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Introduction

This memoir is concerned with Liouville theorems for nonlinear elliptic equations and

systems. Roughly speaking, a Liouville theorem is a result about nonexistence of certain

kind of solutions (positive, bounded, radial...) for those equations, usually when posed in

unbounded domains.

Perhaps the first and most celebrated nonlinear Liouville theorem was the one obtained

in [40], where the model equation

−∆u = up in RN (I.1)

with p > 1 was considered. It was shown there that equation (I.1) does not admit any

positive, classical solution provided that (N ≥ 3) and

1 < p <
N + 2

N − 2
.

The so-called “critical” exponent pS = N+2
N−2 turns out to be optimal for nonexistence,

since it can be proved that radially symmetric, positive classical solutions of (I.1) exist

when p ≥ N+2
N−2 (cf. for instance Section I.9 in [67]). As a matter of fact, solutions can

be classified in the critical case p = pS: it was shown in [22] that any positive solution of

(I.1) is given by

u(x) =

(
µ

1 + µ2|x− x0|2

)N−2
2

, (I.2)

for some µ > 0 and x0 ∈ RN and is therefore radially symmetric with respect to some

point x0.

It should be remarked also that when N = 2 there is no restriction on the exponent

p, since it is well-known that positive, superharmonic functions in R2 are necessarily

constant.

Problem (I.1) was subsequently investigated in [24], where a simpler proof of the

previous nonexistence result was given. The proof in [24] has a different flavor, and it

iii
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iv Introduction

is based on the well-known method of moving planes, requiring the use of the Kelvin

transform.

An important step to fully understand nonlinear Liouville theorems for elliptic equa-

tions is to analyze problem (I.1) when the power function is replaced by a more general

nonlinearity, that is,

−∆u = f(u) in RN (I.3)

where f : (0,+∞) → R is positive and, say, locally Lipschitz continuous. In this regard,

one of the main results in [11] stated that, if N ≥ 3 and f verifies the “subcriticality”

condition
f(s)

s
N+2
N−2

is nonincreasing in (0,+∞),

then either u is a constant or – up to a constant factor – f(t) is the critical power t
N+2
N−2 and

u is of the form (I.2) for some µ > 0, x0 ∈ RN . The restrictions that f is nonnegative and

locally Lipschitz continuous in (0,+∞) were later replaced in [52] by the only requirement

that f is locally bounded in (0,+∞). While the main tool in [11] was the moving planes

method, in [52] the method of moving spheres was used. Both of them rely heavily on

the Kelvin transform.

Observe that in the previous results the operator involved in the respective equations

is always the Laplacian. This fact is related with the use of the Kelvin transform in the

proofs, and it makes them hard to generalize when other operators are taken into account.

However, some nonexistence results have been obtained for other second order operators.

Indeed, a natural extension of equation (I.3) is obtained when the Laplacian is replaced

by the p-Laplacian operator ∆pu = div (|∇u|p−2∇u), that is,

−∆pu = f(u) in RN , (I.4)

where p > 1 and f ∈ C1 is positive in (0,+∞). Some Liouville theorems for positive,

weak solutions of this problem were proved in [71]. Among other things, it is shown there

that problem (I.4) does not admit any positive solution if f(t) = tq, where p < N and

1 < q < N(p−1)+p
N−p . Some more general nonlinearities termed there as “subcritical” were

also considered.

All the nonexistence results alluded to above are concerned with positive solutions of

nonlinear equations (let us also mention [34], where stable solutions of (I.3) are considered

irrespective of their sign). However, there are also nonexistence results which hold even

for supersolutions, which will be of particular importance to us in this memoir.

As a first outstanding achievement, it was shown in [39] that problem (I.1) does not
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Introduction v

admit any positive supersolution provided that N ≥ 3 and

1 < p ≤ N

N − 2
. (I.5)

This range of exponents is again sharp for nonexistence. In this case, positive supersolu-

tions can be explicitly constructed when p > N
N−2 .

An important feature with respect to this result is that it remains valid when the

underlying domain RN is replaced by an exterior domain. An exterior domain is of the

form RN \K, where K is a compact, simply connected set in RN . It clearly follows that

solutions (resp. supersolutions) of any of the above equations in an exterior domain are

also solutions (resp. supersolutions) in RN \ BR0 for some R0 > 0, where BR0 stands

for the ball of radius R0 centered at the origin. Therefore the obtention of nonexistence

theorems in exterior domains can always be restricted to the latter ones.

As far as we know, the first nonexistence result in exterior domains was obtained in

[12], where the p−Laplacian version of problem (I.1) in RN \ BR0 was analyzed. When

p = 2, Theorem 1.3 there applies and shows that there are no positive solutions in the

regime given by (I.5). It should be stressed that Liouville theorems for supersolutions

are somehow more robust with regard to perturbations of the operators. Let us quote for

instance [46], where the problem

−
N∑

i,j=1

aij(x)
∂2u

∂xi∂xj
= up

for a general second order uniformly elliptic operator was considered, or [13] and [55],

which dealt in particular with positive supersolutions of

− divA (x, u,∇u) = up (I.6)

in exterior domains with N ≥ 3 and p > 1, where A is a function verifying certain

positivity and growth restrictions.

A great step forward in the understanding of Liouville theorems for supersolutions was

given in [5]. Problem (I.3), when posed in an exterior domain, i.e.

−∆u = f(u) in RN \BR0 (I.7)

was considered for a general continuous positive nonlinearity f (as a matter of fact, the

problem was analyzed when the Laplacian is substituted by a quite general fully nonlinear

elliptic operator). The main novelty is to show, with the use of methods which essentially
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vi Introduction

involve only the comparison principle, that Liouville theorems for supersolutions in exte-

rior domains depend only on the behavior of the nonlinearity f at zero. Specifically, it

was proved there that if N ≥ 3 and f verifies

lim inf
t→0+

f(t)

t
N
N−2

> 0, (I.8)

then equation (I.7) does not admit any positive supersolution. Some results were also

obtained when N = 2.

The main disadvantage of condition (I.8) is that it is not expected to be optimal.

However, the optimal condition for nonexistence of positive supersolutions in exterior

domains was later obtained in [3]. When N ≥ 3, it was shown there that a necessary and

sufficient condition for the existence of such supersolutions is∫ δ

0

f(t)

t
2(N−1)
N−2

dt < +∞ (I.9)

for some δ > 0. A condition of a similar type was also obtained whenN = 2. An advantage

of the methods used in [3] is that they allow to study much more general problems than

(I.7). These generalizations include the Laplacian with weights and gradient terms, the p-

Laplacian operator and uniformly elliptic fully nonlinear operators with radial symmetry.

The problem of obtaining Liouville theorems for positive supersolutions has been ex-

tensively studied in more general settings, which include the p-Laplacian or fully nonlinear

operators (cf. for instance [6], [14], [23], [27], [46] and [48]). Let us mention in passing

that, aside equations posed in RN or in exterior domains, other unbounded domains have

also been frequently considered in the literature of Liouville theorems, like cone-like do-

mains and in particular the half-space. However, we will not be concerned with this type

of domains in the present work (see [5], [8], [9], [10], [28], [41], [44] or [47] for a survey).

Most if not all of the results in the above discussion deal with operators which have

some kind of homogeneity, which some times is essential in the proofs. Thus a natural

question related to (I.7) is to know how the nonexistence results are modified when the

equation is perturbed in order that the homogeneity is destroyed. This was the motivation

in [2], where the problem

−∆u+ |∇u|q = λf(u) in RN \BR0 , (I.10)

was studied in the regime N ≥ 3, q > 1, and the nonlinearity f is as above continuous

and positive in (0,+∞). The number λ is a positive parameter, which turns out to be

important in the discussion of nonexistence of supersolutions in some regimes.
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Introduction vii

Let us mention that this problem had been considered in the case f(t) = tp, p > 0 in

[25], [59], [69] and [73] (the problem for the p-Laplacian was studied in [37] and [38]). See

also [68] for a survey on the problem. However, the authors of these papers were mainly

interested in the existence and nonexistence of radially symmetric solutions in RN .

One of the important observations in [2] is that positive supersolutions of (I.10) can

be classified into two types: those which blow up at infinity, that is, verify

lim
|x|→+∞

u(x) = +∞

uniformly and those which do not. This phenomenon is caused by the presence of the

gradient term in the equation. Under the assumption that f can be compared to a power

near zero

lim inf
s→0

f(s)

sp
> 0, (I.11)

or near infinity,

lim inf
s→+∞

f(s)

sp
> 0, (I.12)

where p > 0, several nonexistence results were obtained, which turn out to be optimal

precisely when f is given by a power. We will not give precise results here, but only men-

tion that, when considering supersolutions which do not blow up at infinity, the relation

between q and N
N−1 is very important. In particular, when q > N

N−1 , the nonexistence

region coincides with the one in (I.5). As for the supersolutions blowing up at infinity,

nonexistence does not even depend on N .

The general aim of the first part of the present memoir (Chapters 1 and 2) is to further

explore the influence of a gradient term in Liouville theorems for nonlinear equations like

the ones considered above. We will be concerned with several equations which can be

seen as generalizations of (I.7).

The first generalization we will analyze is obtained when a gradient term appears

multiplying the nonlinearity, that is,

−∆u = f(u)|∇u|q in RN \BR0 , (I.13)

where N ≥ 2 and q > 0. The nonlinearify f is a continuous function defined in [0,+∞)

and positive in (0,+∞), in the same spirit as before. By refining the arguments in [2],

we perform a classifications of all positive supersolutions into four types, which depend

on the monotonicity of the function m(R) = inf |x|=R u(x) for large R.

Then we obtain necessary and sufficient conditions in order to have supersolutions of

each of these types. As a consequence, we also obtain Liouville theorems for supersolutions
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viii Introduction

depending on the values of N , q and on some integrability properties on f at zero or

infinity. We also adapt these results to the case where the equation is posed in the whole

space RN .

Let us mention that this precise problem has been studied in [14] for some more general

operators when 0 < q < 1, but only the case f(t) = tp is dealt with there. Also, the more

general problem

−div(h(x)g(u)A(|∇u|)∇u) ≥ f(x, u,∇u) in RN

was considered in [36] under several assumptions on the involved functions, but the non-

linearity f(x, u,∇u) is essentially like up|∇u|q for some p, q > 0, so that again only the

power case was previously known.

Our method of proof is inspired in [3]. Assuming that a positive supersolution of

(I.13) exists, we show that there exists a positive, radially symmetric solution of (I.13)

which is of the same type. In what follows, we will refer to this procedure as a “radial

reduction”. By means of a change of variables which involves the fundamental solution of

the Laplacian, the radial problem is then transformed into a one-dimensional one which

is precisely analyzed.

In Chapter 2 we consider problem (I.10). Our aim is to “fine tune” the nonexistence

results obtained in [2] to include some more general nonlinearities f . Recall that the

essential assumption in [2] is that f can be compared to a power function, either near

zero or near infinity (cf. hypotheses (I.11) and (I.12)).

Thus our more relevant objective is to study nonlinearities which are compared to

a logarithmic perturbation of the critical power, and to obtain nonexistence regions in

terms of the parameters involved. It is interesting to mention that in the regime q > N
N−1 ,

the gradient term is again not relevant for the question of existence of supersolutions not

blowing up at infinity.

In the second part of this work, we deal with Liouville theorems for positive superso-

lutions of some elliptic systems. Perhaps the most important of such systems is a natural

generalization of problem (I.1), given by{
−∆u = vp

−∆v = us
in RN , (I.14)

where p, s > 0 and N ≥ 3. This system has been widely studied, and some nonexistence

theorems for positive solutions have been obtained. However, the full expected Liouville

theorem is nowadays still not proved. Indeed, the so-called Lane-Emden conjecture states
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Introduction ix

that there do not exist positive solutions of (I.14) when

1

p+ 1
+

1

s+ 1
>
N − 2

N
.

At the best of our knowledge, aside the radially symmetric case, which was proved in [56],

only the cases N = 3 and N = 4 are completely proved (see [63], [70] and [72]). Never-

theless, some more restrictive conditions have been obtained which imply nonexistence of

positive solutions (we refer to [21] or [30]; see also references in [72]).

As for supersolutions of (I.14), it was shown in [56] (see also [70]) that there do not

exist positive supersolutions when 0 < ps ≤ 1 or ps > 1 and

N − 2 ≤ max

{
2(p+ 1)

ps− 1
,
2(q + 1)

ps− 1

}
.

Without being exhaustive with the references, let us finally mention that some general-

izations of (I.14) have been considered in [7], [13], [15], [26], [29], [32], [50], [57], [62],

[65], [66] and [75]. The purpose of all these works was to deal with systems where the

Laplacian was replaced by a more general operator or the power nonlinearities by some

more general functions, which can be compared to a power.

Our first incursion into the systems realm will be made in Chapter 3. The objective

there is to analyze the effect of introducing a gradient term into (I.14), in the spirit of

(I.10). More precisely, we will consider the problem{
−∆u+ |∇u|q = λf(v)

−∆v + |∇v|q = µg(u)
(I.15)

in exterior domains of RN , where q > 1 and the functions f and g behave like a power

near zero or infinity. We show that positive supersolutions do not exist in some ranges

of the parameters involved, which are optimal in the special case where f(v) = vp and

g(u) = us, with p, s > 0. The case q = 1 in (I.15) will be subsequently analyzed in

Chapter 4.

Our final contribution deals with another generalization of system (I.14). In our

opinion, it would be desirable to obtain necessary and sufficient conditions for the existence

of positive supersolutions in exterior domains when the power functions there are replaced

by general nondecreasing functions f(v) and g(u). However, we content ourselves for the

moment with the analysis of the special case{
−∆u = v

−∆v = g(u)
in RN \BR0 ,
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x Introduction

which is equivalent to the fourth order problem

(−∆)2u = g(u) in RN \BR0 . (I.16)

This will be the subject of Chapter 5.

As we have already discussed, nonlinear Liouville theorems have been frequently ana-

lyzed for equations of second order. However, when it comes to a fourth order problem as

(I.16), the situation is fairly different and the results already available are far from being

complete. Let us mention in this regard the work [74], where the problem with a power

function:

(−∆)2u = up in RN (I.17)

with p > 1 and N ≥ 5 has been studied. A Liouville theorem for positive solutions was

obtained there, revealing the importance of the critical exponent N+4
N−4 . As for positive

supersolutions, the only results known to us are those in [56] and [58], which state that

the range of nonexistence is 1 < p ≤ N
N−4 .

But when the underlying domain RN is replaced by an exterior domain and the power

nonlinearity by a more general one, no results seem to be available in the literature.

Assuming the function g is nondecreasing and continuous in [0,+∞) and positive in

(0,+∞), we give a necessary and sufficient condition for the existence of positive classical

supersolutions u of (I.17) which additionally verify −∆u > 0, which resembles condition

(I.9) obtained in [3] for the second order case. It is to be noted that positive supersolutions

not verifying the condition −∆u > 0 seem to always exist, irrespective of the behavior of

f at zero.

Taking advantage of these results, problem (I.16) is also analyzed when it is posed in

RN , and a Liouville theorem is obtained.

As a final remark, let us comment that all our proofs rely on the radial reduction

introduced above, followed by a careful examination of the radially symmetric version of

each problem.

To conclude the Introduction, let us also mention that we will be dealing in the rest of

this work with several notions of supersolutions, which suit well to the problem at hand.

However, with some more effort, other perhaps more general notions could be considered

as well.
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Chapter 1

Scalar equation with gradient terms:

Multiplicative term

The purpose of this chapter is to analyze the existence and nonexistence of supersolutions

of the elliptic problem

−∆u = f(u)|∇u|q in RN \BR0 , (1.1.1)

where N ≥ 2, and q > 0. The nonlinearify f is a continuous function defined in [0,+∞)

and positive in (0,+∞). In particular, we are interested in obtaining Liouville type

theorems for (1.1.1).

In this chapter we will always be dealing with continuous weak supersolutions, that

is, functions u ∈ H1
loc(RN \BR0) ∩ C(RN \BR0) verifying∫

RN\BR0

∇u∇φ ≥
∫
RN\BR0

f(u)|∇u|qφ

for every nonnegative φ ∈ C∞0 (RN \BR0).
1

1.1 Classification of supersolutions

As we said in the Introduction, our analysis of positive supersolutions u of problem (1.1.1)

is based upon the fact that the function

m(R) = inf
|x|=R

u(x),

which is positive for R > R0, is monotone for large R (see Lemma 1.3.3 in Section 1.3).

With no loss of generality we can always assume m(R) is monotone if R > R0. This

allows to classify all possible supersolutions into four types:

1The results in this chapter are contained in [19].

1
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2 Chapter 1. Multipliticative gradient term

Type 1: m(R) is decreasing and limR→+∞m(R) = 0;

Type 2: m(R) is increasing and limR→+∞m(R) = ` for some ` > 0;

Type 3: m(R) is decreasing and limR→+∞m(R) = ` for some ` > 0;

Type 4: m(R) is increasing and limR→+∞m(R) = +∞.

Type 1

Type 2

Type 3

Type 4

Figure 1.1. The four types of supersolutions for problem (1.1.1).

We are intentionally excluding from our classification all constant solutions of (1.1.1).

Also, it is important to observe that the singular nature of the problem allows the existence

of supersolutions which are not constant, but are eventually constant in the sense that

they are constant for |x| > R1 for some R1 > R0, at least when 0 < q < 1 (see Remark

1.3.4 in Section 1.3). Thus these supersolutions are also excluded from our classification.

Let us mention in passing that this phenomenon does not seem to be possible for q ≥ 1.

1.2 Main results

The existence of each type of supersolution depends first of all on the dimension N . The

cases N ≥ 3 and N = 2 –as in multiple well-known situations– are genuinely different, as

can be seen for instance from the fact that supersolutions of type 4 are never possible when

N ≥ 3, while for N = 2, the only possible types are 2 and 4 (which are the nondecreasing

ones). See Lemma 1.3.5 below.

Let us begin with the case of higher dimensions N ≥ 3. Since f is assumed to be

positive in (0,+∞), the existence of supersolutions of types 2 and 3 does not really
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1.2. Main results 3

depend on f , and it is only related to the relative values of q and N . However, when

considering supersolutions of type 1, the relevant condition is∫ δ

0

f(t)

tθ
dt < +∞, (1.2.1)

for some δ > 0, where

θ =
(2− q)(N − 1)

N − 2
. (1.2.2)

This condition resembles the one found in [3] for the case q = 0 (and actually reduces to

that one in this particular case). See equation (I.9) in the Introduction.

Our results for problem (1.1.1) in the case N ≥ 3 can be summarized as follows.

Theorem 1.1. Assume N ≥ 3 and f ∈ C([0,+∞)) is positive in (0,+∞). Then:

a) If q > N
N−1 , there exist positive supersolutions of (1.1.1) of types 1, 2 and 3.

b) When 1 ≤ q ≤ N
N−1 , no supersolutions of (1.1.1) of type 3 exist, while there always

exist supersolutions of type 2. Supersolutions of type 1 exist if and only if (1.2.1)

holds.

c) For 0 < q < 1, there never exist supersolutions of (1.1.1) of types 2 and 3, while

supersolutions of type 1 exist if and only if (1.2.1) holds.

Moreover, positive supersolutions of type 4 never exist in this case.

As a consequence of the statements above, we have the following Liouville theorem for

(1.1.1):

Corollary 1.2.1 (Liouville theorem). Assume N ≥ 3 and f ∈ C([0,+∞)) is positive in

(0,+∞). If q < 1 and (1.2.1) does not hold, then every positive supersolution of problem

(1.1.1) is eventually constant.

As for the case N = 2, our results are:

Theorem 1.2. Assume N = 2 and f ∈ C([0,+∞)) is positive in (0,+∞). Then:

a) If q ≥ 2, there exist positive supersolutions of (1.1.1) of types 2 and 4.

b) When 1 ≤ q < 2, there always exist supersolutions of type 2. Supersolutions of type

4 exist if and only if there exist a,M > 0 such that∫ ∞
M

eatf(t) dt < +∞. (1.2.3)
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4 Chapter 1. Multipliticative gradient term

c) For 0 < q < 1, there never exist supersolutions of (1.1.1) of type 2, while superso-

lutions of type 4 exist if and only if (1.2.3) holds.

Moreover, positive supersolutions of types 1 and 3 never exist in this case.

Corollary 1.2.2 (Another Liouville theorem). Assume N = 2 and let f ∈ C([0,+∞)) be

positive in (0,+∞). If q < 1 and (1.2.3) does not hold, then every positive supersolution

of problem (1.1.1) is eventually constant.

Of particular interest in (1.1.1) is the special case where f is a power, f(t) = tp, p > 0,

that is,

−∆u = up|∇u|q in RN \BR0 . (1.2.4)

The above theorems directly apply to this case to obtain for instance: when N ≥ 3, if

0 < q < 1 and 0 < p ≤ N−q(N−1)
N−2 , then every positive supersolution of (1.2.4) is eventually

constant; for N = 2, the nonexistence of not eventually constant positive supersolutions

holds if 0 < q < 2. Both results are sharp, and coincide with those in [36] when the

equation is considered in RN (for N ≥ 3). See Figure 1.2.

1 11

2

22

3

1 N
N-1

q

p

Figure 1.2. Regions of existence of supersolutions when f(t) = tp

and N ≥ 3. The region of nonexistence is shown in dark grey.

Observe that all nonexistence results stated above apply equally to the equation in

(1.1.1) when it is posed in the whole RN , namely

−∆u = f(u)|∇u|q in RN , (1.2.5)
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1.3. Preliminary properties 5

where N ≥ 3 (it is well known that the only positive, superharmonic functions in R2 are

constants, so that the case N = 2 is uninteresting). However, it is to be stressed that

the maximum principle implies m(R) = inf |x|≤R u(x) for all positive supersolutions, so

that the function m(R) is always strictly decreasing, unless u is constant. Therefore, only

supersolutions of types 1 and 3 are possible, and it also follows that eventually constant

supersolutions which are not constant do not exist.

Regarding the existence, if u is a positive supersolution of (1.1.1) of one of these

types, then m(R) is decreasing in (R0,+∞). Hence, it is easily checked that the function

ũ = min{u,m(R0)} is a weak H1
loc(RN) ∩ C(RN) supersolution of (1.2.5). Therefore,

Theorem 1.3 (Classification in RN). Assume N ≥ 3 and f ∈ C([0,+∞)) is positive in

(0,+∞). Then:

a) If q > N
N−1 , there exist positive supersolutions of (1.2.5) of types 1 and 3.

b) When 0 < q ≤ N
N−1 , no supersolutions of (1.2.5) of type 3 exist, while supersolutions

of type 1 exist if and only if (1.2.1) holds.

The corresponding Liouville theorem is:

Corollary 1.2.3 (Liouville Theorem in RN). Assume that N ≥ 3 and f ∈ C([0,+∞))

is positive in (0,+∞). If 0 < q ≤ N
N−1 and (1.2.1) does not hold, then the only positive

supersolutions of problem (1.2.5) are constants.

To conclude the discussion of our results, let us mention that the very interesting

question of existence and nonexistence of positive solutions of (1.2.5) seems to be very

delicate for general functions f . However, as a consequence of the uniqueness theorems

for ode’s, the only radially symmetric, positive solutions of (1.2.5) are constants if f is

locally Lipschitz in (0,+∞) and q ≥ 1. The case 0 < q < 1 seems more difficult to deal

with, even with radial symmetry. We refer to [43] for an Emden-Fowler analysis in the

particular case f(t) = tp, p > 0.

1.3 Preliminary properties

In this section we consider several questions related to the classification of positive super-

solutions of (1.1.1) and the reduction to the radial setting. We begin with an extension

of a result in [3] (see also [2]), which gives sense to the classification introduced in the
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6 Chapter 1. Multipliticative gradient term

previous section. Remember that, for a positive supersolution u of (1.1.1) we always

denote for R > R0

m(R) = inf
|x|=R

u(x).

When u is nonzero, it follows from the strong maximum principle that m is strictly posi-

tive. The main property we need with regard to this function concerns its monotonicity.

Lemma 1.3.1. Let u ∈ H1
loc(RN \BR0)∩C(RN \BR0) be a nonnegative function verifying

−∆u ≥ 0 in RN \ BR0 in the weak sense. Then, there exists R1 > R0 such that the

function m(R) is monotone for R > R1.

Proof. For R2 > R1 > R0, consider the annulus A(R1, R2) = {x ∈ RN : R1 < |x| < R2}.
Thanks to the maximum principle applied to u in this annulus we obtain

min
A(R1,R2)

u = min{m(R1),m(R2)}.

As an immediate consequence, we obtain that the function minA(R1,R2) u is increasing in

R1 and decreasing in R2 whenever R2 > R1 > R0.

We claim that for arbitrary values S3 > S2 > S1 > R0 it is not possible to have

m(S2) < min{m(S1),m(S3)}, that is, the function m does not achieve local strict minima.

Suppose that the claim is not true, so we have that m(S2) < min{m(S1),m(S3)} for some

S3 > S2 > S1 > R0. As a consequence of the above discussion, the function

h(δ) = min{m(S2 − δ(S2 − S1)),m(S2 + δ(S3 − S2))}

is decreasing in 0 ≤ δ ≤ 1, so m(S2) = h(0) ≥ h(1) = min{m(S1),m(S3)} and we arrive

at a contradiction.

There are three possibilities: either m(R) is nonincreasing, or it is nondecreasing, or

it is nondecreasing in (R0, R1) for some R1 > R0 and then nonincreasing in (R1,+∞).

Whatever the case, m(R) is monotone for R > R1.

Remark 1.3.2. The previous lemma still holds for weak supersolutions u of general op-

erators L whenever there exists a maximum principle for L. See, for instance, [64] for

equations with gradient terms.

As a consequence of the strong maximum principle it is possible to show that the

function m(R) is indeed strictly monotone.

Lemma 1.3.3. Let u ∈ H1
loc(RN \BR0)∩C(RN \BR0) be a nonnegative function verifying

−∆u ≥ 0 in RN \BR0 in the weak sense. Then, there exists R1 > R0 such that the function

m(R) is either strictly increasing, or strictly decreasing or constant in (R1,+∞).
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1.3. Preliminary properties 7

Proof. According to Lemma 1.3.1, there exists R′0 ≥ R0 such that m(R) is monotone for

R > R′0. As we have already observed, we can always assume R′0 = R0.

Suppose first that m is nondecreasing. Let us show that if there exists an interval

[R1, R2] where m is constant, then m is constant for R > R1. Indeed, assume on the

contrary the existence of R3 > R2 such that m(R3) > m(R1). For any R ∈ [R1, R2] the

function u attains an interior minimum in the annulus A(R,R3). Thus by the strong

maximum principle u has to be constant in A(R,R3), contradicting that m(R3) > m(R1).

We deduce that either m is constant for R > R0 or m is strictly increasing in (R0,+∞).

A similar argument shows that, if m is nonincreasing and it is constant in an interval

[R1, R2], then m = m(R1) if R ∈ (R0, R1). Assume such an interval exists (if not m is

strictly decreasing and we are done) and m is not constant for R > R2. Choose R2 with

the property that the interval [R1, R2] is the maximal interval where m is constant. Then

m is decreasing for R > R2. If not, there would exist an interval [R3, R4] with R3 > R2

and m(R) = m(R3) < m(R2) if R ∈ [R3, R4]. But this would imply m is constant for

R < R4, a contradiction. Therefore either m is strictly decreasing for R > R2 or m is

constant for R > R2. This concludes the proof.

Remark 1.3.4. As mentioned in Section 1.1 of this chapter, if q < 1 there always exist

positive nonconstant supersolutions of (1.1.1) which are constant for large |x|. Indeed, fix

λ > 0 and denote M = sup[0,λ] f(t). Consider the function v = λ − A(R0 + δ − |x|)α in

R0 < |x| < R0 + δ, where α = (2− q)/(1− q) > 1 and A, δ > 0. It will be a supersolution

in the interval (R0, R0 + δ) provided that

α− 1− (N − 1)
R0 + δ − r

r
≥Mαq−1Aq−1, R0 < r < R0 + δ (1.3.1)

where r = |x|, as usual. Since (R0 + δ− r)/r ≤ δ/R0, because the function (R0 + δ− r)/r
is decreasing in r, we have that

α− 1− (N − 1)
R0 + δ − r

r
≥ α− 1− (N − 1)

δ

R0

.

Then the inequality (1.3.1) can always be achieved if δ < R0(α− 1)/(N − 1), and then A

is chosen large enough (remember that q < 1). Finally, the function

u(x) =

{
v(x) R0 < |x| < R0 + δ

λ |x| ≥ R0 + δ

will be a positive C1 supersolution of (1.1.1).
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8 Chapter 1. Multipliticative gradient term

Our next step is to shed some light into the question of existence of supersolutions.

Depending on the dimension N , only some types of supersolutions are possible, as the

following lemma shows.

Lemma 1.3.5. Assume q > 0 and f ∈ C([0,+∞)) is nonnegative. When N = 2, there

do not exist positive supersolutions of (1.1.1) of types 1 and 3, while for N ≥ 3, no

supersolutions of type 4 exist.

Proof. Assume u is a positive, not eventually constant supersolution of (1.1.1) and con-

sider initially N ≥ 3. Choose R2 > R1 > R0 and define the function

Φ(x) =
m(R1)−m(R2)

R2−N
1 −R2−N

2

(|x|2−N −R2−N
2 ) +m(R2) (1.3.2)

for x ∈ A(R1, R2). Observe that Φ is harmonic in A(R1, R2), with u ≥ Φ on ∂A(R1, R2).

Therefore, by the maximum principle it follows that u ≥ Φ in A(R1, R2). In particular,

for every R ∈ (R1, R2),

m(R) ≥ m(R1)−m(R2)

R2−N
1 −R2−N

2

(R2−N −R2−N
2 ) +m(R2)

= m(R2)

(
R2−N

1 −R2−N

R2−N
1 −R2−N

2

)
+m(R1)

(
R2−N −R2−N

2

R2−N
1 −R2−N

2

)
.

(1.3.3)

Now assume that u is of type 4, that is, limR→+∞m(R) = +∞. Letting R2 → +∞ in

(1.3.3) with fixed R and R1 we arrive at a contradiction.

