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Introduction

The mathematical study of the genetic inheritance began in 1856 with
the works of Gregor Mendel, who was a pioneer in using mathematical
notation to express his genetics laws. After relevant contributions of authors
as Jennings (1917), Serebrovskij (1934) and Glivenko (1936), to give an
algebraic interpretation of the sign x of sexual reproduction, Etherington
introduced the formal language of abstract algebra to the study of Genetics
in his papers [17, 18]. This precise mathematical formulation of Mendel’s
laws in terms of non-associative algebras makes possible to contemplate
the sexual reproduction and the system of inheritance of an organism
by considering the combine of gamete cells to form the zygote as an
algebraic multiplication whose structure constants determine the “frequency
distribution.°f the resulting gametes. Since then, many works pointed out
that non-associative algebras are an appropriate mathematical framework for
studying Mendelian Genetics [2, 25, 30, 33]. Thus, the term genetic algebra
was coined to denote those algebras (most of them non-associative) used to

model inheritance in Genetics.

Recently a new type of genetic algebras, denominated evolution algebras,
has emerged to enlighten the study of non-Mendelian Genetics, which
is the basic language of the molecular Biology. In particular, evolution

algebras can be applied to the inheritance of organelle! genes, for instance,

!Specialized cellular structure in eukaryotic cells analogous to an organ in the

I1I
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to predict all possible mechanisms to establish the homoplasmy of cell
populations. The theory of evolution algebras was introduced by Tian in
[30], a pioneering monograph where many connections of evolution algebras
with other mathematical fields (such as graph theory, stochastic processes,
group theory, dynamic systems, mathematical physics, etc) are established.
In this book it is shown the close connection between evolution algebras,
non-Mendelian Genetics and Markov chains, pointing out some further
research topics. Algebraically, evolution algebras are non-associative algebras
(which are not even power-associative), and dynamically they represent
discrete dynamical systems. In this context, an evolution algebra is nothing
but a finite-dimensional algebra A provided with a basis B = {e; | i € A},
such that e;e; = 0, whenever ¢ # j (such a basis is said to be natural). If
e% = Zie A Wik€;, then the coefficients w;; define the named structure matrix
Mp of A relative to B that codifies the dynamic structure of A.

In [30], evolution algebras are associated to free populations to give the
explicit solutions of a nonlinear evolutionary equation in the absence of
selection, as well as general theorems on convergence to equilibrium in the
presence of selection. In the last years, many different aspects of the theory
of evolution algebras have seen considered. For instance, in [27] evolution
algebras are associated to function spaces defined by Gibbs measures on a
graph, providing a natural introduction of thermodynamics in the study of
several systems in biology, physics and mathematics. On the other hand,
chains of evolution algebras (i.e. dynamical systems the state of which at
each given time is an evolution algebra) are studied in [10, 29, 22, 23]. Also
the derivations of some evolution algebras have been analyzed in [30, 7, 21].

In [21], the evolution algebras have been used to describe the inheritance

body. Examples of organelles are lysosomes, nucleus, mitochondria and the endoplasmic
reticulum.
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of a bisexual population and, in this setting, the existence of non-trivial
homomorphisms onto the sex differentiation algebra have been studied in [20].
Algebraic notions as nilpotency and solvability may be interpreted biologically
as the fact that some of the original gametes (or generators) become extinct
after a certain number of generations, and these algebraic properties have

been studied in [11, 8, 28, 32, 12, 19, 14].

We describe now the organization of this thesis, namely, the content of
the chapters and their sections. The first and the second chapter is devoted
to the study of evolution algebras of arbitrary dimension; the original results
can be found in the paper [4]. We start by introducing, in Section 1.2, the
essential definitions that will be needed throughout the chapter and even the
thesis. Moreover we study some properties of evolution algebras in Remark

1.2.2 such as commutativity, associativity, etc.

Since evolution algebras appear after Mendelian algebras, it is natural to
ask if these are evolution algebras. The answer is no, as we show in Example

1.2.3. The fact that evolution algebras are not Mendelian algebras is known.

The product of an arbitrary algebra has been studied in the Section 1.3.
Fix a basis B = {e; | @ = 1,...,n} this product, relative to the basis B
is determined by the matrices of the multiplication operators, Mpg(A.,). The
relationship under change of basis is also established. In the particular case
of evolution algebras Theorem 1.3.2 shows this connection. We can find these
results for finite dimensional algebra in [5].

In Section 1.4 we study the notions of subalgebra and ideal and explore
when they have natural bases and when their natural bases can be extended to
the whole algebra (we call this the extension property) and provide examples

in different situations showing the relationship between these concepts. We

also show that the class of evolution algebras is closed under quotients and
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under homomorphic images, but not under subalgebras or ideals and give
an example of a homomorphism of evolution algebras whose kernel is not an

evolution ideal.

The aim of the Section 1.5 is the study of non-degeneracy. We show
that this notion, which is given in terms of a fixed natural basis of the
evolution algebra, does not depend on the election of the natural basis
(Corollary 1.5.4). A absortion radical is introduced (the intersection of all
the absorption ideals) which is zero if and only if the evolution algebra is
non-degenerate (Proposition 1.5.13). Moreover, the quotient algebra by this

ideal is a non-degenerate evolution algebra (Corollary 1.5.14).

The classical notions of semiprimeness and nondegeneracy are also studied
and compared to that of non-degeneracy (see Proposition 1.5.15 and the

paragraph before).

The bulk of Section 1.6 is to associate a graph to any evolution algebra
(relative to a natural basis) will play a fundamental role to describe the
structure of the algebra. This has been done yet in the literature, although
for finite dimensional evolution algebras. The use of the graph will allow to
see in a more visual way properties of the evolution algebra. For example,
we can detect the annihilator of an evolution algebra by looking at its graph
(concretely determining its sinks) and we can say when a non-degenerate

evolution algebra is irreducible (as we explain below).

Our main objective in Chapter 2 is to prove the existence and unicity
of a direct sum decomposition into irreducible components for every
non-degenerate evolution algebra. When the algebra is degenerate, the

uniqueness cannot be assured.

In Section 2.1 we describe the ideals generated by one element and we

use the graph representation and the notion of descendent to describe these
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type of ideals in an evolution algebra (Proposition 2.1.11) and show that its
dimension as a vector space is at most countable (Corollary 2.1.12). This

implies that any simple evolution algebra has dimension at most countable.

Section 2.2 is devoted to the study and characterization of simple evolution
algebras (Proposition 2.2.1 and Theorem 2.2.7). We also provide examples to
show that the conditions in the characterizations cannot be dropped. We finish
the section with the characterization of finite dimensional simple evolution

algebras (Corollary 2.2.10).

The direct sum of a certain number of evolution algebras is an evolution
algebra in a canonical way. In Section 2.3 we deal with the question of
when a non-zero evolution algebra A is the direct sum of non-zero evolution
subalgebras. In particular, an evolution algebra with an associated graph
(relative to a certain natural basis) which is not connected is reducible (see
Proposition 2.3.4). Next, Theorem 2.3.6 characterizes the decomposition of
a non-degenerate evolution algebra into subalgebras (equivalently ideals)
in terms of the elements of any natural basis. We also are interested in
determining when every component in a direct sum is irreducible. In Corollary
2.3.8 we prove that a non-degenerate evolution algebra is irreducible if and

only if the associated graph (relative to any natural basis) is connected.

The main objective of the Section 2.4 is to get a decomposition of
an evolution algebra in terms of irreducible evolution subalgebras. The
decomposition A = @,crl, of an evolution algebra into irreducible ideals
(called an optimal direct-sum decomposition ) exists and is unique whenever
the algebra is non-degenerate (Theorem 2.4.2). To assure the uniqueness, this

hypothesis cannot be eliminated (Example 2.4.3).

To get a direct-sum decomposition of a finite dimensional evolution

algebra we identify in the associated graph (relative to a natural basis) the
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principal cycles and the chain-start indices through the fragmentation process
(Proposition 2.5.4) in the Section 2.5. This provides an optimal direct-sum
decomposition, which is unique, when the algebra is non-degenerate, as shown

in Theorem 2.5.5.

In the appendix of this work we provide a routine with Mathematica
to obtain the optimal fragmentation of a natural basis. From this we get a
direct-sum decomposition of a reducible evolution algebra starting from its

structure matrix.

As we pointed before non-Mendelian Genetics is a basic language of
molecular Genetics and so we have tried to translate the mathematical
concepts relative to evolution algebras into biological meaning in both first

and second chapters.

The following two chapters are devoted to classification of two and three
dimensional evolution algebras, respectively. Our main purpose is to get the
classification of evolution algebras of dimension three having in mind to apply
this classification in a near future in a biological setting and to detect possible

tools to implement in wider classifications.

It should be pointed out that evolution algebras of de dimension two
over the complex numbers were described in [12]. However, we note that
the evolution algebra A with natural basis {ei, es} such that e? = ey and
€2 = e, is a two-dimensional evolution algebra not isomorphic to any of the six
types in [12]. We realized of this fact when classifying the three-dimensional
evolution algebras A such that the dimension of A? is 2 and having annihilator
of dimension 1 (see Chapter 4, Tables 14-16). In our case, the resulting
classification is done over a field K where for every k£ € K the polynomial
2™ — k has a root whenever n = 2, 3. In order to simplify resulting expressions

we denote by ¢ a seventh root of the unit and by ( a third root of the unit.
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As can be appreciated on observing the length of the Chapter 4, the three
dimensional case is much more complicated than the two dimensional case.
This classification can be found in the paper [5]. Just while we were doing
this work we found the article [16], where one of the aims of the authors is to
classify indecomposable nilpotent evolution algebras up to dimension five over
algebraically closed fields of characteristic not two. The three-dimensional
ones can be localized in our classification and for these, it is not necessary to

consider algebraically closed fields.

For this classification we deal with evolution algebras over a field K of
characteristic different from 2 and in which every polynomial of the form

" —k, forn =2,3,7 and k£ € K has a root in the field.

We will demonstrate that there are 116 types of three-dimensional
evolution algebras. All of them are classified in Tables 1-24. Structure matrices
appearing in different tables are not isomorphic (in the meaning that they
do not generate the same evolution algebra). Structure matrices in different
rows of a same table neither are isomorphic. In general, different values of the
parameters appearing in the structure matrices give non-isomorphic evolution
algebras, but in some case this is not true. These cases are displayed in Tables
2/-23'.

We begin Section 4.2 by introducing the notion of the action of the
group S3 x (K*)? on M3(K). This result will play an important role in the
process of classification. The orbits of this action will completely determine
the non-isomorphic evolution algebras A when dim(A?) = 3 and in some cases
when dim(A?) = 2.

We have divided our study into four cases depending on the dimension
of A%, which can be 0, 1, 2 or 3. The first case is trivial. The study of the

third and of the fourth ones is made by taking into account which are the
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possible matrices P that appear as change of basis matrices. It happens that
for dimension 3, as we have said, the only matrices are those in S5 x (K*)3.

When the dimension of A? is 2, there exists three groups of cases (four
in fact, but two of them are essentially the same). Let B = {ej, eq,e3} be a
natural basis of A such that {e? e3} is a basis of A? and €3 = ¢je3 + cpe3 for
some ¢y, co € K. The first case happens when cicy # 0. Then, P € S3 x (K*)3.
The second group of cases arises when ¢; = 0 and ¢y # 0. Then, the matrix
P is ids, (2, 3),? or the matrix @ given by (4.25). The third one appears when
¢1,¢2 = 0. In this case the matrix P is id3 or the matrices Q" and Q)" given
by (4.27) and (4.29) respectively.

For P € S5 x (K*)3, we classify taking into account: the dimension of
the annihilator of A, the number of non-zero entries in the structure matrix
(which remains invariant, as it is proved in Proposition 4.1.2), and if the
evolution algebra A satisfies Property (2LI)3.

For P € {ids, (2,3),Q}, we obtain a first classification, given in the
different Figures. Then we compare which structure matrices produce
isomorphic algebras and eliminating redundancies we get the structure
matrices given in the set S that appears in Theorem 4.2.2. Again, some
of these structure matrices give isomorphic evolution algebras. In order to
classify them, we take into account that the number of non-zero entries of the
structure matrices in S remains invariant under the action of the matrix P
(see Remark 4.2.3). Note that the resulting structure matrices correspond to
evolution algebras with zero annihilator and do not satisfy Property (2LI).

For P € {id3, @', Q"} we classify taking into account that the third column

of the structure matrix has three zero entries (the dimension of the annihilator

2The matrix obtained from the identity matrix, ids, when exchanging the second and
the third rows

3For any basis {e1, 2, e3} the ideal A% has dimension two and it is generated by {eZ, e?},
for every 4,7 € {1,2,3} with ¢ # j.
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is one and, consequently, they do not satisfy Property (2LI)) and the number
of zeros in the first and the second rows remains invariant under change of

basis matrices (see Remark 4.2.4).

For dim(A?) = 3 we classify by the number of non-zero entries in the

structure matrix.

In the case dim(A4?) = 1 it is not efficient to tackle the problem of the
classification by obtaining the possible change of basis matrices, although for
completeness we have determined them in Remark 4.2.5. This is because we
follow a different pattern. The key point for this study will be the extension
property (EP for short). We have classified taking into account the following
properties: if A2 has the extension property, the dimension of the annihilator
of A, and if the evolution algebra A has a principal two-dimensional evolution

ideal which is degenerate as an evolution algebra (PD2EI for short).

The classification of three-dimensional evolution algebras is achieved in

Theorem 4.2.2. We summarize the cases in the tables that follow.

A?% has EP | dim(ann(A)) | A has a PD2EI | Number
No 0 Yes 1
No 1 Yes 1
Yes 2 No 1
Yes 1 No 1
Yes 0 No 1
Yes 2 Yes 1
Yes 1 Yes 1

dim(42%) =1
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Non-zero entries
dim(ann(A)) * Non-zero entries in S A has Property (2LI) | Number
** Non-zero entries in rows 1 and 2

1 1%* No 2
1 2%* No 4
1 Rio No 2
1 4F* No 3
0 4% No 3
0 5* No 6
0 6* No 3
0 * No 6
0 8* No 3
0 9* No 3
0 4 Yes 4
0 5 Yes 3
0 6 Yes 7
0 7 Yes 6
0 8 Yes 2
0 9 Yes 1

dim(A4?%) =2

Non-zero entries | Number

3 3

4 6

5 16

6 15

7 8

8 2

9 1

dim(42%) =3




Resumen en espanol
Spanish abstract

El estudio matematico de la herencia genética comenzé en la segunda
mitad del siglo XIX con los trabajos de Gregor Mendel, quien fue el
pionero en utilizar el lenguaje matemdtico para expresar sus leyes sobre
genética. Después de las importantes contribuciones de autores como Jenings,
Serebrowskij y Glivenko para formular algebraicamente el significado del
signo x usado por Mendel en la reproduccion sexual, se llegé a una
formulaciéon matematica de las leyes de Mendel en los conocidos trabajos de
Etherington [17, 18]. Llegados a este punto, muchas contribuciones posteriores
corroboraron que las algebras no asociativas son el marco matematico
apropiado para el estudio de las genéticas mendelianas 4 [2, 25, 30, 33]. Por
ello, se acuné el término dlgebra genética para hacer referencia a aquellas
algebras -por lo general no asociativas- utilizadas para modelar la herencia
en el campo de la genética.

Recientemente, un nueva clase de algebras genéticas, denominadas
algebras de evolucion, emergieron para formular la Genética no mendeliana,
que puede considerarse como el lenguaje de la Biologia Molecular. En

particular, las algebras de evolucién pueden aplicarse para describir la

4Conjunto de teorias que intenta explicar la herencia y la diversidad bioldgica segin
los principios de Gregor Mendel en cuanto a la transmisién de cardcteres genéticos
de organismos paternales a su descendiente basado en el analisis estadistico y en los
experimentos cientificos con las plantas de guisantes. Sus importantes contribuciones son
la piedra angular de la genética.

XIII
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herencia genética de los genes extranucleares presentes en determinados
organulos (mitocondrias y cloroplastos) y con ello, por ejemplo, predecir todos
los posibles mecanismos de la homoplasmia ° de las células. La teoria de las
algebras de evolucién fue introducida por J. P. Tian en una monografia [30]
donde se establecen numerosas conexiones entre las algebras de evolucion y
otros campos de las Matematicas, tales como la teoria de grafos, procesos
estocasticos, teoria de grupos, sistemas dinamicos y fisica matematica entre
otros. Concretamente, se muestra la estrecha relacion existente entre las
algebras de evolucion, la genética no mendeliana y las cadenas de Markov,
que no son mas que algebras de evolucion cuya matriz de coeficientes
es una matriz estocdastica, abriendo asi una via original e interesante de
futuras investigaciones al respecto. Algebraicamente, las algebras de evolucion
son algebras no asociativas, ni siquiera son de potencias asociativas, y
dindmicamente representan sistemas dindmicos discretos, de nuevo es la

matriz de estructura la que determina la naturaleza dinamica del algebra.

A pesar de que las dlgebras de evolucion han sido introducidas
recientemente, ya son muchos los aspectos de las mismas que han sido
estudiados. Por ejemplo, en [30] las dlgebras de evolucién se han usado en
relacion con poblaciones libres cuya evolucion viene descrita por una ecuacion
de evolucion no lineal en ausencia de seleccion, para dar las soluciones
explicitas de la misma, asi como los teoremas generales sobre la convergencia
al equilibrio en presencia de seleccién. Por ejemplo, en [27] las dlgebras de
evolucion estan asociadas a espacios de funciones determinados por medidas
de Gibbs sobre un gréfico, introduciendo con ello de manera natural la

termodinamica en el estudio de diferentes sistemas de la Biologia, la Fisica

5Presencia dentro de una célula u organismo de mitocondrias genéticamente idénticas.
Esto es la condicién comun para la mayor parte de grupos de organismos, aunque haya
algunas excepciones (heteroplasmia)
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y las Matematicas. Por otra parte, las cadenas de algebras de evolucién
-sistemas dinamicos continuos en el que cada momento del estado es un
algebra de la evolucién- se estudian en [10, 29, 22, 23]. También se han
analizado las derivaciones de algunas algebras de evolucién en [30, 7, 21].
En [21], las dlgebras de evolucién se han utilizado para describir la herencia
genética en poblaciones bisexuales y, en este contexto, la existencia de
homomorfismos no triviales sobre el algebra dada por la diferenciacion sexual
se ha estudiado en [20]. Nociones algebraicas como nilpotencia, por ejemplo,
se pueden interpretar biolégicamente como el hecho de que algunos de los
gametos originales (o generadores) se extinguen después de un cierto niimero
de generaciones, y otras propiedades algebraicas de este han sido estudiadas
en [11, 8, 28, 32, 12, 19, 14]. Sirvan los trabajos mencionados (sin menoscabo
de otros) de muestra para justificar el interés cientifico que las algebras de
evolucion han suscitado en la comunidad matematica a pesar de tratarse de
un campo de investigaciéon emergente en el que hay muchos aspectos bésicos
todavia por explorar. De hecho, en la presente Memoria vamos a analizar
muchos de ellos (como los ideales, la simplicidad, la descomponibilidad, o la
estructura de las dlgebras de evolucién de dimensién pequena) por tratarse
de partes todavia inéditos de teoria de las algebras de evolucién.

A continuacion, describiremos cémo estd organizada la tesis, es decir, el
contenido de los capitulos y de las secciones. El primer y segundo capitulos
estan dedicados al estudio de las algebras de evolucién de dimensién arbiraria;
los resultados originales pueden encontrarse en el articulo [4]. Empezamos
introduciendo, en la seccion 1.2 las definiciones basicas que necesitaremos a
lo largo del capitulo y de la tesis. En primer lugar, empezaremos recordando

definiciones basicas del dlgebra para tener un punto de partida comun:

= Un algebra es un espacio vectorial A sobre un cuerpo K, provisto de
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una aplicacién bilineal A x A — A dada por (a,b) — ab, llamada

multiplicacion o producto de A.
= Un algebra A se dird commutativa si ab = ba para cada a,b € A.

= Si (ab)e = a(bc) para cada a,b,c € A, entonces decimos que A es

asociativa.
= Un algebra A es flexible si a(ba) = (ab)a para cada a,b € A.

= Las algebras de potencia asociativa son aquellas tales que cada

subdalgebra generada por un elemento es asociativa.

En segundo lugar, definimos el concepto de algebra de evolucién sobre
un cuerpo K como aquella K-algebra A dotada de una base B = {e; | i € A}
tal que e;e; = 0 para todo ¢ # j. Tal base B recibe el nombre de base
natural. Fijada una base natural B en A, los escalares wy; € K tal que
e; = ee; = > wger se denominan constantes de estructura de A
relativa a B, y];zi/;natriz Mp = (wg;) se dice que es la matriz de estructura
de A relativa a B. Escribiremos Mp(A) cuando queramos indicar el dlgebra
de evolucién a la que se refiere. Obsérvese que [{k € A| wy; # 0}] < oo para
cada i. Entonces, Mp es una matriz en CFM,(K), donde CFM)(K) es el
espacio vectorial de aquellas matrices (infinitas o no) sobre K de orden A x A
en la cual cada columna tiene a lo sumo un nimero finito de entradas no
nulas.

Para el caso particular en el que el dlgebra A es finita, podemos decir que
A es de evolucién si y solo si existe una base B = {ey, ..., e, } tal que la tabla
de multiplicacion en dicha base es diagonal. En consecuencia, el producto del
algebra ueda determinado por los coeficientes que determinan el cuadrado de
los elementos de la base que se listan por columnas en la llamada matriz de

estructura:




Resumen en espanol XVII

w11 -.. Win
Mp=| : . | eM(x)

Wi W

En este punto, ya podemos observar qué lejos estan las algebras de
evolucion de las dlgebras asociativas. De hecho, proporcionamos un ejemplo
de algebra de evolucion que no es ni siquiera de potencia asociativa y por
tanto no es asociativa. Ademas, damos las condiciones que tiene que cumplir
la matriz de estructura para que haya asociatividad de las potencias.

Por tanto, las algebras de evolucién no son, en general, de Jordan o
alternativas. Ademads, tampoco pertenecen al grupo de las algebras de Lie. Sin
embargo, de la definicion se deduce que son conmutativas y consiguientemente
flexibles.

Como ya hemos mencionado, las algebras de evolucién aparecieron después
de las algebras mendelianas; por tanto, una pregunta natural que podemos
hacernos es si verdaderamente son modelos distintos. Por ello estudiamos si
las dlgebras mendelianas cumplen la condicién de algebras de evolucion. La
respuesta es no como muestra el Ejemplo 1.2.3, en el que se ve que el dlgebra
cigotica que define la herencia mendeliana de un gen con dos alelos F y e
no es un algebra de evolucién. Los tres posibles genotipos serian EFFE, Fe
y ee. Esto nos lleva a considerar el espacio vectorial generado por la base
B = {FE, Ee,ee} y de este modo la tabla de multiplicacién que viene dada

por las reglas de la herencia basadas en las leyes de Mendel seria la siguiente:

‘ EFE Fe ee
EE EE SEE + 1Ee Ee
1 1 1 1 1 1 1

Fe §EE + §Ee ZEE + jee+ §Ee see + §Ee
ee FEe %ee + %Ee ee

En el sentido contrario, es conocido el hecho de que las dlgebras de

evolucion no son algebras mendelianas.
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La Seccion 1.3 esta enfocada a describir del producto de un &algebra
arbitraria. Fijada una base B = {e; | i = 1,...,n}, este producto relativo a la
base B, esta determinado por las matrices de los operadores de multiplicacion,
Mg (A.,). Se establece la relacién entre dichas matrices bajo un cambio de base
y, por ultimo, el siguiente teorema establece la relacion entre las matrices de

estructura relativas a dos bases naturales arbitrarias en el caso de que las

algebras sean de evolucion:

Teorema 1.3.2
Sea A un dlgebra de evolucion y sea B = {e; | i € A} una base natural de A

con matriz de estructura Mp = (w;;). Entonces:

(1) Si B"={f; | i € A} es una base natural de A tal que Ppp = (pij) vy

Ppp = (qi;) son las matrices de cambio de base, entonces:
Mp(&s(fi) o8 E8(f;)) =0

para cada i # j coni,j € A.

Ademas,

Mp = Ppp MpPg),

donde P, = (p3;)-

(11) Suponemos que P = (p;;) € CEM(K) es inversible o reqular y satisface
las relaciones (1.7). Se define B' = {f; | i € A}, donde f; = > pjie;
jen

para cada i € A. Entonces, B' es una base natural y se cumple (1.8).

La demostracién para el caso finito dimensional se puede encontrar en [5].
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La expresion (1.7) puede reescribirse de forma més condensada ([30]).

Concretamente,

MB<PB/B * PB/B) =0,

donde Ppp * Ppp = (criy)) € CFMy(K), siendo ci(; ;) = pribr; para cada

par (i,j) coni < jyi,j €A

Estudiamos las nociones de subdlgebra e ideal en la Secciéon 1.4 y
analizamos por un lado, cuando admiten una base natural, en cuyo caso
tenemos la definiciones de subdlgebra e ideal de evolucién: Una subalgebra
de evolucidon de un élgebra de evolucion A es una subdlgebra A’ C A tal
que A" es un algebra de evolucion, esto es, A’ admite una base natural. Una
subélgebra de evolucién I tal que I es un ideal de A (/A C I en un algebra
A conmutativa) es un ideal de evolucidn.

Por otro lado, la pregunta que nos planteamos es cuando dichas bases se
pueden extender a una base del dlgebra de evolucién considerada; es lo que
llamamos propiedad de extensién. En definitiva, los conceptos de subalgebra
de evolucién e ideal de evolucion se definen de forma natural al observar con
diferentes ejemplos que no toda subdlgebra de un algebra de evolucion admite
una base natural y que no toda subalgebra de evolucién de un &algebra de
evolucion cumple la propiedad de ser ideal como se puede ver en el Ejemplo
1.4.5. Ademads, mostramos que un ideal de un &lgebra de evolucién no es
necesariamente un ideal de evolucion (véase Ejemplo 1.4.6).

Llegados a este punto, queremos senalar que una subalgebra de evolucién
en el sentido de [30] es una subdlgebra de evolucién segin las definiciones
anteriores (1.4.3) que cumple la propiedad de extensién. Por tanto, la
definiciones que hemos dado en este texto de subdlgebra e ideal de evolucion

son menos restrictiva que la dada por Tian en [30] como muestra el Ejemplo
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1.4.10, el cual proporciona un ideal de evolucién I que no tiene la propiedad
de extensién. Por otro lado, en [30, Proposition 2, p. 24| se prueba que cada
subélgebra de evolucién es un ideal de evolucién (ambos conceptos en el
sentido de [30]). A diferencia de lo que ocurre con nuestras definiciones tal
que y como se puede ver en los Ejemplos 1.4.5 y 1.4.10).

También mostramos que la clase de las algebras de evolucién es cerrada
bajo cocientes y bajo imagenes homomérficas. En este sentido damos un
ejemplo de un homomorfismo de algebras de evolucién cuyo nticleo no es
un ideal de evolucion.

El objetivo de la Seccion 1.5 es estudiar la propiedad de que un algebra de
evolucion sea no degenerada en el sentido siguiente: Un algebra de evolucién
A es no degenerada si admite una base natural B = {¢; | i € A} tal que
e? # 0 para cada i € A.

Vemos que este concepto, el cual estd dado en términos de una base
natural prefijada del algebra de evolucién, no depende de la base elegida. En
la demostracion utilizamos el concepto de anulador. Recordamos que para un

algebra conmutativa, su anulador, denotado por ann(A) se define como

ann(A) = {zx € A| zA=0}.

Por la importancia que tendran las algebras de evolucion no degeneradas
en la descomposicién en suma directa, buscamos, por un lado, una
caracterizacion de dichas dlgebras y, por otro lado, queremos encontrar
un ideal tal que el cociente por este ideal sea un algebra de evolucion
no degenerada. Por este motivo se introduce la nociones de propiedad de
absorcion y de radical de absorcion: Sea I un ideal de un algebra de evolucion
A. Diremos que [ tiene la propiedad de absorcion si tA C [ implica x € I.

Teniendo en cuenta que la interseccion de todos los ideales de A que tienen la
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propiedad de absorcién sigue siendo un ideal con la propiedad de absorcion,
se define de forma natural lo que llamamos radical de absorcién como el
ideal formado por dicha interseccién. Lo denotamos por rad(A). Se observa
que el radical es el ideal mas pequeno de A con la propiedad de absorcién.
El siguiente resultado proporciona una caracterizacion en términos del

radical de absorciéon de un algebra de evoluciéon no degenerada:

Proposicién 1.5.13
Sea A un dlgebra de evolucion. Entonces, rad(A) = 0 si y solo si A es no

degenerada.

Finalmente, relacionado con este concepto tenemos el siguiente corolario
que proporciona una forma de encontrar un algebra de evolucién no

degenerada a partir de un algebra de evolucion arbitraria:

Corolario 1.5.14
Sea I un ideal de un dlgebra de evolucion A. Entonces, I tiene la propiedad de
absorcion si y solamente si rad(A/I) = 0. En particular rad(A/rad(A)) = 0,

esto es, A/rad(A) es un dlgebra de evolucion no degenerada.

Terminamos esta secciéon comparando, en el ambiente que nos ocupa,
los conceptos clasicos de semiprimidad y no degeneracién (en el sentido: Si
a(Aa) = 0 para algin a € A, entonces a = 0 con A un algebra), escribiremos
degenerado™ para distinguirlo de la Definicién 1.5.1 con la nocién de dlgebra

de evolucién no degenerada (Definicién 1.5.1):

Proposicién 1.5.15
Sea A un dlgebra de evolucion con producto no cero. Consideremos las

siguientes aserciones:

(1) A es no degenerada™.
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(1) A es semiprimo.

(1) A no tiene ideales no triviales de cuadrado cero.
(1v) A es no degenerada.
Entonces: (1) = (11) & (111) = (1V).

En la dltima seccién de este capitulo asociamos un grafo a un algebra
de evolucién (relativa a una base natural) y viceversa de la siguiente forma:
Sea B = {e; | i € A} una base natural de un algebra de evolucién A y sea
Mp = (wj;) € CFM,(K) su matriz de estructura. Consideramos la matriz
P' = (pji) € CFMA(K) tal que p;; = 0siw;; =0y pj; = 1siwy; # 0. El
grafo asociado al dlgebra de evolucién A (relativa a la base B), denotado
por E% (o simplemente por E si el algebra A y la base B se sobreentienden)
es el grafo cuya matriz de adyacencia es P = (p;;).

Esta relacion existente entre los grafos y las algebras de evolucién jugara
un papel fundamental para describir la estructura de dichas algebras. Este
hecho ya ha sido tratado en la literatura, aunque para algebras de evolucion
de dimensién finita. El trabajar con grafos nos permitirda observar de forma
mas visual distintas propiedades de las algebras de evolucion. Por ejemplo,
podemos hallar el anulador de un dlgebra de evolucion observando su grafo,
concretamente determinando sus sumideros o podemos decir cuando un
algebra de evolucién no degenerada es irreducible, como se explica mas
adelante.

La principal finalidad del Capitulo 2 es probar la existencia y unicidad
de una descomposicion en suma directa de componentes irreducibles para
un algebra de evolucién no degenerada. Cuando el dlgebra es degenerada, la

unicidad no esta asegurada.
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En la Seccién 2.1 comenzamos introduciendo las definiciones de
descendientes y ascendientes: Sea B = {e; | ¢ € A} una base natural de
un algebra de evolucién A y sea iy € A. Los descedientes de primera

generacion de i son los elementos del subconjunto D*(iy) dado por:

D'(ig) == {k: eA|el = Zwm‘o@k CON Wiy 7 0} :
k

De una forma abreviada, D'(ig) := {j € A | w;;, # 0}. Obsérvese que
j € D'(ip) si y solo si, m(e;) # 0 (donde m; es la proyeccién candnica
de A sobre Ke;).

Anélogamente, decimos que j es un descendiente de segunda
generacién de iy siempre que j € D'(k) para algin k € D!(iy). Entonces,
D’(io)= |J D'(k).

keD1(ig)
Por recurrencia definimos el conjunto de descendientes de la generacién
emésima de iy como
D)= |J D'k
keD™—1(4g)
Finalmente, el conjunto de descendientes de iy se define como el
subconjunto de A dado por
D(io) = |J D™(io)-
meN
Por otro lado, decimos que j € A es un ascendiente de iy si iy € D(7),
esto es, 1o es un descendiente de j.
En términos de la teoria de grafos, estas definiciones se puden interpretar

como: Sea F un grafo. Para un vértice j € E° definimos:

D™ (j) := {v € E”| existe un camino p tal que |u| = m, s(u) = v;, r(n) = v}.
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Dicho con palabras, los elementos de D™(j) son aquellos vértices v; que

conecta mediante un camino de longitud m. Se define también

D(j) = U D™(j) = {v € E°| existe un camino y tal que s(u) = v;, r(u) = v}.
meN

Cuando queramos recalcar el grafo E escribimos D% (j) v Dg(j),
respectivamente.

En el siguiente paso y haciendo uso de la representacion de grafos y de la
nociéon de descendiente, describimos los ideales generados por un elemento en

un algebra de evolucion en la siguiente proposicion:

Proposicién 2.1.11

Sea A un dlgebra de evolucion con base natural B = {e; | i € A}.

(1) Sea k € A tal que €2 # 0.

(a) pi(er) =lin{e; | j € D™(k)}, para cadan € N.
(b) {ef) = lin U pa(eR)-

(c) (e2) =lin{e? | j € D(k) U {k}}.

(11) Para cada x € A,

(a) p(x) = lin{e? | @ € A"} y para cada n > 2,
pie) =tin U ¢} |5 € D10}
teA”

(b) () =tin U (@)

En este contexto, demostramos que la dimension de este tipo de ideales

como espacio vectorial es a lo sumo numerable:

Corolario 2.1.12
Sea A un dlgebra de evolucion. Entonces, para cada elementos x € A la

dimension del ideal generado por x es a lo sumo numerable.
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Esto implica que cualquier algebra de evolucion simple tiene dimensién a
lo sumo numerable como veremos en la siguiente seccion.

La Seccién 2.2 esta dedicada al estudio y la caracterizacion de las dlgebras
de evolucién simples. Recordamos que un algebra A es simple si A% # 0y
0 es el Unico ideal propio. En primer lugar, probamos dos resultados que
caracterizan las algebras de evolucién simples, que, como dijimos, tienen

dimensién a lo sumo numerable:

Proposicién 2.2.1
Sea A un dalgebra de evolucion y sea B = {e; | 1 € A} una base natural de A.
Consideramos las siguientes afirmaciones:

(1) A es simple.

(1) A satisface las siguientes propiedades:

(a) A es no degenerada.
(b) A=1lin{e? | i€ A}.

(c) Silin{e? | i € A'} es un ideal de A distinto de cero para un

subcongunto A" C A no vacio, entonces |N'| = |A].

Entonces: (i) = (ii) y (i) = (i) si |A| < co. Ademds, si A es un dlgebra

de evolucion simple, entonces la dimension de A es a lo sumo numerable.

Se observa mediante un ejemplo que la hipétesis de que A tenga dimension

finita es necesaria (véase 2.2.2).

Teorema 2.2.7
Sea A un dlgebra de evolucion distinta de cero y sea B = {e; | 1 € A} una

base natural. Las siguientes condiciones son equivalentes:

(1) A es simple.
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(1) Silin{e? | i € A’} es un ideal para un subconjunto N C A no wacio,

entonces A =lin{e? | i € N'}.
() A= (e?) =lin{e3 | j € D(i)} para cadai € A.
(v) A=1lin{e? | i € A} y A = D(i) para cada i € A.

