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Introduction

This memoir is concerned with Liouville theorems for nonlinear elliptic equations and
systems. Roughly speaking, a Liouville theorem is a result about nonexistence of certain
kind of solutions (positive, bounded, radial...) for those equations, usually when posed in
unbounded domains.

Perhaps the first and most celebrated nonlinear Liouville theorem was the one obtained

in [40], where the model equation

—Au=u" inRY (L.1)
with p > 1 was considered. It was shown there that equation (I.1) does not admit any
positive, classical solution provided that (N > 3) and

N+2

l<p< .
P=NT3

The so-called “critical” exponent pg = % turns out to be optimal for nonexistence,

since it can be proved that radially symmetric, positive classical solutions of (I.1) exist

N42
N-2

be classified in the critical case p = pg: it was shown in [22] that any positive solution of

when p > (cf. for instance Section 1.9 in [67]). As a matter of fact, solutions can

(I.1) is given by

N-2

u(z) = <1+,U2M$_10|2) o (1.2)

for some x> 0 and g € RY and is therefore radially symmetric with respect to some
point xg.

It should be remarked also that when N = 2 there is no restriction on the exponent
p, since it is well-known that positive, superharmonic functions in R? are necessarily
constant.

Problem (I.1) was subsequently investigated in [24], where a simpler proof of the

previous nonexistence result was given. The proof in [24] has a different flavor, and it

il
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iv Introduction

is based on the well-known method of moving planes, requiring the use of the Kelvin
transform.

An important step to fully understand nonlinear Liouville theorems for elliptic equa-
tions is to analyze problem (I.1) when the power function is replaced by a more general
nonlinearity, that is,

— Au= f(u) inRY (1.3)

where f : (0,400) — R is positive and, say, locally Lipschitz continuous. In this regard,
one of the main results in [11] stated that, if N > 3 and f verifies the “subcriticality”
condition

f(s)

Nz Is nonincreasing in (0, +00)
N-2

w

then either  is a constant or — up to a constant factor — f(t) is the critical power 32 and
w is of the form (1.2) for some p > 0, 7y € RY. The restrictions that f is nonnegative and
locally Lipschitz continuous in (0, +00) were later replaced in [52] by the only requirement
that f is locally bounded in (0, +00). While the main tool in [11] was the moving planes
method, in [52] the method of moving spheres was used. Both of them rely heavily on
the Kelvin transform.

Observe that in the previous results the operator involved in the respective equations
is always the Laplacian. This fact is related with the use of the Kelvin transform in the
proofs, and it makes them hard to generalize when other operators are taken into account.
However, some nonexistence results have been obtained for other second order operators.

Indeed, a natural extension of equation (I.3) is obtained when the Laplacian is replaced

by the p-Laplacian operator A,u = div (|Vul[P~2Vu), that is,
— Aju = f(u) in RY, (1.4)

where p > 1 and f € C! is positive in (0, +0c0). Some Liouville theorems for positive,
weak solutions of this problem were proved in [71]. Among other things, it is shown there
that problem (I.4) does not admit any positive solution if f(t) = t?, where p < N and
N(p-1)+p
1< qg < Nifp
also considered.

. Some more general nonlinearities termed there as “subcritical” were

All the nonexistence results alluded to above are concerned with positive solutions of
nonlinear equations (let us also mention [34], where stable solutions of (I.3) are considered
irrespective of their sign). However, there are also nonexistence results which hold even
for supersolutions, which will be of particular importance to us in this memoir.

As a first outstanding achievement, it was shown in [39] that problem (I.1) does not
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Introduction v

admit any positive supersolution provided that N > 3 and

1<p< (I.5)

N-2
This range of exponents is again sharp for nonexistence. In this case, positive supersolu-
tions can be explicitly constructed when p > %

An important feature with respect to this result is that it remains valid when the
underlying domain R" is replaced by an exterior domain. An exterior domain is of the
form RY \ K, where K is a compact, simply connected set in RY. Tt clearly follows that
solutions (resp. supersolutions) of any of the above equations in an exterior domain are
also solutions (resp. supersolutions) in RY \ Bg, for some Ry > 0, where Bp, stands
for the ball of radius Ry centered at the origin. Therefore the obtention of nonexistence
theorems in exterior domains can always be restricted to the latter ones.

As far as we know, the first nonexistence result in exterior domains was obtained in
[12], where the p—Laplacian version of problem (I.1) in RY \ Bg, was analyzed. When
p = 2, Theorem 1.3 there applies and shows that there are no positive solutions in the
regime given by (I.5). It should be stressed that Liouville theorems for supersolutions
are somehow more robust with regard to perturbations of the operators. Let us quote for

instance [46], where the problem

N
0%u »
=2 @)y g =
ij=1 v

for a general second order uniformly elliptic operator was considered, or [13] and [55],

which dealt in particular with positive supersolutions of
—divA (z,u, Vu) = v? (L6)

in exterior domains with N > 3 and p > 1, where A is a function verifying certain
positivity and growth restrictions.
A great step forward in the understanding of Liouville theorems for supersolutions was

given in [5]. Problem (I.3), when posed in an exterior domain, i.e.
— Au= f(u) in RN\ Bg, (L7)

was considered for a general continuous positive nonlinearity f (as a matter of fact, the
problem was analyzed when the Laplacian is substituted by a quite general fully nonlinear

elliptic operator). The main novelty is to show, with the use of methods which essentially
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vi Introduction

involve only the comparison principle, that Liouville theorems for supersolutions in exte-
rior domains depend only on the behavior of the nonlinearity f at zero. Specifically, it
was proved there that if NV > 3 and f verifies
t
lim inf f(N) > 0, (1.8)

t—0t ¢N—3

then equation (1.7) does not admit any positive supersolution. Some results were also
obtained when N = 2.

The main disadvantage of condition (I.8) is that it is not expected to be optimal.
However, the optimal condition for nonexistence of positive supersolutions in exterior
domains was later obtained in [3]. When N > 3, it was shown there that a necessary and
sufficient condition for the existence of such supersolutions is

*f)

2(N-1)
0 t N-2

dt < 400 (1.9)

for some ¢ > 0. A condition of a similar type was also obtained when N = 2. An advantage
of the methods used in [3] is that they allow to study much more general problems than
(I.7). These generalizations include the Laplacian with weights and gradient terms, the p-
Laplacian operator and uniformly elliptic fully nonlinear operators with radial symmetry.