Next we analyze the case N = 2. We consider the function which is obtained by

replacing in the definition of Φ the power 2−N by a logarithm, that is

Ψ(x) =
m(R1)−m(R2)

logR1 − logR2

(log |x| − logR2) +m(R2) (1.3.4)

for x ∈ A(R1, R2). As before, u ≥ Ψ in A(R1, R2), so that

m(R) ≥ m(R1)−m(R2)

logR1 − logR2

(logR− logR2) +m(R2)

= m(R2)

(
logR1 − logR

logR1 − logR2

)
+m(R1)

(
logR− logR2

logR1 − logR2

) (1.3.5)

for R ∈ (R1, R2). Assume u is not of type 4, so that limR→+∞m(R) = ` ∈ [0,+∞) since

m(R) is monotone and bounded. We can let R2 → +∞ in (1.3.5) to obtain m(R) ≥
m(R1). Since R and R1 are arbitrary, it follows that m is nondecreasing. Therefore u has

to be of type 2. The proof is concluded.
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1.4. Proofs in the case N ≥ 3 9

Finally, we show that when N ≥ 3, and for a suitable range of q, it is always possible

to reduce problem (1.1.1) to a radial setting. The case N = 2 is slightly different (see

Remark 1.3.7).

Lemma 1.3.6. Assume N ≥ 3, 0 < q ≤ 2 and f ∈ C([0,+∞)) is positive in (0,+∞). If

there exists a positive supersolution u of (1.1.1), then there exists R1 > R0 and a positive,

radially symmetric solution z ∈ C1(RN \BR1) of (1.1.1) in RN \BR1 which is of the same

type as u.

Proof. For R2 > R1 > R0, consider the harmonic function Φ given by (1.3.2) in A(R1, R2).

To stress the dependence of Φ on R2 we will temporarily denote it by ΦR2 . As before,

u ≥ ΦR2 in A(R1, R2). Now we analyze the problem{
−∆z = f(z)|∇z|q in A(R1, R2)

z = ΦR2 on ∂A(R1, R2).
(1.3.6)

It is clear that u is a supersolution of (1.3.6) while ΦR2 is a subsolution. Therefore, by

the method of sub and supersolutions (see Theorem A.1 in the Appendix), there exists a

minimal solution zR2 of (1.3.6), which is radially symmetric, hence a classical solution.

Now we would like to pass to the limit as R2 → +∞. Observe that the inequalities

0 < zR2 ≤ u, give local bounds for the set {zR2}R2>R1 . Since q ≤ 2, we can also obtain local

bounds for the gradient of the solutions using Theorem 3.1 in Section 4.3, Chapter IV of

[49]. Then it is standart to get local C1,α bounds (cf. [42]), so that by means of a diagonal

procedure we obtain a sequence R2,n → +∞ such that zR2,n → z in C1
loc(RN \ BR1).

In particular, we obtain that z is a radially symmetric weak solution of the equation

−∆z = f(z)|∇z|q in RN \ BR1 . Since ΦR2 ≤ zR2 ≤ u, letting R2 → +∞ and employing

the radial symmetry of z we have

0 <
m(R1)− `
R2−N

1

r2−N + ` ≤ z(r) ≤ m(r), r > R1, (1.3.7)

where ` = limR→+∞m(R), which is finite by Lemma 1.3.5. Now reaching the desired

conclusion is easy: if u is of type 1, then ` = 0, so that z(r) → 0 as well, therefore z is

decreasing for large r and it is of type 1. If u is of type 2 then ` > 0 and z(r) ≤ m(r) < `

for r > R1, and we obtain limr→+∞ z(r) = ` by (1.3.7). Hence z is of type 2. Finally, when

u is of type 3 we have m(R1) > `, so that again by (1.3.7) z > ` and limr→+∞ z(r) = `;

thus z is of type 3.

Remark 1.3.7. When N = 2 and there exists a positive supersolution of (1.1.1), it is

equally possible to obtain a positive, radially symmetric solution z as in Lemma 1.3.6.

Unfortunately, it does not seem possible to show with the same methods that z is of the

same type as u.
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10 Chapter 1. Multipliticative gradient term

1.4 Proofs in the case N ≥ 3

The purpose of the present section is to prove Theorem 1.1. For the sake of clarity, we

split the proof into a series of lemmas, dealing in turn with each type of supersolutions.

Of course we will assume throughout the section that N ≥ 3 and f ∈ C([0,+∞)) is

positive in (0,+∞).

We begin by considering the case q ≥ 2.

Lemma 1.4.1. Assume q ≥ 2. Then there exist positive, radially symmetric solutions of

(1.1.1) of types 1, 2 and 3.

Proof. Since we will be looking for radially symmetric solutions, we assume u(x) = z(r),

r = |x|, so that we need to solve the equation

− z′′ − N − 1

r
z′ = f(z)|z′|q for large r. (1.4.1)

With the change of variables s = r2−N/(N − 2), z(r) = w(s) (which involves the funda-

mental solution of the Laplacian), the equation (1.4.1) gets transformed into

−w′′ = csνf(w)|w′|q for small s,

where c = (N − 2)ν and ν = −θ = (q−2)(N−1)
N−2 ≥ 0. Note that the previous change of

variable transform the inverval (R0,+∞) in (0, s0). In addition, the monotonicity of the

functions z and w is reversed. For λ > 0, µ ∈ R or λ = 0, µ > 0, we consider the Cauchy

problem: 
−w′′ = csνf(w)|w′|q s > 0,

w(0) = λ

w′(0) = µ.

Since f is continuous and ν ≥ 0, it follows by Cauchy-Peano’s theorem that there exists

at least a local solution w of this problem, defined in an interval [0, s0] for some small

positive s0. This solution is in addition positive if s0 is small enough. Thus there exists

a positive, radially symmetric solution u of (1.1.1) in the complement of a ball. Finally,

observe that u is of type 1 when λ = 0, µ > 0, of type 2 when λ > 0, µ < 0 and of type 3

if λ > 0, µ > 0. The proof is concluded.

We will introduce next a technical lemma. It will be handy in order to prove the

nonexistence of solutions for certain one-dimensional problems which will arise along this

memoir, showing that integral conditions like (1.2.1) are necessary for the existence of

solutions.
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1.4. Proofs in the case N ≥ 3 11

Lemma 1.4.2. Assume η > 1, and let G be a positive, continuous function defined in

(0, δ] and verifying ∫ δ

0

G(t)dt = +∞. (1.4.2)

If there exist a positive, nondecreasing function β ∈ C1(0, s0] with lims→0+ β(s) = 0,

β(s0) ≤ δ and a measurable function α with α(s) ≥ α0 > 0 almost everywhere in [0, s0],

which verify

α(s) ≥
∫ s0

s

G(β(t))αη(t)β′(t)dt, for almost all s ∈ (0, s0], (1.4.3)

then there exists s1 ∈ (0, s0) such that α ≡ +∞ almost everywhere in [0, s1].

Proof. Using (1.4.3) and the fact that α ≥ α0 in (0, s0], we obtain

α(s) ≥ αη0

∫ s0

s

G(β(t))β′(t)dt = αη0

∫ β(s0)

β(s)

G(τ)dτ. (1.4.4)

Since lims→0+ β(s) = 0, we deduce from (1.4.2) that lims→0+ α(s) = +∞. Thus α(s) ≥ 1

for small s and this means that, diminishing s0 if necessary we may always assume α0 = 1.

Define

H(z) =

∫ β(s0)

z

G(τ)dτ, z ∈ (0, β(s0)].

Then, according to (1.4.4), we see that α(s) ≥ H(β(s)) in (0, s0]. Using this in (1.4.3) we

get

α(s) ≥
∫ s0

s

G(β(t))H(β(t))ηβ′(t)dt

=

∫ β(s0)

β(s)

G(τ)H(τ)ηdτ

= −
∫ β(s0)

β(s)

H(τ)ηH ′(τ)dτ =
H(β(s))η+1

η + 1

in (0, s0]. Observe that H(β(s0)) = 0 has been used. We can iterate this procedure to

obtain two sequences {ak}∞k=1 and {bk}∞k=1 given by a1 = 1, ak = ηak−1 + 1, b1 = 1,

bk = bηk−1ak, such that

α(s) ≥ H(β(s))ak

bk
in (0, s0) for every k. (1.4.5)

It is not difficult to see that

ak =
k−1∑
i=0

ηi =
ηk − 1

η − 1
,
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12 Chapter 1. Multipliticative gradient term

and we obtain

ηk−1 ≤ ak ≤ C1η
k−1, (1.4.6)

for some positive constant C1 > 0 which does not depend on k. It then follows that

bk ≤ C1b
η
k−1η

k−1,

and iterating this inequality we obtain

bk ≤ C
∑k−2
i=0 η

i

1 η
∑k−2
i=0 η

i(k−(i+1)). (1.4.7)

We notice that the sum in the last exponent is an arithmetic-geometric sum, so that

k−2∑
i=0

ηi(k − (i+ 1)) = −k − 1

η − 1
+

ηk − η
(η − 1)2

=
ηk − kη + k − 1

(η − 1)2
. (1.4.8)

It follows from (1.4.7) and (1.4.8) that

bk ≤ Cηk−2

2 (1.4.9)

for every k, for some constant C2 > 1, independent of k.

Finally, we notice that, from (1.4.2) and the definition of H, it is possible to choose

s1 ∈ (0, s0) such that H(β(s)) ≥ 2C2 in (0, s1). Therefore, from (1.4.5), (1.4.6) and (1.4.9)

we deduce

α(s) ≥ 2η
k−1

in (0, s1) for every k.

Letting k → +∞, we see that α ≡ +∞ in [0, s1], as was to be shown. This concludes the

proof of the lemma.

We next turn to the subquadratic case 0 < q < 2, and consider supersolutions of type

1. The proof of our next lemma is an adaptation of that of Theorem 6 in [3].

Lemma 1.4.3. Assume 0 < q < 2. Then there exist positive supersolutions of (1.1.1) of

type 1 if and only if ∫ δ

0

f(t)

tθ
dt < +∞ (1.4.10)

for some δ > 0, where

θ =
(2− q)(N − 1)

N − 2
.

Proof. Assume first that (1.4.10) does not hold, and there exists a positive supersolution

of type 1 of (1.1.1). By Lemma 1.3.6 there exists R1 > R0 and a positive, radially

symmetric solution z of (1.1.1) in RN \ BR1 of type 1. We make the change of variables
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1.4. Proofs in the case N ≥ 3 13

s = r2−N/(N − 2), w(s) = z(r) in the ordinary differential equation (1.4.1) satisfied by z.

Then the function w is nondecreasing and verifies, for some s0 > 0,{
−w′′ = cs−θf(w)(w′)q s ∈ (0, s0)

w(0) = 0,
(1.4.11)

where c = (N − 2)−θ. We claim that w′ > 0 in (0, s0). Indeed, if w′(s1) = 0 for some

s1 ∈ (0, s0), then since w′′ ≤ 0, we would obtain w′(s) = 0 for s ∈ (s1, s0), so that w

would be constant in (s1, s0), against our assumptions. Thus w′ > 0.

Also, the mean value theorem gives w(s) = w′(ξ)s ≥ w′(s)s, where ξ is some point in

the interval (0, s). Hence

0 < w′(s) ≤ w(s)

s
in (0, s0). (1.4.12)

The monotonicity of w′ implies that w(s) ≥ C0s for some C0 > 0 and every s ∈ (0, s0).

We divide the equation in (1.4.11) by (w′)q−1 and integrate in (s, s0) to arrive at

(w′(s))2−q ≥ (2− q)c
∫ s0

s

f(w(t))

tθ
w′(t)dt

for every s ∈ (0, s0). Hence, using (1.4.12):

(w′(s))
2−q ≥ (2− q)c

∫ s0

s

f(w(t))

w(t)θ

(
w(t)

t

)θ
w′(t)dt ≥ (2− q)c

∫ s0

s

f(w(t))

w(t)θ
(w′(t))

θ
w′(t)dt

for s ∈ (0, s0). So we can apply Lemma 1.4.2 with α(t) = (w′(t))2−q, G(t) = (2−q)cf(t)/tθ,

η = θ
2−q = N−1

N−2 > 1 and β(t) = w(t) and we get a contradiction. This shows that condition

(1.4.10) is necessary for existence.

Next, let us prove the converse implication and assume that (1.4.10) holds. For λ > 0,

consider the Cauchy problem
−w′′ = cs−θf(w)(w′)q s ∈ (0, s0)

w(0) = 0

w′(0) = λ.

(1.4.13)

Observe that any positive solution of (1.4.13) gives rise, with the change of variables

s = r2−N/(N − 2), w(s) = v(r), to a positive, radially symmetric solution of (1.1.1)

of type 1. Therefore our proof is reduced to show that there actually exists a positive

solution of (1.4.13) when λ is small enough.

Denote zλ(s) = λs. In the Banach space X = {z ∈ C1[0, s0] : z(0) = 0} endowed

with the standard C1 norm |z|C1 = max{|z|∞, |z′|∞}, consider the set B = {z ∈ X :
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14 Chapter 1. Multipliticative gradient term

|z − zλ|C1 ≤ λ
2
}, which is closed and convex, and for z ∈ B define the integral operator

Tz(s) = λs− c
∫ s

0

∫ t

0

τ−θf(z(τ))|z′(τ)|q dτ dt, s ∈ [0, s0].

We claim that T is well-defined, maps B into B and is compact. To show the first two

assertions, notice that for every z ∈ B, we have the inequalities λ
2
s ≤ z ≤ 3λ

2
s, λ

2
≤ z′ ≤ 3λ

2

in [0, s0] , so that

|(Tz)′(s)− λ| = c

∫ s

0

τ−θf(z(τ))|z′(τ)|qdτ

≤ c

(
3λ

2

)q+θ−1 ∫ s

0

f(z(τ))

z(τ)θ
z′(τ)dτ

= c

(
3λ

2

)q+θ−1 ∫ z(s)

0

f(t)

tθ
dt

≤ c

(
3λ

2

)q+θ−1 ∫ 3λ
2
s

0

f(t)

tθ
dt ≤ λ

2

(1.4.14)

in [0, s0], taking λ small enough (observe that θ + q − 1 > 1 since N ≥ 3 and 0 < q < 2).

Moreover, integrating in (1.4.14) we also see that

|Tz(s)− λs| = c

∫ s

0

∫ t

0

τ−θf(z(τ))|z′(τ)|q dτdt ≤ c

∫ s0

0

∫ t

0

τ−θf(z(τ))|z′(τ)|q dτdt

≤ cs0

(
3λ

2

)q+θ−1 ∫ 3λ
2
s0

0

f(t)

tθ
dt ≤ λ

2
,

provided λ is further diminished if necessary. Thus T is well defined and maps B into B.

To show that T is compact, let {zn}∞n=1 be an arbitrary sequence and denote wn =

Tzn. It follows by (1.4.14) that {w′n}∞n=1 is uniformly bounded in [0, s0], so that {wn} is

equicontinuous and uniformly bounded, and we may assume that wn → w uniformly in

[0, s0], for some w ∈ C[0, s0]. We claim that w ∈ C1[0, s0] and w′n → w′ uniformly in

[0, s0].

Observe that |w′′n(s)| = s−θf(zn(s)) is uniformly bounded in compacts of (0, s0]. Hence

by means of Arzelá-Ascoli’s theorem and a diagonal argument we may assume that also

w′n → w̄ uniformly in compacts of (0, s0] for some w̄ ∈ C(0, s0]. We readily get that

w ∈ C1(0, s0] and w̄ = w′. But the convergence is indeed uniform in [0, s0] (defining

w′(0) = λ). To prove it, take ε > 0. By (1.4.14) with z substituted by zn:

|w′n(s)− λ| ≤ c

(
3λ

2

)q+θ−1 ∫ 3λ
2
s

0

f(t)

tθ
dt,
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1.4. Proofs in the case N ≥ 3 15

and the same is true for w′(s) by passing to the limit. Hence

|w′n(s)− w′(s)| ≤ 2c

(
3λ

2

)q+θ−1 ∫ 3λ
2
δ

0

f(t)

tθ
dt ≤ ε

provided s ∈ [0, δ] for δ < s0 small enough. Since w′n → w′ uniformly in [δ, s0], we also

have |w′n(s) − w′(s)| ≤ ε for s ∈ [δ, s0] if n is large enough. Thus w′n → w′ uniformly in

[0, s0], that is, wn → w in X and T is compact.

The continuity of T is shown by using a similar argument. Hence we can apply

Schauder’s fixed point theorem to obtain a fixed point w ∈ B of T , which is a solution

of (1.4.13) with w > 0 in (0, s0]. As already observed, this concludes the proof of the

lemma.

Remark 1.4.4. It can be easily deduced from the above proof that condition (1.4.10) is

necessary and sufficient for existence of solutions even if f is not defined at zero.

We conclude our sequence of lemmas dealing with supersolutions of type 2.

Lemma 1.4.5. There exist positive supersolutions of (1.1.1) of type 2 if and only if q ≥ 1.

Proof. Assume first q < 1. Let u be a positive supersolution of (1.1.1) of type 2. By

Lemma 1.3.6, there exists a positive, radial solution z of (1.1.1) of the same type defined

in RN \ BR1 for some R1 > R0. Thus z verifies (1.4.1) in Lemma 1.4.1, while z′ ≥ 0 for

large r and limr→+∞ z(r) = ` > 0. We perform the same change of variables as before

s = r2−N/(N − 2) and w(s) = z(r). Then, for some small positive s0 and some c > 0:{
−w′′ = cs−θf(w)|w′|q s ∈ (0, s0),

w(0) = `,

where now w′ ≤ 0. Arguing as in Lemma 1.4.3 we can show that w′ < 0 in (0, s0). Letting

v = `− w, we have that {
v′′ = cs−θf(`− v)(v′)q s ∈ (0, s0),

v(0) = 0.

Observe also that v′ > 0. Then, since f is strictly positive in a neighborhood of `, we

obtain that cf(` − v) ≥ C > 0 for small s and for some constant D. After dividing the

previous equation by (v′)q and integrating between s and s0 for s ∈ (0, s0):

0 ≤ (v′)1−q

1− q
≤ −C s1−θ

θ − 1
+D.
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16 Chapter 1. Multipliticative gradient term

We arrive at a contradiction by letting s go to zero, since θ > 1 in this case.

When q ≥ 1, it is easy to construct a positive supersolution of (1.1.1) with radial

symmetry. Indeed, we can look for u in the form u(x) = `− e−α|x|, where α > 0 is chosen

suitably and ` > 0 is arbitrary. It is not hard to check that u will be a supersolution of

(1.1.1) provided that

α− N − 1

|x|
≥ f(`− e−α|x|)αq−1e(1−q)α|x|

for large |x|. Denoting M = supt∈[0,`] f(t), the previous inequality is a consequence of

α− N − 1

R0

≥Mαq−1e(1−q)αR0 .

This inequality can be easily achieved for fixed R0 by choosing α large enough. The proof

is concluded.

We finally turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. First of all observe that, by Lemma 1.3.5, there do not exist posi-

tive supersolutions of type 4 when N ≥ 3. Also, part a) is a direct consequence of Lemma

1.4.1 when q ≥ 2.

On the other hand, all the assertions dealing with supersolutions of types 1 and 2 are

already proved in Lemmas 1.4.3 and 1.4.5, respectively. Observe that when N
N−1 < q < 2

we have 0 < θ < 1, in addition f is defined at 0 by our hypotheses, hence (1.2.1) always

holds. Thus, only the statements regarding supersolutions of type 3 need to be shown.

But observe that u is a supersolution of type 3 and ` = limR→+∞m(R) ∈ (0,+∞), if and

only if v = u− ` is a positive supersolution of type 1 for the problem

−∆v = g(v)|∇v|q in RN \BR1

for some R1 > R0, where g(t) = f(t − `). By Lemma 1.4.3, such supersolutions exist if

and only if ∫ δ

0

g(t)

tθ
dt < +∞

for some small positive δ. Since g(0) = f(`) > 0, the integral is convergent when q > N
N−1 ,

independent of f . This shows the assertions on positive supersolutions of type 3 in parts

a), b) and c). The proof of Theorem 1.1 is concluded.
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1.5. Positive supersolutions when N = 2 17

1.5 Positive supersolutions in two dimensions

In the last section of this chapter we deal with positive supersolutions of (1.1.1) in the

planar case N = 2. It is worthy of mention that the reduction to a radial setting as in

Lemma 1.3.6 is not possible, so a slightly different approach is needed. In most proofs we

will actually reduce the problem to a radial one, but in a finite annulus A(R1, R2). This

implies that some further estimates are needed before we can let R2 → +∞.

By Lemma 1.3.5 we know that only supersolutions of types 2 and 4 are possible. Let

us begin with the former ones.

Lemma 1.5.1. Problem (1.1.1) admits a positive supersolution of type 2 if and only if

q ≥ 1.

Proof. The proof is similar to that of Lemma 1.4.5 in Section 1.4. Indeed, the construction

of positive supersolutions of (1.1.1) of type 2 when q ≥ 1 is exactly the same as in that

lemma, just setting N = 2.

Thus we assume in what follows that q < 1 and show that no positive supersolutions

of (1.1.1) of type 2 exist. Assume for a contradiction that there is one such u. Choose

R1 > R0 and for R2 > R1, consider the problem{
−∆v = f(v)|∇v|q in A(R1, R2)

v = Ψ on ∂A(R1, R2),
(1.5.1)

where Ψ is given by (1.3.4) in Lemma 1.3.5 (recall that Ψ is harmonic in A(R1, R2) and

Ψ(Ri) = m(Ri) for i = 1, 2). By the same arguments as in the proof of Lemma 1.3.6, there

exists a radially symmetric solution z ∈ C1[R1, R2] of this problem verifying Ψ ≤ z ≤ u in

A(R1, R2) (the solution z depends of course on R2, but we are not making this dependence

explicit for brevity).

By the maximum principle, and since m is an increasing function, we have z ≥ m(R1).

Moreover, since z is radially symmetric,

z(r) ≤ m(r) ≤ m(R2) ≤ lim
R→+∞

m(R) =: `

if R1 ≤ r ≤ R2, where ` ∈ (0,+∞). It also follows that z attains its maximum at R2.

Let γ = mint∈[m(R1),`] f(t) > 0. We deduce that z verifies

− z′′ − 1

r
z′ ≥ γ|z′|q if R1 < r < R2. (1.5.2)

With the change of variables s = log r, w(s) = z(r), we reduce (1.5.2) to the problem
−w′′ ≥ γe(2−q)s|w′|q s ∈ (s1, s2)

w(s1) = m(R1)

w(s2) = m(R2),
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18 Chapter 1. Multipliticative gradient term

where si = logRi, i = 1, 2.

Let us see that w′ > 0 in (s1, s2). Indeed, if we had w′(s̃) = 0 for some s̃ ∈ (s1, s2),

using the monotonicity of w′ we would arrive at w′(s) ≤ 0 for every s ∈ (s̃, s2). Since w

attains its maximum at s2, this would imply that w(s) = m(R2) if s ∈ (s̃, s2). This in

turn yields v(r) = m(R2) for r ∈ (es̃, R2), which leads to m(r) = m(R2) if r ∈ (es̃, R2),

which is not possible because m(r) is strictly increasing according to Lemma 1.3.3.

Thus w′ > 0. Dividing by (w′)q and integrating between s1 and s2, we have

w′(s1)
1−q ≥ w′(s1)

1−q − w′(s2)1−q

≥ γ
1− q
2− q

(e(2−q)s2 − e(2−q)s1)

= γ
1− q
2− q

(R2−q
2 −R2−q

1 ).

(1.5.3)

Next, we claim that

w′(s1) ≤ C (1.5.4)

for a positive constant C independent of R2. Indeed, let M = supt∈[m(R1),m(R1+1)] f(t).

Then

−z′′ − 1

r
z′ ≤M |z′|q if R1 < r < R1 + 1.

With the change of variables s = log r, w(s) = z(r) we have, if δ > 0 is small:

−w′′ ≤Me(2−q)(s1+δ)|w′|q = K|w′|q, s ∈ (s1, s1 + δ).

Dividing by (w′)q−1 and integrating between s1 and s we obtain:

w′(s)2−q ≥ w′(s1)
2−q − (2− q)K(w(s)− w(s1))

≥ w′(s1)
2−q − (2− q)Km(R1 + 1).

If we assume the right-hand side is positive (otherwise there is nothing to prove), we can

raise to the power 1
2−q and integrate in (s1, s1 + δ) to have

m(R1 + 1) ≥ (w′(s1)
2−q − (2− q)Km(R1 + δ))

1
2−q δ.

This shows (1.5.4).

Coming back to (1.5.3), we have:

γ
1− q
2− q

(R2−q
2 −R2−q

1 ) ≤ C1−q.

Letting R2 → +∞, we obtain a contradiction, which shows that no positive supersolutions

of (1.1.1) of type 2 exist. The proof is concluded.
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1.5. Positive supersolutions when N = 2 19

The analysis of supersolutions of type 4 is slightly different since necessary and suf-

ficient conditions for their existence are only needed when q ∈ (0, 2) (in light of Lemma

1.4.1). Let us deal with this case next.

Lemma 1.5.2. Assume 0 < q < 2. Then there exist positive supersolutions of (1.1.1) of

type 4 if and only if ∫ ∞
M

eatf(t) dt < +∞ (1.5.5)

for some M,a > 0.

Proof. Assume (1.5.5) does not hold and there exists a positive supersolution u of (1.1.1)

of type 4. We argue similarly as in the proof of Lemma 1.5.1. Let v be the solution

of problem (1.5.1) obtained there. Performing in the radial version of (1.5.1) the same

change of variables s = log r, we arrive at
−w′′ = e(2−q)sf(w)|w′|q s ∈ (s1, s2)

w(s1) = m(R1)

w(s2) = m(R2),

where si = logRi, i = 1, 2. It is equally proved that w′ > 0 in (s1, s2) and that (1.5.4)

holds. Hence we may divide the equation by (w′)q−1 and integrate between s1 and s2 to

get
w′(s1)

2−q

2− q
≥
∫ s2

s1

e(2−q)tf(w(t))w′(t) dt.

With the aid of (1.5.4), this inequality gives∫ s2

s1

e(2−q)tf(w(t))w′(t) dt ≤ C2−q

2− q
. (1.5.6)

Next, we claim that w(s) ≤ Ks for s ∈ (s1, s2), where K does not depend on R2. Indeed,

since w′′ ≤ 0, we deduce using (1.5.4):

w(s) ≤ m(R1) + w′(s1)(s− s1) ≤ m(R1) + Cs

≤
(
m(R1)

logR1

+ C

)
s = Ks,

where K does not depend on R2. This shows the claim.

Coming back to (1.5.6), since s ≥ 1
K
w(s), we see that∫ m(R2)

m(R1)

e
2−q
K
τf(τ) dτ =

∫ s2

s1

e
2−q
K
w(t)f(w(t))w′(t) dt ≤ C2−q

2− q
.
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20 Chapter 1. Multipliticative gradient term

Letting R2 → +∞ we obtain that (1.5.5) holds with M = m(R1) and a = (2− q)/(1− q),
against the assumption. Thus no positive supersolutions of (1.1.1) of type 4 can exist.

To conclude the proof, let us assume that (1.5.5) holds. Our intention is to show that

the problem  −w
′′ = e(2−q)sf(w)|w′|q in (s0,+∞)

lim
s→+∞

w(s) = +∞
(1.5.7)

admits a positive solution. The change of variables s = log r, w(s) = v(r) will then

provide with a positive, radially symmetric solution of (1.1.1) which is of type 4.

For this sake, we use again Schauder’s fixed point theorem, but with some differ-

ences with respect to the proof of Lemma 1.4.3. Consider the Banach space X̃ = {z ∈
C1[s0,+∞) : ‖z‖ < +∞}, where

‖z‖ = max

{
sup

[s0,+∞)

|z(s)|
s

, sup
[s0,+∞)

|z′(s)|

}
,

and the set B̃ = {z ∈ X̃ : ‖z − zλ‖ ≤ λ
2
}, where zλ(s) = λs and λ > 0 is fixed. Define

the operator

Tz(s) = λs−
∫ s

s0

∫ t

s0

e(2−q)τf(z(τ))|z′(τ)|qdτdt, s ∈ [s0,+∞).

Let us prove that T maps B̃ into B̃ if λ is chosen large enough. To begin with, assume

λ ≥ 2(2 − q)/a where a is as in (1.5.5). Taking into account that z(s) ≥ λ
2
s and λ

2
≤

z′(s) ≤ 3λ
2

in [s0,+∞) for every z ∈ B̃:

|(Tz)′(s)− λ| =

∫ s

s0

e(2−q)τf(z(τ))z′(τ)qdτ

≤
(

3λ

2

)q−1 ∫ s

s0

eaz(τ)f(z(τ))z′(τ)dτ

=

(
3λ

2

)q−1 ∫ z(s)

z(s0)

eatf(t)dt

≤
(

3λ

2

)q−1 ∫ ∞
λ
2
s0

eatf(t)dt ≤ λ

2
,

(1.5.8)

if λ is chosen large enough, since 0 < q < 2 and z(s) ≥ λs/2 ≥ (2− q)s/a. On the other

hand, ∣∣∣∣Tz(s)− λs
s

∣∣∣∣ =

∣∣∣∣1s
∫ s

s0

∫ t

s0

e(2−q)τf(z(τ))|z′(τ)|qdτdt
∣∣∣∣

≤ 1

s

∫ s

s0

λ

2
dt ≤ λ

2

s− s0
s
≤ λ

2
,
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1.5. Positive supersolutions when N = 2 21

for every s > s0, hence T is well-defined and T (B̃) ⊂ B̃.

Let us finally show that T is compact (as before, the continuity of T is shown by

arguing in a similar way). Take an arbitrary sequence {zn}∞n=1 ⊂ B̃ and let wn = Tzn. By

Arzelá-Ascoli’s theorem and a diagonal argument, since the sequences {Tzn}, {(Tzn)′}
and {(Tzn)′′} are locally uniformly bounded, we may assume wn → w, w′n → w′ uniformly

on compact sets for some function w ∈ C1[s0,+∞).

Let us show that the convergence w′n → w′ is actually uniform in [s0,+∞). Indeed,

observe that, if we fix s1 > s0, take s > s1, and argue as in (1.5.8) we arrive at

|w′n(s)− w′n(s1)| =
∫ s

s1

e(2−q)τf(zn(τ))|z′n(τ)|qdτ ≤
(

3λ

2

)q−1 ∫ ∞
λ
2
s1

eatf(t)dt.