También proporcionamos ejemplos que muestren que las condiciones de
dicha caracterizacion son necesarias. Terminamos la seccién con el estudio del

caso particular de las dlgebras de evolucion simples finito dimensionales:

Corolario 2.2.6

Sea A un dlgebra de evolucion de dimension n y sea B = {e; | i € A} una
base natural de A. Entonces, A es simple si y solo si el determinante de la
matriz de estructura Mp(A) es distinto de cero y B no puede reordenarse de
forma que la matriz de estructura correspondiente es como sigue:

( Winxm Umx(n—m) )
O(n—m)xm )/(n—m)x(n—m) ’

para algin m € N con m <n y matrices Wixm, Unxn-m) ¥ Y(n—m)x(n—m)-

Partiendo de la observacion de que la suma directa de &lgebras de
evolucién es un dlgebra de evolucién, en la Seccién 2.3 tratamos la cuestién
de cuando un algebra de evolucién distinta de cero A es reducible, es decir,
se puede expresar como suma directa de subalgebras de evolucién distintas
de cero. En particular, un algebra de evoluciéon con un grafo asociado, el cual

no es conexo, es reducible:

Proposicién 2.3.4
Sea A un dlgebra de evolucion distinta de cero y sea E su grafo asociado

relativo a la base natural B = {e; | i € A}.
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(1) Supongamos E = Ey U Es, donde FEy y Fy son subgrafos no vacios de

(1)

E. Escribimos EY = {v; | i € Az}, para k = 1,2, donde Ay, C A y
A = Ay U Ay, Entonces, existen ideales de evolucion distintos de cero
I, I5 de A tal que A = I, ® Iy son Ey, E5 son los grafos asociados a las

algebras de evolucion Iy y I, respectivamente, relativa a su base natural

Br ={e; | i € Ap} (para k=1,2). Ademds, B = B; U Bs.

Sea ' = U,er B, la descomposicion de E' en sus componentes conexas.
Para cada v € T, escribimos ES = {v; | i € A}, donde A, € A y
A = U,erA,. Entonces, existen ideales de evolucion {I,},er de A, tal
que A = @yerly y E, es el grafo asociado al dlgebra de evolucion I,

relativa a la base natural B, descrita abajo. Ademds:

(a) B = UyerB,, donde B, = {e; | i € A,} es una base natural de I,
para cada v € I'.

(b) I, es un dlgebra de evolucion simple y sdlo si I, =lin{e? | i € A}
y D(i) = A, para cada i € A,.

c) A es no degenerada st y solamente si cada I, es un dlgebra de
g Y v g

evolucion no degenerada.

En el siguiente teorema, caracterizamos la descomposiciéon de un algebra

de evolucién no degenerada en subdlgebras (equivalentemente ideales) en

términos de los elementos de una base natural cualquiera.

Teorema 2.3.6

Sea A un dlgebra de evolucion no degenerada con B = {e; | i € A} una

base natural y supongamos que A = @.crl,, donde cada I, es un ideal de A.

Entonces:

(1)

Para cada e; € B existe un tnico i € I' tal que e; € 1,,. Ademds, e; € I,

si y solo sie? € I,.
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(11) Existe una descomposicion disjunta de A, A = U, erA,, tal que

L, =lin{e; | i € A, }.

Teniendo en mente la estrecha relacion entre teoria de grafos y dlgebras
de evolucién, en el siguiente corolario probamos que un algebra de evolucion
no degenerada es irreducible si el grafo asociado (relativo a una base natural)

€S Conexo.

Corolario 2.3.8
Sea A un dlgebra de evolucion no degenerada, B = {e; | i € A} una base
natural, y sea E su grafo asociado. Entonces, A es irreducible si y solo si E

es un grafo conexo.

Se observa en el Ejemplo 2.3.9 que la hipétesis de no degenerada no se
puede eliminar.

Por supuesto, nuestro interés radica en determinar también cuando cada
componente de la descomposicion en suma directa es irreducible. Este va
a ser el objetivo principal de la Seccion 2.4. Es decir, tratamos de obtener
una descomposicién del dlgebra de evolucién en términos de sualgebras de
evolucion irreducibles, es lo que llamamos optima descomposicion en
suma directa.

La descomposiciéon A = @®.erl, de un algebra de evolucién en ideales

irreducibles existe y es tnica si el algebra es no degenerada:

Teorema 2.4.2
Sea A un dlgebra de evolucion no degenerada. Entonces, A admite una optima

descomposicion en suma directa. Ademas, es unica.

Al igual que ocurria en otras ocasiones, si queremos asegurar la unicidad

no podemos eliminar la hipétesis de no degenerada.
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Para comprender mejor la estructura interna del algebra de evolucién
empezamos definiendo algunos conceptos fundamentales como indice ciclico,
lazo, ciclo asociado y ciclo: Sea B = {e; | ¢ € A} una base natural de un
algebra de evoluciéon A. Decimos que iy € A es ciclico si iy € D(ig). Esto
significa que iy es descendiente (y por tanto ascendiente) de si mismo.

En particular, si D(i) = {io} (en cuyo caso €} = w;y,€;, para algin
wivi, € K\ {0}), entonces decimos que el indice ciclico iy es un lazo.

Si ig € A es ciclico, entonces el ciclo asociado a iy se define como el

conjunto:

C(ig) ={j € A | j € D(io) and ig € D(j)}.

Obsérvese que si ig es ciclico, entonces C(iyp) es no vacio porque en

particular contiene a ig. Ademads, iy es un lazo si y solo si C'(ig) = {io}-

Decimos que un subconjunto C' C A es un ciclo si C' = C(iy), para algin
indice ciclico 75 € A.

A continuacién, clasificamos los ciclos en dos tipos, si tienen o no
ascendientes fuera del ciclo de la siguiente forma: Sea B = {e; | i € A}
una base natural de un algebra de evolucion A, y sea i € A un indice ciclico.
Decimos que iy es un indice ciclico principal si el conjunto de ascendientes
de iy esta contenido en C(ig), el ciclo asociado a ig. Esto implica que iy € A
es un indice ciclico principal si ig € D(ig) y j € D(iy) para cada j € A con
ip € D(j).

Decimos que un subconjunto C' de A es un ciclo principal si C' = C(ip),
para algun indice ciclico principal ig € A.

Y ahora, distinguimos entre aquellos ciclos que tengan descendientes
propios de aquellos que no lo tengan: Sea B = {¢; | © € A} una base natural

de un algebra de evoluciéon A y sea S un subconjunto de A. Definimos el
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conjunto de indices derivado de S como el conjunto dado por
A(S) := S Uies D(7).
Por ejemplo, si i € A, entonces el conjunto de indices derivado de {i} es

A({i}) = {1} U D(9),

donde D(i) es el conjunto de descendientes de 1.

Y, por ultimo, definimos indice de inicio de cadena: Sea B = {e; | i € A}
una base natural de un dlgebra de evolucién A. Decimos que ig € A es un
indice inicio de cadena si i no tiene ascendientes, es decir, iy ¢ D(j), para
cada j € A. Equivalentemente, iy es un indice inicio de cadena si y solo si
todos los elementos de la fila correspondiente a ig de la matriz de estructura
Mp(A) son cero.

Si consideramos el conjunto {C1, ..., Cy} de los ciclos principales de A y
el conjunto {iy,...,iy,} de todos los indices inicio de cadena de A, entonces
dado un indice cualquiera que no es inicio de cadena ¢ € A se tiene que existe
j € Atalquei € D(j),y o jesun indice inicio de cadena o j pertenece a un

ciclo principal. Por tanto, podemos escribir A como sigue:

A=AC)U---UAC) UAG) U~ UA(G).

A esta descomposicién la llamamos descomposiciéon candnica de A
asociada a B.

Una vez asentadas las bases con los conceptos basicos, en la Seccion
2.5 damos un proceso que permita descomponer un algebra de evolucion
de dimensién finita en suma directa de subdlgebras de evolucion. Anadimos
siguiente parrafo Para ello, necesitamos definir algunos conceptos relacionados

con la expresion de un conjunto como unién de subconjuntos con ciertas
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caracteristicas. Dado un conjunto finito A y dados T4,...,7T,, subconjuntos
no vacios de A tales que A = U} ;Y. Decimos que A = U} ; T, es una unién
fragmentable si existen subconjuntos disjuntos distintos del vacio Ay, Ay de
A satisfaciendo

A - U?:lTi = A1 U AQ,

y tal que para cada i = 1,...,n, se tiene que o bien T; C Ay o bien T; C A,.
Si T, NY; # 0 para cada i # j, entonces se dice que la unién A = U | T; es
no fragmentable.

Por otro lado, se tiene que una fragmentacion de A es una unién

A = UF | A; tal que:

(1) Sii € {1,...,k} entonces A; = Ujes, T; para S; un subconjunto no

vacio de {1,...,n}.

() A;NA; =0, para cada i,j € {1,...,k}, con i # j.

Si en dicha fragmentaciéon A = U | A; se verifica que para cada
i €{l,...,k} el conjunto de indices A; = Ujcg, T, es no fragmentable entonces
se dice que es una fragmentacién optima.

Con el objetivo de conseguir la descomposicién en suma directa de un
algebra de evolucion de dimensién finita a través del proceso de fragmentacion
(Proposicién 2.5.4), identificamos los ciclos principales y los indices de inicio
de cadena. Esto proporcionard una éptima descomposicion en suma directa
cuando el algebra de evolucion sea no degenerada, tal y como muestra el

siguiente teorema:

Teorema 2.5.5
Sea A un dlgebra de evolucion de dimension finita con B = {e; | i € A}

una base natural. Sea {C4,...,Cy} el conjunto de los ciclos principales de
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A, {iy, ... in}, el conjunto de todos los indices de inicio de cadena de A y

consideremos la descomposicion canonica
() A=AC)U---UACY) UA(i) U+ UA(iy,).

Sea A = UyerA, la fragmentacion dptima de () y descomponemos
B = UyerB,, donde B, = {e; | i € A,}. Entonces, A = @.erl,, para
I, = lin B,, el cual es un ideal de evolucion de A. Ademds, st A es no
degenerado, entonces A = @~ erl, es la optima descomposicion en suma

directa de A.

Como la 6ptima descomposicion en suma directa de un algebra de
evolucién no degenerada A es unica, concluimos que, en el caso no degenerado,
la descomposicién obtenida en el Teorema 2.4.2 no depende de la base natural
B prefijada.

Hemos anadido un apéndice a este trabajo en el que se muestra una rutina
con Mathematica para obtener la fragmentacién 6ptima de una base natural
B. A partir de la cual conseguimos la descomposiciéon en suma directa de
un algebra de evolucion partiendo de su matriz de estructura, Mp. En este
proceso, también calculamos (en el caso de que existan) valores como: los
descendientes de la primera generacion de un indice i, los descendientes de 7
de la generacion enésima, ciclos de la matriz de estructura Mp, el conjunto
D(3), los indices ciclicos de Mp, el ciclo asociado a i, los ascendientes de 4, los
indices ciclicos principales, los indices de inicio de cadena, la descomposicion
canodnica asociada a Mp y la fragmentacion éptima asociada a Mp.

Como senalamos anteriormente, ya que las algebras de evoluciéon estan
estrechamente relacionadas con la Genética no Mendeliana, tanto en el
primero como en el segundo capitulo hemos intentado interpretar algunos de

los conceptos matematicos tratados desde el punto de vista de la Genética.
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Los siguientes dos capitulos estan dedicados a la clasificacion de las
algebras de evolucion de dimension dos y tres respectivamente. El propésito de
obtener esta clasificacion radica en poder aplicar los resultados conseguidos,
en un futuro no muy lejano, al campo de la Biologia y detectar posibles

generalizaciones para algebras de evoluciéon de dimension mayor.

Hay que destacar que las algebras de evolucion de dimension dos sobre
el cuerpo de los complejos estan descritas en [12]. Sin embargo, observamos
que el algebra de evolucién A con base natural {e;, es} dada por el producto
e? = ey y €5 = e; es un algebra de evolucién de dimensién dos y no isomorfa a
ninguna de las que aparecen en [12]. En nuestro caso, la clasificacién resultante
esta realizada sobre un cuerpo K donde para cada k € K el polinomio z" — k

tiene una raiz donde n = 2, 3.

El caso de dimension tres es mucho mas complicado que el caso de
dimensién dos tal y como como se puede comprobar observando la extension

del Capitulo 4. Esta clasificacién puede encontrarse en el articulo [5].

Nos gustaria resenar que mientras elaborabamos este trabajo, se publico en
el articulo [16] la clasificacién de las dlgebras de evolucién indescomponibles
nilpotentes hasta dimensiéon cinco definidas sobre cuerpos algebraicamente
cerrados de caracteristica distinta de dos. El caso de dimensién tres puede
localizarse en nuestra clasificacion donde no es necesario considerar cuerpos

algebraicamente cerrados.

Para llevar a cabo esta clasificacién trataremos con algebras de evolucién
sobre un cuerpo K de caracteristica distinta de dos y en el cual cada polinomio

de la forma 2™ — o, paran = 2,3,7 y a € K tiene una raiz en el cuerpo.

Demostramos que existen 116 tipos de dlgebras de evolucién de dimension
tres. Todas ellas estan clasificadas en las Tablas 1-24. Las matrices de

estructura que aparecen en las diferetes tablas son no isomorfas (en el sentido
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de que ellas no generan la misma élgebra de evolucién). Matrices de estructura
colocadas en diferentes filas de una misma tabla tampoco son isomorfas. En
general, para distintos valores de los parametros que aparecen en las matrices
de estructura dan algebras de evolucion no isomorfas, aunque en algunos casos
esto no es verdad como se refleja en las Tablas 1'-23'.

Comenzamos la Seccién 4.2 introduciendo la nocién de la accion del
grupo S3 x (K*)3 en M3(K). Este resultado jugara un papel muy importante
en el proceso de clasificacion. Las Orbitas de esta accion determinaran
completamente las dlgebras de evolucién no isomorfas A cuando dim(A?) = 3
y en casos muy concretos cuando dim(A?) = 2.

Nuestro estudio estéd dividido en cuatro casos segin la dimensién de A2,
que puede ser 0, 1, 2 o 3. El primer caso es trivial. El tercer y cuarto caso
se han realizado teniendo en cuentas cudles son las posibles matrices P de
cambio de base. Ocurre que para dimension 3, como ya dijimos, las tnicas
matrices son las que pertenecen al grupo Sz x (K*)3.

Cuando la dimensién de A? es 2, hay que distinguir tres grupo de casos
(cuatro en realidad, pero dos de ellos son esencialmente el mismo). Sea
B = {ey,e9,e3} una base natural de A tal que {e?, e3} es una base de A?
y €3 = c1€2 4 cy€3 para algin ¢, ¢ € K. En el primer grupo de casos ¢jcy # 0.
Entonces, P € S3x (K*)3. Si¢; =0y ¢y # 0, entonces estamos en el segundo
grupo de casos y la matriz P es ids, (2, 3),% o bien la matriz Q dada por (4.25).
El tercer grupo de casos se tiene cuando ¢y, co = 0. Entonces, la matriz P es
id; o las matrices Q' y Q" dadas por (4.27) y (4.29) respectivamente.

Para P € S3 x (K*)?, clasificamos teniendo en cuenta: la dimensién del
anulador de A, el numero de entradas distintas de cero en la matriz de

estructura (el cual permanece invariante, como se prueba en la Proposicion

6La matriz obtenida de la matriz identidad, ids, intercambiando las filas segunda y
tercera
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4.1.2), y si el dlgebra de evolucién A satisface la Propiedad (2LI)7.

Para P € {ids, (2,3),@}, obtenemos una primera clasificacién dada por
las diferentes Figuras. Entonces, comparamos qué matrices de estructura
producen algebras isomorfas y, eliminando redundancias, obtenemos las
matrices dadas en el conjunto S que aparecen en el Teorema 4.2.2. De
nuevo, alguna de estas matrices dan algebras de evolucién isomorfas. Para
clasificarlas, consideramos que el niimero de entradas no nulas de las matrices
en S es un invariante bajo la accién de la matriz P (véase Observacién 4.2.3).
Obsérvese que las matrices de estructura corresponden a algebras de evolucion
con anulador cero y no satisfaciendo la Propiedad (2LI).

Para P € {id3, ', Q"} realizamos la clasificaciéon teniendo en cuenta que
la tercerca columna de la matriz de estructura tiene tres entradas nulas
(la dimension del anulador es una y, consecuentemente, no satisfacen la
Propiedad (2LI)) y el ndmero de ceros en la primera y la segunda filas
permanece invariante bajo cambio de base (véase Observacion 4.2.4).

Para dim(A?) = 3 la clasificacién se lleva a cabo dependiendo del nimero
de entradas no nulas en la matriz de estructura.

En el caso dim(A?) = 1 no es lo m4s eficiente plantear el problema de la
clasificacion calculando las posibles matrices de cambio de base, aunque por
completar el estudio, las hemos determinado en la Observacion 4.2.5. Por ello,
seguimos un método diferente. La particularidad sobre la que centraremos el
estudio serd la Propiedad de Extensién ® (lo denotamos como EP).

Por tanto, hemos clasificado teniendo en cuenta las siguientes propiedades:
si A? tiene la propiedad de extensién, la dimensién del anulador de A, y si el

algebra de evolucion tiene un ideal de evolucién principal ? de dimensién dos

"Para cualquier base {e1,ez,e3} el ideal A? tiene dimensién dos y estd generado por
{e7,€7}, para cada i,j € {1,2,3} con i # j.
8Existe una base natural de A% que puede extenderse a una base natural de A

9Principal signigica que estd generado como ideal por un elemento.
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degenerado como élgebra de evolucién (lo denotamos por PD2EI).

La clasificacion de las algebras de evolucién de dimension tres estd
desarrollada en el Teorema 4.2.2. Por ultimo, recogemos en las siguientes

tablas el nimero de matrices de estructura que aparecen en los diferentes

casSos.
A? tiene EP | dim(ann(A)) | A tiene un PD2EI | Nmero
No 0 Si 1
No 1 Si 1
Si 2 No 1
Si 1 No 1
Si 0 No 1
Si 2 Si 1
Si 1 Si 1
dim(4?%) =1
Entradas no nulas
dim(ann(A)) * Entradas no nulas en S A tiene la Propiedad (2LI) | Nimero
** Entradas no nulas en las filas 1 y 2
1 iE No 2
1 2%* No 4
1 3¥* No 2
1 4F* No 3
0 4% No 3
0 5% No 6
0 6* No 3
0 * No 6
0 8% No 3
0 9* No 3
0 4 Si 4
0 5 Si 3
0 6 Si 7
0 7 Si 6
0 8 Si 2
0 9 Si 1
dim(A4?%) =2
Entradas no nulas | Numero
3 3
4 6
5 16
6 15
7 8
8 2
9 1

dim(A?) =3
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Chapter 1

Basic facts about evolution
algebra

The goal of this chapter is to introduce the notion of evolution algebra. We
will show how far evolution algebras are from being associative. Actually we
will prove that evolution algebras are not even power associative (unless they
satisfy some very restrictive additional conditions that we will determine).
We compute the formula for product and change of basis of an arbitrary
algebra and in particular we obtain the expressions to the case of evolution
algebras. We analyze in deep the notions of evolution subalgebras, ideals and
non-degeneracy. In the last part of this chapter we associate a graph to any
evolution algebra. The use of these graphs will allow to see in a more visual

way properties of the evolution algebras.

1.1. Preliminaries

In order to understand the interaction history between evolution algebras
and genetics (in fact, this new algebras have arisen from study of
non-Mendelian inheritance) it is necessary to briefly present some preliminary

concepts of molecular genetics.
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In every living thing there exists a substance referred to as the genetic
material. Except in certain viruses, this material is composed of the nucleic
acid, DNA. A molecule of DNA is organized into units called genes, which
direct all metabolic activities of cells and we will define as an inherited factor
that determines a characteristic. Genes control the characteristics that an
offspring will have and they are organized into chromosomes, structures that
serve as the vehicle for transmission of genetic information. The particular
location of a gene on a chromosome is referred to as the gene’s locus (plural
loci). The cells of each species have a characteristic number of chromosomes;
for example, bacterial cells normally posses a single chromosome; human
somatic (non-sexuals) cells possess 46. There appears to be no special relation
between the complexity of an organism and its number of chromosomes
per cell. There exists two types of eukaryote cells depend on the number
of chromosome sets found in the nucleus: Haploid cells and diploid cells.
Haploid cells are cells that contain only one complete set of chromosomes.
The most common type of haploid cells is gametes, or sex cells. Haploid
cells are produced by meiosis. They are genetically diverse cells that are
used in sexual reproduction. When the haploid gametes, one from the
male parent and the other from the female parent fuse and are fertilized,
the offspring has a complete set of chromosomes and becomes a diploid cell
called zygote. Thus, in diploid cells, the chromosomes come in pairs called
homologous chromosomes. These are same in length, genes and position
of the centromere, the point of spindle fiber attachment during division. In
humans, the haploid cells have 23 chromosomes, versus the 46 in the diploid
cells (23 pairs of homologous chromosomes). The new cell then divides over
and over again by mitosis. This creates the many cells that eventually form

a new individual.
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Since we have two copies of each chromosome, we have two copies of each
gene. Our genes give rise to traits, or observable characteristics, like height,
eye color and so forth. Alternative forms of the same gene are called alleles.
Alleles are commonly represented by letters: for example, for a gene related
to the albinism trait, the alleles could be called A and a. In a population
of members of the same species, many different alleles of the same gene
may exist. The set of alleles that an individual organism possesses are called
genotype. This genetic constitution of an individual influences but is not solely
responsible for many of its traits. The phenotype is the visible or expressed
trait, such as hair color. The phenotype depends upon the genotype but can
also be influenced by environmental factors, for example, human height is
affected by many genes as well as by factors such as nutrition. If an organism
has two copies of the same allele, for example AA or aa, it is homozygous for
that trait. If the organism has one copy of two different alleles, for example
Aa, it is heterozygous. Alleles can be dominant or recessive. A dominant allele
takes precedence over a recessive allele. For example, the allele that gives
rise to albinism is recessive, and the allele for normal pigment production is
dominant. That means that a heterozygous individual with the genotype Aa,
who has one copy of the normal allele and one copy of the albinism allele,
would not be an albino. This is because since A is dominant, one copy of A is
enough to give the normal phenotype. An obvious important concept is that
only the genotype is inherited. Although the phenotype is determined, at least
to some extent, by genotype, organisms do not transmit their phenotypes to

the next generation.

Algebras in genetics originate from the work of I.M.H. Etherington
[17], who put the Mendelian laws into an algebraic form. Consider an

infinitely large, random mating population of diploid individuals which differ
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genetically at one or several loci. Let aq,...,a, be the genetically distinct
gametes produced by this population. The state of the population can be
described by a vector of gamete frequencies. The union of gametes a; and
a; forms a zygote a;a;, which can produce a gamete a;. In absence of
selection, one can define the segregation rates. The segregation rate v;;; is
the probability that the zygote a;a; produces a gamete a;. By definition the

vijk's satisfy the following relations

OS’yZ]kgl i,j,kzl,...,n.

Zf}/@]kzl i,jzl,...,n.
k=1

Consider the gametes aq,...,a, as abstract elements, free over the field

R. They span an n-dimensional vector space

F = {ZO@CL”O@ER Z:L,n}

k=1

Using the segregation rates 7;;; one can define a multiplication in F' by

n
a;a; = E Vijk Ak i,jzl,...,n
k=1

extended bilinearly onto F' x F'. Like this, F' is equipped with a commutative
algebra structure. It is called the gametic algebra.

A special case of gametic algebras is the case the gametic algebra for simple
Mendelian inheritance. Assume that all zygotes have equal fertility and that
there is no mutation, i.e., homozygotes a;a; produce gametes a; only and
heterozygotes a;a; (i # j) produce gametes a; and a; in equal proportions.

So we can write the segregation rates as
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1 .
YVijk = 5(5lk+5]k‘) Z?]ak: ]-7"'777’

where 0, is the Kronecker delta.
As a natural example, we consider simple Mendelian inheritance for a single
gene with two alleles E and e. So, multiplication table of the gametic algebra

for simple Mendelian inheritance is the following

‘ E e
E E s(E+e)
e | s(e+E) e

However, when we consider the asexual inheritance, the interpretation a;a;
as a zygote does not make sense biologically if a; # a;. But, a;a; = a? can
still be interpreted as self-replication. Therefore, in asexual inheritance, we

can use the following relations to define an algebra

a;a; = ﬁ: vikay,
k=1

aa; = 0,1 # j.
where wy; is a positive number that can be interpreted as the rate of the
genotype e produced by the genotype e; (see [30, pp. 9, 10]). Therefore, as
pointed out in [30], evolution algebra theory models all the non-Mendelian
inheritance phenomena.
This is the case, for example, of the bacterial species Escherichia coli
because their reproduction is asexual. In particular, evolution algebras model
population Genetics (which is the study of the frequency and interaction of
alleles and genes in populations) of organelles (specialized subunits within
a cell that have a specific function) as well as organisms such as the
Phytophthora infestans (an oomycete that causes the serious potato disease
known as late blight or potato blight, and which also infects tomatoes and

some other members of the Solanaceae).
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1.2. Evolution algebras

Before introducing evolution algebras we establish in a precise way what
we mean by an algebra. An algebra is a vector space A over a field K,
provided with a bilinear map A x A — A given by (a,b) — ab, called the
multiplication or the product of A. An algebra A such that ab = ba
for every a,b € A will be called commutative. If (ab)c = a(bc) for every
a,b,c € A, then we say that A is associative. Therefore in contrast with
texts like [3], [13], [24], [26] and many others we do not assume that an
algebra is associative, unless it be specifically stated. We recall that an algebra
A is flexible if a(ba) = (ab)a for every a,b € A. Power associative
algebras are those such that the subalgebra generated by an element is
associative. Particular cases of flexible algebras are the commutative and also
the associative ones. It is known (see [6]) that an algebra A over a field K of

characteristic different from zero is power associative if and only if

wr = 2?2’ (1.1)

for every x € A.

Let us start by introducing the basic facts about evolution algebras.
As already mentioned, evolution algebras has been used to describe the
non-Mendelian inheritance. For this reason, we have tried to translate the

mathematical concepts of this section into genetic meaning.

Definitions 1.2.1

An evolution algebra over a field K is a K-algebra A provided with a basis
B = {e; | i € A} such that e;e; = 0 whenever ¢ # j. Such a basis B is called
a natural basis. Fixed a natural basis B in A, the scalars wy; € K such that

e? = e;e; = Y wrier will be called the structure constants of A relative
keA
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to B, and the matrix Mp := (wy;) is said to be the structure matrix of A
relative to B. We will write Mp(A) to emphasize the evolution algebra we
refer to. Observe that [{k € A| wy; # 0} < oo for every i. Therefore Mp is
a matrix in CFM, (K), where CFM, (K) is the vector space of those matrices
(infinite or not) over K of size A x A for which every column has at most a

finite number of non-zero entries.

Note that an n-finite dimensional algebra A is an evolution algebra if and
only if there is a basis B = {ey, ..., e,} relative to which the multiplication

table is diagonal:

€1 €En
n
er | D wriek 0 0
k=1
n
0 Z WkiCk 0
k=1
n
€n 0 0 > Wrnek
k=1

In this case, the structure matrix of the evolution algebra A relative to
the natural basis B is the following one:

Wil ... Wip
Mg = oo € M, (K).

Wi W

Every evolution algebra is uniquely determined by its structure matrix: if
A is an evolution algebra and B a natural basis of A, there is a matrix, Mz,
associated to B which represents the product of the elements in this basis.
Conversely, fixed a basis B = {e; | i € A} of a K vector space A, each matrix
in CFM,(K) defines a product in A under which A is an evolution algebra

and B is a natural basis.

Remark 1.2.2

Note that by definition, every evolution algebra is commutative and, hence,
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flexible. Howewver, evolution algebras are not associative in general. Further,
evolution algebras are not power associative in general. Indeed, we provide
with an example of evolution algebra which it is not power associative. Let
A the evolution algebra with natural basis B = {e,es} and product given
by e% = ¢e; and e% = ¢;. Then e%e% = e1e; = e; and on the other hand
(e3e9)es = (e169)ea = 0.

Hence, evolution algebras are mot, in general, Jordan or alternative.
Evolution algebras are not Lie algebras either.

Now, we are going to study which are the conditions for an evolution
algebra A over a field K with characteristic different from zero in order to be
power associative. We will use the characterization (1.1). On the one hand

we have

2.2 2: 2: 2:222:22: 2:2
€, € = < wkiek> Wji€; = Wgi€r = Wi Wik€j = Wi Wjik€; -

keA JEA keA kel JEA j,keN

and on the other hand

2 2 2 9 2
(efe;)e; = << E wkiek> ei> € = Wiie;e; = wy; < E wkiek> e = wie; = E WiWjie;.

keA keA JEA

Thus the only evolution algebras over a field K with characteristic different
from zero which are power associative are those such that Y wjwi, = wiw;
for every 1,7, k € K. Consequently in terms of matrices, kue)g obtain that an
evolution algebra over a field K with characteristic different from zero is power

associative if and only if MBMg) = MpD where Mg) = (w}}) and D = (d;)
with dij = 0 if i # j and d;; = w3 for every i € K.

We said at the beginning of this chapter that evolution algebras are

the language of non-Mendelian Genetics. In this terms, according to [30],
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the product e;e;, where B = {ej,...,e,} is natural basis, mimics the
self-reproduction of alleles in these type of Genetics.

Since genetics algebras models non-Mendelian Genetics, a natural question
that arises is if the class of algebras modeling Mendel’s laws are included in the
class of evolution algebras. The answer is no, as the next example shows. More
precisely we will see that the zygotic algebra for simple Mendelian inheritance
for one gene with two alleles, E' and e, is not an evolution algebra. For this
algebra, according to Mendel laws, zygotes have three possible genotypes,
namely: FFE, Ee and ee. The rules of simple Mendelian inheritance are
expressed in the multiplication table included in the example that follows (see

[25] for details and similar examples of algebras following Mendel’s laws).

Example 1.2.3
Consider the vector space generated by the basis B = { FE, Fe, ee} provided

with the multiplication table given by:

‘ EFE Fe ee
EE EE SEE + 1Ee Ee
1 1 1 1 1 1 1

Fe §EE + §Ee ZEE + jee+ §Ee Jee + §Ee
ee FEe %ee + %Ee ee

We claim that this is not an evolution algebra.

Proof of the claim. We will see that this algebra does not have a
natural basis. Suppose on the contrary that there exists a natural basis
B = {e | i € {1,2,3}}. For each ¢ € {1,2,3} we may write
e; = a, EE + ag; Fe + as;ee.

Since e;e; = 0 for each 4,5 € {1,2,3}, with 7 # j, we have that:

donjon; + 20000 + 200500; + Qg =0
1 + 200035 + Qg + Qigirgj + Qioizy + 2030015 + Qg =0
40[32‘043]' + 20[32‘042]' + 20[22‘043]' + Qg Qlg; =0
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for every i,j € {1,2,3}.

We can express these three equations as:

(20&12‘ + &22‘)(20(” + Ozgj) = 0
(203; + ;) (2035 + z5) =
1 + 200035 + Qg + Qigirgj + Qioiiy + 2030015 + Qg =0

Since these identities hold for every i,j € {1,2,3}, the only option is that

there exist m, n, s € {1,2,3}, with m # n and m # s, such that:

2000, + gy =0
2000, + 9, =10

1.2
20[3m + oy, = 0 ( )
20[33 —+ Qg =0

Now, we distinguish two cases:
Case 1 n # s.

From (1.2) we obtain that:

A1 = Q3m

Qo = _2a1m

Qop = _2a1n

Qg - _2a3s

It follows:

U = Q€1 — 200,€2 + Q33
Up = Qp€1 — 201,62 + Q3pe3
Vg = Qs€1 — 203469 + (3463

On the other hand, if we take i = n and j = s in (1), then
Q1 Qs + 2a1na3s + Qons + opQias + i35 + 2a3na15 + Qgpos = 07

this means that ay, = ag, or ass = ays. In any case, this is impossible due

to the fact that v,,, v, and v, are linearly independent.

Case 2 n = s.
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Then,
Q1 = Q3
Q1p = O3p,
Qom = —20[17”
Qop = _2a1n

which is impossible because v,, and v, are linearly independent.

1.3. Product and change of basis

In this section we study the product in an arbitrary algebra (which does
not need to be an evolution algebra) by considering the matrices associated
to the product by any element in a fixed basis. We specialize to the case of
evolution algebras and obtain the relationship for two structure matrices of
the same evolution algebra relative to different basis.

In [4] this study is already done for an finite dimensional evolution algebra.
The product of an algebra

Let A be a K-algebra. Let B = {e; | i € A} be a basis of A. We may
assume that for any x € A there exists a finite subset A, C A such that

r =Y ae; = Y. aze; with oy € K, that is o; = 0 for every ¢ € A\ A,. In
i€A €A,
what follows we will use indistinctly x = >~ ase; and x = ) «a4e; according
[ISIN €Ay
with our interest.

Let {wkij}i,meA C K be the structure constants, i.e., for each pair

(i,7) € A x A, eje; = Zwkzjek. Note that for every 4,7 € A, we have
keA

that wyi; = 0, for every k € A\ Age,.

For any element a € A the following linear map

Mn: A — A
T = ax

is called the left multiplication operator by a.
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For any linear map any linear map 7' : A — A we write Mp(T) = (w;;) to
denote the matrix in CFM,(K) associated to T relative to the basis B i.e.,

T(e;) = Y wje;. Therefore, for every ¢ € A we have Mp(A.,) = (wij)-
jEA

Now, we will compute the product of two arbitrary elements of A.

Let x = > aye; and y = > fie; be two any elements of A. Denote by
i€, =

¢p(x) and Ep(y) the vector A x 1 give by the coordinates of z and y respect

to B respectively. Note that the matrix product Mg(X\,){p(x) makes sense

because the columns of Mp(\,) as well as that of {z(x) have only a finite

number of non-zero entries. Then:

xy(ZaieZ) (Z ﬂjej) = Y. aBjee = Y (azﬂj > w,ﬂ-jek)

i€h, JeA, (i) EAs X A, (i) EAs X Ay k€A«

= E Qi BjWhijek-

(6,3, k) €As XAy X Acye,

Thus

Ep(y) =Y M)l () = D (Wrij)ysp (@iB5)px - (1.3)

ieA i,jEA

In case of A being an evolution algebra and B = {e; | i € A} a natural basis
of A, the structure constants satisfy that wy;; = 0 for every k,¢,7 € A with

i # j. If we denote wy;; = wy; we obtain that (wy;;) JeAXA is a matrix such

(k.j

that all its columns consist in zero entries unless the i-th one whose entries are

wy; for k € A. Because of this (o, ;) can be replaced by a column vector

Ax1
where all its entries are zero except the i-th one whose value is ;3. But by
considering a matrix A x A whose i-th column be (wy;),c, and a matrix A x 1

whose j-th file be a;8; we obtain that

Ep(2y) = (Wri) psen (€8i) g - (1.4)
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This fact justify the following definition.

Definition 1.3.1
Let A be an algebra and B = {e; | i € A} a basis of A. For arbitrary elements
r= Y, oe;andy = ). fe in A for certain A,, A, C A, we define

1€AL 1€EAy

repy = <Z ai€i> op Zﬁzez = Z a;fie;.

i€Ay i€Ay i€AzNAy

Now, in the case of an evolution algebra we may write (1.4) as follows.

{p(ry) = Mp (Es(z) @5 ER(Y)), (1.5)

where, by abuse of notation, we write eg to multiply two matrices, by
identifying the matrices with the corresponding vectors and multiplying them

as in Definition 1.3.1.

Change of basis
First, we study the relationship between two structure matrices of the same
algebra relative to different basis. Then we specialize in the case of evolution
algebras.

Let B={e; | i€ A} and B’ = {f; | j € A} be two bases of an algebra A.

Suppose that the relation between these bases is given by

fi= Z pricr and e = Z Qi fr,

ke/\fi kGAei

where for every 4, Ay, A., € A so that Ppp := (pi;) and Ppp := (qi;) are the
change of basis matrices. Assume that the structure constants of A relative to

B and to B’ are, respectively, {wyi;}ijren and {wyij}ijrea. Then, for every
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1,7 € A
fif j = E Pki€k E Pei€t | = E PkiPtj€L€s = E PkiPtj WmktCm
keA teA kteA mk,tEA
= E DkiDt; Tkt Qim J1 = § E (PriPtj Tkt @im) | f1 = g wiij f1-
m,k,t,lEA leN \m,k,teA leA

Therefore, E (pkzptjwmktmm) = Wrij-
m,k,tEA
Our next aim is to express every wy;; in terms of certain matrices. To find

such matrices, we assume that A is at most countable. Then, we write:

Wiij = P1iP1;@111q11 + -+« + P1iP1;Tm11Gmn + - - -
+ P1iPtjT011equ + - - - F P1iPni@mitqim + - - -
+ PkiP1; 161401 + - - - + PriP1i T mk1Qim + - - -

+ PkiPti 1kt Qi1 + - - - + PkiPtj OmktQim + - - -

In terms of matrices,

w1l v Wi P1ipP1j
Wiig = \4qnn - q .
Y ( " ) Wmll -~ Wmlt " P1iPtj
+ ..
Wikl - Wikt " PkiP1j
+ (g1 - -- 1 AN '
(q dim ) Wmkl **°  Wmkt = PkiDtj
+ ..