The problem of obtaining Liouville theorems for positive supersolutions has been ex-
tensively studied in more general settings, which include the p-Laplacian or fully nonlinear
operators (cf. for instance [6], [14], [23], [27], [46] and [48]). Let us mention in passing
that, aside equations posed in RY or in exterior domains, other unbounded domains have
also been frequently considered in the literature of Liouville theorems, like cone-like do-
mains and in particular the half-space. However, we will not be concerned with this type
of domains in the present work (see [5], [8], [9], [10], [28], [41], [44] or [47] for a survey).

Most if not all of the results in the above discussion deal with operators which have
some kind of homogeneity, which some times is essential in the proofs. Thus a natural
question related to (I.7) is to know how the nonexistence results are modified when the
equation is perturbed in order that the homogeneity is destroyed. This was the motivation
in [2], where the problem

— Au+ |Vul|? = Af(u) in RV \ Bg,, (1.10)

was studied in the regime N > 3, ¢ > 1, and the nonlinearity f is as above continuous
and positive in (0,4+00). The number A is a positive parameter, which turns out to be

important in the discussion of nonexistence of supersolutions in some regimes.
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Introduction vii

Let us mention that this problem had been considered in the case f(t) =, p > 0 in
[25], [59], [69] and [73] (the problem for the p-Laplacian was studied in [37] and [38]). See
also [68] for a survey on the problem. However, the authors of these papers were mainly
interested in the existence and nonexistence of radially symmetric solutions in RY.

One of the important observations in [2] is that positive supersolutions of (I.10) can
be classified into two types: those which blow up at infinity, that is, verify

lim wu(z) =400
|z|—+o0
uniformly and those which do not. This phenomenon is caused by the presence of the

gradient term in the equation. Under the assumption that f can be compared to a power

near zero
lim inf ) >0, (I.11)
s—0 sP
or near infinity,
lim inf ) > 0, (L.12)
s—+oco SP

where p > 0, several nonexistence results were obtained, which turn out to be optimal
precisely when f is given by a power. We will not give precise results here, but only men-
tion that, when considering supersolutions which do not blow up at infinity, the relation
%, the nonexistence
region coincides with the one in (I.5). As for the supersolutions blowing up at infinity,

between ¢ and % is very important. In particular, when ¢ >

nonexistence does not even depend on N.

The general aim of the first part of the present memoir (Chapters 1 and 2) is to further
explore the influence of a gradient term in Liouville theorems for nonlinear equations like
the ones considered above. We will be concerned with several equations which can be
seen as generalizations of (1.7).

The first generalization we will analyze is obtained when a gradient term appears

multiplying the nonlinearity, that is,
— Au = f(u)|Vu|? in RN\ Bg,, (1.13)

where N > 2 and ¢ > 0. The nonlinearify f is a continuous function defined in [0, +00)
and positive in (0,400), in the same spirit as before. By refining the arguments in [2],
we perform a classifications of all positive supersolutions into four types, which depend
on the monotonicity of the function m(R) = inf}, =g u(z) for large R.

Then we obtain necessary and sufficient conditions in order to have supersolutions of

each of these types. As a consequence, we also obtain Liouville theorems for supersolutions
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viii Introduction

depending on the values of N, ¢ and on some integrability properties on f at zero or
infinity. We also adapt these results to the case where the equation is posed in the whole
space RY.

Let us mention that this precise problem has been studied in [14] for some more general
operators when 0 < ¢ < 1, but only the case f(t) = ¢ is dealt with there. Also, the more

general problem
—div(h(z)g(u)A(|Vu|)Vu) > f(z,u, Vu) in RY

was considered in [36] under several assumptions on the involved functions, but the non-
linearity f(x,u, Vu) is essentially like u?|Vu|? for some p,q > 0, so that again only the
power case was previously known.

Our method of proof is inspired in [3]. Assuming that a positive supersolution of
(I.13) exists, we show that there exists a positive, radially symmetric solution of (1.13)
which is of the same type. In what follows, we will refer to this procedure as a “radial
reduction”. By means of a change of variables which involves the fundamental solution of
the Laplacian, the radial problem is then transformed into a one-dimensional one which
is precisely analyzed.

In Chapter 2 we consider problem (I.10). Our aim is to “fine tune” the nonexistence
results obtained in [2] to include some more general nonlinearities f. Recall that the
essential assumption in [2] is that f can be compared to a power function, either near
zero or near infinity (cf. hypotheses (I.11) and (1.12)).

Thus our more relevant objective is to study nonlinearities which are compared to
a logarithmic perturbation of the critical power, and to obtain nonexistence regions in
terms of the parameters involved. It is interesting to mention that in the regime ¢ > %,
the gradient term is again not relevant for the question of existence of supersolutions not

blowing up at infinity.

In the second part of this work, we deal with Liouville theorems for positive superso-
lutions of some elliptic systems. Perhaps the most important of such systems is a natural
generalization of problem (I.1), given by

—Av =1u?

_ P
{ Au=uv in RV, (1.14)

where p,s > 0 and N > 3. This system has been widely studied, and some nonexistence
theorems for positive solutions have been obtained. However, the full expected Liouville

theorem is nowadays still not proved. Indeed, the so-called Lane-Emden conjecture states
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Introduction ix

that there do not exist positive solutions of (I1.14) when

1 N 1 >N72
p+1 s+1 N

At the best of our knowledge, aside the radially symmetric case, which was proved in [56],
only the cases N = 3 and N = 4 are completely proved (see [63], [70] and [72]). Never-
theless, some more restrictive conditions have been obtained which imply nonexistence of
positive solutions (we refer to [21] or [30]; see also references in [72]).

As for supersolutions of (I.14), it was shown in [56] (see also [70]) that there do not
exist positive supersolutions when 0 < ps <1 or ps > 1 and

2(p+1) 2(q+1)}
ps—1"ps—1 [

N—2§max{

Without being exhaustive with the references, let us finally mention that some general-
izations of (I.14) have been considered in [7], [13], [15], [26], [29], [32], [50], [57], [62],
[65], [66] and [75]. The purpose of all these works was to deal with systems where the
Laplacian was replaced by a more general operator or the power nonlinearities by some
more general functions, which can be compared to a power.

