system associated to ¥;, while the question of the
saturation of ¥; remains, in general, unsolved.

One particular situation that we have managed to solve (in the positive case) is that
of p-local compact groups of rank 1. The detailed knowledge of such p-local compact
groups that we have acquired in chapter §3 clearly helps, specially the existence of
connected components in this case and the explicit description of them. Thus, one
may ask whether we can develop a similar strategy for the general case or not, the
first problem being that yet we have not proved the existence and uniqueness of
connected components in the general case.

The first section of this chapter contains some technical results on invariance in
linking systems (under the action of unstable Adams operations). This results are then
exploited in the second section, in the case where a whole family of operations acts on
a p-local compact group. The definition and properties of the family {G; = (S;, Fi, L)}
are described in section §5.2.2. After introducing these triples, we exploit further their
properties, specially in the case where eventually the G; become p-local finite groups.
In this sense, we prove in section §5.3 an analog of the Stable Elements theorem for
p-local compact groups. Examples are then studied in section §5.4. The assumption of
the existence of a centric linking system L is of great importance in our construction,
but a section is devoted at then end to discuss the situation where no linking system
is assumed to exist.

We state below the main results of this section. The first result is a compendium
of the results from section §5.2. The second result is the Stable Elements theorem
(proved later on as Theorem 5.3.8). The third result states that all rank 1 p-local
compact groups can be approximated by p-local finite groups via families of unstable
Adams operations (and corresponds to Theorem 5.4.1).

Theorem 5.0.8. Let G be a p-local compact group, and let {\V;} be a family of unstable Adams
operations defined on G, and such that, for all i, Wi, = (\W;).

Then, there exists some M such that, for all i > M, there exists a set {H;} of subgroups of
Si, a triple G; = (S;, Fi, Li) (defined in terms of the action of V; on L) and a faithful functor
O; : Li = L1 such that the following holds:

(i) the functor (()*: ¥ — F gives an inclusion of sets H; — Hi.1,
(ii) F; is an Hi-generated Hi-saturated fusion system,

(iii) L; satisfies the axioms of a linking system with respect to the full subcategory of F; with
object set H;, and

(iv) there is a homotopy equivalence (hocolim BG),; ~ BG, where, by analogy with p-local
finite groups, BG; stands for the p-completion of the realization of the nerve of L;.
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Theorem 5.0.9. Let G be a p-local compact group such that admits an approximation by
p-local finite groups (in the sense of definition 5.3.5). Then, there is an isomorphism

H'(L;F,) = H(F) ¥ lim H'(F,) € HBS;E)),
o(F™)

and in particular H(BG; F,) = H*(|.L|;F,) is noetherian.

Theorem 5.0.10. Let G be a rank 1 p-local compact group, and let {\V;} be a family of unstable
Adams operations defined on G. Then, {V;|} induces an approximation of G by p-local finite
groups (in the sense of definition 5.3.5).

It is also worth mentioning that, in the cases where the G; are p-local finite groups,
we obtain also inclusions of p-local finite groups, that is, functors between the linking
systems. These functors are of a certain interest since they are not the identity on
objects.

5.1 Unstable Adams operations acting on centric linking
systems

Fix G a p-local compact group and g a prime different from p, and let W be an unstable
Adams operation on G (whose existence has been shown in Theorem 4.2.4). In this
section we study invariance in G with respect to V.

We will in fact restrict ourselves to consider only unstable Adams operations as
constructed in chapter §4. Such an Adams operation W = (y5, i+, 1 r) is completely
determined by the functor 1, : £ — £, as noted at the end of section §4.2, and this is
already a good reason to restrict in turn our study to the action of ¢ .

In fact, restricting to ¢, is also justified by the following. Let S¥ < S be the
subgroup of fixed elements of S under ¢5, and let P < S¥ be any (nontrivial) subgroup.
Then, it follows by construction of ¢# that all the elements f € Auts(P) remain
invariant under #. On the other hand, in general, the set Ns(P) \ Ngv(P) will not be
empty, and it stands to reason that an automorphism of P induced by conjugation by
an element in this set should not be considered as invariant.

Definition 5.1.1. We say that R € L is W-invariant if W(R) = R. Similarly, a morphism
@ € Mor (R, R’) is V-invariant if V(@) = ¢.

In this chapter, we will work with a family of unstable Adams operations defined
by iterations of an original operation W (of the kind constructed in chapter §4), and
the choices made to define such an operation will be rather relevant. Thus, it is worth
compiling here in a few lines the list of choices to take in order to construct W. Let G
be a fixed p-local compact group and g be a fixed prime different from p.

Basic Ingredients - 1. Fix the following list of elements, objects and morphisms in G:
(i) aset x of representatives in S of the elements in 5/T;

(ii) a set H of representatives of the F-conjugacy classes of ¥ -centric subgroups in
the set Ob(F*);
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(iii) for each P € H, a set Hp of representatives of the S-conjugacy classes in (P)#
(and such that P itself is in ‘Hp representing its own S-conjugacy class);

(iv) for each P € H and each pair R,R’ € Hp, a set Mrr of representatives in
Iso7(R, R’) of the elements in Rep#(R, R’);

(v) for each P € H, and for each pair R, R" € Hp, a set //\TIR,R/ of liftings in Isos(R, R’)
of the elements in Mg g .

This list will remain fixed for the rest of the chapter. We think of it as the “basic
ingredients” needed to construct W, and will refer to it as BI-1. The reason for the
numbering is that at some point we will want to “enlarge” it by adding to it some
more objects or morphisms, although always a finite number of them.

Note that we are including in BI-1 more elements than are really needed in order
to define an Adams operation on G, but this is not a problem, as has been shown
in chapter §4 ([Jun(09]), since all the properties there hold for a finite number of
subgroups and morphisms.

Finally, let m € IN be such that there is a well-defined Adams operation W¥,, =
(Ys, Y7, ) on G, of degree g" as in Theorem 4.2.4. To (slightly) simplify notation,
we will refer to the functor 1, as W, since there will not be place for confusion.

5.1.1 Detecting \W-invariants in a linking system

Note that, by construction of ¥, all the objects and morphisms in BI-1 are W-invariant,
and now we want to “detect” which other objects Q and morphisms ¢’ in L are V-
invariant. The only way to do so is by comparing any other object or morphism
with some object or morphism which we know, a priori, to be W-invariant, i.e., by
comparing Q and ¢’ with the elements in BI-1.

Consider the subgroup

(5.1) SV ={xeS|Wkx)=x} <5,

and note that for any pair Q, Q" of W-invariant objects in £, all the morphisms in the
subset 6,0 (Ns(Q, Q") N SY) € Mor (Q, Q') are W-invariant too.

Lemma 5.1.2. Let R, R’ be subgroups fixed in BI-1, together with //\ZR,R/. Then, an isomor-
phism y € Iso (R, R’) is W-invariant if and only if y = 0r(g) o ¢ for some ¢ € R’ N S¥ and
some @ € Mgy

Proof. By definition of MR,R/, any isomorphism in Iso (R, R’) can be written uniquely

asy = Or/(g) o @ for some g € R’ and some ¢ € Mg .. Thus, the statement is obvious.
O

Lemma 5.1.3. Let R be fixed in BI-1, and let Q € (R)s. Then, Q is W-invariant if and only
if, for all x € Ns(R, Q), x 'W(x) € Ns(R).

Proof. First, assume that Q is W-invariant, and write Q = xRx™! for some x € Ns(R, Q).
Thus, if we apply W to this equality, we get

x-R-x'=Q=W(Q) =V R- V)7,
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and hence x"'W(x) € Ns(R).
Now, suppose that, for any x € Ns(R, Q), x "W(x) € Ns(R). Fix some x € Ns(R, Q),
and note that the condition above is equivalent to saying that

Yx)x ! = x(x ' W(x)x! € Ng(Q).

Thus, we may write R = x™1-Q-x, and, by applying ¥, we get R = W(x)™' - W(Q)- W(x),
and hence
Y(Q) =W -R-Yx)'=¥YX)x ' Q- x¥P)!=0Q.

O

Lemma 5.1.4. Let R, R’ fixed in BI-1, and let Q € (R)s, Q" € (R")s. Then, a morphism
¢’ € Isop(Q, Q) is W-invariant if and only if there exist a € Ns(R,Q), b € Ng(R’, Q") and

¢ € Mg such that
(i) @’ =6(b)o@oda?), and
(ii) 57V (b)) 0 @ = @ 0 (™ W(a)).
Proof. Note that condition (ii) above is equivalent to the following condition
(ii") S(W ()b o @’ = ¢’ 0 5(W(a)a™?).

Suppose first that ¢’ is W-invariant. Choose any x € Ng(R, Q) and y € Ns(R’,Q’),
and let ¢ = 6(y ') o ¢’ 0 6(x). Then, there exists f € Mg (a morphism in ¥) such that

[f1 = [p(¢)] € Rep#(R, R').

Furthermore, by definition of Rep#(R, R’), and by Lemma 4.3 (a) in [BLOO07], it follows
that there exists a unique z € R’ such that

¢ =06(z) 00,
where @ € /MR,R’ is the fixed lifting of f in L.

Thus, we have a commutative diagram in £

Q-2

5(X)l lé(zy"l)

R?R’/

where the horizontal arrows are W-invariant morphisms.

If we set now a = x € Ng(R,Q) and b = yz' € Ng(R’,Q’), then condition (i) is
already satisfied, and we have to check that condition (ii) also holds. Since both ¢
and ¢’ are W-invariant, we may apply W to (i) to get the following equality

d(b)opoo@™) =g =W(p)=06(W(b)ogosWa)),

which is clearly equivalent to condition (ii), since morphisms in £ are epimorphisms
in the categorical sense by Lemma A.2.2 (iv).
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Suppose now that conditions (i) and (ii) are satisfied for certain a, b and ¢. Write
@ =06(b7") o ¢’ 0 6(a), and apply W to this equality. Since ¢ is W-invariant, we get

S(W(B)™) 0 W(g") 0 6(¥(a) = 5(b™1) 0 ¢” 0 5(a).

Thus, after reordering the terms in this equality and using condition (ii") above, we
obtain
(@) 0 6(W(a)a™") = ¢’ 0 6(W(a)a™),

which in turn implies that W(¢’) = ¢’ since morphisms in L are epimorphisms in the
categorical sense by Lemma A.2.2 (iv).
O

Note that, forany y € S,
xW(x)eT,

since x = ty for some t € T and y € x, and all the elements in y are W-invariant. This
already justifies the feeling that this problem is closely related to the existence and
properties of a hypothetical connected component of G (or at least of 7).

5.2 Families of unstable Adams operations acting on a
linking system

Expecting that the invariants of £ under the action of W will give rise to a p-local finite
group would be excesively optimistic, and probably false in general too, but we can
improve the situation quite a lot if instead of considering a single unstable Adams
operation on G we consider a whole family of operations on G of increasingly higher
degrees.

As we have seen in chapter §4, given an unstable Adams operation ¥ on G,
different iterations of it give rise to new, different unstable Adams operations W’ on
G. Fix then the p-local compact group G and fix also such an operation W of degree
q", together with a list like BI-1. Set then W, = ¥, and

Wi = (W),

that is, the operation W; iterated p times. Thus, since W, has degree g" for certain m,
for each i the operation W, has degree g7™. We fix the family

(5.2) {Wilien

for the rest of this section. Note that, if an object or a morphism in £ is W -invariant
for some j, then it is W;-invariant for all i > j by definition of the family above.

Before getting into further details, we want to fix some notations that we will use
from now on. For each i, set

(5.3) $; Y (x eS| Wix) = x},

and more generally we will use the following notation

RYRns,
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for the subgroup of fixed elements of R under W;.

Also, from time to time we will need to discard the first M operations (for some
finite M) from the family (5.2) in order for a certain property to hold. When this
happens, we will re-label the family following the formula “W; = W;_y”. This way,
we can keep using expressions as “for all i” instead of constantly pointing out which
is the lower bound of operations to consider in (5.2).

The following results are consequences of Lemma 4.1.2.

Lemma 5.2.1. Foreachi, T; £ T;,1, and hence
T = UienT:.

Proof. Fix i, and suppose T; = (Z/p")" for some n, where r = rk(T). Since for each
teT, W) =", this is the same as saying that g"" — 1 is congruent with 0 modulo
p", but not modulo p"*'. By Lemma 4.1.2, it follows that g”"'™ — 1 is congruent with 0

modulo p™*! (at least), and hence T strictly contains T;.
O

Corollary 5.2.2. For each x € S there exists some finite M, such that, for all i > M,, x is
W;-invariant.

Proof. In BI-1 we have fixed a set x of representatives of the elements in S/T, and it is
clear that every x € S can be uniquely written as x = yt for certain y € y and t € T.
Now, the elements in y are W;-invariant for all 7, by construction, and it is clear then
that x is W;-invariant if and only if ¢ is W;-invariant.

O

Finally, we can prove the following result.
Proposition 5.2.3. The following hold in L:
(i) Let Q € Ob(L). Then, there exists some Mg such that, forall i > Mg, Q is V;-invariant.

(ii) Let @ be a morphism in L. Then, there exists some M, such that, for all i > M,, ¢ is
V;-invariant.

Proof. (i) Let Q € £, and let T be its maximal torus. Fix also representatives in Q of
the elements in Q/T. Since this is a finite set, and W;(Tg) = T for all i, the result
follows from Corollary 5.2.2.

(ii) Let now ¢ : Q — Q' be a morphism in L. By (i), there exists some M’ such
that, for all i > M’, both Q and Q’ are W;-invariant.

We can suppose that ¢ is an isomorphism. Furthermore, we can assume that ¢ is
not any of the morphisms fixed in BI-1, since otherwise we are finished.

Now, Q € (R)s, Q" € (R’)s for certain R, R’ fixed in BI-1, and we can write

@ =0(b)oq od(a)

for some ¢’ € MR,R/, a € Ns(R,Q) and b € Ng(R’, Q). Thus, it is enough to see that
there exists some M, such that W;(a) = a, W(b) = b for all i > M,,, and this has been
shown in Corollary 5.2.2

O
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5.2.1 A stronger invariance condition for linking systems

Once we have fixed the family of operations which will act on G, the next step is
deciding which invariants we will consider, keeping in mind that we want to provide
them with some structure. More concretely, we would like to define triples (S;, i, L;)
such that the following eventually holds:

(i) for all i, each of these triples is a p-local finite group , and
(ii) for each i some relation exists between the triples (S;, i, £;) and (Sis1, Fis1, Liv1)-

As a first attempt, one could then define a fusion system over S; with morphism
sets spanned by compositions of restrictions of all the W;-invariant morphisms in £,
and unfortunately this is addressed to fail in being a saturated fusion system, mainly
because first, given R € Ob(L), the subgroup R; = RN S; need not be F;-centric in
general, and second, given a morphism f; : R; — S; in ¥; (which will be in general
the restriction of some f € Mor(#)) on which one might apply axiom (II), there is no
way to relate the subgroup Ny, (in ¥;) with the subgroup N (in ¥), hence one does
not have any way to make sure that the extensions of axiom (II) holds in ;. The key
point to avoid these problems lies in the functor (_)* defined in 1.3.1.

Definition 5.2.4. Let K be a subgroup of S. We say that the subgroup R € Ob(F*) is
K-determined if
(RNK)* =R.

For a K-determined subgroup R we call the subgroup R N K the K-root of R.

It is clear that our interest lies in the case K = S; (5.3). We first prove the existence
of such groups.

Lemma 5.2.5. Let R € Ob(F*). Then, there exists some My such that, for all i > Mg, R is
S;-determined.

Proof. Let T be the maximal torus of R, and note that R can be expressed as R = UR;.
Thus, there exists some M such that, for all i > M, R; contains a set of representatives
of the elements in R/Tk.

Now recall the definition of the functor ( )*: for Q < S, Q* = Q - I(Q),, where e
is such that S/T = p°. Thus, since R = R* and Aut#(T) is finite, it is easy to check that
there exists some M’ > M such that, for all i > M’,

I(RY) = [(R¥),

which finishes the proof.
O

Implicit in the lemma above there is the fact that, if R is S;-determined, then it is
Si-determined for all i > j, since

RZ(RQS,').S(RQS]’).SR.ZR.

As an immediate consequence, it follows that all the subgroups fixed in BI-1
eventually become S;-determined.
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Lemma 5.2.6. There exists some finite My such that, for all i > M, all the subgroups fixed
in BI-1 are S;-determined.

Proof. Since we have only fixed finitely many subgroups in BI-1, the statement follows
by Lemma 5.2.5.
O

We now list some properties of S;-determined subgroups.
Lemma 5.2.7. Let R € Ob(F*) be an S;-determined subgroup, for some i. Then,
(i) R = R;- Tg, where Ty is the maximal torus of R;
(ii) R; contains a set of representatives of all the elements in R/Tg; and

(iii) R; contains a set of representatives of all the elements in R/(R N T), where T is the
maximal torus of S.

Proof. (i) Since R is S;-determined, we have
R=(R)" = R;- I(RIM).

Furthermore, since R; is finite, it follows that [ (REE])O has the same rank as R, and thus
there is an equality I(RI)), = Tg.

(ii) It has already been pointed out before, since R/Tr = (R; - Tr)/Tr.

(iii) It follows from (ii) and the commutative diagram

Tr R T T (RNT)/Tr
Tr R R/Tg

| |

R/(RNT)=—=R/(RNT).

Lemma 5.2.8. The following holds in L for all i:
(i) if R is S;-determined, then it is V;-invariant;
(ii) if R is S;-determined and ¢ € Isop(R, R") is W;-invariant, then R’ is also S;-determined.
Proof. (i) is immediate after the previous lemma. Indeed,
Wi(R) = Wi(R; - Tr) <R,

since W;(x) = x for all x € R;, and W;(Tr) = T by the very definition of W;.
(ii) Now, let R be S;-determined and ¢ € Isos(R,R’) be a W;-invariant morphism.
Then, for each x € R; we can apply axiom (C) of L to get a commutative diagram

R—2= R’

6(X)i ié(y)

R?R/,
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where vy = p(@)(x). Since three of the four arrows are W;-invariant by hypothesis, it
follows that so is 6(y), i.e., y € R!.
The proof is now finished by applying the functor (_)* and its properties to f :
R; — R;, together with the hypothesis of R being S;-determined.
O

Caution!. Let R, R’ be Si-determined. If R; and R are ¥ -conjugate, then by Proposition
1.3.3, it follows that R and R’ are also ¥ -conjugate. However, the opposite may not be true.

The following results justify working with S;-determined subgroups.

Proposition 5.2.9. There exists some M, such that, for all i > M, if R is S;-determined, then
Cs(R;) = Cs(R).

Proof. We will prove the statement for a single S-conjugacy class in Ob(¥*), since by
Lemma 1.3.2 (i) there are only finitely many such conjugacy classes.
Let then R € Ob(¥*), consider the S-conjugacy class (R)s, and let

Tr = {TolQ € (R)s}

be the set of maximal tori of subgroups in the S-conjugacy class of R. First we show
that this is a finite set. Indeed, for any two Q, Q" € (R)s and any f € Iso#(Q, Q’), the
infinite p-divisibility property on Tg and Ty implies that f(Tp) = To'. Now, by Lemma
1.2.3, fr, is the restriction of an automorphism in Auts(T), and this automorphism
group is finite because T is abelian.

For each T € Tg, write T = U(Tp);, where (Ty); is the subgroup of W;-invariant
elements of T. Thus, for each i we have inclusions

(To)i < (Tg)ix1 < To,

and we may take their centralizers in S. This reverses the inclusions, and hence the
artinian condition of S implies that there exists Mr, such that, for all i > Mr,,

Cs(To) = Cs((To)y)-

Since Tk is finite, we may finally consider Mg = max{Mr,|Tq € T}

Now, let i > Mg, and let Q € (R)s be S;-determined. Then, by Lemma 5.2.7 (ii),
Q; contains a set Q of representatives of the elements of Q/Tp, and the subgroup
Hg = (Q) is finite because S is locally finite. Furthermore, we can write

Q = HQ : TQ and Qi = HQ : (TQ)z’~
Thus, by taking centralizers on both equalities (and since i > My as above), we get
Cs(Q) = Cs(Hp) N Cs(Tq) = Cs(Hg) N Cs((Tq)i) = Cs(Qy)-

Finally, take M, to be the maximum of the Mg, for a set of representatives of the
S-conjugacy classes in Ob(F*).
O

As an easy consequence, we have the following.
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Corollary 5.2.10. For all i > M, and all R which is S;-determined, if Cs(R) = Z(R) then
Cs.(Ri) = Z(Ry).

Proof. If Cs(R) = Z(R), then

Csi(R) =S5iNCs(R;) = S;NCs(R) =S;NZ(R) < R,.

Also, the S;-determined condition allows us to prove the following.

Proposition 5.2.11. There exists some M3 such that, for all i > Ms, if R € Ob(F*) is an
Si-determined subgroup, and R; is its S;-root, then, Ns(R;) < Ns(R).

Proof. Fix R € Ob(F*), and let Tz = {TglQ € (R)s}. Then, since this set is finite (and
because T < Cs(Tg) and T < Cs((Tp))), it is clear that there exists some My such that,
forall i > Mg and all Q € (R)s, if g € Ns((Tp);) then g € Ns(Tg).
Let then i > Mg, Q € (R)s such that Q is S;-determined, and g € Ns(Q;). Then, in
particular, g € Ns((Tg):) < Ns(Tp), and hence g € Ns(Q).
O

As a corollary, the following holds.

Corollary 5.2.12. Let i > M3, and let R,R" Si-determined subgroups, and R;, R’ be the
corresponding S;-roots. Let also f : R — R’ be a morphism in F which restricts to a
morphism f; between the S;-roots, and set

Nf = {g € Ns(R)lngf_l € Auts(R')},
N}/ =lhe NSi(Ri)lﬁChfi_l € Autsi(Rl{)}.

Then, there is an inclusion N } < Ny.

5.2.2 A family of “quasi”-p-local finite groups

Using the notion of S;-determined subgroups we can now define a family of triples
(Si, Fi, Li), which, as we will show, behave almost as p-local finite groups, in a sense
to be made precise below.

First, we recall some notation and a result from [BCG*05] which will be used in
this chapter.

Definition 5.2.13. Let ¥ be a fusion system over a finite p-group S, and let H < Ob(F)
be a subset of objects. Then, we say that ¥ is H-generated if every morphism in F is a
composite of restrictions of morphisms in F between subgroups in H, and we say that F is
H-saturated if the saturation axioms in definition 1.2.2 hold for all subgroups in the set H.

The following result is somehow the key for our constructions to work. Given a
set H of subgroups in a fusion system over a finite p-group, this theorem provides a
tool to determine whether the fusion system is saturated.
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Theorem 5.2.14. (Theorem A [BCG*05]). Let F be a fusion system over a finite p-group
S, and let H be a subset of objects of ¥ closed under ¥ -conjugacy and such that F is H-
generated and H-saturated. Suppose further that, for each F -centric subgroup P ¢ H, P is
¥ -conjugate to some P’ such that

(5.4) Outs(P") N Op(Out#(P)) # {1}.
Then, F is saturated.

Note that, if F turned out to be saturated, it would mean that H contains all
¥ -centric ¥ -radical subgroups of S.

To be more specific, then, we will define triples (S;, F;, £;) for all i, and we will then
show that for i big enough there exists a set H; of subgroups of S; such that 7; is an
‘Hi-generated H;-saturated fusion system and that L; satisfies the axioms of a linking
system with respect to 7.

As a final step, we would like to apply Theorem 5.2.14 on ¥; to prove saturation,
although there appear certain difficulties with the technical condition (5.4), which we
will discuss later on in this chapter.

For each i, consider the sets

H* = {R < S|R is ¥ -centric and S;-determined},

(5.5) H; ={R; =RN SR € H*}.

Note that the functor (_)* gives a one-to-one correspondence between these two sets.
Also, for each pair R, R’ € H?, consider the sets

Ar(R,R")i ={p € Isor(R, R)|p is W;-invariant},
Ar(R,R); ={f = p(p)lp € AL(R,R')i}.