This is equivalent to:
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i - qim w1y o Wi o P1ipir - P1iPiy
Mp/(Ny,) = ) )
5 (As) Qi c Qim Wm1l =~ Wmit -~ P1iper - PliPty
_|_ .-
a1 qim Wik1 0 Wikt PkiP11 -+ PkiDP1j
i : :
qii 0 Qim Wmk1  *°*  Wmkt " PriPt1 - PkiDtj
+ -
= Pp/p (Z Mp(Ae, )pm) Ppp, (1.6)
k

Observe that this matrices are well defined because on the one hand if we
fix 4,7 € A, then pripy; = 0 for every (k,t) € (A x A)\ (Aj, x Ay;) and on
the other hand if we fix (k,t) € (A x A)\ (Ay, X Ay,), @pwe = 0 for every
m e N\ Ay,

As we said before, it is easy to check that the formula (1.6) is verified for
an evolution algebra of arbitrary dimension.

We finish the section by asserting the relationship among two structure
matrices associated to the same evolution algebra relative to different bases.
We include the proof of Theorem 1.3.2 for completeness. The ideas we have

used can be found in [30, Section 3.2.2.].

Theorem 1.3.2
Let A be an evolution algebra and let B = {e; | i € A} be a natural basis of

A with structure matriz Mp = (w;j). Then:
(1) If B = {f; | i € A} is a natural basis of A such that Ppp = (p;;) and

Ppp = (q;;) are the change of basis matrices, then:

Mp(&p(fi) e Ea(f;) =0 (1.7)
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for every i # j with i,j € A.

Moreover,
Mp = PBB,MBP(Q)
B'B>

where P&, = ().

(11) Assume that P = (p;;) € CFMa(K) s invertible and satisfies the
relations in (1.7). Define B' = {f; | 1 € A}, where fi = > pje; for
je

every i € A. Then B’ is a natural basis and (1.8) is satisfied.

Demostracion. (i). Clearly, since B and B’ are two bases of A then Pp/pg is

invertible. Besides, since B and B’ are natural bases, by (1.5) we have:

Ep(fifi) = Mp(Ep(fi) o5 Ep(f;)) =0

and

Es(f7) = Mp(Es(fi) o5 p(fi))

for every i,7 € A, being i # j.

On the other hand, recall that p/(x) = Ppp/ép(x) for every x € A. Then:

E5(f7) = Pep Mp(Es(fi) o5 Ea(fi))

Note that if Mp = (w;;), then £p/(f?) is the ith column of the structure

matrix Mp and consequently

My = Py MpP%)

B




1. Basic facts about evolution algebra 17

(ii). Assume that P = (p;;) is invertible. Then B’, defined as in the
statement, is a basis of A. Moreover, if (1.7) is satisfied, then B’ is a natural

basis as follows by (1.5). O

The formula (1.7) can be rewritten in a more condensed way ([30]).

Concretely,

MB(PB’B*PB’B):O (18)

where Ppp* Ppp = (cr(ij)) € CFMA(K), being cy(; jy = pripr; for every pair
(i,§) with i < j and 4,5 € A

1.4. Subalgebras and ideals of an evolution
algebra

In this section we study the notions of evolution subalgebra and evolution
ideal. We will see that the class of evolution algebras is not closed neither
under subalgebras (Example 1.4.1) nor under ideals (Example 1.4.6). This
last example also shows that the kernel of a homomorphism between evolution
algebras is not necessarily an evolution ideal (contradicting [30, Theorem 2,

p. 25]). The next example is [31, Example 1.2].

Example 1.4.1

Let A be the evolution algebra with natural basis B = {ej,es,e3} and
multiplication table given by e} = e + ey = —e3 and € = —ey + e3.
Define u; := e; + e3 and us := e; + e3. Then the subalgebra generated
by u; and wus is not an evolution algebra as follows. Suppose on the
contrary that there exist a, 3,7, € K such that vy = au; + Pus and
vy = Yuy + dus determine a natural basis of the considered subalgebra. Since

vV = (Quq + Bug)(yuy + dug) = (ad + fy)ug + Bdug, the identity vive = 0
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and the linear independency of u; and wuy imply that v; and v, are linearly

dependent, a contradiction.

Because a subalgebra of an evolution algebra does not need to be an

evolution algebra it is natural to introduce the notion of evolution subalgebra.

Remark 1.4.2

In [30, Definition 4, p. 23] (and also in [31]), an evolution subalgebra of an
evolution algebra A is defined as a subspace A’, closed under the product of
A and endowed with a natural basis {e; | i € A’} which can be extended to
a natural basis B = {e; | i € A} of A with A’ C A. Nevertheless, we prefer
to introduce the following new definition of evolution subalgebra that will be

the only one that we will consider from now on.

Definitions 1.4.3
An evolution subalgebra of an evolution algebra A is a subalgebra A’ C A
such that A’ is an evolution algebra, i.e. A’ has a natural basis.

We say that A’ has the extension property if there exists a natural

basis B’ of A’ which can be extended to a natural basis of A.

Remark 1.4.4
Let A be an evolution algebra with basis {e; | i € A}. As it was said before
every element e; can be interpreted as a genotype. A linear combination
> aje; can be seen as a single individual such that the frequency of having
:g;eeAnotype e; 18 ;.

A subalgebra A’ of A is a population consisting of single individuals, each
of which has a certain frequency of having genotype e; and such that its
reproduction (i.e. its product) remains in A’.

An evolution subalgebra A’ will have the extension property if there exist

genotype sets B and B” of A such that B’ is a natural basis of A’ and B’UB”
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is a natural basis of A.

Note that an evolution subalgebra in the meaning of [30] is an evolution
subalgebra in the sense of Definitions 1.4.3 having the extension property.
Thus, this last definition of evolution subalgebra is natural and less restrictive
as Example 1.4.10 below proves (where we give an ideal / which is an evolution
algebra but has not the extension property). First, we introduce the notion
of evolution ideal.

Recall that a subspace I of a commutative algebra A is said to be an ideal
if A C I. Next we show that an evolution subalgebra does not need to be an
ideal. This contrast with the fact stated in [30] asserting that every evolution
subalgebra is an ideal (according with the definition there). This is not the
case with the definition of evolution subalgebra given in Definitions 1.4.3 as

the following example shows.

Example 1.4.5

Let A be an evolution algebra with natural basis B = {ejes, e3} and
multiplication given by e? = ey, €3 = e; and e = e3. Then, the subalgebra
A’ generated by e; + e5 and e3 is an evolution subalgebra with natural basis

B’ = {e1 + ey, e3} but it is not an ideal as e1(e; + eq) ¢ A'.

On the other hand, not every ideal of an evolution algebra has a natural

basis.

Example 1.4.6

Let A be the evolution algebra with natural basis B = {ey, 5, €3} and product
given by e? = ey + e3, €3 = €1 + e3 and €2 = —(e; + ey). Define u; := e? and
uy := e2. It is easy to check that u; and usy are linearly independent and that

the subspace they generate is

I:={ae; + (a+ Bea + Pes | a, f € K}.
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Since equy; = 0, esu; = ug, €3u; = —Ug, €Uy = Up, €Uy = Us and
esus = 0, we have that [ is an ideal of A. Nevertheless, I has not a natural
basis because if v; and vy are elements of I such that vyv9 = 0, then v; and
vy are not linearly independent. Indeed, if v; = ae; + (o + B)es + fes and

vy = Aey + (A + p)es + pes, for a, B, \, u € K, then
v1v2 = adug + [(a+ B) (A + 1) — Bpjus.

Consequently, if vjvy = 0 then aX = 0 and (a + B)(A + ) = Bu. It follows
that « = A =0,ora = =0,or A = pu =0, and hence v; and vy are not

linearly independent.
This justifies the introduction of the following definition.

Definition 1.4.7
An evolution ideal of an evolution algebra A is an ideal I of A such that [

has a natural basis.

Remark 1.4.8
Biologically, an ideal I of an evolution algebra A is a subalgebra such that
the reproduction (multiplication) of genotypes of A by single individuals of I

produces single individuals in .

Clearly, evolution ideals are evolution subalgebras but the converse is not
true as Example 1.4.5 proves (because an evolution subalgebra does not need
to be an ideal). Also Example 1.4.6 shows that an ideal of an evolution algebra

does not need to be an evolution ideal.

Remark 1.4.9
In [30, Definition 4, p. 23], the evolution ideals of an evolution algebra A are
defined as those ideals I of A having a natural basis that can be extended to a

natural basis of A. It is shown in [30, Proposition 2, p. 24] that every evolution




1. Basic facts about evolution algebra 21

subalgebra is an evolution ideal (in the sense of [30]), that is, evolution
ideals and evolution subalgebras are the same mathematical concept. This
contrasts with our approach (Definitions 1.4.3 and 1.4.7, and Examples 1.4.5
and 1.4.10).

We finally show that there are examples of evolution ideals for which
any natural basis can be extended to a natural basis of the whole evolution
algebra. In other words, our definition of evolution ideal is more general than

the corresponding definition given in [30].

Example 1.4.10

Let A be an evolution algebra with natural basis B = {ejes, e3} and
multiplication given by e = e3, €5 = e; + ey and €2 = e3. Let I be the
ideal generated by e; 4+ e; and e3. Then [ is an evolution ideal with natural
basis By = {e; + €2, e3}. However no natural basis of I can be extended to
a natural basis of A. Indeed, if u = a(e; + e2) + fes v = y(er + e2) + des
and w = Aej + pes + pes is such that the set {u,v,w} is a natural basis of
A, then uv = 0, uw = 0 and vw = 0. This implies the following conditions:
ay=0,060=0,au=0,ar+ Fp=0,vu =0 and v\ + dp = 0. Therefore,
the only possibilities are « =0 =p=p=0ory=0=pu=X=p =0,
a contradiction because {u,v,w} is a basis. This means that [ has not the

extension property.

We finish this subsection with the result stating that the class of evolution
algebras is closed under quotients by ideals (see also [15, Lemma 2.9]). The

proof is straightforward.

Lemma 1.4.11
Let A be an evolution algebra and I an ideal of A. Then A/I with the natural

product is an evolution algebra.
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Remark 1.4.12

Let B := {e; | i € A} be a natural basis of an evolution algebra A and let
I be an ideal of A. Then B/ := {&; | i € A,e; ¢ I} is not necessarily a
natural basis of A/I. For an example, consider A and [ as in Example 1.4.6.
Then ey, ez,e3 ¢ I and hence B/ = {€1, €2, €3}, which is not a basis of A/1
as the dimension of A/I (as a vector space) is one. Nevertheless, the set B4,

always contains a natural basis of A/I.

Given two algebras A and A’, we recall that a linear map f: A — A’ is

said to be an homomorphism of algebras (homomorphism for short) if

f(zy) = f(x)f(y) for every z,y € A.

Remark 1.4.13

[30, Theorem 2, p. 25] is not valid in general. Let I be an ideal of an evolution
algebra. Then the map 7 : A — A/I given by w(a) = @ is a homomorphism
of evolution algebras (indeed, A/ is an evolution algebra by Lemma 1.4.11)
whose kernel is /. By [30, Theorem 2, p. 25|, Ker(n) = [ is an evolution
subalgebra in the sense of [30] and, in particular, I has a natural basis. But
this is not always true. For example, take A and [ as in Example 1.4.6. Then
I is not an evolution ideal (i.e. has not a natural basis), as it is shown in that

example.

We finish by showing that the class of evolution algebras is closed under

homomorphic images.

Corollary 1.4.14
Let f : A — A’ be a homomorphism between the evolution algebras A and A’.

Then Im(f) is an evolution subalgebra of A’.

Demostracion. By Lemma 1.4.11, A/Ker(f) is an evolution algebra. Apply

that Ker(f) is an ideal of A and Im(f) is isomorphic to the evolution algebra
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A/Ker(f). O

In the chapter 2 we will come back to the study of ideals. Concretely, we

will determine the ideals generated by one single element.

1.5. Non-degenerate evolution algebras

In what follows we study the notion of non-degenerate evolution algebra
and introduce a radical for an arbitrary evolution algebra such that the

quotient algebra by this ideal is a non-degenerate evolution algebra.

Definition 1.5.1
An evolution algebra A is non-degenerate if it has a natural basis

B ={e; | i € A} such that e? # 0 for every i € A.

Remark 1.5.2

That a genotype e; in an evolution algebra A satisfies ¢ = 0 means
biologically that is not able to have descendents. By Corollary 1.5.4 the
evolution algebra A will be non-degenerate if all of its genotypes can

reproduce.

In Corollary 1.5.4 we will show that non-degeneracy does not depend on
the considered natural basis. Our proof will rely on the well-known notion of
annihilator.

We recall that, for a commutative algebra A its annihilator, denoted by

ann(A), is defined as
ann(A) = {zx € A| zA=0}.

Let X a subset of a vector space. We denote by lin{X} to subspace

generated by elements of X.
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Proposition 1.5.3
Let A be an evolution algebra and B = {e; | i € A} a natural basis. Denote

by Ao(B) :=={i € A | e? =0}. Then:
(1) ann(A) = lin{e; € B | i € Ao(B)}.
(11) ann(A) = 0 if and only if Ao = 0.
(1) ann(A) is an evolution ideal of A.
(tv) |Ao(B)| = |Ao(B')| for every natural basis B’ of A.

Demostracion. By 15, Lemma 2.7] we have that
ann(A) = lin{e; € B | i € Ap}. This implies (i) and (iii). Item (ii) is obvious
from (i) and (iv) follows from the fact that |Ao(B)| = dim(ann(A)). O

From now on, for simplicity, we will write Ay instead of Ag(B).

Corollary 1.5.4
An evolution algebra A is non-degenerate if and only if ann(A) = 0.
Consequently, the definition of non-degenerate evolution algebra does not

depend on the considered natural basis.

Demostracién. Since A is non-degenerate if and only if Ay = (), the result

follows directly from Proposition 1.5.3 (ii). O

Remark 1.5.5
Let A be an evolution algebra and B = {e; | i € A} a natural basis. Denote
by Ay :={i € A |e? # 0}. Then:

(i) Ay :=lin{e; € B | i € Ay} is not necessarily a subalgebra of A.

(ii) A/ann(A) is not necessarily a non-degenerate evolution algebra.
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Indeed, for an example concerning (i), consider the evolution algebra A
with natural basis {e1,es} and product given by: e? = 0, €3 = e; + es.
Then ann(A) = lin{e;} and A; = lin{ey}, which is not a subalgebra of A
as ez =e; + ey & Ay

To see (ii), let A be an evolution algebra with natural basis
B = {ey, €9, €3, €4, 65,66} such that e? = €3 = e3 = 0, €7 = €1+ €9, €2 = 3 and
€2 = ey + e5. Then ann(A) = lin{e;, ez,e3} and A/ann(A) is an evolution
algebra generated (as a vector space) by €j, €5 and € and has non-zero

annihilator. In fact, ann(A/ann(A)) = lin{eg, 5 }.

To get mnon-degenerate evolution algebras, we introduce a radical
for an evolution algebra A, denoted by rad(A), in such a way that
rad(A/rad(A)) = 0, and so A/rad(A) is non-degenerate.

Definition 1.5.6
Let I be an ideal of an evolution algebra A. We will say that [ has the

absorption property if A C I implies x € I.

Remark 1.5.7
Biologically, an ideal I has the absorption property if whenever we consider
one single individual =z of A such that its descendence produces only

individuals inside I, then the initial individual x belongs to 1.

Example 1.5.8
Consider the evolution algebra A with natural basis {ej, e, €3} and product
given by: € = ey, €3 = ¢; and e = e3. Let I be the ideal of A with basis

{e1,e2}. It is not difficult to see that I has the absorption property.

Lemma 1.5.9

An ideal I of an evolution algebra A has the absorption property if and only
if ann(A/T) = 0.
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Demostracion. Assume first that I has the absorption property. Take
a € ann(A/I). Then @ A/I = 0, so that aA C I. This implies a € I, that
is, @ = 0. For the converse, use that aA C I implies @ A/I = 0, that is,

@ € ann(A/I) =0 and hence a € I. O

Lemma 1.5.10

Let I be a non-zero ideal of an evolution algebra A. Denote by B = {e; | i € A}
a natural basis of A. If I has the absorption property, then there exists By C B
such that By is a natural basis of I. In particular, I is an evolution ideal and

has the extension property.

Demostracion. By Lemma 1.4.11, we have that A/ is an evolution algebra.
Let Ay C A be such that B := {&; | i € Ay} is a natural basis of A/I. Denote
by Ay = A\ Ay, and let B' = {¢; | i € A;}. We claim that B’ is a natural
basis of I.

Take e; € B'. Then &; A/I = 0; this means & € ann(A/I), which is zero
by Lemma 1.5.9. This implies e; € I. To see that [ is generated by B’, take
y € I and write y = > ;.\ kie; + > ;. kie; for some k; € K. Taking classes

in this identity we get 0 =7 = >_ k;e; € lin B. Since B is a basis, all the

1€Ao

ki (with 7 € Ay) must be zero, implying y = >, ., kie; € lin B'. O

Remark 1.5.11

The converse of Lemma 1.5.10 is not true. If we take the evolution algebra A
with natural basis {e;,es} and product given by €2 = e, and e2 = e;, then
I = Ke; is an evolution ideal having the extension property but it has not

the absorption property because e;A C I and ey ¢ I.

It is not difficult to prove that the intersection of any family of ideals with

the absorption property is again an ideal with the absorption property.




1. Basic facts about evolution algebra 27

Definition 1.5.12

We define the absorption radical of an evolution algebra A as the
intersection of all the ideals of A having the absorption property. Denote
it by rad(A). It is clear that the radical is the smallest ideal of A with the

absorption property.

Proposition 1.5.13
Let A be an evolution algebra. Then rad(A) = 0 if and only if ann(A) = 0 if

and only if A is non-degenerate.

Demostracion. Note that ann(A) C rad(A), hence rad(A) = 0 implies
ann(A) = 0. On the other hand, if ann(A) = 0, then 0 is an ideal having
the absorption property. This implies rad(A) = 0 as the radical of A is the
intersection of all ideals having the absorption property. Finally, the assertion

ann(A) = 0 if and only if A is non-degenerate follows from Corollary 1.5.4. [

Corollary 1.5.14
Let I be an ideal of an evolution algebra A. Then I has the absorption property
if and only if rad(A/I) = 0. In particular rad(A/rad(A)) = 0, that is,

A/rad(A) is a non-degenerate evolution algebra.

Demostracion. By Lemmas 1.4.11 and 1.5.9, and by Proposition 1.5.13 it
follows that I has the absorption property if and only if ann(A/I) = 0 (and
hence A/I is a non-degenerate evolution algebra), equivalently rad(A/I) = 0.
Since rad(A) is an ideal with the absortion property, the particular case about

A/rad(A) follows immediately. O

We recall that an arbitrary algebra A is semiprime if there are no
non-zero ideals I of A such that I? = 0, and is nondegenerate if a(Aa) = 0

for some a € A implies a = 0. Note that this is a different definition than
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that of non-degenerate (given in Definition 1.5.1). Although these definitions
(in spite of the hyphen) can be confused, they appear with those names in
the literature, and this is the reason because of which we compare them.

In the associative case, semiprimeness and nondegeneracy are equivalent
concepts. We close this subsection by relating non-degenerate evolution
algebras (in the meaning of Definition 1.5.1) with semiprime and
nondegenerate evolution algebras. In fact, we obtain the following additional

information.

Proposition 1.5.15
Let A be an evolution algebra with non-zero product. Consider the following

conditions:
(1) A is nondegenerate.
(1) A is semiprime.
(1) A has no non trivial evolution ideals of zero square.
(1v) A is non-degenerate.
Then: (1) = (11) < (1) = (1v).

Demostracion. (1) = (11) is well-known for any (evolution or not) algebra.

(11) = (111) is a tautology.

(111) = (11) follows because every ideal I such that I? = 0 is an evolution
ideal.

(1) = (1v). By Proposition 1.5.3, the annihilator of A is an evolution
ideal. Since it has zero square, by the hypothesis, it must be zero. By
Proposition 1.5.13 0
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Remark 1.5.16
The implications (11) = (1) and (1v) = (111) in Proposition 1.5.15 do not hold
in general.

To see that (11) # (1), consider the evolution algebra A with natural basis
{e1, eo} and product given by e? = e, and €3 = e; +e5. Note that e;(Ae;) = 0.
Suppose that I is a non-zero ideal such that I? = 0. Then it has to be proper
and one dimensional because the dimension of A is 2. Therefore I has to be
generated (as a vector space) by one element, say, u = ae; + fey for some
a, 3 € K. Since 0 = u? = a?ey + %(e1 + €2) = e + (a? + S?)ey it follows
that a = § = 0, a contradiction.

To show that (1v) #- (111), let A be the evolution algebra with natural basis
B = {ey, e9,e3} and product given by €2 = e; + e3 = €3 and €2 = —ey — e3.
Then the ideal I generated by ey + e3 is such that I? = 0 and nevertheless A

is non-degenerate.

1.6. The graph associated to an evolution
algebra

We conclude this chapter by associating a graph to every evolution algebra
after fixing a natural basis. This will be very useful because it will allow to
visualize when an evolution algebra is reducible or not as well as the results
in Section 2.4 to get the optimal direct-sum decomposition.

A directed graph is a 4-tuple £ = (E°, E',rg, sg) consisting of two
disjoint sets £°, E' and two maps 7g,sg : E' — E°. The elements of E°
are called the vertices of F and the elements of E! the edges of E while for
f € E*' the vertices rg(f) and sg(f) are called the range and the source
of f, respectively. If there is no confusion with respect to the graph we are

considering, we simply write r(f) and s(f).
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If s7'(v) is a finite set for every v € E° then the graph is called
row-finite. If E° is finite and F is row-finite, then £ must necessarily be

finite as well; in this case we say simply that F is finite.

Example 1.6.1
Consider the following graph E:

.v2
f1
f3
v —— 9y, °
~
fa

Then E° = {vy,v9,v3,v4} and E' = {f1, fo, f3, f1}. Examples of source and

range are: s(f3) = vy = 7(f4).

A vertex which emits no edges is called a sink. A vertex which does not
receive any vertex is called a source. A path p in a graph E is a finite
sequence of edges = fi... f, such that r(f;) = s(fiz1) fori=1,....,n— 1.
In this case, s(u) := s(f1) and r(u) := r(f,) are the source and range of p,
respectively, and n is the length of u. This fact will be denoted by |u| = n.
We also say that p is a path from s(f;) to r(f,) and denote by u° the set
of its vertices, i.e., u® := {s(f1),r(f1),...,7(fn)}. On the other hand, by p'
we denote the set of edges appearing in y, i.e., u! == {fi,..., f,}. We view
the elements of EY as paths of length 0. The set of all paths of a graph E is
denoted by Path(FE). Let p = fifa--- fn € Path(E). If n = |u| > 1, and if
v =8(u) =r(n), then uis called a closed path based at v. If u = f1fo--- fp
is a closed path based at v and s(f;) # s(f;) for every i # j, then p is called
a cycle based at v or simply a cycle.

Given a graph FE for which every vertex is a finite emitter, the
adjacency matrix is the matrix Adp = (a;) € ZF*F’) given by

a;; = |{edges from i to j}|.
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A graph F is said to satisfy Condition Sing if among two vertices of E°

there is at most one edge.

There are different ways in which a graph can be associated to an evolution
algebra. For instance, we could have considered weighted evolution graphs
(these are graphs for which every edge has associated a weight w;;, determined
by the corresponding structure constant). In this way every evolution algebra
(jointly with a fixed natural basis) has associated a unique weighted graph,
and viceversa. However, for our purposes we don’t need to pay attention to
the weights; we only need to take into account if two vertices are connected
or not (and in which direction). This is the reason because of which, in order
to simplify our approach, it is enough to consider graphs as we do in the

following definition.

Definition 1.6.2

Let B = {e; | i € A} be a natural basis of an evolution algebra A and
Mp = (wj;) € CFMy(K) be its structure matrix. Consider the matrix
P! = (p;i) € CFMA(K) such that pj; = 0 if w;; = 0 and pj; = 1 if wy; # 0.
The graph associated to the evolution algebra A (relative to the basis
B), denoted by E% (or simply by E if the algebra A and the basis B are

understood) is the graph whose adjacency matrix is P = (p;;).

Note that the graph associated to an evolution algebra depends on the
selected basis. In order to simplify the notation, and if there is no confusion,

we will avoid to refer to such a basis.

Example 1.6.3
Let A be the evolution algebra with natural basis B = {ej, es} and product

given by e% =e1+eq and e% = 0. Consider the natural basis B’ = {e;+es, e5}.
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Then the graphs associated to the bases B and B’ are, respectively:

() ()

E: e, —>eo, F: ey s

Example 1.6.4
Let A be the evolution algebra with natural basis B = {ej, es, 3,64} and
product given by: e? = ey + €3, €3 = 0, €3 = —2¢4 and €5 = 5ez. Then the

adjacency matrix of the graph associated to the basis B is:

P =

o O OO
O = OO

o O O

1
0
0
1
and F is the graph given in Example 1.6.1.

Now, conversely, to every row-finite graph satisfying Condition (Sing) we
associate an evolution algebra whose corresponding structure matrix consists

of 0 and 1, as follows.

Definition 1.6.5

Let E be a row-finite graph satisfying Condition (Sing) and P = (p;;) be its
adjacency matrix. Assume E° = {vi}iea. For every field K the evolution
K-algebra associated to the graph F, denoted by Apg, is the free algebra
whose underlined vector space has a natural basis B = {e;}iepx and with

structure matrix relative to B given by P' = (pj;).

Example 1.6.6
Let E be the following graph:

oVl

°?2 oV4
s s o
S~ 7

6
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Its adjacency matrix is

000O0O0O0
101000
000O0O0O0
P_001010
000O0O0T1
000010

and the corresponding evolution algebra is the algebra A having a natural
basis B = {ej,...,e5} and product determined by: e? = 0, €3 = e; + e3,

e§:0, e? = e3 + es, 6?266 ande%zeg,.

Remark 1.6.7

It is easy to determine the annihilator of an evolution algebra A by looking
at the sinks of the graph associated to a basis. By Proposition 1.5.3, the
annihilator of A consists of the linear span of the elements of the basis whose
square is zero (these are, precisely, the sinks of the corresponding graph). For

instance, in Example 1.6.6, ann(A) = lin{e;, e3}.
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Chapter 2

Decomposition of an evolution
algebra

In this chapter we characterize the decomposition of any non-degenerate
evolution algebra into direct summands of ideals as well as the non-degenerate
irreducible (indecomposable in [15]) evolution algebras in many ways, one
of then in terms of the associated graph (relative to a natural basis).
When the graph associated to an evolution algebra and to a natural
basis is non-connected then it gives a decomposition of the algebra into
direct summands. We define the optimal direct-sum decomposition of an
evolution algebra and prove its existence and unicity when the algebra is

non-degenerate.

When the algebra is finite dimensional we determine those elements in
the associated graph relative to a natural basis (respectively in the algebra)
which generate a decomposition into direct summands by means of the ideals

generated by them.

A decomposition of an evolution algebra can be seen, biologically, as a
disjoint union of families of genotypes, each of these families reproduces only

with the single individuals of the proper family.

35
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2.1. Ideals generated by one element

In order to characterize those ideals generated by one element, we

introduce the following useful definitions.

Definitions 2.1.1
Let B = {e; | i € A} be a natural basis of an evolution algebra A and let
19 € A. The first-generation descendents of i, are the elements of the

subset D!(ig) given by:
D'(iy) == {/{: S 6?0 = Zwkioek with wy, 7 0} .
%

In an abbreviated form, D'(ig) := {j € A | w;i, # 0}. Note that j € D'(ip) if
and only if, 7;(e? ) # 0 (where ; is the canonical projection of A over Ke;).
Similarly, we say that j is a second-generation descendent of i
whenever j € D'(k) for some k € D'(ig). Therefore,
D’(io)= |J D'(k).
keD (i)
By recurrency, we define the set of mth-generation descendents of iy as
D)= |J D'k
ke D=1 (i)
Finally, the set of descendents of i is defined as the subset of A given
by
D(ip) = | D™(iv).

On the other hand, we say that j € A is an ascendent of i if ig € D(j);

that is, 7 is a descendent of j.

Remark 2.1.2

From a biological point of view, the first-generation descendents of (the
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2

genotype) i are the genotypes appearing in e; (note that here we are
identifying e; and ).

The second-generation descendents of (the genotype) i are the genotypes
appearing in the reproduction of the first-generation descendents of e;.

In general, the mth-generation descendents of (the genotype) i are
the genotypes appearing in the reproduction of the (m — 1)th-generation
descendents of e;.

The set of descendents of ¢ are the genotypes appearing in the

nth-generation descendents of ¢ for an arbitrary generation n.

We illustrate the definitions just introduced in terms of the underlying
graph associated to an evolution algebra (relative to a natural basis). We will

abuse of the notation for simplicity.

Definitions 2.1.3

Let E be a graph. For a vertex j € E° we define:

D™ (j) := {v € E"| there is a path u such that |u| =m, s(u) = v;,r(u) = v}.
In words, the elements of D™ (j) are those vertices to which v; connects via

a path of length m. We also define

D(j) = U D™ () = {v € E°| there is a path u such that s(u) = v;,r(u) = v}.
meN

When we want to emphasize the graph F we will write D (j) and Dg(j),

respectively.

Examples 2.1.4
Let £ and F be the following graphs:

/ VN /
.Ul e .US [ ]
S——7

V4 U1 v2 U3

E




38 2.1. Ideals generated by one element

Some examples of the sets of the nth-generation descendents and of the
set of descendents of some indexes are the following.

DL(3) = {v} = D"™(3); D%(3) = {w3} = D#"(3) for every m € N, and
so Dg(3) = DL(3) U D%(3) = {vs, v4}.

Dyp(2) = A{vs} = D2 Di(2) = {v} = Di"™(2);
D3(2) = {w} = D¥I?2) for every m € N, and so

DE(3) = D%(z) U D%(Q) U D%(2) = {’Ug, U3, 1)4}.

Next we characterize the descendents (and hence the ascendents) of every

index ig € A. More precisely, we describe the set D™ (ig).

Proposition 2.1.5
Let B = {e; | i € A} be a natural basis of an evolution algebra A. Consider

10,7 € A and m > 2.

(1) If j € D'(io) (if and only if wj;, #0), then

2

2 f— ..
€J€m — w]ZOej'

(1) j € D™(ig) if and only if there exist ky, ko, ..., km—1 € A such that

Wik -1 Wkm—1km—2 " Wkok1 Wkyig 7é 0,

wn which case,

2 2
€ = (wjkmflwkmflkm72 o 'wk2k1wk1io) €jChim—1Ckm_a -+ - ChyChk1 €4

Demostracion. Note that j € D'(ip)if and only if wj;, # 0, in which case

2

2 = (. e?
eje; = wje; so that

2
0"

2 _ o —1,
e; = wj; eje
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Suppose that the result holds for m — 1. Thus, k¥ € D™ 1(iy) if and only if

there exist ki, ko, ..., ky,—2 € A such that

2 —1 2
€ = (Whkpn—sWhm—okm—3 " WhakiWhio)  CkChy_n ** * ChyChy iy -

Let j € D™(ig). This means that j € D'(k) for some k € D™ 1(iy), so that

2 _ 1, .2

wjr, # 0, and hence e = (wj;i) " eje;. Consequently,
2 = (w; o) e 2
€j = (WjkWEkk,, o Whoki Wk1ig €i€LCL,, - ek2€k1€i07

as desired. 0

From Proposition 2.1.5 we deduce that if ¢ is a descendent of j, and if j
is a descendent of k, then i is a descendent of k.

Another direct consequence of the mentioned proposition is the corollary
that follows. From now on, if S is a subset of an algebra A then we will denote

by (S) the ideal of A generated by S.

Corollary 2.1.6
Let B ={e; | i € A} be a natural basis of an evolution algebra A. If j € A is

a descendent of iy € A, then <e§> C (e ).

Proposition 2.1.5 will allow to describe easily the ideal generated by an

element in a natural basis, as well as the ideal generated by its square.

Corollary 2.1.7
Let A be an evolution algebra and B = {e; | i € A} a natural basis. Then, for

every k € A,
(er) = lin{e? | j € D(k)U{k}} and (ey) =Kex+ (e}).

Demostracion. Since D'(k) = {j € A | w;, # 0}, by Proposition 2.1.5 we
have

Aej =lin{e? | j € D'(k)}.
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Consequently, A(Ae;) = lin{e; | j € D?*k)}, and, therefore,
(ez) =lin{e7 | j € D(k) U {k}}. The rest is clear. O

Another proof of Corollary 2.1.7 will be obtained in Proposition 2.1.11.

Remark 2.1.8
Since (e) = Key + (€2), it is clear that (e;) = (e?) if and only if e € (€2).
On the other hand, because D(k) is at most countable, by definition, the

dimension of (ey) is, at most, countable.

We can also describe the ideal generated by any element in a natural basis
of an evolution algebra in terms of multiplication operators. This result will

be very useful in order to characterize simple evolution algebras.

Definitions 2.1.9
Let A be an evolution K-algebra. For any element a € A we define the

multiplication operator by a, denoted by g, as the following map:

e A — A
T —ax

By pa we will mean the linear span of the set {u, | @ € A}. For an arbitrary

n € N, denote by p'}:

who=1n{ e, - e, | a1, .., a0, € A}

For n = 0 we define p as the identity map is : A — A, while p% denotes
Kis. Now, for x € A, the notation p'j(z) will stand for the following linear

span:

MT/LX("L‘) L= hn{:uauutm i '/j’anfll“’ban(l‘) | Ay ..., 0n € A}

= lin{ai(as(... (an_1(a,x))...) | a1,...,a, € A}.

For example, 13 (z) = lin{ay(as(asx))) | a1, as, a3 € A}.
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Definition 2.1.10
Let A be an evolution algebra with a natural basis B = {e; | i € A}. For any
x € A, we define

A :={ie A|ex#0}.

Proposition 2.1.11

Let A be an evolution algebra with a natural basis B = {e; | i € A}.

(1) Let k € A be such that e # 0.

(a) whler) =lin{e3 | j € D*(k)}, for everyn € N.
(b) () =tin U pii(ch).

(c) (ex) =lin{ej | j € D(k) U {k}}.

(11) For any x € A,

(a) p(z) = lin{e? | ¢« € A*} and for any n > 2
uh(x) = lin‘L[Jx {e5 e D (i)}
tEA”

(b) (2) =lin U p(x)-

n=0
Demostracion. We prove (a) in item (i) by induction. Suppose first n = 1.
Note that e = Y wie; with wy, € K\ {0}. For an arbitrary ¢, € B we
ieD1 (k)

have efe; = > ieni(ky Wikeier. This sum is zero, if I # i for every i € DY(k), or

it coincides with w;,e? if [ =4 for some 7. Therefore,
pa(er) Clinfe; [ 7 € D'(k)}.

To show lin{e? | i € D'(k)} C uli(e}), take any e; with i € D'(k). By
Proposition 2.1.5 (i) we have e? = w;, ‘ere; C pli(e2). This finishes the first

step in the induction process.
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Assume we have the result for n — 1. Using the induction hypothesis we

get:
wi(ed) = Api'e) =A (linfe] |ie D" (R)}) =lin ] ph(e))
ieDn—1(k)
= lin | J {e]|jeD' (i)} =lin{e? | j € D"(k)}.

ieDn—1(k)
This proves (a) in (i). Item (b) in (i) follows immediately from (a) and item
(c) can be obtained from (a) and (b).
Now we prove (ii). Note that uk(z) = lin{e? | : € A*}. It is not difficult

to see that, for n > 1,

Apply condition (b) in item (i) to finish the proof of (a) in (ii). Finally, item
(b) in (ii) is easy to check. O
Corollary 2.1.12

Let A be an evolution algebra. Then for any element x € A the dimension of

the ideal generated by x is at most countable.