Our first incursion into the systems realm will be made in Chapter 3. The objective
there is to analyze the effect of introducing a gradient term into (I.14), in the spirit of
(1.10). More precisely, we will consider the problem

(L15)

—Au+ [Vul? = Af(v)
—Av + [Vol? = pg(u)

in exterior domains of RY, where ¢ > 1 and the functions f and g behave like a power
near zero or infinity. We show that positive supersolutions do not exist in some ranges
of the parameters involved, which are optimal in the special case where f(v) = v? and
g(u) = u®, with p,s > 0. The case ¢ = 1 in (I1.15) will be subsequently analyzed in
Chapter 4.

Our final contribution deals with another generalization of system (I.14). In our
opinion, it would be desirable to obtain necessary and sufficient conditions for the existence
of positive supersolutions in exterior domains when the power functions there are replaced
by general nondecreasing functions f(v) and g(u). However, we content ourselves for the

moment with the analysis of the special case

—Au=v N
in RY \ Bg,,
—Av = g(u)
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X Introduction

which is equivalent to the fourth order problem
(—A)?u = g(u) in RN\ Bg,. (1.16)

This will be the subject of Chapter 5.

As we have already discussed, nonlinear Liouville theorems have been frequently ana-
lyzed for equations of second order. However, when it comes to a fourth order problem as
(1.16), the situation is fairly different and the results already available are far from being
complete. Let us mention in this regard the work [74], where the problem with a power
function:

(=A)?u=u? inRY (L.17)

with p > 1 and N > 5 has been studied. A Liouville theorem for positive solutions was

obtained there, revealing the importance of the critical exponent %. As for positive
supersolutions, the only results known to us are those in [56] and [58], which state that
the range of nonexistence is 1 < p < %.

But when the underlying domain RY is replaced by an exterior domain and the power
nonlinearity by a more general one, no results seem to be available in the literature.
Assuming the function ¢ is nondecreasing and continuous in [0,400) and positive in
(0,4+00), we give a necessary and sufficient condition for the existence of positive classical
supersolutions u of (I.17) which additionally verify —Aw > 0, which resembles condition
(1.9) obtained in [3] for the second order case. It is to be noted that positive supersolutions
not verifying the condition —Awu > 0 seem to always exist, irrespective of the behavior of
f at zero.

Taking advantage of these results, problem (I.16) is also analyzed when it is posed in
RY, and a Liouville theorem is obtained.

As a final remark, let us comment that all our proofs rely on the radial reduction
introduced above, followed by a careful examination of the radially symmetric version of
each problem.

To conclude the Introduction, let us also mention that we will be dealing in the rest of
this work with several notions of supersolutions, which suit well to the problem at hand.
However, with some more effort, other perhaps more general notions could be considered

as well.
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Chapter 1

Scalar equation with gradient terms:

Multiplicative term

The purpose of this chapter is to analyze the existence and nonexistence of supersolutions
of the elliptic problem
— Au= f(u)|Vu|? in RV\ Bp,, (1.1.1)

where N > 2, and ¢ > 0. The nonlinearify f is a continuous function defined in [0, +00)
and positive in (0,400). In particular, we are interested in obtaining Liouville type
theorems for (1.1.1).

In this chapter we will always be dealing with continuous weak supersolutions, that
(RN\ Bg,) N C(RN \ Bg,) verifying

/ VuVe > / F)|Vulé
RN\ Bg, RN\Bg,

for every nonnegative ¢ € C5°(RY \ Bg,).!

is, functions u € H_

1.1 Classification of supersolutions

As we said in the Introduction, our analysis of positive supersolutions u of problem (1.1.1)
is based upon the fact that the function

m(R) = inf u(z),

(R) = inf u(z)
which is positive for R > Ry, is monotone for large R (see Lemma 1.3.3 in Section 1.3).
With no loss of generality we can always assume m(R) is monotone if R > Ry. This

allows to classify all possible supersolutions into four types:

IThe results in this chapter are contained in [19].

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX
Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de MIGUEL ANGEL BURGOS PEREZ
UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de JORGE JOSE GARCIA MELIAN
UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10

En nombre de ERNESTO PEREDA DE PABLO

17 /135



2 Chapter 1. Multipliticative gradient term

Type 1: m(R) is decreasing and limpg_, o m(R) = 0;
Type 2: m(R) is increasing and limg_,, o m(R) = ¢ for some ¢ > 0;
Type 3: m(R) is decreasing and limpg_, o, m(R) = ¢ for some ¢ > 0;

Type 4: m(R) is increasing and limg_, o m(R) = 400.

Type 1

v

Figure 1.1. The four types of supersolutions for problem (1.1.1).

We are intentionally excluding from our classification all constant solutions of (1.1.1).
Also, it is important to observe that the singular nature of the problem allows the existence
of supersolutions which are not constant, but are eventually constant in the sense that
they are constant for |z| > R; for some Ry > Ry, at least when 0 < ¢ < 1 (see Remark
1.3.4 in Section 1.3). Thus these supersolutions are also excluded from our classification.

Let us mention in passing that this phenomenon does not seem to be possible for ¢ > 1.

1.2 Main results

The existence of each type of supersolution depends first of all on the dimension N. The
cases N > 3 and N = 2 —as in multiple well-known situations— are genuinely different, as
can be seen for instance from the fact that supersolutions of type 4 are never possible when
N > 3, while for N = 2, the only possible types are 2 and 4 (which are the nondecreasing
ones). See Lemma 1.3.5 below.

Let us begin with the case of higher dimensions N > 3. Since f is assumed to be

positive in (0,400), the existence of supersolutions of types 2 and 3 does not really
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1.2. Main results 3

depend on f, and it is only related to the relative values of ¢ and N. However, when
considering supersolutions of type 1, the relevant condition is

5
/ i{;ﬁ) dt < +o0, (1.2.1)
o U
for some & > 0, where
_2-9gN-1)
="y (1.2.2)

This condition resembles the one found in [3] for the case ¢ = 0 (and actually reduces to
that one in this particular case). See equation (I.9) in the Introduction.
Our results for problem (1.1.1) in the case N > 3 can be summarized as follows.