Lemma 5.2.15. Let R, R’ € H?, and let ¢ € Ag(R,R’);. Then, f = p(p) restricts to an
isomorphism f; : R; — R..

Proof. Let x € R; < R. Then, by applying axiom (C) of linking systems, we get a
commutative diagram in £

R—2>R

6(x)l lé(y)

R T R’ ,
where y = f(x). Since both ¢ and 6(x) are W;-invariant morphisms in L, then so is
o(y),ie,y€S NR =R
O
We may consider then the sets

(5.6) A(R;, R}) = {f; = resg ()| f € Ar(R,R')i} C IsoF(R;, R).

Note that this set can be identified with A#(R, R"); via the functor (_)*. We can now
define the following categories.
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Definition 5.2.16. For each i, define the fixed-point fusion system ¥; to be the fusion
system over S; with morphism sets generated by compositions of restrictions of morphisms in
the sets A(R;, R!), for R;, R’ € H..

Also, for each i, define the fixed-point linking system L; be the category with object set
H; and with morphism sets (formally) spanned by the sets Ap(R,R’), after identifying H;
with H? via the functor (_)*.

Finally, set G; = (Si, Fi, Li).

We can think of .£; also as a subcategory of £, and this identification will be rather
helpful at some points, but the proper definition makes more sense since we expect it
to be a linking system associated to ¥; (as will be the case in some important examples
that we show later on). _

One can also extend £; to a category £; which is closed under overgroups in the

sense that, if R; € H;and R; < Q; < S;, then Q; € Ob(L;), and where the morphism sets
in this bigger category are compositions of restrictions of morphisms in .£;, but this is
not of much interest for us.

The projection functor p : £ — ¥ naturally induces now functors

(5.7) Pi: Li— F

which are the identity on objects and pi(p) = reslli(p(qo)), for all R;, R} € H; and all
@ € Ag(R,R");. Also, the “distinguished monomorphisms” 6 : R — Aut (R) naturally
induce “distinguished monomorphisms”

(58) 61' : Ri — AlxltLi(Ri).
The following lemma is obvious.

Lemma 5.2.17. For all R; € H; and all x € R;, the functor p; sends 6;(x) € Aut(R;) to
Cy € Autqfi(Ri).

Proposition 5.2.18. For all i, the fusion system F; is H;-generated. Furthermore, for all
R;, R} € H;, there are equalities of sets

A(Ri/ R:) = HOm‘FI (Ri/ R:) and AL(R/ R’)i = Mor'[:i (Ri’ R:)

Proof. The H;-generation of 7 is clear by definition of 7.

To show the second part of the statement, it is enough to check only the equality
of morphisms sets in £;. Now, this isomorphism holds since A (R, R’); is the set of
all W-invariant isomorphisms in .£, and any other morphism that could appear in
Mor £,(R;, R!) would be a composition of restrictions of W;-invariant automorphisms,
thus W;-invariant too.

O

We now face the question of the H;-saturation of ;. This in fact will require adding
some more items to the list BI-1, in order to make sure that the axiom (IT) holds. First,
we make a brief discussion on the W;-invariance of extensions of morphisms, which
will motivate the list BI-2 below. L

LetR 5 R'bea morphism in L. An extension of ¢ in £ is a morphism¢ : R —» R/,
where R <R, R < R/, and

5(1) o = @ o 5(1).
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In general, the condition of ¢ being W;-invariant will not imply that the extension
@ is also Wi-invariant. This problem becomes easier if we compare extensions to
morphisms which we know to be W;-invariant a priori.

Suppose then that both ¢ and ¢ are W;-invariant. Let also Q € (R)s, Q" € (R')s,
a € Ng(R, Q) and b € Ns(R’, Q") be such that the morphism

@' =0()opod@):Q—Q
satisfies the equality
(5.9) ST WB)) 0 p = @ 0 (™ Wi(a)).

Note that, in particular, it follows by Lemma 5.1.4 that ¢’ is W;-invariant.
In this situation, we can deduce an extension for ¢’ from the extension ¢ of ¢.
Indeed, if we set @’ = 5(b) o @ o 6(a™!), then it follows easily that

5(1) 0 ¢’ = @ 0 5(1).

The next lemma states that, under the assumption of ¢ being W;-invariant, we can
give conditions for ¢’ to be also W;-invariant.

Lemma 5.2.19. In the situation above, the morphism @' is W-invariant if a~*Wi(a) € R.
Note that the condition a7'W;(a) € R is equivalent to the condition b™'W,(b) € R’.
Proof. By Lemma 5.1.4, we only have to show that
ST W(B) 0§ = § 0 5 W ().
Assume then that a7 'W;(a) € R. Then, axiom (C) yields a commutative square

¢

®

where y = p(@)(@@'W;(a)). On the other hand, the equality (5.9) above is a restriction
of this square, and thus y = b"'W,(b) and the statement follows by Lemma 5.1.4.
O

Now, in list BI-1 we fixed a finite set of morphisms, but we did not fixed extensions
for the morphisms in that set. This is why now we extend BI-1 by adding some more
objects and morphisms. For a morphism f : R — R’ in F, set, as usual,

Nf = {g S Ns(R)|f 0Cg0 f_1 € Auts(Rl)}.

Basic Ingredients - 2. In addition to the elements in the lists BI-1, we fix the following
elements:

(vi) for each pair R, R’ of subgroups in BI-1, and for each f € Mg, an extension
f : Nf — Sin the sense of axiom (II) applied to f in 7;
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(vii) for each fas above, the induced morphism F N =S, after applying Proposi-
tion 1.3.3;

(viii) for each ]7' as above, a lifting ¢ : N? — Sin L. We choose these liftings such that

the following diagram commutes in £:

T

%%

o(1)

S’)

where ¢ € //\ZR,R/ is the lifting of f in £ fixed in BI-1.
This part of the list needs some justification:

e Since the subgroups fixed in BI-1 are all # -centric, there is no problem in apply-
ing axiom (II) to the morphisms fixed in that list.

e Furthermore, since the R, R’ are ¥ -centric, it follows by Proposition 1.2.6 that
so are Ny and N}. In particular, N} € Ob(L®).

Note that this still involves only a finite number of items. Note also that the subgroup
N may not coincide with the representative of its S-conjugacy class fixed previously

in BI-1, but this is not a problem, since it is clear that there exists a finite M, such that,
for all i > My, the following holds:

(i) all the subgroups fixed above are S;-determined,
(ii) all the morphisms fixed above are W;-invariant, and

(iii) each N3 is Si-conjugate to the corresponding representative of its S-conjugacy
class fixed in BI-1.

We can now prove the H;-saturation of ;. We will use the equivalent axioms
from Proposition 1.7.1. For the sake of a better reading of the proof, we will recall the
statement of each axiom before proving it.

Proposition 5.2.20. For all i, the fusion system F; is H;-saturated.
Proof. (I') The subgroup Inn(S;) is a Sylow p-subgroup of Aut#(S;).

By Proposition 5.2.18, Aut#(S;) is isomorphic to A#(S); < Aut#(S). Since in BI-1
we have fixed a set Mg of representatives of all the elements in Out#(S), it follows
that A#(S); fits in an extension

Inn(S;) — A#(S); — Out#(S).
Since ¥ is saturated, {1} € Syl,(Out#(S)), and hence

Inn(S;) € Syl,(Aut#(S))).
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(II') Let f; € Hom#(R;, S;) be such that R} = fi(R;) is fully F;-normalized. Then,
there exists a morphism f; € Hom#(Ny, S;) extending f;, where

N; ={g € Ns(R)lfiocgo f7' € Auts,(R))).

This part of the proof will be done by steps.

Let f; : R; = R! be such a morphism in #;, and let f = (f;)* € A#(R,R’); and
¢ € Az(R,R’); such that p(p) = f. Setalso N = Ny for simplicity, and note that, by
Lemma 5.2.12, there is an inclusion N < Ny.

e Case 1. R and R’ are subgroups fixed in BI-1.

We claim that there exist ' € Mrr, ¢’ € //\7(R,R, and x € R} such that
(i) [f] = [f'] € Repr(R, R,
(i) Ny = Ny,
(iii) p(¢") = f/, and
(iv) @ =0(x) o ¢’ in L.

The existence of f’ and ¢’ satisfying (i) and (iii) is clear from BI-1. Thus, by
definition of Rep#(R, R’), there exists y € R’ such that

f=cyof.

Furthermore, Ny = Ny since f and f’ only differ by conjugation by an element of S.
Now, we only have to apply Lemma 4.3 (a) in [BLO07] to see that there exists x € R’
such that

¢ =06(x)o¢.

Since both ¢ and ¢’ are W;-invariant, x € R!.
Let now ¢’ be the extension of ¢’ fixed in BI-2, and let

p=0(x)o¢p :N} —S.

Again, since 5’ and 6(x) are both W;-invariant, then so is 5 Furthermore, since N}, is

S;-determined by BI-2, it follows that so is Im(p(¢)), ¢ is a morphism in £;, and pi(¢)
is an extension of f; in the sense of axiom (II).

e Case 2. One (and possibly both) of the subgroups R, R’ is not in BI-1.

Since ¢ is Wj-invariant, by Lemma 5.1.4 it follows that there exist H, H' and
¢’ € My in BI-1,and a € Ng(H, R), b € Ng(H’, R’) such that

(i) ¢ =06()o ¢’ 0d(at), and
(i) 6(b~'Wi(b)) o @" = ¢ 0 6(a”" Wi(a)).



82 Fixed points of p-local compact groups under the action of Adams operations

Let f' = p(¢’), and let ¢’ € Mor L(N},, S) be the extension of ¢’ fixed in BI-2. Then,
by Lemma 5.2.19, the morphism

Pp=060b)og od@):a(N})at — S

is also Wj-invariant. This holds since, by (ii) above, a™'Wi(a) € Ny < N3,

Note that, in particular, f~: p(p) is an extension of f in the sense of axiom (II).
However, this is not enough to finish the proof, since it does not imply that ¢ is a
morphism in £;. To finish the proof, we have to show that either N} = aN},a‘l is

Si-determined, or, more generally, that there exists a subgroup Q < N} such that
(i) N<Q,
(ii) Qis S;-determined, and

(iii) Q is ¥ -centric.

Note first that N* € £, since R; < N and R = R? is ¥ -centric. Recall also that by
Lemma 5.2.12 there this an inclusion N < Ny, and hence

N°® < N}.

Thus, if N* is S;-determined, we take Q = N°®. Suppose then that N* is not S;-
determined, and let Q; = N* N S;and Q = Q.

The subgroup Q; satisfies that N < Q; < N*, since N < Ny N S; by definition, and
this proves (i). It follows then by 1.3.2 (ii) and 1.3.3 (iii) that Q = N*, and thus

QNS =N*NS; =0..

Applying now the functor (_)* above proves (ii). Finally, to see that Q is ¥ -centric,
just note that R; < N < Q;. Hence, since R = R; is ¥ -centric, so is Q.
This case is then solved by taking the restriction of ¢ to Q, which is a morphism
in Li-
O

Finally, we check that L; satisfies the axioms of a linking system.
Proposition 5.2.21. For all i, the category L; is a linking system associated to F;.

Proof. Recall the definition of the functor p; : £; — ¥;in (5.7) and the “distinguished
monomorphisms” §; : R; — Autr(R;) from (5.8). Thus, we have to prove that the
axioms in definition 1.4.1 hold for £;.

(A) The functor p; is the identity on objects and surjective on morphisms. More
precisely, for each pair of objects R;,R! € L;, Z(R;) acts freely on Mor(R;, R}) by
composition (upon identifying Z(R;) with 6,(Z(R;)) < Aut(R;)), and p; induces a
bijection

Mor;,(R;, R))/Z(R;) — Homg(R;, R).

By Proposition 5.2.9 (and its corollary), for all R; € £;,

Z(Ri) = Z(R) N 5,
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and thus the free action of Z(R;) on Mor £,(R;, R!) follows from the free action of Z(R)
on Mor £(R, R’). The isomorphism follows simply by definition of ¥; and L.
(B) For each R; € £; and each ¢ € R;, p; sends 6;(g) € Autz(R;) to ¢, € Autg(R;).
This is Lemma 5.2.17, proved above.
(C) For each ¢ € Mor.,(R;, R}) and each g € R;, the following square commutes in

L

R —"=R
6,(g)l \Léi(.ﬂi(?’)(g))
R; — R:.

This holds by definition of £; (as a subcategory of L) and because axiom (C)
already holds in L.
O

We would like to prove the saturation of ; via Theorem 5.2.14 because that would
mean that all 7;-centric F;-radical subgroups are in the set H;, on which we have full
control. To do so, we still have to show that, for any #;-centric subgroup H; < S;
which is not in H;, there is some H € (H;)# such that

Outs,(H}) N O,(Outy(H)) # {1}.

Let H; < S; be such an ¥;-centric subgroup not in H;. Then there are two different
situations to distinguish:

(a) H;is notan S;-root, thatis, (H;)* N'S; =2 H;, or
(b) H;is an S;-root, that is, (H;)* N S; = H; but (H;)* is not ¥ -centric.

Here, the difficult case to treat is (b), but we can “get rid of” (a) quite easily, as we
show below.

Proposition 5.2.22. Let H; < S; be a Fi-centric subgroup not in H; and such that H; is not
an S;-root. Then, condition (5.4) holds.

Proof. Let H = (H;)*. Since H; is not an S;-root, if follows that
HisHNS 2 H,
and there is a natural inclusion
Aut(}:i(Hi) < Autﬁ(H;),

induced by the functor (_)* as follows. For each f; € Autg(H;), let f = (f;)* be the
unique induced automorphism in Auts(H), and let f/ = resg{ (f) € Autg(H).

Consider the following subgroup of Auts,(H;),
A={c € Aut;:l.(Hi)Ix € NH;(HI)}
Via the previous inclusion, we can see A as

A = Autg(H;) N Inn(H)).
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Furthermore, since H; £ H;, it follows that H; £ N H, (H;), and hence Inn(H;) £ A.
Now, Auty(H;), seen as a subgroup of Auts(H!), normalizes Inn(H;). Thus, A <
Autg(H), and
{1} # A/Inn(H;) < O,(Outg(H;)).

Finally, by definition of A, we have A < Autgs,(H;). Thus, A/Inn(S;) < Outs (H;),
and condition (5.4) holds.
O

Proving that condition (5.4) holds for subgroups of S; which are S;-roots of non-
¥ -centric subgroups is a considerably more difficult issue. One might consider then
to prove saturation of the fusion systems #; by other means.

This is, however, not reasonable, since then one would not know whether H;
contains or not all Fj-centric F;-radical subgroups. This poses two main problems,
the first being that the category £; may not contain enough objects to span a whole
centric linking system associated to ¥;, and the second being that there could not be
a natural way to define inclusions £; < L;;;, while there actually is one when H;
contains all F;-centric F;-radical subgroups, as we discuss in the following section.

Somehow it seems then that we are forced to prove saturation of ¥; by applying
Theorem 5.2.14. A better understanding of the properties of the objects in Ob(F*) C
Ob(F) which are not F -centric is then needed if we are to prove saturation through
Theorem 5.2.14.

Definition 5.2.23. Let G be a p-local compact group, and let {\V;} be a family of unstable
Adams operations defined on G. We say that, for some i, F; is 5A-saturated if Theorem A
[BCG*05] applies to prove the saturation of F; with respect to the set H;.

We finish this section by studying the behaviour of families of unstable Adams
operations and extensions of p-local compact groups in the sense of A.5.1. Given
such an extension, A — G — G/A, a family of unstable Adams operations on the
quotient p-local compact group induces a family of unstable Adams operations on
the extension and viceversa. This is a rather helpful fact, since, roughly speaking, G;
will be a p-local finite group if and only if (G/A); is a p-local finite group.

Proposition 5.2.24. Let G be a p-local compact group, A < T be a ¥ -normal subgroup, and
G/A be the quotient p-local compact group. Then, the following holds:

(i) A family {\V;} of unstable Adams operations on G induces a family {\V;/A} of unstable
Adams operations on G /A such that, for each i, both W; and \V; /A have the same degree.

(ii) A family {\V;} of unstable Adams operations on G/A induces a family {W;} of unstable
Adams operations on G such that, for each i, both V; and V; have the same degree.

(iii) For all i, there is an extension of transporter systems A; — L; — (L/A);.
(iv) If for some i F; is saturated, then so is (¥ [A);, and

(v) If, for somei, the extension A; — L; — (L/A);is admissible and (¥ | A); is 5A-saturated,
then F; is 5A-saturated.
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Proof. Points (i) and (ii) are a consequence of the extension theory developed in
appendix §A, toghether with the fact that the maximal torus of S/A, T, is the quotient
of the maximal torus of S by A, and that any unstable Adams operation respects the
maximal torus (in the sense that any rank 1 subtorus is sent to itself by the Adams
operation).

Point (iii) follows by construction. Note that, in particular, there is an equality
Fi/A; = (F /A);, where the fusion system on the left part of the equality is the quotient
of the fusion system ¥; by A;, and the fusion system on the right part of the equality
is the fusion system defined in 5.2.16.

By Proposition A.1.1, if F; is saturated, then so is F;/A; = (¥ /A);, and this proves
point (iv). Finally, if the extension in point (iii) is admissible, then by Theorem A.5.5
it follows that F; is 5A-saturated.

O

5.3 Some interesting consequences

Let Gbe a p-local compact group, and let {\W;} be a family of unstable Adams operations
defined on G. Some of the properties that we study in this section can be deduced
without proving the saturation of the fusion systems #;, while others will require
further assumptions.

Our interest in the family {G;} goes beyond the individual structure of each G;: we
want also inclusions G; < Gi.1 (of p-local finite groups when possible). In this section
we will see first that such inclusions always exist, independently from the G; being
p-local finite groups. Once this will be proved, we will restrict our study to p-local
compact groups and families of unstable Adams operations giving rise to a family of
p-local finite groups, and further properties will be deduced in this case.

Let us start by describing the inclusions G; <= Gi.1, regardless of further hypoth-
esis. Define, for all i,

0O;

(5.10) L Lin
it (R)* NSit1 = R
¢ P

It is easy then to check that this is a well-defined functor: since R; € H; is the (unique)
Si-root of an S;-determined subgroup R € Ob(L), it follows by construction that
Ris1 € Hiyq. Furthermore, by definition of £;, there is an inclusion of sets

Mor(L;) < Mor(Lis1)-

Furthermore, it is obvious that this functor is faithful.
Note that these inclusion functors do not induce in general commutative squares

@.
Li—Liy

Pil X lpm

C
7:' 7_-i+1/

1 incl.

since, in general, for any R € H? = Ob(L)),
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¢ 0i11(0;(R)) = RN S;4q, while
e incl(pi(R)) = RNS..

This is, in fact, not much of a problem, since it can be “fixed” as we “fixed” a
similar problem which appeared when defining inclusions of connected components
of rank 1 p-local compact groups (see Corollary 3.2.31). Let 0; : ¥ — ¥y be the
functor induced by ©;.

Proposition 5.3.1. For all i, there is a natural transformation t; between the functors incl :

?dic — Fiand 0; : 7’? — Fin.

Proof. The natural transformation is induced by the functor (_)* on ¥ . Indeed, define
7; : incl — 0; by
7i(R;) = [incl(R;) = R; = Riy1 = (R)* N ;4]

on objects and by

Ri —™ > Rin
ﬁi Ti( f1) Lﬂﬂ
R— R,

incl

for each morphism f; : R; — R in ¥, where fi;; = resﬁm(( 1)°).
This is well defined since R; is the (unique) S;-root of the S;-determined subgroup
R < S, which means that
(R)* =R
Thus, to check that this is indeed a natural transformation we only have to prove that
the previous square is commutative, as it actually is because, by Proposition 1.3.3,
the morphism f; extends to a unique f = (f;)* : (R)* = R — R’ = (R})*, which in turn
restricts to a unique f;,1 between the corresponding S;,1-roots.
O

Thus, we can consider the triple (inclsj“, inclg“, ©;) as an inclusion of the triple G;

into Gi1. We will refer to the whole triple as ©; for simplicity. As an easy consequence
of the existence of such inclusions, we deduce the following result.

Theorem 5.3.2. Let G be a p-local compact group, {W;} be a family of unstable Adams
operations acting on G, and {G;} the family of triples obtained from {\V;}. Then,

(hocolim (|LZ-|)Q — BG.

Proof. The statement follows since, as categories, £ = UL;.
O

Next, we study an important property of the subgroups in the set H; when seen
as objects in ¥, for some j > i.

Proposition 5.3.3. Let R; € H;. Then, the following holds:

(i) R;is Fi-centric,
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(ii) R;is ¥ -quasicentric, and
(iii) R;is Fj-quasicentric for all j > i.

In fact, the above result is just a particular case of the following more general
proposition.

Proposition 5.3.4. Let R < S be F -quasicentric and S;-determined for some i. Then,
(i) R;is F-quasicentric, and
(ii) R;is Fi-quasicentric for all j > i.

Proof. First, we claim that, for all Q; € (R;)#, there are equalities

Cs(Q) = Cs(Q),

where Q = Q?. Indeed, for R; this holds directly by Proposition 5.2.9, since by
hypothesis R is S;-determined. Also, since R is S;-determined, it follows by Lemma
5.2.7 (ii) that R; contains a set of representatives of the elements in R/Tr, namely R,
where Ty is the maximal torus of R. Thus, if we set Hz = (R), we can write

R:HR'TR and Rl‘ :HR'(TR)i-

Let then Q; € (Ry)#, let Q = Q7, and let f € Isor(R;, Q;). Then, using Proposition
1.3.3 and the infinitely p-divisibility of Ty,

Q=f(Hr) - To and Q;= f(Hg)- (To);
from where it follows that

Cs(Qi) = Cs(f(Hr)) N Cs((To):) = Cs(f(Hr)) N Cs(To),

since the set {Tg | Q € (R)#} is finite.
Next, we claim that both C#(R;) and C#(R;) can be indentified with certain subcat-
egories of C#(R) (and the same happens for each Q; € (R;)¢, withrespectto Q = (Q;)*).
Indeed, let C be either C#(R;) or C#(R;) for simplicity, and note that, since Cs(R;) =
Cs(R), the Sylow p-subgroup of C will certainly be a subgroup of the Sylow p-subgroup
of C#(R). Let then f : H — H’ a morphism in C. Then, by definition of the centralizer
fusion subsystem, there is a morphism f~: H-R; —» H’"-R;in C and a commutative

diagram
f

~

H

e

H-R—1-H R

]

—_—

P

1

17
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where the vertical arrows are inclusions. By applying the functor (_)* to this diagram,
one then gets a new commutative diagram

H* f (H/)o

N

(H-Rj)*——(H"-R)*

| |

R=—=R,

from where it follows that f : H — H’isalso a morphism in C#(R), since H-R < (H-R;)*
and H' - R < (H’ - R;)*. Note also that all these arguments are still valid if we change
R; by any other Q; € (R;)#.

This, together with the natural inclusion of categories C#(R) C C#(R;) implies that

Ccs®)(Cs(R)) = C#(R) = C#(Ry),

where the first equality holds since, by hypothesis, R is quasi-centric. Since the same
holds for any Q; € (R;)#, this proves point (i). Point (ii) for j = i also follows easily
from

Cr(Ri) € Cr(R) = Cr(Ri) = Ceyw)(Cs(R)).

Point (ii) in general now follows since we can deduce equalities
Cr(Ri) = Cr(Rj) = Co (r)(Cs(R)))

using the same arguments as above, and the same holds for any Q; € (Ri)(,rj.
O

Definition 5.3.5. We say that the family {\V;} induces an approximation of G by p-local
finite groups if, for all i,

(i) Giis a p-local finite group, and
(ii) each R; € Tf’ is Fiy1-quasicentric.