Demostracion. By (ii) in Proposition 2.1.11 the dimension of the ideal
generated by z is the dimension of U  u’(z). Since any pi(x) is finite

dimensional, for every n € NU {0}, we are done. O

2.2. Simple evolution algebras

This section is addressed to the study and characterization of simple
evolution algebras. We recall that an algebra A is simple if A> # 0 and

0 is the only proper ideal.

Proposition 2.2.1
Let A be an evolution algebra and let B = {e; | i € A} be a natural basis of

A. Consider the following conditions:
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(1) A is simple.
(1) A satisfies the following properties:

(a) A is non-degenerate.
(b) A=1lin{e? | i € A}.

(c) Iflin{e? | i € A’} is a non-zero ideal of A for a non-empty A’ C A
then |A'| = |A|.

Then: (i) = (ii) and (ii)) = (i) if |A| < oo. Moreover, if A is a simple

evolution algebra, then the dimension of A is at most countable.

Demostracion. (i) = (ii). Suppose first that A is a simple evolution algebra.
If A is degenerate, then e* = 0 for some element e in a natural basis B of A.
Then lin{e} is a nonzero ideal of A. The simplicity implies lin{e} = A, but
then A? = 0, a contradiction. This shows (a).

Note that A? = lin{e? | i € A} is an ideal of A. Since A? # 0 and A is
simple, we have A = A%, which is (b).

If lin{e? | i € A’} is a non-zero ideal of A, the simplicity of A implies
lin{e? |i € '} = A=1lin{e? | i € A} =lin{e; | i € A}. This gives |A'| = |A|.

(ii)) = (i). Assume that the dimension of A is finite, say n. Since A
satisfies (a), A% # 0. To prove that A is simple, suppose that this is not
the case. Then, there exists u € A such that (u) is a non-zero proper ideal
of A. Let k € A be such that m(u) # 0. Then (e}) is a non-zero ideal of
A contained in (u), so that (e?) is proper. Proposition 2.1.11 implies that
(ez) = lin{e? | j € D(k) U {k}}, which, by (a), is a non-zero ideal of A. Use
(c) to get |A| = |D(k)U{k}|. Since D(k)U{k} C A, we have A = D(k)U{k}.

Now using (b),

(er) =lin{e? | j € D(k) U{k}} =lin{e? | j € A} = A,
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a contradiction as (e?) is a proper ideal of A.

The dimension of A is at most countable when A is simple by Corollary

2.1.12. 0

Although every simple evolution algebra is non-degenerate, at most
countable dimensional and coincides with the linear span of the square of the
elements of any natural basis, as Proposition 2.2.1 says, the converse is not
true because the hypothesis of finite dimension is necessary as the following

example shows.

Example 2.2.2

Let A be an evolution algebra with natural basis {e; | i € N} and product

given by:
6% = e3+te5 6% = €4t €5
eg = e +e3+e; ei = e9+e4+ €5
eg = e5+ ey 6(25 = eg+ €3
e% = e3+e5+e7 eg = ey + e+ ey

Then A satisfies the conditions (a), (b) and (c) in Proposition 2.2.1 (ii)

but A is not simple as (e?) and (e3) are two nonzero proper ideals.

Example 2.2.3
Consider the evolution algebra A having a natural basis {e, s} and product
given by e? = ¢; for i = 1,2. Then (¢;) = Ke; is a non-zero proper ideal of A.

This means that the condition (c¢) in Proposition 2.2.1 (ii) cannot be dropped.

We show now that there exist simple evolution algebras of infinite

dimension.

Example 2.2.4

Let A be the evolution algebra with natural basis {e; | i € N} and product
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given by:

2
€m—1 = En+1 T Eni2

€y = €en T eni1+engo
Then A is simple.

Remark 2.2.5

An evolution algebra A whose associated graph (relative to a natural basis)
has sinks cannot be simple. The reason is that a sink corresponds to an
element in a natural basis of zero square, hence to an element in the
annihilator of A. By Proposition 2.2.1, every simple evolution algebra has

to be non-degenerate.

Corollary 2.2.6

Let A be a finite-dimensional evolution algebra of dimension n and
B = {e; | i € A} a natural basis of A. Then A is simple if and only if
the determinant of the structure matriz Mp(A) is non-zero and B cannot be

reordered in such a way that the corresponding structure matriz is as follows:

( mem Umx(n—m) ) : (21)
O(n—m) xm }/(n—m) X (n—m)

Jor somem € N withm < n and matrices Wism, Unx(n—m) andY (5 _m)x (n—m)-

Demostracion. If A is simple then, by Proposition 2.2.1, A = lin{e? | i € A}.
This means that the determinant of Mpg(A) is non-zero. To see the other
condition, take into account that a reordering of the basis B producing a
matrix of type (2.1) would imply that A has a proper ideal of dimension
m > 1, a contradiction as we are assuming that A is simple.

Conversely, if |[Mp(A)| # 0, then A is generated by the linear span of

{e* | e € B}. On the other hand, A cannot be degenerate as, otherwise,
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ann(A) = lin{e € B | ¢ = 0} (see Proposition 1.5.3). Decompose B as
B = By U By, where By = {¢ € B | e* = 0} and B, = B\ By and let
B’ be a reordering of B in such a way that the first elements correspond to
the elements of By and the rest to the elements of By. Then Mg/ (A) is as
matrix (2.1) in the statement, a contradiction. We have shown that A satisfies
conditions (a) and (b) in Proposition 2.2.1 (ii). Now we see that condition
(c) is also satisfied. Assume that A’ C A is such that lin{e; | i € A’} is a
non-zero ideal of A. If we reorder B in such a way that the first elements are
in {e; | i € A'}, then the corresponding structure matrix is of type (2.1) in
the statement, a contradiction. Now use Proposition 2.2.1 to prove that A is

simple. O

Next we characterize simple evolution algebras of arbitrary dimension (at

most countable).

Theorem 2.2.7
Let A be a non-zero evolution algebra and B = {e; | i € A} a natural basis.

The following conditions are equivalent:
(1) A is simple.

() If lin{e? | i € N} is an ideal for a non-empty subset N’ C A, then
A=lin{e? | i e A'}.

() A= (ef) =lin{e; | j € D(i)} for everyi e A.
(1v) A=1lin{e? | i € A} and A = D(i) for everyi € A.

Demostracion. (1) = (11). If A is simple, then it is non-degenerate by
Proposition 2.2.1 and hence, lin{e? | i € A’} is a nonzero ideal of A, so

that the result follows.
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(m) = (mr). By  Proposition 2.1.11  (ii) we  have
(e7) =lin{e7 | j € D(:) U{i}}. By (11), this set is A. Since e; € A = (e7) we
have i € D(i) and (111) has being proved.

(1i1) = (1v). Since D(i) C A, we have A = lin{e? | i € A}. Now, take
j € A. Then e; € A = (e?) = lin{e} | k € D(:)} (by (ii)). It follows that
j € D(i) and therefore A C D(i).

(tv) = (1). Let I be a nonzero ideal of A. Since Ie; # 0 for some i € A,

then e? € I and so I D (e?) = A (by (1v)). O

The two conditions in Theorem 2.2.7 (1v) are not redundant as we see in

the next examples.

Examples 2.2.8
Consider the evolution algebra A with natural basis {ej, €2, €3} and product
given by € = €2 = e;+ey; €3 = e3. Then {1,2,3} = D(i) for every i € {1,2,3}
but lin{e? | i = 1,2,3} = lin{e; + eq, €3} # A.

On the other hand, consider the evolution algebra A given in Example

2.2.2. Then A = lin{e? | i € N} but N = D(i) for every i € N.

Now we show that in Theorem 2.2.7 (111) the hypothesis “for every i € A”

cannot be eliminated.

Example 2.2.9
Let A be the evolution algebra with natural basis B = {e, | n € N} and

product given by:

e = 0
2 2 _
e; = e3+tes e3 = e4+¢€g
ei = e +e3+e;s eg = e9+e4+ 65
e% = e5+ ey e% = eg+ €3

eg = eztester eg = e4+es+eg
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Then A = lin{e?} for every i € N, but A is not simple as it is not

non-degenerate.

Another characterization of simplicity for finite dimensional evolution

algebras is the following.

Corollary 2.2.10
If A is a finite dimensional evolution algebra and B a natural basis, then A

is simple if and only if |Mg(A)| # 0 and A = D(i) for everyi € A.

Demostracion. Apply Theorem 2.2.7 (iv) taking into account that finite
dimensionality of A implies that A = lin{e? | i € A} if and only if
|Mp(A)| # 0. O

Remark 2.2.11
In terms of graphs, the condition “A = D(i)in Theorem 2.2.7 (iv) means that
the graph associated to A relative to a natural basis B is cyclic, in the sense

that given two vertices there is always a path from one to the other one.

The following remark shows how to get ideals in non-simple evolution

algebras.

Remark 2.2.12

If A is a non-degenerate evolution algebra having a natural basis
B = {e; | i € A} such that every element ¢ € A is a descendent of every
j € A, then A is not simple if and only if lin{e? | i € A} is a proper ideal of
A.

2.3. Reducible evolution algebras.

In this subsection we are interested in the study of those evolution algebras

which can be written as direct sums of (evolution) ideals.
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Definition 2.3.1

Let {A,},er be a non-empty family of evolution K-algebras. We define the
direct sum of these evolution algebras and denote it by A := @,cp A, with
the following operations: given a = > a,, b= > b, € A and a € K (note

yel yel’
that a, and b, are zero for almost every v € I'), define

a+b:= Z (ay +b,), aa = Z (aay) , ab = Z (ayb,) .

vyel yel el
Note that A is an evolution algebra as, if B, is a natural basis of A, for every
v €T, then B := U,cr B, is a natural basis of A. Here, by abuse of notation,
we understand A, C A so that every A, can be regarded as an (evolution)
ideal of A. Moreover, for v # p, the ideals A, and A,, are orthogonal, in the
sense that A, A, = 0.

Lemma 2.3.2

Let A be an evolution algebra. The following assertions are equivalent:

(1) There exists a family of evolution subalgebras {A.},er such that

A — @’yeFAfy.
(11) There exists a family of evolution ideals {1} er such that A = @erl,.
(111) There exists a family of ideals {1, },er such that A = @,erl,.

Demostracion. (i) = (ii). By the definition of direct sum of evolution algebras
(see Definition 2.3.1), every A, is, in fact, an evolution ideal.

(ii) = (iii) is a tautology.

(iii) = (i). Suppose A = @, erl,, where each I, is an ideal of A. For p e T

we have:

I, = A/ (EBVEF\{M}[’Y) :
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By Lemma 1.4.11 we obtain that A/ (@,\/er‘\{u} Iy) is an evolution algebra, and
hence I, is an evolution algebra by Corollary 1.4.14. O

Definition 2.3.3

A reducible evolution algebra is an evolution algebra A which can be
decomposed as the direct sum (in the sense of Definition 2.3.1) of two non-zero
evolution algebras, equivalently, of two non-zero evolution ideals, equivalently,
of two non-zero ideals, as shown in Lemma 2.3.2. An evolution algebra which

is not reducible will be called irreducible.

Reducibility of an evolution algebra is related to the connection of the
underlying graphs, as we show next. For the description of the (existent)

connected components of a graph see, for example, [1, Definitions 1.2.13].

Proposition 2.3.4
Let A be a non-zero evolution algebra and E its associated graph relative to

a natural basis B = {e; | i € A}.

(1) Assume E = FEy U Ey, where Ey and Ey are non-empty subgraphs of
E. Write E) = {v; | i € Ay}, for k = 1,2, where Ay, C A and
A = Ay U Ay, Then there exist non-zero evolution ideals 11,15 of A
such that A = I, & I, and Ey, Es are the graphs associated to the
evolution algebras Iy and Iy, respectively, relative to their natural basis

By ={e; | i € Ap} (for k =1,2). Moreover, B = Byl By.

(11) Let E = UerE, be the decomposition of E into its connected
components. For every v € T', write E) = {v; | i € Ay}, where A, € A
and A = U,erA,. Then there exist {I,}er, evolution ideals of A, such
that A = @~ erl, and E, is the associated graph to the evolution algebra

L, relative to the natural basis B, described below. Moreover:
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(a) B =U,erB,, where B, ={e; | i € A} is a natural basis of I, for

every v € I'.

(b) L, is a simple evolution algebra if and only if I, = lin{e? | i € A}
and D(i) = A, for every i € A,.

(c) A is non-degenerate if and only if every I, is a non-degenerate

evolution algebra.

Demostracion. (i). Let B = {e; | i € A}. The decomposition £ = E; U Ey of
E into two non empty components provides a decomposition of A into ideals
as follows. Denote by v;, with i € A, the vertices of E. Write E° = EY LU EY,
and let Aj, € A be such that Ay = {i € A | v; € E?}, for k = 1,2. Define
I, =lin{e; | i € Ag}. Then A = I & I5. The moreover part follows easily.
(ii). The first part can be proved as (i). Item (a) follows immediately. As
for (b), apply Theorem 2.2.7 (1v). To prove (c) use Proposition 1.5.3 and
Corollary 1.5.4. O

Remark 2.3.5

Once we have defined what an optimal direct-sum decomposition is (see
Definition 2.4.1) we can say that if A is non-degenerate then A = @,crl,
in Proposition 2.3.4 (ii) is the optimal direct sum decomposition of A, as will

follow from Theorem 2.4.2.

In the next result we characterize when a non-degenerate evolution algebra

A is reducible, giving an answer to one of our main questions in this work.

Theorem 2.3.6

Let A be a non-degenerate evolution algebra with a natural basis
B = {e; | i € A} and assume that A = @.erl,, where each L, is an ideal of
A. Then:
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(1) For every e; € B there exists a unique p € I' such that e; € I,.

Moreover, e; € I, if and only if € € 1.
11) There exists a disjoint decomposition of A, say A = L crA.,, such that
j p y verd,

[’y = hl’l{@i | 1€ A’Y}

Demostracion. We show both statements at the same time. Let m; be the
linear projection of A over Ke;. We show first that m;(I,) # 0 implies e? € I,
and hence m;(1,) = 0 for every p € I' \ {v}. Indeed, if 7;(1,) # 0, then there
exists y € I, such that m;(y) = ae; # 0 for some o € K. Multiplying by e;
we get e;y = em(y) = ael € I, and, therefore, 7 € L. If m;(1,) # 0 for
some u € I, reasoning as before, we get e? € I,,, andso ef € [, NI, =0, a
contradiction because we are assuming that A is non-degenerate.

Define A, := {i € A | m;(L,) # 0}. It is easy to see that U,erA, = A.
Moreover, the first paragraph of the proof shows that this is a disjoint union,
as claimed in (ii).

Now, it is easy to see that for every v € I we have that
I, Clin{e; | i € A,}. To show that lin{e; | i € A,} C I, consider e; € B,
with j € A, and denote J = @, er\(1}1,. Because A = I, @ J we may write
e; = u+wv, withw € I, and v € J. Then, v = e¢; —u € lin{e; | i € A} because
e; and v are in lin{e; | 7 € A }. Since v € J C lin{e; | i € Uper\ (3 Au} we

deduce that v must be zero. O

Remark 2.3.7

Theorem 2.3.6 gives another proof, for non-degenerate evolution algebras,
of the fact that if an evolution algebra is a direct sum of ideals, then such
ideals are evolution algebras (and, consequently, evolution ideals). This is the

assertion (ii) < (iii) established in Lemma 2.3.2.
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Another application of Theorem 2.3.6 allows us to recognize easily when
a non-degenerate finite dimensional evolution algebra A is reducible: if
B ={e; | i = 1,...,n} is a natural basis of A then A is the direct sum of
two (evolution) ideals if and only if there is a permutation o € S,, such that,

if B":={e,q) | i =1,...,n}, then the corresponding structure matrix is

Winxm Otn—m)x(n—m
My — ( oV Ynmxtn-m) ) ,
(n—m)xm (n—m)x (n—m)

for some m € N, m < n and some matrices W,,xpm and Y, _m)x(n—m) with
entries in K. In this case A = I @ J, where I = lin{e(1), ..., €om)} and
J = lin{es(m11)s ---s €o(n) }- The basis B’ is what we will called a reordering

of B.

Corollary 2.3.8
Let A be a non-degenerate evolution algebra, B = {e; | i € A} a natural basis,
and let E be its associated graph. Then A is irreducible if and only if E is a

connected graph.

Demostracion. Suppose first that FE is connected. To show that A is
irreducible suppose, on the contrary, that there exist I and .J, non-zero ideals
of A, such that A = I @& J. By Theorem 2.3.6 there exists a decomposition
A =AU A, such that I =lin{e; | ¢ € A;} and J = lin{e; | i € Ay} Then
E = E; U Ejy, a contradiction since we are assuming that F is connected.
The converse follows easily: by Proposition 2.3.4 (i), a decomposition
E = E; U E, into two non empty components provides a decomposition
A =1, ® I, for I; and I, non-zero ideals of A, contradicting that A is
irreducible. O

In [15, Proposition 2.8] the authors show the result above for

finite-dimensional evolution algebras using a different approach.
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The hypothesis of non-degeneracy cannot be eliminated in Corollary 2.3.8.

Example 2.3.9
Consider the evolution algebra given in Example 1.6.3, which is not
non-degenerate. Then the graph FE, associated to the basis B is connected

while the graph F', associated to the basis B’ is not.

2.4. The optimal direct-sum decomposition of
an evolution algebra

The aim of this subsection is to obtain a decomposition of an evolution

algebra in terms of irreducible evolution ideals.

Definition 2.4.1
Let A be a non-zero evolution algebra and assume that A = @©.cr/, is a direct
sum of non-zero ideals. If every I, is an irreducible evolution algebra, then

we say that A = ©,er/, is an optimal direct-sum decomposition of A.

We show that the optimal direct sum decomposition of an evolution
algebra A with a natural basis B = {¢; |i € A} does exist and it is unique
whenever the algebra is non-degenerate. Moreover, for finite dimensional
evolution algebras (degenerated or not), we will describe how to get an
optimal decomposition of A through the fragmentation process. This will

be done in Subsection 2.5

Theorem 2.4.2
Let A be a non-degenerate evolution algebra. Then A admits an optimal

direct-sum decomposition. Moreover, it is unique.

Demostracion. We start by showing the existence. Let E be the graph

associated to A relative to a natural basis B and decompose it in its connected
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components, say E = U,erE,. By Proposition 2.3.4 (ii) we have A = @, ¢erl,,
where every 1, is an ideal of A. Note that, by construction (see the proof of
Proposition 2.3.4), every I, has a natural basis, say B,, consisting of elements
of the basis B = {e; | i € A} of A. Because A is non-degenerate, e? # 0,
by Corollary 1.5.4 and Proposition 1.5.3. Using again these results we have
that every I, is a non-degenerate evolution algebra. Since E, is the graph
associated to I, relative to the basis B, and E, is connected, by Corollary
2.3.8 every I, is an irreducible evolution algebra.

Now we prove the uniqueness. Fix a natural basis B = {e; | i € A}.
Suppose that there are two optimal direct-sum decompositions of A, say
A = @yerl, and A = @ueqlo. By Theorem 2.3.6 there exist two

decompositions A = U,epA, and A = UyeqA,, such that

I, =lin{e; | i€ Ay} and J,=lin{e; | i€ AL}

Take @ € A, for an arbitrary v € I'. Then there is an w € € such that e; € J,,.

This means I, N J,, # 0. Decompose

['Y = ([7 N Jw) ©® (Ify N (EBw;éw’GQJW/)) :

Since I, is irreducible and I, N J,, # 0, necessarily (I, N (Bwrwead)) = 0.
Therefore I, = I, N J,, and so I, C J,. Changing the roles of I, and J,, we
get J, C I, implying I, = J,, and, consequently, that each decomposition is

nothing but a reordering of the other one. O

The hypothesis of non-degeneracy cannot be eliminated in order to assure
the unicity of the optimal direct sum decomposition in Theorem 2.4.2; as
the following example shows. It is also an example which illustrates that in

Theorem 2.3.6 non-degeneracy is also required.
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Example 2.4.3

Let A be the evolution K-algebra with natural basis B = {eq, e, €3, €4, €5}
and multiplication given by: e = €3 = ¢, €2 = e3 + 5 and e = e = 0.
Then A =1, ® I, ® I3 ® Iy, where [} := lin{ey, es + ey}, I := lin{es + e5},
I3 :=lin{ey} and I := lin{es} are irreducible ideals, as we are going to show.

The ideals I, I3 and I, are irreducible because their dimension is one. Now
we prove that [y is also irreducible. Assume, on the contrary, I; = J; @ Js,
with J; and J; non-zero ideals. Then dim J; = dim J; = 1, so that J; = Kuy
and Jy = Kusy for some u; = aje; + [1(ez + e4) and us = agey + faes + e4),
where aq, ag, 81, B2 € K. Then, ujus = 0 implies (5152 + ajasz)e; = 0. On the
other hand, uie; = ae; € Ji and use; = agey € Jo. Since J; N Jy = 0, then
a; = 0 or ag = 0. Assume, for example, a; = 0. Then J; = K(es + €4), but
this is not an ideal as (e3 + e4)? = e;. The case ap = 0 is similar.

Now we give another decomposition of A into irreducible ideals. Consider
A= J& L & I3 ® Iy, where J := lin{ej,ep}. We claim that J is an
irreducible ideal of A. Indeed, if J = M; & Ms, for M; and M, non-zero
ideals, then M; = Ku; and My = Kuy for some u; = aje; + [Sies and
Uy = g€+ Paeq, Where aq, g, A1, B2 € K. Then, uje; = ajeq and uge; = asey.
Since M; N My = 0, then a; = 0 or ag = 0. Assume «; = 0. This implies
uy = Bies and My = Key, but this is not an ideal because €3 = e;. The case
vy = 0 is similar.

Note that we have two different decompositions of A as a direct sum of

irreducible ideals.

As we have seen (Remark 2.2.3), non-degenerate evolution algebras are
not necessarily simple. On the other hand, concerning reducibility, the next
example shows that there exists irreducible evolution algebras which are not

simple (while, obviously, simple evolution algebras are irreducible).
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Example 2.4.4

Let A be an evolution algebra with a natural basis B = {ej, ez} such that
e? = e2 = ey5. Then Ke, is a proper ideal of A. However, A is irreducible
because if A = I & J, for some ideals I and J of A. Then, by Theorem
2.3.6, we have either e; € I, in which case A = I, or e; € J, in which case,

A = J. In any case [ or J is zero.

The next definition will be helpful to understand the inner structure of

an evolution algebra.

Definition 2.4.5
Let B = {e; | i € A} be a natural basis of an evolution algebra A. We say
that 79 € A is cyclic if i9 € D(ip). This means that iy is descendent (and

hence ascendent) of itself.

In particular, if D(ig) = {io} (in which case €] = wji,e;, for some
Wigis € K\ {0}), then we say that the cyclic index iy is a loop.

If 79 € A is cyclic, then the cycle associated to i is defined as the set:
C(’lo) = {j € A | j € D(’lo) and ’io c D(j)}

Note that if ig is cyclic then C(ig) is non-empty because it contains ig in
particular. Moreover, iy is a loop if and only if C(iy) = {io}.
We say that a subset C' C A is a cycle if C' = C(ig), for some cyclic index

i € A.

Remark 2.4.6
By identifying an index ¢ with the genotype e;, biologically, an index is cyclic
if it is a descendent of its descendents. The cycle associated to an index 7 is

the set of all its descendents j such that ¢ is a descendent of j.
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In the same context as in Definition 2.4.5, consider iy € A, and let w;,;, be
the corresponding element in the structure matrix for the evolution algebra
A. If w;yi, # 0 then we have that iy is cyclic, independently of the value of
the other elements in the structure matrix. If w;;, = 0, then iy is cyclic if and
only if it is a descendent of some of its own descendents.

On the other hand, if B = {e; | i € A} is a natural basis of A, and if
i1,12 € A are cyclic, then we have either C(iy) = C(iz) or C(i1) N C(iy) = 0.

These facts can be understood more easily looking at the corresponding

graphical concepts, as we will do below.

Now we classify the cycles into two types, depending on if they have or

not ascendents outside the cycle.

Definition 2.4.7
Let B = {e; | i € A} be a natural basis of an evolution algebra A and let
19 € A be a cyclic index. We say that iy is a principal cyclic index if the
set of ascendents of iy is contained in C'(i), the cycle associated to ig. Thus,
ip € A is a principal cyclic index if ig € D(iy) and j € D(ig) for every j € A
with i € D(j).

We say that a subset C' of A is a principal cycle if C' = C(ip), for some

principal cyclic index ig € A.

It is clear that if ip € A is a principal cyclic index then every j € C(ig) is
also a principal cyclic index. Moreover, if iy € A is a cyclic index, then C(ig)
is not principal if and only if there exists j € A\ C(ip) such that iy € D(j).

On the other hand, a non-empty subset C' C A is a principal cycle if and

only if it satisfies the following properties:
(1) For every i,j € C' we have that i € D(j) and j € D(3).

() If D(k)NC # 0 then k € C.
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Note that if iy is a loop, then {iy} is a principal cycle if and only if i
has no other ascendents than ig. Moreover, if C' is a principal cycle, then

C =C(i) = C(j) for every i,j € C' and, hence, D(i) = D(j) for very i, 5 € C.

Now we will distinguish between cycles that have proper descendents from

those that do not have them.

Definition 2.4.8
Let B = {e; | i € A} be a natural basis of an evolution algebra A, and let S
be a subset of A. We define the index-set derived from S as the set given
by

A(S) := S Ujes D(i).

For instance, if ¢ € A, then the index set derived from {i} is
A({i}) :=={i} U D(i), where D(7) is the set of descendents of i. The index set

derived from a principal cycle is obtained next.

Remark 2.4.9

Let C be a principal cycle. Then, C' = C(i) = C(j) and D(i) = D(j), for
every i,j € C. Moreover, C(i) C D(i), for every i € C' (the inclusion may or
not be strict). Thus, C' C A(C) = D(i) for every i € C.

The Definition 2.4.5 in terms of graphs gives rise to the following

definitions.

Definitions 2.4.10

Let E be a graph with vertices {v; | i € A} satisfying Condition (Sing). An
index j € A is said to be cyclic if j € D™(j) for some m € N (see Definitions
2.1.3). Equivalently, if the graph F has a cycle ¢ such that v; € ¢°.

If j is a cyclic index, we define

C(j) :=={w € E° | k€ D(j) and j € D(k)},
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that is, C'(j) are those vertices connected to v; such that v; is also connected

to them.

A cyclic index j is called principal (see Definition 2.4.7) if

{ox € E" | j € D(k)} € C()).

Therefore, a cyclic index j is principal if and only if it belongs to a cycle

without entries or such that every entry comes from a path starting at the

cycle. By extension, we will also say that C(j) is a principal cycle.

Examples 2.4.11

Consider the following graphs.

E:

RN

C\ovl .,
£ / \
o), — >0, <_/ Oy = °v43

1 — 0y, > Oy

Concerning FE, the indices 1,2 and 3 are

cyclic

and

C(l) = C2) = C@B) = {v1,ve,v3}. Also, 1,2 and 3 are principal

indices.
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For the graph F', the cyclic indices are 2,3,4 and 5. Moreover,
C(2) =C(3) = C(5) = {va,v3,v5} and C(4) = {v4}. The only index which is
principal is 4.

As to the graph G, its cyclic indices are 2,3,4 and 6. None of them is

principal.

Definition 2.4.12

Let B = {e; | i € A} be a natural basis of an evolution algebra A. We say
that iy € A is a chain-start index if iy, has no ascendents, i.e., ioc ¢ D(j),
for every j € A. Equivalently, 7y is a chain-start index if and only if all the

elements of the ig-th row of the structure matrix Mpg(A) are zero.

Remark 2.4.13
In terms of graphs, an index iy is a chain-start index if and only if the vertex
v, is a source. In the graphs of Examples 2.4.11, the only chain-start index

is the vertex v; in F' and the vertex v; in G.

In the case of finite-dimensional evolution algebras, if the determinant of
the structure matrix Mp(A) is non-zero then A has no chain-start indices.
The (graphical) reason is that |Mp(A)| # 0 implies that Mp(A) has no zero
rows, hence the associated graph relative to B has no sources.

The lack of chain-start indices is a necessary condition for A to be simple.
The graphical reason is that if a vertex v; is a source, then the ideal generated

2

by e? does not contains ¢;, hence (e

) is a nonzero proper ideal.

2.5. The fragmentation process

In this subsection we will consider only finite dimensional evolution

algebras, degenerated or not. We give a process that allow to decompose
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an evolution algebra into direct sums of evolution algebras (the optimal

decomposition when the algebra is non-degenerate).

Definition 2.5.1
Let A be a finite dimensional evolution algebra, and fix a natural basis
B = {e; | i € A}. Consider the set {C},...,Cy} of the principal cycles of
A and the set {iy,...,4,} of all chain-start indices of A.

Given any 7 € A which is not a chain-start index, there exists j € A such
that ¢ € D(j), and either j is a chain-start index or j belong to a principal

cycle (because A is finite). Therefore, according to Definition 2.4.8,
A=AC)HU--UAC) UA>) U=+ UA(i,).

This decomposition will be called the canonical decomposition of A

associated to B.

Note that the sets in the canonical decomposition are not necessarily
disjoint. This is the case, for example, when two different principal cycles,

or two chain-start indices, have common descendents.

Definition 2.5.2
Let A be a finite set and let Y1, ..., T, be non-empty subsets of A such that
A = U, T, We say that A = U ,7T; is a fragmentable union if there

exists disjoint non-empty subsets Aj, Ay of A satisfying
A=U" T, = A1 UA,,

and such that for every ¢ = 1,...,n, either

ngAl or Tz QAQ

For instance, if the sets T, are disjoint then A = U | T; is fragmentable.

Note that a fragmentable union may admit different fragmentations.
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On the other hand, if T, N'Y; # 0 for every ¢ # j, then the union

A =U! T, is not fragmentable.

Definitions 2.5.3
Let A be a finite set and let T1,..., T, be non-empty subsets of A such that
A =U,7T, is a fragmentable union. A fragmentation of A = U} T, is a

union A = UY_, A; such that:

) If ¢« € {1,...,k} then A; = U;cq YT, for S; a non-empty subset of
(1) JES; L] pty

{1,...,n}.
(1) A;NA; =0, for every 4,5 € {1,...,k}, with ¢ # j.

Note that conditions (i) and (ii) imply that for every j € {1,...,n} there
exists a unique i € {1,...,k} such that T, C A;.

An optimal fragmentation of a fragmentable union A = U ,7T; is a
fragmentation A = U¥_, A; such that for every i € {1,...,k} the index set

A; = Ujes, T; is not fragmentable.

In what follows we build the optimal fragmentation for any A = U | 1.

Let A be a finite set and consider Yi,...,Y,, non-empty subsets of
A such that A = U7, is a fragmentable union. To obtain an optimal
fragmentation of this union we define the following equivalence relation in
the set {Yy,...,T,}.

We say that T; ~ Y, if there exist mq,...,my; € {1,...,n} such that
TN Yy 0, Tory N Yoy 0,00, Yo, N, 0, Ty, N, # 0.

Let Sl = {’l € {1,,n} ‘ Tz ~ Tl}; define A1 = Uiengi. Set
52 = {1,,n} \ Sl and KQ = UiESQTi~ Then A = A1 U KQ with Al

non-fragmentable. If Ay = Uses, T; is non-fragmentable then by defining
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KQ = Ay we have that A = AjUA, is the optimal fragmentation of A = U ;7.
Otherwise, JN\Q = U,es, 1; is fragmentable and, as before, we may decompose
Ay == Ay U Kg, with A non-fragmentable. By reiterating the process we
obtain a decomposition A = UY_, A;, where every A; is non-fragmentable. This

produces an optimal fragmentation A = UF_, A; of the initial decomposition

A=Un, T

Proposition 2.5.4
Let A be a finite set and let Yq,..., Y, be non-empty subsets of A such

that A = |J Y; is a fragmentable union. Then the optimal fragmentation
i=1

A=MANU---UA, of A= T, is unique (unless reordering).
i=1

Demostracion. Suppose that A = AjU---UA, and A = A U---UA,, are two
optimal fragmentations. Take ¢ € {1,...,k}. If there exist j, k € {1,...,m}
such that A; N Kj # 0 and A; N Ay # 0, then j = k because, otherwise,
A; is fragmentable. It follows that for every i € {1,...,k} there is a unique
j€{1l,...,m} such that A; C Kj. We claim that A; = Kj because otherwise
/NXj would be fragmentable, a contradiction. We conclude that m = k and

thatAleu---UKm is a reordering of A = A; U ---UAy. O

By combining Theorems 2.2.7 and 2.3.6 with the optimal fragmentation

process we obtain the following result.

Theorem 2.5.5

Let A be a finite-dimensional evolution algebra with natural basis
B = {e; | i € A}. Let {C1,...,Cx} be the set of principal cycles of A,
{i1,...,im} the set of all chain-start indices of A and consider the canonical

decomposition

(1) A=AC)U---UACy) UA>) U~ UA(iy,).
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Let A = UerA, be the optimal fragmentation of (1) and decompose
B = UyerB,, where B, ={e; | i € A,}. Then A = ®erl,, for I, =lin B,,
which is an evolution ideal of A. Moreover, if A is non-degenerate, then

A = @yerl, is the optimal direct-sum decomposition of A.

Since the optimal direct-sum decomposition of a non-degenerate evolution
algebra A is unique, we conclude that, in the non-degenerate case, the
decomposition given in Theorem 2.5.5 does not depend on the prefixed natural
basis B (i.e. any other natural basis leads to the same optimal direct sum

decomposition).

Remark 2.5.6

Every finite dimensional evolution algebra A (non-degenerated or not) is the
direct sum of a finite number of irreducible evolution algebras. Indeed, if A
is irreducible, then we are done. Otherwise, decompose A = I; ® I, for Iy, I5
ideals of A. If I; and I, are irreducible, then we have finished. If this is not
the case, we decompose them. Since the dimension of A is finite, proceeding

in this way in a finite number of steps we finish.

For A an evolution algebra of arbitrary dimension such that A = @, crl,
is the optimal direct-sum decomposition of A, the study of A can be reduced

to the study of the irreducible evolution algebras I, separately.

The last result in this section is a consequence of Proposition 2.2.1 and

Theorem 2.5.5.

Corollary 2.5.7
Let A be a non-degenerate finite dimensional evolution algebra with a natural
basis B ={e; | i € A}. Then A =1, & --- & Iy, where I; is an ideal, simple

as an algebra, if and only if A has the following property: A = Ay U --- LAy,
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where every A; is non-empty and I; =lin{e; | i € A;} =1lin{e? | i € A;} and
D(i) = A;, for every i € A;.




Chapter 3

Classification two-dimensional
evolution algebras

The aim of this chapter is to determine the two-dimensional evolution
algebras over a field K where for every k£ € K the polynomial ™ — k has a
root whenever n = 2, 3. By K* we denote K\ {0}.

Two-dimensional evolution algebras over the complex numbers were
determined in [12, Theorem 4.1], although there is a case which is mising:
the algebra A with natural basis {e;,e;} such that e? = e; and €3 = ¢
(Case 6 in the Theorem 3.3). This is a two-dimensional evolution algebra not
isomorphic to any of the six types in [12, Theorem 4.1]. Some of ideas we have
used here to prove the theorem below can be found in [12, Theorem 4.1].

Given two structure matrices Mp and My of two evolution algebras A
and A’, by abuse of notation we will say that Mp and M} are isomorphic if

the evolution algebras A and A’ are isomorphic.

Lemma 3.1

Let A be an evolution algebra, let B = {e1, e} be a natural basis, and

My = ( Wil Wiz )
W21 W22
the corresponding coefficient matriz. If det Mg # 0 then, B' = {f1, fa} is a

natural basis of A if and only if there exists r and s € K* such that B’ is one
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of the following types:

s
o ' rWin Wiz
(i) B' = {rey, sea} in whose case Mp = 2
—Wa21  SW22
9 W21
SWo9 rT—m
(i) B' = {sey,req}, in whose case Mp = L, W12 s

ST Twn
Demostracion. Since det Mg # 0 it follows that e? and e3 are linearly
independents independent vectors. Therefore if f; = pjie; + pores and
fo = p12e1 + pres we have that fifo = pripiaet + porpxes = 0 if and only
if p1ip1e = 0 and po1pee = 0. If f; and f5 are non-zero then it follows that
either p;; = 0 = pgy or p1o = 0 = po;. Therefore, either B’ = {rey, ses} or
B’ = {sey,re;} for certain r and s € K" In the first case, the structure

matrix follows from the following equalities:

2
.
f12 = (7“61)2 =7’ (wire1 + ware2) = rwyy fi + §w21f2-
2 2 2 s°
fa = (3‘32) =S (w12€1 + w22€2) = ?w12f1 + Swao fa.