Theorem 1.1. Assume N >3 and f € C(]0,400)) is positive in (0, +00). Then:

a) If ¢ > %, there exist positive supersolutions of (1.1.1) of types 1, 2 and 3.

b) When 1 <gq< %, no supersolutions of (1.1.1) of type 3 exist, while there always

exist supersolutions of type 2. Supersolutions of type 1 exist if and only if (1.2.1)
holds.

¢) For 0 < q < 1, there never ezist supersolutions of (1.1.1) of types 2 and 3, while
supersolutions of type 1 exist if and only if (1.2.1) holds.

Moreover, positive supersolutions of type 4 never exist in this case.

As a consequence of the statements above, we have the following Liouville theorem for
(1.1.1):

Corollary 1.2.1 (Liouville theorem). Assume N > 3 and f € C([0,+00)) is positive in
(0,400). If ¢ <1 and (1.2.1) does not hold, then every positive supersolution of problem

(1.1.1) is eventually constant.
As for the case N = 2, our results are:

Theorem 1.2. Assume N =2 and f € C([0,+00)) is positive in (0, +00). Then:
a) If ¢ > 2, there exist positive supersolutions of (1.1.1) of types 2 and 4.

b) When 1 < q < 2, there always exist supersolutions of type 2. Supersolutions of type
4 exist if and only if there exist a, M > 0 such that

/oc e f(t) dt < +oc. (1.2.3)

M
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4 Chapter 1. Multipliticative gradient term

¢) For 0 < q < 1, there never exist supersolutions of (1.1.1) of type 2, while superso-
lutions of type 4 exist if and only if (1.2.3) holds.

Moreover, positive supersolutions of types 1 and 3 never exist in this case.

Corollary 1.2.2 (Another Liouville theorem). Assume N = 2 and let f € C([0,+00)) be
positive in (0,+00). If ¢ <1 and (1.2.3) does not hold, then every positive supersolution

of problem (1.1.1) is eventually constant.

Of particular interest in (1.1.1) is the special case where f is a power, f(t) =2, p > 0,
that is,
— Au=uP|Vul? in RV \ Bg,. (1.2.4)

The above theorems directly apply to this case to obtain for instance: when N > 3, if
0<g<land0<p< %, then every positive supersolution of (1.2.4) is eventually
constant; for N = 2, the nonexistence of not eventually constant positive supersolutions
holds if 0 < ¢ < 2. Both results are sharp, and coincide with those in [36] when the

equation is considered in RY (for N > 3). See Figure 1.2.

©® O

N

Figure 1.2. Regions of existence of supersolutions when f(t) = t?
and N > 3. The region of nonexistence is shown in dark grey.

Observe that all nonexistence results stated above apply equally to the equation in

(1.1.1) when it is posed in the whole RY namely

— Au= f(u)|Vul? in R, (1.2.5)

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha:
En nombre de MIGUEL ANGEL BURGOS PEREZ

24/01/2017 18:48:18

UNIVERSIDAD DE LA LAGUNA
En nombre de JORGE JOSE GARCIA MELIAN

24/01/2017 19:00:54

UNIVERSIDAD DE LA LAGUNA
En nombre de ERNESTO PEREDA DE PABLO

26/01/2017 12:30:10

20/135



1.3. Preliminary properties 5

where N > 3 (it is well known that the only positive, superharmonic functions in R? are
constants, so that the case N = 2 is uninteresting). However, it is to be stressed that
the maximum principle implies m(R) = infj,<gu(x) for all positive supersolutions, so
that the function m(R) is always strictly decreasing, unless u is constant. Therefore, only
supersolutions of types 1 and 3 are possible, and it also follows that eventually constant
supersolutions which are not constant do not exist.

Regarding the existence, if u is a positive supersolution of (1.1.1) of one of these
types, then m(R) is decreasing in (Ry, +00). Hence, it is easily checked that the function
@ = min{u, m(Ry)} is a weak HL_(RY) N C(RY) supersolution of (1.2.5). Therefore,

Theorem 1.3 (Classification in RY). Assume N > 3 and f € C([0,+00)) is positive in
(0,400). Then:

a) If ¢ > %, there exist positive supersolutions of (1.2.5) of types 1 and 8.

b) When0 < g < %, no supersolutions of (1.2.5) of type 3 exist, while supersolutions

of type 1 exist if and only if (1.2.1) holds.

The corresponding Liouville theorem is:

Corollary 1.2.3 (Liouville Theorem in RY). Assume that N > 3 and f € C([0,+00))
is positive in (0,400). If0 < g < % and (1.2.1) does not hold, then the only positive

supersolutions of problem (1.2.5) are constants.

To conclude the discussion of our results, let us mention that the very interesting
question of existence and nonexistence of positive solutions of (1.2.5) seems to be very
delicate for general functions f. However, as a consequence of the uniqueness theorems
for ode’s, the only radially symmetric, positive solutions of (1.2.5) are constants if f is
locally Lipschitz in (0,400) and ¢ > 1. The case 0 < ¢ < 1 seems more difficult to deal
with, even with radial symmetry. We refer to [43] for an Emden-Fowler analysis in the
particular case f(t) =, p > 0.

1.3 Preliminary properties

In this section we consider several questions related to the classification of positive super-
solutions of (1.1.1) and the reduction to the radial setting. We begin with an extension

of a result in [3] (see also [2]), which gives sense to the classification introduced in the
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6 Chapter 1. Multipliticative gradient term

previous section. Remember that, for a positive supersolution u of (1.1.1) we always
denote for R > Ry

m(R) = ‘;‘IifRu(:c).

When u is nonzero, it follows from the strong maximum principle that m is strictly posi-

tive. The main property we need with regard to this function concerns its monotonicity.

Lemma 1.3.1. Let u € HY (RV\ Br,)NC(RN\ Bg,) be a nonnegative function verifying
—Au > 0 in RN\ By, in the weak sense. Then, there exists Ry > Ry such that the

function m(R) is monotone for R > R;.

Proof. For Ry > Ry > Ry, consider the annulus A(R;, Ry) = {x € RN : Ry < |z| < Ry}
Thanks to the maximum principle applied to u in this annulus we obtain

A(rélli%z)u = min{m(R;), m(Rs)}.