Clearly, by Proposition 5.3.3, if G; is 5A-saturated for all i, then {W;} induces an
approximation of G by p-local finite groups in the sense of definition above. Condition
(ii) above is the lightest condition that we can ask for in order to have inclusions
Gi — Gin for alli. Indeed, by Theorem B in [BCG*07], if Gi.1 is a p-local finite group,
then there exists a unique quasicentric linking system £ | containing £;,; as a full
subcategory and such that the inclusion of categories induces

L) = 1L,

i+1

This, way, there are faithful functors

(5.11) L — L

+17
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which can be considered as inclusions of p-local finite groups. Note that this inclusion
functors do induce commutative diagrams

=
=

i+1

Pzi ipm

cr q
7—; incl ?di"'l )

The following result is obvious.

Theorem 5.3.6. Let G be a p-local compact group, {W;} be a family of unstable Adams
operations inducing an approximation of G by p-local finite groups, then there is a homotopy
equivalence

(hocolim (1L, 124)), — BG.

The notation (|£i],|Z;]) is used here to mark the difference with the homotopy
colimit from Theorem 5.3.2, where the spaces are the same, but the maps are not. In
fact, as we next discuss, there is no need of this difference in the notation.

Let G be a p-local compact group, and let {W¥;} be a family of unstable Adams
operations inducing an approximation of G by p-local finite groups. Consider also,
for all 7, the diagram

=
r

(5.12) Lo =g

i+1

o~

£i+1/

where Z; is the natural inclusion from (5.11), the vertical arrow is the inclusion ’ffom
Theorem B [BCG*05], and ©; is the inclusion functor defined in (5.10). Let also ®; be
the composition

O : L — Lig— L]

i+1°

The diagram (5.12) need not be commutative in general, but we can easily prove the
following.

Proposition 5.3.7. For all i, there is a homotopy equivalence 0] = |54,

Proof. We will see that there is a natural transformation Y; between E; and @i, thus
proving the statement. Indeed, define

Yi(R) = [R; = incl(R) ©3 (©)i(R;) = Riy1]

on objects and
5(1)

R; Rin
QDiL Yz((Pz) L(Pm

’ ’
i (1) Ri+l'
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for each morphism ¢; € Mor(L;), where, in fact, ;11 = ¢; as morphisms in L (the
reader may think of ¢; and ¢;;; as the “restriction” of ¢ to R; and R;;;, although
neither R; nor R;;; need to be objects in £). Thus, we have to show that the above
square is commutative, which is, in fact, obvious by definition of L;,;.

O

Aninteresting consequence of having an approximation of a p-local compact group
G by p-local finite groups is the analog of the Stable Elements theorem (Theorem 5.8
in [BLOO3b]) for G, which determines the mod p cohomology of G in terms of the
cohomology of the fusion system ¥ as a subring of the mod p cohomology of BS.

Such an statement cannot be proved in the compact case following the same
arguments as in the finite case, but there is a rather easy proof in the case G admits an
approximation by p-local finite groups. We state below the Stable Elements theorem
for p-local compact groups.

Theorem 5.3.8. Let G be a p-local compact group. Then, the natural map

H(L,F,) = H(F) Z lim H'(F,) € H'(BS; E,)
O(F°)

is an isomorphism, and H'(BG; IF,) = H*(|.L|; IF,) is noetherian.

Let then G be a p-local compact group, and let {G;} be an approximation of G by
p-local finite groups, induced by a family of unstable Adams operations {W;}. Let also
O©; : L; = L;;; be the inclusion functors defined in (5.10). We start by proving that, in
this particular case, the functor H*(_; IF,) commutes with the homotopy colimit from
Theorem 5.3.2 (or Theorem 5.3.6).

Proposition 5.3.9. The functors ©; induce natural isomorphisms
H*(BS;F,) = im H*(BS;;IF,) and H*(BG;F,) = lim H'(BG;; IF,).

Proof. Let X be BG (respectively BS), and for each i let also X; be BG; (respectively
BS;). Consider also the homotopy colimit spectral sequence for cohomology (which,
for coefficients in IF,, is dual to the Bousfield-Kan spectral sequence defined in XIL.5.7
in [BK72]):

E} = lim"H*(X;; F,) = H™(X;TF,).

We will see that, for r > 1, E;° = {0}, which, in particular, will imply the statement.

For each s, let H! = H*(X;;IF,), and let F; be the induced morphism in cohomology
(in degree s) by the map |®;| (respectively Bincl : BS; — BS;,1).

Now, H*(X;; IF,) is noetherian by Theorem 5.8 [BLOO03b], and it follows in particular
that H; is an IF,-vector space of finite dimension. It is clear then that the inverse
system {H:; F;} satisfies the Mittag-Leffler condition (see 3.5.6 in [Wei94]), and as a
consequence the higher limits li(Lnr H? all vanish for > 1. This in turn implies that all
the differentials in the above spectral sequence are trivial, and the spectral sequence
collapses.

O
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Proof. (of Theorem 5.3.8). We omit the coefficients IF, in all cohomology rings for
simplicity. Since, by hypothesis, G; is a p-local finite group for each i, we can apply
the Stable Elements theorem (Theorem 5.8 in [BLOO3b]) to it: there is a natural
isomorphism

< lim H'(F,) € H'(BS; )

oF;)

H(ILi|;F,) — H'(F)

In particular, for each i, H'(¥;) € H'(BS;). Thus, by the above isomorphisms,
together with Proposition 5.3.9, it follows that

H'(BG) = lim H'(BG)) = lim H'(F;) C lim H'(BS;) = H'(BS).

Furthermore, there are natural inclusions O(F) € O(F,) (induced by the functor
(_)® in the same way as it induces the inclusion functors ©; in (5.10)) such that, as

categories,

O(F) = lim O(F).

Thus, it follows that
li<£1 H'(_F,) = h(Ln h(Ln H'(_;IFy).
O(F¢) i O

Finally, since H*(BS) is noetherian by Proposition 12.1 [DW98], it follows then that so
is H'(BG; IF,).
O

5.4 Examples

In this section we study several examples of p-local compact groups for whom families
of unstable Adams operations give rise to approximations by p-local finite groups.
Since the ideas used to study each example differ significantly from the ohers, we
treat each example in separate sections.

The first example we will study is probably the most important one: we will see
that all rank 1 p-local compact groups can be approximated by p-local finite groups.
The second example treats the p-local compact groups induced by the linear torsion
groups GL,(F;). The third example studies the 3-local compact groups which one
obtains as limits of families of 3-local finite groups in [DRV07].

The examples in this section are also to be understood as a list of ideas to prove
the existence of approximations of p-local compact groups by p-local finite groups
through unstable Adams operations. One open question then is whether we can find
a unifying argument to explain all the examples shown here.

5.4.1 Rank 1 p-local compact groups

To study these examples, we will make strong use of Theorem 3.2.1, and the explicit
descriptions of the connected components of p-local compact groups of rank 1 that
we have given in chapter §3. The main result of this example is the following.
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Theorem 5.4.1. Let G be a p-local compact group of rank 1, and let {WV;} be a family of
unstable Adams operations on G. Then, this family induces an approximation of G by p-local
finite groups.

This theorem will be proved as Propositions 5.4.4, 5.4.16 and 5.4.17, by check-
ing that for i big enough, the fusion systems ¥; are 5A-saturated, in a case-by-case
argument, depending on the connected component of G.

First, we study the problem for connected rank 1 p-local compact groups.

Proposition 5.4.2. Let G be a connected p-local compact group of rank 1. Then, for any
family of unstable Adams operation {WV;}, there exists some M such that, for all i > M, F; is
5A-saturated and G; is a p-local finite group.

Proof. For each connected p-local compact group G (in the list of Theorem 3.2.1) and
each family of Adams operations {\V;} defined on G, we have to prove that there exists
some M such that, for all i > M, the finite fusion system ¥; is 5A-saturated. Recall the
statement of Theorem 3.2.1: there are only three cases to check, that is

(i) G = (T, F1(5"), L1(S)),
(i) G = (D2, F5(SO(3)), Ls(SO(3))), and
(iil) G = (Qa2~, Fs(S%), Ls(S?)),

where the last two cases only happen for p = 2.

(i) In this case itis obvious that G; is a p-local finite group, since G; = (T;, F1,(T:), L1,(T3)),
and H; = {T;} contains all #;-centric subgroups.

(ii) To simplify notation, set S = Dy, F = F5(SO(3)) and L = Ls(SO(3)). Also,
remember the set of representatives of the S-conjugacy classes of subgroups in Ob(¥F*)
which we listed in (3.4):

{{1}/T1/T2/ T/C/ Tl X C/ TZ > Cj/’T><1 C = S}/

whereonly T, T1XC, T,>~C and S represent S-conjugacy classes of ¥ -centric subgroups.
Thus, the following is easily seen to hold. If R € Ob(¥*) is S-conjugate to a subgroup
in the above list which is not F -centric, then

Cr(R)\ (Z(R)NT) #0.

Now, by applying Lemma 5.4.3 below, it follows that there exists some M such that,
foralli > M, if R € Ob(¥*) is S;-determined but not 7 -centric, then R; is not ¥;-centric.
Hence, Theorem 5.2.14 (Theorem A in [BCG*05]), together with Proposition 5.2.22,
applies to show that ¥; is saturated.
(iii) This case holds because of Proposition 5.2.24 and because in this case G is an
admissible extension of the 2-local compact group in (ii) by Z/2 by Corollary 3.2.2.
O

Lemma 5.4.3. Suppose R € Ob(F*) is such that (Z(R) N T) £ Cr(R). Then, there exists M
such that, for all i > M, if Q € (R)s is S;-determined then

(ZQ)NTi) s Cr(Qy)-
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Proof. For such a subgroup R, consider the set

Cr = {Cr(Q)IQ € (R)s}.

Since Aut#(T) is finite, so is this set. The lemma is proved then by taking M such that,
foralli > M, Cr(Q) € Cr contains a set of representatives of the elements in C1(Q)/T’,
where T’ is the maximal torus of Cr(Q).

O

We now study the general case. Let G be a rank 1 p-local compact group, and let
Go be its connected component. The proof will depend on the homotopy type of G.
The case where G is the p-local compact group induced by S is, as usual, easy to
solve.

Proposition 5.4.4. Let G be a rank 1 p-local compact group whose connected component
has the homotopy type of (BS')). Then, there exists some M such that, for all i > M, F; is
5A-saturated.

Proof. Suppose first that T < Z(S), and recall that this is always the case for p > 2, by
Lemma 3.2.6. Furthermore, in this case the extension T — G — G/T is admissible by
Proposition 3.2.7 (this proposition was stated for p odd, but it is clear that, under the
assumption of T < Z(S), the statement was also valid for p = 2). We can now apply
Proposition 5.2.24 to this extension: by 5.2.24 (i), the family {W;} of operations defined
on G induces a family {W;/T} of operations on G/T, and since G/T is a p-local finite
group, it follows that there exists some m such that, for all i > m,, WV;/T is the identity
on G/T. In particular, for i > my, (G/T); = G/T is a p-local finite groups whose fusion
system is 5A-saturated. Thus, by 5.2.24 (iii) and (v), for all i > m, the fusion system
¥ is 5A-saturated since the extension T; — £L; — £L/T is admissible.

Suppose now that T is not central in S (this means, in particular, that p = 2), and
recall that, by Lemma 3.2.6 together with (3.2), there is some x € Ssuch thatxtx™ =71,
forallteT.

Even if this is the case, we know that T is normal in F by Corollary 3.2.4, and
hence all ¥ -centric ¥ -radical subgroups have rank 1. Now, since S has rank 1, it
follows that there are finitely many subgroups of S of rank 1.

Note that this means that there exists some m; such that, for all i > m;, all the
subgroups R € Ob(F*) of rank 1 are S;-determined, and, furthermore, R is F -centric
if and only if R; is F;-centric.

Thus, we only have to deal with the finite subgroups of S in Ob(¥*). Now, since
this set contains finitely many S-conjugacy classes, there is some m, such that, for all
i > my and all R € Ob(¥F *) which has rank 0 and is S;-determined, R, N T; £ T;. In fact,
note that if R is finite and S;-determined, then R = R;.

We may assume that m, is also big enough such that, for all i > m,, Lemma 5.4.3
applies. Let then H be a finite S;-determined subgroup. If there is no y € H acting
nontrivially on T, then Cr(H) = H, and hence by Lemma 5.4.3 C1,(H) 2 H, and H is
not F;-centric.

Assume otherwise that there is some y € H acting nontrivially on T, and let
T, =HNT. Itis clear that if n = 0, then H is not F;-centric, since T; < Cr,(H). Thus,
suppose n > 1, and note that, since y acts by sending t € T to 7!, it follows that
Tn+1 < NSI(H)
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We claim that in this case H satisfies condition (5.4). Indeed, let

AY (tnn(H), Autr,(H)),

where Autr,(R;) < Autg,(R;) is the subgroup of conjugations by elements of T; which
send R; to itself. It is clear that Inn(H) s A, since conjugation by t,,; is not an
automorphism in Inn(H), and we prove below that A < Aut#(H).

The group Autg,(H) is by definition spanned by compositions of restrictions of
subgroups R; such that R = (R;)* has rank 1, and the groups Auts,(R;) which span
it are all projections (through the functor p;) of the groups Aut,,(R;), which can be
considered as subgroups of Aut ;(R).

Now, T' < R means that T can be seen also as a subgroup of Aut;(R) above, and
since T is ¥ -normal, it means that, for all ¢ € Aut(R), conjugation by ¢ in Aut0(R)
sends T to itself. Hence, A < Autg (H), and thus condition (5.4) holds on H.

We have then proved that for all i > M = m,, ¥; is 5A-saturated.

O

Let now G be a 2-local compact group whose connected component G is the
2-local compact group induced by SO(3). This is, as usual, the most difficult to deal
with. In this case, we will show that there exists some M such that, for all i > M, if
R; < S;is an S;-root but R = (R;)® is not ¥ -centric, then either condition (5.4) holds for
R; or R; cannot be Fj-centric. This, together with Proposition 5.2.22, will imply the
5A-saturation of F;.

We start by proving several technical results that will be used later on. First,
we show an interesting property which will allow us to “detect” S;-determined sub-
groups. In fact, this property holds for all rank 1 p-local compact groups, regardless
of their connected component, but we will used it in this particular case and hence it
seemed more convenient to place it here. After this general property we will prove
next a property of the p-group S/T when Sy = D,~ which will make calculations easier
later on.

Lemma 5.4.5. Let R € Ob(F*) be an S;-determined subgroup. There exists some My such
that, for all i > Mg, if Q € (R)s is S;-determined, then Q; € (R;)s.

Proof. Let R be such a subgroup. Then, since S has rank 1, it follows that either R
contains the whole T or R is finite. In the first case, the conjugacy class of R in ¥
contains finitely many subgroups, and hence the statement follows easily.
Suppose then that R is finite. Then, for any Q € (R)s, Q is S;-determined if and
only if Q = Q;, and again the statement is easily seen to hold.
O

As a consequence, we can now “detect” S;-determined subgroups. The following
result can be regarded as a particular case of Lemma 5.1.3.

Lemma 5.4.6. Let R € Ob(¥*), and let Mg be as in Lemma 5.4.5. Then, Q € (R)s is
Si-determined if and only if for all y € Ns(R;, Q;),

vy 'Wi(y) € Cr(R).

Note that the condition above is equivalent to W;(y)y~" € Cr(Q).
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Proof. Suppose first that Q is S;-determined. Then, by Lemma 5.4.5, Q; € (R;)s. Let
y € Ns(R;, Qi), and note that, by Proposition 5.2.11, 2 € Ng(R, Q). Now, for each g € R;,
let h = ygy™! € Q;. Since both ¢ and h are W;-invariant, we have h = W;(y)gWi(y 1),
and hence

s 'Wi(y) = (v Wiy))g.

Thus, y~'W;(y) € Cr(R;) = Cr(R) by Proposition 5.2.9.
Assume now that, for all y € Ns(R;, Q;), y'Wi(y) € Cr(R), and fix such an element
y. For each ¢ € R;, let h = ygy™!, and write ¢ = y'hy. Since ¢ is W;-invariant, and
Wi(y)y! € Cr(Q), it is easy to check now (by applying W¥; on the latter equality) that
h is also W;-invariant. Proposition 1.3.3 finishes the proof.
O

The following result is a property of 2-local compact groups whose connected
component is the 2-local compact group induced by SO(3).

Lemma 5.4.7. Let G be a 2-local compact group whose connected component G is the 2-local
compact group induced by SO(3), let S and S be the corresponding Sylow subgroups, and let
T be the maximal torus of S. Consider also the group extension

1->T—>S—S/T—1,

and let w : S|/T — Aut(T) be the morphism which realizes the action of S/T on T, and let
K = Ker(w). Then,
S/T = So/T x K.

Proof. Since Sy = D,~, we know that Sy already contains a nontrivial element x which
acts nontrivially on T, and hence |S/T| = |So/T| - [K|. Furthermore, by definition of
So/T and K, it is clear that

So/TNK = {1}.

Finally, the elements in K commute with the elements in Sy/T since So/T = Z/2 is a
normal subgroup of S/T.
O

Consider then the group extension1 — Sy — S — K — 1. Let R be any subgroup
of S, and let i be big enough such that S;/T; = S/T. Let also R; = RN S; as usual, and
let (Ro); = R; N Sy. Then, R; fits in an extension

(5.13) 1 - (Ro)i — Ri — Ri/(Ro)i = R/Ry — 1,
where R/R, < K and hence acts trivially on T.

Lemma 5.4.8. There exists some k such that, if T < R, then T < R®. As a consequence, there
exists my such that, for all i > my, the following holds:

(i) Tx £S;, and
(ii) if R is S;-determined and Ty, < R;, then T < R.

Furthermore, we can choose my such that, for all i > my, R is F -centric if and only if R; is
F-centric.
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Proof. The existence of such k is obvious, since T = UT; and Ob(¥ *) contains finitely
many S-conjugacy classes of objects: we just have to take k such that

(To)* =T.

Thus, the existence of m; satisfying (i) and (ii) is also clear since S = US; and, if R is
S;-determined, then

T=(Ty* <R)*=R.
The last part of the statement is easy to prove as well, since S contains finitely many
subgroups R of rank 1, and hence we can consider m; to be big enough so that any

property that we want holds on R.
O

This lemma provides a first reduction. Indeed, we can now consider only sub-
groups R which are S;-determined and such that R; N T; £ T, for k as in Lemma 5.4.8.
Note that, such a subgroups R is S;-determined if and only if R = R;.

Let then R be such an S;-determined subgroup, let also (Ro); = R; N Sp. Then, (Ry);
is in the Sp-conjugacy class on one of the subgroups in the following list

(5.14) {1}, T, ), T > ()},

where n < k (this can be easily seen from the study that we have already made on
rank 1 2-local compact groups in chapter 3). Depending on the Sy-conjugacy class of
(Ro); (within the above list), we will now show that there exists some M such that, for
alli > M, if R; is an S;-root but R = (R;)*® is not ¥ -centric, then either R; is not ;-centric
or it satisfies condition (5.4).

Lemma 5.4.9. There exists some my such that, for all i > my, if (Ro); is in the S-conjugacy
class of {1}, T,, or {x), then R; is not F;-centric.

Proof. Since n < k and T < S;, in all three cases it follows that
Cr(R)\ (Z(R)NT) #0,

and the statement follows then by Lemma 5.4.3.
O

Let Fy be the saturated fusion system over Sy induced by SO(3), and note that the
subgroups {1}, T, and (x) are the non-¥y-centric subgroups within the list (5.14). To
deal with the Fy-centric subgroups within that list, we need the following result.

Lemma 5.4.10. If (Ry); is Fo-centric, then
Ns,((Ro)i) < Ns,(Ri).

Proof. 1f (Ry); is Fo-centric, then (Ry); € (T, = (x))s, for some (finite) n. Assume for
simplicity that (Ry); = T), < {x). Thus, by (5.13), it follows that

Tyi1 > {x) = N5, ((Ro)i) < N5, (Ry).
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Let R; < S; be any subgroup, and set H = (Ry); for simplicity. Then, there is an
exact sequence (2.8.7 in [Suz82])
D,
(5.15) 0 — H'(Ri/H; Z(H)) — Autr(R;)/Autu(R)) = Auts(H) x Aut(R;/H).
We will use this exact sequence repeatedly to prove several technical lemmas.

Lemma 5.4.11. There exists some mg such that, for all i > mj, if (Ro); is in the So-conjugacy
class of T,, = (x), for some n > 2, and such that (Ry); = (So)i, then R; satisfies condition (5.4).

Proof. Lett € T,,1 be a generator. Then, since (Ro); s (So);, it follows that t € T;, and
hence Autg,((Ro);) = Autr((Ro)i) = Auts,((Ro)i). Consider the exact sequence (5.15)
applied in this case. By Lemma 3.2.29, the image of @y, is a direct product K X K’,
for certain subgroups K < Aut#((Ro);) and K’ < Aut(R;/(Ro);), and there is a partial
section s : K < Autg,(R;). In fact, in this case (n > 2), it is easy to see that

K = Autsy),((Ro)i) = Autz((Ro)i),

and w = ¢; € Aut#(R;) gives rise to a nontrivial element in Outg(R;).
Let L < Aut#(R;) be the subgroup such that

L/Autr,,(R:) = H'(Ri/(Ro)i; Z((Ro):)),

which is clearly a 2-group, and let L” = (L, 5(K)), which is again a 2-subgroup since L’
fits in an extension
L—L —K

We want to see that L’ is normal in Aut#(R;). Note that, by definition, for all y € L,

Or.(y) = (Yo, id)

in the extension (5.15), for some yy € Auts((Ro);). In fact, L’ is the subgroup of
Autg,(R;) of automorphisms satisfying this condition, since K = Aut# ((Ro);).
Let f € Aut#(R;) and y € L. Then,

Dy, (fyf) = (', id),

which implies that fyf™' € L’. Since, as noted above, w = ¢; induces a nontrivial
element in Outs (R;), and clearly w € L’, it follows that

Outs,(R;) N O,(Outs(R;)) # {1}

as desired.
m|

We are then left to study the case where R satisfies that (Ry); is in the Sp-conjugacy
class of T; X (x). This case requires a longer discussion and also involves another
enlargement of the list BI-1+2. Note that, for such subgroup R,

(5.16) Cr(R) = Cr(Ri) < Cr((Ro)i) = Ty,

where the first equality holds by Proposition 5.2.9.
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Basic Ingredients - 3. Fix the following list of objects and morphisms, in addition to
those already fixed in lists BI-1 and BI-2:

(ix) a set H’ of representatives of the ¥ -conjugacy classes of non-¥-centric sub-
groups Q € Ob(F*) such that Qy € (T; X {(x))s,;

(x) for each P € H’, a set H, of representatives of the S-conjugacy classes in (P)s#
(and such that P itself is in #{}, representing its own S-conjugacy class);

(xi) foreach P € H’and eachR € H} such that Cs(R) = Z(R), amorphism fz : R — R’,
where R’ € H, is such that Cs(R") Z Z(R').

(xii) for each such a morphism fg : R = R’, an “Alperin-like” decomposition

(5.17)
)43 Yk

L 21, L, 21, L1,

SN N SN

A f Rz > Rk—l £ sz

Ry

where Ry = R, Ry = R, L; is ¥ -centric ¥ -radical and fully #-normalized for

j=1,...,k and
fe = feo feao...ofrofi.
(xiii) for each y;above, a lifting ¢; in L.

Let also Mg be such that, for all i > M, all the subgroups fixed in the list above are
Si-determined, all the morphisms ¢; are W;-invariant (that is, ¢; is a morphism in .[;),
and such that for each P € H’, if R € H, is such that Cs(R) Z Z(R), then Cs,(R;) Z Z(R;).

In fact,points (xii) and (xiii) in this list can be improved using the following
technical lemma.