In other words,

52
rwiy —Wi2
r

Y R—

Mp r2
—Wa1 SWa2
S

In the second case a similar straightforward calculation shows that

MB/ - W19

Remark 3.2
Note that the number of zeros of the structure matriz relative to a natural
basis is invariant under change of basis. What is more, the number of zeros

in the main diagonal of the structure matrix is invariant too.
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Theorem 3.3
Let A be a two-dimensional evolution algebra over a field K where for every

k € K the polynomial x™ — k has a root whenever n = 2, 3.

(1) If dim(A?) = 0 then Mg = 0 for any natural basis B of A.

(11) If dim(A?) = 1 then there exists a natural basis B = {ey, es} of A such

that Mg is one of the following four matrices:

(111)

@ Ma= (g o),

(d) My = (8

)
o)
o)

Moreover they are mutually non-isomorphic.

If dim(A?) = 2 then there exists a natural basis B = {ey, es} of A such

that Mp s one of the following three types of matrices:

(e) Mp(a, )=

(é (f) for some o, 5 € K* such that 1 — af # 0.

(f) Mp(a) = (1 (f) for some o € K*.

—_

(2)

Mp =

e}

(1) Mp(v) =

)
~_

O =
TS
2 =

) for some v € K*.
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{MB<0576)7 MB(a)7 <é ?)7 <? é);MBC‘y) ‘ a7677 € K* such that
1 —ap # 0} is a set of mutually non-isomorphic evolution algebras

except when 7y, v € K* are such that l/ is a third root of unity.
Y

Demostracion. Fix a two-dimensional evolution algebra A and a natural basis

B = {e1,es}. Let Mp = (w;;) be the structure matrix of A relative to B.

Case dim(A?%) = 0.

Then Mg = 0.

Case dim(A?) = 1.

We may assume without loss of generality that {e?} is a basis of A2

((w1,we) # (0,0)). Since e2 € A2 there exists ¢ € K such that

€3 = c1e? = ¢ (wieg + waey). Then,

MB _ (w1 clwl) .
Wo C1Wo
Extend the basis {e?} of A% to a new basis B’ = {¢/|,e,} of A (B’ is not

necessarily a natural basis) where €} = e? and e, = pie; + poey for some

p1, p2 € K. Then the change of basis matrix Pg g is

w1 D1
Ppp = )
Bp (wz pz)
Our aim is to know when B’ is a natural basis or, equivalently, when {e?}

has the extension property. For this, if we apply Theorem 1.3.2, B’ is a natural

basis if and only if it verifies:

(wips — wz]h)(“% =+ CIW%) (wip2 — w2p1)(p% + Clp%)
Mp = WipP2 — WaP1 Wip2 — Wap1

and
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~(wi(wipr + cawap2)\ (0
MB/(PB/B * PB/B) = (w2<w1p1 n Clw2p2>) = <0) . (3.1)

Since wips — wopy # 0 the structure matrix Mp: can be written as follows
2 2 2 2
_ (Wit aw; pi+cip;
o - (48 o)
In other words, as (wy,ws) # (0,0) then {e?} has the extension property if

and only if wip; + ciweps = 0.

Case 1 Suppose that wip; + ciwaps = 0.

So {e?} has the extension property.

Case 1.1 If w; # 0.

—Cw
Then p, = “a%eP2 ond replacing this value into Mp: we obtain:
Wi
wi + w3 01_p§<w2 + cjw?)
Mg = 1 1%2 w% 1 12
0 0

Note that necessarily w? + c;w3 # 0 because Mp has rank one.

Case 1.1.1 Assume that ¢; = 0.

The structure matrix relative to B’ is

2
_f(wi O
= (4 9)

/
. . : e

Now, if we consider the new natural basis B” = {e{, ey} such that ¢} = —

Wi

or, equivalently, the change of basis matrix

Lo
2
PB//B/ = W1 5
0 1

we have that
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10
MB//— (0 O).

Taking ps = % and the change of basis matrix
1

Case 1.1.2 If that ¢; # 0.

1
2 2
wi + cw;y

0

Ppip =
B"B

wi + w3

11
MB//— (0 O).

Case 1.2 Suppose that w; = 0.

we obtain that

Necessarily ws # 0. Now, we consider p, = 0 and p; = 1, then B’ is a natural

basis and

2

_ [(caw; 1
o= (55 1)
Case 1.2.1 Assume that ¢; = 0.

Then the structure matrix is
0 1
MB/ —_ <0 0) .

Considering the change of basis matrix

Case 1.2.2 If ¢; # 0.

1

c1w3

PB//B/ ==
1

\/an

we have that the new structure matrix is
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11
MB//— (0 O).

Case 2 Suppose that wip; + ciwapy # 0.

Therefore {e7} has not the extension property. Now we look for a natural

basis B’ such that Mp is as easy as possible.
2

—w
Since ¢; = —21, then
W3
wi
w1 —
w3
Mg =
_w%
Wy ——
)

In this case, considering the change of basis matrix

— 0
w1
Ppip =
%)
0 =
Wi

we get that
1 -1
MB// — (1 _1) .
Now, in order to show that the evolution algebras given by the structure
. 10 1 -1 11 0 1Y\ . . .

matrices <0 0), <1 _1), <0 0) and <O 0) in certain natural basis
B = {ej,es} are mutually non-isomorphic we will study some algebraic
properties as dimension of annihilator, extension property and the existence
of an one-dimension non-degenerate principal ideal. We denote this ideal as 1.
Recall that an ideal is principal if it is generated as an ideal by one element.
Now, we are going to focus on the last property: analyzing if there exists an
ideal like 1.

In the first case the evolution algebra associated has an ideal like 1. Tt is

enough to consider the ideal generates by e;.
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The second evolution algebra which product is € = e; + e; and
€2 = —e; — ey has not an ideal of the type 1. Assume, on the contrary that

there exist an ideal like generates by pe; + qes € A. Then,

~

e1(pe1r + qes) = pel = ple; +es) € 1,

o~

ea(per + qes) = qes = —q(+e1 +ey) €1

and on the other hand

~

(pe1 + qe2)* = (p° — ¢*)(e1 + ea) € 1,

~

(pe1 + qez)® = (per + qez)(per + qea)* = (0* — @) (p— q)(er +ex) €1

~

(per + gea)" = (per + gea)(per + qea)" ' = (P* = *)(p—q)" *(er + &) €1

for every n € N. We will analyze each case. If pg # 0 and p # ¢ then T has
dimension two. If pg # 0 and p = ¢ then I =< e1 + ey > but I is degenerate.
If p=0 or ¢ = 0, therefore I =< ey > or I =< ¢; > has dimension two. In
any case, contradiction.

The third case, the evolution algebra which product is €3 = e; and €3 = ¢,
has an ideal of the form 1. Indeed, we may consider the ideal generates by e;.

The last evolution algebra given by the structure matrix (0 (1)) has not
an ideal like 7. Indeed, suppose on the contrary that there exists an element

pe1 + ges in A that generates 1. Then,

-~

ei1(per +qex) =0 € 1,
ea(per + qes) = qe3 = qey € T

and the other hand

~

(per + qe2)2 =q¢’e; €1,

~

(pe1 + qea)"™ := (pe1 + qes)(per +qex)” P =0¢€ 1
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for every n > 2.

If pg # 0 then T has dimension two. Contradiction. If p = 0 therefore

T =< es >= {e9,e1} has dimension two and finally if ¢ = 0 then

I =< e; >= {e;} is a degenerate principal ideal. In both cases, contradiction.
Summarizing, we list the algebraic properties belong to each resulting

evolution algebra in the following table:

Type A? has the extension || dimension of || A has a one-dimension non-degenerate
property ann(A) principal ideal
((1) 8) Yes 1 I =<e >
(1 1) No 0 No
((1) (1)> Yes 0 I =<e >
(8 (1)> Yes 1 No

Case dim(A?%) = 2.
o Wil Wiz .
Recall that Mp = < ) . By Lemma 3.1 and Remark 3.2 we will
W21 Wa2
distinguish different cases depending on the number of non-zero entries in the

structure matrix.

Case 1 If W11Wo9 7& 0.

1 1
Applying Lemma 3.1 and considering r = — and s = — we obtain that
W11 W22

Mwam)=( 5 ¢ ) (3.2
with af # 1.

Case 1.1 Assume that wiowe; # 0.
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In which case, we obtain the same structure matrix as case before but with
aff #0:

Case 1.2 Suppose that wis = woy = 0.

Therefore we have the following structure matrix:

10
o= (19,

Case 1.3 Assume that wis # 0 and wy; = 0.

In this case, the structure matrix is as follows:

My (@) = <(1) i‘) (3.3)
with a # 0.

Case 1.4 Assume that wio = 0 and woy # 0.
If we consider the natural basis B” = {es,e;} then we are in the same

conditions as Case 1.3.

Case 2 If W11 = 0 and W2 7& 0.
In this case, necessarily wsjwis # 0. Now, we consider Lemma 3.1 for

1
r = ——— and s = ——— and we obtain

3 p) 3/ 2
V Wi2Waq V WigWal

0 1
Mwt) = (1) (3.9
for some v # 0.

Case 3 If W11 = Wog = 0.

This implies that wejwis # 0. Reasoning the same way as before, we have

that the structure matrix is as follows:

0 1
o= (01,

Case 4 If wy; # 0 and wqy = 0.
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Considering the natural basis B” = {ea, €1}, we are in the same conditions as

Case 2.

By Lemma 3.1 and Remark 3.2 we have that the resulting evolution

. 10 1 « 1 «
algebras correspond to the structure matrices <0 1), (0 1), ( 3 1),

1 1 . . .
(? 0) and (? 7) cannot be isomorphic because there are matrices where
the number of non-zero entries is not the same and when is the same, the

number of zeros in the main diagonal does not coincide.

In what follows we need to study on the one hand if two structure matrices
Mp(a) and Mp/(a') as in (3.3) are isomorphic with «,a’ € K* and on the
other hand if two structure matrices Mp (o, 8) and Mp (o', ) as in (3.2)
are isomorphic given a, o/, 8, 8" € K* such that (1 — af)(1 — o/5’) # 0. But
we can study both cases considering two structure matrices Mp («, 5) and
Mp (o, ') asin (3.2) where o, o/, 3, 8’ € K such that (1 —af)(1—a/f") # 0.
Assume there exists a change of basis matrix Pgrp = (p;;). By Theorem 1.3.2

we obtain that

P11P12 + P2a1paa = 0

p1ip12B + poaipaz = 0

Multiplying the first equation by (—f) and adding the resulting equation to
the second one we have pojpas(1 — aff) = 0.

Now multiplying the second equation by (—«) and add it to the first one, we
obtain py1p12(1 — af) = 0.

Since (1 — a) # 0 then piipi2 = paipas = 0.

Case 1 Suppose that py; = 0.

Necessarily p1o = 0 since p11pae # 0. In this case the structure matrix is
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2
ap
P11 » 22
Mpn = 1 . 3.5
B p%lﬁ ( )
D22
D22

In order for Mp» to have the same form as in (3.2), necessarily p;j; = pa = 1

and the resulting structure matrix is

1 «
MB/I:(/B 1).

AS po1p12 # 0, then poy = 0. In this case, the structure matrix is

Case 2 If p;; = 0.

Ap;
P21 12
Mgy = i P2y (3.6)
12
P12

In order to obtain a structure matrix as in (3.2), we consider py; = pj2 = 1.

Then, we obtain that

e (1)

Now, we will study if given v, € K*, two structure matrices Mp/ () and
Mg (7') as in (3.4) are isomorphic.
Assume there exists a change of basis matrix Pgrp = (p;;). By Theorem 1.3.2

we deduce that

p21p22 = 0

P11p12 + pa1paaa = 0

This implies that psipee = 0 and pyipi2 = 0. Without loss of generality, we

may suppose that py; = 0 and pyo = 0. Therefore, the structure matrix is
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)

Mpgn=| o, P |. (3.7)
b1
— P22
D22

2
In order for Mg~ to be of the same type as in (3.4), necessarily P2 _ 1 and

) P11
P11

— = 1 we have that pyy = p3,, pe2 = ply. Equivalently py = p3,. This
P22

implies that p3, = 1. Then, the structure matrix is as follows:

0 1
e (0 1)
/

with - = pa2 = (. Recall that ( is a third root of the unit.
fy
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Chapter 4

Classification of
three-dimensional evolution
algebras

The aim of this chapter is to obtain the classification of three-dimensional

evolution algebras.

We will prove that there are 116 types of three-dimensional evolution
algebras. We organize all of them in Tables 1-24. The matrices appearing
in different rows of a same table are not isomorphic(they do not generate
evolution algebras isomorphic) and different tables give evolution algebras
neither isomorphic. In some case different values of the parameter for matrices
in the same row give isomorphic evolution algebras. These cases are displayed

in Tables 1’-23'.

Recall that we work in this chapter with evolution algebras over a field K
of characteristic different from 2 and in which every polynomial of the form

" —a, forn =2,3,7 and o € K has a root in the field.

We start by analyzing the action of the group Sz x (K*)3 on M3(K). The
orbits of this action will completely determine the non-isomorphic evolution

algebras A when dim(A?) = 3 and in some cases when dim(A4?%) = 2.

81
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4.1. Action of S3 x (K*)? on M3(K)

Let K be a field. For every «, 3,7 € K*, we define the matrices:

I () :==

o = O

0 1
0 y H3(’)/) =10
1 0

o O

0 1
O y Hg(ﬁ) = O
1 0

o o0
S = O

0
0
v

It is easy to prove that they commute each other. This implies that

o O

a 0
G:{H1<Q)H2(B)H3<’y) ‘a7677€KX}: 0 0 ‘a7B77€KX
0 g

is an abelian subgroup of GL3(K). We will denote the diagonal
a 0 0

matrix (0 S 0| by («,8,7). With this notation in mind, it is
0 0 ~

immediate to see that G = K* x K* x K* with product given by

(o, B,7)(, B,7') = (ad, BB, 7).

Now, consider the symmetric group Ss; of all permutations of the set

{1,2,3}. The standard notation for Sj is:
93 = {id, (1,2),(1,3),(2,3),(1,2,3), (1,3,2)},

where id is the identity map, (4, j) is the permutation that sends the element
i into the element j and (i, j, k) is the permutation sending i to j, j to k and
k to i, for {i,7,k} ={1,2,3}.

We may identify S3 with the set

010 0 01 1 00
idg, {1 0 Of),{0 1 0,0 O 1
0 01 100 010
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in the following way: id is identified with the identity matrix ids, (1,2) with
the matrix
010
100
00 1
because this matrix appears when permuting the first and the second columns
of ids, etc. The matrices in (4.1) are called 3 x 3 permutation matrices.
From now on, we will consider that S; consists of the permutation
matrices. This allows to see S3 as a subgroup of GL3(K). Denote by H the
subgroup of GL3(K) generated by S3 and (K*)3.
It is not difficult to verify that for every ¢ € S3 and every

(A1, A2, A3) € (K*)? its product is as follows:
(A1s A2, A3)a = 0 (Ao1), Ao(2)s Ao(3))-
Therefore, we may write
H={o(a,B.7) | 0 €8s, (o, 8,7) € (K*)*}.
The multiplication in H is given by
oo, az, a3)7(B1, B2, B3) = oT(rr), Ar(2), Qr()) (B, B, B3)  (4.2)
= JT<aT(1)/Bl7 047(2)527 047(3)53)-

This is called a semidirect product of the group of Sz and (K*)3 respect to
the product (4.2) and it is denoted by S3 x (K*)3. So, from now on, we use
the notation S3 x (K*)3 instead of H. Notice that the elements of S3 x (K*)3

coincide with the elements of

a 0 0 0 a O 0 0 « a 0 0

0O s 0,8 0 0,10 8 0),10 0 B8],

0 0 ~v 0 0 ~v v 0 0 0 ~ O

0 o O 0 0 «

00 8,8 0 0]]a,p,vyeK (4.3)
v 0 0 0 v O
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We define the action of Sz x (K*)? on the set M3(K) given by:

Wil Wiz Wi3 Wo()o(1) Wo()o(2) Wo(1)o(3)
o |wa wa Wi | = | Wo@o(l) Wo@e@) Wo@)od) | (4.4)
W31 W32 Ws3 Wo(3)o(1) Wo(3)a(2) Wo(3)a(3)
2 72
awip  —Wi2 ——Wi3
a a
Wil Wiz wis ) 72
(o, 8,7) - | w1 waz wos | 1= | Fwa Buwa Ew% (4.5)

W31 W32 Wss
2

(0]

— Ws1 7(032 Ywss3

for every o € S and every (a, 3,7) € (K*)3.

For arbitrary P € S3 x (K*)? and M € M3(K), the action of P on M can

be formulated as follows:

P-M:=P'MP®. (4.6)

Remark 4.1.1

The action given in (4.6) has been inspired by Condition (1.8) in Theorem
1.3.2. Notice that any matrix P in S3 x (K*)3 is a change of basis matrix
from a natural basis B into another natural basis B’ and the relationship
among the structure matrices Mg and Mp and the matrix P is as given in
Condition (1.8), that is, P~'MpP®? = M}, This is the reason because we

define the action of P on Mg by:
Mp - Mg = P MpP®.
The result that follows will be very useful in Theorem 4.2.2.

Proposition 4.1.2
For any P € S3 x (K*)3 and any M € M3(K) we have:
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(1) The number of zero entries in M coincides with the number of zero

entries in P+ M.

(1) The number of zero entries in the main diagonal of M coincides with

the number of zero entries in the main diagonal of P - M.
(1) The rank of M and the rank of P - M coincide.

(1v) Assume that M is the structure matriz of an evolution algebra A relative
to a natural basis B. Assume that A> = A. If N is the structure matrix
of A relative to a natural basis B’ then there exists Q € Ssx (K*)3 such

that N =@ - M.

Demostracion. Fix an element P in S3 x (K*)3. Then there exist
o € S3 and (a,8,7) € (K*)® such that P = o(a,3,7). Therefore
P-M = (oc(a,3,7)) - M =0 ((a, B,7) - M). Item (1) and (11) follows by
(4.4) and (4.5). Ttem (111) is easy to show because P- M = P"'MP® and P
is an invertible matrix. Finally, (1v) follows from the definition of the action

and [15, Theorem 4.4]. O

4.2. Three-dimensional evolution algebras

The aim of this section is to determine all the three-dimensional evolution
algebras over a field K of characteristic different from 2 and such that for any
ke Kandn=2orn=7orn=3, every polynomial of the form x™ — k has
a root in the field. For our purposes, we divide our study in different cases,

depending on the dimension of AZ2.

Definition 4.2.1
A three dimensional evolution algebra A is said to have Property (2LI) if for
any basis {ey, ez, e3} of A, the ideal A% has dimension two and it is generated

by {e?,e?}, for 4,7 € {1,2,3} with i # j.

R
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4.2. Three-dimensional evolution algebras

Theorem 4.2.2

Let A be a three-dimensional evolution K-algebra where K is a field of

characteristic different from 2 and such that for any k € K the polynomial of

the form x™ — k has a root whenever n = 2,3,7.

(1)

(1)

(111)

If dim(A?%) = 0 then My = 0 for any natural basis B of A.

If dim(A%) = 1 then there exists a natural basis B such that Mp
is one of the seven matrices given in Table 1. All of them produce
mutually non-isomorphic evolution algebras. The algebras in this case
are completely classified by the following properties: having A? the
extension property, dim(ann(A)), and if A has a principal ideal of

dimension two which is degenerate.

If dim(A?) = 2, then then there exists a natural basis B such that Mp
is one of the matrices given in the first column of Tables 2 to 17. They
are all mutually non-isomorphic except in the cases shown in Tables 2’
to 17°. There are 57 possible cases. Let B = {ey,eq,e3} be such that

{e?,e3} is a basis of A% and €2 = cie? + cy€3, for c1,co € K.

(a) If cico # 0, then the evolution algebras have dim(ann(A)) = 0; the
algebra A has Property (2L1) and the number of non-zero entries in

Mpg can be 4 to 9.

(b) Ifc; =0 and ¢ # 0 (the case co = 0 and ¢; # 0 is analogous), then
the evolution algebras appearing have dim(ann(A)) = 0; the algebra
A has not Property (2L1) and the number of non-zero entries in the

set that follows can be from 4 to 9.
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1 0 0 0 11 a 1 1 0 0 0
S = o1 1,1 00),{0 1 1),(1 1 1],
0 a « a 0 0 0 g p a B p
1 11 1 0 0 0 1 1 a 1 1
a 0 0),la 1l 1|,la 1 1|,8 1 1
s 00 By By TA A
(¢) If ¢1,e0 = 0, then the evolution algebras appearing have

dim(ann(A)) = 1; the algebra A has not Property (2LI) and the

number of non-zero entries in rows one and two can be from 1 to

/.

(1v) If dim(A?) = 3 then there exists a natural basis B such that Mp is one
of the matrices given in the first column of Tables 18 to 24. They are
all mutually non-isomorphic except in the cases shown in Tables 19 to
23°. They are completely determined by the number of non-zero entries

in Mp. There are 51 possible cases.

Proof.

Fix a three-dimensional evolution algebra A and a natural basis

B = {ey,eq,e3}. Let Mp be the structure matrix of A relative to B:

W11 Wiz Wiz
Mp = [ wa1 woe was
W31 Wiz Ws3g

In order to classify all the three dimensional evolution algebras we try to
find a basis of A for which its structure matrix has an expression as easy as
possible, where by ‘easy’ we mean with the maximum number of 0, 1 and -1

in the entries.

Case dim(A?%) = 0.

Then Mp = 0 and there is a unique evolution algebra.
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Case dim(A?) = 1.
Without loss of generality we may assume e? # 0. Write
e? = wieg +woey + wses, where w; € K and w; # 0 for some i € {1,2,3}. Note

that {e?} is a basis of A?. Since e3,e3 € A?, there exist ¢, ¢y € K such that

2 2
e5 = cre] = c1(wreg + waes + wses),

2 2
e5 = coe] = ca(wreg + waes + wses).

Then
W Wy G
MB = Wo CiWy CoWo
W3 Cilw3 Caws

We start the study of this case by paying attention to the algebraic
properties of the evolution algebras that we consider. To see which are the
matrices that appear as change of basis matrices, we refer the reader to
Remark 4.2.5.

We analyze when A? has the extension property. That is, if there exists a

natural basis B’ = {e], e, €4} of A with

e] = e =wier +wyey + wses (4.7)
ey = aep+ Pey + ves

ey = ey + veg + mes,

for some «, 3,7, 9, v,n € K that we may choose satisfying v(f — ) # 0. This

condition will be useful below. Being B’ a basis implies

w; o 0
| PB’B | = (W2 6 v # 0. (48)
w3 v n

By Theorem 1.3.2, B’ is a natural basis if and only if the following conditions

are satisfied.
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awy + Bwecy + ywsco = 0 (4.9)
w1 + vwacy + nwsca = 0 (4.10)

ad + Prey +yneg = 0

In these conditions, the structure matrix of A relative to B’ is:

wi +wie +wicy @ + fPo + 7P 00+ Ve + e
My = 0 0 0
0 0 0

To find the different mutually non-isomorphic evolution algebras it will be
very useful to study if they have a two-dimensional evolution ideal generated
by one element which is degenerate as an evolution algebra.

Now, we start with the analysis of the different cases.

Case 1 Suppose that w; # 0.
By changing the basis, we may consider e? = e; +wsey + wzes. Using (4.9) we
get a = —(Pwacy +ywsce) and by (4.10), § = —(vwacy +nwses). If we replace

a and ¢ in (4.8) we obtain that:

| Ppip | = (1 +wic; +wic)v(8 — ).

Now we distinguish if | Pg/g | is zero or not. This happens depending on

1 + wicy + wicy being zero or not since we had chosen 3,7, v € K such that
v(B —7) #0.

Case 1.1 Assume 1+ wic; + wicy = 0.
In this case A% has not the extension property since |Pg | = 0. We will

analyze what happens when 1+ w2cy # 0 and when 1 + w3cy = 0.

Case 1.1.1 If 1 + wicy # 0.
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Note that wic; # 0 since otherwise we get a contradiction. Then

—1 — wicy
1= 723 In this case, the structure matrix is:
Wy
—1—wic
1 732 Cs
2
—1—wic
MB — wo Tﬂ CoW?2
2
(=1 — wico)ws
w3 ———p (w3

w3

Case 1.1.1.1 Suppose that w3 # 0.

If we take the natural basis B” = {e;, wyes, wses}, then

1 —1—wicy wico
Mpr =1 —1-wica wics | . (4.11)
1 —-1- w§CQ w§CQ

We are going to distinguish two cases: ¢ = 0 and ¢y # 0.

Assume first ¢ = 0. Then

1 -1 0
Mpr=11 —1 0
1 -1 0

By considering another change of basis we find a structure matrix with more

zeros. Concretely, let B” = {eq, e; + €3, e3}. Then

1 -1 0
MB/” = 1 -1 0
0 0 0

In what follows we will assume that ¢y # 0. We recall that we are considering

the structure matrix given in (4.11).

Now, for B"” the natural basis given by
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1+ (wica)® +2(wie2)® + (wica)  —1+ (wica)® +2(wica)® + (wica) —(w2es)
2(1 + wica) 2(1 + wica) 872
—14 (Wic2)® +2(wie2)? + (Wie2) 1+ (wie2)® +2(wie2)? + (wica) 0
PB’”B” = 2(1 + W§C2) 2(1 + W§CQ)
14 (Wic2)® +2(wie2)® + (wice)  —1+ (wie2)® +2(wie2)? + (wica) 1
2(1 + w2e2) 2(1 + w2e2)
we obtain:
1 -1 1
Mpgn =11 -1 1
0 0 0
Note that |Pgmpr| = —2(wico)(1 + wicz)? # 0 because wic, # 0 and
wicy # —1.
Case 1.1.1.2 Suppose that w3 = 0.
Then 1+ w3c; = 0 and necessarily w3c; # 0. In this case,
—1
1 w—% Co
Mg = s -1 eon | - (4.12)
w2
0 0 0

Again we will distinguish two cases depending on cs.

e
Assume ¢y # 0. Take B” = {e1, wqen, \/—2_2} Then

S
I
-
]

which has already appeared.

Suppose ¢y = 0. Then, for B” = {ey, wseq, e3} we have
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matrix that has already appeared.

Case 1.1.2 Suppose that 1 + wicy = 0.

This implies that w3cy # 0 and wic; = 0.

Case 1.1.2.1 Assume ¢; # 0.

—1
This implies that w; = 0. Moreover, as ws # 0, necessarily c; = —. If we
W3

take the natural basis B” = {ey, e3, e}, then

-1
1 w—g C1
M = w3 ;1 w31
w3
0 0 0
and we are as in Case 1.1.1.2.
Case 1.1.2.2 Suppose ¢; = 0 and wy = 0.
Take B"” = {e1,wses, ea}. Then
1 -1 0
Mg =1 =1 0
0 0 0
again.
Case 1.1.2.3 Assume ¢; = 0 and wy # 0.
Taking B” = {ej,e3,e5}, we are in the same conditions as in Case 1.1.1.1

with ¢y = 0.

Case 1.2 Assume 1+ wic; + wicy # 0.

We will prove that A% has the extension property. In any subcase we will

provide with a natural basis for A one of which elements constitutes a natural

basis of A2.

Case 1.2.1 Suppose that ¢; = ¢ = 0.

Consider the natural basis B’ = {e?, ey + e3,2¢e3 + e3}. Then

MB/ —

OO =
O O O
O O O
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We claim that this evolution algebra does not have a two-dimensional
evolution ideal generated by one element. To prove this, consider
f = mey + ney 4+ pes. Then the ideal I that it generates is the linear span
of {f}U{m'e; }ien. In order for I to have a natural basis with two elements,

necessarily m = 0, implying that the dimension of I is one, a contradiction.

Case 1.2.2 Assume that ¢; = 0 and ¢y # 0.
Then 1+ cow3 # 0. For B = {e; + waea + waes, g, —w3cae1 + €3 + €3} the

structure matrix is

1+ cw? 0 o1+ cow?)
Mp = 0 0 0
0 0 0

Note that A% has the extension property because the first

element in B’ is e? which is a natural basis of A2  Consider

€1 €3
B'=<{—-—e¢,69,————— . Then
{1+C2w§ v \/02(1+02w§)}

Mpn =

O O =
o OO
o O =

We claim that this evolution algebra does not have a degenerate
two-dimensional  evolution ideal generated by one element. Let
f = mey +nes + pes. Then the ideal generated by f, say I, is the linear span
of {f}U{pei} U {mei} U {(m* +p2>mi€1}ieNU{0} U{(m* + p2>2mi61}ieNU{0}-
After some computations, in order for I to have dimension 2 and to be

degenerate evolution ideal implies m = 0 or p = 0, a contradiction.
Case 1.2.3 If ¢; # 0 and 3 # 0.

Case 1.2.3.1 Assume 1 + wic; # 0.
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For B’ the natural basis such that

—Ww3C2
1 —WwoCq )
1+ cjw;
Ppp = o 1 —W3waC2 ,
1+ clwg
w3 0 1

we obtain that

co (14 w2ep + wie
1+w§cl +w§02 c1 (1 +clw§) 2( 271 3 2)

o (1+ c1w3)
Mg 0 0 0
0 0 0

Now, consider the natural basis B” = {fi, fo, f3} such that

1
1+ w3c) + wies 1
_ 0 !
PB”B/ = \/Cl (1 + clwg) (1 +W§CI +w§62)

0 0 \/1+clw§

Ve (1 + w3 + cow3)

and the structure matrix is:

Mg =

o O =

11
00
00

Now, we will see that this evolution algebra does not have a
degenerate two-dimensional evolution ideal generated by one element.
Indeed, let f = 'me; + nes + pes be an element of evolution
algebra, then the ideal generated by f, say [, is the linear span of
{FYU{mer}U{nes Fo{ger FOT (m-+n-p)mier biesogo UL (492 e bienoqo)-
After some computations, in order for I to have dimension 2 and to be

degenerate evolution ideal implies m = 0 or n = 0 or p = 0, a contradiction.

Case 1.2.3.2 Assume 1 + wic; = 0.

-1
Then wowscicy # 0 and so ¢; = — . For B’ such that
W
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1 —C9 2 — w§CQ
2 2
woCo ngg
Ppp = w2 wa (1 + )
2 2
1
w3 — w3
w3
we have
2 C2 2
w3C2 3 —Ww3C2
Mp = o
B = 0 0 0
0 0 0

Now, we consider the natural basis B” for which

L0 o
w3C2 1
Pprg = 0 — 0
C2
0o 0 Yo
w3C2
Then, the structure matrix is
111
Mpgr= {0 0 0],
000

which has already appeared.

Case 1.2.4 Suppose that ¢; # 0 and ¢; = 0.

Considering the natural basis B” = {e1, e3, e2} we obtain

1 0 C1
MB” = w3 0 w3scy |,
wo 0 woC1

and we are in the same conditions as in Case 1.2.1.2.

Case 2 Suppose that w; = 0.

The structure matrix of the evolution algebra is

0 0 0
MB = Wo WoC1 WoCo
W3 WwsC1 W3l

Necessarily there exists i € {2, 3} such that w; # 0. Without loss of generality

we assume wy 7 0.
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Case 2.1 Assume ¢; # 0.

Consider the natural basis B” = {es, €3, €1 }. Then

woC1 WoCo 1
MBN = w3C1 W3C2 W3
0 0 0

and we are in the same conditions as in Case 1.

Case 2.2 If ¢; = 0.
Case 2.2.1 Assume cows # 0.

Taking the natural basis B” = {eg3, €3, €1}, then
w3zCo 0 w3

MB” = waCo 0 w2

0 0 O

and we are in the same conditions as in Case 1.

Case 2.2.2 Suppose that cows = 0.

Case 2.2.2.1 Assume ¢y = 0.

e
Take the natural basis B’ = {wses + wses, w_3’ e1}. Then
2

My =

o O O
o OO
O O =

Note that A? has the extension property.

Case 2.2.2.2 Assume ¢y # 0.

e
Then ws = 0. For B’ = {wseq, €1, \/—Z_Q} we have

MB/ —

o O O

11
00
00
In this case, A% has also the extension property.

We have completed the study of all the cases and will list them in a
table. All of them produces evolution algebras A such that dim(A) = 3 and

dim(A?) = 1. They are mutually non-isomorphic, as will be clear from the
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table. We specify the following properties, already studied, that are invariant

under isomorphisms of evolution algebras: If A% has the extension property,

the dimension of the annihilator of A, and if A has a two-dimensional

evolution ideal, which is degenerate as an evolution algebra, and which is

principal. To compute the dimension of the annihilator we have used [4,

Proposition 2.18].

Type A? has the extension || dimension of A has a principal degenerate
property ann(A) two-dimensional evolution ideal

1 -1 1

1 -1 1 No 0 I =<e3>
0 0 O

1 -1 0

1 -1 0 No 1 I:<€1+62+€3>
0 0 O

1 1 1

0 0 Yes 0 No

0 0 0

1 0 1

0 0 Yes 1 No

0 0 0

1 00

0 0 O Yes 2 No

0 0 0

0 1 1

0 0 O Yes 1 I =<e3>

0 0 0

0 0 1

0 0 Yes 2 I =<e3>

0 0 0

TABLE 1. dim(A?) = 1.

Case dim(A?) = 2.
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The first step is to compute the possible change of basis matrices Pg g for
natural basis B and B’. Without loss of generality, we may assume that there

exists a natural basis B = {ej, €2, e3} such that

w11 Wiz CiWil + CoWio
MB = Wol Wao CiWay + Cawos (413)
W31 W32 C1W31 + CoWsg

for some c¢q, ¢y € K with wyjway — wisway # 0.
Let B’ be another natural basis and let Pg/p be the change of basis matrix.

Write
P11 P12 P13
Ppip = | pa D22 Do
P31 P32 P33

Since B’ is a natural basis, by (1.8) it verifies:

wW11P11P12 + Wi2P21Paz + (wi1€1 + wiaCe)psipse = 0

Wa1P11P12 + WaoPa1Poe + (War€1 + waeca)psipse = 0 (4.14)
W31 P11P12 + WaaPorPaz + (ws1c1 + wasco)psipss = 0
W11P11P13 + Wi2P21Pas + (wi1€1 + wiaCe)psipss = 0
Wa1P11P13 + WazP21Pa3 + (wWar€1 + waaCa)psipsg = 0 (4.15)
W31 P11P13 + WseP21Pes + (Ws1€1 + wsaca)psipss = 0
W11P12P13 + Wi2P2aPas + (wi1€1 + wiaCa)psapss = 0
Wa1P12P13 + WazP2aPas + (war€1 + waaCa)psapss = 0 (4.16)
W31P12P13 + Ws2PaoP2s + (w3161 + waac2)psapss = 0

We consider the homogeneous system (4.14) in the three variables piipio,
p21p22 and p3ipse. Taking into account that the rank of this system is 2, we
may compute its solutions as follows:

—(wner +wizc)paipsa Wiz

—(wa1€1 + WaaCa)P31P32 Wao

P11p12 = = —C1P31P32 (417)
W11Wo2 — Wa1Wi9
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w11 —(wi1c1 + wi2C2)P31Ps2

war  — (w2161 + wa2ca)P31Ps2

P21P22 = = —C2P31P32 (418)
W11Wo2 — Wa1Wi2

In an analogous way, we may consider the systems given in (4.15) and

(4.16). Their solutions can be computed as follows:

P11P13 = —C1P31P33;  P21P23 = —C2P31P33; (4-19)

and

P12P13 = —Ci1P32P33;  P22P23 = —C2P32P33- (4-20)

Case 1 cicp # 0.

In this case the annihilator is zero because there cannot be a column of
zeros (apply [4, Proposition 2.18]). It is clear to see that all the evolution

algebras appearing in this case have Property (2LI).