As an immediate consequence, we obtain that the function min4g, r,) u is increasing in
Ry and decreasing in Ry whenever Ry > Ry > Ry.

We claim that for arbitrary values S3 > Sy > S; > Ry it is not possible to have
m(S2) < min{m(S;), m(Ss)}, that is, the function m does not achieve local strict minima.
Suppose that the claim is not true, so we have that m(S2) < min{m(S;), m(Ss)} for some
S3 > S5 > S1 > Ry. As a consequence of the above discussion, the function

h(0) = min{m(Sy — 6(Se — S1)), m(S2 + (S5 — S2))}

is decreasing in 0 < § < 1, so m(S2) = h(0) > k(1) = min{m(S;),m(S3)} and we arrive
at a contradiction.

There are three possibilities: either m(R) is nonincreasing, or it is nondecreasing, or
it is nondecreasing in (R, Ry) for some R; > Ry and then nonincreasing in (R, +00).
Whatever the case, m(R) is monotone for R > R;. O

Remark 1.3.2. The previous lemma still holds for weak supersolutions u of general op-
erators L whenever there exists a maximum principle for L. See, for instance, [64] for

equations with gradient terms.

As a consequence of the strong maximum principle it is possible to show that the
function m(R) is indeed strictly monotone.

Lemma 1.3.3. Let u € HL (R \ Bgr,)NC(RN\ Bg,) be a nonnegative function verifying
—Au>0in ]RN\BRO in the weak sense. Then, there exists Ry > Ro such that the function

m(R) is either strictly increasing, or strictly decreasing or constant in (R, +00).
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1.3. Preliminary properties 7

Proof. According to Lemma 1.3.1, there exists Ry > Ry such that m(R) is monotone for
R > Rj. As we have already observed, we can always assume Rj = Rj.

Suppose first that m is nondecreasing. Let us show that if there exists an interval
[R1, Ro] where m is constant, then m is constant for R > R;. Indeed, assume on the
contrary the existence of Ry > Ry such that m(R3) > m(R;). For any R € [Ry, Ry] the
function u attains an interior minimum in the annulus A(R, R3). Thus by the strong
maximum principle u has to be constant in A(R, R3), contradicting that m(R3) > m(R;).
We deduce that either m is constant for R > Ry or m is strictly increasing in (Rp, +00).

A similar argument shows that, if m is nonincreasing and it is constant in an interval
[R1, Ro], then m = m(Ry) if R € (Ro, R1). Assume such an interval exists (if not m is
strictly decreasing and we are done) and m is not constant for R > Ry. Choose Ry with
the property that the interval [Ry, Ry] is the maximal interval where m is constant. Then
m is decreasing for R > Ry. If not, there would exist an interval [R3, Ry] with R3 > Ry
and m(R) = m(R3) < m(Rz) if R € [Rs, Ry]. But this would imply m is constant for
R < Ry, a contradiction. Therefore either m is strictly decreasing for R > Ry or m is
constant for R > R,. This concludes the proof. O

Remark 1.3.4. As mentioned in Section 1.1 of this chapter, if ¢ < 1 there always exist
positive nonconstant supersolutions of (1.1.1) which are constant for large |z|. Indeed, fix
A > 0 and denote M = supyg , f(t). Consider the function v = X\ — A(Ry + 4§ — |z[)* in
Ry < |x| < Ry+ 6, where a = (2—¢q)/(1—¢q) > 1 and A, > 0. It will be a supersolution
in the interval (R, Rg + d) provided that

R0+5—7’

a—1—(N-1) .

> Mot AT Ry <r < Ry+0 (1.3.1)

where r = |z|, as usual. Since (Ry+0 —7)/r < /Ry, because the function (Ry+0 —r)/r

is decreasing in r, we have that

MZa—l—(N—l)i

—1—-(N—-1 .
@ ( ) T R()

Then the inequality (1.3.1) can always be achieved if § < Ro(o —1)/(N — 1), and then A

is chosen large enough (remember that ¢ < 1). Finally, the function

v(z) Ro<|z|]<Rop+9
u(r) =

will be a positive C'! supersolution of (1.1.1).
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8 Chapter 1. Multipliticative gradient term

Our next step is to shed some light into the question of existence of supersolutions.
Depending on the dimension N, only some types of supersolutions are possible, as the

following lemma shows.

Lemma 1.3.5. Assume ¢ > 0 and f € C([0,+00)) is nonnegative. When N = 2, there
do not exist positive supersolutions of (1.1.1) of types 1 and 3, while for N > 3, no
supersolutions of type 4 exist.

Proof. Assume u is a positive, not eventually constant supersolution of (1.1.1) and con-
sider initially N > 3. Choose Ry > Ry > R, and define the function

_ m(Ry) —m(Ry)

(z) = N RV +m(R 1.3.2
(l‘) R%,N_Rgfjv (|x| 2 ) m( 2) ( )

for x € A(Ry, Ry). Observe that ® is harmonic in A(Ry, Ry), with u > ® on 9A(R;, Rs).
Therefore, by the maximum principle it follows that v > ® in A(R;, R2). In particular,
for every R € (Ry, Ry),

m(R) > m(Rl) — m(R2)
SR @

— m(Ry) (R?‘N—RQ‘N> +m(Ry) (Rz‘N—Rﬁ‘N> ‘

2—N 2—N 2—N 2—N
Ri™" — 1y Bi77 - Iy

(RN — R™Y) + m(R,)
(1.3.3)

Now assume that u is of type 4, that is, limp_, o m(R) = +00. Letting Ry — 400 in
(1.3.3) with fixed R and R; we arrive at a contradiction.

Next we analyze the case N = 2. We consider the function which is obtained by
replacing in the definition of ® the power 2 — N by a logarithm, that is

_ m(Ry) —m(Ry)

U(z) = log Ity — log Iy (log |z] — log Ry) + m(Ry) (1.34)

for x € A(Ry, Ry). As before, uw > U in A(R, Ry), so that

m(R) > m(Ry) — m(Rg)
log Ry — log Ry

_ log Ry —log R log R — log Ry

= m(f) <log Ry — log RQ) (F1) (log Ry —log Ry

for R € (Ry, R2). Assume u is not of type 4, so that limg_, 4o m(R) = £ € [0, +00) since
m(R) is monotone and bounded. We can let Ry — +o0o in (1.3.5) to obtain m(R) >

m(Ry). Since R and R; are arbitrary, it follows that m is nondecreasing. Therefore u has

(log R —log Rs) + m(Rs2)
(1.3.5)

to be of type 2. The proof is concluded. O
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1.4. Proofs in the case N > 3 9

Finally, we show that when N > 3, and for a suitable range of ¢, it is always possible
to reduce problem (1.1.1) to a radial setting. The case N = 2 is slightly different (see
Remark 1.3.7).