Lemma 5.4.12. Let Q < S be a F -centric ¥ -radical fully ¥ -normalized subgroup such that
Qo € (T, = (x))s, for some n > 2. Then, every automorphism y € Auty(Q) extends to some
y € Aute(Q - Sp), and similarly every automorphism ¢ € Aut (Q) is the restriction of an
automorphism @ € Autp(Q - Sy).

Proof. Suppose for simplicity that Qy = T, > (x). By (5.13), and since Ng,(Qo) =
T,+1 > {x), it follows that

N5, (Qo) < Ns(Q).

If we prove thatany y € Aut#(Q) extends toy” € Auts(Q-T,1), then the statement will
be proved by iteration of this, together with axiom (III) for saturated fusion system.

Consider the exact sequence (5.15) above. Then, since Aut#(Qo) = Auts,(Qo), the
(partial) section of the morphism @, in this exact sequence given by Lemma 3.2.29 can
be taken such that s(Aut+(Qo)) < Auts(Q). Let L < Autyr(Q) be the subgroup such that
L/Autq,(Q) = HY(Q/Qo; Z(Qo)). Then, L is clearly a normal p-subgroup of Aut#(Q),
and since Q is fully F-normalized, it follows by axiom (I) of saturated fusion systems
that L < Auts(Q). Furthermore, the subgroup L’ < Aut#(Q) generated by L together
with s(Aut#(Qy)) is also a subgroup of Auts(Q). Note that L’ is also the subgroup of
Aut#(Q) of automorphisms y such that y(y) = (?,id).
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Now, let t € T,.1 be a generator, w = ¢; € Auts(Q), and y € Auty(Q). Then,
@' =ywy! satisfies
Dp(w') = (2,1d),

and hence o’ € L’ < Autg(Q). By axiom (II) for saturated fusion system, y extends to
some )Y’ : Q- Ty — S. It follows also that Im(y’) = Q - T,,41, since )" extends y and S

is strongly ¥ -closed.
Iterating this process, we obtain a family y; € Aut#(Q - T+j) of automorphisms
extending the original y, which, in the limit, yield an automorphism y € Aut#(Q - Sp).
The same arguments now apply in £ to prove the second part of the statement.
One may use the axioms of transporter systems on £ to prove it (see definition A.2.1).
O

Lemma 5.4.13. We can choose each morphisms @ in the list BI-3 (xiii) to be such that,

®j € Naut (O, (NT(L))))-

Proof. It is enough to check the statement for a single ¢ € Aut (L) (we suppress here
the subindex in order to simplify notation). Also, we can assume that Ry = T; X (x)
for simplicity (after point (ix) in the BI-3), and hence Ly = T, = (x) for some n > 1.

Suppose first that n > 2. Then, by Lemma 5.4.12, ¢ is the restriction of some
@ € Autp(L-Sp). Since T < L- Sy, and T is the maximal infinitely 2-divisible subgroup
of S, if we apply axiom (C) for linking systems to ¢ and 6(¢), it follows that

Pod(t)y=06(t)oq

for some t’ € T, and hence, by taking restriction of the above, the statement follows.
Suppose now that n = 1. Note that in this case Ly = Ry. Suppose also we are given
any y € Autg(L), and let fy = resfo (y) and w = s(fy), where s is the (partial) section to

morphism @, in the exact sequence (5.15) given by Lemma 3.2.29. Then, )’ =w ™ oy

satisfies
OL(y) = (id, ),
where y : L/Ly — L/Ly is the automorphism induced by y. Equivalently,

Ou(y'y™) = (id, id).

Thus, if H < Autg(L) is the subgroup such that H/Aut; (L) = H'(L/Lo; L), then,
H < Autg(L) because H is a normal p-subgroup of Auts(L) and Lis fully ¥ -normalized,
and y’ o y~! € H. In particular, this means that ’(R) and y(R) are S-conjugated.

To finish the proof, lift )’ to some ¢’ € Aut(L). In this case, we have to check that

@' 0 0(t2) o (@) € 8(T),

because N7(L) = T,. Since resfo (y’) = id, we can now apply the same arguments as

in Lemma 5.4.12 to check that ¢’ extends to some ¢’ € Aut,(L - Sy). The statement
follows now because S is strongly ¥ -closed.
O

As a consequence of Lemmas 5.4.5 and 5.4.6, we can now deduce the following.



100 Fixed points of p-local compact groups under the action of Adams operations

Lemma 5.4.14. There exists some My such that, for all i > My and for all Q € Ob(¥*) which
is Si-determined, if Cs(Q) Z Z(Q), then Cs,(Q;) = Z(Q)).

Proof. Clearly, the statement holds for the representatives fixed in list BI-3. Further-
more, since we have fixed only finitely many representatives, it is enough to prove
the lemma for the S-conjugacy class of one of them, namely (R)s.

By Proposition 5.2.9, Cr(R;) = Cr(R). Set then

Cr(Ry) = Ty X Fg,

for some subtorus T < T and some finite subgroup Fr < T. Let T be the maximal
torus of R, and note that if rk(Tk) < rk(T%), then the statement follows immediately by
Lemma 5.4.3, since the same will hold for all Q € (R)s. Also, since Auty#(T) is finite
and Fp, is finite, there exists some M such that, for alli > M and all Q € (R)s, Fo < S;
(here we apply the same arguments as those used to show Proposition 5.2.9).

Hence, we can assume without loss of generality that rk(Tk) = rk(T%). Let now
Q € (R)s be an S;-determined subgroup, and let Q; be its S;-root. By Lemma 5.4.5,
Qi € <Ri>5. Fix also some ye Ns(Ri, Qz)

Suppose first that Fr is not contained in R;, and let z € Fg be such that z ¢ R;. Set
also z’ = yzy~!. Since z € T; and T; is normal in S, it follows that z’ € T;, and hence (by
Lemma 5.4.6), z’ € Cs,(Q;) \ Z(Qy).

Suppose otherwise that Fr < R;. This means that Cr(R;) = Cr(R) < Z(R;), and
hence, for any z € Cs,(R;) \ Z(R;) (and by Lemma 5.4.6),

2(y " Wily) = (v ' Wi(y))z,

and hence z’ = yzy™ € Cs.(Q:) \ Z(Q)).
O

Finally, we check that, for i big enough, if Q € Ob(¥°) is S;-determined, non-7 -
centric, and such that (Qy); € (T1 X {(x))s,, then Q; is not F;-centric.

Lemma 5.4.15. There exists some my such that, for all i > my, if (Qo); is in the So-conjugacy
class of Ty X (x), then Q; is not F;-centric.

Proof. The statement holds for the representatives fixed in BI-3, by assumption. Let R
be any of these representatives. We will prove the statement for (R)s, and the general
statement will follow easily.

If Cs(R) =z Z(R), then by Lemma 5.4.14 the statement holds for (R)s. Thus, suppose
Cs(R) = Z(R). Let Q € (R)s and consider too the morphism fz : R — R’ and its
Alperin-like decomposition fixed in points (xi) and (xii) of BI-3.

Consider the first commutative square in this decomposition of fx:

i
Ly —1L,

incl. T Tincl .

R—~Ri.

Since Cr(R) = Cr(R;) = T, = Z/2 (as noted in (5.16)), for all Q € (R)s which is S;-
determined and all y € Ng(R;, Q;), either y‘l\I/i(y) =1or y‘l\I’i(y) = t;, the generator
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of T;. In the first case, Q; is S;i-conjugate to R;, and thus there is nothing to show.
Hence suppose otherwise.

Fix some y € N5(R;, Q;), and let L} = yL1y~'. Since y'W(y) = t; and Ty < Z(5), it
follows that L] is also S;-determined by Lemma 5.4.6. Let now ¢, € Aut,(L,) be the
lifting of 1 fixed in point (xiii) of list BI-3. Since, by Lemma 5.4.13, the restriction of y;
to (Ro) is the identity, it follows now by Lemma 5.1.4 that ¢’ = 6(y)p16(y ") € Aut £(L)
is also W;-invariant, and hence a morphism in ;.

This way, we obtain from (5.17) a chain of morphisms in ¥; (by taking restrictions)
from Q; to some Q' € (R)s. Since Cs,(R) 2 Z(R?) by hypothesis, it follows by Lemma
5.4.14 that Cs,(Q) =z Z(Q?), and hence Q; is not F;-centric.

O

Proposition 5.4.16. Let G be a rank 1 p-local compact group whose connected component
has the homotopy type of (BSO(3)),. Then, there exists some M such that, for all i > M, F; is
5A-saturated.

Proof. We have proved in Lemmas 5.4.8,5.4.9, 5.4.11 and 5.4.15 that there exists some
M such that, for all i > M, if R; < S; is an S;-root such that R; ¢ Hj, then, depending
on the subgroup (Rg); = R; N Sy, either R; is not F;-centric, or it is F;-centric and
satisfies condition (5.4). This, together with Propositions 5.2.18, 5.2.20 and 5.2.22, and
Theorem A in [BCG*05] (5.2.14) implies that F; is 5A-saturated.

O

Finally, we deal with 2-local compact groups whose connected component is
the 2-local compact group induced by S3. As usual, the central group extension
Z/2 — S* - SO(3) helps in simplifying the proof.

Proposition 5.4.17. Let G be a rank 1 p-local compact group whose connected component
has the homotopy type of (BS®)y. Then, there exists some M such that, for all i > M, F; is
bA-saturated.

Proof. In this case, by Corollary 3.2.4, G is an admissible extension of Z/2 by a 2-local
compact group G’ whose connected component has the homotopy type of (BSO(3))5.
Hence, the statement follows from Lemma 5.4.16 together with Proposition 5.2.24.

O

5.4.2 General linear groups

Another example of p-local compact groups which can be approximated by p-local
finite groups are those induced by the groups GL,(F,), where F, is the algebraic
closure of the field of g elements. The arguments used here are slightly different from
those used to study rank 1 p-local compact groups.

Let g be a prime. The algebraic closure of the field IF, can be seen as the union

]Fq = Um]qu

of the finite fields of 4". Thus, 11_3,1 is a locally finite field, and G = GLn(]Fq) is a linear
torsion group. Theorem 8.10 in [BLOO07] (1.4.5) applies now to assure that, for any
prime p different from g, G induces a p-local compact group G.

The main result in this section is the following.
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Theorem 5.4.18. Let G be the p-local compact group induced by G = GL,(IF,), and let {W;}
be a family of unstable Adams operations on G. Then, this family induces an approximation

of G by p-local finite groups.

Again, we prove that, for i big enough, the fusion systems ¥; are 5A-saturated,
and hence the statement above holds.
We describe in some detail the choice of the Sylow p-subgroup of G, since we will

need some understading of it. Let T < G be the subgroup of diagonal matrices. That

is, the matrices in T take coeffients in ([ Y (F,) \ {0}. Letalso N = Ng(T). Then,
h T take coeff E) Y &,

there is an extension
T—N-—2L,

where X, is the symmetric group on n letters, acting on T by permutations of the
diagonal entries. And, in fact, this extension is easily seen to split.

On the other hand, (F,)* contains a copy of Z/p>, and hence T contains a subgroup
T = (Z/p™)", which in fact is normal in N since (IF,)* is the direct product of all Z/I*,
varying l. Thus, if © € Syl,(%,), then

(5.18) S=Txn

is a Sylow p-subgroup for G.
With such a description of S it is easy now to deduce the following result.

Lemma 5.4.19. Let P < S. Then, Cy(P) is connected in the sense of definition 1.1.1, i.e.,
Cr(P)/Tc,py = {1}.

Proof. Since the action of 7 on T is by permutation of the entries in the diagonal of an
element in T, it follows that, for each rank 1 subtorus T’ < T and each x € S, either
xtx™! = tforallt € T" or xtx™! # t for all t € T'. The statement follows easily from this.

O

Now, let {W;} be a family of unstable Adams operations defined on G, and fix a
list like BI-1+2. As we have already pointed out several times in this chapter, even if
R and Q are S-conjugate and S;-determined it does not mean that the corresponding
Si-roots are S-conjugate. However, since S has a special isomorphism type (being a
semidirect product T < 1), one can actually deduce so. This is rather interesting, since
this will allow us then to apply Lemma 5.4.6 to this example.

Lemma 5.4.20. Let R € Ob(F*) be any subgroup. There is some Mg such that, forall i > Mg,
if Q, Q" € (R)s are S;-determined, then Q; and Q' are S-conjugate.

Proof. Write R = Hg - T, where Ty = RN T and Hy is a finite subgroup which acts
on T}, by permutations. It is clear then that R = T} < Hg. Note that T, = Tk X Fg,
where Ty is the maximal torus of R and Fr is some finite subgroup of T. Then, since
Autg(T) is finite, it follows (by the same arguments used to prove Proposition 5.2.9)
that the S-conjugacy class of Fy is finite, and hence there exists some m; such that,
for all i > m; and all Q € (R)s, Fo < S;. We can also assume that, for all i > m;, R is
S,-determined.
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Thus, R; = ((Tr); X Fr) > Hg, since, by Lemma 5.2.7, R; contains a set of represen-
tatives of R/Tr and of R/(R N T). It is easy to see now that, for i > m;, if Q € (R)s is
Si-determined then Q; has the same isomorphism type of R;, that is, we can write

Qi = ((Tg)i X Fg) = Hg

where Hj, is a subgroup acting by permutations on T7,, which in fact is isomorphic to
Hp (although it may not be S-conjugate to Hy).

Consider the sets Ty = {T;QIQ € (R)s} and Hy = {HplQ € (R)s}. It follows then
that the first set is finite because Aut#(T) is a finite group, and the second set contains
finitely many S-conjugacy classes, since X, contains finitely many subgroups and S
contains finitely many S-conjugacy classes of subgroups of the isomorphism type of
Hg by Lemma 1.1.3. Thus, there exist m, and representatives Ry, ..., R; € (R)s such
that, for each i > m,,

(i) Ry is S;-determined foreachk =1,...,1, and,

(ii) if Q € (R)s is any other S;-determined subgroup, then there exists x € S and R;
is this list such that

T, = x(T;Qj)x‘1 and Hg = x(Hg)x™".

In particular, the S;-root of Q is then S-conjugate to the S;-root of R;.

Finally, since we only have to fix finitely many representatives Ry, ..., Ry, it is clear
that there exists some mj3 such that, for all i > ms3, the S;-root of R; is S;-conjugate to
the S;-root of R, for j = 1,...,I. Taking My = mj; finishes the proof.

O

Proposition 5.4.21. There is some M such that, for all i > M, if R and Q are S-conjugate
and S;-determined, then their S;-roots are S;-conjugate.

Proof. Let R € Ob(¥°*), and let My be as in Lemma 5.4.20. Let also Q € (R)s be
Si-determined. Then, by Lemma 5.4.6, for all v € Ns(R;, Q)),

¥y 'Wi(y) € Cr(Ry).

Furthermore, since, by point (i) in BI-1, S; contains a set of representatives x of the
elements in S/T, we can assume that y € T.
Consider now, for each i, the map

v
T T

t 1 ().

Since T is abelian, this turns out to be a group homomorphism, and since T is infinitely
p-divisible, this is in fact an epimorphism, whose kernel is the subgroup of fixed points
T;. Furthermore, for any subtorus T” < T, W? restricts to an epimorphism 7" —» T7,
just by definition of ;.
Since, by Lemma 5.4.19, Cr(R;) is some subtorus T” of T, it follows now that y = t;1,,
where t; € T;and t, € T" = Cr(R;), and hence Q; is S;-conjugate to R;.
O
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We can now prove Theorem 5.4.18 above.

Proof. (of Theorem 5.4.18). We want to apply Theorem A in [BCG*05] (5.2.14) to prove
that the fusion system ¥ is saturated for all i big enough, and by Propositions 5.2.18,
5.2.20 and 5.2.22 it will be enough to prove that there is some M such that, for all
i>M,if Q € Ob(¥*) is S;-determined but not ¥ -centric, then Q; is not ¥;-centric.

Fix representatives in Ob(¥*) of the S-conjugacy classes of non-# -centric sub-
groups. By Lemma 1.3.2, there is only a finite number of them. For each such
representatives R, let M be as in Lemma 5.4.20, and let M}, > My, be such that, for all
i > My, R; is not F;-centric. Then, by Proposition 5.4.21 above, for any other Q € (R)s
which is S;-determined, the S;-roots R; and Q; are S;-conjugate, and hence neither Q;
is F;-centric.

Since we have fixed only finitely many representatives in Ob(¥ *) of S-conjugacy
classes of non-¥ -centric subgroups, the statement follows.

O

5.4.3 3-local compact groups from families in [DRV07]

We study now some examples of 3-local compact group which appear as limits of
certain families of 3-local finite groups from [DRVO07]. In particular, we study the
families  (3%**1, j), for j = 2,3, in (table 6 of) Theorem 5.10 [DRV07].

In fact, before starting the study of such families, we would like to justify why we
restrict to these two families. First, we wanted to study families of (finite) saturated
fusion systems not realized by finite groups, hence we discarded all those realized by
actual finite groups. We also discarded all fusion systems from tables 5 and 6 in 5.10
[DRV07] which are extensions of other fusion systems also listed in these tables. This

The families {F (3**!, j)} 14 were discarded simply because, for any k, there is no
inclusion ¥ (3%*1, j) ¢ ¥ (3%*3, j), and hence we cannot even expect to obtain a p-local
compact group from them, and the same happens with the family {#(3%,2)}. Now,
one could indeed obtain a p-local compact group, G, from the family {# (3%, 1)} by the
same arguments that we will use later on in this section. However, it happens that for
any k, ¥ (3%,1) cannot appear as the fixed-points p-local finite subgroup of the action
of any unstable Adams operation W acting on G, since the maximal abelian normal
subgroup of F(3*,1), Ry, is isomorphic to Z/3* x Z/3*! by Lemma A.11 [DRV07]
(this subgroup should correspond to the fixed points of the maximal torus T < G
under W, and hence should be isomorphic either to (Z/3)? or to (Z/3¥1)?).

Thus, we focus on the fusion systems of the type F(3**!,/), k > 2 and j = 2,3.
We will recall first the notation from [DRV07], and check that indeed by taking limits
over k (after fixing j), we obtain p-local compact groups G(j). We will then consider
a family of unstable Adams operations {W¥;} acting on the resulting p-local compact
group, and compare the triples G; = (S;, ¥/, L]) induced by the Adams operations on
G(j) with the families {# (3%**1, j)} to see that indeed each ¥; corresponds to a fusion
system in these families.

Note that each of the fusion systems listed in 5.10 [DRV07] has a unique associated
linking system by Corollary 3.5 [BLO03b]. We may then not mention the existence of
this linking system, but consider it implicit.
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We start by giving a brief description of the families we want to study. For each
of these families, let By = B(3, 2k + 1,0, 0, 0) be the 3-group described in Theorem A.2
[DRVO07]: By is the 3-group of order 32k+1 generated by elements {s, sy, ..., sy} satifying
the following list of relations:

® s;=[s;_y,s],forje{2,3,...,2k},

e [sy,s]]=1,forje{2,3,...,2k},

e s3=1,

o S?S?+1S]‘+2 =1, for ] S {1,2,. . .,Zk}, with Sok+1 = Sok4n = 1.

Using Lemma A.11 [DRV07] amb combining these relations, we can now deduce
the following presentation for By:

(5.19) By = (5,51, 5|5 = sfk =53 =1,[51,5] = 1,[s,51] = 55, [5, 5] = (5152) 7).

Thus, if we set now yi = (s1,5,) < By, then y, is a normal subgroup of By which is
isomorphic to Z/ 3k x Z/3%, and there is an extension

Vi— Br—n=(5)=2/3,

which, by Proposition A.9 [DRV07], is split. Furthermore, since the action of 7 on y;
is not trivial, it follows that

(5.20) Z(By) = (y)"=(s} )= 2Z/3.

For simplicity, set zy = s3 . Setalsoz, =53
Consider now By and By,1, with generator sets (with respect to the presentation
(5.19)) {s, 51,52} and {t, t1, t,} respectively. Then, one can define monomorphisms By <

Bj.1 naturally by

(5.21) Bi— By
S———>1¢

3
-
S1 tl
3
-
So t2'

It is then natural to consider the limit of this family of inclusions, S = UBy, which
is a discrete p-toral group with maximal torus T = Uiy of rank 2. In fact, since the
splittings of the By are natural with respect to the inclusions By < By, it follows that
S =T = (s).

Consider the following subgroups of Sy:

o V= <zk,ssll> =7/3x72/3, forl € {-1,0,1}, and

o £ =<(z,2, ssll> = 31*2, the extraspecial group of order 3% and exponent 3, for

le{-1,0,1}.
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The fusion systems F (3%*1, j), for j = 2,3, are determined then by the following table
(a summary of table 6 in 5.10 [DRVO07] for the families of our interest).

| Bx | Vo |Va| Eo |Ea| y | 3lfg |
- _ _ 2k+1
Z12XZ)2 |2 GLG) gy

where the column under By is the isomorphism type of Outg;(Bi), and the rest of
columns give the isomorphism type of Autg,;)(P) for the corresponding subgroup P,
when it is F(j)-centric Fi(j)-radical, or a dash when P is not (j)-centric F(j)-radical.

Set for simplicity F(j) = F (3%*1, j), for some j, and let L4(j) be the unique associ-
ated centric linking system. Consider again By, Br,; with generators s, s;, s, and ¢, 1, t;
respectively. Then, the inclusion i (5.21) sends zx to zx41, 2z, to z;,,, and hence i can
be extended to an inclusion functor i : Fi(j) = Frr1(j) of saturated fusion systems.

Let then ¥ (j) be the fusion system over S obtained by taking the limit of these
inclusion functors iy and spanning morphism sets from that. We want to check then
that 7 (j) is saturated. Note that the subgroups V;, E; < By, for I € {-1,0,1}, which
are not F(j)-conjugate, become ¥.1(j)-conjugate after taking their images through i
(since, with the notation above, ftt,' = t£3 and t,'tt, = t]°).

Lemma 5.4.22. Let P < S be a F(j)-centric F (j)-radical subgroup. Then, P is in the
F (j)-conjugacy class of one of the following subgroups: S, Vo, Eq or T.

Proof. For P < S a subgroup in the list above, the automorphism group is
Auty-'(j)(P) = h_r)nAutﬂ(]-)(P).

Thus, it is clear that the subgroups listed in the statement are ¥ (j)-centric ¥ (j)-radical
by definition of ¥ (j) (depending on the automorphism groups in the table above).
Let then P < S be any other ¥ (j)-centric ¥ (j)-radical subgroup, and suppose it is not
¥ (j)-conjugate to any of the subgroups in the list above.

Clearly, P cannot be finite, since if this was the case, then there would exist some
k such that P < By and such that Autg;(P) = Autg(;(P). Set T = Ty X T, where T,
m = 1,2, is the union of all the subgroups (s,,) (in the notation of (5.19)), and let A < T
be the diagonal rank 1 subtorus. Thus, since S = T = (s), and (s) = Z/3, we claim that
P satisfies one (and only one) of the properties below:

(@) P<T,
(b) P=S,or
(c) Tp = A and P contains an element x which acts nontrivially on T.

We are assuming P is not a finite subgroup, that is, that 1 < rk(P) < 2. Suppose
then that P is not a subgroup of T. This means then that P contains some element
x = ts (for some t € T) which acts nontrivially on T. If rk(P) = 2, then P = S, so
suppose that rk(P) = 1. Then, the maximal torus of P has to be A, since the only rank
1 subtorus of T which is sent by conjugation by x to itself is A.

Now, we are assuming that P is neither S nor T, so we have to assume that P has
rank 1, in which case the automorphism group of P, Auts;(P), is generated by the
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automorphism groups of S by definition of # (j). Since P 5 §, it follows that P £ Ns(P),
and (since all automorphisms of P are restrictions of automorphisms of S),

Outs(P) N Op(Out,c(]-)(P)) * {1}

Proposition 5.4.23. The fusion system F (j) is saturated.