A similar equality holds for w′, by passing to the limit. Hence

|w′n(s)− w′(s)| ≤ |w′n(s1)− w′(s1)|+ 2

(
3λ

2

)q−1 ∫ ∞
λ
2
s1

eatf(t)dt

for every s > s1. Next take ε > 0. Choosing s1 large enough we have the last term less

than ε
2
. Taking n large enough we also have |w′n(s1)−w′(s1)| ≤ ε

2
, hence |w′n(s)−w′(s)| ≤ ε

if s > s1. Since this inequality also holds in [s0, s1] for large enough n, we obtain that

w′n → w′ uniformly in [s0,+∞). Hence

|wn(s)− w(s)|
s

≤ 1

s

∫ s

s0

|w′n(t)− w′(t)|dt→ 0

uniformly in [s0,+∞), as n→ +∞. This shows that T is compact in B̃.

Therefore we can apply Schauder’s fixed point theorem to obtain that T has a fixed

point w in B̃, which is a solution of (1.5.7) verifying λ
2
s ≤ w(s) ≤ 3λ

2
s. Observe that this

implies that w is positive and lims→+∞w(s) = +∞. As remarked above, this function

provides with a positive, radially symmetric solution of (1.1.1) of type 4. The proof is

concluded.

We finally consider the only left case where q ≥ 2. It is worth mentioning that,

although positive supersolutions can always be constructed, they can be of different types,

depending on the behavior at infinity of their derivatives. However, we are not exploring

this distinction further.

Lemma 1.5.3. Assume q ≥ 2. Then there always exist positive supersolutions of (1.1.1)

of type 4.
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22 Chapter 1. Multipliticative gradient term

Proof. As in the proof of Lemma 1.5.2, it suffices to obtain a positive supersolution of the

problem  −w
′′ = e−(q−2)sf(w)|w′|q in (s0,+∞)

lim
s→+∞

w(s) = +∞.
(1.5.9)

for some s0 > 0. We consider first the case q = 2. Observe that since f(t) > 0, we always

have ∫ ∞
λ

eF (t) dt = +∞ (1.5.10)

for every λ > 0, where F (t) =
∫ t
0
f(τ)dτ . In this case, equation (1.5.9) can be easily

integrated. Indeed, a positive, increasing solution of problem (1.5.9) is given implicitly by∫ w(s)

λ

eF (t)dt = s− s0,

for s > s0, where λ is positive and arbitrary. This equation can be solved because

of condition (1.5.10), which also gives lims→+∞w(s) = +∞. Observe in passing that

w′(s) = e−F (w(s)), so that when limt→+∞ F (t) = +∞ we also obtain lims→+∞w
′(s) = 0.

Now we turn to the case q > 2. Assume first that f verifies a condition similar to

(1.5.5): there exist a,M > 0 such that∫ ∞
M

e−atf(t) dt < +∞. (1.5.11)

In the space X̃ introduced in the proof of Lemma 1.5.2, consider again the set B̃ = {z ∈
X̃ : ‖z − zλ‖ ≤ λ

2
}, where zλ(s) = λs and λ > 0 is fixed. On B̃ define the operator

Tz(s) = λs−
∫ s

s0

∫ t

s0

e−(q−2)τf(z(τ))|z′(τ)|qdτdt, s ∈ [s0,+∞).

We can argue in a completely similar way as in (1.5.8), except that now the exponent in

the exponential is negative, to obtain that, for λ ≤ 2/(3a):

|(Tz)′(s)− λ| =

∫ s

s0

e−(q−2)τf(z(τ))z′(τ)qdτ

≤
(

3λ

2

)q−1 ∫ s

s0

e−az(τ)f(z(τ))z′(τ)dτ

=

(
3λ

2

)q−1 ∫ z(s)

z(s0)

e−atf(t)dt

≤
(

3λ

2

)q−1 ∫ ∞
λ
2
s0

e−atf(t)dt.
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1.5. Positive supersolutions when N = 2 23

This difference can be made less than or equal to λ
2

provided λ is chosen small enough,

since q > 2. The rest of the proof in this case is essentially the same as that of Lemma

1.5.2 and therefore will be omitted.

To conclude the proof, consider the case where f does not satisfy (1.5.11). In par-

ticular, f verifies limt→+∞ F (t) = +∞ where F is again the primitive of f . Now let

w be the solution of (1.5.9) with q = 2, obtained at the beginning of the proof. Since

lims→+∞w
′(s) = 0, it follows that

−w′′ = f(w)(w′)2 ≥ e−(q−2)sf(w)(w′)q, s ≥ s0,

if s0 is large enough, so that w is a positive supersolution of (1.5.9). The proof of Lemma

1.5.3 is concluded.

Proof of Theorem 1.2. It is immediate with the use of Lemmas 1.5.1, 1.5.2 and 1.5.3.
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Chapter 2

Scalar equation with gradient terms:

Additive term

In this chapter we are dealing with the nonlinear elliptic problem

−∆u+ |∇u|q = λf(u) in RN \BR0 , (2.1.1)

where N ≥ 2, q > 1, f is continuous, nondecreasing function and λ > 0 is a parameter.

Positive supersolutions of (2.1.1) can be classified much as in Chapter 1, with the only

difference that only types 1 and 4 are now possible.

It can be shown that the function m(R) is ultimately monotone, therefore the limit

l = limR→+∞m(R) always exists. However, only l = 0 and l = +∞ are admissible in the

present situation (see Lemma 2 in [2]). That is, positive supersolutions of types 2 and 3

are not possible as in problem (1.1.1) in Chapter 1. This is related to the fact that all

constants are solutions to the latter problem, while this is not true for (2.1.1)

Due to our approach in this chapter, though, we will not need such a fine classification

of supersolutions. It will be enough for our purposes to distinguish between supersolutions

which blow up at infinity, that is, verifying

lim
|x|→∞

u(x) = +∞ (2.1.2)

uniformly (type 4), and those which do not.

In the present chapter, we will be dealing with weak supersolutions u ∈ C1(RN \BR0),

that is, functions verifying∫
RN\BR0

∇u∇φ+

∫
RN\BR0

|∇u|qφ ≥ λ

∫
RN\BR0

f(u)φ

for every nonnegative φ ∈ C∞0 (RN \BR0).
1

1The results in this chapter are contained in [1].

25
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26 Chapter 2. Additive gradient term

For the sake of clarity we focus during most part of the chapter on supersolutions

which do not blow up, and consider supersolutions verifying (2.1.2) in Section 2.6.

2.1 Main results

Let us now turn to the explicit statements of our results. For the first of them, that in

which 1 < q < N
N−1 , the following condition on f will be relevant:

There exists β ∈ R such that the following limit exists (possibly being infinity):

l = lim
t→0+

f(t)

t
q

2−q (− log t)β
. (2.1.3)

In spite of requiring this condition, it is interesting to remark that with the same methods

nonexistence results can be obtained for slightly more general functions f (see the precise

statement in Theorem 2.4 in Section 2.4).

Theorem 2.1. Assume N ≥ 2 and 1 < q < N
N−1 . Let f : (0,+∞)→ R be nondecreasing,

continuous and positive, and suppose that condition (2.1.3) holds. Then:

a) If 0 < l < +∞, then

i) If β > 0, then there are no positive supersolutions of (2.1.1) for any λ > 0.

ii) For β = 0, there exists λ∗ > 0 such that, for λ < λ∗ problem (2.1.1) admits

positive supersolutions, while for λ > λ∗ no supersolutions exist.

iii) When β < 0, there exists a positive supersolution of (2.1.1) for every λ > 0.

b) If l = +∞ and β ≥ 0, there are no positive supersolutions of (2.1.1) for any λ > 0.

c) If l = 0 and β ≤ 0, there exists a positive supersolution of (2.1.1) for every λ > 0.

Remark 2.1.1. Observe that the value of β in (2.1.3) (see also (2.1.4) below) is not unique,

since we allow the limit to be zero or infinity. In particular, for a given nonlinearity we

may apply Theorem 2.1 a) i) or b) (resp. a) iii) and c)) above using different choices for

β.

When q ≥ N
N−1 , the exponent q

2−q does not play a role any more, and it has to be

replaced by the “natural” exponent for the Laplacian, namely N
N−2 . Thus instead of

requiring condition (2.1.3) we will impose:
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2.1. Main results 27

There exists β ∈ R such that the following limit exists (possibly being infinity):

l = lim
t→0+

f(t)

t
N
N−2 (− log t)β

. (2.1.4)

Let us state first what could be termed as “critical” case, q = N
N−1 . It is to be remarked

that the threshold value of β for nonexistence in Theorem 2.1 shifts from β = 0 to the

unexpected β = N
N−2 in the power of the logarithm. Let us also mention that the case

N = 2 and q ≥ 2 is slightly different, since all solutions turn out to verify (2.1.2) (see the

proof of Theorem 2.5 in Section 2.6). Therefore, the contents of Theorems 2.2 and 2.3

below are only meaningful when N ≥ 3, since they only deal with supersolutions that do

not blow up at infinity.

Theorem 2.2. Assume N ≥ 3 and q = N
N−1 . Let f : (0,+∞) → R be nondecreasing,

continuous and positive, and suppose that condition (2.1.4) holds. Then:

a) If 0 < l < +∞, then

i) If β > N
N−2 , then there are no positive supersolutions of (2.1.1) for any λ > 0.

ii) For β = N
N−2 , there exists λ∗ > 0 such that, for λ < λ∗ problem (2.1.1) admits

positive supersolutions, while for λ > λ∗ no supersolutions exist.

iii) When β < N
N−2 , there exists a positive supersolution of (2.1.1) for every λ > 0.

b) If l = +∞ and β ≥ N
N−2 , there are no positive supersolutions of (2.1.1) for any

λ > 0.

c) If l = 0 and β ≤ N
N−2 , there exists a positive supersolution of (2.1.1) for every

λ > 0.

When q is larger than N
N−1 the relevant hypothesis on f is again (2.1.4). In this case,

the threshold value of β for nonexistence lowers down dramatically to −1. It is to be

noted that the parameter λ in (2.1.1) becomes of no importance in this regime.

Theorem 2.3. Assume N ≥ 3 and q > N
N−1 . Let f : (0,+∞) → R be nondecreasing,

continuous and positive, and suppose that condition (2.1.4) holds. Then:

a) If 0 < l < +∞, then

i) If β ≥ −1, there are no positive supersolutions of (2.1.1) for any λ > 0.
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28 Chapter 2. Additive gradient term

ii) When β < −1, there exists a positive supersolution of (2.1.1) for every λ > 0.

b) If l = +∞ and β ≥ −1, there are no positive supersolutions of (2.1.1) for any

λ > 0.

c) If l = 0 and β < −1, there exists a positive supersolution of (2.1.1) for every λ > 0.

Let us mention explicitly that the condition of the existence of the limit can be slightly

relaxed for the nonexistence results above: the limit can be replaced by the inferior limit.

In this regard, observe that the condition l > 0 with β ≥ −1 is a generalization of

(I.8) in the Introduction (cf. [2]).

After presenting the results about the nonexistence of positive supersolutions of (2.1.1),

let us compare the regions of nonexistence obtained for the equation (2.1.1) with the region

of nonexistence for the equation

−∆u = f(u) in RN \BR0 , (2.1.5)

when, in both cases, f(t) = tp. Obviously if u is a positive supersolution of (2.1.5),

then it is also a supersolution of (2.1.1), so the expected critical exponent for problem

(2.1.1) must be less than the critical exponent for problem (2.1.5). Recall that the optimal

condition for nonexistence for (2.1.5) is p ≤ N
N−2 (see for instance [3]).

First, when 1 < q ≤ N
N−1 , Theorem 2.1 implies nonexistence for p ≤ q

2−q (depending

on λ when p = q
2−q ). So, as we said before, the presence of the gradient term naturally

causes a decrease in the nonexistence exponent. However, the situation is different when

q > N
N−1 . According to Theorem 2.3, if we consider p ≤ N

N−2 , then existence of positive

supersolutions is not possible, which means that the result of nonexistence for equation

(2.1.1) is exactly the same as the result of nonexistence for (2.1.5) (remember we are

dealing with supersolutions which do not blow up at infinity). It follows that the presence

of the gradient is irrelevant when q > N
N−1 . Actually, observe that the nonexistence result

in Theorem 2.3 does not depend on q.

It is also worthy of mention that whenever a positive supersolution of problem (2.1.1)

can be constructed in an exterior domain in all cases above, this supersolution can be

extended to be defined in the whole RN (the key is that all the constructed supersolutions

go to zero at infinity). This is easily done as follows: assume u is a supersolution in

RN \ BR0 going to zero at infinity. Choose any unit vector e and R > 2R0. Set δ =

minB2R0
\BR0

u > 0. If R is large enough, then u(x± 2Re) ≤ δ in B2R0 , this implying that

u(x) ≤ u(x−2Re) in B2R0(2Re). Thus v(x) = min{u(x), u(x−2Re)} is a positive (weak)

supersolution defined in the whole RN . The only disadvantage is that the supersolution

so constructed does not belong to C1(RN), only to H1
loc(RN).
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2.2. Reduction to the radial setting 29

2.2 Reduction to the radial setting

In this section we perform the reduction of equation (2.1.1) to its radially symmetric

version

−z′′ − N − 1

r
z′ + |z′|q = λf(z) in (R0,+∞).

This reduction is carried out in two stages. First, we show that the existence of a positive

supersolution of (2.1.1) always implies the existence of a radially symmetric positive

supersolution. Second, if u does not blow up, then it is possible to show the existence

of a radially symmetric positive solution which does not blow up either. Since our main

tool is the method of sub and supersolutions, which is not completely straightforward for

problem (2.1.1) when q > 2, some extra care is needed in this case.

Lemma 2.2.1. Assume N ≥ 2, q > 1 and let f : (0,+∞)→ R be positive, nondecreasing

and continuous. Suppose there exists a positive supersolution u of problem (2.1.1). Then

there exists a positive radial supersolution z ∈ C2(RN \BR0) of (2.1.1). In addition, if u

does not blow up at infinity, then z is bounded, while if u blows up at infinity, z is bounded

from below.

Proof. For R > R0, let m(R) = inf |x|=R u(x). Choose R1 > R0 and consider the problem{
−∆v + |∇v|q = λf(m(|x|)) in A(R0, R1)

v = 0 on ∂A(R0, R1),

where A(R0, R1) := {x ∈ RN : R0 < |x| < R1}. According to Theorem III.1 in [54], there

exists a unique (positive) solution vR1 ∈ W 2,θ(A(R0, R1)) of this problem with θ > N ,

which as a consequence is radially symmetric. Setting zR1 = min{m(R0),m(R1)} + vR1 ,

we obtain a radially symmetric solution of{
−∆z + |∇z|q = λf(m(|x|)) in A(R0, R1)

z = min{m(R0),m(R1)} on ∂A(R0, R1).

Now the monotonicity of f implies that f(u) ≥ f(m(|x|)), so that u is a supersolution of

this problem and by comparison u ≥ zR1 in A(R0, R1), since u ≥ zR1 on ∂A(R0, R1). In

particular, the set {zR1}R1>R0 is bounded. Using part 2 in Theorem A.1 in [51], we obtain

local bounds for {|∇zR1|}R1>R0 in Lθ for every θ > 1. This yields that {∆zR1}R1>R0 is

locally bounded in Lθ for every θ > 1, and hence by classical regularity {zR1}R1>R0 is

locally bounded in C1,α for every α ∈ (0, 1) (see [42]). Thus we may select a sequence

R1,n → +∞ such that zR1,n → z in C1
loc(RN \ BR0), and then z is a nonnegative radially
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30 Chapter 2. Additive gradient term

symmetric solution of −∆z + |∇z|q = f(m(|x|)) in |x| > R0, with

min{m(R0), lim
R1→+∞

m(R1)} ≤ z(x) ≤ u(x). (2.2.1)

By bootstrapping and since z is radially symmetric, we deduce that z is actually a classical

solution. On the other hand, m(|x|) ≥ z(x), and then f(m(|x|)) ≥ f(z(x)), and z is a

positive, radially symmetric supersolution of (2.1.1).

Finally, when u does not blow up at infinity we have the function m bounded, hence

z is bounded, while if u blows up at infinity then from (2.2.1) we see that z ≥ m(R0) in

|x| > R0. This concludes the proof.

When the supersolution u does not blow up at infinity it is indeed possible to obtain a

radially symmetric, positive solution in an exterior domain. This is very convenient since

working with solutions is somewhat easier than with supersolutions. As we have already

remarked, the main difficulty lies in the case q > 2. The next lemma is mainly aimed at

such situation.

Lemma 2.2.2. Assume N ≥ 2, q > 1 and if N = 2 additionally assume q ≤ 2. For

every M > 0 there exists R̃ = R̃(M) > 0 such that for every R1, R2 > R̃ with R2 ≥ 2R1

and every a, b > 0 with a, b ≤ M there exists a radially symmetric, positive function

φ ∈ C2(A(R1, R2)) verifying

−∆φ+ |∇φ|q ≤ 0 in R1 < |x| < R2

and φ(R1) = a, φ(R2) = b.

Proof. When 1 < q ≤ 2, the problem
−∆φ+ |∇φ|q = 0 in R1 < |x| < R2

φ(R1) = a

φ(R2) = b.

can easily be solved with no restrictions on a nor b with the aid of the classical method of

sub and supersolutions (cf. [4]), since φ = min{a, b} is a subsolution while φ = max{a, b}
is a supersolution.

Thus only the case q > 2 and N ≥ 3 deserves special attention. Consider the problem
−∆φ+ |∇φ|2 = 0 in R1 < |x| < R2

φ(R1) = a

φ(R2) = b.

(2.2.2)
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2.2. Reduction to the radial setting 31

With the standard change of variables φ = − logw, problem (2.2.2) is equivalent to
∆w = 0 in R1 < |x| < R2

w(R1) = e−a

w(R2) = e−b,

(2.2.3)

whose explicit solution is given by

w(x) =
e−a − e−b

R2−N
1 −R2−N

2

(|x|2−N −R2−N
2 ) + e−b.

Assume a > b, the other case being treated in a completely similar way. By the maximum

principle (or direct computation), w ≥ e−a in R1 < |x| < R2, so that

|∇φ| =
|∇w|
w
≤ (N − 2)

ea−b − 1

R2−N
1 −R2−N

2

|x|1−N

≤ (N − 2)
ea−b − 1

(1− 22−N)R1

≤ (N − 2)
eM

(1− 22−N)R̃
≤ 1

in R1 < |x| < R2, provided R̃ is taken large enough (depending on M). Thus since q ≥ 2,

−∆φ+ |∇φ|q ≤ −∆φ+ |∇φ|2 = 0 in R1 < |x| < R2, as was to be shown.

Lemma 2.2.3. Assume N ≥ 3, q > 1 and if N = 2 additionally assume q ≤ 2. Let

f : (0,+∞) → R be positive, nondecreasing and continuous and suppose there exists a

positive supersolution u of problem (2.1.1) which does not blow up at infinity. Then there

exists a positive, bounded, radially symmetric solution z ∈ C2(RN \ BR1) of (2.1.1) in

RN \BR1 for some R1 > R0.

Proof. By Lemma 2.2.1, there exists a positive, bounded, radially symmetric supersolution

v of (2.1.1). Let M = sup v and choose R̃ = R̃(M) as given by Lemma 2.2.2. For R1 > R̃

and R2 > 2R1, consider the problem
−∆z + |∇z|q = λf(z) in A(R1, R2)

z = v(R1) on |x| = R1

z = v(R2) on |x| = R2.

(2.2.4)

Let φ be the function given by Lemma 2.2.2 with a = v(R1), b = v(R2). Then clearly φ is

a subsolution of (2.2.4) while v is a supersolution and by comparison φ ≤ v in A(R1, R2).

Since φ = v on ∂A(R1, R2), we can use the method of sub and supersolutions (see Theorem

A.2 in the Appendix) to obtain a positive solution zR2 of (2.2.4) verifying φ ≤ zR2 ≤ v.
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32 Chapter 2. Additive gradient term

In the present situation we could pass to the limit as in Lemma 2.2.1. However it could

very well happen that the limit function is identically zero. To overcome this problem we

obtain appropriate bounds for the solutions up to the boundary ∂BR1 . To obtain local

bounds for the gradient, we use Lemma A.1 in the Appendix, together with Remark A.2:

for any R > 2R1, we have that |z′R2
(r)| ≤ C for r ∈ [2R1, R] and R2 > R. In order to get

bounds up to R1, we use the second part of Lemma A.1, so that we need to control the

derivative z′R2
(R1). Notice that φ(R1) = zR2(R1) = v(R1), hence

0 ≥ φ′(R1) ≥ z′R2
(R1) ≥ v′(R1).

Lemma A.1 and Remark A.2 again will give that |z′R2
(r)| ≤ C for r ∈ [R1, 2R1], and

therefore in [R1, R].

Hence, we may pass to the limit in a standard way to obtain that, for a subsequence

R2 → +∞, limR2→+∞ zR2 = z in C1
loc[R1,+∞), where z is a nonnegative, radial solution

of (2.1.1) in RN \ BR1 . Since the convergence is up to ∂BR1 , we see that z(R1) = v(R1),

which implies that z is nontrivial, hence strictly positive by the strong maximum principle.

This concludes the proof.

We finally include a further result on the existence of radially symmetric solutions for

problem (2.1.1) when g is replaced by a nonlinearity which is comparable to f near zero.

Lemma 2.2.4. Assume N ≥ 3, q > 1 and if N = 2 additionally assume q ≤ 2. Let

f, g : (0,+∞)→ R be positive, nondecreasing and continuous and suppose that

l = lim inf
t→0+

f(t)

g(t)
> 0 (2.2.5)

(the case l = +∞ not being excluded). If there exists a positive supersolution u of problem

(2.1.1) which does not blow up at infinity, then for every µ ∈ (0, λl) there exists R2 > R0

and a positive, radially symmetric solution h of

−∆h+ |∇h|q = µg(h) in RN \BR2 . (2.2.6)

which verifies limr→+∞ h(r) = 0.

Proof. By Lemma 2.2.3, there exists a positive, radially symmetric solution z of (2.1.1)

in RN \ BR1 for some R1 > R0. By Lemma 2.3.1 below (whose proof is independent of

this one) limr→+∞ z(r) = 0. Using hypothesis (2.2.5), for every µ ∈ (0, λl), there exists

R2 > R1 such that λf(z(r)) ≥ µg(z(r)) in r ≥ R2.

Thus z is a supersolution of problem (2.2.6) and we may apply Lemma 2.2.3 again to

obtain a positive, radially symmetric solution h of (2.2.6) verifying h ≤ z. It follows in

particular that limr→+∞ h(r) = 0.
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2.3. Some properties of radial solutions 33

2.3 Some properties of radial solutions

Since in the previous section we have reduced our problem to a radially symmetric one, it

is now the turn to discuss a couple of properties of positive, radially symmetric, bounded

solutions of (2.1.1). We begin by analyzing the behaviour at infinity of such solutions.

Lemma 2.3.1. Assume N ≥ 2, q > 1 and let f : (0,+∞) → R be continuous and

positive. Suppose that z ∈ C2(R1,+∞) is a positive, bounded solution of

− z′′ − N − 1

r
z′ + |z′|q = λf(z) in (R1,+∞). (2.3.1)

Then there exists R2 > R1 such that z′ < 0 for r > R2 and limr→+∞ z(r) = limr→+∞ z
′(r) =

0.

Proof. As we already pointed out, it follows as a consequence of Lemma 1 in [2] that there

exists R2 > R1 such that z is monotone for r > R1, hence z′(r) is either nonnegative or

nonpositive for r > R2. Notice that, if z′ vanishes at some point r0 > R1, then it has

a local minimum or maximum at r0, so that z′′(r0) = 0 and we obtain f(z(r0)) = 0, a

contradiction. Hence, either z′ < 0 or z′ > 0.

Let us rule out the second possibility. Assume then that z is increasing. Since z is

bounded, we can apply Lemma S in the Appendix to this chapter (Section 2.7) to obtain

a sequence rn → +∞ and a number θ > 0 such that z(rn) → θ, rnz
′(rn) → 0 and

limn→∞ r
2
nz
′′(rn) ≥ 0. In particular, z′(rn)→ 0, and from (2.3.1):

z′′(rn)→ −λf(θ) < 0,

a contradiction. Thus z cannot be increasing.

It follows that z′ < 0 for large r. Let us finally see that limr→+∞ z(r) = 0. Assume

for a contradiction that there exists δ > 0 with z > δ. Define the nonnegative function

E(r) =
z′(r)2

2
+ λF (z(r)) +

∫ r

R2

|z′(s)|q+1ds,

where F (t) =
∫ t
δ
f(s)ds. The function E is decreasing for r > R2, since

E ′(r) = z′(r)z′′(r) + λf(z(r))z′(r) + |z′(r)|q+1

= z′(r)(z′′(r) + λf(z(r))− |z′(r)|q) = −N − 1

r
z′(r)2 < 0.

Thus E has a nonnegative limit. We deduce that

z′(r)2

2
+

∫ r

R2

|z′(s)|q+1ds
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34 Chapter 2. Additive gradient term

has a limit, so that the integral
∫ r
R2
|z′(s)|q+1ds is convergent. Thus z′(r) has a limit,

which has to be zero. From (2.3.1) the function z′′(r) also has a limit, which is also zero,

since z(r) is monotone and bounded. Hence, z(r) → 0, a contradiction. This concludes

the proof.

Remark 2.3.2. It becomes clear from the above proof that if f(0) > 0 then no positive

solutions of (2.1.1) not blowing up at infinity may exist. Therefore we will implicitly

assume almost everywhere in what follows that f(0) = 0.

Next we will obtain lower bounds for radially symmetric, positive supersolutions of

the equation −∆u+ |∇u|q = 0. It turns out that the lower bounds depend on the relation

between q and N
N−1 . The following lemma will be also useful in the next chapter.

Lemma 2.3.3. Assume q > 1, and let z ∈ C2(R1,+∞) be positive and verify

− z′′ − N − 1

r
z′ + |z′|q ≥ 0 in (R1,+∞) (2.3.2)

together with z′(r) < 0, limr→+∞ z(r) = 0. Then there exists positive constants, all of

them denoted by C, such that for r ≥ R1:

a) If N ≥ 2 and 1 < q < N
N−1 then:

|z′| ≥ Cr−
1
q−1 , z ≥ Cr−

2−q
q−1 .

b) If N ≥ 3 and q = N
N−1 then:

|z′| ≥ Cr1−N(log r)1−N , z ≥ Cr2−N(log r)1−N .

c) If N ≥ 3 and q > N
N−1 then:

|z′| ≥ Cr1−N , z ≥ Cr2−N .

Proof. Setting Z = −rN−1z′, we have

Z ′ + r−(q−1)(N−1)Zq ≥ 0.

In case a) it follows that (q − 1)(N − 1) < 1, so that, dividing by Zq and integrating in

(r0, r) for some r > r0 > R1:

− Z1−q

q − 1
+

r1−(q−1)(N−1)

1− (q − 1)(N − 1)
≥ −C. (2.3.3)
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2.4. Proofs when 1 < q < N
N−1 35

It follows that Z ≥ Cr−
1
q−1

+N−1, i.e. −z′ ≥ Cr−
1
q−1 . Integrating in (r,+∞) and using

z(+∞) = 0 we obtain the desired inequality.

In case b), after integration we obtain

−Z
1−q

q − 1
+ log r ≥ −C,

so that Z ≥ C(log r)−
1
q−1 , that is −z′ ≥ Cr1−N(log r)1−N . Integrating in (r,+∞) and

using l’Hôpital rule we arrive at

z(r) ≥ C

∫ ∞
r

s1−N(log s)1−Nds ≥ Cr2−N(log r)1−N .

In case c), when q > N
N−1 equation (2.3.3) only gives Z1−q ≤ C, so that −z′ ≥ Cr1−N and

then z ≥ Cr2−N after integration.

Remark 2.3.4. A careful examination of the proof above shows that a finer information

is actually available: the constants can be estimated from below. As an illustration, if

q < N
N−1 , then any positive solution w of the inequality (2.3.2) is such that

lim inf
r→+∞

r
1
q−1 |z′(r)| ≥

(
q − 1

N − q(N − 1)

)− 1
q−1

and

lim inf
r→+∞

r
2−q
q−1 z(r) ≥ q − 1

2− q

(
q − 1

N − q(N − 1)

)− 1
q−1

.

When q = N
N−1 , we have

lim inf
r→+∞

z(r)

r2−N(log r)1−N
≥ (N − 1)N−1

N − 2
.

These inequalities will be used in some proofs later on.

2.4 Proofs in the case 1 < q < N
N−1

This section is devoted to analyze problem (2.1.1) in the case where 1 < q < N
N−1 .

Throughout the section we will only deal with supersolutions which do not blow up at

infinity.

We begin by stating and proving a slightly modified version of the nonexistence part

in Theorem 2.1. Although we are requiring more regularity on f , hypothesis (2.1.3) can

be replaced by a more general one.
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36 Chapter 2. Additive gradient term

Theorem 2.4. Assume N ≥ 2, 1 < q < N
N−1 and let f : (0,+∞)→ R be nondecreasing,

C1 and positive. Suppose in addition that

l1 := lim inf
s→0+

s
q−1
2−q

∫ δ

s

dτ

f(τ)
1
q

< +∞ (2.4.1)

for some small δ > 0. Then:

a) If l1 = 0, problem (2.1.1) does not admit positive supersolutions for any λ > 0.

b) If l1 > 0, there exists λ∗ > 0 such that problem (2.1.1) does not admit positive

supersolutions for λ > λ∗.

Proof. Assume there exists a positive supersolution u of (2.1.1). By Lemma 2.2.3, there

exists a positive, bounded, radially symmetric solution z of −∆z + |∇z|q = λf(z) in

RN \BR1 for some R1 > R0. Thus z verifies

− z′′ − N − 1

r
z′ + |z′|q = λf(z) for r > R1. (2.4.2)

By Lemma 2.3.1, we obtain that z′ < 0 for large r and limr→+∞ z(r) = 0.