Lemma 1.3.6. Assume N >3, 0< ¢ <2 and f € C([0,+00)) is positive in (0,400). If
there exists a positive supersolution u of (1.1.1), then there exists Ry > Ry and a positive,

radially symmetric solution = € C*(RN \ Bg,) of (1.1.1) in RN\ Bg, which is of the same
type as u.

Proof. For Ry > Ry > Ry, consider the harmonic function ® given by (1.3.2) in A(Ry, Ry).
To stress the dependence of ® on Ry we will temporarily denote it by ®g,. As before,
u > ®p, in A(R1, Rs). Now we analyze the problem
—Az = f(2)|[Vz]? in A(Ry, Ry)
z = ®p, on 0A(Ry, Ry).

It is clear that w is a supersolution of (1.3.6) while ®p, is a subsolution. Therefore, by

(1.3.6)

the method of sub and supersolutions (see Theorem A.1 in the Appendix), there exists a
minimal solution zg, of (1.3.6), which is radially symmetric, hence a classical solution.
Now we would like to pass to the limit as Ry — +00. Observe that the inequalities
0 < zg, < u, give local bounds for the set {zg, } r,>r,. Since ¢ < 2, we can also obtain local
bounds for the gradient of the solutions using Theorem 3.1 in Section 4.3, Chapter IV of
[49]. Then it is standart to get local C* bounds (cf. [42]), so that by means of a diagonal
procedure we obtain a sequence Ry, — +oo such that zp,, — z in CL (RN \ Bg,).
In particular, we obtain that z is a radially symmetric weak solution of the equation
—Az = f(2)|Vz]? in RN \ Bg,. Since ®p, < 2z, < u, letting Ry — +oo and employing
the radial symmetry of z we have
m(Ry) — ¢
RN

where ¢ = limp_, o m(R), which is finite by Lemma 1.3.5. Now reaching the desired

0< 2N 40 < 2(r) <m(r), r> Ry, (1.3.7)

conclusion is easy: if u is of type 1, then ¢ = 0, so that z(r) — 0 as well, therefore z is
decreasing for large r and it is of type 1. If u is of type 2 then ¢ > 0 and z(r) < m(r) < ¢
for r > Ry, and we obtain lim, 1o 2(r) = £ by (1.3.7). Hence z is of type 2. Finally, when
u is of type 3 we have m(R;) > ¢, so that again by (1.3.7) z > £ and lim,_, o 2(r) = {;
thus z is of type 3. O

Remark 1.3.7. When N = 2 and there exists a positive supersolution of (1.1.1), it is
equally possible to obtain a positive, radially symmetric solution z as in Lemma 1.3.6.
Unfortunately, it does not seem possible to show with the same methods that z is of the

same type as u.
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10 Chapter 1. Multipliticative gradient term

1.4 Proofs in the case N > 3

The purpose of the present section is to prove Theorem 1.1. For the sake of clarity, we
split the proof into a series of lemmas, dealing in turn with each type of supersolutions.
Of course we will assume throughout the section that N > 3 and f € C([0,+c0)) is
positive in (0, +00).

We begin by considering the case ¢ > 2.

Lemma 1.4.1. Assume q > 2. Then there exist positive, radially symmetric solutions of
(1.1.1) of types 1, 2 and 8.

Proof. Since we will be looking for radially symmetric solutions, we assume u(x) = z(r),
r = |z|, so that we need to solve the equation

N -1
" 2= f(2)]Z/|¢ for large r. (1.4.1)

With the change of variables s = r2~V /(N — 2), z(r) = w(s) (which involves the funda-

mental solution of the Laplacian), the equation (1.4.1) gets transformed into
—w" = ¢’ f(w)|w'|?  for small s,

where ¢ = (N —2)” and v = —0 = % > 0. Note that the previous change of
variable transform the inverval (Rp, +00) in (0, sp). In addition, the monotonicity of the

functions z and w is reversed. For A > 0, u € R or A =0, p > 0, we consider the Cauchy

problem:
—w" =cs’ f(w)|w'|? s >0,
w(0) = A
w'(0) = p.

Since f is continuous and v > 0, it follows by Cauchy-Peano’s theorem that there exists
at least a local solution w of this problem, defined in an interval [0, so] for some small
positive sg. This solution is in addition positive if sq is small enough. Thus there exists
a positive, radially symmetric solution u of (1.1.1) in the complement of a ball. Finally,
observe that u is of type 1 when A =0, u > 0, of type 2 when A > 0, ; < 0 and of type 3
if A >0, > 0. The proof is concluded. O

We will introduce next a technical lemma. It will be handy in order to prove the
nonexistence of solutions for certain one-dimensional problems which will arise along this
memoir, showing that integral conditions like (1.2.1) are necessary for the existence of

solutions.
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1.4. Proofs in the case N > 3 11

Lemma 1.4.2. Assume n > 1, and let G be a positive, continuous function defined in
(0, 6] and verifying

5
/ G(t)dt = +o. (14.2)
0
If there exist a positive, nondecreasing function 8 € C1(0,so] with lim,_o+ B(s) = 0,

B(so) < 8§ and a measurable function o with a(s) > ap > 0 almost everywhere in [0, sol,

which verify
a(s) > /50 G(B(1))a"(t) B (t)dt, for almost all s € (0, s), (1.4.3)

then there exists s1 € (0, o) such that a = 400 almost everywhere in [0, s1].