Proof. Let H be the set formed by the 7 (j)-conjugacy classes of the subgroups listed in
Lemma 5.4.22. Then it is clear that 7 (j) is H-generated, and it is not difficult to prove
that it is also H-saturated. Since, in addition, H contains the list of all ¥ (j)-centric
¥ (j)-radical subgroups, it follows by Theorem A in [BCG*05] that 7 (j) is saturated.
O

The following list describes the two different saturated fusion systems which are
obtained as the limits of the families that we are considering.

S [ Vo [ B [ T [3g]
Z]2xZ)]2 GL;(?)) GLf(?’) GL,(3) ;8;

Next we check that we can naturally associate a linking system to # (j). For each
P in the list of ¥ (j)-centric ¥ (j)-radical subgroups of Lemma 5.4.22, define

def ..
Auti(j)(P) = hi)nAuth(]‘)(P)

(it is not difficult to check that this groups are well-defined), and let £7(j) be the
category with object set the ¥ (j)-conjugacy classes of the subgroups listed in 5.4.22
and with morphism sets spanned by the automorphism groups above.

Proposition 5.4.24. The category L(j) spans a centric linking system associated to the
fusion system F (j).

Proof. The functor p and the “distinguished monomorphisms” 6p for P € Ob(L(j)) are
defined as the limits of the corresponding functors p; and “distinguished monomor-
phisms” in Li(j). The axioms then follow easily since £7(j) has been defined as
some direct limit of linking systems. Since Ob(L(j)) already contains all ¥ (j)-centric
¥ (j)-radical subgroups, it follows that a full centric linking system £(j) with object
set Ob(L(j)) = Ob(F°(j)) can be spanned from L7(j).

O

Let now {W;} be a family of unstable Adams operations defined on G(j), and for
each ilet G(j); = (S;, F (j)!, L(j);) be the triple induced by W; as in definition 5.2.16. It
is not difficult to prove now the main result of this section.

Proposition 5.4.25. There is some M such that, for all i > M, there is some k; such that
F () = Fr(),

where Fy,(j) is one of the (saturated) fusion systems listed in [DRV07]. In particular, F(j)
is 5A-saturated.
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Proof. Fix lists like BI-1 and BI-2 for G(j). In particular, fix V, and Ej in the tables
above as the representatives of their S-conjugacy classes. For each i, let k; be such that
the subgroup of fixed points in S under the action of ¥;, S;, equals the group By, (5.19).

Note that, since (S)#;) = {S} and (T)#(j = {T}, it is clear that there is some m,
such that, for all i > m;, the automorphism groups of S; and T; in ¥/(j) equal the
automorphism groups of By, and yy, in F,(j) respectively, and we only have to deal
with the ¥ (j)-conjugacy classes of V, and Ey. Note that, for any i, the subgroups
Eo, E;y and E_; (repectively Vj, V1 and V_;, see Lemma 5.2 in [DRV07]) are no longer
S;-conjugate, since the elements that conjugate them are not W;-invariant.

Now, it is easy to see that the subgroups V|, and E; are ¥ (j)-centric by Lemma
5.2 [DRV07], since by definition of ¥ (j) there is no morphism in this fusion system
conjugating Vo with Py = (z,z’), where z and z’ represent in T the elements z; and z;
defined in (5.20). Furthermore, by Lemma A.15 [DRV07], any subgroup of S of the
isomorphism type of Z/3 x Z /3 (except from P;) is ¥ (j)-conjugate to V. Hence, the
only non-# (j)-centric subgroups of S are P; and all subgroups of the isomorphism
type of Z/3.

Let P < S be a non-¥ (j)-centric subgroup. We claim then that

Cr(P) 2 (Z(P)N T).

Suppose first that P € (P1)#(j). Then, in fact P = P; < T, and the statement follows
immeadiately. Suppose now that P is isomorphic to Z/3. Then, either P < T and
the statement follows, or P = (ts), for some t € T, in which case P does not contain
Z(S) < T, and the statement holds for P.

Thus, by Lemma 5.4.3, there is some m; such that, for all i > m;, if R € Ob(F (j)*)
is S;-determined but not ¥ (j)-centric, then R; is not ¥ (j);-centric. This, together with
Proposition 5.2.22, implies that condition (5.4) holds for all i > m;, and hence 7 (j)! is
5A-saturated (and in particular saturated).

Now, since both V; and E are finite subgroups of S, it is easy to see that there is
some m;, such that, for all i > my,, if k; is such that |Bi| = |Si, then

Aut:;-(j)l{(VO) = Autqf(]‘)(VO) = Autﬂi(]‘)(VO)
Autyr(]‘)l{(Eo) = Autgr(]‘)(Eo) = Autﬂ]_(]‘)(Eo)

and hence, by comparison with table 6 in Theorem 5.10 [DRV07], it follows that

F ()i = Fu())-

The following result is then obvious.

Theorem 5.4.26. Let G(j), for j = 2,3, be one of the 3-local compact groups defined by
Propositions 5.4.23 and 5.4.24, and let {\V;} be a family of unstable Adams operations acting

on@G.
Then, the family {\V;} induces an approximation of G(j) by p-local finite groups.
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5.5 Saturated fusion systems without associated linking
system

Up until now, we have always assumed in this chapter that, given a saturated fusion
system ¥ over a discrete p-toral group S, there was always an associated linking
system L (forgetting about uniqueness of such linking system), but it is also worth
considering the situation where no associated linking system is assumed to exist.

When this is the case, Robinson groups realizing (saturated) fusion systems (see
Theorem 2.2.3) and the unstable Adams operations that we have defined for them
(Proposition 4.3.2) provide a setting where we might try to reproduce the construc-
tions done previously in this chapter. However, working with these infinite groups
is more complicated than it could seem on first sight.

For instance, while we have not proved an analogue of property (ii) in Theorem
2 [Rob07], which says that the centralizer of a centric subgroup has a normal free
subgroup of finite index, it is fair to expect something similar to happen to the models
we use in this work. Furthermore, the subgroups N¢(P), for P < S, need not be neither
artinian nor locally finite. This means that one has to be careful when thinking of
Robinson groups as substitutes of centric linking systems.

Let then ¥ be a saturated fusion system, and let G be a Robinson group realizing
¥ . Let also {W;} be a family of unstable Adams operations acting on G. Since, in
particular, the W; are group automorphisms, we may then consider for each i the
subgroup

Gi = {g € G|Wi(x) = x}.

Naturally, the subgroup of fixed elements of S under ¥;, S;, is a subgroup of G; for all
i, and here is appears the first question. Is S; a Sylow p-subgroup of G; (in the sense
that any other finite p-subgroup of G; is subconjugate to S;) or not?

What is not difficult to prove is the following lemma, which does not seem to be
of much interest if we cannot progress in this problem.

Lemma 5.5.1. For each g € G there exists some M, such that, for all i > My, Wi(g) = . In
particular, G is the union of all the subgroups G;.

Proof. Let g € G be any element, and writeitas g = g1 * g *...* gy, Where each g, is in
L; for some P; € . Since WV is constructed from unstable Adams operations on each
L;, it follows by Proposition 5.2.3 that for each g,, there exists some M,,, such that the
statement holds. We just have to take M, to be the maximum of all the M,, s to finish
the proof.

O






Appendix A

Extensions of p-local compact groups
with discrete p-toral kernel

While morphisms between any arbitrary two p-local compact groups are not defined
in general, there are some situations where morphisms can be considered. This is
even more interesting when such morphisms allow us to transfer information from
one p-local compact group to another, and this is the case of extensions. Extensions
of p-local finite groups were first studied in [BCG*07], and then in [OV07], where the
authors classified extensions of p-local finite groups with p-group kernel.

In this chapter, we extend the results from [OV07] to extensions of p-local compact
groups with discrete p-toral group kernel. In the original paper, such extensions were
used to study the construction of new exotic p-local finite groups. Leaving apart the
fact that it is not at all clear what an exotic p-local compact groups ought to be, we are
not interested in extensions of p-local compact groups from this point of view, and
hence the part of [OV07] regarding exoticity has been skipped here.

This chapter is then organized following the structure of the original source. In
the first section we define quotients of saturated fusion systems by weakly closed
subgroups, and prove that one obtains then a saturated fusion system. In the second
section we introduce the notion of transporter system, which generalizes that of
linking system, and prove some of their properties, such as the fact that a linking
system is always a transporter system, and that given a transporter system we can
obtain a linking system under certain reasonable hypothesis. The third section proves
extends the results on quotients of fusion systems to quotients of transporter systems.
In the fourth section we deal with higher limits over orbit categories and show some
properties about the homotopy type of classifying spaces of transporter systems, and
finally in section five we classify a certain class of extensions of transporter systems
called admissible, extending thus the classification of admissible extensions of finite
transporter systems from [OV07].

A.1 Quotients of fusion systems

In 1.2.8 we have introduced the notion of weakly closed subgroups of fusion systems,
as well as stronger conditions such as strongly closed and normal subgroups. Given
a (saturated) fusion system ¥ over S and a weakly closed subgroup A, the quotient
fusion system ¥ /P over S/A is defined naturally as the fusion system where mor-

111
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phisms are induced by morphisms in #. In this section, we prove that saturation on
¥ implies saturation on ¥ /A.

Let then # be a saturated fusion system over a discrete p-toral group S, and let
A < Sbe a subgroup. Whenever A is weakly ¥ -closed, we define the quotient fusion
system ¥ /A over S/A as the fusion system with morphism sets

(A1) Homg,a(P/A, P’ |A) = {f/Alf € Homg(P, P')}.
Note that S/A can be again a discrete p-toral group.

Proposition A.1.1. Let ¥ be a saturated fusion system over a discrete p-toral group S, and
let A < S be a weakly F -closed subgroup. Then, F |A is a saturated fusion system over S/A.

One lemma is needed before giving a proof for this result.

Lemma A.1.2. In the situation above, a subgroup P < S containing A is fully F -normalized
if and only if P/A < S/A is fully ¥ |A-normalized.

Proof. This holds since for each P < S such that A < P,
Ns;a(P/A) = Ns(P)/A,

and since the ¥ /A-conjugacy class of P/A corresponds to the ¥ -conjugacy class of P.
O

Proof. (of Proposition A.1.1). We can skip checking axiom (III) in 1.2.2 for ¥ /A since
it follows from axiom (III) on . We will use the equivalent saturation axioms from
[KS08], proved in 1.7.1 for the compact case.

(I') Inn(S/A) € Syl,(Auts;4(S/A)).

This is equivalent to showing that {1} € Syl,(Outg#,4(S/A)), and this follows imme-
diately from the epimorphism of finite groups

Out#(S) - Outyr a(S/A)

and the fact that ¥ is saturated.
(I") Let f/A : P/A — S/Abe amorphism in ¥ /A SliCh that P'/A = f/A(P/A) s fully
¥ /A-normalized, then f/A extends to a morphisms f/A € Homg#(N¢/4,5/A), where

Nf/A = {gA € NS/A(P/A)lf/A O Cgp © (f/A)_l € AutS/A(P’/A)}.

Let f € Hom# (P, S) be a representative of f/A in ¥. By Lemma A.1.2 above, P'/A =
flA(P/A) is fully F /A-normalized if and only if P’ = f(P) is fully #-normalized. In
particular, since ¥ is saturated, P’ is also fully #-centralized, and we may apply
axiom (II) in F to the morphism f.

Axiom (II') now follows since there is an epimorphism

Nf - Nf/A,

and hence an extension of f in ¥ gives rise to the desired extension of f/A in ¥ /A.
o
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A.2 Transporter systems associated to fusion systems

Let ¥ be a saturated fusion system over a discrete p-toral group S, and let A < S be
weakly F-closed. Suppose in addition that there exists a centric linking system £
associated to . As shown in section 2 of [OV07], even if we may define a quotient
linking system L/A associated to ¥ /A, this need not be a centric linking system,
since ¥ -centric subgroups need not correspond to ¥ /A-centric subgroups. This is the
reason why we introduce the wider class of transporter systems.

Let G be an artinian locally finite group such that has Sylow p-subgroups, and let
S € Syl,(G). We define 75(G) as the category whose object set is Ob(75(G)) = {P < S},
and such that

Morg,c)(P,P’) = No(P,P’) = {g € G|gPg™! < P'}.

For a subset H C Ob(75(G)), T#(G) denotes the full subcategory of 75(G) with object
set H.

Definition A.2.1. Let ¥ be a fusion system over a discrete p-toral group S. A transporter
system associated to F is a category T~ such that

(i) Ob(T") € Ob(F);
(ii) forall P € Ob(T"), Auty(P) is an artinian locally finite group;

together with a couple of functors

Towr(S) —> T -5 F,
satisfying the following axioms:

(A1) Ob(T) is closed under ¥ -conjugacy and overgroups. Also, ¢ is the identity on objects
and p is inclusion on objects.

(A2) For each P € Ob(T"), let
E(P) = Ker(Aut+(P) — Aut#(P)).

Then, for each P,P’ € Ob(T"), E(P) acts freely on Mors(P, P") by right composition,
and ppp: is the orbit map for this action. Also, E(P’) acts freely on Mors(P, P") by left
composition.

(B) Foreach P,P’ € Ob(T"), eppr : Ns(P, P") — Mors(P, P’) is injective, and the composite
ppp © epp sends g € Ns(P, P’) to c, € Homg(P, P’).

(C) Forall ¢ € Morq(P,P’) and all g € P, the following diagram commutes in T :

P——PF
é‘P,P(g)i lfP’,P’(P((P)(g))
P/

P—

(D) ess(S) € Syly(Auty(S)).
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(II) Let ¢ € Isog(P,P’),and P<R < S, P’ <R’ < S such that
@ oepp(R) o (P_l < ep p(R).

Then, there is some ¢ € Morq(R,R’) such that ¢ o epr(1) = €p /(1) 0 @, that is, the
following diagram is commutative in T :

4
P——P
EP,R(D\L lEP’,R’ (1)
R——R'.

3

(III) Let Py < Py < ... bean increasing sequence of subgroups in Ob(T"), and P = |, P.
Suppose in addition that there exists 1, € Mors(P,, S) such that

l,bn = ¢n+1 o EPH,PnH(l)
forall n. Then, there exists 1 € Morq(P, S) such that y,, = ¢ o ep, p(1) for all n.

Given a transporter system T, we will refer to the p-completion of the realization of the
nerve of T, |T |1y, as the classifying space of the transporter system.

Note that, in axiom (III), P is an object in Ob(7"), since Ob(7") is a set of subgroups
of S closed under # -conjugacy and overgroups. As in [OV07], the axioms are labelled
to show their relation with the axioms for linking and fusion systems respectively.

The following lemma is an analog of Lemmas 3.2 in [OV07] and 4.3 in [BLOO07].

Lemma A.2.2. Let T be a transporter system associated to a fusion system F (over a discrete
p-toral group), and let p : T~ — F be the projection functor.

(i) Fix morphisms f € Hom#(P, Q) and ' € Hom#(Q, R), where P,Q,R € 7. Then, for
any pair of liftings ¢’ € py and w € pyL(f'f), there is a unique lifting ¢ € py1(f)
such that ¢’ o ¢ = w.

(ii) All morphisms in T are monomorphisms in the categorical sense. That is, for all

P,Q,R € T and all ¢1,¢p, € Mors(P,Q), Y € Mors(Q,R), if o 1 = ¢ o @, then
1 =92

(iii) For every morphism ¢ € Mors(P, Q) and every Py, Qo € T such that Py < P, Qy < Q
and p(p)(Po) < Qo, there is a unique morphism @y € Mors(Py, Qo) such that o tp,p =
10,0 © Po. In particular, every morphism in T~ is a composite of an isomorphism followed
by an inclusion.

(iv) All morphisms in T are epimorphisms in the categorical sense. In other words, for all
P,Q,R € T and all p € Mors(P, Q) and yn, P, € Mors(Q, R), if 1 0 @ = ¢, o ¢ then
Y1 = o

Proof. Let F7 be the full subcategory of F with object set Ob(¥7) = Ob(7"). Since
the functor p : 7~ — ¥ is both source regular and target regular (because of axiom
(A2) of transporter systems, see definition A.5 in [OV07]), the proof for Lemma 3.2 in
[OVO07] applies as well in this case.

o
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The rest of this section is devoted to prove first that linking systems are transporter
systems, and second that from a transporter system (satisfying some mild conditions)
we can always obtain a linking system.

Let G be a p-local compact group, and, for each P € £ fix a lifting of incl; : P — S
in £, ips € Morg(P,S). Then, by Lemma 1.4.3, we may complete this to a family of
inclusions {ipp'} in a unique way and such that tps = tp/ s © tps Whenever it makes
sense.

Lemma A.2.3. Fix such a family of inclusions {tpp'} in L. Then, for each P, P’ € L, there are
unique injections
5p,pr : Ns(P, P’) — MO?’L(P, P,)

such that
(i) tps 0 Opp(g) = 0s(g) o tpg, forall g € Ns(P, P’), and
(ii) Op is the restriction to P of Opp.

These injections thus form a functor from T op1)(S) to L.

Proof. Note that, for P = P’ = §, the injection s is already defined by the definition
of linking system. Let then P,P’ € Ob(L), and consider the following commutative

diagram in 7
P P
mclgi lincl;,
S S

where ¢ € Ng(P, P’). Since g € S is a lifting in L of c,, and we have fixed liftings
for incl} and inclj, respectively, Lemma 4.3 (a) in [BLO07] applies, and it follows that
there exists a unique morphism 6pp/(g) € Mor (P, P’) making the following diagram
commute:
p
LP'S\L
S

This gives a map opp : Ns(P, P’) — Mor (P, P’), and conditions (i) and (ii) follow by
4.3 (a) in [BLOO7]. Hence, it remains to check the injectivity of 6pp-.
Let g, h € Ns(P, P’) be such that 6pp/(g) = Opp (). This would imply that

cg = 11(0pp(8)) = T(dpp () = ci

Cg
 ——

S

—_—
Cg

oppr(8)

—_— 4

lpr s

N~

|

os(9)

in F and hence, that hg™! € Cs(P) = Z(P) (since P is centric). By construction of dpp
and by Lemma 4.3 (b) in [BLOO07], it would follow then that there exists z € Z(S), a
nontrivial element, such that

65(h) = 65(2) o 55(g)

and hence that 6pp (h) = 6p(z) © 6pp/(g). Hence, g = h and 6pp is injective.
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Proposition A.2.4. Let T be a transporter system associated to a fusion system F over a
discrete p-toral group S. Then, for any P € T,

(i) Pis fully ¥ -normalized if and only if epp(Ns(P)) € Syl,(Auts(P)).
(ii) P is fully ¥ -centralized if and only if epp(Cs(P)) € Syl,(E(P)).

Proof. For both (i) and (ii) the “if” implication is immediate, since they only depend
on the F-conjugation class of P. Also, for S the “only if” part in (i) and (ii) also hold
by axiom (I) in the definition of transporter systems.

(i) “only if”:

Suppose P is fully F-normalized but epp(Ns(P)) is not a Sylow p-subgroup of
Auty(P). Suppose further that P is of maximal order satisfying that (i.e, no over-
group of P satisfies those two conditions).

Let now H € Syl,(Auts(P)) such that epp(Ns(P)) < H. In fact, this inclusion is by
hypothesis strict. Being both H and ¢pp(Ns(P)) discrete p-toral groups, the inclusion

epp(Ns(P)) < Ho = Np(epp(Ns(P)))
is again strict. We have in fact a sequence of strict inclusions
erp(P) = epp(Ns(P)) £ Ho

since P £ S implies P £ Ng(P).
Let ¢ € Hy \ €pp(Ng(P)). Then,

§0_1 o epp(x) o @ € epp(Ns(P))

for all x € Ng(P) since epp(Ns(P)) < Hp. It follows by axiom (II) for transporter systems
that there is an extension of ¢, namely ¢ € Auts(Hs(P)), making the following diagram
commute:

p—"—>p
LPNg(P) \L i LPNg(P)
Ns(P) —= Ns(P).

Since Auts(Ns(P)) is locally finite, || = p*m, where p + m. Thus, for r such that r = 0
(mod m), r = 1 (mod p"), (p)" is an automorphism of Ns(P) of order p* which is again
an extension of ¢. Thus, we can assume directly that ¢ has order a power of p.
Choose R fully # -normalized and ¥ -conjugate to Ng(P), and let y € Isos-(Ns(P), R).
Since we have taken P maximal with respect to the above assumptions, it follows that

er,r(Ns(R)) € Syly(Autr(R)),

and hence y o ¢ o y! is conjugate to err(y) for some y € Ns(R). We can suppose
without loss of generality that

yo@oy ! =err(y).
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By construction, ¢ € Auts(R) restricts to ¢ € Auts(P). Sigui P’ = p(y)(P) < R i
Yo = Vipp € Isor (P, P’). There is a commutative diagram

-1
p s p—top e p

tp7 R l l tp7 R
R

4

erR(Y)=yPy !

from where we deduce that y, 0 ¢ o 7/51 € Autq(P’) is a restriction of err(y), ie.,
p(err(Y)) = ¢, € Autg(R) restricts to an automorphism of P’ (in ), which means that
y € Ns(P')and ypo p oyt = ep p(y).

On the other hand. since P is fully #-normalized, it follows that

p(y)(Ns(P)) = Ns(P’),

and y = p(y)(z) for some z € Ng(P). We thus have the following two commutative
squares in 7, where all arrows are isomorphism:

p-—Lsp p—sp
‘PJ/ lﬁp'/p' (¥)  epp(2) lgp',p' (v)
P——>P P——~P.

Comparing the two squares, it follows that ¢ = ¢pp(z) (since all morphisms in 7~ are
monomorphisms in the categorical sense, by Lemma A.2.2 (b)), in contradiction with
the assumption that ¢ ¢ epp(Ns(P)).

(ii) “only if”:

Let P € Ob(7") , and let P’ be F -conjugate to P and fully ¥ -normalized. Then

ep,p(Ns(P")) € Syl,(Autr(P"))

by (i), and hence
ep p(Cs(P")) = ep p(Ns(P")) N E(P’)

is a Sylow p-subgroup of E(P’). Also, E(P) = E(P’), so P is fully ¥ -centralized if and
only if Cs(P) = Cs(P’). Equivalently,

ep p(Cs(P')) € Syl,(E(P)).
O

Using this proposition we can give an alternative statement for axiom (I) in defi-
nition A.2.1:

(I') If Pis fully #-normalized, then ¢pp(Ns(P)) € Syl,(Auts(P)).
This will simplify the proof that a linking system is a transporter system.

Proposition A.2.5. Let G = (S, ¥, L) be a p-local compact group. Then, L is a transporter
system associated to F .
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Proof. The usual projection functor p : £ — ¥ in the definition of a linking system
plays also the role of the projection functor in the definition of transporter system.
Also, in Lemma A.2.3 we have defined a functor ¢ : Top)(S) — L. It remains to
check that L satisfies the axioms in definition A.2.1.

(A1) This follows from axiom (A) on L.

(A2) By axiom (A) on £, we know that, for all P, P’ € L, E(P) = Z(P) acts freely on
Mor ¢(P, P’") and that ppp: is the orbit map of this action.

Thus, we have to check that E(P') = Z(P’) acts freely on Mor (P, P’). Suppose
@ € Mor (P, P’) and x € E(P’) are such that

ep(x) o = .

Then, x centralizes p(¢)(P), so x = p(p)(y) for some y € Z(P), since P is ¥ -centric.
Hence,
¢ = 0p(x) 0@ = @ oop(y)
by axiom (C) for linking systems, and thus by axiom (A) we deduce thaty =1, x =1
and the action is free.
(B) By construction of the functor ¢, we know that

epp : Ns(P, P") — Mor (P, P’)

is injective for all P, P’ € L.
Thus, we have to check that the composite ppp © epp sends g € Ng(P,P’) to
¢y € Homg(P, P’). Note that the following holds for any P, P’ € £ and any x € Ns(P, P’):

tpr 0 eppr(x) = eprs(1) 0 eppr(x) = e5(x) 0 eps(1) = bs(x) o tp
in £ and hence so does the following:
inclls), © PP,P'(EP,Pf(x)) = pP,S(LP’ o epp(x)) = Pp,s(és(x) O lp) = Cy.

in¥.
(C) This follows from axiom (C) for linking systems.
(I') Let P € L be fully ¥ -normalized. We want to check that

epp(Ns(P)) € Syly(Aut (P)).