Consider the function

H(r) = λf(z(r))− a|z′(r)|q for r > R1,

where a > 1 is to be chosen (cf. [69]). Since f is nondecreasing,

H ′(r) = −λf ′(z)|z′|+ aq|z′|q−1
(
N − 1

r
|z′|+ |z′|q − λf(z)

)
≤ aq|z′|q−1

(
N − 1

r
|z′|+ |z′|q − λf(z)

)
.

Taking into account the lower estimates for |z′| given by part a) of Lemma 2.3.3, we

deduce that, at any point r0 where H vanishes (λf(z(r0)) = a|z′(r0)|q), we have

H ′(r0) ≤ aq|z′|q
(
N − 1

r0
− (a− 1)|z′|q−1

)
≤ aq|z′|q

r0
(N − 1− (a− 1)C) < 0,

provided a is taken large enough. Observe that C can be taken independently of z (cf.

Remark 2.3.4), hence a is also independent of z. Thus H may vanish at most once, and

in particular it has constant sign for large r.

If H(r) > 0 for large r, then λf(z(r)) > a|z′|q. Thus, by part a) of Lemma 2.3.3

−z′′ > a|z′|q − N − 1

r
|z′| − |z′|q = |z′|q

(
a− 1− N − 1

r
|z′|1−q

)
≥ |z′|q

(
a− 1− N − 1

C

)
= |z′|q.
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2.4. Proofs when 1 < q < N
N−1 37

Since −z′ > 0, it is well-known that −z′ blows up in finite time because q > 1 and we get

a contradiction.

Then we necessarily have H(r) < 0 for large r. This translates into

− z′(r)

f(z(r))
1
q

≥ λ
1
q a−

1
q .

Integrating between r0 and r where r > r0 are large enough:∫ z(r0)

z(r)

dτ

f(τ)
1
q

≥ λ
1
q a−

1
q (r − r0) ≥ Cλ

1
q r,

where C is independent of z. Now we use the lower estimate for z given by part a) of

Lemma 2.3.3 to obtain:
1

r

∫ z(r0)

Cr−α

dτ

f(τ)
1
q

≥ Cλ
1
q

where α = 2−q
q−1 . Setting s = Cr−α, and letting s→ 0+:

l1 = lim inf
s→0+

s
q−1
2−q

∫ z(r0)

s

dτ

f(τ)
1
q

≥ Cλ
1
q ,

where C is independent of z (Remark 2.3.4). Thus when l1 = 0, there are no positive

supersolutions for any value of λ, while if 0 < l1 < +∞, no positive supersolutions exist

provided λ is larger than lq1C
−q. This concludes the proof.

Finally, we proceed to the proof of Theorem 2.1.

Proof of Theorem 2.1. a) In this case l ∈ (0,+∞). By Lemma 2.2.4, there exists R1 > R0

and a positive, radially symmetric, bounded solution of

−∆z + |∇z|q = µg(z) in |x| > R1 (2.4.3)

for every µ ∈ (0, λl), where g(t) := t
q

2−q (− log t)β. It is not hard to check that condition

(2.4.1) on g holds if and only if β ≥ 0. Moreover, when β > 0 we obtain l1 = 0. Thus,

according to Theorem 2.4, there are no positive supersolutions of (2.4.3) for any µ > 0

if β > 0, and there are no positive supersolutions for large µ if β = 0. Thus the same is

true for problem (2.1.1). This shows i) and the second part of ii).

To show the rest of part a), we will construct explicit radial supersolutions. Consider

first (2.1.1) with f(t) replaced by t
q

2−q (− log t)β with β < 0. Let u = r−α(log r)γ, where
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38 Chapter 2. Additive gradient term

α = 2−q
q−1 and γ > 0 is to be chosen. The function u will be a supersolution provided that

−α(α + 2−N)(log r)γ + γ(2α + 2−N)(log r)γ−1

−γ(γ − 1)(log r)γ−2 + (log r)γq|α− γ(log r)−1|q

≥ λ(log r)
γq
2−q+β

(
α− γ log(log r)

log r

)β
.

For sufficiently large r, only the leading terms are important, hence it suffices to have

γq > γq
2−q + β, which is equivalent to

γ < −β
q

2− q
q − 1

.

This election is possible since β < 0. Thus u is a supersolution in |x| > R for sufficiently

large R. Using Lemma 2.2.4, we see that (2.1.1) admits a supersolution for every λ > 0.

When β = 0, it is already known that (2.1.1) has positive supersolutions for small λ

(see [2]). Defining

λ∗ = sup{λ > 0 : (2.1.1) has a positive supersolution},

which is finite by the above proof, and taking into account that a supersolution of (2.1.1)

for some λ is also a supersolution for smaller values of λ, we deduce that for λ < λ∗

there exist positive supersolutions while for λ > λ∗ no positive supersolutions exist. This

concludes the proof of part a).

The proof of parts b) and c) is a direct consequence of the previous discussion and

Lemma 2.2.4.

2.5 The case q ≥ N
N−1

In this section we will consider the proof of Theorems 2.2 and 2.3 (thus we are only dealing

with supersolutions not verifying (2.1.2)). Before proceeding to the actual proofs, we will

make a preliminary discussion which is somewhat similar to the previous case. We begin

by considering a positive, bounded, radially symmetric solution z of

− z′′ − N − 1

r
z′ + |z′|q = λg(z) for r > R1, (2.5.1)

where g(t) := t
N
N−2 (− log t)β, which in addition verifies z′ < 0 for large r and limr→+∞ z(r) =

0. Consider the function

H(r) = λg(z(r))− 2|z′(r)|q for r > R1. (2.5.2)
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2.5. Case q ≥ N
N−1 39

At any point r0 > R1 where H vanishes, we have

H ′(r0) = −λg′(z)|z′|+ 2q|z′|q−1
(
N − 1

r0
|z′| − |z′|q

)
≤ |z′|

(
−λg′(z) +

2q(N − 1)

r0
|z′|q−1

)
≤ |z′|

(
−λg′(z) +

2
1
q q(N − 1)

r0
λ
q−1
q g(z)

q−1
q

)
.

(2.5.3)

Now observe that g′(t) ≥ Ct
2

N−2 (− log t)β for some positive C and t ∈ (0, δ]. Thus

H ′(r0)

|z′|
≤

(
−Cλz

2
N−2 (− log z)β +

C

r0
λ
q−1
q z

q−1
q

N
N−2 (− log z)β

q−1
q

)
≤ z

(q−1)N
q(N−2) (− log z)β

q−1
q

(
−Cλz

1
N−2(2− (q−1)N

q )(− log z)
β
q +

C

r0
λ
q−1
q

)
.

From now on, the proof varies depending on whether q = N
N−1 or q > N

N−1 . Thus, let us

consider both cases separately. Since the case q > N
N−1 is simpler, let us consider it first.

Proof of Theorem 2.3. The proofs of b) and c) follow from that of a) as in Theorem 2.1,

hence we only show a). Let us begin with the proof of nonexistence when β ≥ −1. By

employing Lemma 2.2.4, we may restrict to g(t) = t
N
N−2 (− log t)β. Further, let us observe

that if z is a solution of (2.5.1) then it is also a supersolution for every value of q′ < q,

since limr→+∞ |z′(r)| = 0. Thus we may always assume q < N
N−2 .

Consider the function H given by (2.5.2). According to (2.5.3), at any point where H

vanishes we need to consider the sign of

G(r) := −Cλz
1

N−2(2− (q−1)N
q )(− log z)

β
q +

C

r
λ
q−1
q .

Taking into account that the exponent of z in the above expression is positive and using

Lemma 2.3.3 c) we obtain

G(r) ≤ −Cλr−2+
(q−1)N

q (log r)
β
q +

C

r
λ
q−1
q

=
1

r

(
−Cλr−1+

(q−1)N
q (log r)

β
q + Cλ

q−1
q

)
< 0

for large r, since q > N
N−1 . Thus H ′(r) < 0 at points where H vanishes, and so it has at

most one zero. Hence H has constant sign for large r. We need to discuss both possibilities
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40 Chapter 2. Additive gradient term

H(r) > 0 for large r or H(r) < 0 for large r in turn. When H(r) > 0 for large r, we have

|z′|q ≤ λg(z)
2

, so that

−z′′ − N − 1

r
z′ ≥ 1

2
λg(z)

for large r. This contradicts Theorem 1 in [3], since∫ δ

0

τ
N
N−2 (− log τ)β

τ 2
N−1
N−2

dτ = +∞ (2.5.4)

for β ≥ −1.

When H(r) < 0, we just argue as in the proof of Theorem 2.1. We arrive at∫ w(r0)

w(r)

dτ

g(τ)
1
q

≥ Cλ
1
q r,

for r > r0 large enough. Choosing r0 such that z(r0) ≤ 1/2 and using the lower bound

provided by Lemma 2.3.3, we have∫ 1
2

Cr2−N

dτ

g(τ)
1
q

≥ Cλ
1
q r,

which is equivalent, letting s = Cr2−N , to

s
1

N−2

∫ 1
2

s

dτ

g(τ)
1
q

≥ Cλ
1
q .

Now using that g(t) = t
N
N−2 (− log t)β, the integral can be estimated to obtain

s
q(N−1)−N
q(N−2) (− log s)−

β
q ≥ Cλ

1
q .

Letting s→ 0+ we obtain a contradiction since q > N
N−1 . Thus no positive supersolutions

may exist when β ≥ −1.

On the other hand, when β < −1, the integral in (2.5.4) is convergent. Thus by

Theorem 1 in [3] there exists a solution w of

−∆w = λf(w) in RN \BR0

for some R0 > 0. Obviously this function w is also a supersolution of (2.1.1). This

concludes the proof.

Proof of Theorem 2.2. As before, we only prove part a) and consider g(t) = t
N
N−2 (− log t)β.

Let us begin with the proofs of nonexistence in i) and ii). Recall that in this case q = N
N−1 .
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2.5. Case q ≥ N
N−1 41

Assuming a positive supersolution exists and letting z be the radial solution obtained

with the use of Lemma 2.2.4, if the function H given by (2.5.2) vanishes at r0 then by

(2.5.3)

H ′(r0) ≤ |z′|z
1

N−2 (− log z)
β
N

(
−Cλz

1
N−2 (− log z)

β(N−1)
N +

C

r0
λ

1
N

)
.

Next, observe that, using Lemma 2.3.3 b) and Remark 2.3.4, there exists a constant C,

which can be chosen independently of λ, such that z ≥ Cr2−N(log r)1−N for r ≥ r1 (of

course r1 will depend upon λ, but this will cause no inconveniences in what follows). We

deduce

H ′(r0) ≤
|z′|z

1
N−2 (− log z)

β
N

r0

(
−Cλ(log r0)

(N−1)( βN−
1

N−2) + C
)
.

If β > N
N−2 , it is clear that H ′(r0) < 0, provided r0 is large enough. When β = N

N−2 , it

suffices to take λ large enough to achieve the same conclusion. Thus we obtain that the

function H has a constant sign for large r, both when β > N
N−2 or when β = N

N−2 and λ

is large.

The case where H(r) > 0 is ruled out as in the proof of Theorem 2.3. Thus we assume

in what follows that H(r) < 0 for large r. We proceed as in the proofs of Theorems 2.1

and 2.3 to obtain ∫ z(r0)

z(r)

dτ

g(τ)
1
q

≥ Cλ
1
q r,

for r > r0 large enough. Choosing r0 such that z(r0) ≤ 1/2 and using the lower bound

provided by Lemma 2.3.3 b, we have∫ 1
2

Cr2−N (log r)1−N

dτ

g(τ)
1
q

≥ Cλ
1
q r.

Now set s = Cr2−N(log r)1−N . It follows that − log s ≥ C log r for some positive constant

C, hence s ≥ Cr2−N(− log s)1−N . This readily gives r ≥ Cs−
1

N−2 (− log s)−
N−1
N−2 . Hence for

small positive s:

s
1

N−2 (− log s)
N−1
N−2

∫ 1
2

s

dτ

g(τ)
1
q

≥ Cλ
1
q . (2.5.5)

The integral can be estimated and (2.5.5) gives

(− log s)(N−1)(
1

N−2
− β
N ) ≥ Cλ

1
q

for small s. When β > N
N−2 we immediately obtain a contradiction letting s → 0+. If

β = N
N−2 we deduce that λ cannot be too large, hence no positive solutions exist when λ

is large. This concludes the nonexistence part in the proof of a).
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42 Chapter 2. Additive gradient term

As for the existence parts in ii) and iii), it suffices to show that a positive, radial

supersolution can be constructed for large r if β < N
N−2 and λ > 0 or β = N

N−2 and λ is

small. We look for a supersolution in the form u = Ar2−N(log r)γ for some A > 0, γ ∈ R.

It suffices to have

γ(N − 2)− γ(γ − 1)(log r)−1 + Aq−1(log r)
γN
N−1

+1−γ ∣∣N − 2− γ(log r)−1
∣∣q

≥ λA
2

N−2 (log r)
γN
N−2

+β+1−γ
(
N − 2− logA

log r
− γ log(log r)

log r

)β (2.5.6)

for large r. If β < N
N−2 , we can choose

−(N − 1) < γ < −β(N − 1)(N − 2)

N
,

and (2.5.6) will hold for large r irrespective of the value of A > 0. When β = N
N−2 , we

need to choose γ = 1−N and (2.5.6) reduces to

γ(N − 2)− γ(γ − 1)(log r)−1 + Aq−1
∣∣N − 2− γ(log r)−1

∣∣q
≥ λA

2
N−2

(
N − 2− logA

log r
− γ log(log r)

log r

)β
,

which will hold for large r if γ(N − 2) + Aq−1(N − 2)q > λ(N − 2)βA
2

N−2 . For a given

λ > 0, such a value of A can be found provided that

0 < λ < sup
x>0

γ(N − 2) + xq−1(N − 2)q

(N − 2)βx
2

N−2

.

Observe that this supremum is finite since γ < 0 and q = N
N−1 <

N
N−2 . Hence the function

u will be a supersolution with this choice of A. This concludes the proof.

2.6 Supersolutions which blow up at infinity

To conclude with the analysis of (2.1.1), we are dealing with positive supersolutions which

blow up at infinity, that is, which verify

lim
|x|→+∞

u(x) = +∞.

Since, from now on, the parameter λ will not play any role, we are setting λ = 1, and will

consider the problem

−∆u+ |∇u|q = f(u) in RN \BR0 . (2.6.1)

Our main result of the section is the following:
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2.6. Supersolutions which blow up at infinity 43

Theorem 2.5. Assume f : (0,+∞) → R is positive, C1 and nondecreasing. If the

condition ∫ ∞
M

dτ

f(τ)
1
q

< +∞ (2.6.2)

holds for some M > 0, then problem (2.6.1) does not admit positive supersolutions blowing

up at infinity. Moreover, if N = 2 and q ≥ 2 problem (2.6.1) does not admit any positive

supersolutions.

Remark 2.6.1. As in the previous sections, we can test condition (2.6.2) with the class of

functions f(t) = tp(log t)β, for p > 0 and β ∈ R (and functions which behave like these

at infinity). It is not difficult to check that (2.6.2) holds when p > q or p = q and β > q.

Thus no supersolutions of (2.6.1) which blow up at infinity can exist in these cases.

However, when p < q or p = q and β ≤ q, it is not hard to construct positive

supersolutions blowing up at infinity. Setting u = ev and looking for radially symmetric

solutions v, it suffices to have

−v′′ − (v′)2 − N − 1

r
v′ + e(q−1)v(v′)q ≥ e(p−1)vvβ

for large r. If p < q, we may simply take v = r, while for p = q and β ≤ q, we set v = eαr

with an arbitrary α > 1.

Before coming to the proof of Theorem 2.5, we need an additional result which will

be handy in the case N = 2 and q ≥ 2.

Lemma 2.6.2. If N = 2 and q ≥ 2, there exists a solution φ of

−φ′′ − φ′

r
+ |φ′|q = 0, in (1,∞)

such that limr→∞ φ(r) = −∞ and φ′(r) < 0 for large r.

Proof. Defining W = −rφ′ we see that W has to satisfy

W ′ + r1−q|W |q = 0.

If q = 2 we obtain the particular solution W (r) = 1/ log r, thus we can take φ(r) =

− log(log r). When q > 2, an integration gives W (r) = ( q−1
q−2(1− r2−q))−

1
q−1 , thus

φ(r) = −
∫ r

1

W (s)

s
ds

is the required function. The lemma follows.
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44 Chapter 2. Additive gradient term

Proof Theorem 2.5. Assume first that (2.6.1) has a positive supersolution which blows

up at infinity. By Lemma 2.2.1, there exists a positive, radially symmetric supersolution

z = z(r) of

−z′′ − N − 1

r
z′ + |z′|q = f(z) in r > R0

which is bounded from below. Thanks to Lemma 1 in [2], there exists R1 > R0 such that

z is monotone for r > R1.

If z were bounded, we may apply Lemma 2.3.1 to deduce that limr→+∞ z(r) = 0,

contradicting that z is bounded from below. Hence z is not bounded, and it has to be

increasing for r > R1 with limr→+∞ z(r) = +∞. As in the proof of Lemma 2.3.1, we also

deduce that z′ does not vanish for r > R1, hence z′ > 0 in r > R1.

Consider the function

H(r) = f(z(r))− 2z′(r)q, r > R1.

If H(r0) = 0 for some r0 > R1, we have

H ′(r0) ≥ f ′(z)z′ +
2(N − 1)q

r0
(z′)q + 2q(z′)2q−1 > 0,

thus H can vanish at most once for r > R1, and in particular it has constant sign for

sufficiently large r. Let us first rule out the case H(r) > 0 for large r. Observe that this

implies

−z′′ ≥ 1

2
f(z)

for large r. We may integrate between r0 and r for r > r0, both large enough, and obtain

−z′(r) ≥ −z′(r0) +
1

2

∫ r

r0

f(z(t))dt ≥ −z′(r0) +
1

2
f(z(r0))(r − r0).

Integrating once again between r0 and r:

−z(r) ≥ −z(r0)− z′(r0)(r − r0) +
1

4
f(z(r0))(r − r0)2,

which implies that z(r)→ −∞ as r → +∞, a contradiction.

So we may assume in what follows that H(r) < 0 for large r, that is (z′)q ≥ 1
2
f(z).

This implies, after integrating: ∫ z(r)

z(r0)

dτ

f(τ)
1
q

≥ 2−
1
q (r − r0)

for r > r0 large enough. Letting r → +∞ we arrive at∫ ∞
z(r0)

dτ

f(τ)
1
q

= +∞
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2.7. Appendix 45

which contradicts condition (2.6.2).

Finally, consider the case N = 2 and q ≥ 2 and let us show that all radially symmetric

solutions blow up at infinity. Suppose by contradiction that z is bounded so that Lemma

2.3.1 implies limr→+∞ z(r) = 0 and z′ < 0 for large r.

Take the function φ given by Lemma 2.6.2 and fix a large r0. Choose a value 0 < a < 1

such that z′(r0)/φ
′(r0) > a (which is possible since φ′ < 0) and let b be such that

z(r0) = aφ(r0) + b. Observe that φ := aφ+ b is a subsolution of

−z′′ − 1

r
z′ + |z′|q = f(z),

and we also have limr→∞ φ(r) = −∞. Thus using comparison we have φ ≤ z in (r0,+∞).

Since φ(r0) = z(r0), then φ′(r0) ≤ z′(r0) which contradicts the choice of a. This con-

tradiction shows that z blows up at infinity, as was to be shown. This concludes the

proof.

2.7 Appendix to Chapter 2

We include in this Appendix a slightly modified version of Lemma S in [69]:

Lemma 2.7.1. Suppose that z ∈ C2(R0,+∞) where R0 ≥ 0 and w(r) = rαz(r) is bounded

for large enough r and some α ∈ R. Then there exists a sequence {rn}n≥1 with rn → +∞
such that

i) lim
n→+∞

w(rn) = θ := lim inf
r→+∞

w(r),

ii) lim
n→+∞

rα+1
n z′(rn) = −αθ,

iii) lim
n→+∞

rα+2
n z′′(rn) ≥ α(α + 1)θ.

The last limit may be +∞.

Proof. We distinguish three cases.

Case 1). The function w is increasing for large r and w(r)→ θ when r goes to +∞. Then

w′ ≥ 0 for large r and

lim inf
r→+∞

rw′ = 0, (2.7.1)

otherwise w would grow at least logarithmically against the assumption that it is bounded.

Now, two situations are possible:
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46 Chapter 2. Additive gradient term

1.1) The function rw′ decreases monotonically to 0. Then, (rw′)′ ≤ 0 and

lim sup
r→+∞

r(rw′)′ = 0,

for the same reasons as (2.7.1), that is, there exists a sequence {rn}n≥1 with rn → +∞
such that r2nw

′′(rn) + rnw
′(rn)→ 0 which implies r2nw

′′(rn)→ 0.

1.2) The function rw′ decreases to 0 along a sequence of local minima {rn} of rw′. That

is, there exists a sequence {rn} with rn → +∞ such that rnw
′(rn) → 0 and rnw

′′(rn) +

w′(rn) = 0, so again r2nw
′′(rn)→ 0.

In both situations 1.1) and 1.2) we have rnw
′(rn), r2nw

′′(rn) → 0. Now by simple

computation,

rα+1z′ = −αw + rw′,

rα+2z′′ = α(α + 1)w − 2αrw′ + r2w′′.
(2.7.2)

Letting n→ +∞ through the sequence {rn} in (2.7.2) we arrive at the desired conclusion.

Observe that i) is always true because w is monotone.

Case 2). The function w is decreasing for large r and w(r)→ θ when r goes to +∞. The

proof is similar to case 1), replacing w by −w.
Case 3). The function w oscillates for large r, and along a sequence of local minima {rn},
we have w(rn)→ θ. That is, there exists a sequence {rn}n≥1 with rn → +∞ such that

lim
n→+∞

w(rn) = θ, w′(rn) = 0 and w′′(rn) ≥ 0.

Hence by (2.7.2),

rα+1
n z′(rn) = −αw(rn),

rα+2
n z′′(rn) ≥ α(α + 1)w(rn).

The proof of the lemma is concluded after taking a subsequence of {rn} which ensures

that limn→+∞ r
α+2
n z′′(rn) exists (possibly being infinite).
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Chapter 3

Systems with superlinear growth in

the gradient

We continue our analysis of Liouville theorems in the presence of gradient terms by con-

sidering next the system:{
−∆u+ |∇u|q = λf(v)

−∆v + |∇v|q = µg(u),
in RN \BR0 , (3.1.1)

where N ≥ 2, R0 > 0, q > 1, f, g are nondecreasing positive functions defined in (0,+∞)

and λ, µ > 0 are parameters. In the next chapter we will study the same system but with

q = 1.

We will be dealing throughout with weak positive supersolutions (u, v) ∈ C1(RN\BR0)
2

of (3.1.1), that is, functions verifying
∫
RN\BR0

∇u∇φ+

∫
RN\BR0

|∇u|qφ ≥ λ

∫
RN\BR0

f(v)φ∫
RN\BR0

∇v∇ψ +

∫
RN\BR0

|∇v|qψ ≥ µ

∫
RN\BR0

g(u)ψ

for arbitrary nonnegative φ, ψ ∈ C∞0 (RN \BR0).
1

3.1 Nonexistence results

As was shown in Chapter 2 for the scalar equation

−∆u+ |∇u|q = λf(u) in RN \BR0 ,

1The results in this chapter are contained in [18].

47
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48 Chapter 3. System with gradient terms

the presence of the gradient term allows the existence of different types of positive super-

solutions. The same is true when considering positive supersolutions of (3.1.1). Thus it

makes sense to distinguish between those supersolutions which blow up at infinity, that

is,

lim
|x|→+∞

u(x) = lim
|x|→+∞

v(x) = +∞, (3.1.2)

uniformly and those which do not. It is worth remarking that if (u, v) is a positive

supersolution of (3.1.1), then u blows up at infinity if and only if v does (see Lemma 3.2.1

below).

We begin by considering supersolutions which do not verify (3.1.2). For this kind of

supersolutions, the behavior of f and g at zero is important; hence we assume that

θ1 := lim inf
t→0

f(t)

tp
> 0, θ2 := lim inf

t→0

g(t)

ts
> 0, (3.1.3)

for some p, s > 0.

It turns out that the existence of positive supersolutions of (3.1.1) depends on the

relative values of q and the exponent N
N−1 , in the same spirit as in the scalar equation.

Thus we split our nonexistence results in three different regimes depending on whether

1 < q < N
N−1 , q = N

N−1 or q > N
N−1 .

Before stating our main achievements when 1 < q ≤ N
N−1 let us introduce, for ps > q2,

the positive exponents

α =
q(p+ q)

ps− q2
, β =

q(s+ q)

ps− q2
, (3.1.4)

which along with their relative position with respect to γ = 2−q
q−1 give the regions of nonex-

istence of positive supersolutions. Without loss of generality, and given the symmetry of

the problem, we can always assume that p ≥ s.

Theorem 3.1. Assume N ≥ 2 and 1 < q < N
N−1 . Let f, g : (0,+∞) → R be nonde-

creasing, continuous and positive functions, and suppose that condition (3.1.3) holds with

p ≥ s > 0. Then:

a) If ps ≤ q2, then there are no positive supersolutions of (3.1.1) which do not blow up

at infinity.

b) If ps > q2 and α > γ, then there are no positive supersolutions of (3.1.1) which do

not blow up at infinity.
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3.1. Nonexistence results 49

c) If ps > q2, α = β = γ, and any pair of positive numbers (t1, t2) > 0 verifies at least

one of the following inequalities

α(N − 2− α)t1 + αqtq1 < λθ1t
p
2,

β(N − 2− β)t2 + βqtq2 < µθ2t
s
1,

(3.1.5)

then there are no positive supersolutions of (3.1.1) which do not blow up at infinity.

d) If ps > q2, β < α = γ, and any pair of positive numbers (t1, t2) > 0 verifies at least

one of the following inequalities{
α(N − 2− α)t1 + αqtq1 < λθ1t

p
2,

βqtq2 < µθ2t
s
1,

(3.1.6)

then there are no positive supersolutions of (3.1.1) which do not blow up at infinity.

q

2-q

q

2-q
,( )

2-q

q-1
,{ }q(p+q)

ps-q2

q(s+q)
ps-q2 =max

p

s

Figure 3.1. Regions when 1 < q < N
N−1

. Nonexistence in dark grey, existence

in light grey and nonexistence depending on λ and µ on the black curve.

Theorem 3.2. Assume N ≥ 3 and q = N
N−1 . Let f, g : (0,+∞) → R be nondecreasing,

continuous and positive functions, and suppose that condition (3.1.3) holds with p ≥ s.

Then:

a) If ps ≤
(

N
N−1

)2
, then there are no positive supersolutions of (3.1.1) which do not

blow up at infinity.
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50 Chapter 3. System with gradient terms

b) If ps >
(

N
N−1

)2
and α > N − 2 then there are no positive supersolutions of (3.1.1)

which do not blow up at infinity.

We consider next the remaining case q > N
N−1 . The situation is slightly more compli-

cated here, and nonexistence results depend on the relation between two pairs of expo-

nents, which are

α =
2(p+ 1)

ps− 1
, β =

2(s+ 1)

ps− 1
, (3.1.7)

and

α̂ =
q(p+ 2)

ps− q
, β̂ =

q + 2s

ps− q
, (3.1.8)

respectively. It is worth remarking that the latter exponents play a role only in the regime

ps > q.

Remark 3.1.1. Observe that the exponents α̂, β̂ are not symmetric if we interchange p and

s. This is due to the fact that we are assuming p ≥ s. When p < s then the exponents

α̂ = q(p+2)
ps−q , β̂ = q+2s

ps−q have to be replaced by α̂′ = q+2p
ps−q , β̂

′ = q(s+2)
ps−q .

Theorem 3.3. Assume N ≥ 3 and q > N
N−1 . Let f, g : (0,+∞) → R be nondecreasing,

continuous and positive functions, and suppose that condition (3.1.3) holds with p ≥ s.

Then:

a) If ps ≤ 1, then there are no positive supersolutions of (3.1.1) which do not blow up

at infinity.

b) If ps > 1, α ≥ N −2 and β ≥ γ, then there are no positive supersolutions of (3.1.1)

which do not blow up at infinity.

c) If ps > 1, α ≥ N−2, β < γ and α̂ ≥ N−2, then there are no positive supersolutions

of (3.1.1) which do not blow up at infinity.
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3.1. Nonexistence results 51
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p

s

q

Figure 3.2. Regions when q > N
N−1

. Nonexistence

in dark grey and existence in light grey.

Remark 3.1.2.

a) It will be seen that ps > 1 and β ≤ γ imply ps > q, so the exponents in (3.1.8) are

well-defined and positive (see the beginning of the proof of Lemma 3.6.2 below).

b) The case N = 2 is excluded from Theorems 3.2 and 3.3 since all positive supersolutions

of the system (3.1.1) when N = 2 and q ≥ 2 verify (3.1.2), see the proof of Theorem 2.5

in Chapter 2. Thus it will be included in our next theorem.

Finally, we consider positive supersolutions which verify (3.1.2). In this case, only the

behavior of f and g at infinity is important. We assume that

lim inf
t→+∞

f(t)

tp
> 0, lim inf

t→+∞

g(t)

ts
> 0, (3.1.9)

for some p, s > 0.

Theorem 3.4. Assume N ≥ 2. Let f, g : (0,+∞)→ R be nondecreasing, continuous and

positive functions, and suppose that condition (3.1.9) holds for some p, s > 0. If ps > q2,

then there are no positive supersolutions of (3.1.1) which blow up at infinity.

It is important to remark that our results are essentially optimal, in the sense that if

f(t) = tp and g(t) = ts, p, s > 0 then supersolutions can be explicitly constructed in all



68 / 135

Este recibo incorpora firma electrónica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la dirección: http://sede.ull.es/validacion

Identificador del documento: 849487																Código de verificación: 9H/bHnOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de  MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de  JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de  ERNESTO PEREDA DE PABLO

52 Chapter 3. System with gradient terms

cases not covered by Theorems 3.1, 3.2, 3.3 and 3.4; see Section 3.9. The same is true

with the assumptions

lim sup
t→0

f(t)

tp
< +∞, lim sup

t→0

g(t)

ts
< +∞

for supersolutions not blowing up at infinity and

lim sup
t→+∞

f(t)

tp
< +∞, lim sup

t→+∞

g(t)

ts
< +∞

for those which do.