In what follows we prove that Pgg € S3 X (KX)?’. Note that elements in
S5 x (K*)3 are those invertible matrices in M3(K) having two zeros in every
row and every column (see (4.3)). We will do in two steps: first we will show,
by way of contradiction, that there can not exists a row (or column) with
all entries different from zero and then we will prove that there are two zero
entries in every row and column.

Assume, for example, that psipsapss # 0. By (4.19) and (4.20) we have

—c
that piipiep1s # 0 and paipaspas # 0. If we replace p1p = “Gbabs2 4

P12

D22 D32 D32
we replace these two values in (4.20), we get piy = —c1p3, and p3, = —cap3y.

. Finally, if

Therefore,

D12 = £V —cC1 D32
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D22 = T/ —C2 P32

and
P13 = +v—c1 pas
Pas = F/—C2 Pas
par = v/ —co pat
pu = +V—c1 pat
Now,

|PB’B | = P11P22P33 +D12P23P31 +P13P21 P32 — P13P22P31 — P21 P12P33 — P11P32p2z = 0.

This is a contradiction. Therefore psipsopss = 0, hence, there exists at least
one i € {1,2,3} such that p3; = 0. We may suppose without loss of generality
that ps3; = 0. This means that piip12 = 0, paipee = 0, pripiz = 0, paipag = 0
and, obviously, p31p32 = 0 and p3yps3 = 0.

Assume py; = 0. Since |Ppip| # 0, necessarily pa; # 0. So, pag = peo = 0 and
consequently, using (4.20), psapss = 0 and piap13 = 0. We have psy = 0 and
pas = 0.

In p3op3z = 0 we distinguish two cases. First, assume p3y = 0. Then pi5 # 0
(because |Pg | # 0). Since p1ap13 = 0 we get pi3 = 0. Use again |Pgg| # 0
to obtain ps3 # 0 and we have proved that, in this case, Pgp € S3 x (K*)3.
Second, assume pss # 0. Then p33 = 0 and p13 # 0 because |Ppp| # 0. Use
p12p13 = 0 to get, reasoning as before, that p;o = 0 and p3s # 0. This proves
again Ppp € S3 x (K*)3.

First of all, we assume pj; # 0. Then, we get p12 = p13 = 0. So, by (4.17)
p3ap33 = 0 and paopas = 0. Now we are in the same conditions as before
(p3ap3s = 0, prapiz = 0 and pogpas = 0) therefore Ppp € S3 x (K*)3 as

claimed.
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Now that we know the possible change of basis matrices for Pg g, we may
look for all the possible structure matrices Mp. By Proposition 4.1.2 (1)
all the structure matrices representing the same evolution algebra have the
same number of zero entries. This is the reason for studying the classification
depending on the number of non-zero entries in Mpg (recall that Mp is the

matrix given in (4.13)).

We claim that the first case to be considered is the one for which Mg has
four non-zero entries (the maximum number of zero entries are five). This can
happen in two different ways. Indeed, fix our attention in the first and second
columns in Mp as given in (4.13). The maximum number of zero entries in
that columns is four since rank of Mp is two. When this case happens, the
third column have only one zero because ¢; and ¢y are non-zero. The other
possibility is when we have three zero entries in the first and second columns
and two zeros in the third column. One of them is obvious and the other

happens if cjw;; + cowip = 0 for some i € {1,2,3} with w;wy # 0.

Taking into account (4.5), we may assume that three of non-zero entries are
1. In some cases, we will be able to place one more 1 in a fourth non-zero

entry. The remaining non-zero entries will be parameters.

We explain now two types of tables we include, called “Table m.?nd “Table
m'”. For “Table m”, we list in the first row (starting by the second column) the
five permutation matrices different from the identity. As for the second row
we start with an arbitrary structure matrix under the case we are considering.
Then we apply the action of an element of S3 (listed at the beginning of each
column) on that structure matrix and write in the corresponding row the
obtaining structure matrix. Recall that this action was described in Section
4.1. We start the third row with a matrix under the case we are considering

and not included in the second row, and continue in this way until we reach
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all the possibilities for this case. In order to make easier the understanding of
the reader, we distinguish in color the different possibilities that we have. As
for the second type of tables we include, the reason is the following: For given
parameters (those appearing in the listed matrices), matrices in the same row
of a concrete table produce isomorphic evolution algebras. Matrices appearing
in different rows correspond to non-isomorphic evolution algebras. Now the
question is: For matrices in the same row having different parameters, are
the corresponding evolution algebras isomorphic? To answer this question we

include the second type of tables, “Table m'”.

Case 1.1 Mp has four non-zero entries.

Note that there is, necessarily, a row with all its entries equal zero, because

there is no a column with all its entries equal zero (as c¢jco # 0). For each

6

2) = 15 possible places where to put

possible row with three zeros, there are (
two zeros in the remaining rows. Because of A has Property (2LI) a row can
not have two zeros. This happens 6 times. We have to eliminate the cases in

which there is a zero column (three cases). Then we have 15 —6 —3 = 6 cases

for each possible row with three zeros. Therefore we obtain 18 cases.

There are only four families of mutually non-isomorphic evolution algebras:

those whose structure matrix is in the first column of the table below.
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(1.2) (1,3) (2.3) (1,2,3) (1,3,2)
00 0 10 1 c 01 0 0 0 ¢ 10 1 10
01 1 00 0 110 1 ¢ 0 0 00 0 ¢ 1
10 ¢ 01 ¢ 0 00 0 1 1 1 01 0 0 0
00 0 1 0 ¢ 011 0 0 0 011 1 ¢ 0O
01 c 00 0 c 10 101 0 00 1 01
110 110 0 00 0 c 1 c 01 0 0 0
00 0 01 ¢ 0 11 0 0 0 011 0 ¢ 1
10 ¢ 00 0 c 01 1 01 0 00 1 01
110 110 0 00 1 ¢ 0 ¢ 10 0 0 0
00 0 110 c 01 0 0 0 ¢ 10 1 01
110 00 0 0 11 1 ¢ 0 0 00 0 ¢ 1
10 ¢ 01 0 00 1 01 011 0 0 0

TABLE 2. dim(A4?%) = 2; ¢; # 0; dim(ann(A)) = 0;

four non-zero entries.

A has Property (2LI);

Now, we study if every resulting family of evolution algebras contains
isomorphic evolution algebras. The procedure we have used is the following;:
we start with one Mp and study if there are matrices Pg/p such that Mp is
in the same family. For the computations we have used Mathematica. This

explanation serves for all the cases.

My P Mg
00 0 v=1 0 0 00 0
01 1 0 1 0 01 1
1 0 ¢ 0 0 -1 1 0 —¢

L
00 0 Ve 000
o 0o o L 10—
10 c1 c
1
o Ly 110
C1
L oo o
00 0 Vel ) 000
10 0 il L (1)
0 ¢ a 10 —
0 = 0 e
G
TABLE 2'.
Case 1.2 Mg has five non-zero entries.
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The structure matrix must have a zero column. So, for each possible zero
row, there exist (g) = 6 possible places where to write the remaining zero.
Therefore, there are 6-3 = 18 cases. They appear in the list that follows. The
parametric families of mutually non-isomorphic evolution algebras are three
and appear in the first column of the table below. Immediately after we list

the isomorphic evolution algebras when we change the parameters.

A has Property (2LI). Five non-zero entries.

Mp

Mp

|

0
0
1

0
1

—a —Cc -«

|

(12) (1.3) (2:3) (1.2,3) (1.3,2)
0 0 0 10 1 a+a a1 0 0 0 a+a 1 « 1 1 0
01 1 0 0 0 1 10 1 qg+a «a 0 0 0 a cta 1
1 a ¢+« a 1l ¢+a 0 0 0 0 1 1 1 01 0 0 0
0 0 0 0 1 & cp+e 11 0 0 0 c+e 11 0 1 1
10 & 0 0 0 1 0 1 1 146 1 0 0 0 1 ¢14c 1
1 1 ¢+c 1 1 ¢1+c 0 00 1 c 0 c 10 0 0 0
00 0 11 c1+c 1 01 0 0 0 c 10 1 ci4+ce 1
1 1 ¢p+c 00 0 c1+e 11 1 & 0 0 00 0 c 1
10 cy 01 cy 0 00 1 ci4c 1 ci+c 11 0 0 0
TABLE 3. dim(42%) = 2; o, ¢1,¢1 + a, ¢1 + ¢ # 0; dim(ann(A)) = 0;

TABLE 3'.

Case 1.3 Mp has six non-zero entries.

There exists (2) = 84 possibilities to place three zeros. As the structure matrix
has Property (2LI), it can have neither two zeros in a row nor a zero column.
So, for each place, we eliminate the six cases where to write two zeros in a
row. Then, we remove 9 - 6 = 54 cases. Therefore, we have 84-54-3=27 cases.

The mutually non-isomorphic parametric families of evolution algebras are
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nine and are listed in the first column of the table below. Then, in the next
table we study the cases in which the parametric families of evolution algebras
are isomorphic for different parameters. In order to simplify expressions we
denote by ¢ a seventh root of the unit.
In some cases, the parameters «, S and ¢; must satisfy certain conditions in
order to rank of Mp is not three:

In the fourth row: c;aff + 1 # 0. In the fifth row: c;a + 5 # 0 and in the

seventh row: coav + ¢ # 0.

(1,2) (1.3) (2.3) (1,2.3) (1,3.2)

0 0 0 1 1 o+e c+ac a1l 0 0 0 a+ac 1 « 1 ag+c 1
1 1 c+e 0 0 0 i+ 101 1 ¢g+ac o 0 00 a ¢ tacy 1
1 a c+ac a 1 ¢+ ac 0 0 0 1 cg4+c 1 ci+c 11 0 0 0

01 1
01 1
a 0 acy

0 1 acs 0 «a 0o 1 1 1 1 0
0 1 1 10 a acy 0 0 acy «
o Qcy 1 10 0o 1 1 1 1 0

0 a ac
10 1
10 1

0

0 ¢ «

o -

1

)
) 1 1 1 0 1 0 acy «
r 0 ac 1 0 1 1 1 0
) 1 1 acy a 0 1 1 0
1 C1
: 1

0
1 /[
0

1 0 ¢

1 (

1

1

(

(

a

(

B a 0

1 0 1

01 ¢

10 ¢ 1 0 ¢ c 10 1 ¢ 0
01 ¢ 01 ¢ c 10 0 ¢ 1
01 ¢ 1 0 ¢ ¢ 01 0 ¢ 1

)
)
)

1 0 ¢ a 1 0 c 1 0 1 ¢ 0 ca 01
1 o 0 01 ¢ 0 o 1 0 ¢ 1 ¢ 1 0
0 1 e 1 0 ¢ ¢ 01 1 0 « 0 1 «

TABLE 4. dim(42) = 2; , B3, ¢1 + aca, c1, ¢2,¢1 + ¢ # 0; dim(ann(A)) = 0;
A has Property (2LI); six non-zero entries.
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Mp Pgp Mp
R 0 0 0 0 0
00 0 Ve + o L ) ) ol
11 q+c 0 0 c1 + cx
1 a ¢ +ac 1 G+ ac 1A ta 1
C1 + Cotx ¢ + Cox
1+
01 1 10 0 0 1 1
01 1 01 0 0 1 1
a 0 acy 00 —1 —a 0 —ca
0 a oo -1 0 0 0 —a —ca«
1 0 1 0 10 1 0 1
10 1 0 01 1 0 1

—_
o
a

A

&
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Mp

PB’B

o

o

&

«

o

@

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
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Mp Ppp Mp:
2
1 7 1
0 0 e 633 1
0 a1 {/ciapt o°p
¢ 1 >
1 . 0 —_— 0 o o
0 a NI 0 30
1 0 1
——— 0 0 7
cia?B F 0
2
/ 5 ‘1
0 0 0| =53 1
0 o 1 {/capt afp
—¢ «
0 e 0 37
L Ver? © e
g1 0 o
Tere 0 0 . 0
0 0 ! 1
0 a 1 5 {/capt :
10 ¢ 0 — 0 0 o7/ 2
B 1 0 . Vaals? S
i 0 0
cta?p 1 0
6
¢
0 0 7 (,20(34
0 o 1 3 1
&
P ¢ Team
51 0 ]
- 0 0
Vcta?p
0 0 —(f$ 16 7 Cf 1
0 o 1 Vetapt ‘ alp?
! o o?
1 o 0 — 0 — 7| =
‘ 0 ¢ . Vool B2 0 [} 35
g 1 0 e
— = 0 0
/cla?B 1 0
—(/)3 4T C?
0 0 _ " g 1
0 o 1 Veapt o
_(/>5
1 0 C1 0 NV Y:5) 0 0 —
[ 52 ’
g1 0 pe e
Vcta?B 0 0 1 0
- 2
- 27 G 1
0 0 ¢ (| ==
0 a1 N OB
P o2
1 0 C 0 —— 0 ( 47 -
! /cr04 32 ) ¢ c3p6
g1 0 o 5
Ucta2p 0 0 6' 0
1 S8
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Mp Ppp Mpg
1 0 1
0 —_— 0 336
0 a 1 Yap? “p
¢ 1 5
1 0 ¢ T— 0 0 1 0 0 -
sao) || 2
- = - C
/cta?B (}623 1 0
0 B 0 0
0 o 1 V/c2aB
10 ¢ s 0 0 1
g1 0 e .
0 0 Y OY: 5.
\/cia? B —¢ P 1 0
2
0 e 0 0 @57 ;VO 1
0 a1 Vam ip
02 /32
1 0 ¢ T 0 0 1 ( )=
51 0) || Veem B (T
—¢ -
0 0 - - 37 c?
Veto®s NeE ! 0
. 2
0 d 0 0 i/ g 1
0 a 1 ,  VdeBT “a _
s 3
1 0 C —— - - 0 0 1 0 )47 .
81 01 {/eratp? ¢ fa?
0 0 e
s 0 b33 1 0
_ . a?
0 % 0 0 —¢° | = 1
2ol ctps
0 a1 o 17 =
1 0 ¢ i 0 0 1 0 -0 {55
51 0 Vs ) e
‘ 0 0 4 I
T 6 7] _C1
{/cta?p ab33 1 0
—3
0 7 20 1 0 0 !
0 o 1 55 (3108 52
—d
1 0 C — 0 0 1 0 27 _
! Vewatp? ¢ fa?
g1 0 pe
0 0
J/cTa?B 1 0
— 0 . e
0 ;) 5 0 0 o'y a(s/lg:; 1
0 a 1 ' ey
&0 o
1 0 ¢ T 0 0 1 0 -1 =
) Verat o\ m
g 1 0 _3 7
0 0 —_— |
i *aw 1 0
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Mp Ppp Mp:
! 0 0
0 a1 {/ciap? 1
1 - 0 0 —
(1) Col . V/eiat B2
0 Vcta2p 0
ta2f
pe
. 0 0
a 1 VAap ‘
6
10 ¢ 0 O eaim
catp
1 0 o o o
Ucta?B
ta
e
0 0
a 1 JEap .
1)
1 0 ¢ 0 0 —_—
! /et B2
1 0 - ;
0 0 ,
Vcta2B ¢ 5
6 32
2 0 0 0 sa 1
0 a 1 Vetap?t as
1 0 ¢ 0 0 _—&
P “ v/cratp? ! 0
/7) 1 0 —P
0 - 0 p
7/(‘,411a23 ’ 26 1 0
y .| B
A 0 —¢*{] = 1
0 a 1 ' i RS
« .
1 0 C1 0 0 S 1 0 0 i
R
g1 0 pe 5
0 - 0 5. @
/cla?p f 3p8 1 0
3 2
_(b 0 0 4)2 7 f_g 1
0 a 1 {ctapt “ae
’ 2
1 0 C1 0 0 1 0 ¢4 7 %
abf
1 0 e 5
0 0 e
eTatp o) a5 1 0
¢ 0 0 0 —of - 1
a 1 VEap g
¢° . c?
1 0 ¢ 0 0 — p2 7 1
1 /cr0t 32 1 0 @ 633
1 0 pE] 5
0 . 0 1] a
/a2 oty C?W 1 0
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Case 1.4 Mp has seven non-zero entries.

Mp Ppig My
2 9 9 0 1 2
12 e
01 c o 2
a1l 0 0 0 = 2 0
1 0 ¢ 1 a €1 )
0~ 0 1o 22
C1 C14
C1 2
0o 0 -+ i
10 ¢ . ot Lo =
1 a0 S0 12
0 1 Co ) 1 @ C1
0 5 0 01
(&1
0 = 0 ?
2 1
10 o I 1.0 -7
1 a0 o0 - 12 0
01 ¢ €2 0 L; c
0 E 0 a4
TABLE 4.

There are (9) = 36 possibilities to place two zeros. But we have to eliminate

2

the cases in which there are two zeros in the same row. So, there are 36—9 = 27

cases. The parameters «, § and ¢; must satisfy certain conditions: in the third

and fifth row ¢35 + ¢; # 0. There are six mutually non-isomorphic evolution

algebras, which are listed below. Then, we write their corresponding table

about the study of the isomorphism by changing of parameters. Recall that

we denote by ( a third root of the unit.
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(12) (1.3) (2.3) (12,3) (1,3,2)

aqa+8 B « 0 1 1 1 1 0

1 1 a qa+p B B aa+p «

1 1 0 1 1 1 1 0

caa+p5 6 « 1 1 0 c 1

c 0 1 a ca+p8 B B caa+p «

1 10 1 1 0
51 0 ci+e 11 15} 0 1
a 0 Cox 0 51 1 c1+c 1
1 1 ¢1+c Cotv a 0 « Cov 0

1 &1 0
1 ca+p 8 « 1 0
c 1 1 0
ca+f ) 01

0 o« «
1 ei4+ce 1
1 0 15
aqa+p «
51 0 cit+e 11
0 « 1 0 81
1 1 g+c ca 0 «

0 1
0 1
B a ca+/f

01

0 1

a B qa+p
0 1

10

a [ o + 53
0 a oo«

1 5 0

1 1 ¢+
10 c

0 1 1

a B ca+p

a 0 [ere!
1 8 0
1 1 a+c

o o
N—————

—_

1 0 1
B a cqa+p

aqa+p a f
1 0

ci+c 11
Cov 0 «
0 1 7
aqa+f a 8
c 1
1 0
cg+ec 11
aga a0
0 1 B

/TA

)
L)

~ —
o — =
—

N~——
~——

a
%

—
[}

o

- ~
N————

c 0
cy 1

cqa+ 5 B
a a0 B8 0 1
1 cp+e 1 1 cp+c 1
1 0 5] 1 o«

e ~
@D O =
D~ O
/
SR =
—

—

S~——

—

10 1 1 a ate 5 0 s 1 1 0 B8 0 1 at+e o
a 1l a+c 0 1 1 at+c 1 « B8 B8 0 1 10 0 5] 53
80 I} 0 g B 1 0 1 a a+tce 1 a+c a 1 0 1 1

TABLE 5. dim(42%) = 2; , 8,cia + 3, a + ¢a,¢1,¢2,¢1 + ¢o # 0; dim(ann(A)) = 0;
A has Property (2LI); seven non-zero entries.
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Mg Ppg Mp
0 1 10 0 0 1 1
0 1 01 0 0 1 1
a f r‘m/er 00 -1 —a —f —ca-—p
0 1 10 0 0 1 1
10 01 0 1 0 c1
a f3 c1a+3 00 -1 —a —f —ca-—p
0 1 ¢ 0 0 0 1 1
10 0 - 0 10 o
a f Cl(l+3 0 0 —¢ a —(f —((aa+pB)
0 1 ¢ 0 0 0 1 1
10 0 —C 0 1 0 —Ca
a B (1a+/3 0 0 ¢ —a (B ((aa+pB)
01 ¢ 0 0 0 1 1
10 0 ¢ 0 0 Ca
a B cla—s—ﬁ 0 0 —¢? —a =8 —C(ca+B)
0 1 —-¢ 0 0 0 1 1
10 0 ¢ o0 1 0 ey
a B (1(y+3 0 0 ¢ a B aa+pB)
01 01 0 o1 !
10 0 1 —
10 | o
a B cmz—&—ﬁ 00 — B /ol Gt
7 VAR e
0 1 1 01 0 ! ! %
10 0 1 0 —
1 0 cq ] ( 1 )
a B ca+p 00 — B 3 _ e —(ca+
NG Vs -y A
01 0 —C 0 0 ! X
2 -
(1 - ) 2 o _0( 1 0
a B aa+p 0 = 3 ¢ Jra ~{(a+ )
var) | \ves —cvma =00
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Mp Ppp Mp
0 1 1 0 —¢ 0 " ! —1<
o 0 1 0 —
1 0 (&) C [&] 6)
B ca+ [ 0 0 — o+
« 3 cro+ 3 \/a *\Eﬂ C\ﬂ& C( l\/;
0 1 1 0 ¢ 0 " : <12
(1 0 ) - 0 0 1 0 =
C1 7C2 ) c1
4 H C1 3 ) _ — fxe + e
a [ ocaa+/ ( 0 o — /B *CQ\E(X ¢ (\1F B)
1
0 1 1 0 ¢ 0 " : (12
- 0 0 1 0 -
1 0 1 5 c
a B ca+p 0 0 C— 2 Claa+p)
/ & VapB Cyaa T
10 1 10 0 1 0 ¢
0 1 1 01 0 0 1 1
B ca+ 00 —1 —a —f —(aa+p)
L0 o (1) 10 1 0 "
01 1 0 \/0(_ 0o 1 1
5 . | 1 5]
a f ca+p 00 o Jas Jaa c fv/g |
1
01 0 1 0 —
10« 10 0 “
0 1 1 Ja 0 1 1
p _Va ) ca+f
a B cqa+p 00 o —Jap —Jaa — 1\/a
a 0 o -1 0 0 a 0 o
1 4 0 0 10 1 B 0
11 1+ Co 0 01 11 1+ Co
1 10 1
10 1 0.0 3 ate | o
a1l ate 010 32 32
g0 5] 1 1 1
j / - - 0
8 00 5] 6]
TABLE 5'.

Case 1.5 Mp has eight non-zero entries.
There are nine possibilities to place a zero in the structure matrix. Therefore,
there are two parametric families of evolution algebras listed in the following

table. Then, we write their corresponding table about the study of the
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isomorphism by changing of parameters.
(1.2) (1,3) (2.3) (1,2.3) (1,3,2)

0 1 1 a1l ag+a af+vy v B 0 1 1 af+vy By a co+a 1
1 a ¢+a 10 1 c+a a 1 B aBb+y v 1 0 1 vy af+vy B
B v af+7y v B aBf+y 1 10 1 gg+a « ag+a 1 « 1 1 0

10 1 1 a a+te B4+cy v B 1 1 0 B+cy B v 1 a+ce «
al a+te 0 1 1 a+t+c 1 « B B+cy 7 1 1 0 vy B4y B
B v B+cy vy B B+ coy 1 0 1 a a+ce 1 a+c a1 0 1 1

TABLE 6. dim(4%) = 2; o, B8, 7, c1 + @, a+ ¢, c1f +7, B+ 2y, €1, ca # 0;
dim(ann(A)) = 0; A has Property (2LI); eight non-zero entries.

]\/fB PB’B A/{B’

0 1 1 10 0 1 1

1l o o+« 01 1 « ¢+«

By af+y 00 -1 -8 =y —(af+7)

01 1 20 0 0 1 1

1 a g+a 0 —¢C 0 1 —Ca —((e1 + )

B v aB+y 0 0 —(¢ B —Cy —ClaB+7)

0 1 1 ¢? 0 0 1 1

1 a ag+a 0 —C 0 1 —Ca —((c1 +a)

By af+y 0 ¢ -8 (v ((aB+7)

01 1 C 0 0 0 1 1

1 a c+a 0 ¢ o0 1 Ca  Clag+a)

B v aB+y 0 0 —¢ B = —C(af+7)

0 1 1 —C 0 0 1 1

1 a ¢ +a 0 ¢ 0 1 Ca o +a)

By aB+y 0 ¢ B Gy Glap+7)
1 0 0 1 1

01 1 Vi X L aBiy v

1l o ¢+« 0 0 . 3 3

B v Cllﬁ‘FV 1 L 1 (:1@(1 \{f
0 —= 0 ; ;

7 5V VB
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Mg Ppp Mp:
21 0 0 0 1 1
01 1 V2 1 1 cff+ s
1l a ag+a 0 0 —= e B
B 7 a+y . VP -1 —lata) —a
0 0 3 3
7 i
f: 0 0 0 1 1
01 1 B ¢ | @Bty =Gy
1 oo ag+a 0 0 —= B B
B v af+y ¢ VB 1 —((an+a) —Ca
0 — 0 3 3
7 B VB B
SCQQ 0 0 0 1 1
01 1 g < . —C@Bty) —¢y
1l o g+« 0 0 : \3/3 \sfﬂ
By ab+y oV -1 (leata) Lo
—_ 0 3, 3
"5 e VB VB
—<
" 0 0 0 1 1
01 ) G | | T I
1l o +a 0 0 - Y3 B
B v aBf+v 2 VB -1 —¢la+a) —Ca
0 0 3 3
7 i
—C
= 0 0 0 1 1
01 1 v o | ClaBiy)
1 o g+« 0 0 - B YB
B v aB+ny e p 1 Clata) Ca
0 - 0 3 3 3
7 AN
10 1 10 0 1 0 1
a 1l a+c 01 0 « 1 a—+cy
B v Btcy 00 -1 —B =y —(B+cay)
TABLE 6'.

Case 1.6 Mp has nine non-zero entries.
The parameters «, § and v have to verify that the three of them cannot be
equal in order for Mp to have rank two. This produces only one parametric

family of evolution algebras. Then, we write their corresponding table about
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the study of the isomorphism by changing of parameters.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)
1 a ¢+ B 1 c+ef ctey v o1 1 ¢ +ca a ey 1 v B ca+ep 1
1 8 ca+af a 1 ¢+ o a+ef 1 1 ca+cy v a+oa 1 « v ooty 1
1 v e +cy v 1 ¢ +cyy c+ea ol 1 ag+ef B ctef 18 a ¢ +ca 1

TABLE 7. dim(42%) = 2; a, 8,7, ¢1 + cac, 1 + c23, ¢1 + cay # 0; dim(ann(A)) = 0;
A has Property (2LI); nine non-zero entries.

Mp Ppip Mp
1 a ¢g+oa 100 1 ¢ +we o
1 B8 o+ 001 1 a4y v
vy ¢+ ey 010 1 e1+wB B
1 Plat+aep) o
@ B3 B3
0o 0 — ! !
2
1 a ¢+ oo g 5
1 o) a
1 B atep Z 0 0 | Aater) a
1 v ¢ +ey B 2 B2y
’ 0 — 0
B Y1+ a)  a
! af? B2
1 072 (1 + e2f)
« B3 B3
0 — 0 ! !
32
1 a ¢ +ca 8 2
1 ¥4(c >
1 B atef 0 0 1 & Ylateq
1 v e +ey B ~ (2 aB?
i 0o 0 —
G L 22 ala+an)
0 0 ¢ + e | y(er + cB)? y(er + ca)?
(e1+ca7)? (e1+e27)? (e1 +ca7)?
1 > Q p .
1 3 : i 23 o atel 0 1 Bler+ af) 1(e + )
1 v o+ ey (e1 4 )’ (1 +ey)? (1 + c2P)(er + e27)?
1 0 0 1 aler + efB)? (e + ea)
a ey (c1 + c2a)(e1 + 27)? (c1+cv)?
0 ¢ + ca 0 1 v(er + coa)? y(er + cB)?
(c1+ ca7)? (e1 4 c27)? (c1 4 c27)?
1 Z Zl i ;2({; 0 0 ¢+ cff 1 Bler + ) a(e + c8)?
1~ (:i + ch/ (e1+cea7)? (¢ + co7)? (1 + ca)(e1 + c27)?
! 0 0 1 (c1 + a)? Bler + )
Gt ey (c1 + o) (er + e2v)? (c1 + c27)?

TABLE 7'.
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Case 2 ¢; =0 and ¢y # 0.

In this case, the structure matrix is as follows:

W11 Wiz CaWi2
Mp = | wa1 wa cowao
W31 Ws2 CaWs2

Note that if we consider the new natural basis {e}, e, ef} with €] = e,

el = \/Caes — €3 and €} = |/Cye5 + €3 we obtain that (e})? = (e4)?. By abusing
of notation, we may assume that the natural basis concerned is {e1, e, €3}
with e = e3.
Note that in this case the dimension of the annihilator of the evolution algebra
is zero. We will see that the possible change of basis matrices are precisely
two elements in S3 x (K*)3 (we consider only those for which 2 = e3) and
one more not in Sy x (K*)3 that we will specify.

In this case, the equations (4.17), (4.18), (4.19) and (4.20) are as follows:

piipi2 = 05 Dpaip22 = —Pp31Ps2;
pi1p1z = 05 DaiPas = —Pp31Pss;

Pi2p13 = 05 DaaPasz = —Ppaapss.

First of all, we suppose that p1; = p12 = 0.

Assume that p3ipsapsz # 0. This implies that poipoopes # 0. As py; = L3152

P22

po3 = B2 Then pay = £+/—1p32, pa3 = £/ —1p33 and pa; = £v/—1p3;. But,

P32

Y

in these conditions | Pg/g| = 0. Therefore there exists at least one i € {1,2,3}
such that p3; = 0.

If ps3 = 0, then poipe = 0 and poypaz = 0. Since pg; # 0, necessarily
Pao = po3 = 0, implying p3apss = 0. Consequently, Ppp € S3 x (K*)3.
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If ps1 # 0 and p3y = 0, then po1pee = 0 and poopo3 = 0. This implies
P21 = pa3 = p33 = 0 and again Pgg € S3 x (K*)3.
If p31p32 # 0 and ps3 = 0, then paspos = 0 and poypog = 0. Necessarily pag = 0.

On the other hand, as p31p3s # 0, pa1pae # 0. So, pog = —p;;lpsz and
0 0 P13
Ppp = |p2a “Pabs , (4.21)
P21

31 D32 0

with piapaapsipse # 0 and p3, + p3; # 0 in order to have |Pg/p| # 0.
If we suppose that p;; = p13 = 0, reasoning in the same way as before, we

obtain that the matrices Pp/p are in S3 x (K*)3 or they are as follows:

0 pi2 0
Ppp=|pn 0 22 (4.22)

P21

31 0 P33

with piopaipsipss # 0 and p3; + p3;, # 0.
Finally, if p1os = p13 = 0, we obtain that the different matrices Pg g that

appear are in S3 x (K*)3 or are of the form:

pi1 O 0
Ppp=| 0 pp 22 (4.23)
D22
0 p32 P33

with pi1paopsapss # 0 and p3, + p3, # 0.

Now, we will see how the structure matrices are when we apply these

change of basis matrices.

0 0 P13
If PB’B = | P21 P31Ps2 0 then
P21

31 D32 0
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Waapa1 + Waaps1 pgg (wa2p21 + w32ps31) pfg(wmpm + w31P31)
D3 p3 + 03
MB/ _ p21(w32p21 - w22p31) P32 (w32p21 - w22p31) p%3p21(w31p21 - w21p31)
D32 D21 pa2(p3, +131)
wi2(p3; + p31) wi2p3a (P31 + P31)
2 w11pP13
P13 P13P3
0 pr2 0
—P31P33
If Pg=|pa1 0 ———| then
P21
31 0 D33
WaaPa1 + Waapst Pio(w21po1 + ws1ps1) p§3(w22p21 + ws2p31)
p3 + 03, P3
My — wi2(P3, + 131 oripia w1233 (3, + P3)
P12 p12p%1
p21(w32p21 - w22p31) p%2p21(w31p21 - w21p31) p33(w32p21 - w22p31)
P33 p3s(p3, + p31) D21
pii 0 0
—P32P33
If PB’B = 0 P22 —— then
P22
0 p3 P33
o wi2(p32 + P32) w12p33 (P32 + P32)
P11 p11p32
2 2
My — P11 (wo1p22 + w31p32) Waapas + Wsapsa Dag(woop2s + w3aps2)

p%z + p%z

p?1p22 (w31p22 - w21p32)

P22 (w32p22 - w22p32)

2
P32

p33(w32p22 - w22p32)

p33(P32 + P32)

P33

P22

Taking into account that we were assuming that the second and third column

vector are linearly dependent then the possible change of basis matrices are

the following;:

pi1 O 0 pin O
0 pwe O0],{0 O
0 0 pss 0  p32

pin O
—P32P33
pa3 |, | O D22 o | P11, P22, P32, P33 € KX
0 p32 D33

(4.24)
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In what follows we will classify in three steps: we start by taking into
account the first two families of change of basis matrices of the set (4.24) which
leave invariant the number of non-zero entries in the first and second columns
(or first and third columns). Recall that the second column is the same as the
third one. Then, we will analyze if the resulting families of evolution algebras
are or not isomorphic under the action of one matrix of the third family in
(4.24), i.e., we will see if some families of evolution algebras are included into
other families when applying the change of basis matrices of the third type.
Finally, we will analyze, for each of the resulting parametric families, if their
algebras are mutually isomorphic.

We list the different matrices into tables taking in account the number of
zeros in the first and second columns. Each of these tables will receive the
name of “Figure m”. According to (4.5) we will write as many 1 as possible
and the others non-zero entries will be arbitrary parameters a, 5, v and A
under the restriction €3 = e3. We start by the first one and applying the

action of the elements:

1 00

0 0 1

010

and
pi1 0 0
Q=10 pp 22 (4.25)

P22
0 p32 P33

with pi1, pag, P32, p3s € K* and p3, + p3, # 0.

Case 2.1 Mp has two non-zero entries in the first and second columns.
Mp has two non-zero entries in the first and second columns. There are

(2) = 15 possible places where to put four zeros. Since some of the resulting
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matrices have rank 1, they must be removed from the 15 cases. This happens
whenever the first or the second columns is zero (2 cases) and the remaining
zeros can be settled in three different places. This produces 6 cases. We also
eliminate the cases in which two different rows are zero (3 options). Therefore
we have 15 — 6 — 3 = 6 different matrices written in 3 types. Their structure
matrices appear in the first column of the table that follows. We color the six

cases that we have.
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Type (2,3) Q
P 0 0
2
100 100 0 py P
1 011 00 0 P22
000 011 o _P22Ps2 —P32Ps3
D33 D22
0 Pho + P32 (P3o +P2)pis
, Pripl,
01 1 01 1 p%lpm P11 P11P52
2 100 000 L+ 0% 0 0
000 1 00 i
*Pfllmzpstz 0
P33 (P32 + 13)
0 0 0‘
000 000 Phps  paal
2 2 32 2
3 100 011 P22+ P32 Pz
011 100 “Phppsn P -
ps33(P3y +P3;) P33 -

FIGURE 1. dim(A?) = 2; dim(ann(A)) = 0;
A has not Property (2LI); two non-zero entries in the first and second columns.

Case 2.2 Mp has three non-zero entries in the first and second columns.

There exist (g) = 20 possible places where to write three zeros. We remove

the matrices which have rank 1. This happens 2 times: when the first or the

second column is zero. Therefore we have 20 — 2 = 18 cases that we color

green. There are 10 types listed in the two tables below.
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Type (23) Q
X P11 0 0
L 00 100 0 1)3.:;<P22+04‘32)
4 01 1 0 a a Ptops T
0 a « 01 1 o Pz(ap2 —psz)  pss(apaz — ps)
P33 P22
P11 0 0
100 100 ap;pa pis
5 5 P22
5 a 11 000 P2 Pi2 P22
0 0 a 11 *flp?lpzzpzsz —P22P32  —P32P33
D33(D32 + P3o) P33 D22
0 P3s + pgz P§3<P%2 + I’%z)
P11 P11D3,
1 1 01 1 ) )
6 100 0 a a % aps> APl
a 10 0 P22 T P32 P32
*P%lpzﬂ?xz 04732 apas
p33(D35 +13s) P33 ’
0 P3o + P%z P%:ﬁ(!’%z + sz)
P11 D11P3,
011 011 ) )
0 11 :
—apiipaapsa —Pagps2 —P32P33
P33(P3a + D3a) D33 P22
P11 Pho + sz P%:&(P%z + sz)
P11 D11D3,
1 11 1 11 )
8 000 @ 00 % 0 0
00 000 P2y T P32
ap%lP%Q 0 0
p33(p3z + P3a)
Poo + 13 PP + P%z)
Y481 Pnpﬁz
1 1 1 1 1 1 )
9 000 0 a a 0 app 2P5aps2
0 a « 0 0 0 e
2
aps;
0 —= apss
P33
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Type (2,3) Q
p11 0 0
100 100 aptipa Pa2p3s
10 a 00 011 Pa 75 P
011 a 00 —aphipops ph .
paa(D3s +P32) D33 '
0 I’%z + P§2 p%s([’%z Jf pf}z)
P11 P11D3s
011 011 2 (paa )
) aps
11 100 a 00 Butm ral 0 0
a 00 100 o2 T P52
phip2a(apss — p32) 0 0
e e
P33(P3y + P3s)
0 0 0
2 2
- 2. (pas + Opss
0 0 0 00 0 % Pas + apsa w
12 1 1 1 0 a « Do + P32 P22
0 a « L1l *Pﬁmzpsz P22(Otp22*1732) P33((¥P22*P32)
P33 (P32 + p3) P33 P22
0 0 0
00 0 00 0 P31 (p22 + apsa) P3s
-2 .2 D22 —_—
13 1 11 a 0 0 Paa + P32 P22
a 00 L P%lpZZ(UPZZ*PS‘Z) —P22P32  —P32P33
p33(p3s + p3s) P33 P22

A has not Property (2LI); three non-zero entries in the first and second columuns.