Now, if P is fully #-normalized (and ¥ -centric, since it is an object in £), then
Cs(P) = Z(P) and Ns(P)/Z(P) = Auts(P) € Syl,(Aut#(P)). Since E(P) = Z(P), axiom (I")
follows.

(II) Let @ € Isog(P,P’), P< R, P’ < R’ be such that

@ oepp(R) oo < epp(R).
We want to see that there exists ¢ € Mor (R, R’) such that
@ o epr(1) = ep r(1) 0 @.

Since P’ is  -centric, it is fully # -centralized. Then, we may apply axiom (II) for

fusion systems to the morphism f = p(¢), that is, f extends to some f € Hom#(Ny, S),
where
Ny = {g € Ns(P)Ifcyf ' € Auts(P)},
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and clearly R < Ny. Hence, frestricts to a morphism in Homg# (R, S). Furthermore,
ﬁR) < R’ since f conjugates Autg(P) into Autg (P’).

Now, (tpr g © @) € Mor (P, R’) is a lifting in L for inclﬁ,’ o f € Homg(P,R’), and we
can fix a lifting ¢ € Mor (R, R’) for f Thus, by Lemma 1.4.3 (i) there exists a unique
T € Mor (P, R), a lifting of incl}, such that

lpro@=1olL

Since p(1) = incly = p(ipr), by axiom (A) it follows that there exists some z € Z(P) such
that

= 1pg 0 6p(2z) = Or(p(1pr)(2)) © tpR,

where the second equality holds by axiom (C). Hence

tpr © @ = (P o Or(p(tpr)(2))) © LpR-

(IlI) Let P; < P, < ... be an increasing sequence of objects in £, P = UP,, and
@n € Mor ¢(P,, S) satistying ¢, = @41 0 tp, p,,, for all n. We want to see that there exists
some ¢ € Mor (P, S) such that ¢, = ¢ o 1p, p for all n.

Set f, = p(pn) for all n. Then, by hypothesis, f, = f,+1 © zncl ! for all n. Now, it is
clear that {f,} forms a nonempty inverse system, and there ex1sts f € Homg(P, S) such
that f, = fip, for all n (the existence follows from Proposition 1.1.4 in [RZ00], and the
fact that f is a morphism in ¥ follows from axiom (III) for fusion systems).

Consider now the following commutative diagram (in ¥):

The same arguments used to prove that axiom (II) for transporter systems holds
on L above apply now to show that there exists a unique ¢ € Mor (P, S) such that
@1 = @ o tp, p. Combining this equality with ¢; = ¢, o 1p, p, and Lemma A.2.2 (iv)
(morphisms in .L are epimorphisms in the categorical sense), it follows that

@2 = @ O lp,p.

Proceeding by induction it now follows that ¢ satisfies the desired condition.
O

Finally, we show that, given a transporter system 7, we can always obtain a linking
system L. However, this linking system may not be a centric linking system, in the
sense that Ob(L) may not contain all ¥ -centric subgroups of may contain subgroups
which are not # -centric.

Proposition A.2.6. Let T be a transporter system associated to a fusion system F over a
discrete p-toral group S. Then, for every P € T which is ¥ -centric,

E(P) = Z(P) X Eo(P),
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where all the elements in Ey(P) are of order prime to p.
Hence, the category L defined by Ob(L) = {P € T |P is ¥ — centric} and by

Mor (P, P") = Mors(P, P")/Eo(P)

is a linking system associated to .

Proof. Recall that, for each P € 7, E(P) = Ker(Auts(P) - Auts(P)). Thus, by axiom
(C) for transporter systems it follows that E(P) commutes with ¢p(P): the following
diagrama is commutative,

¢
_—

P P
av(g)l lep(g)
P T P/

forall g € Pand all ¢ € E(P). That s,

EP(P) < CAutrr(P)(E(P))/

and hence ¢p(Z(P)) is central in E(P) (this in fact holds for all P € 7).
Now, suppose P € 7 is ¥ -centric. Then, P is fully #-centralized, and hence by
Proposition A.2.4 (ii),

ep(Cs(P)) = p(Z(P)) € Syl,(E(P)),

and E(P) = ep(Z(P)) X Eo(P), where each element in Ey(P) has order prime to p.
Finally, let 7¢ € 7 be the full subcategory of 7~ with object set the ¥ -centric
subgroups in 7. Then, 7° is again a transporter system, and L defined as in the
statement is a quotient category of 7 ¢, which means that composition is well-defined
in L. The axioms for linking systems on L now hold because of axioms (A1), (A2),
(B) and (C) on 7.
O

A.3 Quotients of transporter systems

Quotients of (saturated) fusion systems have been introduced and studied in section
A.l, and now we want to extend those definitions and properties to transporter
systems. More specifically, we have proved in Proposition A.1.1 that the quotient of
a saturated fusion system by a weakly ¥ -closed subgroup is again a saturated fusion
system, and now we prove that the quotient of a transporter system by a weakly
closed subgroup is again a transporter system.

Definition A.3.1. Let 7 be a transporter system associated to a fusion system F over a
discrete p-toral groups S, and fix A < S, not necessarily an object in 7. Then,

o we say that A is weakly T -closed if for any P,P’ € T containing A as a subgroup
and any ¢ € Morgq(P, P’), the morphism f = p(p) € Homg(P, P’) satisfies f(A) < A;

o we say that A is stronly T -closed if for any pair of objects P,P’ € T and any
@ € Morq(P, P’), the morphism f = p(@) satisfies f(P N A) < P’ NA;
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o we say that A is T -normal if for any pair of objects P, P’ € T and any ¢ € Morq(P, P’),
there exists € Morq(PA, P’ A) such that ep p a(1)o@ = Yoeppa(l) and p(iP)(A) < A.

Lemma A.3.2. If A is T -normal, then it is strongly T -closed. If A is strongly T -closed,then
it is weakly T -closed.

Let 7 be a transporter system associated to a fusion system ¥ over a discrete p-
toral group S, and let A < S be a weakly 7 -closed subgroup. We define the quotient
transporter system of 7 by A, 7 /A, as the category with object set Ob(7 /A) = {P/A|P €
7, A < P}, and with morphism sets

(A.2) Morz4(P/A, P’ |A) = Morq(P, P")/ep(A) = ep(A) \ Mors(P, P’).

As happened in Proposition A.1.1 with quotient fusion systems, the structure on 7
induces some structure on 7 /A.

Proposition A.3.3. Let T be a transporter system associated to a fusion system F over a
discrete p-toral group S, and let A < S be a weakly T -closed subgroup. Then, T [A is a
transporter system associated to the fusion system ¥ |A over S/A.

Proof. The functor p/A : T/A — ¥ /A is induced by p, and the functor ¢/A :
T ovr2)(S/A) = T /A is defined by

(e/A)pia,pa(8A) = [epp(g)] € Morq(P, P’)/ep(A).

Axioms (A1) and (B) hold for 7 /A because they already hold for 7.

Axioms (A2), (C), (I) and (II) hold using the same arguments in the proof for
Proposition 3.10 in [OV07].

Thus, we just have to show that axiom (III) also holds for 7 /A. Suppose that
we are given an ascending chain of subgroups in S/A, P1/A < P,/A < .... Set then
P/A = UP, /A, and for each n let ¢, /A € Mors4(P,/A,S/A) be such that

gOn/A = (Pn+l/A o g/APn/A/P;Hl/A(l)'

We want to see that there exists ¢ /A € Morq(P/A,S/A) such that for each n ¢, /A is the
corresponding restriction of ¢ /A.

We start by chosing liftings in 7~ of the morphisms ¢, /A so that we can apply
axiom (III) in 7. Start by chosing a lifting ¢ € Morg(P3, S) of ¢1/A, and now suppose
we have already chosen liftings ¢, ..., ¢, such that, foreachi=1,...,n -1,

Qi = Qis1 © €p,p,,, (1),

and choose a lifting ¢’ ., € Morq(P,41,S) of ¢,.1/A. This lifting may not satisfy that
©n =@, ° €p,p,., (1), but by definition of 7 /A there exists some a € A such that

(Pn = (PII1+1 o gpnrpnﬂ (1) © Epn (ﬂ) = (g0;1+1 © SPn+1 (ﬂ)) o (an,Pn+1(1)/

where the second equality holds by axiom (C) for transporter systems applied on
T . Thus, @1 = ¢/, o ep,,,(a) satisfies de desired condition. Inductively, we obtain
liftings for all ¢, /A such that each lifting is the restriction of the next one.

Now, we can apply axiom (III) for transporter systems on 7 for the family {¢,}:
there exists some ¢ € Mors(P, S) such that ¢, = ¢ o ¢p, p(1) for all n, and the induced
morphism ¢ /A € Morq(P/A, S/A) is the morphism in 7 /A we were looking for.

O
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A.4 Homotopy properties of transporter systems

We have seen in Proposition A.2.6 that, given a transporter system, we can obtain
a linking system by taking suitable quotients of the automorphism groups in the
transporter system. We will now prove that actually in this situation, the classifying
spaces of the transporter system and of the linking system are homotopy equivalent.
Some calculations on higher limits over orbit categories will be needed in order to
prove that.

Thus, let 7" be a transporter system. We first introduce the orbit category of 7,
which is analogous to the orbit category of a fusion system as defined in 1.5.1.

Definition A.4.1. The orbit category of T is the category O(T") with object set Ob(O(7")) =
Ob(T") and with morphism sets

Moro (P, Q) = €0,0(Q) \ Mors(P, Q).

Lemma A.4.2. Fix a transporter system T associated to a fusion system F over a discrete
p-toral group S, and let
O O(T)Op — Z(p) — mod

be any functor which vanishes except on the ¥ -conjugacy class of one subgroup Q € O(T").
Then,
lim” o () = A (Autor (P); D(P).

Proof. This lemma is proved by the same arguments used to prove Proposition 5.4 in
[BLOO07] (an analog for transporter systems of Proposition 2.8 in [BLO07] can easily
be deduced precisely using this result).

O

Corollary A.4.3. Fix a transporter system T associated to a fusion system over a discrete
p-toral group S.

(i) Assume the functor ® : O(T)" — Z,) — mod has the property that for all P € T such
that ®(P) # 0, there is an element of order p in Autoq(P) which acts trivially on ®(P).
Then,

lim” 5 (@) = 0.

(ii) Assume the functor V : T — Z,,,) — mod has the property that for all P € T~ such that
W(P) # 0, there is g € Cs(P) \ P such that epp(g) acts trivially on \V(g). Then,

lim" (W) = 0.

Proof. (i) By Lemma 5.12 in [BLO07] together with the hypothesis on (i), it follows that
N (Auto(P); ®(P)) = 0 for all P € 7. By Lemma A.4.2 and an appropriate filtration
of ® and the long exact sequences in higher limits for extensions of functors on O(7")
tinishes the proof of (i).

(ii) It follows from point (i) together with Proposition A.11 in [OV07].
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Proposition A.4.4. Let T be a transporter system associated to a F system, and suppose that
T contains all the ¥ -centric F -radical subgroups as objects. Let T be the full subcategory of
T with object set the ¥ -centric objects of T, and let L be the centric linking system obtained
from T ¢ (Proposition A.2.6).

Then, the inclusion T° < T and the projection T° - L induce homotopy equivalences

T =~ 7] ~ L]

Proof. Lemma 1.3 in [BLOO03a] holds also if we ask K(c) to be locally finite instead of
finite. Thus we can apply it in these case to see that the projection 7° - L induces a
homotopy equivalence

T ~ 1L

We have to prove then that the inclusion 7¢ < 7 induces too a homotopy
equivalence. Consider the functor ® : 7% — Ab which sends all objects to IF, and all
morphisms to the identity, and let @, C ® be the subfunctor

_ [ o) ifPegT,
(DO(P)_{O if PeTe

Then, there are isomorphisms
H(1T|;,) = lim*, (@) and H*(7T1, 17 IF,) = lim*, ().

Now, for each P ¢ 7 which is fully centralized and each ¢ € Cs(P) \ P, €pp(g)
acts trivially on @(P), and by Lemma A .4.3 (ii) it follows then that 11m +(®p) =0, and
hence the inclusion of |7 in |7 is a mod p homology 1somorphlsms and induces a
homotopy equivalence of p-completions.

O

A.5 Extensions of transporter systems by discrete p-toral
groups

Finally, we define extensions of transporter systems with discrete p-toral group kernel,
and introduce also the notion of admissible extensions. We will then classify all
admissible extensions, extending thus the results from [OV07].

Definition A.5.1. Let 7 be a transporter system. An extension of 7 by a discrete p-toral
group is a category T, together with a functor T : T — T which is the identity on objects,
and such that, for all P,Q € Ob(T), the following hold:

(i) Kp Y Ker[Aut;(P) — Auts(P)] is a discrete p-toral group;

(ii) Kp acts freely on Mor=(P, Q) by right composition and 7 is the orbit map of this action;
and

(iii) Kg acts freely on Mor=(P, Q) by left composition and t is the orbit map of this action.
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By definition, the functor 7 is source and target regular functor in the sense of
definition A.5 in [OV07]. In particular, Lemma A.7 in [OV07] says then that, for all

P,QeT,
Kp=Kg = A,
for a certain discrete p-toral group A. Thus, we can talk about extensions of 7 by the

discrete p-toral group A.
First we will check that such an extension is again a transporter system. Let then

S be the pull-back of 75 and &s:

(A.3) §—— Aut=(5)

Tk

S *{?AutT(S)

Letg: S — Sand &5t S - Autz(5) be the structure maps of the pull-back. Then, g is
surjective and ¢ is injective.

Set also A = Ker(g), and P = g '(P) for each P € 7. Then, for each P € T, the
subgroup P fits in an extension

A—>§£>P,

and hence we can identify the set of objects in T with the set of subgroups P<S

defined as above for each P € 7. Note that S is a discrete p-toral group since both S
and A are. _ N
A fusion system over S can also be defined as follows. Define a functorp : 7~ — Gps

to be the identity on objects and sending a morphism ¢ in 7 to the unique group
homomorphism defined in Lemma 5.5 in [OV07]. Define ¥ as the image of p. As
shown in [OV07], it turns out to be a fusion system over S.

Proposition A.5.2. The category T defines a transporter system associated to the fusion
system F . In particular,  is Ob(T")-saturated. Furthermore, A is T -normal, and

(S, F,T) = (S/A, F/A,TJA).

Proof. Since Lemmas 5.2, 5.3, 5.4, 5.5 in [OV07] hold also in this case, the proof of

Proposition 5.6 in [OV07] also applies here, and we only have to show that T satisfies
axiom (III) for transporter systems.

Let then P; < P, < ... bean increasing sequence of subgroups in Ob(7), and let
P = UP. Suppose also that for all n there exists ¢, € MorT(Pn, S) such that

©On = (F,En+1 0 gﬁmﬁnﬂ(l)-

We have to prove then that there exists ¢ € MorT(ﬁ S) such that

Eﬁn = €~ 13(1)
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By projecting all the ﬁn and the ¢, to 7, we get a family of subgroups {P,} and
morphisms {¢,]} like the above, and we can apply axiom (III) on 7 to see that there
exists ¢ € Mors(P, S) such that ¢, = ¢ o ¢p, p(1) for all n.

Let ¢’ € Mor=(P, S) be a lifting in 7~ of ¢. Since, by construction, the projections of
¢1 and of ¢’ o &5 5(1) on 7~ are equal, it follows that, in 7, they differ by a morphism
in A = Ker(g). This means that there exists some a € A such that

¢ = o)
restricts to ¢; and is still a lifting of ¢.

Using that 1 = @3 o €5 5,(1) and that 5 5(1) = &5 5(1) o €5, 5,(1), we have the
following equalities

¢ oep,p(1) 085, 5,(1) = 1 = @2 0 &5, 5, (1).
Since the natural projection functor 7 : T — T is, in particular, target regular by
definition, it follows by Lemma A.8 in [OV07] that morphisms in 7~ are epimorphisms
in the categorical sense, and hence, from the above equalities we deduce that the
restriction of ¢ to P, is ¢, as desired. Repeating this proces we see that axiom (III)

holdsin 7.
O

Finally, we classify extensions of a fixed transporter system 7" by a fixed discrete
p-toral group A. Here, by an action of the transporter systems 7~ (or of its fundamental
group m1(|7[)) on A we mean the natural action described in Lemmas 5.7 and A.7 in
[OVO7].

Proposition A.5.3. For a given transporter system T, the extensions of 7 by a given discrete
p-toral group A are in one-to-one correspondence with actions ® of mi(|7|) on A, together
with elements of H*(|T |; A) (with coefficients twisted by ®).

Proof. The same proof as for Proposition 5.8 in [OV07] applies here.
O

Definition A.5.4. Let T be a transporter system associated to a fusion system F over a
discrete p-toral group S.
Let @ : 1 (|7|) — T be a group homomorphism, and let S; = Ker(® o eg5). The morphism
D is called admissible if, for all fully ¥ -centralized P < S such that Cs,(P) < P, P € Ob(T).
The action of a transporter system T on A, @ : m1(|T|) — Out(A), is called admissible
if the morphism @ is admissible.

An extension A — T — T is admissible if the natural action of T on A is admissible.

Theorem A.5.5. Let T be a transporter system, A be a discrete p-toral group, and A — T
T be an admissible extension of transporter systems. Then, the following hold:

(i) Ob(‘7~‘) contains all F-centric F-radical subgroups. Moreover, if P < S is a F-centric
not in T, then it is F -conjugate to some P’ such that

Outz(P') N Oy(Outx(P)) # {1}.

(i) F is a saturated fusion system.






Appendix B

Fusion subsystems of p-power index
and index prime to p

Extensions of p-local finite groups have been exhaustively studied in [BCG*07] and
[OV07], and, while the results from the later paper have been proved to fully extend
to p-local compact groups (see appendix §A), this is not the case for the former paper,
the reason being that quasicentric subgroups play a central role in the arguments used
in [BCG*07].

Nevertheless, some results can be extended to the compact case, such as the Hyper-
focal subgroup theorem, or some results about detection of saturated fusion subsys-
tems, which are of interest in this work. In fact, the main interest for us in extending
the work in [BCG*07] to p-local compact groups is in order to give a well-defined
notion of connectivity of p-local compact groups, and, somehow surprinsingly, this
part of [BCG*07] extends without problem to the compact case.

This chapter is then organized as follows. The first section extends the Hyper-
focal subgroup theorem to p-local compact groups. Far from being an independent
section, the results from section §1 will be used all along the rest of this chapter. The
second section develops then some criteria to decide whether a certain subsystem of
a saturated fusion system is saturated. Sections three and four are then devoted to
detect all saturated fusion subsystems of a given saturated fusion system of p-power
index and index prime to p respectively.

B.1 The Hyperfocal subgroup theorem for p-local com-
pact groups

For a finite group G, the subgroup OF(G) is defined as the minimal normal subgroup
of p-power index, or, equivalently, as the subgroup of G generated by all elements
of order prime to p. In section §1.8, we have generalized this notion to a (possibly
infinite) group G as the subgroup generated by all infinitely p-divisible elements.

Definition B.1.1. Let ¥ be a saturated fusion system over a discrete p-toral group S, and
define the hyperfocal subgroup of ¥ as the subgroup of S

O(S) =({g"a(g)lg € P < S, a € O'(Auts(P))}, T).

127
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Note that, since T < O’;(S), its index in S is a finite power of p.
We want to prove that for a p-local compact group G, 7:1(BG) = S/ O’;(S). Since we
follow the steps in [BCG*07], we first need a version of Puig’s hyperfocal theorem for
artinian locally finite groups (Lemma 2.2 in [BCG*07]).
Let then G be an artinian locally finite group such that has Sylow p-subgroups, fix

S € Syl,(G), and define

0L L 0l (S) =(lga(9lg € P < S, a € O(Autg(P)), T)
= ({[g,x]lg € P < S, x € Ng(P) of p’ orderp}, T).

Lemma B.1.2. Let G be an artinian locally finite group such that has Sylow p-subgroups,
and let S € Syl,(G). Then,
OL(S) = SN O*(G).

Proof. Let OF(G) be the subgroup of G generated by all elements of order prime to p
in G, which is a subgroup of O7(G). We prove the following result:

0.(8) 4 (g7 ag)lg € P < S, a € OP(Auta(P))}) = SN O'(G),

which is equivalent to the statement in the proposition.

The inclusion QZ(S) < SN OF(G) holds by the same arguments as in Lemma 2.2
[BCG*07], and we want to see the converse inclusion. Let {G;} be a family of finite
subgroups of G such that G = UG;, and set S; = SN G;. It follows then that S = US;.
We can choose the subgroups G; such that S; € Syl,(G;) for all i.

We first check that Q’é(S) = UQ’éi(Si). This is in fact clear since, for each g~'a(g) €
OZ(S), we can find M; such that, for all i > M;, ¢ € S; and «a is conjugation by an
element in G;, and hence g™'a(g) € O (S).

Next we show that S N OP(G) = U(S; N O7(G;)). Note that, since S = US;, we have

SN O(G) = U(Si N OF(G)).

Since, for each i, OP(G;) is generated by all elements in G; of order prime to p, it follows
that for all i we have inclusions

SN QP(GZ) <SnN QP(G),
SN QP(GI) <SS N QP(GH.]).

Let y € S; N O(G), in particular, y € O”(G), and hence y € O7(G;) for all j > i big
enough. Since S; < §S; for j > i, it follows that, for each i, there exists some j such that

5N Qp(Gl) <SnN QP(G) < S]' N QP(G])

Hence, S N OF(G) = U(S; N OF(G;))), and by the hyperfocal subgroup theorem in the
finite case, Lemma 2.2 in [BCG*07],

O(S) = UD¥(Gy) = U(S; N O¥(G) = S N O(G).
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Let G be a p-local compact group, with fundamental group
m(BG) = m(lLl).

Assume that a compatible set of inclusions {tpp} has been fixed in L.

Consider the space |£|, and fix S € L as the basepoint of the realization of the
category L. For each morphism ¢ € Mor (P, Q), let J(p) € m1(]L]) be the homotopy
class of the loop tp o @ o ;' in | £]. Then, this defines a functor

]+ L— B(m(LD),

where all objects in L are sent to the unique object in B(m;(]£L])), and where all
inclusion morphisms are sent to the identity automorphism. Let j : S — B(m;1(]L])) be
the composition of | with the distinguished monomorphism 6s : S < Aut £(S).

In fact, the same can be considered for the full subcategory £* C £, whose object
set is Ob(L*) = {P € Ob(L)|P = (P)*}, since the functor (_)* : L — L* is left adjoint to
the inclusion £* € £, and hence |L| = |£*| by Corollary 1 in [Qui73]. In particular,
this means that there is a natural isomorphism

(L)) = (L)

Furthermore, by 1.3.4, Ob(L*) contains finitely many ¥ -conjugacy classes of objects,
among which are contained all ¥ -centric # -radical subgroups. We will thus in general
work on L* rather than on £. Nevertheless, we keep the above notation for simplicity.

Proposition B.1.3. Let G be a p-local compact group. Then the following hold:

(i) Forany group I and any functor A : L* — B(I') which sends inclusions to the identity,
there is a unique homomorphism A : 711(|L®]) — T such that A = B(A) o J.

(ii) For g€ P € L, J(6p(g)) = J(0s(g)). In particular, [(6p(g)) = 1 in m1(|L*]) if and only if
Op(g) is nulhomotopic as a loop based at the vertex P of | L°|.

(iii) IfO( € MOT’L. (P/ Q), and p(O()(X) =y, then
i) =J(@) - jx) - J(@)™.

(iv) Ifany x and y are F -conjugate elements of S, then j(x) and j(y) are conjugate in 111 (].L°]).
As a consequence, the above properties hold also for the functor A o (_)*.