It is also worthy of mention that the main differences between system (3.1.1) and

equation (2.1.1) appear in the range q > N
N−1 . With regard to the equation, the gradient

term does not play any role when q > N
N−1 . That is, the region of nonexistence depends

on the relative position of the critical exponent 2
p−1 with respect to N − 2, and it does

not depend on q (see [2]). But when dealing with system (3.1.1) there are two exponents

involved, given in (3.1.7). If one of them is greater than N − 2, then it is still relevant

if the other one is greater than or less than γ. The appearance of the exponents α̂, β̂ in

(3.1.8) is a consequence of this phenomenon. According to Theorem 3.3, the gradient is

not relevant when q ≥ 2 for the system.

3.2 Classification of supersolutions

We introduce a similar notation as the one in Chapter 1. For a function z ∈ C1(RN \BR0),

we denote

mz(R) = min
|x|=R

z(x), R > R0, (3.2.1)

since it is convenient to explicitly express the dependence of mz(R) on the function z.

According to Lemma 1 in [2] we obtain that there exists R1 > R0 such that the function

mz(R) is monotone for R > R1. We will assume troughout that if a positive supersolution

(u, v) of (3.1.1) exist, then R0 has been chosen such that mu(R) and mv(R) are monotone

for R > R0.

The following lemma allows us to distinguish between supersolutions which blow up

at infinity, that is, which verify (3.1.2) and supersolutions which do not blow up. The

proof is based on a device introduced in [27] and later refined in [35].

Lemma 3.2.1. Assume q > 1, and let f, g be continuous and nondecreasing positive

functions defined in (0,+∞). If (u, v) ∈ C1(RN \ BR0)
2 is a positive supersolution of

(3.1.1) and mu(R), mv(R) are given by (3.2.1), then, either
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3.2. Classification of supersolutions 53

a) The functions mu and mv are bounded, nonincreasing and converge to zero as

R→∞. In addition, if f and g verify (3.1.3) then there exists C > 0 such that

mp
v(2R) ≤ C

(
mu(R)

R2
+
mq
u(R)

Rq

)
,

ms
u(2R) ≤ C

(
mv(R)

R2
+
mq
v(R)

Rq

)
,

for R > R0.

Or,

b) The functions mu(R) and mv(R) are nondecreasing and diverge to infinity when

R→∞.

Proof. Choose a cut-off function φ ∈ C∞0 (R) such that 0 ≤ φ ≤ 1, φ = 0 in (−∞, 1) ∪
(4,+∞) and φ = 1 in [2, 3]. For R > R0 consider the function

w(x) = u(x)−mu(2R)φ

(
|x|
R

)
|x| > R0.

Observe that there exists a point xR ∈ ∂B2R such that w(xR) = 0. Since w > 0 in RN\B4R

and in BR \ BR0 , then w achieves a nonpositive minimum at some point yR ∈ B4R \ BR.

This implies ∆w(yR) ≥ 0 and ∇w(yR) = 0, so that

−∆u(yR) + |∇u(yR)|q≤−mu(2R)

R2
∆φ

(
|x|
R

)
+
mq
u(2R)

Rq

∣∣∣∣∇φ( |x|R
)∣∣∣∣q≤ C

(
mu(2R)

R2
+
mq
u(2R)

Rq

)
,

where C is a positive constant which depends on φ (we still use the convention that the

letter C denotes positive constants, not necessarily the same everywhere). Since (u, v) is

a supersolution of (3.1.1) it follows that

f(v(yR)) ≤ C

(
mu(2R)

R2
+
mq
u(2R)

Rq

)
. (3.2.2)

Assume first that mu(R) is bounded. Then (3.2.2) gives limR→+∞ f(v(yR)) = 0. Since f

is positive and nondecreasing in (0,+∞), we have

lim
R→+∞

v(yR) = 0.

By using the monotonicity of mv, we deduce that mv is nonincreasing for large R and

limR→+∞mv(R) = 0. Arguing in a similar way for v it follows that also limR→+∞mu(R) =
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54 Chapter 3. System with gradient terms

0 and mu is nondecreasing for large R. This shows the first part of a). Moreover, if f and

g verify (3.1.3) we see that f(v(yR)) ≥ Cvp(yR) ≥ Cmp
v(4R). Hence

mp
v(4R) ≤ C

(
mu(2R)

R2
+
mq
u(2R)

Rq

)
for large R. In the same way

ms
u(4R) ≤ C

(
mv(2R)

R2
+
mq
v(2R)

Rq

)
for large R, and the proof of a) follows by replacing 2R by R and enlarging C if necessary.

The remaining case, contained in part b), arises when both mu and mv are unbounded.

But then by monotonicity we immediately have that mu and mv are nondecreasing for

large R, so that limR→+∞mu(R) = limR→+∞mv(R) = +∞. This concludes the proof.

Remark 3.2.2.

a) The inequalites given by Lemma 3.2.1 are a byproduct of our proof, but they will not

be used in obtaining lower or upper estimates for positive supersolutions. However, a

version of these inequalites is useful in the proof of one of our auxiliary results, Theorem

3.5 in Section 3.6.

b) Observe that the proof of Lemma 3.2.1 remains valid when q = 1.

3.3 Reduction to the radial setting

In this section we show that the existence of a positive supersolution of (3.1.1) implies

the existence of a positive radially symmetric supersolution, and in most cases even the

existence of a positive radially symmetric solution.

Our first result in this direction is the analogue of Lemma 2.2.1 in Chapter 2.

Lemma 3.3.1. Assume N ≥ 2, q > 1 and let f, g : (0,+∞) → R be positive, non-

decreasing and continuous functions. Suppose there exists a positive supersolution (u, v)

of (3.1.1). Then there exists a positive radial supersolution (z, w) ∈ C2(RN \ BR0)
2 of

(3.1.1). In addition, if (u, v) does not blow up at infinity, then z, w, z′ and w′ go to 0 as

R→ +∞, and if (u, v) blows up at infinity, then (z, w) also blows up at infinity.

Proof. Choose R1 > R0 and introduce the annulus A(R0, R1) := {x ∈ RN : R0 < |x| <
R1}. For R > R0, we take the functions mu,mv given by (3.2.1) and we consider the

uncoupled problems{
−∆z + |∇z|q = λf(mv(|x|)) in A(R0, R1),

z = 0 on ∂A(R0, R1),
(3.3.1)



71 / 135

Este recibo incorpora firma electrónica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la dirección: http://sede.ull.es/validacion

Identificador del documento: 849487																Código de verificación: 9H/bHnOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de  MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de  JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de  ERNESTO PEREDA DE PABLO

3.3. Reduction to the radial setting 55

and {
−∆w + |∇w|q = µg(mu(|x|)) in A(R0, R1),

w = 0 on ∂A(R0, R1).
(3.3.2)

The function 0 is a subsolution for both problems. Then by Theorem III.1 in [54], there

exist unique positive solutions zR1 , wR1 ∈ W 2,θ(A(R0, R1)) of (3.3.1) and (3.3.2), respec-

tively, where θ > N is arbitrary. Note that the functions zR1 , wR1 are radially symmetric

because of uniqueness.

Setting ẑR1 = min{mu(R0),mu(R1)} + zR1 , ŵR1 = min{mv(R0),mv(R1)}
+ wR1 , we obtain that ẑR1 and ŵR1 are radially symmetric solutions of{

−∆z + |∇z|q = λf(mv(|x|)) in A(R0, R1),

z = min{mu(R0),mu(R1)} on ∂A(R0, R1),
(3.3.3)

and {
−∆w + |∇w|q = µg(mu(|x|)) in A(R0, R1),

w = min{mv(R0),mv(R1)} on ∂A(R0, R1),
(3.3.4)

respectively. Next, observe that the monotonicity of f and g implies that f(u) ≥
f(mu(|x|)) and g(v) ≥ g(mv(|x|)), so that u is a supersolution of (3.3.3) and v is a

supersolution of (3.3.4). Then by comparison u ≥ ẑR1 and v ≥ ŵR1 in A(R0, R1), so that

the sets {ẑR1}R1>R0 and {ŵR1}R1>R0 are bounded.

By part 2 of Theorem A.1 in [51] we obtain local bounds for {∇ẑR1}R1>R0 and

{∇ŵR1}R1>R0 in Lθ for every θ > 1. This yields that {∆ẑR1}R1>R0 and {∆ŵR1}R1>R0 are

locally bounded in Lθ for every θ > 1. Hence by classical regularity and Sobolev embed-

dings it turns out that {ẑR1}R1>R0 and {ŵR1}R1>R0 are locally bounded in C1,α for every

α ∈ (0, 1). By means of a diagonal argument we thus obtain a sequence {R1,n}n≥1 such

that limn→+∞R1,n = +∞, limn→+∞ ẑR1,n = z and limn→+∞ ŵR1,n = w in C1
loc(RN \BR0).

If we denote lu = limR→+∞mu(R) and lv = limR→+∞mv(R), then z is a radially

symmetric solution of

−∆z + |∇z|q = λf(mv(|x|)) in RN \BR0 ,

with min{mu(R0), lu} ≤ z ≤ mu, and w is a radially symmetric solution of

−∆w + |∇w|q = µg(mu(|x|)) in RN \BR0 ,

with min{mv(R0), lv} ≤ w ≤ mv. By bootstrapping and using that z, w are radially

symmetric, we deduce that z, w are indeed classical solutions. Since f and g are non-

decreasing we obtain that f(mv(|x|)) ≥ f(w) and g(mu(|x|)) ≥ g(z), so that (z, w) is a
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56 Chapter 3. System with gradient terms

radially symmetric nonnegative supersolution of the system{
−∆z + |∇z|q = λf(w),

−∆w + |∇w|q = µg(z),
in RN \BR0 . (3.3.5)

The strong maximum principle implies z, w > 0 (observe that z, w are nontrivial). This

shows the first part of the lemma.

Now assume (u, v) does not blow up at infinity. By Lemma 3.2.1.a), lu = lv = 0. Since

z ≤ mu, w ≤ mv then limr→+∞ z(r) = limr→+∞w(r) = 0. Let us show that z′(r)→ 0 as

r → +∞.

Take an arbitrary sequence {xn} ⊂ RN \ BR0 with |xn| → +∞ and consider the

function zn = z(xn + y) for |y| < |xn|−R0. The function zn verifies the equation −∆zn +

|∇zn|q = λf(mv(|xn + y|)). Arguing as above we see that, passing to a subsequence,

zn → z in C1
loc(RN) with −∆z + |∇z|q = 0. Using that zn(0) = z(xn) → 0 = z(0), the

strong maximum principle yields z = 0 in RN , thus ∇z(xn) = ∇zn(0) → 0. Since the

sequence {xn} was arbitrary we have shown that z(r) and z′(r) go to 0 when r → +∞,

and the same is true for w and w′ with a similar proof.

Finally, suppose (u, v) blows up at infinity. By Lemma 3.2.1.a), lu = lv = +∞. Since

mu(R0) = min{mu(R0), lu} ≤ z, mv(R0) = min{mv(R0), lv} ≤ w then z, w are bounded

from below. Hence by Lemma 3.2.1, we get that (z, w) must blow up at infinity.

Remark 3.3.2. The fact that z, z′, w, w′ go to 0 as r → +∞ for positive radial supersolu-

tions which do not blow up at infinity allows us to assume that q < 2 for the proofs of

nonexistence, since if (z, w) is a supersolution of (3.1.1) then it is a supersolution of{
−∆z + |∇z|q′ = λf(w)

−∆w + |∇w|q′ = µg(z)
in RN \BR1

for every q′ < q, if R1 is large enough.

Lemma 3.3.3. Assume N ≥ 2, q > 1 and if N = 2 additionally assume q ≤ 2. Let

f, g : (0,+∞) → R be positive, nondecreasing and continuous functions verifying (3.1.3)

and suppose there exists a positive supersolution (u, v) of (3.1.1) which does not blow up

at infinity. Then for every ν1 ∈ (0, θ1), ν2 ∈ (0, θ2), there exist R1 > R0 and a positive,

bounded, radially symmetric solution (z, w) of{
−∆z + |∇z|q = λν1w

p

−∆w + |∇w|q = µν2z
s,

in RN \BR1 . (3.3.6)
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3.4. Lower bounds 57

Proof. By Lemma 3.3.1 there exists a positive, bounded, radially symmetric supersolution

(u, v) of (3.1.1) verifying limr→+∞ u = limr→+∞ v = 0. Taking ν1 ∈ (0, θ1), ν2 ∈ (0, θ2),

we may use condition (3.1.3) to deduce that there exists R′0 > R0 such that f(v) ≥ ν1v
p,

g(u) ≥ ν2u
s if r > R′0. This shows that (u, v) is actually a supersolution of (3.3.6), for

every R1 > R′0.

We now use Lemma 2.2.2: let M = supr≥2R0
u(r) + v(r). Then there exists R̃ > R′0

(depending on M) such that for every R1, R2 > R̃ with R2 > 2R1, we can find radially

symmetric, positive functions uR2
, vR2

verifying{
−∆z + |∇z|q ≤ 0 in A(R1, R2),

z = u on ∂A(R1, R2),

and {
−∆z + |∇z|q ≤ 0 in A(R1, R2),

z = v on ∂A(R1, R2),

respectively. Observe that, since u(R1) > u(R2), we deduce from the maximum principle

that uR2
≤ u(R1) in A(R1, R2), hence u′R2

(R1) ≤ 0, and in a similar fashion v′R2
(R1) ≤ 0.

From now on, we fix R1 > R̃ and take R2 such that R2 > 2R1.

The comparison principle yields uR2
≤ u, vR2

≤ v in A(R1, R2), so we are in a position

to use the method of sub and supersolutions, Theorem A.4 in the Appendix, to obtain a

radial solution (zR2 , wR2) of the problem
−∆z + |∇z|q = λν1w

p,

−∆w + |∇w|q = µν2z
s,

z = u,

w = v,

in A(R1, R2),

on ∂A(R1, R2).
(3.3.7)

Since 0 ≤ zR2 ≤ u and 0 ≤ wR2 ≤ v we get global bounds for {zR2} and {wR2}.
Arguing in a similar way as in Lemma 2.2.3, we obtain that (for some sequence R2 →

+∞) zR2 → z, wR2 → w, where (z, w) is a positive solution of (3.1.1). This concludes the

proof.

3.4 Lower bounds

In this section we provide some new lower estimates for radially symmetric, bounded

positive supersolutions of some equations involving the operator −∆u+ |∇u|q. In Section

2.3 some lower estimates were obtained for positive radial supersolutions of the equation

−∆u+ |∇u|q = 0 in RN \BR0 . (3.4.1)
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58 Chapter 3. System with gradient terms

However, the estimates given in Lemma 2.3.3 can be improved when the right-hand side

in (3.4.1) is a power function, rather than zero. Since estimates for the gradient will

not be used in the arguments to follow, we give a nonradial proof, which is based on a

Hadamard three circles type argument, in the spirit of [27] (see also [2]). We recall that

γ = 2−q
q−1 .

Lemma 3.4.1. Assume q > 1, C > 0 and let u be a positive function verifying

−∆u+ |∇u|q ≥ C|x|−θ−2 in RN \BR0 , (3.4.2)

where γ ≤ θ < N − 2. Then there exists a positive constant C ′ > 0 such that

u(x) ≥ C ′|x|−θ for |x| > R0.

Proof. We first remark that since γ ≤ θ < N − 2, then the function ψ(x) = A|x|−θ + B

is a subsolution of (3.4.2) if A > 0 is small enough and B ∈ R. Actually it suffices that

0 < A ≤ A0, where A0 is the unique positive solution of the equation θA0(N − 2 − θ) +

θqAq0R
−q(θ+1)+θ+2
0 = C.

The proof of the lemma reduces to show that lim inf |x|→+∞mu(|x|)|x|θ > 0. If this were

not true, there would exist a sequence Rn → +∞ such that mu(Rn)Rθ
n → 0. Choosing n0

such that mu(Rn0)R
θ
n0
< A0 then the function

φ(x) =
mu(Rn0)−mu(Rn)

R−θn0
−R−θn

(|x|−θ −R−θn ) +mu(Rn)

is a subsolution of (3.4.2) in the annulus A(Rn0 , Rn) for large enough n, with φ = mu on

∂A(Rn0 , Rn). By comparison we get φ ≤ u in A(Rn0 , Rn). Letting n→ +∞, we obtain

mu(|x|)|x|θ ≥ mu(Rn0)R
θ
n0

in |x| > Rn0 .

Taking xj such that |xj| = Rj and letting j → +∞ we arrive at a contradiction. Hence

lim infR→+∞mu(R)Rθ > 0, which immediately gives u(x) ≥ C ′|x|−θ.

Lemma 3.4.2. Assume 1 < q < 2, C > 0 and let u be a positive function verifying

−∆u+ |∇u|q ≥ C|x|−(θ+1)q in RN \BR0 , (3.4.3)

where θ ≤ γ. Then there exists a positive constant C ′ > 0 such that

u(x) ≥ C ′|x|−θ, for |x| > R0.



75 / 135

Este recibo incorpora firma electrónica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la dirección: http://sede.ull.es/validacion

Identificador del documento: 849487																Código de verificación: 9H/bHnOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de  MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de  JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de  ERNESTO PEREDA DE PABLO

3.5. Upper bounds when 1 < q < N
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Proof. The proof is essentially the same as that of Lemma 3.4.1. The only significative

difference is that, since θ ≤ γ, then the function ψ(x) = A|x|−θ + B is a subsolution of

(3.4.3) if 0 < A ≤ A0 where A0 verifies θA0(N − 2 − θ)R
−θ−2+(θ+1)q
0 + θqAq0 = C, and

B ∈ R.

Remark 3.4.3. When

−∆u ≥ C|x|−N in RN \BR0 ,

it can be proved in a similar way as in Lemma 3.4.1 that u(x) ≥ C|x|2−N log |x| for some

C > 0 and large |x|. We only have to take into account that φ(x) = A|x|2−N log |x| is a

subsolution of the equation for suitable values of A (see [27]). This lower estimate will be

used later on, during the proof of Theorem 3.5.

3.5 Upper bounds when 1 < q < N
N−1

In this section we obtain upper estimates for bounded radial solutions (z, w) of the system

(3.1.1) when 1 < q < N
N−1 . The proof is inspired on a device introduced in [69], which

has already been used in some proofs in Chapter 2.

Lemma 3.5.1. Assume N ≥ 2 and 1 < q < N
N−1 . Suppose that (z, w) is a positive radial

solution of the system
−z′′ − N − 1

r
z′ + |z′|q = cwp,

−w′ − N − 1

r
w′ + |w′|q = dzs,

in (R0,+∞), (3.5.1)

where p, s > 0 and c, d > 0. Then:

a) The case ps < q2 is not possible.

b) If ps = q2, then there exist positive constants C1, C2 > 0 such that

z ≤ C1r
− p
q e−C2r, w ≤ C1r

− s
q e−C2r, r ≥ R0.

c) If ps > q2, then there exists a positive constant C > 0 such that

z ≤ Cr−α, w ≤ Cr−β, r ≥ R0,

where α = q(p+q)
ps−q2 and β = q(s+q)

ps−q2 .
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60 Chapter 3. System with gradient terms

Proof. We introduce the functions

H1(r) = cwp(r)− a|z′(r)|q,
H2(r) = dzs(r)− a|w′(r)|q,

for r > R0 where a > 1 will be chosen later. Let r0 > R0 be any point where H1(r0) = 0,

i.e. cwp(r0) = a|z′(r0)|q. Using that w is nonincreasing, we obtain that

H ′1(r0) = pcwp−1(r0)w
′(r0) + aq|z′(r0)|q−1

(
N − 1

r0
|z′(r0)|+ |z′(r0)|q − cw(r0)

p

)
≤ aq|z′(r0)|q

(
N − 1

r0
− (a− 1)|z′(r0)|q−1

)
.

(3.5.2)

As a consequence of the lower estimate for |z′| given by part a) of Lemma 2.3.3 we have

|z′(r0)|q−1 ≥ Cr−10 , so that

H ′1(r0) ≤
aq|z′(r0)|q

r0
(N − 1− (a− 1)C) < 0,

if we choose, say a = (N − 1)/C + 2. It follows that H1 may vanish at most once, so it

has constant sign for large r. It can then be shown as in the proof of Theorem 2.4 that

H1 < 0 for large r and similarly H2 < 0.

Therefore we have {
−z′(r) > νw

p
q (r),

−w′(r) > νz
s
q (r),

for large enough r and some ν > 0. We introduce the change of variable Z(t) = z(r) and

W (t) = w(r), where

t = H(r) :=

∫ +∞

r

νw
p
q (τ)dτ.

The function H is well defined since∫ +∞

r

νw
p
q (τ)dτ <

∫ +∞

r

−z′(τ)dτ = z(r) < +∞. (3.5.3)

Observe that Z and W are defined in (0, δ) for some δ > 0 and verify Z(0) = W (0) = 0.

By (3.5.3), we see that Z(t) > t. In addition,

W ′(t) = − w′(r)

νw
p
q (r)

>
z
s
q (r)

w
p
q (r)

=
Z

s
q (t)

W
p
q (t)

>
t
s
q

W
p
q (t)

.

Hence, W
p
q (t)W ′(t) > t

s
q and integrating between 0 and t we obtain

W (t) ≥ Ct
s+q
p+q , t ∈ (0, δ).
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3.6. Upper bounds when q > N
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Then coming back to the original variables this means that w(r) ≥ CH
s+q
p+q (r) for r larger

than some r0. Since H ′(r) = −w
p
q (r), this yields

−H ′(r) = w
p
q (r) ≥ CH

p(s+q)
q(p+q) (r), r ≥ r0

Integrating between r0 and r we get

−
∫ r

r0

H−
p(s+q)
q(p+q) (τ)H ′(τ)dτ ≥ C(r − r0). (3.5.4)

We have to distinguish three cases depending on the relative position between the expo-

nent p(s+q)
q(p+q)

and 1.

First case: p(s+q)
q(p+q)

< 1. This condition is equivalent to ps < q2. By (3.5.4),

− H1− p(s+q)
q(p+q) (r)−H1− p(s+q)

q(p+q) (r0)

1− p(s+q)
q(p+q)

≥ C(r − r0). (3.5.5)

Letting r → +∞ and taking into account that H(r) → 0 we arrive at a contradiction.

This shows a).

Second case: p(s+q)
q(p+q)

= 1. This condition is equivalent to ps = q2. By (3.5.4),

− logH(r) + logH(r0) ≥ C(r − r0).

Thus, H(r) ≤ e−Cr. In addition,

H(r) =

∫ +∞

r

νw
p
q (τ)dτ ≥ ν

∫ 2r

r

w
p
q (τ)dτ ≥ νrw

p
q (2r), (3.5.6)

so that w
p
q (2r) ≤ C1r

−1e−C2r. A similar reasoning gives the upper bound for z. This

shows b).

Third case: p(s+q)
q(p+q)

> 1. This condition is equivalent to ps > q2. By (3.5.4),

H1− p(s+q)
q(p+q) (r) ≥ Cr,

hence H(r) ≤ Cr
− q(p+q)
ps−q2 . Since H(r) ≥ νrw

p
q (2r), by (3.5.6) we have

w
p
q (2r) ≤ Cr

− q(p+q)
ps−q2

−1
= Cr

− p(s+q)
ps−q2 ,

thus w(r) ≤ Cr
− q(s+q)
ps−q2 = Cr−β. A similar reasoning gives the upper bound for z. This

concludes the proof.

Remark 3.5.2. An examination of the proof above shows that the upper estimates just

obtained are still valid for positive radially symmetric, bounded supersolutions of (3.5.1).

Specifically, the only significant change would appear in (3.5.2), which would read as

H ′1(r0) ≤ pcwp−1(r0)w
′(r0) + aq|z′(r0)|q−1

(
N − 1

r0
|z′(r0)|+ |z′(r0)|q − cw(r0)

p

)
,

and the rest goes without any change.
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62 Chapter 3. System with gradient terms

3.6 Upper bounds when q > N
N−1

This section is devoted to obtain upper estimates for positive solutions of (3.1.1) which

do not blow up at infinity when q > N
N−1 . In contrast with the previous section, the

fundamental tool here will be the doubling lemma in [63]. This will allow in turn to deal

with general solutions in some cases and not merely with radially symmetric ones.

We assume throughout the section without loss of generality that

p ≥ s.

We also assume ps > 1. The following exponents will be relevant in our discussion:

α =
2(p+ 1)

ps− 1
, β =

2(s+ 1)

ps− 1
, α̂ =

q(p+ 2)

ps− q
and β̂ =

q + 2s

ps− q
.

Recall that γ = 2−q
q−1 .

Lemma 3.6.1. Assume N ≥ 3, q > N
N−1 , and let c, d > 0. Suppose also that α ≥ N − 2

and β ≥ γ. If (u, v) is a positive solution of the problem{
−∆u+ |∇u|q = cvp,

−∆v + |∇v|q = dus,
in RN \BR0 (3.6.1)

such that

lim
|x|→+∞

u(x) = lim
|x|→+∞

v(x) = 0, (3.6.2)

then there exists a positive constant C > 0 such that

u ≤ C|x|−α, v ≤ C|x|−β, for large |x|.

Our next task is to obtain a similar result as that in Lemma 3.6.1 for a different range

of exponents. It is worthy of mention that the passage to the limit required in the proof is

slightly more delicate, since the second order term vanishes, therefore making it difficult

to deal with the limit equation in its full generality. This is the reason why we restrict

ourselves again to the context of radially symmetric solutions.

Lemma 3.6.2. Assume N ≥ 3, q > N
N−1 , and let c, d > 0. Suppose in addition that

α ≥ N − 2, β < γ and α̂ ≥ N − 2. If (u, v) is a positive, bounded, radially symmetric

solution of the problem{
−∆u+ |∇u|q = cvp,

−∆v + |∇v|q = dus,
in RN \BR0 ,
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3.6. Upper bounds when q > N
N−1 63

such that lim|x|→+∞ u(x) = lim|x|→+∞ v(x) = 0, then there exists a positive constant C > 0

such that

u ≤ C|x|−α̂, v ≤ C|x|−β̂, for large |x|.

We have already remarked that the proof of the upper estimates just stated relies in

the doubling lemma in [63]. When applying this lemma and introducing a suitable scaling

we end up with positive solutions of several systems. When β > γ the system so obtained

is {
−∆u = cvp,

−∆v = dus,
in RN .

As commented in the Introduction, Liouville theorems for solutions of this system are not

fully understood. In our present context, however, it suffices to have the corresponding

nonexistence result for supersolutions, which has been obtained in [56] (see also [65] and

[72] for references). It was shown there that if α ≥ N − 2 then no positive supersolutions

exist (remember our assumption p ≥ s).

When β = γ, the system which arises is{
−∆u = cvp,

−∆v + |∇v|q = dus,
in RN . (3.6.3)

We are not aware of any Liouville theorem for this system, so our next intention before

coming to the proof of Lemmas 3.6.1 and 3.6.2 is to obtain one.

Theorem 3.5. Assume N ≥ 3, q > N
N−1 , ps > 1, α ≥ N − 2, β = γ and c, d > 0. Then

system (3.6.3) does not admit positive supersolutions.

Proof. Let us begin with a remark about the exponents. We claim that under our as-

sumptions we have ps > q. To show this, assume on the contrary that ps ≤ q. Then

(ps− 1)(2− q) ≤ (q − 1)(2− q) < q − 1 < 2(q − 1)(s+ 1),

that is, β = 2(s+ 1)/(ps− 1) > (2− q)/(q − 1) = γ, which is not possible by hypothesis.

Suppose that (u, v) is a positive supersolution of (3.6.3). Next we consider the func-

tions mu,mv given by (3.2.1). As a consequence of the maximum principle,

inf
|x|=R

u(x) = inf
|x|≤R

u(x) and inf
|x|=R

v(x) = inf
|x|≤R

v(x),

so that these functions are nonincreasing. Arguing as in the first part of the proof of

Lemma 3.2.1 we obtain for positive R the following inequalities

mp
v(2R) ≤ C

mu(R)

R2
,

ms
u(2R) ≤ C

(
mv(R)

R2
+
mq
v(R)

Rq

)
.

(3.6.4)
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64 Chapter 3. System with gradient terms

On the other hand, since u is superharmonic in RN , the function RN−2mu(R) is increasing

(see Corollary 3.1 in [27]; the proof of this fact is actually a modification of that in Lemma

3.4.1).

Therefore, there exists a constant C > 0 such that mu(2R) ≥ Cmu(R), for R > 0.

Hence, after replacing 2R by R in the first inequality of (3.6.4) we obtain:

mp
v(R) ≤ C

mu(R)

R2
,

ms
u(R) ≤ C

(
mv(R)

R2
+
mq
v(R)

Rq

)
,

(3.6.5)

for R > 0. We define

Mu(R) = Rαmu(R) and Mv(R) = Rβmv(R).

Then, by (3.6.5), since β + 2 = (β + 1)q = αs and pβ = α + 2, we have

Mp
v (R) ≤ CMu(R),

M s
u(R) ≤ C(Mv(R) +M q

v (R)).

We deduce Mps
v (R) ≤ C(Mv(R) + M q

v (R)). Since ps > q > 1, we see that Mv(R) is

bounded and therefore, Mu(R) is also bounded. This means that there exists C > 0 such

that

mu(R) ≤ CR−α, mv(R) ≤ CR−β for large R.

In addition, mu(R) ≥ CR2−N because RN−2mu(R) is increasing, so that u(x) ≥ C|x|2−N

for some C > 0.

It follows that −∆v + |∇v|q ≥ C|x|−s(N−2) ≥ C|x|−β−2, since (N − 2)s ≤ αs = β + 2.