Case 2.3 Mg has four non-zero entries in the first and second columns.

FIGURE 2. dim(A?) = 2; a # 0; dim(ann(A)) = 0;

There exists (g) = 15 possible places where to write four zeros. The non-zero

parameters «, ( satisfy that a # [ in the matrices appearing as types 14 and

20. This is because the rank of those matrices has to be two. There are nine

different types. They are listed below.
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Type (23) Q
' Poo + P52 P3s(P3s +p3s)
apii 5
P11 P11P32
a 11 a 11 i ,
14 g1 000 b P22 Ps
00 3011 Pzz +Paz pez
*3[’%117221?32 —P22P32 —P32P33
p33(p3y + Pa) D33 D22
P+ 1’%2 P%;; (P32 + P32)
apii 5
P11 P11P32
a 1 1 a 1 1 By? 5
15 011 B0 0 LPnbsz P22 B
B0 0 011 P2+ Paa P2
Bpiipss —P22P32 —P32P33
p33(P3y + P3a) D33 D22
p11 0 0
10 100 Pii(apas + Bps2) . P33
16 || [a 11 B0 0 Pha P2 =
00 a 11 php2(Bpas — apsa)  —pasps2 —psapss
P33(P32 + P3) P33 D22
i oo
apiips2 D33(p22 + Bp32
L 00 1 0 0 #12 P22 + Bps2 ”f)
17 01 1 a (B Poa T Pi2 P
a f B 0 11 aptip3s p22(Bp22 — p32)  p33(Bp22 — p32)
p33(P3s + Do) P33 P22
apn D3 +13s P35(P32 +13a)
11 11 Pu 5 P1111§z
@ « 0 s + Bpss P33 (P22 + Pps2)
18 011 08 B : R
0 B8 B 01 1
0 p22(Bpaz — p32)  pas(Bpaz — p32)
P33 P22
0 P3s + 03 P33(P3 +13s)
2
o P11 P11P52
0 11 011 P11 (apas + Bps2) . P32Pi3
19 | (a0 0] (511 o+ | %
g1 1 « 0 , ,
P11P22(Bpaz — aps2) P32 o
p33(p3a + Pa) D33 .
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Type (2,3) Q
0 0 0
000 000 Phztops) o Pha(P2 + Bps)
20 11 1 a B B Doy + D3 o D5o
a [ 1 1 1

piip2a(apas — p32)  pa2(Bp2e —ps2)  p3s(Bpaz — pa2)
p33(p3a + P3,) P33 P22

Pha + P§2 P%s(pgz + P%Q)

P11 >
p11 P11P32
1 11 1 11 )
21 a B0 Pu(apa2 + Bpsa) 0 0
30 0 a 00 P22+ D3
pip22(Bpaz — aps2) 0 0
P33 (P32 + P3)
0 P3y + 1 P33(P3s 7;1’%;)
P11 P11P32
0 1 1 0 1 ) )
22 0 1 1 a B f % P22 + Bpas P:;S(Pﬂ;r Bps2)
a 0 1 P22 + P35 Dao
apflpgz p22(Bp22 — p32)  p33(Bp22 — p32)
D33 (P3o + 132) P33 DPao

FIGURE 3. dim(A?) = 2; a, 8 # 0; dim(ann(A)) = 0;
A has not Property (2LI); four non-zero entries in the first and second columus.

Case 2.4 Mg has five non-zero entries in the first and second columns.

There are only 6 possibilities: those for which we place only one zero in one
place of the first column or of the second column. There are four types which

are listed below.
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Type (2,3) Q
P11 0 0
2 2
« + Bp: D5 + yp:
1 1 0 Pl P2 + | ps2) D22 + D3 15(;(17222 YP32)
23 « B v v P22 + P32 D30
g a 11 Piip22(Bpas — aps2)  paa(yp22 — psa)  Pas(Yp22 — pa2)
p33(P3y + Pho) D33 D22
’ P3y + 13y P33(P3y + Pi>)
api1 — 5
5 P11 5 P11P32
a 1 a 11 Bpazpiy vt py | PPzt P)
24 g1 0 v P3y + P D3
0 ~ g1 1 .
—Bpiip2eps2 p22(Yp22 — p32)  paz(yp22 — p32)
p33(P32 + P3) P33 P22
0 Pbo + D3 Pg:; (P32 + P%z)
)
P11 P11P32
01 0 11 P (apea + Bpsa) Paa + VP2 P33 (p22 + Vp32)
25 a1 B v P3y + P P
8 v a 1 1 )
—pT1p22(Bp22 — aps2)  pa2(Ypa2 — Bps2)  p3s(Ypa2 — Pps2)
p33(p3, + sz) P33 P22
P2 + P32 P33 (P32 +13)
apii 5
5 P11 P11P52
a 1 a 11 Pi1(Bp22 + Yp32) . D32D33
26 B0 v 11 Pha + P3a ’ D3
v 1 5 00 ) ,
Piip22(Yp22 — Bps2) P32 s
P33(P35 + D) D33

FIGURE 4. dim(42) = 2; a, 3,7 # 0; dim(ann(A4)) = 0;

A has not Property (2LI); five non-zero entries in the first and second columns.

Case 2.5 Mp has six non-zero entries in the first and second columns.

The condition that the entries of the matrix must satisfy is one of the

following: o # 3, or X\ # v or a\ # (7. There is only one possibility.

Type (2,3) Q
2 4 p2, 2. (p2, + p2.
apu Pzzp P3a Pss(]l]’zsz P32)
11 11P22
v 101 a 11 P2, (Yps2 — Bpaz) N P33(Ap3o + pao)
21 || (8 11 YA A T htrh P TR
YA A 511

Phip2a(yp22 — Bps2)  p22(Ap22 — ps2)  pss(Apa2 — ps2)

p33(D32 + P3a) D33 P22

FIGURE 5. dim(A?) = 2; a, 3,7, A # 0; dim(ann(A4)) = 0;
A has not Property (2LI); six non-zero entries in the first and second columns.
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These tables give us a first classification, that can be redundant in some
cases. Now we study if algebras having different types are isomorphic or not.

The last step will be to study if algebras in the same type are isomorphic.

o The evolution algebra given in Type 1 is included in the parametric family

of algebras of Type 4.

o The evolution algebra given in Type 2 is included in the parametric family

of algebras of Type 11.

o The evolution algebra given in Types 3, 12 and 13 are included in the

parametric family of algebras of Type 20.

o The parametric families of evolution algebras given in Types 5, 10, 16 and

17 are included in the parametric family of algebras of Type 23.

o The parametric families of evolution algebras given in Types 6, 7, 19 and

22 are included in the parametric family of algebras of Type 25.

o The parametric family of evolution algebras given in Type 8 is included in

the parametric family of algebras of Type 21.

o The parametric family of evolution algebras given in Type 9 is included in

the parametric family of algebras of Type 18.

o The parametric families of evolution algebras given in Types 14, 15, 24 and

26 are included in the parametric family of algebras of Type 27.

Therefore, there are eight subtypes of parametric families of evolution

algebras, which are listed below.
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1 00 0 11 a 1 1 0 0 0
S = O 1 1,11 00,0 1 1),11 1 1},
0 o « a 0 0 0 8 B a B B
1 11 1 0 0 0 1 1 a 1 1
a 00|, a1 1], (a1 1],[8 11
g 00 B v v B v v YA A
Remark 4.2.3

Note that these matrices are precisely those appearing in the Figures for
which the change of basis matrices of type Q leaves invariant the number of
non-zero entries and its place in the structure matrix. This does not mean
that the number of non-zero entries is preserved (see, for example, in Figure
2, that the first matrix of Type 5 has four non-zero entries while the third

matrix in the same line has seven).

Now, we will analyze when the resulting parametric families of evolution
algebras are mutually isomorphic. In some cases, we will reduce the number
of parameters and some of these parametric families will be isomorphic to
one of the known evolution algebras.

Every evolution algebra with structure matrix

1 0 0
0 1 1
0 o «

satifying a® + 1 # 0 is isomorphic to the evolution algebra given by the

structure matrix

o O
O = = O

0
1
1
f

Indeed, if o # —1, we take the change of basis matrix

1 0 0
1+a 11—«

1+ a2 1+ a?

-1+« 1+«
14 a2 14 a2

0
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In case of @ = —1, we assume the change of basis matrix
10 0
01 0 (4.26)
00 —1

The evolution algebra with structure matrix

S~ O
o O =
o O =

satisfying o + 1 # 0 is isomorphic to the evolution algebra given by the

structure matrix

3/__2 0 0

11—« 14+«
V2(1+a2)2  {/2(1+ a?)?

1+« a—1
V21 +a2)?  {2(1+a2)
If @« = —1, we consider again the change of basis matrix given in (4.26).

Every evolution algebra with structure matrix
1 1
1 1
BB

satisfying 3% + 1 # 0 is isomorphic to the evolution algebra given by the

o
0
0

structure matrix

/

ool

11
11
11

for some o’ € K. Indeed, if 8 # —1, we take the change of basis matrix
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2
1452 ’
0 -8 1+p
1+p2 1+ p2
0 ﬂ u
1 +62 1 +62
In case of B = —1, we can also consider the change of basis matrix given in

(4.26).

The evolution algebra with structure matrix

00 0
111
a BB

satisfying 3% + 1 # 0 is isomorphic to the evolution algebra given by the

structure matrix

S~ o

0 0
11
11

for some o' € K. Indeed, if g # —1, we take the change of basis matrix

V2 0 0
V1ta+p(-1+a)
0 1-5 148
1+/82 1+/82
0 1+ p-1
1 +62 1 +62
In case of f = —1, we take again the change of basis matrix given in

(4.26).

Every evolution algebra with structure matrix
11
a 0
g 0

satisfying a? + 32 # 0 and % # 1 is isomorphic to the evolution algebra

OO =

having structure matrix

—_
o O =

/8/
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for some ' € K. Indeed, if o # —1, we take the change of basis matrix

1 0 0
a—fs  —(B+os)
Oé2+/82 O[2+52

B+ as a— (s
Oé2+/82 O[2+52

where s=+v/—1+ a? + (2.

For a« = —1, consider the change of basis matrix:
1 0 0
0 —1 0
0 0 1

On the other hand, every evolution algebra with structure matrix

1 11
a 0 0
1 00
£ =1and
1 11
a 00
-1 0 0
[ = —1 is isomorphic to the evolution algebra with structure matrix
111
1 00
g 00

Indeed, take the new natural bases {e1, e3, e2} and {e1, —es, ex}, respectively.

The evolution algebra with structure matrix

1 0 0
a 1 1
B v v

with v2 + 1 # 0 is isomorphic to the evolution algebra given by the structure
matrix
1
a/

/8/

— = O
e )
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for certain o/, ' € K. Indeed, if v # —1, we take the change of basis matrix

1 0 0
147 1—7v
0
1+42 1442

-1 149
1+42 1442

If v = —1, take again the change of basis matrix (4.26).

The evolution algebra with structure matrix

0 1 1
a 1 1
B vy
with 2 + 1 # 0 is isomorphic to the evolution algebra given by the structure
matrix
0 1 1
o 1 1
g1 1
for certain o/, f’ € K. Indeed, if 7 #£ —1, we take the change of basis matrix
2
1472 ’
0 1+ 1-—7v
1442 1442
0 -1 149
1442 1442
If v = —1, also we take the change of basis matrix given in (4.26).

The evolution algebra with structure matrix

P

a 1
61
v oA

with A2 + 1 # 0 is isomorphic to the evolution algebra given by the structure

matrix
o 1 1
g1 1
v 11

for certain o, 5,7 € K. Indeed, if A # —1, we take the change of basis

matrix:
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2

1+ A2 0

0 1+X  1-2A

I1+A2 14X

0 A—1 14+ A

14+X2 1+ A2
If v = —1, we consider again the change of basis matrix determined in

(4.26).

Summarizing, whenever €2 = e3 (or equivalently when the second and

third column vector are linearly dependent) we obtain the following mutually

non-isomorphic families of evolution algebras which are classified depending

on the non-zero entries of the matrices in S. Also we include the study of the

isomorphism when we change the corresponding parameters. We note that in

the tables “Table m'”the elements p;; have to satisfy the necessary conditions

so that |Pgg| # 0:

(2:3)
011 011
100 100
100 100
0 11 0 11
1 00 v—=1 00
v—=1 0 0 1 00
0 11 0 11
00 —v/—=1 0 0
—v-=1 0 0 1 00

TABLE 8. dim(A4?%) = 2; dim(ann(A)) = 0;
A has not Property (2LI); four non-zero entries of the matrices in S.
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1 11 1 11
—/=1a 0 0 « 00
a 0 0 —v=1a 0 0

TABLE 9. dim(4?%) = 2; a # 0;dim(ann(A4)) = 0;
A has not Property (2LI); five non-zero entries of the matrices in S.
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TABLE 10. dim(A42%) = 2; a # 0; dim(ann(A4)) = 0;

A has not Property (2LI); six non-zero entries of the matrices in S.

Mg Pys Mp:
111 10 0 111
100 01 0 1 00
a 00 00 —1 —a 00
1 0 0 1 11
111
V=Ta 0 0 0 pn  —/1-p% V—=la(ps —/=1+p%) 0 0
a 00
0 +/1-pd P22 alpr —+/=1+p3) 00
1 0 0 1 11
111
V=la 0 0 0 Po VI=p3, V=Ta(pe ++/~1+p%) 0 0
« 00
0 —/1-p3 D22 a(pe + -1+ pk) 00
1 0 0 1 11
1 11
—vV=1la 0 0 0 pa —/1—p2, —V—la(py ++/—1+p3,) 0 0
« 0 0
0 +/1-pd P22 a(pas+ /=1 +p3) 00
1 0 0 1 11
1 11
—/=Ta 0 0 0 Pos V1—p3 —V=Ta(pym —/-1+p3) 0 0
« 00
0 —/1-p3 P22 a(pz — /=14 p3) 00
TABLE 9.
(2,3)
000 000
1 11 a 1 1
a 1 1 1 11
0 0 0 0 0 0
11 1 a V=1 VI
a V=1 V=1 11 1
0 0 0 0 0 0
1 1 1 a —/—1 —v/—1
a —/—1 —y/—1 11 1
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(2,3)
a 1 1 a 1 1
011 011
011 011
@ 1 1 « 1 1
0 1 1 0 V-1 V-1
0 V-1 -1 0 1 1
« 1 « 1 1
0 1 1 0 —/—-1 —/—-1
0 —v/—1 —/—1 0 1 1
1 00 1 00
a 1 1 611
511 a 1 1
1 0 0 1 0 0
a 1 1 B V-1 -1
B V-1 /-1 a 1 1
1 0 0 1 0 0
a 1 1 B —v/=1 —/—1
B —v/—=1 —/—1 o 1 1

TABLE 11. dim(A?) = 2; o8 # 0; dim(ann(A)) = 0;

A has not Property (2LI); seven non-zero entries of the matrices in S.

My Pyg My
000 I 000
111 va 111
0 01 1
a 11 010 R
Pt 0 0
’ t 0 0 0
0 0 0 0 \/—1+opfl —1-%—pfl
vl VT4 (VT +aph VT4 (—V=T+aph 1 11
a V-1 -1
0 1-ph V=1 +ap} VT4 (—vV=T+apt, V=1 V-1
2T+ (VT +apt 2V=T+ (—V=T+aph
P 0 0
‘ 0 0 0
0 0 0 0 —V—1+ap, —1+ph
1 1 1 —2v/—1+ (V=1+a)p} —2v-1+(V-1+a)p? 1 1 1
a V-1 —v-1
0 1—ph —V=1+apj, —V=T+(V=T+ap}, —V/-T —V=1
—2/—T+(V=T1+a)ph, —2V/—1+ (V=1+a)p}
TABLE 10'.
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e!
0
0

« 1 1
0 1 1
0 v—1 v—1

1 1
1 1
~VT \/—1)

1
[0
3

(1 0 0)
a 1 1
g v-1 V-1

0 0
1 1
VT -y

TABLE 11. dim(A?) = 2; a8 # 0; dim(ann(A)) = 0;
A has not Property (2LI); seven non-zero entries of the matrices in S.

TABLE 12. dim(A?) = 2; a8 # 0; dim(ann(A)) = 0;
A has not Property (2LI); eight non-zero entries of the matrices in S.

My Pyg My
a 1 1 —1+ 2pos 0 0 (=1+42ps) 1 1
0 1 1 0 P V=I(1 = pa) 0 1 1
0 V-1 -1 0 V=1(=1+ p) P22 0 V-1 -1
—1+ 2pos 0 0 (=1 + 2pa2) 1 1
« 1 1
0 1 1 0 P22 V=I(=1 4 pas) 0 1 1
0 —/—1 —/—1
0 —V/=1(—1+ pan) D22 0 —=1 —V/-1
1 0 0
1 0 0
1 0 0 \/jlﬁ(*l + pa2) + apa 1 1
a 1 1 0 P2 —V=1(=1+ p2) =1+ 2py
0 \/*_l( 1+ pas) P22 *\/_0 —14 p22) + Bp — —
—1 4 2py VeVl
1 0 0
1 0 0
10 0 —VoIB(=l+pm)+apn 1
a 1 1 0 Pa2 V=I(=1 4 paa) —1+ 2px
B —v—1 —y/—1
0 —V=I(—1+pa) Do V=Tla(=1+ ps) + Bpxn — —
—1+2py Ve VA
TABLE 11’
(23)
011 011
a 11 511
511 a 1 1
0 1 1 0 1 1
« 1 1 68 V-1 V-1
6 v—1 /-1 a 1 1
0 1 1 0 1 1
1 B —v-1 —v—1
5 —/—=1 —/ «a 1 1
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Mpy Pyy My,
14 2¢Ipay 0 0 0 1 1
0 1 1
(o 1 1 ) 0 14+~ 1pas P23 (V=T = 2pos3)(V=1Bpas + a(—v/=T + pa3)) 1 1
B V-1 V-1
0 —pa3 1+ V=1pas (1+ 2v/=1p2s) (B + apas + BV —1pas) V=1 V-1
12y Ipsy 0 0 0 1 1
0 1 1
(U 1 1 ) 0 1—V=Tpas D23 (—1+ 2\/:])23)($3])23 +a(=1+ \/jlpz's)) 1 1
B —v/=1 —/—1
0 —P23 1- \/jll)z‘s (1- 2\/*711]23)(93 + apas — 9‘3\/?1[)'2:3) V=1 =V-1,
TABLE 12'.
(2,3)
a 11 a 11
g1 1 v 11
v 11 811
« 1 1 « 1 1
511 T VAT VT
v V=1 V=1 501 1

« 1 1 « 1 1
Jés 1 1 vo—v=1 —/—1
(7 -1 \/_1> (/3 1 1 )

TABLE 13. dim(A?) = 2; afy # 0; dim(ann(A4)) = 0;
A has not Property (2LI); nine non-zero entries of the matrices in S.

a 11 a 1 1 o 1 1
511 51 1 3 1 1
v 11 v V-1 V-1 v =1 =1
TABLE 13. dim(A?) = 2; afy # 0; dim(ann(A4)) = 0;
A has not Property (2LI); nine non-zero entries of the matrices in S.
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My Ppg My

—1 4+ 2pa 0 0 a(—1+2pxn) 1 1
0 P22 V=11 = p2) (=14 2p2) (V=1y(=1 + p2) + Bpz2) 1 1

0 —V=1(L — p22) P22 (=14 2p20) (—V=1B(=1 + pao) +yp22) V-1 V=1

—1 4+ 2pa 0 0 a(—1+ 2pa) 1 1
0 P22 V=1(=1+p2) (=1 + 2p22) (—V=Ty(=1 + p22) + Bp22) 1 1

(=1 +2p2s) (V=TB(=1+paz) +9p22) —vV—1 —v—1

0 —V—1(~1+p»n) P22

TABLE 13'.

Case 3 Assume ¢ = 0,¢; # 0.
Considering the natural basis B’ = {es, e1,e3} we obtain the following
structure matrix:

Wo2 Wo1 C1W21

Mp = w2 w1 cwis )
W32 Ws1 Ci1Ws3y

and now we are in the same conditions as in Case 2.

Case 4 Suppose ¢; = ¢o = 0.
Recall by (4.13) that the structure matrix is
wip wiz 0

MB: W1  Wo2 0
w3 w3y 0

It is clear that in this case A has not Property (2LI) and dim(ann(A)) = 1.

Remark 4.2.4
In what follows we are going to prove that the number of zero entries in the
first and in the second rows in the structure matrix is preserved by any change

of basis.

With the explained goal in mind, we study all the possible change of basis
matrices. Let B’ be another natural basis and consider the change of basis

matrix Ppp. The equations (4.17), (4.18), (4.19) and (4.20) give:




142 4.2. Three-dimensional evolution algebras

puipi2 = 05 poipae = 0;
puip1z3 = 0;  poipag = 0;

p1op13 = 05 poapas = 0.

It is easy to check that Ppgp has two zero entries in the first and
the second rows. Moreover, since |Ppp| # 0, necessarily py;ps; # 0 for
i,7 € {1,2,3} with ¢ # j. We distinguish the six different cases that appear

in order to study the structure matrix Mp .

If
pnu 0 0
Ppp=|{0 pn 0 (4.27)
P31 P32 P33
with p11peapss # 0 then
“’121)32
wllpll pT 0
Mg/ = L21Pu wazPez o|. (428)
P11 (ws1p11p2s — wﬁzpzslpm —w21p11P32)  P22(ws2p11p22 — W12P31P22 — W22P11P32) 0
P22pP33 P11p33
If
pu 0 0
Ppp=10 0 po
P31 P32 P33

for p11pagps2 # 0 then

2
wi2p:
w11p11 0 Z2Pes
P11
M — p11(W31P11P23 — W11P31P23 — W21P11P33) p23(w32p11P23 — W12P31P23 — W22P11P33)
B = 0
P23P32 P11P32
W21p%1

0 w22pP23
p23
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If
0 p2 O
Pyp=|pu 0 0 (4.29)
P31 P32 P33
where pi1apo1ps3 # 0 then
2
w22P21 2Pz 0
P21
w 2
Mp: = Wi2Pay wWiipra 0 (4.30)
P12
p21(w32pr2p21 — wizpP3epe1 — waep12p31)  Pi2(wsipiape1 — wi1pPs2P21 — W21P12P31) 0
P12P33 pP21P33
If
0 p2 O
Ppp=10 0 pog
P31 P32 P33

with piapaspsr # 0 then

p12(W31P12P23 — W11P32P23 — W21P12P33)

p23(w32p12P23 — W12P32P23 — W22P12P33)

0
P23P31 P12P31
2
MB/ =10 w11p12 @12P23
P12
2
wa1p
0 —12 w22p23
P23
If
0 0 pi3
Ppp=1|pa 0 O
P31 P32 P33
for p13pa1psa # 0 then
2
w
w22p21 0 L21Pis
P21

p21(w32P13P21 — W12P33P21 — W22P13P31)

p13(W31P13P21 — W11P33P21 — W21P13P31)

My =

P13P32

W12p%1
P13

p21P32

0 w11pP13
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If
0 0 pis
Ppp = 0 p O
P31 P32 P33

where pi3paips2 # 0 then

p22(w32p13P22 — W12P33P22 — W22P13P32)  P13(W31P13P22 — W11P33P22 — W21P13P32)

0
P13P31 P22P31
2
w21p
Mpr =10 w22P22 =13
P22
2
wi2p:
0 —=22 w11p13
P13

Note that we only have to take in to account the change of basis matrices
which transform a structure matrix having the third column equals zero into
another one of the same type. These are those Pg g appearing in the first and

in the third cases. We denote them as follows:

pii 0 0 0 pi2 O
Q=10 po 0]; Q@"=|pa 0 0
P31 P32 P33 P31 P32 P33

Looking at the different Mp that appear, we obtain the claim.
Then, if we omit the structure matrices which can be obtained from the

permutation (1,2), the only possibilities are:

w11 0 0 0 wiz O w11 0 0 0 wiz O w11 wiz2 O
0 w22 0, | wo1 0 0, | w1 w22 0, | w1 w22 0 s | W21 w22 0
w31 w32 0 w31 w32 0 w31 w32 0 w31 w32 0 w31 w32 0

w11 0 0 w11 W12 0 w11 0 0
Us{o o o). fo o of fw o o
w31 wz2 0 w31 w2 0 w31 w2 0
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According to (4.28) and (4.30), we claim that we can remove the third
row of the structure matrices of the first set and write 0 if and only if
W11Waeg — Wiawsy # 0. For the matrix (4.28) we consider py; = pys = 1 and we

have

W31P11P22 — W11P31P22 — W21P11P32 = W31 — Wi1P31 — waiPsz = 0;

W32P11P22 — Wi2P31P22 — W2aP11P32 = W31 — Wi2P31 — WaaPsz = 0.

So, this linear system has solution if wyjway — wiswer # 0.

If we take (4.30), we reason in the same way and our claim has been
proved.

Now we can place 0 instead of w3y in the first three matrices of the second
set. Indeed, as in these structure matrices wy; # 0 and supposing p;; = pgs = 1
we have the equation ws; —wi1ps1 —wai1pse = 0if woy # 0 and w3y —wi1ps1 = 0
if we; = 0. In any case, the equations have always solution.

In the last structure matrix of the second set we can write 0 instead of
wss. For this, it is enough to take pos = p;; = 0 and p3; = Z‘j—i’z

Finally, we can obtain the maximum number of entries equal 1 by using
(4.5). When placing 1 is not possible we write the parameters a, [ and 7.

Therefore, there are eleven possibilities which are listed below. We only write

the action of permutation matrix (1,2) because it is of type @Q”.
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010
000
100

TABLE 14. dim(A?) = 2; dim(ann(4)) = 1;
A has not the Property (2LI); one non-zero entry in the first and second rows.

(1,2)
100 100
010 010
000 000
010 010
100 100
000 000
110 000
000 110
100 010
100 010
100 010
010 100

TABLE 15. dim(A?) = 2; dim(ann(A)) = 1
A has not the Property (2LI); two non-zero entry in the first and second rows.

TABLE 16. dim(A?) = 2; a # 0; dim(ann(A)) = 1;
A has not the Property (2LI); three non-zero entries in the first and second rows.
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Mg Py Mg,
a 0 0 -1 0 0 —a 0 0
110 0 1 0 1 10
000 0 0 ps 0 00
0 a0 -10 0 0 —a 0
110 0 1 0 1 10
00 0 0 0 P33 0 0 0
110 10 0 1 1 0
a B0 0 -1 0 —a =B 0
0 0 0 0 0 ps3 0 0 0

TABLE 17. dim(A?) = 2; a(8 — 1) # 0 ; dim(ann(A)) = 1;
A has not the Property (2LI); four non-zero entries in the first and second rows.

TABLE 16'.

(1.2)
10 [«
50 11
00 0 0

10
0
0

K ~
@~ Q
)

™ R
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Mp Ppp Mgy
110 1 0 0 1 1 0
a B0 0 -1 0 —a —f 0
000 0 0 ps 0 00
VapB
1o 0 G 0 5 B
a B 0 1 ; o Yo 0
| - Q2
000 g 00 % 005 0
0 0 P33
af
0 Ve, 1 1 0
(11 é 8 ) aff 7@3 7\/(135’
000 FE o
0 0 D33 0 0 !
1 1 0 1 0 0 1 1 0
a B0 -1 0 —a =80
110 pa 0 1=pg Lo
aff
0 - 0
110 . %8 5V
a B0 = 0 0 a/‘j vop 0
110 ! T
off 1 1 0
P31 B —P31
af
110 (1) Ta s v 3 "
a B0 = 0 0 _g _\/0[7 0
110 / 1 v
JaB 1 10
P31 ——— —DP31
aff
110 1 U 1, ! 8
a a0 0 -1.0 - —1+_/:;};i-[)“
1 50 1+ apsy —pss ps2 ps3 1 —
P33
110 1 0 0 . . 8
a a 0 0 Lo “ 3
1 80 1—apsy —p3s ps2 P33 1 M 0
P33
0 L ! !
110 @ 1 1
1 4 _Z
a a 0 - 0 0 2 @ '
« : —p
1 60 B+ a(ps2 — apss) 1 Oélls:s;ril»j 0
U P32 P33 QP33
0 1y 1 1 0
110 . @ 1 1
a a 0 — 0 0 a 2 a
« 2ps; —/
1 680 B — a(ps2 — aps3) O 12D 0
T P32 P33 a’ps3

TABLE 17'.
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We remark that in all the tables “Table m'”the elements p;; have to satisfy

the necessary conditions in order for Pg/g to have rank 3.
Case dim(A?) = 3.

In order to classify all the possible matrices corresponding to structure
matrices of three-dimensional evolution algebras A such that A*> = A
(equivalently dim(A?) = 3), we will use Proposition 4.1.2. Notice that in this
case the number of zeros in all the structure matrices of a given evolution
algebra is invariant (see Proposition 4.1.2 (1)). Equivalently, the number of
non-zero entries is invariant. This is the reason because of which we will
classify taking into account this last number. Note that the minimum number

of non-zero entries in Mp is exactly three.

Case 1. Mp has three non-zero elements.

We compute the determinant of Mp.

|MB| = W11W2oW33 +W12Wae3ws1 +W13Wa1 W32 —W13WaolW31 — Wa1W12W33 — W11W32Wa3.

(4.31)

Since |Mg| # 0, only one of the six summands is non-zero. Assume, for

example, wiowssws; # 0. Take o = (/%47 B = atwyzw?, and v = a’ws;.

W12W§3W31
Then
0 w12 0 010
(,B8,7)- 0 0 wy| =10 01
W31 0 0 1 0 0

Reasoning in this way with wi,q)was(2)Wss3) (Where o € S3) instead of
with wiswaswsr, we obtain a natural basis B’ such that Mp = (w;;), with
Wioi) = 1 and w;; = 0 for any j # o(i). This justifies that these are the only
matrices we consider in order to get the classification. Notice that there are
are only six. We again use the tables of type “Table m.?nd “Table m'”to list

all structure matrices appearing in each case.
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(1,2) (1,3) (2,3) (1,2,3) (1,3,2)

)

0
0
1

100 00 1 100
00 1 010 001
010 100 010
010 010 010 001
001 00 001 100
100 100 100 010

TABLE 18. dim(A?) = 3; three non-zero entries.

—_

Therefore, there are only three orbits and, consequently, only three
non-isomorphic evolution algebras A in the case we are studying. Their

structure matrices are:

1 00 010 010
01 0,1 0 O0)and (O O 1
0 01 0 01 1 00

Case 2. Mp has four non-zero elements.

Reasoning as in Case 1, we arrive at a natural basis B’ of the evolution algebra
A such that Mp = (@y;), with w;ew) = 1, @;; # 0 for some j # o(i) and
w;r = 0 for every k # o(i), j for every permutation o € Ss.

In order to describe the matrices producing non-isomorphic evolution
algebras, first, we notice the following. Given a matrix as explained below, no
matter where we put the four non-zero elements (three 1 and one arbitrary
parameter p which has to be non-zero) that the resulting matrices correspond
to isomorphic evolution algebras. This is because we will not be worried about
where to place the parameter. Then we explain which are the possible cases.

We have to put five 0 into nine places (the nine entries of the matrix).
This can be done in (g) = 126 ways. But we must remove the cases in which

|Mp/| = 0. This happens:
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(a) When the entries of a row are zero.

(b) When the entries of a column are zero but there is no a row which consists

of zeros.

(¢) When the matrix has a 2 X 2 minor with every entry equals zero and it

has not a row or a column of zeros.

These three cases are mutually exclusive.

(a) The cases in which there is a column of zeros are 3(2) = 45 (3
corresponds to the three columns and (g) corresponds to the different ways
in which two zeros can be distributed in the six remaining places).

(b) For the rows the reasoning in similar: we have 45 cases. Now we have
to take into account that there are cases which have been considered twice
(just when there is a row and a column which are zero). This happens 9 times.
Therefore, we have 45-9=36 options in this case.

(¢) Once the matrix has a 2 x 2 minor with every entry equals zero, the
fifth zero must be only in one place if we want to avoid the matrix having
a row or column of zeros. There are 9 options to put a zero in a matrix.
Once this happens, we remove the corresponding row and the corresponding
column and there are four places where to put four zeros. Hence, there are 9
possibilities in this case.

Taking into account (a), (b) and (c), there are 126 — (45 + 36 +9) = 36
different matrices we can consider.

As in Case 1, we list all the options in a table. The elements that appear
in every row correspond to the action of every element of S3 on the matrix
placed first. There are six mutually non-isomorphic parametric families of

evolution algebras, which are listed below.
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3; four non-zero entries.

TABLE 19. dim(A?)
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Mp

)
)
)

»*u 01
0% 1
1

PB’B

co%R o

BN
B

0
_ 455

0
—0
0
0

@6

»2
0
0

&
0
0

0

0

Mpg

o O~

I— o

w01
1 00
010
w01
1 00
010

(
(

o~

=R ]
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1‘/[3 PB’B E\'IBI

o
o

“(=1+vV=3)u 0 1

—
o
o

1
0 —5(1+v=3) 0
0 0

TABLE 19'.

Case 3. Mp has five non-zero elements.

We proceed as in the cases above and obtain that in order to classify we need
to consider only matrices with four zero entries and five non-zero entries.
By changing the basis, we may assume that three of the elements are 1
and the other are arbitrary parameters A and p, with the only restriction
of being non-zero and such that Ay # 1 (this condition is needed because the
determinant must be non-zero).

The different matrices to be considered are those for which we place

four zeros: (9) = 126. On the one hand, we must remove those for which

4
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there is a row or a column which are zero (because these matrices have zero
determinant). If one row or column consists of zeros, then the fourth zero can
be placed in six different positions. Since there are 3 rows and 3 columns,
this happens 6 times. On the other hand, we must remove those for which
there is a 2 x 2 minor with every entry equals zero. Consequently, we have
126—6%—9 = 81 cases that we display in the table that follows. The number of
mutually non-isomorphic parametric families of evolution algebras is sixteen.

We show them in two tables.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)
1 p A 1 00 1 00 1 A u 1 00 1 00
010 w1 010 010 Al op 010
001 00 1 Aol 001 0 01 mwoA 1
1 p 0 1 A0 100 10 p 100 1 A
A1 0 w10 01 X 010 01 n 010
0 0 1 0 01 0 p 1 A0 1 0 A1 n 01
1 0 10 A 1 00 10 p 100 1 A0
01 A w10 A1 0 010 01 pu 010
001 00 1 0 p 1 0 A1 A0 1 n 01
1 w0 100 1 A0 10 pn 10 A 100
010 w10 010 01 A 01 u A1 0
0 X1 A0 1 0 p 1 001 001 w 01
w1 010 100 woA 1 1 00 001
1 00 1w A 00 1 010 Aopol 010
0 01 001 Al op 1 00 010 I A u
w10 01 A 100 w01 100 0 X1
1 0 A 1 p 0 A0 1 010 0 p 1 010
001 00 1 01 pu 1 X0 A1 0 1 0 u
w10 010 10 A w01 1 A0 0 1
100 1 w0 001 A1 0 0 p 1 01 A
A0 1 0 A1 01 pu 100 010 10 p
w 1.0 010 1 A0 w 01 10 A 00 1
1 00 1 p 0 00 1 01 A 0 p 1 A1 0
0 X1 A0 1 01 p 1 00 010 1 0 u
01 u 01 A 100 0 p 1 100 0 A1
10 A 10 p A0 1 010 w01 010
00 1 001 w10 1 A0 A1 0 1 w0
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0
0

0 X1 00
1 0
010
0 A1
0

J|(

TABLE 20. dim(A?) = 3; five non-zero entries.