Proof. 1t is clear that any functor A : L* — B(I') induces, after geometric realizations,
a homomorphism A : m;(|£*) — T. If, in addition, the functor A sends inclusion
morphisms to the identity morphism in B(T), then A = B(A) o | by definition of J. The
rest of the properties follow from axiom (C) for linking systems.

O

Thus, we want to construct functors from L* to B(I') sending inclusions to the
identity automorphism, so that we can obtain some information on the fundamental
group m1(]L%]). The following lemma is the key result to build up such functors
inductively. The properties of the functor (_)* will be implicitely used in all the
proofs (see chapter §4 in [Jun(09]).
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Lemma B.1.4. Let G be a p-local compact group, together with a fixed compatible set of
inclusions {tp}. Let Hy be a subset of objects in L* which is closed under ¥ -conjugacy and
overgroups (in L*). Let also P be an ¥ -conjugacy class of F -centric subgroups maximal
among those not contained in Hy, set H = Hy U P, and let Ly, € Ly S L° be the full
subcategories with these object sets. Assume, for some T', that

Ao+ Ly, — B()

is a functor which sends inclusions to the indetity. Fix P € P which is fully ¥ -normalized,
and fix a homomorphism Ap : Aut p(P) — I'. Assume also that

(+) forall P s Q < Ng(P) such that Q is fully normalized in Ng(P) and for all « € Aut p+(P)
and B € Aut £(Q) such that a = Bp, Ap(a) = Ao(BF).

Then, there exists a unique extension of Ay toa functor A : Ly — B(I') which sends inclusions
to the identity, and such that A(a) = Ap(a) for all a € Aut p+(P).

Note that, in condition (+), Q may not be an object in Ob(L*), but, by Proposition
1.3.3, for all g € Aut(Q), p* € Aut-(Q°).

Proof. The uniqueness of the extension is an immediate consequence of Alperin’s
fusion Theorem (1.3.5). We have to prove then the existence of A. We prove first that
(*) implies the following statement:

(#+) For all Q, Q" € Ob(L*) which strictly contain P, and for all § € Mor-(Q, Q") and
a € Aut r-(P) such that a = Bp, Ap(a) = Ao(B).

In fact, as we nextjustify, itis enough to consider the case where P < N = (Ng(P))*, N’ =
(No(P))*. Indeed, since p(B)(P) = p(a)(P) = P, then p(B)((Ng(P)) < No(P). Also, by
the properties of (_)®, there are chains of inclusions

P<Np(P)<N<Q
P<No(P)<N <Q

and p(B)(N) < N’, which in turn implies that the morphism f restricts to some f8 €
Mor (N, N’) (since P is ¥ -centric, the so are No(P) and N (P)), and since P is strictly
contained in Q and Q’, then P £ N, N’, and by the induction hypothesis, Ao(8) = Ao(B).

Now, by the Alperin’s fusion Theorem for linking systems, Proposition 4.2.2, f is
a composition of restrictions of automorphisms of subgroups in £L* which, as in proof
of Lemma 2.3 in [BCG*07], can be chosen such that P is contained in all of them,

B=PcoPr-1°...0Po,

and hence it follows that

Ao(B) = Ao(Br)Ao(Br-1) - - - Ao(Bo) =
Ap((B)iP)Ap((Br-1)ip) - - - Ap((Bo)ip) = Ap(Bip) = Ap(a),
where the second equality holds by ().

Now we can extend A to a functor defined on all morphisms in L not in Ly,.
Let ¢ € Morz(P1, Q) be such a morphism, and let P, = p(¢)(P;). Then, P;, P, € $, and
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there is a unique ¢’ € Isoz(P;, P;) such that ¢ = 1p,go¢’. Since P is fully #-normalized
by hypothesis, it follows by Lemma 1.3 in [BCG*07] that there exist isomorphisms
@; € Iso£((Ns(P)))*,N;), i = 1,2, for certain N; < (Ns(P))*, such that their restrictions to
Py, P, are isomorphisms ¢; € Isoz(P;, P). Set then ¢ = ¢, 0 ¢’ o (p{1 € Aut,.(P), and
define

M) = AM@") = Ao(@5)Ap(Y)Ao(@1).

We have to make sure that the above definition does not depend on the decom-
position ¢’ = @,'Yp;. Let then ¢’ = (¢}) ¢’ (¢}) be another decomposition, and
consider the commutative diagram

’

P<¢—1P1L>P

wl l@’ iw'
P<7P27>P/

P2 5

where, for i = 1,2 the isomorphisms ¢;, respect. ¢/, are restrictions of isomorphisms
@i, respect. @', defined on (Ns(P;))*. Then, to show that A(¢’) is well defined, we have
to show that

Ap(Y') - Ao(@ 0 911) = Ao(@ 0 @3) © Ap(Y),
and this holds since, by (*+),

Ao(@l 0 @) = Ap(@ o 7).

Furthermore, the functor A sends, by definition, inclusion morphisms to the in-
dentity, and compositions to products.
O

Proposition B.1.5. Let G be a p-local compact group, and fix a compatible set of inclusions
{tpo) in L. Then, there is a unique functor

AL — B(S/O(S))
which sends inclusions to the identity, and such that A(6s(g)) = g forall g € S.

Proof. We construct a functor A : L* — 8 =4 B(S/ O’;(S)) inductively, using Lemma

B.1.4. The functor A : £ — B will be then defined as the composition A o e, and its
uniqueness follows from the uniqueness of A.

Thus, let Hy € Ob(L®) be a subset which is closed under #-conjugacy and over-
groups. Note that this set may be empty. Let also #’ be an ¥ -conjugacy class of sub-
groups in £* maximal among those not in Hj, set H = HyUP, and let Ly, € Ly € L*
be the corresponding full subcategories.

Suppose also that a functor

/\0 . ‘£7’(0 — B
has already been defined, satisfying that
o Ao(0s(g)) = gforall g€ S (if S € Hp), and
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e Ay sends inclusions to the identity.

Fix also P € P such that it is fully F-normalized, and let 6p : Ng(P) — Aut.(P) the
monomorphism of Lemma A.2.3. Then, by Proposition A.2.4, Im(6p) € Syl,(Aut z-(P).
To simplify the notation, we will refer to Im(op) as Ng(P). Then,

Aut z+(P)/OP(Aut £-(P)) = Ns(P)/(Ns(P) N OF(Aut - (P))) = Ns(P)/No,

where, by Lemma B.1.2, Nj is the subgroup generated by all commutators [g, x] for
g € Q < N5(P) and x € Nay . (Q), together with the maximal torus of P (since P
being ¥ -centric implies that rk(P) = rk(NSP))).

Thus, conjugation by x lies in the automorphism group Auts(Q) by 1.13 (d) in
[BCG*07] (since we are not using quasicentric linking systems, we may apply this
result), and hence [g, x] = gc.(¢)™" € O’;(S), Ny < O;;(S), and the inclusion Ns(P) < S
extends to a homomorphism

Ap : Autpo(P) — S/O’;(S).

Next, we check that Ay and Ap satisfy condition (*) in Lemma B.1.4. Let N =
(Ns(P))*, and let P £ Q < N be fully F-normalized in N#(P), Q € £L°, and let
a € Aut p(P), B € Aut+(Q) be such that @ = Bjp. We have to see that Ap(a) = Ao(B).

First note that, after taking the k-th power of both @ and f3, for some suitable k = 1

(mod p), we can suppose that both automorphisms have order a (finite) power of p.
Then, since Q is fully #-normalized, it follows that

Autngp)(Q) € Syl,(Autn, p)(Q),

and thus, there is an automorphism ) € OF(Auty .p)(Q)) such that Yy~ = 6(g) for
some g € Ng(Q) N Ns(P). Note that, in particular, Ay sends ) to the identity since it is
a composite of automorphisms of infinitely p-divisible order. If we now set y = ypp, it
follows that y € OP(Aut (P)) and hence Ap(y) = 1, and by axiom (C),

Ao(B) = Ao(60(8)) = & = Ap(6p(8)) = AMa).

This implies that we can now apply Lemma B.1.4 to extend A, to a functor defined on
Ly
O

Theorem B.1.6. (The Hyperfocal subgroup theorem for p-local compact groups). Let G be a
p-local compact group. Then

11(BG) = 5/0)(S).

More precisely, the natural map © : S — 11(BG) is surjective with kernel Ker(t) = O’;(S).

Proof. Let A Lo B(S/ O’;(S)) be the functor of Proposition B.1.5, and let |A| be
the induced map between geometric realizations. Since S/ O’;(S) is a finite p-group,
|B(S/ O;(S))I is p-complete, and |A| factors through the p-completion BG = |£|;,\. Con-
sider the following commutative diagram:

S L (L)

(A
\\(_)ﬁl 1

1(BG) —— o SIO(O)

(Al
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The morphism 7 is surjective by Proposition 1.4.4. Also, by construction, the com-
posite 711(|/\|,/g\) o T = 11(|A]) o j is the natural projection. Hence Ker(t) < O’;(S). The
converse inclusion holds by the same arguments as those used to prove the hyperfocal
subgroup theorem for p-local finite groups (Theorem 2.5 in [BCG*07]).

O

The next result is again a generalization to p-local compact groups of a result on
p-local finite groups. In this case, it corresponds to Proposition 2.6 in [BCG*07], and
needs no prove.

Proposition B.1.7. Let G be a p-local compact group. Then, the induced map
i (IL]) — ()

is surjective, and its kernel is generated by elements of p-power order.

B.2 Finding saturated fusion subsystems

Let ¥ be a saturated fusion system over a discrete p-toral group S. In this section we
study two specific situations in which we can obtain a saturated fusion subsystem ¥’
over a subgroup S’ < S from . One of this situations can be in fact extended to a
result on p-local compact groups, while the same cannot (yet) be done for the second
one since quasicentric linking systems are involved in the proofs in [BCG*07].

As usual, for an artinian locally finite group G, OF(G) is the subgroup generated
by all infinitely p-divisible elements in G, and O (G) is the subgroup generated by all
elements of p-power order.

Definition B.2.1. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
(S, F") € (S, F) be a saturated fusion subsystem, that is, S" < S is a subgroup, and ' is a
subcategory of F which is saturated as a fusion system over the subgroup S’.

(i) We say that (S, F") is of p-power index in (S, F) if
§' > 0L(S) and Auts(P) 2 OF(Auts(P))
forallP < S'.
(ii) We say that (S', F") is of index prime to p in (S, F) if
S"=S and Auts(P) > OV (Auts(P))
forall P < S.

We will also use the following notation.

Definition B.2.2. Fix a discrete p-toral group S. A restrictive category over S is a category
F such that Ob(¥) is the set of all subgroups of S, such that all morphisms in ¥ are group
monomorphisms between the subgroups, and with the following additional properties:

(i) foreachP’ <P < Sand Q' < Q < S, and foreach f € Homg(P, Q) such that f(P') < Q’,
fir € Homge(P',Q’),
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(ii) for each P < S, Auty(P) is artinian and locally finite, and
(iii) for each pair P,Q < S of finite subgroups, the set Homg(P, Q) is finite.

A restrictive category F over S is normalized by an automorphism y € Auty(S) if for
each P,Q < S, and each f € Hom#(P, Q),

yfy™ € Homg(y(P), y(Q))-

For any restrictive category F over S and any (artinian locally finite) subgroup A <
Aut(S), (F, A) is the smallest restrictive category over S which contains ¥ together with all
automorphisms in A and their restrictions.

Definition B.2.3. Let F be any fusion system over a discrete p-toral group S.

(i) OU(F) C F denotes the smallest restrictive subcategory of F whose morphism set
contains OF (Auty(P)) for all P < S.

(ii) OF (F) C F denotes the smallest restrictive subcategory of F whose morphism set
contains OF (Aut#(P)) forall P < S.

The subcategory OY(¥) is not in general a fusion system, and this is the reason to

use restrictive categories. The subcategory OV (F) is always a fusion system (since
Auts(P) < O (Auty(P)) for all P < S), but in general fails to be saturated.

Lemma B.2.4. The following holds for any fusion system ¥ over a discrete p-toral group S:
(i) O'(F) and O (F) are normalized by Auts(S).

(ii) If F is saturated, then ¥ = (O(F), Aut#(S)) = (Of,(?'),AutﬂS)).

(iii) If F' C F is any restrictive subcategory normalized by Auts(S) and such that ¥ =
(F', Aut#(S)), then for each P,Q < S and f € Hom# (P, Q), there is an automorphism
y € Auty(S), and morphisms f' € Homg (y(P), Q) and f" € Homg (P, y(Q)) such

that f = f'oyp =y o f".

Proof. The same proof as for Lemma 3.4 in [BCG*07] applies here, since all the proper-
ties needed there have an analogous for saturated fusion systems over discrete p-toral
groups.

O

Lemma B.2.5. Let ¥ be a saturated fusion system over a discrete p-toral group S. Fix
a normal subgroup Sy < S which is strongly F-closed. Let (So, Fo) be a saturated fusion
subsystem of (S, F). Then, for any P < S which is F -centric F -radical, P N Sy is Fo-centric.

Proof. Let P < S be a ¥ -central ¥ -radical subgroup, and let Py = P N Sy. Choose
then P € (Po)s such that it is fully ¥ -normalized. It follows then that P is fully
¥ -centralized, and there is some f € Homg#(Ns(Po), Ns(Pj)) such that f(Pg) = Py.
Furthermore, since Sy is strongly ¥ -closed, P < Ng(Py). Let then P’ = f(P), and note
that P, = P' N S,.
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For any other P} € (Py)#,, there is some y € Homg# (P - Cs(Py), P}, - Cs(Pp)) such that
y(Py) = P, by axiom (II), and thus y(Cs,(Py)) < Cs,(Pp). So, if Cs,(P;) = Z(P;), then
Cs,(Py) = Z(Py) for all Py € (P{)#,, and Py is Fo-centric.

Without loss of generality, we can assume that P* = P and Pj = P,. Since S
is strongly ¥ -closed, it follows that, for every a € Auts(P), a(Py) = Py. Let then
A° < Auty(P) be the subgroup of elements which restricts to the identity on Py and
on P/Py. This turns out to be a normal discrete p-toral subgroup of Aut#(P) since, by
the exact sequence (2.8.7 in [Suz82])

0 — H'(P/Po; Z(Po)) — Auty(P)/Autp,(P) —> Auts(Po) X Aut(P/Py),

there is an isomorphism A°/Autp,(P) = H'(P/Py; Z(Py)). Thus, A° is a subgroup of
O,(Aut#(P)), and since P is F -radical it follows that A° < Inn(P).

Let now x € Cg,(Pp), and assume that the coset x - Z(Py) € Cs,(Po)/Z(Py) is fixed
by the conjugation action of P. Hence, x € Sy, [x,Po] = 1 and [x, P] < Z(P,), which
implies that ¢, € A° and xg € Cs(P) for some ¢ € P. Since P is F -centric, this means
that xg € P, and thus that x € Cs,(Py) N P = Z(Py). That is, [Cs,(Po)/Z(Po)]" = 1, so
Cs,(Po)/Z(Py) = 1, and Py is Fy-centric.

|

Let G be a p-local compact group and let I' be a group. We may think of a functor
L — B(I') which sends inclusions to the identity as a function © : Mor(£) — T which
sends composites to products and inclusions to the identity. Given such a function
and a subgroup H < T, we may consider then Ly C £, the subcategory of £ with the
same object set and with Mor(Ly) = ©~!(H). This in turn induces a fusion subsystem
Fu < F via the projection functor p: L — F.

Now, assume there is no associated linking system to the fusion system #. We
want to reproduce somehow the previous constructions in this new setting.

Let Gub(I') denote the set of nonempty subsets of I'. Given a function © as
above, there is an obvious associated function ® : Mor(F°) — Sub(I'), which sends
a morphism f € Mor(F°) to ©(p~!(f)). Furthermore, the function ® also induces a

homomorphism 6 = ® o §s from Sto I'.

Definition B.2.6. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
Fo € F be any full subcategory such that Ob(%) is closed under ¥ -conjugacy. A fusion
mapping triple for ¥, consists of a triple (I',0,0), where T is a group, 0 : S — I'is a
homomorphism, and

©® : Mor(Fy) — Sub(I)

is a map which satisfies the following conditions for all subgroups P, Q, R < S which lie in F:
(i) Forall P 5 Q 5 R in 7o and all x € ©(f"), O(f o f) = x - O(f).

(ii) If P is fully F -centralized, then ©(Idp) = O(Cs(P)).

(iii) If f = c; € Homg(P, Q), where g € Ns(P, Q), then 6(g) € ©(f).

(iv) Forall f € Homg(P,Q), all x € O(f) and all ¢ € P, x6(¢)x™" = 6(f(g)).
(v) If P < (P)*, then for all f € Auts(P), O(f) = O(f*).
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For any fusion mapping triple (I', 0,0) and any H < I', we let F;; C ¥ the smallest
restrictive subcategory which contains all f € Mor(F°) such that ©(f) " H # 0. Let
also ¥ C F7; be the full subcategory whose objects are the subgroups of 07 (H).

The following lemma states further properties of fusion mapping triples.

Lemma B.2.7. Fix a saturated fusion system ¥ over a discrete p-toral group S, let ¥ be a
full subcategory such that Ob(%) is closed under ¥ -conjugacy, and let (I', 0, ®) be a fusion
mapping triple for Fo. Then the following hold for all P, Q, R € Ob(F):

(vi) O(Idp) is a subgroup of I', and © restricts to a homomorphism
Op : Auty(P) — Nr(O(ldp))/O(Idp).

Thus ®p(f) = O(f) (as a coset of O(Idp)) for all f € Auts(P).

(vii) For all P EA Q L Rin Fo and all x € O(f), O(f" o f) 2 O(f’) - x, with equality if
f(P) = Q. In particular, if P < Q then ©(f},) 2 O(f").

(viii) Assume S € Ob(Fo). Then for any f € Homg(P,Q), any y € Autg(S) and any
x € O(), O(yfy™) = xO(f)x~1, where

y o f o y‘linH0m¢()/(P), 7(Q)).

Proof. (vi) By (i), for any a, € Auty(P) and any x € ©(a), there is an equality
O(ap) = x - ©(B). When applied with a = = Idp, this implies that indeed ©(Idp) < T
(and note that ©(Idp) is not the empty set by definition of Gub(I')). When applied with
B=a,thenx! € Oa™)if x € Oa).

Thus, ©(a) = x - ©(Idp) implies that

O™ =0Udp)x! and O(a!) =x'Odp),

which in turn implies that ©(«) is both a left and right coset. Thus ®(a) C Nr(O(Idp))
for all @ € Aut#(P), and the induced map ®p is then a homomorphism.
(vii) By (i), ©(ap) 2 O(a) - ©(p) for any pair of composable arrows in ¥y, and in
particular
O(ap) 2 O(a) - x

if x € ©(B). If B is an isomorphism, then 1 € O(Idp) = x - O(~!) by (vi) and (i), and
hence x! € ©(87"). This yields inclusions

O(a) = O(app™) 2 O(ap)x™ 2 O(w)xx",

and hence they are all equalities. The last part of (vii) is the special case where P < Q
and § = inclpg (1 € O(inclpg) by point (iii)).
(viii) For x € ©(a), O(ap) = x - O(B) = O(aBfa') - x by (i) and (vii).
O

Recall that, given a group I', where a functor £ — B(I') induces a functor L* —
B(') and viceversa. We now prove a similar statement regarding fusion systems
and fusion mapping triples. This will again allow us to reduce problems involving
infinitely many ¥ -conjugacy classes to finitely many.
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Lemma B.2.8. Let ¥ be a saturated fusion system over a discrete p-toral group S, let Fo € F
be a full subcategory, closed under ¥ -conjugacy, and let ¥ be the full subcategory of Fo with
object set {P € Ob(F)|P = (P)*}. Let also (I', 0, ®) be a fusion mapping triple for ¥y. Then,
(', 0,©°%) is fusion mapping triple for F.', where ®* = © o incl.

Reciprocally, let F; € F be a full subcategory which is closed under ¥ -conjugacy and
such that each P € F; satiesfies P = (P)*, and let Fy be the greatest subcategory of F such
that for all P € Fo, (P)* € F; and such that

(£°If € Mor(F5)} = Mor(Fy).

Let also (', 0,@) be a fusion mapping triple for ;. Then, (I, 0,0°) is a fusion mapping
triple for Fo, where ®° = @ o (_)°.

Proof. In each case, we have to check that the new maps, ®* and ©° respectively,
satisfy the conditions in definition B.2.6, but this is immediate by condition (v) in this
definition.

O

For reasons that will be made clear in later sections, we need to work with ¥ -
quasicentric subgroups. For a (saturated) fusion system ¥ over a discrete p-toral
group S, let 77 C ¥ be the full subcategory of # with object set all the #-quasicentric
subgroups.

Lemma B.2.9. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
P < S be an F -quasicentric subgroup. Then, P* is also ¥ -quasicentric.

Proof. It is a consequence of Proposition 1.3.3, together with the fact that, since P < P*,
then Cs(P) > Cs(P.)
O

The following result is the induction step that we need in order to construct fusion
mapping triples for fusion subsystems. It can be thought of as an equivalent of
Lemma B.1.4 for fusion systems.

Lemma B.2.10. Fix a saturated fusion system ¥ over a discrete p-toral group S. Let H, be
a set of F-quasicentric subgroups of S which is closed under F -conjugacy and overgroups,
and such that for all P € H,y, P = (P)*. Let P be an F-conjugacy class of F-quasicentric
subgroups maximal among those not in Hy, and such that for all P € P, P = (P)*, and set
H = HyUP. Let also Fgy © For © F1 e the full subcategories with these object sets. Fix a
group I and a homomorphism 0 : S — T, and let

© : Mor(Feq,) — Sub(I')

be such that (I', 0, ©) is a fusion mapping triple for Fq,. Let P € P be fully normalized in F,
and fix a homomorphism

Op : Auty(P) — Nr(6(Cs(P)))/6(Cs(P))
such that the following conditions hold:
(a) x6(¢)x! = O(f(g)) forall ¢ € P, f € Auty(P) and x € Op(f).
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(b) Forall P s Q < S such that P < Q and Q is fully normalized in N#(P), and for all
f € Autg(P) and f' € Auty(Q) such that f = f|}), Op(f) 2 O((f")*).

Then, there is a unique extension of © to a fusion mapping triple (', 6, ©) on Fy such that
O(f) = Op(f) for all f € Auts(P).

Proof. Note that the above conditions (a) and (b) are necessary if such an extension of
© is to be constructed, since they correspond to points (vi) and (vii) in Lemma B.2.7.
Now, the uniqueness of the extension follows from Alperin’s fusion theorem, 1.3.5,
and the proof for the existence is identical to the proof of Lemma B.1.4.

O

We now present a criterion to detect saturated fusion subsystems when a fusion
mapping triple is provided.

Proposition B.2.11. Let F be a saturated fusion system over a discrete p-toral group S, and
let (I, 0, ©) be any fusion mapping triple on F1, where I is either a p-group or a p’-group.
Then, the following hold for any subgroup H < T, where we set Sy = 07 (H):

(i) Fu is a saturated fusion system.

(ii) If y is a p-group, then a subgroup P < Sy is Fu-quasicentric if and only if it is
F -quasicentric. Also, 7, 2 OL(F).

(iii) If T is a p’-group, then Sy = S. A subgroup P < S is Fy-quasicentric (fully Fp-
centralized, fully Fy-normalized) if and only if it is F -centric (fully F -centralized,
fully F-normalized). Also, F; 2 O (F).

Proof. Points (ii) and (iii) correspond to points (b) and (c) in Proposition 3.8 in
[BCG*07], and hold by the same arguments.

About the saturation of ¥y, axioms (I) and (II) hold by the same arguments used
to prove point (a) in 3.8 [BCG*07]. Thus, we only have to prove that axiom (III) also
holds for Fy. Let Py < P, < ... be an ascending family of subgroups of Sy, P = UP,,
and let f € Hom(P, Sy) be such that f, = fip, € Homg,(P,, Su) for all n. We have to
show that f € Homg, (P, Sy).