By Lemma 3.4.1, we obtain that mv(R) ≥ CR−β. Thus,

CR2−N ≤ mu(R) ≤ CR−α,

CR−β ≤ mv(R) ≤ CR−β,
(3.6.6)

for large R. If α > N − 2 we get a contradiction, so assume that α = N − 2. This would

imply

−∆u ≥ Cvp ≥ C|x|−pβ = C|x|−N in RN \BR1 , (3.6.7)

for large enough R1. Hence, Remark 3.4.3 would give, for large R, that mu(R) ≥
CR2−N logR, which contradicts the upper estimate in the first line of (3.6.6) since α =

N − 2 now. The theorem is proved.
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3.6. Upper bounds when q > N
N−1 65

Proof of Lemma 3.6.1. First of all, the assumption that u, v decay to zero at infinity

implies that they are bounded. Then arguing as in the proof of Lemma 3.3.1 we see that

both |∇u| and |∇v| are also bounded in, say RN \B2R0 . It also follows by that proof that

|∇u| and |∇v| go to zero at infinity.

We claim that there exists C > 0 such that for any z with |z| > 2R0

u(x) ≤ Cd−αz (x), v(x) ≤ Cd−βz (x),

|∇u(x)| ≤ Cd
−(α+1)
z (x), |∇v(x)| ≤ Cd

−(β+1)
z (x),

(3.6.8)

for any x ∈ B
(
z,
|z|
2

)
where dz(x) = dist

(
x, ∂B

(
z,
|z|
2

))
.

We introduce the function

M(x) = u
1
α (x) + v

1
β (x) + |∇u(x)|

1
α+1 + |∇v(x)|

1
β+1

and suppose that the claim is not true. Then there exist two sequences {zn}n≥1 and

{yn}n≥1 such that |zn| > 2R0, yn ∈ B(zn, |zn|/2) and

M(yn) > 2nd−1zn (yn).

By Lemma 5.1 in [63] there exists a sequence {xn}n≥1 such that xn ∈ B(zn, |zn|/2),

M(xn) > 2nd−1zn (xn) and

M(y) ≤ 2M(xn) for |y − xn| ≤ nM−1(xn).

Since u, v, |∇u|, |∇v| are bounded, we have 2nd−1zn (xn) ≤ C, hence dzn(xn) → +∞ as

n → +∞. Therefore |xn| → +∞, which implies that M(xn) → 0, since all the functions

involved in the definition of M go to zero at infinity.

We take θn = M−1(xn)→ +∞ and define for y ∈ Bn, the ball with radius n centered

at the origin,

un(y) = θαnu(xn + θny),

vn(y) = θβnv(xn + θny).

The functions un, vn are well defined. In addition,

u
1
α
n + v

1
β
n + |∇un|

1
α+1 + |∇vn|

1
β+1 ≤ 2 in Bn, (3.6.9)

and

u
1
α
n (0) + v

1
β
n (0) + |∇un(0)|

1
α+1 + |∇vn(0)|

1
β+1 = 1.



82 / 135

Este recibo incorpora firma electrónica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la dirección: http://sede.ull.es/validacion

Identificador del documento: 849487																Código de verificación: 9H/bHnOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de  MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de  JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de  ERNESTO PEREDA DE PABLO

66 Chapter 3. System with gradient terms

They also verify the system{
−∆un + θ

α+2−(α+1)q
n |∇un|q = cvpn,

−∆vn + θ
β+2−(β+1)q
n |∇vn|q = dusn,

in Bn. (3.6.10)

Now we have to distinguish two cases:

i) β > 2−q
q−1 . We have that α + 2 − (α + 1)q < 0 and β + 2 − (β + 1)q < 0. Since un, vn,

|∇un| and |∇vn| are locally bounded by (3.6.9), standard elliptic estimates imply that un

and vn are locally bounded in C1,α. Choosing a subsequence in the standard way we may

assume that (un, vn)→ (u, v) in C1
loc(Rn) with{

−∆u = cvp,

−∆v = dus,
in RN , (3.6.11)

and

ū
1
α (0) + v

1
β (0) + |∇u(0)|

1
α+1 + |∇v(0)|

1
β+1 = 1,

which means that the pair (u, v) is nontrivial, therefore positive by the strong maximum

principle. By bootstrapping it actually follows that u, v ∈ C∞(RN). Since α ≥ N − 2,

the system (3.6.11) does not admit positive solutions, and we get a contradiction. This

shows the claim when β > 2−q
q−1 .

ii) β = 2−q
q−1 . Now, system (3.6.10) becomes{

−∆un + θ
α+2−(α+1)q
n |∇un|q = cvpn,

−∆vn + |∇vn|q = dusn,
in Bn. (3.6.12)

Letting again n→ +∞ in (3.6.12) as before we obtain that (un, vn)→ (u, v) in C1
loc(Rn)

with {
−∆u = cvp,

−∆v + |∇v|q = dus,
in RN ,

and

ū
1
α (0) + v

1
β (0) + |∇u(0)|

1
α+1 + |∇v(0)|

1
β+1 = 1.

By Theorem 3.5 this is not possible. This shows the claim when β = 2−q
q−1 .

To conclude the proof of the lemma, it suffices to take x = z in (3.6.8) to arrive at

u ≤ C|x|−α and v ≤ C|x|−β, for a positive constant C that does not depend on x.

Proof of Lemma 3.6.2. Let us start with a remark about the exponents involved. If we

assume that α̂ ≥ N − 2, p ≥ s, ps > 1 and β < γ < α then we claim that ps > q and
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3.6. Upper bounds when q > N
N−1 67

β̂ < γ < α̂. The first part of this claim is proved in the same way as at the beginning

of Theorem 3.5. It is then easy to check that β < γ if and only if β̂ < γ. Indeed, a

calculation shows that
β̂ − γ
β − γ

=
ps− 1

ps− q
.

Note that γ < N − 2 ≤ α̂ because q > N
N−1 .

The proof of the upper estimates is similar to the proof of Lemma 3.6.1 but of course

with the important restriction that we now work with the radial version of system (3.6.1),

namely 
−u′′ − N − 1

r
u′ + |u′|q = cvp,

−v′′ − N − 1

r
v′ + |v′|q = dus,

(3.6.13)

for r ≥ R0. Let us remark that, by the same reason as in the proof of Lemma 3.6.1, we

have that u, v, u′, v′ go to zero at infinity.

We are going to prove that if (u, v) is a positive bounded radial solution of (3.6.13),

then there exists C > 0 such that for any ρ > 2R0

u(r) ≤ Cd−α̂ρ (r),

|u′(r)| ≤ Cd
−(α̂+1)
ρ (r),

v(r) ≤ Cd−β̂ρ (r)

(3.6.14)

for r ∈ Iρ = (ρ/2, 3ρ/2) and dρ(r) = dist(r, ∂Iρ) = min{r − ρ/2, 3ρ/2− r}.
Suppose that the claim is not true. Then there exist sequences {ρn}n≥1, {τn}n≥1 with

ρn > 2R0, τn ∈ (ρn/2, 3ρn/2) and

M(τn) := u
1
α̂ (τn) + |u′(τn)|

1
α̂+1 + v

1

β̂ (τn) > 2nd−1ρn (τn).

By Lemma 5.1 in [63], there exists a sequence {rn}n≥1 such that rn ∈ (ρn/2, 3ρn/2),

M(rn) > 2nd−1ρn (rn) and

M(r) ≤ 2M(rn) if |r − rn| ≤ nM−1(rn).

We take θn = M−1(rn) and introduce the scaled functions

un(τ) = θα̂nu(rn + θnτ),

vn(τ) = θβ̂nv(rn + θnτ),

for |τ | ≤ n. Iit follows similarly as before that dρn(rn) → +∞. Then rn → +∞ and

M(rn)→ 0, so that θn → +∞.
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68 Chapter 3. System with gradient terms

It is not hard to check that (un, vn) is a solution of the system
−u′′n −

N − 1
rn
θn

+ τ
u′n + θα̂+2−(α̂+1)q

n |u′n|q = cvpn,

−θ(β̂+1)q−β̂−2
n

(
v′′n +

N − 1
rn
θn

+ τ
v′n

)
+ |v′n|q = dusn,

(3.6.15)

for |τ | ≤ n.

Before taking limits in (3.6.15) let us prove that rn/θn → +∞. For this sake, observe

that M(rn)dρn(rn) > 2n→ +∞, and

dρn(rn) = min

{
rn −

ρn
2
,
3ρn
2
− rn

}
≤ rn.

Then, rn/θn = M(rn)rn ≥M(rn)dρn(rn)→ +∞, as claimed.

Next, notice that

u
1
α̂
n + v

1

β̂
n + |u′n|

1
α̂+1 ≤ 2 for |τ | ≤ n,

and

u
1
α̂
n (0) + v

1

β̂
n (0) + |u′n(0)|

1
α̂+1 = 1. (3.6.16)

Using the first equation of (3.6.15), we deduce that u′′n is locally bounded, hence, there

exists u ∈ C1(R) such that

lim
n→+∞

un = u in C1
loc(R).

By Lemma A.1 in the Appendix (cf. also Remark A.2), |v′n| is also locally bounded, so

that there exists v ∈ C(R) such that

lim
n→+∞

vn = v in Cloc(R).

Thus we may pass to the limit in (3.6.16) to obtain

u
1
α̂ (0) + v

1

β̂ (0) + |u′(0)|
1

α̂+1 = 1, (3.6.17)

which shows that (u, v) is nontrivial. Passing to the limit as n→ +∞ in the first equation

of (3.6.15) and taking into account that, by our hypotheses α̂ + 2 − (α̂ + 1)q < 0, we

obtain

− u′′ = cvp in R (3.6.18)

in the weak sense, and standard regularity implies that the equation is verified in the

classical sense. On the other hand, taking limits in the second equation of (3.6.15) and

using that (β̂ + 1)q − β̂ − 2 < 0 we have

|v′|q = dus in R (3.6.19)
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 69

in the viscosity sense (cf. [45]). We claim that this is impossible. By (3.6.18), we see that

u is concave, but since u is nonnegative and bounded, it has to be constant. Hence v = 0

by (3.6.18), so that, by (3.6.19), we get u = 0 which contradicts (3.6.17). This shows

(3.6.14).

Taking r = ρ in (3.6.14) we obtain that u ≤ Cr−α̂ and v ≤ Cr−β̂ for large r and a

positive constant C which does not depend on r.

3.7 Proofs of Theorems 3.1, 3.2 and 3.3

In this section we collect the proofs of our main theorems of this chapter. After the

preliminary work done the proofs are reduced to compare the lower and upper estimates

for a positive radial solution of (3.1.1) to arrive at a contradiction. In some cases, we do

not have an immediate contradiction between these estimates, so an extra analysis has to

be carried out, which involves Lemma S in Section 2.7 of Chapter 2.

Before proceeding to the proof of Theorem 1, we recall that the relevant exponents in

the case 1 < q < N
N−1 are γ = 2−q

q−1 , α = q(p+q)
ps−q2 and β = q(s+q)

ps−q2 . The exponents α and β

verify q(α + 1) = pβ and q(β + 1) = sα.

Proof of Theorem 3.1. Assume there exists a positive supersolution (u, v) of (3.1.1) and

choose ε > 0. By Lemma 3.3.3, there exists a positive, bounded, radially symmetric

solution (z, w) of {
−∆z + |∇z|q = λ(θ1 − ε)wp

−∆w + |∇w|q = µ(θ2 − ε)zs,
in RN \BR1 , (3.7.1)

for some R1 > R0.

By Lemma 3.5.1.a) we arrive at an immediate contradiction if ps < q2. If ps = q2, by

Lemmas 2.3.3.a) and 3.5.1.b), we deduce

Cr−γ ≤ z ≤ C1r
− p
q e−C2r,

which is a contradiction for large r. This shows part a).

If ps > q2 and α > γ then by Lemmas 2.3.3.a) and 3.5.1.c) we have that

Cr−γ ≤ z ≤ Cr−α,

which is again a contradiction for large r. This shows b).

Now assume that α = β = γ. By Lemmas 2.3.3.a) and 3.5.1.c), we have for large r,

C1r
−α ≤ z(r) ≤ C2r

−α and C1r
−β ≤ w(r) ≤ C2r

−β.
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70 Chapter 3. System with gradient terms

We take t1 = lim inf
r→+∞

z(r)rα and t2 = lim inf
r→+∞

w(r)rβ, both limits being finite and positive.

By Lemma S, there exist sequences {rn}n≥1 and {sn}n≥1 with rn, sn → +∞, and

lim
n→+∞

rαnz(rn) = t1,

lim
n→+∞

rα+1
n z′(rn) = −αt1,

lim
n→+∞

rα+2
n z′′(rn) ≥ α(α + 1)t1,

lim
n→+∞

sβnw(sn) = t2,

lim
n→+∞

sβ+1
n w′(sn) = −βt2,

lim
n→+∞

sβ+2
n w′′(sn) ≥ β(β + 1)t2.

By multiplying the first equation in the radial version of (3.7.1) by rα+2
n and passing to

the limit (taking into account that α + 2 = q(α + 1) = pβ) we obtain

α(N − 2− α)t1 + αqtq1 ≥ λ(θ1 − ε)tp2.

Arguing similarly with the second equation in (3.7.1) evaluated at sn we find

β(N − 2− β)t2 + βqtq2 ≥ µ(θ2 − ε)ts1.

We can now let ε→ 0 to obtain a contradiction with (3.1.5). This shows c).

The proof of d) is similar. Assume that β < α = γ and (3.1.6). By Lemmas 2.3.3.a)

and 3.5.1.c)

C1r
−α ≤ z(r) ≤ C2r

−α and C1r
−γ ≤ w(r) ≤ C2r

−β.

Our immediate aim is to improve the lower inequality for w. Notice that

−∆w + |∇w|q ≥ Czs ≥ Cr−sα = Cr−q(β+1),

so by Lemma 3.4.2, we obtain w ≥ Cr−β for large r. Hence it makes sense to define

t1 = lim inf
r→+∞

z(r)rα and t2 = lim inf
r→+∞

w(r)rβ, both limits being finite and positive.

By Lemma S, there exist sequences {rn}n≥1 and {sn}n≥1 with rn, sn → +∞, and

lim
n→+∞

rαnz(rn) = t1,

lim
n→+∞

rα+1
n z′(rn) = −αt1,

lim
n→+∞

rα+2
n z′′(rn) ≥ α(α + 1)t1,

lim
n→+∞

sβnw(sn) = t2,

lim
n→+∞

sβ+1
n w′(sn) = −βt2,

lim
n→+∞

sβ+2
n w′′(sn) ≥ β(β + 1)t2.

Arguing as before we have

α(N − 2− α)t1 + αqtq1 ≥ λ(θ1 − ε)tp2. (3.7.2)

On the other hand,

−w′′ − N − 1

r
w′ + |w′|q ≥ µ(θ2 − ε)zs,
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 71

and multiplying by s
q(β+1)
n we obtain that

s
q(β+1)−β−2
n

(
−sβ+2

n w′′(sn)− (N − 1)sβ+1
n w′(sn)

)
+ |sβ+1

n w′(sn)|q ≥
µ(θ2 − ε)(sαnz(sn))s.

(3.7.3)

Observe that q(β + 1) − β − 2 < 0. Then passing to the limit as n → +∞ in (3.7.3) we

arrive at

βqtq2 ≥ µ(θ2 − ε)ts1. (3.7.4)

Finally, letting ε → 0 in (3.7.2) and (3.7.4) we contradict (3.1.6). This concludes the

proof.

We consider next the case q > N
N−1 . Recalling that p ≥ s, the relevant exponents are

γ = 2−q
q−1 , α = 2(p+1)

ps−1 , β = 2(s+1)
ps−1 , α̂ = q(p+2)

ps−q and β̂ = q+2s
ps−q . These exponents are defined by

means of the following pair of systems{
α + 2 = pβ

β + 2 = sα
and

{
α̂ + 2 = pβ̂

q(β̂ + 1) = sα̂.

Proof of Theorem 3.3. Assume (u, v) is a positive supersolution of (3.1.1) which does not

blow up at infinity. Then, by Lemma 3.3.3 there exists a positive, radial supersolution

(z, w) of the system {
−∆z + |∇z|q = cwp,

−∆w + |∇w|q = dzs,
(3.7.5)

in RN \ BR1 for suitable R1 > R0 and positive values of c and d. Observe that we can

always assume that q < 2 (cf. Remark 3.3.2). By Lemma 2.3.3.c), we have that

z, w ≥ Cr2−N . (3.7.6)

We first show b). Suppose that α ≥ N − 2 and β ≥ γ. By Lemma 3.6.1 we obtain

z ≤ Cr−α, w ≤ Cr−β.

If α > N −2 we get a contradiction with the lower estimate in (3.7.6), so we may suppose

that α = N − 2. We have:

−∆w + |∇w|q ≥ Cr−s(N−2) = Cr−sα = Cr−(β+2),
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72 Chapter 3. System with gradient terms

and by Lemma 3.4.1, w ≥ Cr−β for large r follows. Thus we have obtained so far

C1r
−α ≤ z ≤ C2r

−α,

C1r
−β ≤ w ≤ C2r

−β,

where all involved constants are positive. We can apply Lemma S, in order to get a

number θ and a sequence {rn}n≥1 such that rn → +∞,

lim
n→+∞

rαnz(rn) = θ,

lim
n→+∞

rα+1
n z′(rn) = −αθ,

lim
n→+∞

rα+2
n z′′(rn) ≥ α(α + 1)θ.

Multiplying the first equation in the radial version of (3.7.5) by rα+2 and evaluating at

rn we obtain that

− rα+2
n z′′(rn)− (N − 1)rα+1

n z′(rn) + rα+2
n |z′(rn)|q = cwp(rn)rα+2

n = c(w(rn)rβn)p ≥ C.

(3.7.7)

Note that

rα+2
n |z′(rn)|q = rα+2−q(α+1)

n |rα+1
n z′(rn)|q → 0,

so that taking limits in (3.7.7) we get

0 = αθ(N − 2− α) = −α(α + 1)θ + (N − 1)αθ ≥ C > 0,

and we arrive at a contradiction. This shows b).

Next we show c). Suppose that α ≥ N − 2, β < γ and α̂ ≥ N − 2. Then by Lemma

3.6.2 we obtain

z ≤ Cr−α̂, w ≤ Cr−β̂.

If α̂ > N − 2 we get a contradiction with the lower estimate (3.7.6), so we can suppose

α̂ = N − 2. We have:

−∆w + |∇w|q ≥ Cr−s(N−2) = Cr−sα̂ = Cr−q(β̂+1)

and by Lemma 3.4.2, w ≥ Cr−β̂ for large r. Thus

C1r
−α̂ ≤ z ≤ C2r

−α̂,

C1r
−β̂ ≤ w ≤ C2r

−β̂,
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 73

where all involved constants are positive and we finish as before with the aid of Lemma

S: there exist a number θ and a sequence {rn}n≥1 such that rn → +∞,

lim
n→+∞

rα̂nz(rn) = θ,

lim
n→+∞

rα̂+1
n z′(rn) = −α̂θ

lim
n→+∞

rα̂+2
n z′′(rn) ≥ α̂(α̂ + 1)θ.

Multiplying the first equation of the radial version if (3.7.5) by rα̂+2 and evaluating at rn

we obtain that

−rα̂+2
n z′′(rn)− (N − 1)rα̂+1

n z′(rn) + rα̂+2
n |z′(rn)|q

= cwp(rn)rα̂+2
n = c(w(rn)rβ̂n)p ≥ C.

(3.7.8)

Then taking limits in (3.7.8) we get:

0 = α̂θ(N − 2− α̂) = −α̂(α̂ + 1)θ + (N − 1)α̂θ ≥ C > 0,

and we arrive at a contradiction. This contradiction shows c).

To conclude the proof only a) remains to be shown, so suppose ps ≤ 1. Since w → 0

we deduce {
−∆z + |∇z|q ≥ cwp+t,

−∆w + |∇w|q ≥ dzs,
in RN \BR1 , (3.7.9)

for any t > 0, for a conveniently large value of R1. Fix ε > 0 and choose t such that

(p + t)s = 1 + ε. The exponents involved in the nonexistence of supersolutions for the

system (3.7.9) are:

α =
2(p′ + 1)

p′s− 1
=

2(p+ t+ 1)

ε
, β =

2(s+ 1)

p′s− 1
=

2(s+ 1)

ε
,

where p′ = p+ t. Choosing ε small enough we have that α, β > N − 2, so we may apply

b) to get that system (3.7.5) does not admit positive supersolutions which do not blow

up at infinity.

We complete the proofs of our Liouville theorems for system (3.1.1) by considering the

threshold value q = N
N−1 . In this case, we take advantage of Theorem 3.1, and perturb

q = N
N−1 to obtain the desired nonexistence theorem. In this regard, it is important to

recall that if there exists a positive supersolution which does not blow up at infinity of

(3.1.1) and q′ < q, then there also exists a supersolution of (3.1.1) with q replaced by q′

(see Remark 3.3.2).
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74 Chapter 3. System with gradient terms

Proof of Theorem 3.2. Assume that (u, v) is a positive supersolution of (3.1.1) which does

not blow up at infinity for q = N
N−1 and p ≥ s.

Suppose that ps > q2 and α > γ = N − 2, then by continuity there exists q′ < N
N−1

such that ps > (q′)2 and α′ = q′(p+ q′)/(ps− (q′)2) > (2− q′)/(q′ − 1) = γ′, so applying

Theorem 3.1.b) we get a contradiction. This shows b).

Suppose that ps < q2. Again there exists q′ < N
N−1 such that ps < (q′)2 and by

Theorem 3.1.a) we get a contradiction.

If ps = q2, we fix ε > 0 and take q′ = q− ε. Then ps > (q′)2 and q′ < N
N−1 . In order to

use Theorem 3.1.b) we have to check that α = q′(p + q′)/(ps− (q′)2) > (2− q′)/(q′ − 1),

but

α =
(q − ε)(p+ q − ε)
ps− q2 − ε2 + 2εq

=
(q − ε)(p+ q − ε)

ε(2q − ε)
.

Taking ε > 0 small enough we obtain that α > (2− q′)/(q′ − 1) and we can use Theorem

3.1.b) to get a contradiction. This concludes the proof.

3.8 Supersolutions blowing up at infinity

In this section we deal with positive supersolutions of (3.1.1) which blow up at infinity.

For this type of supersolutions the reduction to radial solutions is not needed. Actually,

the reduction performed in Lemma 3.3.1 is sufficient. The proof of Theorem 3.4 is similar

to the proof of Lemma 3.5.1.

Proof of Theorem 3.4. Assume that (u, v) is a positive supersolution of (3.1.1) which

blows up at infinity. Then by Lemma 3.3.1 there exist R1 > R0 and a positive radial

supersolution (z, w) of (3.1.1) with z′, w′ > 0 and z, w → +∞ as r → +∞. By (3.1.9),

we also have
−z′′ + (z′)q ≥ Cwp,

−w′′ + (w′)q ≥ Czs

for r > R1 and some C > 0.

We consider the functions

H1(r) = Cwp − 2(z′)q,

H2(r) = Czs − 2(w′)q,

for r > R1. Assume r0 > R1 is such that H1(r0) = 0. It is easily checked that

H ′1(r0) = Cpwp−1w′ − 2q(z′)q−1z′′

≥ Cpwp−1w′ + 2q(z′)q−1 (Cwp − (z′)q)

= Cpwp−1w′ + 2q(z′)2q−1 > 0.
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3.9. Optimality of the nonexistence results 75

Hence H1 may vanish at most once, so it has constant sign for large r. We claim that

H1 < 0 for large r. Suppose that H1 > 0 for large r; then there exists r0 ≥ R1 such that

−z′′ ≥ C

2
wp ≥ δ for r ≥ r0.

By integrating twice between r0 and r it follows that

z(r) ≤ z(r0) + z′(r0)(r − r0)−
δ

2
(r − r0)2 → −∞,

which is a contradiction. This shows the claim. It is shown similarly that H2 < 0 for

large r.

Thus we have
z′ > Cw

p
q ,

w′ > Cz
s
q

(3.8.1)

for a different constant C. By means of a scaling we can suppose in the rest of the proof

that C = 1.

We introduce the change of variable t = H(r) :=
∫ r
r1
wp/q(τ)dτ , where r1 is large and

fixed, and we denote Z(t) = z(r) and W (t) = w(r). Observe that Z, W are defined in

(t0,+∞) for some t0 > 0 with limt→+∞ Z(t) = limt→+∞W (t) = +∞. By (3.8.1), we have

Z(t) ≥ t. In addition,
dW

dt
=

w′

wp/q
>
zs/q

wp/q
≥ ts/q

W p/q
. (3.8.2)

Then, integrating (3.8.2) we obtain that

W (t) ≥ Ct
s+q
p+q , for t ≥ t0.

That is,

H ′(r) = wp/q(r) = W p/q(t) ≥ Ct
p(s+q)
q(p+q) = CH

p(s+q)
q(p+q) (r).

But p(s+q)
q(p+q)

> 1 because ps > q2. This implies that H blows up in finite time and we get

a contradiction. The proof is concluded.

3.9 Optimality of the nonexistence results

In this section we will show that all nonexistence theorems of this chapter are essentially

sharp.

We begin considering supersolutions not blowing up at infinity. Thus we assume

ν1 = lim sup
t→0

f(t)

tp
< +∞, ν2 = lim sup

t→0

g(t)

ts
< +∞ (3.9.1)
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76 Chapter 3. System with gradient terms

and (p, q, s) does not verify any of the hypotheses in Theorems 3.1, 3.2 and 3.3 (observe

that θ1 and θ2 in (3.1.5) and (3.1.6) have to be replaced by ν1 and ν2). Then positive

supersolutions can be explicitly constructed. They are all of the form

u = A|x|−a, v = B|x|−b, (3.9.2)

where A,B, a, b are positive numbers. By condition (3.9.1), it is sufficient to have, for

large |x|, the inequalities

a(N − 2− a)A|x|−(a+2) + aqAq|x|−q(a+1) ≥ CBp|x|−pb,
b(N − 2− b)B|x|−(b+2) + bqBq|x|−q(b+1) ≥ DAs|x|−sa,

(3.9.3)

where we have set C = λ(ν1 + η), D = µ(ν2 + η) and η > 0 is chosen as small as desired.

Thus a distinction into cases is mandatory.

First, suppose 1 < q < N
N−1 , p ≥ s and ps > q2. We set a = α, b = β (given by

(3.1.4)). If β ≤ α < γ, it is sufficient to choose A,B verifying

αqAq > CBp,

βqBq > DAs.
(3.9.4)

It can be checked that

A =

(
αq

2
βpq

(2C)q(2D)p

) 1
ps−q2

, B =

(
αsqβq

2

(2C)s(2D)q

) 1
ps−q2

, (3.9.5)

is a possible election for A and B to verify (3.9.4).

When β = α = γ then (3.9.3) is implied by

α(N − 2− α)A+ αqAq ≥ λ(ν1 + η)Bp,

β(N − 2− β)B + βqBq ≥ µ(ν2 + η)As,

while for β < α = γ, it is sufficient to solve the system of inequalities

α(N − 2− α)A+ αqAq ≥ λ(ν1 + η)Bp,

βqBq > µ(ν2 + η)As.

This shows that Theorem 3.1 is sharp.

With regard to Theorem 3.2, suppose next that q = N
N−1 , p ≥ s, ps > q2 and α ≤

N − 2 = γ. In the same way as before it can be proved that positive supersolutions of

(3.1.1) of the form (3.9.2) can be found, by simply choosing a = α, b = β and A and B

as in (3.9.5). Thus Theorem 3.2 is also sharp.
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3.9. Optimality of the nonexistence results 77

Finally, suppose that q > N
N−1 , p ≥ s and ps > 1. Two further cases have to be

distinguished: the first one arises when α < N − 2. In that case, it is enough to take

a = α, b = β given by (3.1.7) and A, B verifying

α(N − 2− α)A ≥ CBp,

β(N − 2− β)B ≥ DAs.
(3.9.6)

It suffices to choose, for instance,

A =

(
α(N − 2− α)β

p
(N − 2− β)p

CDp

) 1
ps−1

,

B =

(
αs(N − 2− α)sβ(N − 2− β)

CsD

) 1
ps−1

.

We remark that the pair (u, v) is a positive supersolution for (3.1.1) also when q ≥ 2

(they are indeed a supersolution of the system (3.6.11), where the gradient term does not

appear).

The second case is obtained when α ≥ N − 2, β < γ and α̂ < N − 2. It is easy to

check that in this case we necessarily have β̂ < γ < N − 2. So, it is now enough to take

a = α̂, b = β̂ given by (3.1.8) and solve the system of inequalities

α̂(N − 2− α̂)A ≥ CBp,

β̂qBq ≥ DAs,

one of whose solutions is

A =

(
α̂q(N − 2− α̂)qβ̂pq

CqDp

) 1
ps−q

, B =

(
α̂s(N − 2− α̂)sβ̂q

CsD

) 1
ps−q

.

Notice that ps > q by our hypotheses (see the beginning of the proof of Lemma 3.6.2).

This shows that Theorem 3.3 is optimal.

With regard to supersolutions of (3.1.1) which blow up at infinity, we next assume:

lim sup
t→+∞

f(t)

tp
< +∞, lim sup

t→+∞

g(t)

ts
< +∞

with positive p, s verifying ps ≤ q2. In this case, it is easily checked that (eαr, eβr) is a

positive supersolution of (3.1.1) for large R0 whenever α = βp
q

and β is large enough.
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Chapter 4

Systems with linear growth in the

gradient

We will analyze next the elliptic system considered in the previous chapter, but now we

are setting q = 1, and we will restrict attention only to power functions, that is{
−∆u+ |∇u| = λvp,

−∆v + |∇v| = µus,
in RN \BR0 . (4.1.1)

where p, s > 0 and λ, µ > 0.1

We have chosen to restrict to power nonlinearities because in this case we will be able

to give existence and nonexistence results all in one. Of course, almost everything remains

unchanged if we consider the more general problem{
−∆u+ |∇u| = λf(v)

−∆v + |∇v| = µg(u),
in RN \BR0 ,

where f and g are positive, nondecreasing, continuous functions behaving like a power

near zero or infinity.

4.1 Existence and nonexistence results

It goes without saying that in the present situation, supersolutions can also be divided

into two types: those which verify

lim
|x|→+∞

u(x) = lim
|x|→+∞

v(x) = +∞ (4.1.2)

and those which do not. We begin by considering the latter ones.

1The results in this chapter are contained in [17].