0
0

1
Iz

1

7
0

1

0 1

0

Bl

0

A

0

0

0
A1 0

0

1

1
0 p
1
0

(
(
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Mg Pos My
1
1 1
poloA —5(1+v=3) 1 0 0 S5V 1 514 VI
100 0 S(—=1+v=3) 0 1 0 0
001 2 0 0 .
0 0 1
1
1 1
po1oA 5(=1+V=3) 1 0 0 SCLHVT 1 =S+ VA
(1) 8 (1) 0 —5(1+V=3) 0 1 0 0
0 0 ) 0 0 1
1 : 1 -
410 L ) 0 0 —50 V=3 1 0
1 1
(1) 8 i 0 S(=14+v/=3) 0 1 0 —3(1+ V=3
0 0 1 0 0 1
1 1
410 S(-1+ V=) 0 0 (1 V=B 1 0
1 1
(1) 8 ? 0 —51+V=3) 0 1 0 S(=1+ V=3
0 0 1 0 0 1
1 : 1
w10 —5(1-‘1-\/—3) 0 0 _§<1+V_3)N 1
1
i 8 ? 0 S(-1+V=3) 0 Lt 0
0 0 1 5(—1+\/—3)/\ 01
1 1
w10 5(—14»\/-3) 0 0 5(—1+\/—3)u 1
1
i 8 (1) 0 ——(1+v=3) 0 Lt 0
0 0 ) —SA+V=IA 0 1
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Mg P Mg

—%(H\/T?)) 0 0 —%(H\/—T’»)u 1 0

—_
o
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Mp Ppp Mp
1 1
01 s 0 —3(1+v=3) 0 001 —5(1+V=9)
10 A 1 1 -
S(-14+ V73 0 0 10 =(—1+v=3
00 1 5(=1+ ) 5(-1+ Nz
0 0 1 0 1
1 1
01 4 0 S(-1+V=3) 0 01 S(-1+v=9))
1 1
10 A —2(1+v=3) 0 0 0 —=(1+v=3)
00 1 2 2
0 0 1 00 1
1
01 4 ~3(1+V=3) 0 0 01 =(-1+v=3)p
1
((1] 8 i) 0 S(=14+v/=3) 0 0 —5(+V=3)
0 0 1 00 1
1 1
01 u 5(71+\/73) 0 0 01 7§(I+\/73)/1,
1 1
L 0A 0 ——(14V73) 0 0 =(-1+v=3)A
00 1 2 2
0 0 1 00 1
1
010 —5(1+v=3) 0 0 0 .
1 1 0 —=(1+v-3
i 8 " 0 S(-1+V=3) 0 . 3! Jn
0 0 1 5(—1-1-\/—3))\ 0 1
1
010 5(-1+V=3) 0 0 0 !
1 1 0 =(-1+v=3)u
i 8 " 0 ——(1+v=3) 0 . 5! )
0 0 1 75(14’\/*3))\ 0 1
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010 S(-1+ V=) 0 0 0 ! 0
10 pu 0 _1(1+\/__3) 0 1 0 *(*1‘1‘\/*3)#,
0 A1 2 ) !
0 0 ] S(=14V/=3)A 1
1
010 —5(14-\/—3) 0 0 0 1 0
10 0 Lliivmm) 0 1 ! 1 ! !
meoAl 5(—1+\/—3)u —5(I+V=3)4 1
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Case 4. Mp has six non-zero elements.

Once again we reason in the same way and we can fix our attention in
those matrices with three zeros and six non-zero entries.

The different possibilities are: (g) —6 = 78. Note that (g) are the different
ways of placing 3 zeros in a 3 X 3 matrix while 6 corresponds to the cases in
which there is a row or a column which is zero.

Making changes on the elements of the basis we may consider three entries
equals 1. The only restrictions on the other three elements, say A, and
p, which must be non-zero, are the needed ones in order to not have zero

determinant. This means pup # 1, Ap # 1, pA # 1 and pupA # —1.

There are fifteen mutually non-isomorphic parametric families of evolution

algebras, which are listed in the table follows.
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TABLE 21. dim(A?) = 3; six non-zero entries.
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:\[B PB’B ]\'jB’
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1 1
0 5(71+\/73) 0 1 0 —5(1+\/73)p
0 0 1 0 0 1
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g 0 0 1 S(-14+ V7B 0 1
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01 4 S(-1+v73) 0 0 1 51+ vV=3)u
1
1 - =
(1 g\ (i) 0 _5(1+\/j3) 0 —2(1+\/ 3))\ 0
1
! 0 0 |\ 50 v 0 1
! 0 0 0 Ve
01 pu Vup? 1 1 A2
1 A0 0 0 = 1 Yo 0
) 0 1 LA \ p
0 - 0 A 1
12p o/ 1Pp
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A 12p
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Vip P/ 12p
1
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1
1 /=3
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1
r 0 0 1 —5 (L V=B)p 1
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Mp Ppp Mp
! 0 1 l(—1+\/—3)1
1w —5(1+\/—3) 0 0 . H
( g i) 0 1(71+ﬁ) 0 1 1 0 —5(1+\/—3)A
g 0 0 1 —(=14+v=3)p 0 1
L 0 1 —1(1+\/—_3)1
1w 5(—1+\/—3) 0 0 2 H
8 ? 0 ,%m /=3) 0 1 1 0 S(=1+v=3)A
r 0 0 1 —31+V=3)p 0 1
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Mp Ppp Mp:
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A/[B PB’B 1‘/[3/

0 p 1 0 0 —¢ 0 @SN 1
10 A ¢ 0 0 1 0 —¢°
10 0 ¢* 0 —*u 1 0
0 p 1 0 0 ¢ 0 - 1
10 A ot 00 1 0 —¢’p
p 10 0 —¢ 0 1 0
0 p 1 0 0 —¢ 0 o'\ 1
10 A @ 0 0 1 0 —¢p
p 10 0 —¢° 0 1 0
0 p 1 0 0 ot 0 —¢*A 1
10 A -¢ 0 0 1 0 )
p 10 0 ¢* 0 -1 0
0 p 1 0 0 —¢ 0 ¢ 1
10 A - 0 0 1 )
p 10 0 ¢ 0 —pp 1 0
0 p 1 0 0 ¢ 0 —¢x 1
10 A —¢®> 0 0 1 0 ¢*
p 10 0 —¢* 0 oty 1 0

TABLE 21"

Case 5. Mp has seven non-zero elements.

The different cases that we must consider are (g) = 36. Every matrix has three
entries which are 1 and four non-zero parameters 9, A, i, p, which must satisfy
one of the following conditions, depending on the case we are considering,

in order for the matrix to not have zero determinant: pp # 1; pup + o\ # 1;
op # L 0p+Ap # 150X # 15 0p — 0 u # 15 0p # 15 up — 0Ap # 1.

The number of mutually non-isomorphic parametric families of evolution

algebras is eight, which are listed below.
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)

1
n

0 0
6 1 p
0 1 A

)
1

1 p
A
1

woA 1
p 14
00 0

3; seven non-zero entries.

)|

1

y2

196 p
0

Al

il

0

A

1
1 u
o p

w1 oA 0
100 ]
p o0 1
0
10 A
p
TABLE 22. dim(AQ)
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Mp Py Mg
R 7%(1+\/7_3) 0 0 7%(1+\/7_3)u 1 £(71+\/7_3)/\
(1 ‘; ‘1“) 0 Lliv v o ! L0 0
r 0 0 1 5(*1+\/j3),0 75(1+\/?3)5 1
TR D %(—1+\/TS) 0 0 %(—1+\/T3)ﬂ 1 —%(1+JTS)A
e[ | 0
e 0 0 1 —5(1+¢?3)/J 5(—1+\/?3)5 1
p1A ,%(1+\/,_3> 0 0 7%(1+\/7_3)u 1 %(71+\/7_3)/\
1
(; 0 q) 0 %wa& 0 1 1 0 31+ V=B
0 0 1 F(=1+v=3)5 0 1
w1 X %(71“/?3) 0 0 %(*1+\/j3)# 1 %(HH)A
1
((1) 8 [1)) 0 *%(1+\/j‘3) 0 1 1 0 S(=1+v=3)p
0 0 1 —5(1+V=3)3 0 1
1
01 4 0 21V 0 0 o 5(1—1+\/?3)N
(i 3 f) Loy 0 0 1 FC1HVEIN —5(14+V=3)p
0 0 1 %(—H\/Ts)d 0 1
1
01 p 0 %(—1+¢f3) 0 0 ) 1 IE(H\/—T})M
(3; 3 ;1)> —é(HM) 0 0 1 1 —5 (V=3 (=14 V=3)p
0 0 1 —5(1+¢T3)6 0 1
1
01w | [0V 0 o 0 N
(1 ! i) 0 He14vm3) o 1 0 ~3(1+ V=)
’ 0 0 1 Y14y f%(1+\/f3)5 1
1
01 p %(*1+\/7_3) 0 0 0 1 I§<1+\/T3>/L
1 1_ -
| G 1 I S e
0 0 1 —0+V=3)p S(=1+V=3) 1
1
01 p 0 *%(lJr\/:%) 0 0 1 I§(1+\/j3)#
(/1) 2 T) %(71“/?3) 0 0 1 1 1 0 51+ V=9
0 0 1 75(1+\/53)5 5(71+\/j3)p 1
1
01 4 0 J-14V73) 0 0 1 §<1—1+\/—*3>#
(:} g T) —%(H\/T?)) 0 0 : 1 ) 0 —5(1+¢?3)A
0 0 1 SV —5 1+ V=3 1

TABLE 22'.
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Case 6. There are eight non-zero elements in the matrix.
In this case there are only nine possibilities which appear in the table that
follows. The condition that the entries of the matrix must satisfy is one of

the following: n\ 4+ up — onpu # 1 or dpu + np — onA # 1, just to be sure that

the determinant of the corresponding matrix is different from zero.

(1,2) (1.3) (2.3) (1,2,3) (1,3,2)
1 p A 1 p 6 1 0 7 1 A u 1 70 16 p
p 14 w1l o1 p n 10 Al op 0109
n 0 1 0 n 1 A po 1 p o 1 6 p 1 woA 1
w1 1 p 9 0 n 1 no1oA 0179 146 p
p 16 Apo 1 o 1 p 1 07 1 A n 0 1
1 n O n 1 0 L A pu p o0 1 6 p 1 Al op
TABLE 23. dim(A?) = 3; eight non-zero entries.
Mp Pag M
1 1 _
LAl —%(14—\/—3) 0 0 I§(I+v—5)lt F(-L+V=3)A : 1
(p 1 6) 0 1 0 5(—14—\/—3);) 1 —§(l+\/—3)5
Lo L = 1
0 0 5(-1+v=3) 0 1 —5 (V=3 0
1 : Y= Lo vean 1
w1 5(71+\/73) 0 0 21 f 2 .
p 14 0 0 . 1 75(1+\/73)/) 1 5(71+\/73)6
170 _Z — 1
0 0 2(1+ V=3) 1 5(,1+ V=3 0
1 1 Py On?
0 l_l 0 Y/ on? ? !
nwoA 1 1 /i/\’ 1
p 10 o 0 0 s 1 P¥Y i
170 Ui 1 n+/0%n 0/ 0n?
0 /o
V"Tﬂ 1 u? ] 0
1 1) O*p/on?
0 — 0 — 1
o on? w2
Al 5 ,
Z 10 = 00 il TR
1 70 on pe ny/0%n i 33/0m2
0 0 —= ) oV
Y/ 6%n - 12
12 Lo 3/53
0 ;% 0 3(’; - _ee ﬂj" 1
1 12 I
1750 v/ on? ‘ n/0%n 0/0n?
T . ¢/ 0
Y/ 6%n 12

TABLE 23'.
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Case 7 All the entries in the matrix are non-zero. In this case only one matrix

appears.

(1,2) (1,3) (2,3) (1,2,3) (1,3,2)

1 p o 1 77 1 A p 1 n T
w1l o1 p n 1 Al op
T n 1 Apl p o o p 1 )

TABLE 24. dim(A?) = 3; nine non-zero entries.

N =

o~
S D -
S ==
P
> =

—33
~_—

— 3

and  the condition that the parameters must satisfy is

np + O\ + ut — At — dup # 1.

Remark 4.2.5
In this remark we include the study of the different matrices that can appear
as change of basis matrices for an evolution algebra A such that dim(A) =3
and dim(A?) = 1.

We have separated this piece from the proof of Theorem 4.2.2 in order to
not enlarge it. We think that it can be of interest as we did a similar study

when dim(A?) = 2 and when dim(A?) = 3. The notation we use is as in Case

dim(A4?) = 1.

P11 P12 P13
Let B’ be an arbitrary natural basis of A and let Pgig = | p21 P22 Ppo3
P31 P32 P33
be the change of basis matrix. By (1.8):
P11P12G11 + P21P22C1G11 + P31P32C2G11 =
P11P12G21 + P21P22C1G21 + P31P32C2G21 = (4-32)
D11P12G31 + P21P22Cia31 + paipsaceas; = 0
D11P13011 + P21P23ciair + paipsscear; = 0
P11P13021 + P21P23C1G21 + P31P33C2021 = (4-33)

D11P13A31 + P21P23C1a31 + Pa1Paszcaazr = 0
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P12P13G11 + P22P23C1G11 + P32P33Calyy =
D12P13021 + P22P23CiGa1 + Paapsscaas = 0 (4-34)
D12P13031 + P22P23Ciasz1 + paapssceaszy = 0

Since € # 0, there exists j € {1,2,3} such that aj; # 0. In any case, from
(4.32), (4.33) and (4.34) we have:

PPz = —(P21Pa2ci + P31Psaca); (4.35)
puip1s = —(P21P2sci + P31Ps3ca); (4.36)
Pr2p1s = —(P22P23c1 + P3aPssca). (4.37)

Case 1 Assume py1p1ap13 # 0.

This implies that poipascy + psipsece # 0, poipesci + psipszce # 0 and
—(p21p22c1 + Pa1ps2ca)

P12
(p21p2sc1 + P31P33C2) P12

P21P22C1 + P31P32C2
(4.37) and we have py; — j:\/—@212?2201 + P31P32C2) (D22P23C1 + P32P3scs)
P21P23C1 + P31P33C2

P22P23C1 + P3apszca # 0. So, p11 = . Replacing this value

in (4.36), we get p13 = . Finally, we replace p;3 in

Therefore:
S (P21p22€1 + P31P32€2) (P21P23C1 + P31P33Co)
11 = —4/—
P22P23C1 + P32P33Ca
- (P21p22c1 + P31P32C2) (P22pa3C1 + P3ap3sca)
12 = —
P21P23C1 + P31P33C2
pis = 4/— (p21p23c1 + P31P33ca) (P22pP23Ci + P3aP3aCa)
P21P22C1 + P31P32C2
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or

P (P21p2zc1 + P31P32ca) (P21P23C1 + P31P33cz)
1n = —
DP22P23C1 + P32P33C2

Dy = (pa1p2zc1 + P31p3aca) (P22p2sci + P3apssca)
12 = —{/—
P21P23C1 + P31P33C2
Dy = (P21p23c1 + P31P33ca)(Pazpascy + P3apssca)
13 = —{\/—
DP21P22C1 + P31P32C2

Case 2 Suppose pi13 = 0 and py1p1o # 0.

We have the following equations:

pupiz = —(pa1P22ci + Paipsaca); (4.38)
P21P23c1 =  —P31P33C2; (4.39)
P22P23C1 =  —P32P33C2; (4.40)
Case 2.1 P31C2 7& 0.
Necessarily pog # 0, since otherwise p33 = 0 contradicting the fact to

|Pgrg| # 0. Moreover, psy # 0. Indeed, if p3s = 0 then or pye = 0 or ¢; = 0.
But, on the other hand we have that ps;psocy # 0. Contradiction. Now, we

distinguish between ¢; = 0 or not.
Case 2.1.1 ¢; = 0.

As p31p3zco = 0 necessarily pss = 0. Then, the change of basis matrix is

P31P32C2
pll _T O
B 11
Ppp = P21 D22 P23
D31 D32 0

with p11p1apaspaipszce # 0 and p?; + cop3; # 0.

Case 2.1.2 ¢; # 0.
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Case 2.1.2.1 py; = 0.

As p31p3zco = 0 necessarily pss = 0. So pagapezc; = 0. Or equivalently pas = 0.

Then
P31P32C2
P11 —T 0
- 11
P =1 0 0 px
D31 D32 0

with pr1pespsipsaca # 0 and pi; + cop3; # 0.

Case 2.1.2.2 py; # 0.

— c
By (4.39) ps3 = TPaPBA p e remove p33 in (4.40) we get that
P31C2
Poo = P21 - p g finally if we replace py; and pss in (4.38) we have
P31
2 2
Dy =  p2(cipy + 022731)' Then
P11P31
2 2
P c1 + p3c
P — 52(P21€1 + P51 C2) 0
P11P31
P32D
Ppp = | pa 2 D23 ;
P31
—P21P23C1
P31 P32 S
P31C2

where p;; # 0Vi,j € 1,2,3 except pi3. Furthermore, p3 ¢ + phea # 0 and
P+ p3ica +piy # 0.
Case 2.2 ¢y # 0 and p3; = 0.

The equations (4.38), (4.39) and (4.40) are as follows:

P11P12 = —P21P22Cr1;
paipasc: = 0;
P22P23C1 = —P32P33C2.

As paipaecy # 0 then necessarily pog = 0 and so psa = 0 (p33 # 0 because
otherwise |P| = 0). Therefore
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_ P21P22C1

P11 T 0
o 12
Ppp = D21 D22 0]
0 0 D33

with p11p1apaipaapsscica # 0 and p3; + p3ic1 # 0.

Case 2.3 ¢; = 0.

The equations (4.38), (4.39) and (4.40) turn out

pP11P12 = —P21P22C1
paipescr = 0
papasc: = 0

As P21P22C1 # 0 then P23 = 0. Therefore,

P21P22C1
D11 o 0
B 11
Ppp = P21 P22 0

D31 P32 D33

with p11paipaapsser # 0 and pi; + p3 e1 # 0.

Case 3 p1» = 0 and p11p13 = 0.

Reasoning in the same way as Case 1.2, we obtain the following results:
Case 3.1 p31co # 0.

Necessarily paopss # 0.

Case 3.1.1 ¢; # 0.

Case 3.1.1.1 poy; # 0.

The change of basis matrix is as follows:
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_ P23 (P3i01 + Piic2)

P11 0
P11P21
P _ —P31P32C2
B'B= | py —————— P23 )
P21C1
P23P31
P31 P32
P21

where p;; # 0Vi,j € 1,2,3 except pjp. Furthermore, p3,c; + p3,co # 0 and
paic1+phica +piy # 0.

Case 3.1.1.2 py; = 0.

So p3o = 0 and pa3 = 0. And

P31P33C2
pll O _T
11
Pes=1 ¢ D22 0
pa1 O P33
with pripaepsipssca # 0 and piy + piee # 0.
Case 3.1.2 ¢; = 0.
P31P33C2
pll 0 _T
B 11
Ppp = D21 P22 D23 ’
p31 0 P33
where pripsipsscy # 0 and pi; + p3ico # 0.
Case 3.2 p3; =0 and ¢y # 0.
Therefore poops3 = 0 and
by 0 _P21;92301
- 11
Pprp = par 0 D23
0 p3 0

with p11p1spaipespszce # 0 and p?) + p3ier # 0.

Case 3.3 ¢, = 0.

Necessarily ps = 0 and
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P21P23C1
pn O —72?
- 11
Ppp = pa 0 D23 '

P31 P32 P32
where pi1paipasps2c1 # 0 and piy + e1p3, # 0.

Case 4 p;; = 0 and pop13 = 0.

In the same way as in Case 1.2 and Case 1.3 we obtain the following change

of basis matrices:
Case 4.1 p3aco # 0.
Then po1pss # 0.
Case 4.1.1 ¢; # 0.
Case 4.1.1.1 pyy # 0.

The change of basis matrix is as follows:

P33 (p%Q 1+ p§2 2)

0 P12
b ks
B'B = P21 P22 D )
P21P22C1 5
- P32 D33
P32C2

where p;; # 0Vi,j € 1,2,3 except py;. Furthermore, pyci + phea # 0 and
P3aC1 + P3aCa + piy # 0.

Case 4.1.1.2 pyy = 0.

Then p3; = po3 = 0. And

P32P33C2
0 pi2 — 7]?
o 12
Ppp = P10 0 )

0 p3 P33
where piapaipsapssca # 0 and piy + p3oco # 0.

Case 4.1.2 ¢; = 0.
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_ P32P33C2
P12

P21 P22 P23

0 ps3 D33

0 pi2
Ppp =

with (p1apsepsscs)(ply + Piaca) # 0.

Case 4.2 p3; =0 and ¢y # 0.

So paipsz = 0 and

P22p23C1
O p12 _T
12
Prp = 0 pao D23 ’
p31 0 0
where prap13paopasps1a(pis + Pasc1) # 0.
Case 4.3 ¢c; = 0.
Then py; = 0 and
DP22P23C1
0 pro ——/———
P12

Ppp = 0 pa2o P23

P31 P32 D33
for propaopaspsic # 0 and pi, + c1p3, # 0.

Case 5 py; = p1; = 0 for some 7,5 € 1,2,3¢ # j.

The equations (4.38), (4.39) and (4.40) are as follows:

P21P22C1 = —P31P32C2;
P21P23C1 = —P31P33C2;
P22P23C1 = —P32P33C2.

Case 5.1 ¢y = ¢y = 0.

If, for example, p1o = p13 = 0, the change of basis matrix is
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Ppp =

with p11(p2apss — paspsz) # 0.

pi1 0 0

P21 P22 D23
P31 P32 P33

In case of p1; = p1o = 0, the change of basis matrix is

PB’B:

for p13(pa1pse — pa2ps1) # 0.
For p11 = p13 =0

PB’B:

where plz(p23p31 - p21p33) # 0.

0 0 pi3
P21 P22 P23
P31 P32 P33

0 p2 O
P21 P22 P23 |,
P31 P32 P33

Case 5.2 ¢; =0 and ¢; # 0 for 4,j € {1,2}i # j.

Necessarily ps = psm = 0 for some k,m € {1,2,3}k # m and s € {2,3}

depending on ¢ = 0 or ¢; = 0 respectively. We have to take in account

that |P| # 0 and so there are possibilities that it can not be (those in

which the structure matrix has a zero minor of order two). For example

P11 = P12 = ps1 = p32 = 0 if ¢; = 0 is not available. Therefore there are

nine possible change of basis matrices are the following:

For¢; =0

PB’B_

with piapo1pss # 0.

PB’B_

0 pi2 O
P21 P22 P23
0 0 ps3

0 pi2 O

P21 P22 P23
pai 0 0
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with piapasps1 # 0.

Ppp = | pa1 D2

0 ps2
with pigpaips2 # 0.

with pispaaps1 # 0.

pii 0
P21 P22
0 p32

PB’B—

with pi1pasps2 # 0.

pi1 0

P21 P22
0 0

PB’B—

0 0
Ppp= | pa D2
pa1 0

with p11paapss # 0.

D13
P23

P23

P23
D33

|
zg)
|
|

If Cy — 0
0 0 pi3
Ppp = 0 p O )
P31 P32 P33
where p13paaps1 # 0.
0 0 pi3
Ppp=1|pa 0 0
P31 P32 P33
with pispo1ps2 # 0.
0 p2 O
Ppp=10 0 pax
P31 P32 P33

with piapasps1 # 0.
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0 p O
Ppp=1pa 0 0
P31 P32 P33
for prapaipss # 0.

pin O 0
Ppp=1 0 pr 0
P31 P32 P33

with p11paapss # 0.
pin O 0
Ppp=10 0 p3
P31 P32 P33

with p1ipaspss # 0.

Case 5.3 c1co # 0.

Fix 7,7 € {1,2,3} with ¢ # j and such that p;; = p1; = 0.
Case 5.3.1 py; =0 (pg; = 0).

Then as ps; (ps;) can not be zero, necessarily ps; = psr, = 0 (p3i = par, = 0)
with k£ € {1,2,3} and k # 1, j. Therefore we have that py; = 0 because po;
(p2i) is not possible to be zero. Therefore py;pa;psy # 0 with 4, j, k € {1,2,3}
and i # j # k. So, in this case the elements of Sz x (K*)3 are the change of

basis matrices.
Case 5.3.2 P2iP2; 7é 0.

We claim that por, must be zero with k& € {1,2,3} and k # i # j. Indeed, if
_ P3iP3jC2

par, 7 0 then pss # 0 for every s € {1,2,3}. Then as py; = we have
P2t
that ps, = P2kP3j A g finally we obtain that pgjcl + pngQ = 0, contradicting
P2j

P #0.
So par = 0. As pa;pej # 0 necessarily ps, = 0. There are three possible

change of basis matrices.
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0 » % . P13
31032C2
Pgg=|pay — 0
BB P21C1
D31 D32 0

with pi3pe1pa1pse # 0 and p2ic; + piyca # 0.

Vb P31%3302
Pggp=|pa O —m
ps1 0 P33
for propa1psipss # 0 and p3,¢1 + p3ico # 0.
P Y P32(;93302
Pep=1 0 p2 —E

0 p3 P33
where pi1paspsapss # 0 and piycq + p3aco # 0.
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Appendix A

The optimal fragmentation
computed with Mathematica

We have designed a routine that provides the optimal fragmentation of an
evolution algebra when we introduce the structure matrix as input. Moreover,
the code identifies if an index is a cyclic-index, a principal cyclic index or
a chain-start index. On the other hand, it calculates the nth-generation
descendents of any index for every n. We include the Mathematica codes
needed for our computations. They consist on a list of functions written in
the order they have been used. The computation of the invariants has been
performed by the Mathematica software.

In order to compute the optimal fragmentation, we have used the

proposition that follows.

Proposition A.1

Let A be a finite set and let Yq,..., T, be non-empty subsets of A such that
A= Lnj T,. Let (a;;) € M,(K) be the matriz defined by: a; = 0 for every i,
i :Z?if T,NY; #0 and a;; =0 if T,NY; = 0. Let E be the graph whose
adjacency matriz is (a;;). Then, E is connected if and only if A = '61 T, is

not a fragmentable union. Moreover, if E is not connected, then the connected

components of E form an optimal fragmentation of A.
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n
Demostracion. Suppose that A = |J T; is a non fragmentable union. If
i=1
E is not connected, let ¥; denote the connected components of E with
i € {1,2,...,m} for some m € N. This means that we may write

{1,2,...,n} = || ¥; where ¥; C {1,2,...,n}. Now, we consider the sets:
i=1

A= |UJ T;. We will show that A = Lmj A; is an optimal fragmentation. First,
we hzi\i\epito prove that A; N A; = Q)Zler every i # j, with 4,5 € {1,...,m}.
If there exists w € A; N A;, then there are r € ¥; and s € V¥, such that
w e T, NTY,. This implies that T, N Y, # (), i.e. » and s are connected. This
is a contradiction because they belong to different connected components.
Conversely, suppose that F is connected. If A = Lnj T, is a fragmentable union
then there exist A; and Ay disjoint subsets of A sz;ilsfying that A = A{UA5 and
such that for every i = 1,...,n, either T, C A; or T; C As. Let @ € Ay and
[ € Ay. This means that there exist 7,7 € {1,...,n} such that « € T; C A4
and f € T; C Ay. As E is connected, there exists a path from a to . This

implies that there exist iy,...,ix € {1,...,n} such that
T,NY, #0,Y,NY, #0,...,7;, NYT; #0,

a contradiction because o € T; C A; and g € T; C A,. Furthermore,
from this reasoning we deduce that the connected components of F make

an optimal fragmentation of A. O

In what follows we provide a list with the routines that have been used

together with a brief description of them.

= D;: computes the first-generation descendents of 7.
= D, : computes the nth-generation descendents of 7.

= CycleQ: checks if M has a cycle.
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DP: computes D(7).

= CyclicQ: checks if the strucure matrix M has some cyclic index.
= CycleAssociated: computes the cycle associated to 7.

= Ascendents: computes the ascendents of i.

= PrincipalCycleQ: checks if 7 is a principal cyclic-index.

s ChainStartQ: checks if i is a chain-start index.

s CanonicalDecomposition: computes a canonical decomposition

associated to the structure matrix M.

= OptimalFragmentation: computes an optimal fragmentation

associated to the structure matrix M.

Finally, we include the Mathematica code of all these functions.

| = Table[i, {i,n}];
D, [i_, M] := Select[l, M[[#, i]] # 0&];

D, _[i-,M_] := Module[{j, a, s},
a = {};s = Length[D,_1[i, M]J;
If[n == 1, D i, M],
Union[Flatten[Table[D:[Dy—_1[i, M][[t]], M], {t, Length[Dn_1[i, M]] }]]]]]

CycleQ[M_]| := Module[{n, a},n = Length[M];
a = Union[Flatten|[Table]
Diagonal[MatrixPower[M, i]], {i, 1, n}]]];
MemberQ|a, 1J;

DYesCycleli_, M_] := Module[{j, a},
a={};
For[j = 1,j <= Length[M],j + +,
AppendTola, Dj[i, M]][;
Apply[Union, al|

DNotCycle[i_, M_] := Module[{j, a},
a = {Du[i, M]};
FOI‘[j =1, Dj [17 M] 7é Dj+1[i7 M]7.] ++,
AppendTola, Dj;1[i, M][J;
Apply[Union, al|

DP[i_, M| := If[CycleQ[M], DYesCycle[i, M], DNotCycleli, M]]

CyclicQ[i_, M_] := If[MemberQ[DPJi, M], i,
Print[i “is a cyclic index”],Print[i “is not a cyclic index”]]
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CycleAssociated[i_, M_] := Module[{j, a},
a={}
For[j = 1,j <= Length[M], j + +,
IfMemberQ[DP|i, M], j]&&MemberQ[DP[j, M], i],
AppendTola, jJ];

al
Ascendents[i_, M_| := Module[{j, a},
a={};

For[j = 1,j <= Length[M], j + +,
IfMemberQ[DP[j, M], ],
AppendTola, j]]];

a

Subset[A_, B_] := (Union[A, B] == Union[B])

PrincipalCycleQ[i_, M_| := If[Subset[Ascendents[i, M], CycleAssociated[i, M]],
Print[i “is a principal cyclic-index”],
Print[i “is not a principal cyclic-index”]]

ElementsNotNoneRow[M_] := Module[{j},
Select|[Tablej, {j, Length[M]}], M[[#]] == OM[[1]]&]];

ChainStartQli_, M_] := If[MemberQ[ElementsNotNoneRow[M], i],
Print[i “is a chain-start index”],
Print[i “is not a chain-start index”]]

A[i_,M] := Union[{i}, DP[i, M]];

LambdaChainStart[M_] := Table[A[ElementsNotNoneRow [M][[i]], M], {i, Length[ElementsNotNoneRow[M]]}]

LambdaPrincipalCycle[M_] := Module[{j, a},
a={}

For[j = 1,j <= Length[M], j + +,
If[Subset|[Ascendents[j, M], CycleAssociated|j, M]],
AppendTola, DP]j, M]]|];

a

CanonicalDecomposition[M_] := Join[LambdaChainStart[M], LambdaPrincipalCycle[M]]

ffi,j M == TE[[i == j,0,
If[Intersection[Part[CanonicalDecomposition[M], i,
Part[CanonicalDecomposition[M], j]] # 0, 1, 0]]

Matr[M._] := Table[

f[i, j, M], {i, Length[CanonicalDecomposition[M]]}, {j
Length[CanonicalDecomposition[M]]}]

OptimalFragmentation[M_] := ConnectedComponents[AdjacencyGraph[Matr[M]], VertexLabels — "Name”]

One concrete example showing how this program works can be found in

https://www.dropbox.com/s/2mtdojjajlo20m8/0ptimalFragmentation.pdf?7d1=0.



https://www.dropbox.com/s/2mtdojjaj1o20m8/OptimalFragmentation.pdf?dl=0

Further works

This manuscript deals with distinct aspects of the theory of evolution
algebras. Particularly, we have focused on basic properties of this type of
non-associative algebras: decomposition into direct sums of non-zero evolution
subalgebras and the classification of two-dimensional and three-dimensional
evolution algebras. Let us expose here further works that can be considered

a follow up of the manuscript.

In Chapter 1 we have included a detailed study about concepts as
evolution algebra, evolution subalgebra and evolution ideal, indicating the
relation that exists between them. In this way, we have enabled the ground
in order to continue to deepen the theory of evolution algebras. In this sense,
we have established a strong relationship between graph theory and evolution
algebras. Although, by the very definition of graph associated to an evolution
algebra, the map sending an evolution algebra to its corresponding graph is
not a bijection, a natural question is if there exist some (more) properties
from the evolution algebra that can be read in terms of its underlying
graph, and conversely. An example of such is decomposability: the evolution
algebra is indecomposable if and only if the corresponding graph is connected.
Taking into account the experience of our research group in characterizing
algebraic properties in terms of graph properties (in the context of Leavitt
path algebras), we hope that we will be able to study the relationship

between the evolution ideals and the corresponding graph of the evolution
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algebra. Another interest we have started to work on is the classification of
the alternative evolution algebras. In Chapter 2, once obtained the optimal
direct-sum decomposition, the natural question that arises is the following.
As evolution algebras have their origin in the non-Mendelian genetic, will
this decomposition have an impact from the biological point of view? In
Chapters 3 and 4 we have used different methods in order to obtain the
classification of evolution algebras of dimension two and three. The following
step will be to analyze if these approaches can be generalized to arbitrary
finite-dimensional evolution algebras. Of course, this is a very ambitious
project and not affordable in its full generality. However, the description of the
three dimensional case has given us some clues on how to continue. In this line,
we have started the study of the four-dimensional evolution algebras A such
that the dimension of A and the dimension of A2 coincide. Another question
in which we are interested is in a biological application of the classification
of evolution algebras. In this sense, we have contacted the team of Professor
Enrique Viguera, geneticist at the University of Malaga, and other experts at
the University of Granada, in order to get a common language that allows us

to find some possible applications of our results in a biological context.
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Notation

ann(X)
rad(X)
<X >
lin{X}

DN

positive integers

field

K\ 0

Set of permutation matrices

vector space of matrices over K of size A x A for which
every column has at most a finite number of non-zero entries.
square matrices over a field K

set of n x n invertible matrices with entries from K
semidirect product of the group of S3 and (K*)3
vector A x 1 give by the coordinates of x respect to B
permutation that sends the element ¢ into the element j
permutation sending ¢ to j, j to k and k to ¢

union

disjoint union

intersection

subset

annihilator of X

radical of X

ideal generated by X

subspace generated by elements of X

one-dimension non-degenerate evolution principal ideal
a seventh root of the unit

a third root of the unit
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Alphabetical Index

absorption cycle, 30
property, 25 directed, 29
radical, 27 evolution algebra associated, 32
algebra, 6 index
annihilator, 23 cyclic, 59
associative, 6 principal, 60
commutative, 6 length, 30
flexible, 6 path, 30
homomorphism, 22 principal cycle, 60
nondegenerate, 27 range, 29, 30
power associative, 6 row-finite, 30
semiprime, 27 sink, 30
simple, 42 source, 29
structure constants, 11 vertices, 29
ascendent, 36
index
canonical decomposition, 62 chain-start, 61
cycle, 57 cycle associated, 57
descendent, 36 cyclic, 57
loop, 57
evolution principal cyclic, 58
algebra, 6 index-set derived, 59
graph associated, 31
irreducible, 50 left multiplication operator, 11

non—fiegenerate, 23 natural basis, 6
quotient, 21

reducible, 50 optimal direct-sum decomposition,
ideal, 20, 49 54
subalgebra, 18

extension property, 18 permutation matrices, 83

principal cycle, 58

fragmentable union, 62 principal ideal, 73
fragmentation, 63 property 2LI, 85
optimal, 63
structure
graph constants, 6

adjacency matrix, 30

matrix, 7
Condition Sing, 31
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