Proof. Using (1.4.3) and the fact that a > aq in (0, so], we obtain
50 B(s0)
als) > al / GBE)A (1)t = / Gr)dr (1.4.4)
s B(s)
Since lim,_,o4 A(s) = 0, we deduce from (1.4.2) that lims_,o4 a(s) = +00. Thus a(s) > 1
for small s and this means that, diminishing s, if necessary we may always assume ag = 1.
Define

B(s0)
) = [ G =€ 0,560
Then, according to (1.4.4), we see that a(s) > H(8(s)) in (0, so]. Using this in (1.4.3) we
get

als) > /SO G(B)H(B(t))"6'(t)dt

B(s0)
:/ G(m)H(7)"dr
B(s)
) e B
_ n dr = \P\2))
//3(5) H(r)"H'(7)dr )

in (0, so]. Observe that H(5(sp)) = 0 has been used. We can iterate this procedure to
obtain two sequences {a;}32, and {bp}32; given by a3 = 1, ax = nag—1 + 1, by = 1,
bp = b]_,a, such that

H @k
as) > (ﬁb(s)) in (0, sp) for every k. (1.4.5)
e
It is not difficult to see that
k—1 k
;o =1
ag = n = )
=0 U 1
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12 Chapter 1. Multipliticative gradient term

and we obtain
7 <ap < Ol (1.4.6)

for some positive constant C; > 0 which does not depend on k. It then follows that
be < Cib)_yn* ",
and iterating this inequality we obtain
b < OIS ), (1.4.7)

We notice that the sum in the last exponent is an arithmetic-geometric sum, so that

k—2

; . k—1 nf—np " —kn+k—1
‘k—0G+1)=— + = . 1.4.8
It follows from (1.4.7) and (1.4.8) that
k—2
b, < CJ (1.4.9)

for every k, for some constant C5 > 1, independent of k.

Finally, we notice that, from (1.4.2) and the definition of H, it is possible to choose
s1 € (0, s9) such that H(3(s)) > 2C5 in (0, s1). Therefore, from (1.4.5), (1.4.6) and (1.4.9)
we deduce

1

a(s) > 27" in (0,s,) for every k.

Letting k — 400, we see that & = 400 in [0, s1], as was to be shown. This concludes the

proof of the lemma. O

We next turn to the subquadratic case 0 < ¢ < 2, and consider supersolutions of type
1. The proof of our next lemma is an adaptation of that of Theorem 6 in [3].

Lemma 1.4.3. Assume 0 < g < 2. Then there exist positive supersolutions of (1.1.1) of
type 1 if and only if

5
/ % dt < +o0 (1.4.10)
o t
for some 6 > 0, where
,_ gV 1)
N -2 '

Proof. Assume first that (1.4.10) does not hold, and there exists a positive supersolution
of type 1 of (1.1.1). By Lemma 1.3.6 there exists R; > Ry and a positive, radially
symmetric solution z of (1.1.1) in RN \ Bpg, of type 1. We make the change of variables
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1.4. Proofs in the case N > 3 13

s=7r2"N/(N —2), w(s) = z(r) in the ordinary differential equation (1.4.1) satisfied by z.
Then the function w is nondecreasing and verifies, for some sg > 0,

{ —w" = cs70f(w)(w)? s € (0,s0)

w(0) = (1.4.11)

where ¢ = (N —2)7%. We claim that w’ > 0 in (0, sg). Indeed, if w'(s;) = 0 for some
s1 € (0,50), then since w” < 0, we would obtain w'(s) = 0 for s € (s1,50), so that w
would be constant in (s1, Sg), against our assumptions. Thus w' > 0.

Also, the mean value theorem gives w(s) = w'(§)s > w'(s)s, where £ is some point in
the interval (0, s). Hence

0<w'(s) < w(s)

o (0,50). (1.4.12)

The monotonicity of w’ implies that w(s) > Cys for some Cy > 0 and every s € (0, s).
We divide the equation in (1.4.11) by (w’)9~! and integrate in (s, s9) to arrive at
*© flw®)

(w'(s))*™ = (2 - q)c (1)t

S

for every s € (0, o). Hence, using (1.4.12):

S0 0 s0
o= o [T LD () i - o [T LD o) o
for s € (0, 89). So we can apply Lemma 1.4.2 with a(t) = (w'(t))?7%, G(t) = (2—q)cf () /1%,
n= 2%(1 ==L > 1 and B(t) = w(t) and we get a contradiction. This shows that condition
(1.4.10) is necessary for existence.
Next, let us prove the converse implication and assume that (1.4.10) holds. For A > 0,

consider the Cauchy problem

—w" = csT0f(w)(w')? s € (0,s0)
w(0) = 0 (1.4.13)
w'(0) = A

Observe that any positive solution of (1.4.13) gives rise, with the change of variables
s = r¥N/(N —2), w(s) = v(r), to a positive, radially symmetric solution of (1.1.1)
of type 1. Therefore our proof is reduced to show that there actually exists a positive
solution of (1.4.13) when A is small enough.

Denote z)(s) = As. In the Banach space X = {z € C'[0,s0] : 2(0) = 0} endowed
with the standard C' norm |z|cr = max{|z|s,|?'|sc}, consider the set B = {z € X :
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14 Chapter 1. Multipliticative gradient term

|z — zx|len < %}, which is closed and convex, and for z € B define the integral operator

Tz(s) = As — c/os/o T70f(2(1)|2'(7)|? dr dt, s € [0, s0).

We claim that T is well-defined, maps B into B and is compact. To show the first two
assertions, notice that for every z € B, we have the inequalities %s <z< %s, % <Z< %
in [0, sg] , so that

[(Tz)'(s) = Al = C/OS T f(2(r)|'(7)|"dr

“(3) [
(Y [

3\ 7! **f() A
< — -z
() e

(1.4.14)

in [0, so], taking A small enough (observe that # 4+ ¢—1 > 1 since N > 3 and 0 < ¢ < 2).
Moreover, integrating in (1.4.14) we also see that

|Tz(s) — As| = c/ / 770 f(2(7))|2 ()|? drdt < c/ / 70 f(2(7))|2 (7)|? drdt
q+0—1 —so
<cso<2) /0 ft(e)dt<§

provided A is further diminished if necessary. Thus T is well defined and maps B into B.

To show that T is compact, let {z,}22, be an arbitrary sequence and denote w, =
Tz,. It follows by (1.4.14) that {w/ }>°, is uniformly bounded in [0, so], so that {w,} is
equicontinuous and uniformly bounded, and we may assume that w, — w uniformly in
[0, s0], for some w € C[0,sp]. We claim that w € C1[0, so] and w!, — w’ uniformly in
[0, s0].