79
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80 Chapter 4. System with q = 1

Theorem 4.1. Assume N ≥ 2. Then:

a) If ps < 1, then there are no positive supersolutions of (4.1.1) which do not blow up

at infinity for any λ, µ > 0.

b) If ps > 1, then there exists a positive supersolution of (4.1.1) which does not blow

up at infinity for every λ, µ > 0.

c) If ps = 1, then there exists a value Σ(p) > 0 such that, if λµp < Σ problem (4.1.1)

admits positive supersolutions which do not blow up at infinity, while for λµp > Σ

no such supersolutions exist.

A similar statement holds for positive supersolutions which verify (4.1.2).

Theorem 4.2. Assume N ≥ 2. Then:

a) If ps < 1, then there exists a positive supersolution of (4.1.1) which blows up at

infinity for every λ, µ > 0.

b) If ps > 1, then there are no positive supersolutions of (4.1.1) which do blow up at

infinity for any λ, µ > 0.

c) If ps = 1, then there exists a value Σ(p) > 0 such that, if λµp < Σ problem (4.1.1)

admits positive supersolutions which blow up at infinity, while for λµp > Σ no such

supersolutions exist.

It is to be noted that the proofs follow essentially the same lines as in the previous

chapter, with some obvious modifications.

4.2 Lower and upper estimates

We obtain in what follows some estimates for radially symmetric positive solutions of

(4.1.1). They are essentially different from those obtained in Lemma 2.3.3.

Lemma 4.2.1. Let z ∈ C2(R0,+∞) be positive and verify

− z′′ − N − 1

r
z′ + |z′| ≥ 0 in (R0,+∞). (4.2.1)

Then:

a) If z′(r) < 0 and limr→+∞ z(r) = 0, there exists a positive constant C such that

z ≥ Cr1−Ne−r
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4.3. Proof of Theorems 4.1 and 4.2 81

for large r.

b) If z′(r) > 0, there exists a positive constant C such that

z ≤ Cer

for large r.

Proof. We consider first case a). Multiply the equation (4.2.1) by rN−1 and define w(r) =

−rN−1z′(r). Then, we obtain

w′

w
+ 1 ≥ 0 in (R0,+∞).

By integrating between R0 and r, we have that

w ≥ Ce−r in (R0,+∞),

where C > 0. Hence,

−z′ ≥ Cr1−Ne−r

for large r. We now integrate between r and +∞ and use the fact that limr→+∞ z(r) = 0,

to get

z(r) = −
∫ +∞

r

z′(s)ds ≥ C

∫ +∞

r

s1−Ne−sds,

for large enough r. Then a) follows because, using l’Hôpital rule∫ +∞

r

s1−Ne−sds ∼ r1−Ne−r

as r → +∞.

As for b), assume that z′ > 0. Then (4.2.1) immediately implies

−z
′′

z′
+ 1 ≥ 0.

By integrating twice between R0 and r, we obtain

z ≤ Cer.

This concludes the proof.
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82 Chapter 4. System with q = 1

4.3 Proof of Theorems 4.1 and 4.2

The proof of Theorems 4.1 and 4.2 is also based on obtaining appropiate bounds which

will be in contradiction with the ones given in Lemma 4.2.1. We start our way to the

proofs with two lemmas where only nonexistence results for system (4.1.1) are obtained.

As in the previous chapter, it is possible to show that the existence of a positive

supersolution of (4.1.1) implies the existence of a radially symmetric supersolution of the

same type. That is, Lemma 3.3.1 is still valid for problem (4.1.1), with the only difference

that the gradient bounds of [51] have to be replaced by those in Chapter 4 of [49].

Lemma 4.3.1. Assume N ≥ 2. Then:

a) If ps < 1, then there are no positive supersolutions of (4.1.1) which do not blow up

at infinity.

b) If ps = 1 and

λµp >
1

pp
, (4.3.1)

then there are no positive supersolutions of (4.1.1) which do not blow up at infinity.

Proof. Assume that (u, v) is a positive supersolution of (4.1.1) which does not blow up

at infinity. Then, as remarked above, there exists a radial positive supersolution (z, w)

of (4.1.1) which does not blow up at infinity. In addition, the functions z and w verify

z′, w′ < 0 and limr→+∞ z(r) = limr→+∞w(r) = 0. Hence, the pair (z, w) is a supersolution

of the system 
−z′′ − N − 1

r
z′ − z′ = λwp,

−w′ − N − 1

r
w′ − w′ = µzs,

in (R0,+∞).

We introduce the functions

H1(r) = λwp(r) + az′(r),

H2(r) = µzs(r) + aw′(r),

for r > R0 where a > 1 will be chosen later. Let r0 > R0 be any point where H1(r0) = 0,

i.e. λwp(r0) = −az′(r0). Using that w is nonincreasing, we obtain that

H ′1(r0) ≤ λpwp−1(r0)w
′(r0)− a

(
N − 1

r0
z′(r0) + z′(r0) + λwp(r0)

)
≤ −az′(r0)

(
N − 1

R0

− a+ 1

)
.
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4.3. Proof of Theorems 4.1 and 4.2 83

If we choose for instance a = N/R0 + 1, we see that H ′1(r0) < 0. This implies that the

function H1 may vanish at most once, and in particular it has a constant sign for large r.

Observe that for large enough R0 the value a can be chosen as close to 1 as we want.

We claim that H1 < 0 for large r. Suppose not. Then λwp > −az′ for large r, so that

−z′′ >
(
−a+

N − 1

r
+ 1

)
z′ ≥ −Cz′,

where C > 0. Integrating twice between r0 and r yields

−z(r) > CeCr +D,

for large r. We arrive at a contradiction when r → +∞. Thus we conclude that H1 < 0,

and in the same way it is shown that H2 < 0.

Therefore we have proved that, for large enough r,{
−z′(r) > c1w

p(r),

−w′(r) > c2z
s(r),

where c1 = λ/a and c2 = µ/a. Next, we introduce the change of variable

t = H(r) :=

∫ +∞

r

c2z
s(τ)dτ,

and we denote Z(t) = z(r) and W (t) = w(r). The function H is well defined since∫ +∞

r

c2z
s(τ)dτ <

∫ +∞

r

−w′(τ)dτ = w(r) < +∞. (4.3.2)

Observe that Z,W are defined in an interval of the form (0, δ) for some δ > 0 and verify

Z(0) = W (0) = 0. By (4.3.2), we see that W (t) > t. In addition,

Z ′(t) = − z′(r)

c2zs(r)
>
c1w

p(r)

c2zs(r)
=
c1W

p(t)

c2Zs(t)
>

c1t
p

c2Zs(t)
.

Hence, Zs(t)Z ′(t) > c1/c2t
p and integrating between 0 and t we obtain

Z(t) ≥
(
c1(s+ 1)

c2(p+ 1)
tp+1

) 1
s+1

.

Rewriting this inequality in the original variables we have

z(r) ≥
(
c1(s+ 1)

c2(p+ 1)
Hp+1(r)

) 1
s+1

.
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84 Chapter 4. System with q = 1

Since H ′(r) = −c2zs(r), we see that

−H ′(r) ≥ c2

(
c1(s+ 1)

c2(p+ 1)

) s
s+1

H
s(p+1)
s+1 (r).

Integrating between r0 and r we get

−
∫ r

r0

H−
s(p+1)
s+1 H ′dτ ≥ D(r − r0), (4.3.3)

where

D = c2

(
c1(s+ 1)

c2(p+ 1)

) s
s+1

.

Next, we have to distinguish two cases depending on the relative position of the exponents
s(p+1)
s+1

and 1.

First case: s(p+1)
s+1

< 1. This condition is equivalent to ps < 1. By (4.3.3),

−H
1−ps
s+1 (r)−H

1−ps
s+1 (r0)

1−ps
s+1

≥ D(r − r0).

Letting r → +∞ and taking into account that H(r) → 0 we arrive at a contradiction.

This shows a).

Second case: s(p+1)
s+1

= 1. This condition is equivalent to ps = 1. By (4.3.3),

− logH(r) + logH(r0) ≥ D(r − r0).

Hence, H(r) ≤ Ce−Dr, where C > 0. Then,∫ +∞

r

c2z
s(τ)dτ ≤ Ce−Dr. (4.3.4)

On the other hand, Lemma 4.2.1 implies∫ +∞

r

zs(τ)dτ ≥
∫ +∞

r

Cτ s(1−N)e−sτdτ ≥ Crs(1−N)e−sr, (4.3.5)

for large r, where we have used again l’Hôpital rule for the last inequality. Combining

(4.3.4) and (4.3.5), we see that necessarily

D = c2

(
c1(s+ 1)

c2(p+ 1)

) s
s+1

≤ s. (4.3.6)

Using that ps = 1 and the definition of c1 and c2 it is not hard to see that (4.3.6) is

equivalent to

λµp ≤ ap+1 1

pp
.

Taking into account that a can be chosen as close to 1 as we want, we arrive at a contra-

diction with (4.3.1). This concludes the proof.
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4.3. Proof of Theorems 4.1 and 4.2 85

Our next result is the analogue of Lemma 4.3.1 for supersolutions which blow up at

infinity. The proof is entirely similar to that of Lemma 4.3.1, with the only difference

that Lemma 4.2.1 gives upper bounds for the solutions, while lower bounds are obtained

with the introduction of the functions H1 and H2. We will not give the details.

Lemma 4.3.2. Assume N ≥ 2. Then:

a) If ps > 1, then there are no positive supersolutions of (4.1.1) which blow up at

infinity.

b) If ps = 1 and

λµp >
1

pp
, (4.3.7)

then there are no positive supersolutions of (4.1.1) which blow up at infinity.

Our next step is intended to show the existence of the value Σ in the statement of

Theorems 4.1 and 4.2 when ps = 1. It states that the existence of a positive supersolution

of {
−∆u+ |∇u| = λ0v

p,

−∆v + |∇v| = µ0u
s,

(4.3.8)

for some pair (λ0, µ0) implies that the system admits a positive supersolution for any pair

(λ, µ) such that λµp ≤ λ0µ
p
0. Moreover, the supersolution so obtained blows up at infinity

if and only if (u, v) does.

Lemma 4.3.3. Assume N ≥ 2 and ps = 1. Let (u, v) be a positive supersolution of

system (4.3.8) for some λ0, µ0 > 0. Then, for every pair (λ, µ) such that

λ0µ
p
0 ≥ λµp > 0 (4.3.9)

there exists a pair (ũ, ṽ) such that{
−∆ũ+ |∇ũ| ≥ λṽp,

−∆ṽ + |∇ṽ| ≥ µũs,
in RN \BR0 .

Moreover, (ũ, ṽ) blows up at infinity if and only if (u, v) does.

Proof. Let α = λ0/λ, so that µ0α
s ≥ µ. Consider the functions ũ, ṽ defined by

ũ =
1

α
u, ṽ = v.

Then it is easily seen that (ũ, ṽ) is a supersolution of system (4.3.8) with λ0, µ0 replaced

by λ, µ. Indeed,  −∆ũ+ |∇ũ| ≥ λ0
α
ṽp = λṽp,

−∆ṽ + |∇ṽ| ≥ µ0α
sũs ≥ µũs,

in RN \BR0 , and the lemma is proved.
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86 Chapter 4. System with q = 1

We finally come to the proof of Theorem 4.1. We will not give that of Theorem 4.2,

which is entirely similar (modeled on Lemma 4.3.2).

Proof of Theorem 4.1. Case a) is an immediate consequence of Lemma 4.3.1. As for b),

it is easy to check that (e−α|x|, e−β|x|) is a positive supersolution of (4.1.1) for large R0

whenever α = ε(p+1)
ps−1 , β = ε(s+1)

ps−1 and ε > 0 is small enough.

So only part c) remains to be proved. Thus assume ps = 1. It is not hard to check

that, when λ, µ are small enough, the pair (e−α|x|, e−β|x|) is a supersolution of (4.1.1)

when α = pβ and β > 0 is small. On the other hand, by Lemma 4.3.3, if problem (4.1.1)

admits a positive supersolution which does not blow up at infinity for some λ0, µ0 > 0,

then the same is true for every values λ, µ > 0 such that λµp ≤ λ0µ
p
0. Therefore, it makes

sense to define

Σ = sup

{
λµp :

problem (4.1.1) admits a positive supersolution

which does not blow up at infinity

}
.

By the above discussion and Lemma 4.3.1, it follows that Σ is finite and positive, while

it is clear by its very definition that there exists a positive supersolution of (4.1.1) which

does not blow up at infinity whenever λµp < Σ, while no such supersolutions exist when

λµp > Σ. The proof is concluded.
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Chapter 5

Fourth order equations

Our purpose in the present chapter is to obtain Liouville theorems for positive superso-

lutions of the problem

(−∆)2u = g(u) in RN \BR0 , (5.1.1)

where g is a continuous function in [0,+∞) which is positive in (0,+∞), as in previous

situations.

In order to reduce technicalities to a minimum, we will be dealing now with classical

supersolutions u ∈ C4(RN \BR0), verifying the equation in (5.1.1) pointwise.1

5.1 Nonexistence results

As we have already pointed out, equation (5.1.1) is equivalent to the system{
−∆u = v

−∆v = g(u),
in RN \BR0 (5.1.2)

We follow the same approach as in the rest of our Liouville theorems: reduction to a radial

setting and obtention of nonexistence results for radially symmetric solutions. However,

this procedure cannot be followed for arbitrary functions g, since it is well-known that

the method of sub and supersolutions for systems strongly depends on the monotonicity

of the involved functions (cf. for instance Chapter 8 in [61]).

Therefore, we will assume in our main results that g is nondecreasing, which will make

system (5.1.2) of cooperative type and allow us to perform the desired radial reduction.

1The results in this chapter are contained in [20].

87
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88 Chapter 5. Fourth order equations

Theorem 5.1. Assume g is continuous and nondecreasing in [0,+∞) and positive in

(0,+∞). When 1 ≤ N ≤ 4, problem (5.1.1) does not admit any positive, classical super-

solution u verifying −∆u > 0 in RN \BR. If N ≥ 5, then such supersolutions exist if and

only if ∫ δ

0

g(s)

s
2(N−2)
N−4

ds < +∞ (5.1.3)

for some δ > 0.

Remark 5.1.1.

a) The sufficiency of condition (5.1.3) for the existence of positive supersolutions of (5.1.1)

does not require g to be nondecreasing. Actually, it will be shown in Section 5.3 that

condition (5.1.3) is necessary and sufficient for the existence of positive, radially symmetric

solutions of (5.1.1), without the monotonicity assumption.

b) The requirement that the supersolutions verify −∆u > 0 is by no means superfluous.

When the nonlinearity g verifies

lim sup
t→0+

g(t)

t
< +∞ or lim sup

t→+∞

g(t)

t
< +∞, (5.1.4)

then positive supersolutions u of (5.1.1) can be constructed, which do not verify −∆u > 0

(cf. Remark 5.4.1 in Section 5.4). This applies in particular to the nonlinearity g(t) = tp

where p > 0 is arbitrary.

As already observed, the condition −∆u > 0 for positive supersolutions is important in

order to obtain a Liouville theorem, and examples can be constructed where the superso-

lutions do not enjoy this property. However, when problem (5.1.1) is posed in RN instead

of an exterior domain, it can be sometimes concluded that all positive supersolutions

verify −∆u > 0. Thus we restrict our attention in what follows to the problem

(−∆)2u = g(u) in RN , (5.1.5)

where g is as above.

The following result is fairly general.

Theorem 5.2 (Liouville theorem in RN). Assume N ≥ 5. In addition to the hypotheses

verified by g in Theorem 5.1, suppose that g is convex and

lim inf
t→+∞

g(t)

tp
> 0 (5.1.6)

for some p > 1. If ∫ δ

0

g(s)

s
2(N−2)
N−4

ds = +∞,

then problem (5.1.5) does not admit positive classical supersolutions.
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5.2. Reduction to the radial setting 89

As customary, an important particular case of Theorem 5.2 is obtained when we set

g(t) = tp, p > 1. In this way, we obtain a different proof of one of the results in [58] (see

Example 5.2 there).

Corollary 5.1.1. Assume N ≥ 5 and 1 < p ≤ N
N−4 . Then the problem

(−∆)2u = up in RN

does not admit positive classical supersolutions.

5.2 Reduction to the radial setting

The purpose of this section is to show that, when g is nondecreasing, the existence of

a positive supersolution u of (5.1.1) with the additional property −∆u > 0 implies the

existence of a radially symmetric positive solution of the same problem with the same

property. We know that, by enlarging R0 in (5.1.1) we can always assume that u is

smooth up to ∂BR0 , and the inequality in (5.1.1) is verified on ∂BR0 . We will tacitly

assume that this has been done everywhere.

Lemma 5.2.1. Assume N ≥ 2 and g is nondecreasing and positive in (0,+∞). If there

exists a positive supersolution u of (5.1.1) with −∆u > 0 in RN \ BR0, then there exists

a radially symmetric positive supersolution z of (5.1.1) which also verifies −∆z > 0 in

RN \BR0.

Proof. Denote v = −∆u. Then it is clear that the pair (u, v) is a positive supersolution

of the system {
−∆u = v

−∆v = g(u),
in RN \BR0 (5.2.1)

which is of cooperative type, since g is nondecreasing. Our intention is to show that

(5.2.1) admits a positive, radially symmetric solution with the use of the method of sub

and supersolutions.

For R ≥ R0, we consider the functions:

mu(R) = min
|x|=R

u(x), mv(R) = min
|x|=R

v(x) (5.2.2)

(cf. Chapter 3). Now, for R1 > R0 consider once again the annulus A(R0, R1) = {x ∈
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90 Chapter 5. Fourth order equations

RN : R0 < |x| < R1} and the boundary value problem:

−∆u = v

−∆v = g(u)
in A(R0, R1)

u|∂BR0
= mu(R0)

v|∂BR0
= mv(R0)

u|∂BR1
= mu(R1)

v|∂BR1
= mv(R1).

(5.2.3)

By definition (5.2.2) we see that (u, v) is a positive supersolution of (5.2.3). However,

since g is not smooth enough to directly use the method of sub and supersolutions, we

approximate it as follows.

Let a = infA(R0,R1) u > 0, b = supA(R0,R1) u < +∞ and choose a sequence of nonde-

creasing smooth functions gn such that

sup
[a,b]

|gn − g| <
1

n
. (5.2.4)

Observe that, if n is large enough, it follows by the positivity of g in [a, b] that gn >
1
n

in

[a, b]. Now consider the problem

−∆u = v

−∆v = gn(u)− 1
n

in A(R0, R1)

u|∂BR0
= mu(R0)

v|∂BR0
= mv(R0)

u|∂BR1
= mu(R1)

v|∂BR1
= mv(R1).

(5.2.5)

As a consequence of (5.2.4) we have that (u, v) is a positive supersolution of (5.2.5). Let us

construct a comparable subsolution (u, v). For this aim, denote by Φ(r) the fundamental

solution of the Laplacian in RN , namely:

Φ(r) =

{
r2−N N 6= 2

log r N = 2.

We define:

u(x) =
mu(R0)−mu(R1)

Φ(R0)− Φ(R1)
(Φ(|x|)− Φ(R1)) +mu(R1)

v(x) =
mv(R0)−mv(R1)

Φ(R0)− Φ(R1)
(Φ(|x|)− Φ(R1)) +mv(R1).
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5.3. Proofs in the radial case 91

It easily follows that (u, v) verifies the boundary conditions in (5.2.5). Moreover, since

both u and v are harmonic functions and a ≤ u ≤ b, we see that (u, v) is a subsolution of

(5.2.5).

In addition, −∆u ≥ 0 = −∆u in A(R0, R1) with u ≥ mu(R0) = u on |x| = R0 and

u ≥ mu(R1) = u on |x| = R1, so that the maximum principle gives u ≥ u in A(R0, R1) and

similarly v ≥ v in A(R0, R1). Hence (u, v) ≥ (u, v) in A(R0, R1) with the usual ordering.

Thus we may use the method of sub and supersolutions (cf. Theorem A.3 in Appendix)

to obtain the existence of a minimal radially symmetric positive solution (zn, wn) of (5.2.5)

in the interval between the sub and the supersolution.

The next step will be to pass to the limit as n → +∞ in (5.2.5). First observe

that since both {zn} and {wn} are bounded, it is possible to obtain C1,α bounds in

A(R0, R1) by means of standard regularity. Thus by selecting a suitable sequence we

see that (zn, wn) → (z, w) in C1(A(R0, R1))
2, and we may pass to the limit in (5.2.5) to

obtain that (z, w) is a positive, weak solution of (5.2.3). To stress the dependence of this

solution with respect to R1, we will denote it by (zR1 , wR1).

Now a similar argument allows us to pass to the limit as R1 → +∞ in (5.2.3), to obtain

a nonnegative, radially symmetric weak solution (z, w) of (5.2.1). Since the convergence

can be ensured up to ∂BR0 , we have in particular z = mu(R0), w = mv(R0) there, hence

(z, w) is nontrivial. By the strong maximum principle (z, w) is positive.

Observe finally that since (z, w) is radially symmetric, it follows that indeed (z, w) ∈
C2(RN \BR0), therefore z ∈ C4(RN \BR0). The proof is concluded.

Remark 5.2.2. When the function g is not nondecreasing, the method of sub and superso-

lutions can only be used with several restrictions on g. Indeed, it can be shown that, for

a given bounded domain Ω, there exists L0 > 0 such that if g is Lipschitz with Lipschitz

constant less than L0 then there exists a solution between u and u. However, it is to be

expected that in the case Ω = A(R0, R1), we have L0 → 0 as R1 → +∞.

This problem arises because of the failure of the maximum principle for systems which

are not of cooperative type. See for instance [31] for some insight into this problem.

5.3 Proofs in the radially symmetric case

In this section, we will restrict to positive solutions of the radially symmetric version of

problem (5.1.1). Since we are only taking into account solutions u verifying in addition
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92 Chapter 5. Fourth order equations

−∆u > 0, we may consider instead positive solutions of the system{
−∆u = v

−∆v = g(u)
in RN \BR0 , (5.3.1)

and its radially symmetric version:{
−(rN−1z′)′ = rN−1w

−(rN−1w′)′ = rN−1g(z)
r ≥ R0. (5.3.2)

Therefore we will only consider throughout the section positive, classical solutions of

system (5.3.2).

We begin by analyzing system (5.3.2) in the case of lower dimensions, that is 1 ≤ N ≤
4. The existence of positive solutions can be easily ruled out by means of more or less

standard arguments.

Lemma 5.3.1. Assume 1 ≤ N ≤ 4 and g ≥ 0. Then problem (5.3.2) does not admit any

positive classical solution.

Proof. We consider first the case N = 2 (N = 1 is a trivial variation of this and the proof

will not be given). We claim that w is nondecreasing. To show it, assume on the contrary

that w′(r0) < 0 for some r0 > R0. Since g is positive, we have (rw′)′ ≤ 0 for r > r0.

Integrating twice between r0 and an arbitrary r > r0 we see that

w(r) ≤ r0w
′(r0)(log r − log r0) + w(r0),

which implies w(r) → −∞ as r → +∞, against the assumption. Therefore, w′(r) ≥ 0

for every r > R. Since w is positive, we deduce that w(r) ≥ c > 0 for large r. Then

(rz′)′ ≤ −cr, and an integration gives

z(r) ≤ − c
4
r2 + A log r +B,

for some constants A, B, which is a contradiction with the positivity of z. Therefore no

positive supersolutions exist in this case.

Next, assume N ≥ 3. Since w is superharmonic, it is well-known (cf. proof of Theorem

3.5 in Chapter 3, and also Lemma 3.1 in [56] for a direct proof) that the function rN−2w

is nondecreasing. Thus there exists c > 0 such that w(r) ≥ cr2−N when r is large enough.

This in turn gives −(rN−1z′)′ ≥ cr. Upon integration we obtain, when N = 3:

z(r) ≤ − c
2
r + Ar−1 +B,
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5.3. Proofs in the radial case 93

and for N = 4:

z(r) ≤ − c
2

log r + Ar−2 +B,

where A,B are constants. In both cases we arrive at a contradiction when r goes to

infinity. This concludes the proof.

We now turn to the case N ≥ 5. Theorem 5.1 is a consequence of the following result,

which completely solves the question of existence of positive solutions of (5.3.2). Observe

that the monotonicity of g is not needed here.

Theorem 5.3. Assume N ≥ 5 and g is continuous in [0,+∞) and positive in (0,+∞).

Then problem (5.3.2) admits a positive classical solution (z, w) if and only if (5.1.3) holds.

The first step to prove Theorem 5.3 is to obtain some preliminary properties of positive

solutions of (5.3.2). This is the content of our next lemma.

Lemma 5.3.2. Assume N ≥ 5. Then if (z, w) is a positive solution of (5.3.2), there

exists R1 > R0 such that z and w are decreasing for r > R1 and

lim
r→+∞

z(r) = lim
r→+∞

w(r) = 0.

Proof. Since z and w are superharmonic, it follows from Lemma 1.3.1 that z and w are

monotone for large r. Moreover, rN−1z′(r) is a nonincreasing function so that, after

integration:

z(r) ≤ Ar2−N +B

for some constants A, B. Thus z is bounded and the same is true for w. It makes then

sense to denote

`1 = lim
r→+∞

z(r) and `2 = lim
r→+∞

w(r),

which are nonnegative real numbers. We next claim that `2 = 0. If not, we would have

(rN−1z′(r))′ ∼ −`2rN−1 as r → +∞, and an integration would give

z(r) ∼ − `2
2N

r2 + Cr2−N +D as r → +∞,

for some constants C, D, which is a contradiction. Then we must have `2 = 0.

Similarly, if `1 > 0, then (rN−1w′(r))′ ∼ −g(`1)r
N−1 and since g(`1) > 0 we would

obtain as above that v is not positive for large r. This contradiction shows that `1 = 0,

concluding the proof of the lemma.
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94 Chapter 5. Fourth order equations

In order to prove Theorem 5.3, it is more convenient to introduce the change of vari-

ables s = r2−N , Z(s) = z(r), W (s) = w(r). Then, using Lemma 5.3.2 we see that both Z

and W are increasing functions in an interval (0, s0), for some suitably small s0, and they

vanish at zero. In addition, it is not hard to see that:
−Z ′′ = cs−γW

−W ′′ = cs−γg(Z)

Z(0) = W (0) = 0

0 < s < s0, (5.3.3)

where γ = 2(N−1)
N−2 and c > 0. Since we are assuming henceforth that N ≥ 5, it is an easy

matter to check that

2 < γ < 3. (5.3.4)

We now prove the main result of this section, Theorem 5.3. The sufficiency of condition

(5.1.3) for existence of positive solutions is shown by means of an application of Schauder’s

fixed point theorem to a suitable operator in a suitable Banach space, but this procedure is

considerably more involved than in Chapter 1. The necessity is achieved with an iteration

argument which resembles the one used in Chapter 1, and uses as a main ingredient Lemma

1.4.2 there.

Proof of Theorem 5.3. We begin by showing the necessity of condition (5.1.3). Thus as-

sume there exists a positive classical solution (z, w) of (5.3.2). By the previous discussion,

there exists a positive solution (Z,W ) of (5.3.3). Moreover, both Z and W are increasing

and concave by Lemma 5.3.2. Therefore

Z(s)

s
≥ Z ′(s) and

W (s)

s
≥ W ′(s) for s ∈ (0, s0]. (5.3.5)

We claim that there exists a positive constant C such that

W ′(s)2 ≥ C

∫ s0

s

g(Z(τ))

Z(τ)ν
W ′(τ)νZ ′(τ)dτ (5.3.6)

for every s ∈ (0, s0], where ν = 2(N − 2)/(N − 4). Once this is proved, we can apply

Lemma 1.4.2 to obtain a contradiction, which shows that (5.1.3) is necessary for existence.

To prove the claim, we integrate the first equation in (5.3.3) and use (5.3.5) to obtain

Z(s)

s
≥ Z ′(s) = Z ′(s0) + c

∫ s0

s

t−γW (t)dt ≥ cW (s)

∫ s0

s

t−γdt

≥ Cs1−γW (s) ≥ Cs2−γW ′(s)
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5.3. Proofs in the radial case 95

for s ∈ (0, s0]. Therefore

Z(s) ≥ Cs3−γW ′(s) in (0, s0]. (5.3.7)

We now multiply the second equation in (5.3.3) by W ′ and integrate in (0, s0]. This yields

W ′(s)2 ≥ 2c

∫ s0

s

g(Z(τ))

τ γ
W ′(τ)dτ. (5.3.8)

Using (5.3.7) and (5.3.5) we have:

g(Z(τ))

τ γ
W ′(τ) =

g(Z(τ))

Z(τ)ν
Z(τ)ν−1

τ γ
Z(τ)W ′(τ)

≥ C
g(Z(τ))

Z(τ)ν
τ (3−γ)(ν−1)−γZ(τ)W ′(τ)ν (5.3.9)

≥ C
g(Z(τ))

Z(τ)ν
Z ′(τ)W ′(τ)ν ,

where we have used that ν = 2
3−γ . Plugging inequality (5.3.9) into (5.3.8) we obtain

(5.3.6), concluding the proof of the claim.

To show that condition (5.1.3) is also sufficient for the existence of solutions of (5.3.3),

we use Schauder’s fixed point theorem. Introduce the space

X =
{

(Z,W ) : Z ∈ C[0, s0] ∩ C1(0, s0], W ∈ C1[0, s0] and ‖Z‖ <∞
}
,

where

‖Z‖ = sup
(0,s0]

(sγ−2|Z ′(s)|+ sγ−3|Z(s)|).

It is not hard to show that X is a Banach space when provided with the natural product

norm

‖(Z,W )‖X = ‖Z‖+ ‖W‖C1 .

Observe also that Z(0) = 0 whenever (Z,W ) ∈ X. Our intention in what follows is to

show that, under condition (5.1.3), the operator

T (Z,W )(s) =

(
µs+

∫ s

0

∫ s0

t

τ−γW (τ)dτdt, µs−
∫ s

0

∫ t

0

τ−γg(Z(τ))dτdt

)
,

is well defined and has a fixed point in a suitable subset of X, where µ > 0 is small

enough. Notice that fixed points of T provide with solutions of (5.3.3).