Since ¥ is saturated, it follows that f € Homg#(P, Sy). Using point (vi) in Lemma
B.2.7 above, we see that, for all n, ©(f,+1) € O(f,). Now, since I'is finite by assumption,
and since by hypothesis f, is a morphism in ¥ for all n, it follows that there exists
some M such that, for all n > M,

®(fn) NH= ®(fn+1) NH#0.

By point (v) in definition of fusion mapping triples, it implies that ®(f) # 0, and hence
that
O(f)NH 0.

O

Proposition B.2.11 can be extended to a result on p-local compact groups when
we restrict to p’-groups I, since in the analogous situation for p-local finite groups,
quasicentric linking systems are not involved and hence we can reproduce the proofs
given there.
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For a p-local compact group G, recall the homomorphism j : S — my(|£]) in-
duced by the distinguished monomorphism 6s : S — Aut,(S), and the functor

] + £ — B(rm1(]L])) which sends morphisms to (homotopy classes of) loops. Let 0
be a homomorphism from m;(|L]) to a p’-group I', and set

6=60jcHom(S,T) and ®=8BB)o]: L - B{).

Since | depends on a choice of a compatible set of inclusions {tp}, so do these
definitions above. For any H < T, let Ly C .L be the subcategory with the same object

set and morphism set @‘1(H). Let also Fp be the fusion subsystem over Sy generated
by p(Ly) € F°.

Theorem B.2.12. Let G be a p-local compact group, together with a fixed compatible set of

inclusions {ipg} in L. Fix a p’-group I and a surjective homomorphism 0 : m1(|L]) - T.
Then, for each H < T, G = (Su, Fu, Lu) is a p-local compact group whose classifying space

is homotopy equivalent to the covering space of | L| with fundamental group 671 (H).

Proof. Define © : Mor(¥ *°) — Gub by setting O(a) = @(p‘l(a)), where © = B(O)o ] as
above. Then, 0 and © satisfy conditions (i)-(v) in B.2.6: (i) and (ii) follow from axiom
(A) for linking systems, (iii) follows from Proposition 1.13 [BCG*07], (vi) follows
from axiom (C) for linking systems, and (v) follows from the properties of the functor
(0)* (in particular, because given ¢ € Mor(L) and f = p(p), there is an equality
f* = (p(@))* = p(¢*)). Hence, (T, 6, ®) is a fusion mapping triple on ¥ *, which in turn
induces a fusion mapping triple (I', 0, ©°) on F “ by Lemma B.2.8. Also, by Proposition
B.2.11, for all H < T, ¥y is a saturated fusion subsystem of ¥ over Sy.

Let O” () be the category defined in B.2.3, and let O” (F)* be the full subcategory
whose objects are the ¥ -centric subgroups of S, and let L}, = e7(1). By (iii) B.2.11,
p(L;;) contains o ()", and hence by (ii) B.2.4, all morphisms in L are compositions
of morphisms in £}, and restrictions in Aut »(S). Thus, by definition of £}, and since
@(a) = @([3) whenever « is a restriction of f, it follows that @ restricts to a surjection
of Aut¢(S) onto I'. In particular,

(1) for all P € Ob(L) and all g € T, there exists some P’ < S and «a € Iso(P, P’) such
that O(a) = g,

where a can be chosen to be the restriction of an automorphism of S.
We now prove that Ly is a (centric) linking system associated to 5. Since I’ is
a p’-group, it follows by (iii) B.2.11 that Sy = S for all H < T. Let then P < S be

a ¥ -centric subgroup, and let ¢ € P. Then, by construction, @(65(g)) = 0(g) and
O(tp) = 1, which in particular implies that the inclusion morphisms are in L.

Also, since tp o 6p(g) = 65(g) o tp, it follows that @(6p(g)) = 0(g), and in particular
op(g) € Auty,(P) if and only if ¢ € S. From this we see then that the distinguished
monomorphism 6p restricts to a distinguished monomorphism

P— AutLH(P).

It also implies that the axioms (A), (B) and (C) for L hold because they already hold
on L. Thus, (S, Fu, Ln) is a p-local compact group.
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Finally, we prove that | L] is indeed homotopy equivalent to a certain covering

space of |£L]. Note that Mor(Ly) = Mor(L) N ©~}(H). Let Er(y/H) the category with
object set I'/H, and with a morphism ¢ from the coset aH to the coset gaH for each
g €l'and eachaH € I'/H. Thus,

Autg,(1-H)=H and |8 /H)1 =EG/H ~ BH.
Let then £ be the pullback category in the following square:

£—=&r(T/H)

|

£ —— B(I).

Thus, Ob(Z) = Ob(L)xT'/H and Mor(Z) is the set of pairs of morphisms in £ and
&Er(I'/H) which are sent to the same morphism in B(I'). The linking system Ly can

then be identified with the full subcategory of L whose objects are the pairs (P, 1- H),
for P € Ob(L). It follows bZ (1) that this inclusion Ly — £ is an ~isomorphism of

categories, and thus | L] = | L]. On the other hand, by construction, | £| is the covering
space of | L] with fundamental group 67'(H).
O

B.3 Fusion subsystems of p-power index

In this section, we classify all saturated fusion subsystems of (finite) p-power index in
a given saturated fusion system ¥, and in particular show the existence of a unique
minimal subsystem OF(F) of this type. This will be done by applying the results from
the previous section. Since quasicentric linking systems are deeply involved in the
analogous situation for p-local finite groups, we will not be able to extend the results
from section §4 in [BCG*07] to p-local compact groups.

Let ¥ be a saturated fusion system over a discrete p-toral group S, let O’;(S) be
its hyperfocal subgroup, and define I',(¥) = S/ O’;(S), which is a finite p-group since
T < OPT(S). We will show that there is a bijective correspondence between subgroups
of I',(F) and saturated fusion subsystems of p-power index in ¥ .

We start by constructing a fusion mapping triple for ¥4, so that we can apply
Proposition B.2.11.

Lemma B.3.1. Let ¥ be a saturated fusion system over a discrete p-toral group S, and let
0:5—T,(F)
be the natural projection. Then there is a fusion mapping triple (I',(¥), 0,©) on F1.

Proof. For simplicity, setI' = I',(¥). We will construct a fusion mapping triple (I', 0, ©)
for £*1 and then extend it to a fusion mapping triple for #7 by Lemma B.2.8. The
map O will be constructed inductively using Lemma B.2.10.

Let Hy € Ob(F*7) be a (possibly empty) subset which is closed under # -conjugacy
and overgroups. Let also  be an #-conjugacy class in Ob(# *7) maximal among
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those not in Hy, set H = Hy U P, and let Fy, € Fyr € F *1 be the corresponding full
subcategories. Assume also that a fusion mapping triple (T, 0, ©)) has been already
constructed for F,.

Recall also that, for an artinian locally finite group G which has Sylow p-subgroups,

OZ(S) = ({[g, x]lg € P < S,x € Ng(P) of order prime to p}, T),

where T is the maximal p-discrete torus of S. By Lemma B.1.2, O’é(S) = SNOP(G), and
thus
G/OF(G) = S/O’é(S).

Fix P € P such that it is fully #-normalized, and let N, be the subgroup generated
by commutators [g, x] for ¢ € Ns(P) and x € Ny, p)(Ns(P)) of order prime to p,
together with the maximal torus of Ns(P). In this situation, Auts(P) € Syl,(Auts(P))
because P is fully #-normalized, and Auty,(P) = OZ\utgr(P)(AutS(P))’ and by Lemma
B.1.2,
Auty(P)/OF(Auty(P)) = Auts(P)/Auty,(P) = Ns(P)/{No, Cs(P)).

Also, Ny < O’;(S), and so the inclusion of Ng(P) in S induces a homomorphism
Op : Autg(P) » Ns(P)/{(No, Cs(P)) = Ns(Cs(P) - So)/Cs(P) - So,

where 5y = O’;(S) for short. Point (i) in Lemma B.2.10 holds by construction of Op.

Thus, we have to prove that point (ii) in B.2.10 also holds. Let then P £ Q <
Ns(P) be a subgroup which is fully normalized in N#(P), and let @ € Auts(P) and
B € Auts(Q) be such that a = fjp. We have to check that ®p(a) 2 O(8°).

Taking the k-th power of both @ and 8 (8°) for some appropriate k congruent with
1 modulo p, we can assume that both morphisms have order a power of p. Now,
since Q is fully normalized in N#(P) (and this is a saturated fusion system), it follows
that Autnyp)(Q) € Syl,(Auty, ) (Q)), and thus there are automorphisms f € Aut#(Q),
f' = fip € Aute(P) such that fBf™! = (cq)o for some g € Ns(Q) N Ng(P). Thus,
(f)a(f)™ = (cq)p- Furthermore, by the properties of the functor (_)°, f* € Aut#(Q"*),
and f*B°(f*)™! = (cg) - It follows then that

Bo(B*) = O((cghr) = & - O(Cs(Q7)) < & - O(Cs(P)) = Op((cg)ip) = Op(a).

Thus, using Lemma B.2.10, we can extend © to a fusion mapping triple defined
on F¢. Since F*1 contains finitely many ¥ -conjugacy classes, we obtain then a fusion
mapping triple for #*, and a fusion mapping triple for #.

O

We can now classify all fusion subsystems of p-power index.

Theorem B.3.2. Let ¥ be a saturated fusion system over a discrete p-toral group S, let O’;(S)
be the hyperfocal subgroup of ¥, and let T,(F) = S/ O’;(S). Then, for each R < S containing

O’;(S) there is a unique saturated fusion subsystem ¥r C F over R with p-power index in
¥ . Furthermore, Fr satisfies:

(i) a subgroup P < R is Fr-quasicentric if and only if it is F -quasicentric, and
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(ii) for each pair P,Q < R of Fr-quasicentric subgroups,
Homg(P,Q) = {f € Homyz(P, QIO(f) N (R/O(S)) # 0}.

Here, © is the map in the fusion mapping triple constructed in Lemma B.3.1.

Proof. Let Fr C F be the fusion system over R defined on ¥ -quasicentric subgroups
by the formula given in (i), and then extended to arbitrary subgroups by taking com-
positions of restrictions of these morphisms. Note that this fusion system corresponds
to the fusion system % 10L(5) from Proposition B.2.11, but we adopt this notation for

the sake of simplicity.

By Proposition B.2.11 (i) and (ii), #r is a saturated fusion system over R, a subgroup
P < Ris Fr-quasicentric if and only if P is ¥ -quasicentric, and Auts, (P) > OP(Aut#(P))
forall P < R.

Let now ¥; C ¥ another saturated fusion subsystem over R which has p-power
index. We have to prove that ¥; = #r. By hypothesis, for all P < R, both automor-
phism groups Autg,(P) and Auts(P) contain O”(Auty(P)), and hence each of them
is generated by OF(Auts(P) together with a Sylow p-subgroup. Thus if P is fully
F -normalized in both F; and ¥/, then

Auty, (P) = (O"(Auty(P)), Autr(P)) = Auty (P).

Let Tk < R be its maximal torus. Since Ty has finite index in R, it is easy to
see (inductively) that, for all Tr < P < R, Autg (P) = Auty(P). We can now define
functors ()}, i = 1,2 on ¥r and ¥ respectively, and, since Auts (Tr) = Autgré(TR),
satisfy

H L (PP < Ry = (P3P < R} < 4,

Furthermore, the first set contains all Fr-centrc Fr-radical subgroups and finitely
many Fr-conjugacy classes, and the same happens to the second set with respect to
¥~ Itisnot difficult to see, inductively on the order of the subgroups in the above sets,
and using Alperin’s fusion theorem, that for each P € H;, H,, P is fully Fr-normalized
if and only if it is ¥;-normalized, and that

Autﬁ (P) = Autqré (P)

Hence, ¥z = 73, and hence the uniqueness of #r holds.
O

We can now define OP(¥) as the minimal saturated fusion subsystem of ¥ of
p-power index, which is a saturated fusion (sub)system over the hyperfocal subgroup
O’ (S).

?

B.4 Fusion subsystems of index prime to p

In this section, we classify all saturated fusion subsystems of (finite) index prime to
p in a given saturated fusion system ¥, and in particular show that there exists a
unique minimal subsystem OF (F) of this type. We will apply the results from the
section §B.2.
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Let G be a (possibly infinite) group, and let O (G) be the intersection of all normal
subgroups in G of finite index prime to p. Given an epimorphism f : G - H such
that Ker(f) < O (G), it follows that f induces an isomorphism G/O¥'(G) = H/OV (H).
Thus, given a p-local compact group G, Proposition B.1.7 says that the projection
p : L — F°induces an isomorphism

i (1£)/OF (mi(1£D) = m(F D/ O (i (IF1)-
Fix a saturated fusion system ¥ over a discrete p-toral group S, and define
Ty (F) = m(FD/O” (ma(1F)).
We will show that the natural functor
e : F° — BTy (F)),

induces a bijective correspondence between subgroups of I',,(¥) and fusion subsys-
tems of F of index prime to p.

Recall (definition B.2.3) the subcategory O (F) C ¥, the smallest fusion subsystem
which contains O (Auts(P)) for all P < S. Define

Outy(S) = ([f] € Out#(S)\fip € Mor (P,S), some F-centricP < S).

o’ )
Then Out?f,(S) < Out#(S), since o () is normalized by Aut#(S) by Lemma B.2.4 (i).
Proposition B.4.1. There is a unique functor
6 : F¢ —> B(Outs(S)/Out’(S))
with the following properties:
(i) 6(f) = [f]forall f € Auts(S).

(ii) 5( fy=1[111i f € Mor(Of/(T )). In particular, 0 sends inclusion morphisms to the
identity.

Furthermore, there is an isomorphism
0 : T,/ (F) — Outy(S)/Outl(S)

such that 0 = B(0) o eg-.

Proof. By Lemma B.2.4 (iii), each morphism f € Homg(P, Q) factors as a composite of
the restriction of some a € Autg(S) followed by a morphism f’ € Hom (T)C(oc(P), Q),

f = f" o app. Thus, if we have two such decompositions

f=fiola)p = f, o (@)p,

then (after factoring out inclusions), we have

(@20 a)p = (f) 7" o fi € Isoy 1. (a1(P), ax(P)).
Y (F)



144 Fusion subsystems of p-power index and index prime to p

This implies then that a; o ;! € Out) (S), and hence we can define

0(f) = [aa] = [az] € Outy(8)/OutS(S).

This prove that 0 is well defined on morphisms, and sends all objects in F° to
the unique object of B(Out#(S)/ Outg,(S)). By Lemma B.2.4 (iii) again, this functor
preserves compositions, and thus is a well defined functor. Furthermore, it satisfies
conditions (i) and (ii) above by construction. The uniqueness of 0 is clear.

It remains then to prove the isomorphism at the end of the statement. Since

Out#(S)/ Outogt(S) is a finite p’-group, 711(|5|) factors through a homomorphism

0 : mi(IF N/ O (i (IF D) — Outy(S)/Outi(S),

and the inclusion of BAut#(S) into || (as a subcomplex with one vertes S) induces
then a homomorphism

T : Outs(S) — m(IF )/ O (1 (F ).

Furthermore, 7 is an epimorphism since ¥ = 0" (F), Aut#(S)) (by Lemma B.2.4 (ii)),
and because any automorphism in OV (F)is a composite of restrictions of automor-
phisms of p-power order.

By (i), and since O restricted to Auts(S) is the projection onto Out#(S), the com-
posite 6 o 7 is the projection of Outs(S) onto the quotient group Out#(S)/ OutO(F(S).
Finally, OutOT(S) < Ker(7) by definition of Outh(S), and hence 0 is an isomorphism.

O

In order to apply Proposition B.2.11 to prove Theorem B.4.3, we need to prove that
fusion mapping triples for F° can be extended to fusion mapping triples on .

Lemma B.4.2. Let F be a saturated fusion system over a discrete p-toral group S, and let
(I', 0, ©) be a fusion mapping triple on ¥°. Then there is a unique extension

0: Mor(F1) — Gub(T)

of © such that (T, 0, ®)isa fusion mapping triple on F1.

Proof. We have seen in Lemma B.2.8 that a fusion mapping triple for #* induces a
fusion mapping triple for £ *°. Let (I', 0, ®) be also this induced fusion mapping triple
for simplicity. We will then extend ® to a fusion mapping triple for ¥*1, and then
apply Lemma B.2.8 again to obtain a fusion mappin triple for .

Let then H, C ¥ *" be a set closed under ¥ -conjugacy and overgroups (in ¥ *7), and
such that it contains Ob(¥ *°), and let # be a conjugacy class in ¥ * maximal among
those not in H,. We want to extend © to H = H, U P.

Let P € P be fully F -normalized. For each a € Aut#(P), there is an extension
B € Autg(R), where R = P - Cg(P), which in turn induces a unique * € Aut#(R®).
Furthermore, by Proposition 1.2.6, both R and R* are ¥ -centric (because P is fully
¥ -normalized), and in particular R* € Hy. We can define then a map

Op : Auty(P) — Sub(Np(0(Cs(P))))
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by ®p(a) = O(B*) - 6(Cs(P)). By (i) and (ii) in the definition of fusion mapping triples,
O(B*) is a left coset of O(Cs(R)) (because, by Lemma 1.3.2 (iv), Z(R) = Z(R*)), and by
(iv) it is also a right coset (where the left and right coset representatives can be chosen
to be the same). Hence, ®p(a) is a left and right coset of 0(Cs(P)) (again with the same
coset representative on both sides).

If B € Aut#(R) is any other extension of «, then by Lemma 3.8 in [BCG*05] (which
applies as well in this case), there is some ¢ € Cs(P) such that g’ = ¢, o 5, and then
(again by definition B.2.6) ©((’)*) = O(c,f°) = 0(3)O(°), and

O((f)") - 6(Cs(P)) = 6(9O(B°) - 6(Cs(P)) =
O(B*)0(B*(8)) - 6(Cs(P)) = O(B%) - O(Cs(P))

and so the definition of ®p(«) is independent of the choice of the extension of 5. This
shows that ®p is well defined.

Note also that Op respects compositions and, since Op(a) = x-0(Cs(P)) = 0(Cs(P))-x
forsome x € I', we conclude that x € Nr(6(Cs(P))). Thus, ®p induces a homomorphism

Op : Autr(P) — Nr(0(Cs(P)))/0(Cs(P)).

We can now apply Lemma B.2.10 to extend © to H.
If @ € Auty(P) and x € ®p(a), then x = y - O(h) for some h € Cs(P) and y € O(8°),
where e is an extension of a to R = PCs(P). Hence, for any g € P,

x0(Q)x" =y - (hgh™)y™' = yo(Qy™ = 0(B*(8)) = O(x(g)).

This shows that point (i) in Lemma B.2.10 holds.

Assume now that P £ Q < Ng(P), and let a € Aut#(P), p € Autr(Q) be such that
a = Bjp. Then, in the notation of axiom (II) for saturated fusion systems, Q-Cs(P) < N,
and hence a extends to some other y € Aut#(Q - Cs(P)), and

Op(a) = B(°) - O(Cs(P))

by definition of ®p. By Lemma 3.8 [BCG*05] again, y|o = ¢, o § for some g € Cs(P),
and hence by definition B.2.6, ©(y*) = O(c, o f*) = 6(g) - O(°), and so

0(g) - ©(F°) - 6(Cs(P)) =

O(*)0(B°(8)) - O(Cs(P)) = O(B*) - O(Cs(P))-

In particular, ©p(a) 2 ©(B°), and point (ii) in Lemma B.2.10 also holds. Thus we can
extend © to H.

Op(a)

O

Theorem B.4.3. For any saturated fusion system F over a discrete p-toral group S, there is
a bijective correspondence between subgroups

H < T,(F) = Outy(S)/Outy(S)

and saturated fusion subsystems Fy of ¥ over S of index prime to p in F. The correspondence

is given by associating to H the fusion system generated by 0~ (B(H)), where O'is the functor
of Proposition B.4.1.
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Proof. Let £y C ¥ be any saturated fusion subsystem over S which contains O (F).
Then Out) (S) < Outy,(S), and one can set H = Outg,(S)/Out)(S). We first show that a

morphism f € Mor(F°) is in %y if and only if 5( f) € H, which in turn implies that
Fo = O L(H).

Clearly it is enough to prove this for isomorphisms in F°.

Let P,Q < S be ¥ -centric, ¥ -conjugate subgroups, and fix an isomorphism f €
IsoF(P, Q). By Lemma B.2.4, we can write f = f’ o ajp, where a € Aut#(S) and
f" € Iso o (T)(a(P), Q). Then, f is in ¥y if and only if ap is in Fy. Also, by definition

of 0 (and of H), 5( f) € H if and only if o € Aut#/(S). Thus we have to prove that
ap € Mor(Fy) if and only if a € Autg (S).

The “it” part is obvious, and we have to check the “only if” part. The same
argument used to prove Proposition B.2.11 (iii) shows here that a(P) is Fy-centric, and
hence fully ¥ -centralized in %. Since a)p extends to an (abstract) automorphism of
S, axiom (II) implies that it extends to some a; € Homg (Ns(P),S). By Proposition
2.8 [BLOO07], a1 = (asp)) © ¢g for some g € Z(P), and hence ajngp) € Homg, (Ns(P), S).
Furthermore, P £ Ng(P) since, by hypothesis, P £ S. Applying this process repeatedly
(and using the functor (_)*® in %), it follows that a € Aut# (S).

Now, fix a subgroup H < Out#(S)/ Out(’?(S), and let ¥y be the smallest fusion
system over S which contains 071(8(H)). We show then that F}; is a saturated fusion
system over S of index prime to p in . For # -centric subgroups P, Q < S, Homg, (P, Q)
is the set of all morphisms f € Hom#(P, Q) such that 5( f) € H. Thus, in particular,
Fu 20 () because all morphisms in o’ (F) are sent by 0 to the identity.

Define a map © : Mor(F°) — Gub(I',(F)) by setting ©(f) = {0(f)}, that is, each
image is a subset with one element. Let also 0 € Hom(S,T,,(¥)) be the trivial (and
unique) homomorphism. Then, it follows that (I, (¥), 0, ©) is a fusion mapping triple
of ¥¢, which, by Lemma B.4.2, can be extended to a fusion mapping triple for 9, and
thus ¥y is saturated by Proposition B.2.11.

By Alperin’s fusion Theorem (1.3.5), Fy is the unique saturated fusion subsystem
of ¥ with the property that a morphism f € Homg (P, Q) between ¥ -centric subgroups

of S lies in Fy if and only if O(f) € H. This shows that the correspondence is bijective.
O

Finally, we extend this result to a theorem on p-local compact groups.

Theorem B.4.4. Fix a p-local compact group G. Then, for each H < Out#(S) which contains
Outl (S), there is a unique p-local compact subgroup Gy = (S, Fu1, Lir) such that

(i) Fy has index prime top in F,
(ii)) Out, (S) = H, and
(iii) Ly = p~ (Fn).

Furthermore, | Ly| is homotopy equivalent, via its inclusion into | L], to the covering space of

| L| with fundamental group H, where H is the subgroup of t;(|.L]) such that O(H/ OV (11 (| L))))
corresponds to H/ OutOT(S) under the isomorphism 6 from Proposition B.4.1.
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Proof. The statement is proved by Theorem B.2.12, applied to the composite functor

£ 7 %5 BOuty(5)/0ut’.(S)).

Indeed, this result says then that (S, ¥y, L) is a p-local compact groups, and thit

| L] is homotopy equivalent to the covering space of £ with fundamental group H.
Uniqueness follows from Theorem B.4.3.
O

In particular, if we take H = Out](S), it follows that there exists a unique min-
imal saturated fusion subsystem (resp. p-local compact subgroup) O (¥) (resp.
(S,OF (F), 0P (L)) of index prime to p in . Furthermore, a centric linking system
associated to F induces a (unique) centric linking system O (£) associated to O (F).
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