Let Wµ(s) = µs and

Zµ(s) = µs+

∫ s

0

∫ s0

t

τ−γWµ(τ)dτdt = µs+
µ

γ − 2

(
1

(3− γ)
s3−γ − s2−γ0 s

)
.
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96 Chapter 5. Fourth order equations

For positive constants C1 and C2 to be chosen below, define

h(s) = C1

∫ C2s3−γ

0

g(τ)

τ ν
dτ. (5.3.10)

The function h is well-defined by (5.1.3). Moreover, it is continuous and verifies h(0) = 0

(recall that γ < 3 by (5.3.4)). Now introduce the subset of X given by

B =

{
(Z,W ) ∈ X :

‖Z − Zµ‖ ≤ aµ, ‖W −Wµ‖C1 ≤ bµ,

|W ′(s)− µ| ≤ h(s), s ∈ (0, s0], W (0) = 0

}
,

where a, b are positive constants less than one which will be selected later on. It is clear

that B is a closed, convex subset of X, and it is also worthy of mention that for every Z

such that (Z,W ) ∈ B, we have

Z ≤ µ

(
1

(γ − 2)(3− γ)
+ a

)
s3−γ + µs ≤ K1µs

3−γ (5.3.11)

for every s ∈ (0, s0], where K1 > 0 does not depend on µ. Moreover, it also follows that

for such Z:

Z ′ ≥ µ+
µ

γ − 2

(
s2−γ − s2−γ0

)
− aµs2−γ. (5.3.12)

Let us refine this inequality. If we take 0 < a < min
{

1
γ−2 , s

γ−2
0

}
, it is easy to check that

inf
s∈(0,s0]

{(
1− sγ−20

γ − 2

)
sγ−2 +

1

γ − 2
− a
}
> 0.

Hence, according to (5.3.12) there exists C > 0 such that

Z ′ ≥ µCs2−γ, s ∈ (0, s0]. (5.3.13)

Observe that inequality (5.3.13) also implies that Z > 0 in (0, s0] for every such Z, and

it similarly follows that W (s) ≥ µ(1− b)s > 0 in (0, s0].

We claim that T is a well-defined, compact operator on B which verifies T (B) ⊂ B.

The existence of a fixed point (z, w) of T in B is then a consequence of Schauder’s fixed

point theorem, and the proof would be concluded by noticing that with our choice of a

and b both Z and W are positive and (Z,W ) is a solution of (5.3.3).

For simplicity, denote T (Z,W ) = (T1(Z,W ), T2(Z,W )). Observe first that

|T ′1(Z,W )(s)− Z ′µ(s)| ≤
∫ s0

s

τ−γ|W (τ)−Wµ(τ)|dτ

≤ bµ

∫ s0

s

t1−γdτ ≤ bµ

γ − 2
s2−γ
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5.3. Proofs in the radial case 97

for s ∈ (0, s0]. Hence, upon integration

|T1(Z,W )(s)− Zµ(s)| ≤ bµ

(γ − 2)(3− γ)
s3−γ

for s ∈ (0, s0], and this leads to

‖T1(Z,W )− Zµ‖ ≤
bµ(4− γ)

(γ − 2)(3− γ)
≤ aµ,

provided that we choose b small enough. Fix such a b. On the other hand:

|T ′2(Z,W )(s)−W ′
µ(s)| =

∫ s

0

τ−γg(Z(τ))dτ

=

∫ s

0

g(Z(τ))

Z(τ)ν

(
Z(τ)

τ 3−γ

)ν
τ 2−γ

Z ′(τ)
Z ′(τ)dτ,

where we have used that ν = 2
3−γ . Now we take into account the inequalities (5.3.11) and

(5.3.13) to arrive at (
Z(τ)

τ 3−γ

)ν
τ 2−γ

Z ′(τ)
≤ K2µ

ν−1,

for every τ ∈ (0, s0], where K2 > 0 is a constant that does not depend on µ. Thus

|T ′2(Z,W )(s)−W ′
µ(s)| ≤ K2µ

ν−1
∫ Z(s)

0

g(t)

tν
dt ≤ K2µ

ν−1
∫ K1µs3−γ

0

g(t)

tν
dt.

At this stage, we choose the constants C1 and C2 in the definition (5.3.10) of h. Setting

C1 = K2µ
ν−1, C2 = K1µ, we see that:

|T ′2(Z,W )(s)−W ′
µ(s)| ≤ h(s), (5.3.14)

and integrating this inequality

|T2(Z,W )(s)−Wµ(s)| ≤
∫ s

0

h(t)dt ≤ h(s)s, (5.3.15)

since h is increasing. Notice that also h(s) ≤ Cµν−1 in (0, s0], for a positive constant

C which does not depend on µ provided that, say, µ < 1. Therefore, since ν > 2, it is

possible to have ‖T2(Z,W ) −Wµ‖C1 ≤ bµ if µ is small enough. To summarize, we have

shown that T (B) ⊂ B when µ is chosen small and in particular T is well defined.

Now we will show that the operator T is compact on B. Let {(Zn,Wn)} ⊂ B. From the

invariance of B under T we see that both {‖T1(Zn,Wn)‖} and {‖T2(Zn,Wn)‖C1} remain
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98 Chapter 5. Fourth order equations

bounded. This also implies that {T1(Zn,Wn)} is bounded in [0, s0], while {T ′1(Zn,Wn)}
will only be bounded on compact sets of (0, s0]. Moreover,

T ′′1 (Zn,Wn)(s) = −s−γWn(s)

T ′′2 (Zn,Wn)(s) = −s−γg(Zn(s)),

so that {T ′′1 (Zn,Wn)(s)} and {T ′′2 (Zn,Wn)(s)} are bounded in compact sets of (0, s0].

Therefore, up to a subsequence and by means of a diagonal argument we may assume

that
T1(Zn,Wn)→ x in C1

loc(0, s0]

T2(Zn,Wn)→ y in C1
loc(0, s0].

(5.3.16)

To conclude the proof, we only need to show that we indeed have the convergence

T (Zn,Wn)→ (x, y) in X.

First of all, by (5.3.14) and (5.3.15) we see that |T ′2(Zn,Wn)(s) −W ′
µ(s)| ≤ h(s) and

|T2(Zn,Wn)(s) − Wµ(s)| ≤ h(s)s for every s ∈ (0, s0]. Passing to the limit we have

|y′(s)−W ′
µ(s)| ≤ h(s) and |y(s)−Wµ(s)| ≤ h(s)s in (0, s0]. Hence

|T ′2(Zn,Wn)(s)− y′(s)| ≤ 2h(s)

|T2(Zn,Wn)(s)− y(s)| ≤ 2h(s)s
in (0, s0].

Choose ε > 0. Since h(0) = 0, there exists δ > 0 such that

sup
s∈(0,δ]

(|T2(Zn,Wn)(s)− y(s)|+ |T ′2(Zn,Wn)(s)− y′(s)|) ≤ ε.

On the other hand, by (5.3.16) we have that T ′2(Zn,Wn) → y′ and T2(Zn,Wn) → y

uniformly in [δ, s0]. Therefore, if n is large enough:

‖T2(Zn,Wn)− y‖C1 ≤ ε.

To obtain a similar inequality for the first components, observe that |W ′
n(s) −W ′

µ(s)| ≤
h(s), whence for m > n we see that

|W ′
n(s)−W ′

m(s)| ≤ 2h(s),

|Wn(s)−Wm(s)| ≤ 2h(s)s

for every s ∈ (0, s0]. This yields:

|T ′1(Zn,Wn)(s)− T ′1(Zm,Wm)(s)| ≤
∫ s0

s

τ−γ|Wn(τ)−Wm(τ)|dτ

≤ 2

∫ s0

s

τ 1−γh(τ)dτ.
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5.4. Completion of proofs 99

Now let ε > 0 be as above and choose η ∈ (0, s0]. Letting m→∞ in the last expression

allows us to write:

|T ′1(Zn,Wn)(s)− x′(s)| ≤ 2

∫ η

s

τ 1−γh(τ)dτ + 2

∫ s0

η

τ 1−γh(τ)dτ

≤ 2h(η)
s2−γ

γ − 2
+ 2

∫ s0

η

τ 1−γh(τ)dτ

whenever s ∈ (0, η]. Hence

sγ−2|T ′1(zn, wn)(s)− x′(s)| ≤ 2

γ − 2
h(η) + C(η)sγ−2,

for every s ∈ (0, η], where C(η) depends only on η. Choosing η small enough, we can

have the first term in the above sum less than ε/2, say. If we now restrict further s to the

interval (0, δ], where δ < η is small, we get

sup
s∈(0,δ]

sγ−2|T ′1(Zn,Wn)(s)− x′(s)| ≤ ε.

The supremum in the interval [δ, s0] can be controlled as above, with the use of (5.3.16).

After an integration, we see that ‖T1(Zn,Wn)− x‖ ≤ ε if n is large enough. Therefore

‖T (Zn,Wn)− (x, y)‖X ≤ ε

if n is large enough. Thus the operator T is compact on B, as was to be shown. The

proof is concluded.

5.4 Completion of proofs

In this section we collect the proofs of our main results in this chapter, Theorems 5.1 and

5.2. Corollary 5.1.1 follows at once from Theorem 5.2, so its proof will not be given.

Proof of Theorem 5.1. After the results of the previous sections, the proof is almost im-

mediate. Since g is nondecreasing, we see thanks to Lemma 5.2.1 that the existence of

a positive supersolution u of (5.1.1) with −∆u > 0 is equivalent to the existence of a

positive, radially symmetric solution of the system (5.3.2). Then Theorem 5.1 is a direct

consequence of Theorem 5.3.

Proof of Theorem 5.2. We claim that every positive classical supersolution of (5.1.5) ver-

ifies −∆u > 0 in RN , so that Theorem 5.1 can be applied. The proof of this fact is an
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100 Chapter 5. Fourth order equations

adaptation of the proof of Theorem 3.1 in [74], and proceeds by contradiction with an

iteration argument which is somehow similar to that in the proof of Lemma 1.4.2.

Let v = −∆u and assume that v(x0) < 0 for some x0 ∈ RN . With no loss of generality,

we may assume that x0 = 0. For r > 0 consider the averages

u(r) =
1

|∂Br|

∫
∂Br

u(y)dσ(y),

and v(r) with the same meaning. Since u ∈ C4(RN), we have u, v ∈ C2[0,+∞). Moreover,

by the convexity of g and Jensen’s inequality it is not hard to see that

−(rN−1u′)′ = rN−1v

−(rN−1v′)′ ≥ rN−1g(u)
(5.4.1)

for r > 0.

It is well-known that

v′(r) =
1

|∂Br|

∫
Br

∆v(y)dy ≤ − 1

|∂Br|

∫
Br

g(u(y))dy < 0.

Hence v(r) ≤ v(0) = v(0) < 0. Whence, integrating the first equation in (5.4.1) twice

between 0 and r we arrive at

u(r) ≥ u(0)− v(0)

2N
r2 ≥ c0r

2 for r > 0, (5.4.2)

where c0 > 0. It is worthy of mention that also

u′(r) = − 1

rN−1

∫ r

0

tN−1v(t)dt > 0.

We will fix a value r0 > 0 such that u(r) ≥ 1, say, when r ≥ r0. On the other hand, by

our assumption (5.1.6), we see that there exists a > 0 such that g(t) ≥ atp when t ≥ 1.

Hence

g(u(r)) ≥ au(r)p for r ≥ r0. (5.4.3)

Our next aim is to show that there exist sequences of positive numbers {ck}, {αk} and

{rk} with the property that

u(r) ≥ ckr
αk when r ≥ rk, (5.4.4)

where r0 is as fixed above, the value of c0 coincides with that given in (5.4.2) and α0 = 2.

Inequality (5.4.4) is shown by induction on k. Thus assume that u(r) ≥ ckr
αk if r ≥ rk.

Using (5.4.3) and the second equation in (5.4.1), we see after integrating between rk and

r that

−rN−1v′(r) ≥ acpk
αkp+N

(
rαkp+N − rαkp+Nk

)
≥ acpk

2(αkp+N)
rαkp+N ,
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5.4. Completion of proofs 101

provided that r ≥ 2
1

αkp+N rk. Integrating once again, it follows similarly that

−v(r) ≥ acpk
4(αkp+N)(αkp+ 2)

rαkp+2

if r ≥ 2
1

αkp+2 2
1

αkp+N rk. We deduce in particular that

−v(r) ≥ acpk
4(αkp+N)2

rαkp+2 =: dkr
αkp+2

if r ≥ 2
2

αkp+2 rk. We now introduce this inequality in the first equation of (5.4.1) and

integrate to obtain

u′(r) ≥ dk
2(αkp+N + 2)

rαkp+3

if r ≥ 2
1

αkp+N+2 2
2

αkp+2 rk, and similarly

u(r) ≥ dk
4(αkp+N + 2)2

rαkp+4

if r ≥ 2
4

αkp+2 rk. Thus, we see that (5.4.4) holds true with

αk+1 = αkp+ 4 (5.4.5)

ck+1 =
acpk

16(αkp+N + 2)4
(5.4.6)

rk+1 = 2
4

αkp+2 rk. (5.4.7)

Our next purpose is to analyze the previous relations to obtain properties of the sequences

{αk}, {ck} and {rk}. The first remark in this regard is the following: by (5.4.4) with k = 1

we see that u(r) ≥ c1r
2p+4 if r ≥ r1, so that lim infr→+∞ u(r)/r2 = +∞. Thus, by taking

r0 larger if necessary, we can always have c0 as large as desired.

As for (5.4.5), it is a linear difference equation with constant coefficients, whose solu-

tion can be easily found to be

αk =
2(p+ 1)

p− 1
pk − 4

p− 1
.

Thus there exist positive constants µ1 and µ2 not depending on k such that

µ1p
k ≤ αk ≤ µ2p

k

for every k ∈ N. This inequality readily implies

rk ≤ r∞ := 2
∑∞
k=1

4

µ1p
k+1 r0 < +∞,
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102 Chapter 5. Fourth order equations

and also

ck+1 ≥ λ
cpk
p4k

,

for every k ∈ N and some λ > 0 independent of k (observe also that λ is independent of

the choice of c0 above). Setting dk = log ck, we see that dk verifies the linear difference

inequality

dk+1 ≥ log λ+ pdk − 4k log p,

which can be used to prove by induction that

dk ≥
(
d0 −

B − log λ

p− 1

)
pk +Bk +

B − log λ

p− 1
(5.4.8)

for every k, where B = 4 log p/(p− 1). Recalling that c0 (hence d0) can be taken as large

as desired, (5.4.8) implies the existence of positive constants A and θ such that

ck ≥ Ap
4k
p−1 eθp

k

for every k. Summing up, we have obtained that

u(r) ≥ Ap
4k
p−1 eθp

k

rαk whenever r > r∞,

and we arrive at a contradiction by fixing such an r and letting k → +∞.

This contradiction shows that v ≥ 0 in RN , and the strong maximum principle implies

v > 0 in RN , that is −∆u > 0 in RN . The proof is concluded with a simple application

of Theorem 5.1.

Remark 5.4.1. As observed in Remarks 5.1.1 b), it is possible to construct positive super-

solutions of problem (5.1.1) not verifying the condition −∆u > 0, at least when g verifies

(5.1.4):

lim sup
t→0+

g(t)

t
< +∞ or lim sup

t→+∞

g(t)

t
< +∞.

To see this, we will look for a supersolution of the form

u(r) = eαr, r > 0,

where α ∈ R and r = |x|. It is not hard to check that

(−∆)2u =

(
α4 +

2(N − 1)

r
α3 +

(N − 1)(N − 3)

r2
α2 − (N − 1)(N − 3)

r3
α

)
eαr.

Thus, if r ≥ R0 and |α| is large enough, we see that

(−∆)2u ≥ 1

2
α4eαr.
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5.4. Completion of proofs 103

Hence to have a positive supersolution of (5.1.1) it suffices to have

e−αrg(eαr) ≤ 1

2
α4.

This is certainly possible by choosing |α| large enough, with the only prevention that,

if the first condition in (5.1.4) holds then we take α < 0, while if the second holds we

have to choose α > 0. Observe finally that the supersolution so constructed verifies

−∆u = −(α2 + N−1
r
α)eαr < 0 if r is large enough.
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Appendix

In this Appendix we collect, for the reader’s convenience, some results which have been

used in the memoir. They are concerned with the obtention of bounds for the gradient of

solutions and the method of sub and supersolutions.

A.1 Bounds for the gradient

The next lemma is a simplified version of the proof of Theorem IV.1 in [54], adapted to

deal with one-dimensional situations.

Lemma A.1. Assume q > 1, c < d and let u ∈ C2(c, d) be a function such that

− εu′′ + ν|u′|q ≤ k in (c, d) (A.1)

with ν, k > 0 and ε ∈ (0, 1]. Then for every [c′, d′] ⊂ (c, d) there exists C = C(q, c′, d′, ν) >

0 such that

|u′| ≤ C(k + 1)
1
q in [c′, d′].

In addition, under the same hypotheses, if u ∈ C1[c, d] and |u′(c)|, |u′(d)| ≤M then

|u′| ≤ max

{
M,

(
k

ν

) 1
q

}
in [c, d].

Proof. We will assume with no loss of generality that ν = 1. Choose ξ ∈ C∞0 (c, d) such

that 0 ≤ ξ ≤ 1 and ξ ≡ 1 in [c′, d′]. We take φ(r) = ξθ(r), with θ > 0, and

z(r) = φ(r)(u′(r))2.

Since z is nonnegative and has compact support in (c, d), it reaches a maximum at a point

x0 ∈ (c, d). Hence z′(x0) = 0, which yields

u′′(x0) = −φ
′(x0)u

′(x0)

2φ(x0)

105
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106 Appendix

(observe that necessarily φ(x0) > 0). By (A.1),∣∣∣∣ z(x0)

φ(x0)

∣∣∣∣ q2 = |u′(x0)|q ≤ k + εu′′(x0) = k − εφ′(x0)u
′(x0)

2φ(x0)
≤ k +

ε|φ′(x0)|z
1
2 (x0)

2φ
3
2 (x0)

.

Thus, (
z(x0)

φ(x0)

)q
≤

(
k +

ε|φ′(x0)|z
1
2 (x0)

2φ
3
2 (x0)

)2

≤ 2k2 +
ε2|φ′(x0)|2z(x0)

2φ3(x0)
,

so that,

zq(x0) ≤ 2k2φq(x0) +
1

2
|φ′(x0)|2φq−3(x0)z(x0).

Next, observe that

(φ′)2φq−3 = θ2ξ2θ−2(ξ′)2ξθ(q−3) ≤ Cξθ(q−1)−2.

Hence, if we choose, say, θ = 2/(q − 1) we obtain

zq(x0) ≤ 2k2 + Cz(x0) ≤ 2k2 +
1

2
zq(x0) + C.

Then, zq(x0) ≤ 4k2 + C, therefore (φ(u′)2)q ≤ 4k2 + C in (c, d) and (u′)2q ≤ 4k2 + C in

(c′, d′), so that

|u′| ≤ (4k2 + C)
1
2q ≤ C(k + 1)

1
q in [c′, d′].

This shows the first part of the lemma. To prove the second, assume that u ∈ C1[c, d]

and there exists M > 0 such that |u′(c)|, |u′(d)| ≤ M . Then, if u′ reaches a minimum

or maximum at x0 ∈ (c, d) we have that u′′(x0) = 0, and it immediately follows that

|u′|q ≤ k. Hence the conclusion.

Remark A.2. The previous lemma is not only applicable to the one-dimensional problem,

but also to its radially symmetric N−dimensional version, namely:

−ε
(
u′′ +

N − 1

r
u′
)

+ ν|u′|q ≤ k in (c, d),

at least in the case where d > c > 0. Indeed, using that

N − 1

r
|u′| ≤ ν

2
|u′|q + C,

we obtain −εu′′ + ν
2
|u′|q ≤ k + C in (c, d), and Lemma A.1 can be applied.
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A.2. The method of sub and supersolutions 107

A.2 The method of sub and supersolutions

We introduce next some instances of this well-known method which are suitable for our

purposes. In all cases, we will consider only radially symmetric solutions in the annulus

A(R0, R1) =
{
x ∈ RN : R0 < |x| < R1

}
, where R1 > R0 > 0. Proofs will only be given

in those cases where we could not find a pertinent reference.

We begin by considering the problem:
−∆u = f(u)|∇u|q in A(R0, R1),

u = c1 on ∂BR0 ,

u = c2 on ∂BR1 ,

(A.2)

where 0 < q ≤ 2, f ∈ C(R), and c1, c2 ∈ R.

In this context, we require that both the subsolution and the supersolution belong to

H1(A(R0, R1)) ∩ L∞(A(R0, R1)).

Theorem A.1. Assume f ∈ C(R), 0 < q ≤ 2, c1, c2 ∈ R and that there exist a weak

subsolution u and a weak supersolution u of (A.2) with u ≤ u in A(R0, R1). Then

there exist a minimal and a maximal weak solution of (A.2) in the order interval [u, u].

Moreover, if u (resp. u) is radially symmetric then so is the minimal (resp. maximal)

weak solution.

Proof. The existence of a weak solution of (A.2) in the interval [u, u] is given by Theorem

2.1 in [16]. It is worth remarking that the proof can easily be reduced to the case c1 =

c2 = 0 (see also [33]). Thus we are only proving that there exists a minimal weak solution

(the existence of a maximal weak solution is similarly proved). This proof is taken from

[60]. We define

B = inf

{∫
A(R0,R1)

u : u ∈ [u, u] is a solution of (A.2)

}
.

Of course, B is well defined and by definition, there exists a sequence of weak solutions

{un}∞n=1 ⊂ [u, u] such that
∫
A(R0,R1)

un → B. Since {un} is a uniformly bounded sequence

we can use the results in Section 4.4, Chapter IV of [49] to get that the sequence {∇un} is

also uniformly bounded. Thus, by passing to a subsequence, we may assume that un → u

weakly in H1(A(R0, R1)) and uniformly in A(R0, R1)), where u ∈ [u, u] is a weak solution

of (A.2) with
∫
A(R0,R1)

u = B. We claim that u is the minimal weak solution.

Let v ∈ [u, u] be an arbitrary weak solution of (A.2). Since w = min{u, v} is a

supersolution of (A.2) with w ≥ u, there exists a weak solution z ∈ [u,w] of (A.2). But
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then z ≤ w ≤ u and

B ≤
∫
A(R0,R1)

z ≤
∫
A(R0,R1)

u = B.

If follows that u = z ≤ w ≤ v. This concludes the first part of the proof.

To show the last assertion in the statement, assume u is radially symmetric, and let

umin denote the minimal weak solution given by the first part of the lemma. Take an

arbitrary rotation Q and let

u(x) = min{umin(Qx), u(x)}.

It is easily seen that u is a supersolution, which verifies, by the radial symmetry of u that

u ≥ u. Then, there exists a weak solution w in the order interval [u, u] ⊂ [u, u], hence

w ≥ umin. On the other hand w(x) ≤ umin(Qx), and it follows that

umin(x) ≤ umin(Qx).

Since Q is an arbitrary rotation, this shows that umin is radially symmetric.

Next, we provide a similar statement as Theorem A.2 for the related problem
−∆u+ |∇u|q = f(u) in A(R0, R1),

u = c1 on ∂BR0 ,

u = c2 on ∂BR1 ,

(A.3)

where as above, q > 1, c1, c2 ∈ R and f ∈ C(R).

It is important to stress that the classical results in the method of sub and superso-

lutions (cf. for instance [4], [16] and [33]) require q ≤ 2. To deal with arbitrary values of

q > 1 we make use of the results in [53] and [54].

Theorem A.2. Assume q > 1, f ∈ C(R) and c1, c2 ∈ R. If there exists a subsolution

u ∈ C2(A(R0, R1)) and a supersolution u ∈ C2(A(R0, R1)) of (A.3) such that u = u on

∂A(R0, R1), then there exists a solution u ∈ [u, u] of (A.3). Moreover, if u, u are radially

symmetric then so is u.

Proof. It is a direct consequence of Theorem III.1 in [53]. The proofs there only deals

with sub and supersolutions vanishing on ∂A(R0, R1), but it is easily seen that it can be

adapted to the present situation since u = u on the boundary. In addition, let us remark

that f ∈ C1(R) is assumed there. However, this restriction can be relaxed to f ∈ C(R)

in view of the arguments leading to Theorem III.1 in [54].
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A.3 Sub and supersolutions for systems

It is now the turn to consider a version of the previous theorems for the elliptic systems

that have been studied in this work.

We first analyze the system

−∆u = f(v)

−∆v = g(u) in A(R0, R1)

u|∂BR0
= c1

v|∂BR0
= d1

u|∂BR1
= c2

v|∂BR1
= d2,

(A.4)

where f, g are nondecreasing functions and c1, c2, d1, d2 ∈ R. The following result is a

simplified version of Theorem 4.1 in Chapter 8 in [61].

Theorem A.3. Assume f, g are nondecreasing and locally Lipschitz functions and let

c1, c2, d1, d2 ∈ R. If there exists a subsolution (u, v) ∈ (C2(A(R0, R1)) ∩ C(A(R0, R1)))
2

and a supersolution (u, v) ∈ (C2(A(R0, R1)) ∩ C(A(R0, R1)))
2 of (A.4) such that u ≤ u

and v ≤ v in A(R0, R1) and u = v and u = v on ∂A(R0, R1), then there exist a minimal

and a maximal solution of (A.4) between the sub and supersolution.

Finally, we deal with a system which involves gradient terms as in (A.3):

−∆u+ |∇u|q = f(v)

−∆v + |∇v|q = g(u) in A(R0, R1)

u|∂BR0
= c1

v|∂BR0
= d1

u|∂BR1
= c2

v|∂BR1
= d2,

(A.5)

where q > 1 and the functions f, g ∈ C(R) are nondecreasing.

Theorem A.4. Assume q > 1, f, g ∈ C1(R) are nondecreasing functions and there exist

a subsolution (u, v) ∈ C1(A(R0, R1))
2 and a supersolution (u, v) ∈ C1(A(R0, R1))

2 of

(A.5). If u, v, u, v are radially symmetric functions and verify u ≤ u, v ≤ v in A(R0, R1)

together with u = u and v = v on ∂A(R0, R1), then there exists a classical radially

symmetric solution (u, v) of (A.5) with u ≤ u ≤ u and v ≤ v ≤ v in A(R0, R1).
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Proof. We begin by solving the system

−∆u1 + |∇u1|q = f(v)

−∆v1 + |∇v1|q = g(u) in A(R0, R1)

u|∂BR0
= c1

v|∂BR0
= d1

u|∂BR1
= c2

v|∂BR1
= d2,

(A.6)

Note that system A.6 is indeed uncoupled. For instance, regarding the equation involving

u1 we need to solve {
−∆w + |∇w|q = f(v), in A(R0, R1),

w = h(x), on ∂A(R0, R1),
(A.7)

where

h(x) =

{
c1 |x| = R0

c2 |x| = R1.

The function f is nondecreasing, so it is clear that u is a supersolution of this problem,

while u is a subsolution. By Theorem III.1 in [54], we can ensure the existence of a

solution u1 verifying u ≤ u1 ≤ u. In addition, the solution u1 is radially symmetric, so

we deduce that it is a classical solution. It follows in a similar way that v ≤ v1 ≤ v. Now

we can define (u2, v2) by replacing u and v in (A.6) by u1 and v1, respectively. By the

monotocity of f we have

−∆u2 + |∇u2|q = f(v1) ≥ f(v) = −∆u1 + |∇u1|q,

so that by comparison u2 ≥ u1 since u1 = u2 = u on ∂A(R0, R1).

By induction we obtain two sequences of positive radially symmetric functions {un}n≥1,
{vn}n≥1 such that

u ≤ u1 ≤ u2 ≤ · · · ≤ un ≤ · · · ≤ u,

v ≤ v1 ≤ v2 ≤ · · · ≤ vn ≤ · · · ≤ v,
(A.8)

in A(R0, R1). Let us obtain appropriate bounds for the solutions in order to pass to the

limit. By (A.8), we have that |un|, |vn| ≤ C, and

−u′′n −
N − 1

r
u′n + |u′n|q ≤ C.

In addition, un(R0) = u(R0) = u(R0) and u ≤ un ≤ u, thus u′(R0) ≤ u′n(R0) ≤ u′(R0).

Similarly, u′(R1) ≤ u′n(R1) ≤ u′(R1). We may then apply Lemma A.1 (see also Remark

A.2) to obtain that |u′n| ≤ C in A(R0, R1), and in the same way |v′n| ≤ C in A(R0, R1).
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A.3. Sub and supersolutions for systems 111

As a consequence, |u′′n|, |v′′n| ≤ C. Hence we deduce that un → u and vn → v in

C1(A(R0, R1)) where (u, v) is a solution of (A.5) in the weak sense. But u and v are

radially symmetric, so that (u, v) is a classical solution and u ≤ u ≤ u, v ≤ v ≤ v.

Remark A.3. Both results above can be adapted to deal with nonlinearities f, g depending

on both variables provided that f is nondecreasing in v and locally Lipschitz in u and g

is nondecreasing in u and locally Lipschitz in v.
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[21] J. Busca, R. Manásevich, A Liouville-type theorem for Lane-Emden systems.

Indiana Univ. Math. J. 51 (2002), 37–51.



131 / 135

Este recibo incorpora firma electrónica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la dirección: http://sede.ull.es/validacion

Identificador del documento: 849487																Código de verificación: 9H/bHnOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de  MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de  JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de  ERNESTO PEREDA DE PABLO

Bibliography 115

[22] L. Caffarelli, B. Gidas, J. Spruck, Asymptotic symmetry and local behavior of

semilinear elliptic equations with critical Sobolev growth. Comm. Pure Appl. Math.

42 (1989), 271–297.

[23] I. Capuzzo Dolcetta, A. Cutr̀ı, Hadamard and Liouville type results for fully

nonlinear partial differential inequalities. Commun. Contemp. Math. 5 (2003), 435–

448.

[24] W. X. Chen, C. Li, Classification of solutions of some nonlinear elliptic equations.

Duke Math. J. 63 (1991), 615–622.

[25] M. Chipot, F. B. Weissler, Some blowup results for a nonlinear parabolic equation

with a gradient term. SIAM J. Math. Anal. 20 (1989), 886–907.

[26] P. Clément, D. G. De Figueiredo, E. Mitidieri, Positive solutions of semilinear

elliptic systems. Comm. Partial Differential Equations 17 (1992), 923–940.

[27] A. Cutr̀ı, F. Leoni, On the Liouville property for fully nonlinear equations. Ann.
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