Observe that |w!(s)| = s~ f(z,(s)) is uniformly bounded in compacts of (0, sg]. Hence
by means of Arzela-Ascoli’s theorem and a diagonal argument we may assume that also
w!, — w uniformly in compacts of (0, sg] for some w € C(0,sy]. We readily get that
w € CH0,s9] and w = w'. But the convergence is indeed uniform in [0, o] (defining
w'(0) = A). To prove it, take ¢ > 0. By (1.4.14) with z substituted by z,:

3A)‘I*9 e 10,

(o) - N < (% :
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1.4. Proofs in the case N > 3 15

and the same is true for w'(s) by passing to the limit. Hence

01 .32
wo vl (%) [T Mas
2 o t?

provided s € [0,0] for § < sp small enough. Since w], — w’ uniformly in [d, s¢], we also
have |w! (s) —w'(s)| < e for s € [0, so] if n is large enough. Thus w/, — w’ uniformly in
[0, so], that is, w, — w in X and T is compact.

The continuity of T is shown by using a similar argument. Hence we can apply
Schauder’s fixed point theorem to obtain a fixed point w € B of T, which is a solution
of (1.4.13) with w > 0 in (0, so]. As already observed, this concludes the proof of the

lemma. ]

Remark 1.4.4. It can be easily deduced from the above proof that condition (1.4.10) is

necessary and sufficient for existence of solutions even if f is not defined at zero.
We conclude our sequence of lemmas dealing with supersolutions of type 2.
Lemma 1.4.5. There exist positive supersolutions of (1.1.1) of type 2 if and only if ¢ > 1.

Proof. Assume first ¢ < 1. Let u be a positive supersolution of (1.1.1) of type 2. By
Lemma 1.3.6, there exists a positive, radial solution z of (1.1.1) of the same type defined
in RV \ Bg, for some R; > Ry. Thus z verifies (1.4.1) in Lemma 1.4.1, while 2’ > 0 for
large r and lim, o 2(r) = ¢ > 0. We perform the same change of variables as before

s =72"N/(N —2) and w(s) = z(r). Then, for some small positive sy and some ¢ > 0:

e Sl s (050)
w(0) = ¢,

where now w’ < 0. Arguing as in Lemma 1.4.3 we can show that w’ < 01in (0, s9). Letting

v =f — w, we have that

{Mumsvw—mwwsewﬁ%
v(0) = 0.

Observe also that v > 0. Then, since f is strictly positive in a neighborhood of ¢, we
obtain that cf(¢ —v) > C > 0 for small s and for some constant D. After dividing the

previous equation by (v')? and integrating between s and sy for s € (0, s¢):

(U/)l—q 51—9

1—q — 0—1

0<
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16 Chapter 1. Multipliticative gradient term

We arrive at a contradiction by letting s go to zero, since 6 > 1 in this case.

When ¢ > 1, it is easy to construct a positive supersolution of (1.1.1) with radial
symmetry. Indeed, we can look for u in the form u(z) = £ — e~/ where a > 0 is chosen
suitably and ¢ > 0 is arbitrary. It is not hard to check that v will be a supersolution of
(1.1.1) provided that

a————2> fl— efa\x\)aqfle(l—q)am

for large |x|. Denoting M = sup,¢(o f(t), the previous inequality is a consequence of

-1

0

> Mt Le(l-aaRo

This inequality can be easily achieved for fixed Ry by choosing « large enough. The proof

is concluded. O
We finally turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. First of all observe that, by Lemma 1.3.5, there do not exist posi-
tive supersolutions of type 4 when N > 3. Also, part a) is a direct consequence of Lemma
1.4.1 when ¢ > 2.

On the other hand, all the assertions dealing with supersolutions of types 1 and 2 are
already proved in Lemmas 1.4.3 and 1.4.5, respectively. Observe that when % <qg<?2
we have 0 < 6 < 1, in addition f is defined at 0 by our hypotheses, hence (1.2.1) always
holds. Thus, only the statements regarding supersolutions of type 3 need to be shown.
But observe that  is a supersolution of type 3 and ¢ = limgz_, o m(R) € (0, +00), if and

only if v = u — £ is a positive supersolution of type 1 for the problem
—Av = g(v)|Vu|? in RV \ Bg,

for some R; > Ry, where g(t) = f(t — ¢). By Lemma 1.4.3, such supersolutions exist if

1
g(t)
0

and only if

for some small positive §. Since g(0) = f(¢) > 0, the integral is convergent when ¢ > 2=,

independent of f. This shows the assertions on positive supersolutions of type 3 in parts
a), b) and c). The proof of Theorem 1.1 is concluded. O
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1.5. Positive supersolutions when N = 2 17

1.5 Positive supersolutions in two dimensions

In the last section of this chapter we deal with positive supersolutions of (1.1.1) in the
planar case N = 2. It is worthy of mention that the reduction to a radial setting as in
Lemma 1.3.6 is not possible, so a slightly different approach is needed. In most proofs we
will actually reduce the problem to a radial one, but in a finite annulus A(Ry, Ry). This
implies that some further estimates are needed before we can let Ry — +00.

By Lemma 1.3.5 we know that only supersolutions of types 2 and 4 are possible. Let

us begin with the former ones.

Lemma 1.5.1. Problem (1.1.1) admits a positive supersolution of type 2 if and only if
qg=>1

Proof. The proof is similar to that of Lemma 1.4.5 in Section 1.4. Indeed, the construction
of positive supersolutions of (1.1.1) of type 2 when ¢ > 1 is exactly the same as in that
lemma, just setting N = 2.

Thus we assume in what follows that ¢ < 1 and show that no positive supersolutions
of (1.1.1) of type 2 exist. Assume for a contradiction that there is one such u. Choose
Ry > Ry and for Ry > Ry, consider the problem

—Av = f(v)|Vo]? in A(R1, Rs)
v=U on OA(Ry, Ry),
where W is given by (1.3.4) in Lemma 1.3.5 (recall that ¥ is harmonic in A(R;, Rs) and
U(R;) = m(R;) for i = 1,2). By the same arguments as in the proof of Lemma 1.3.6, there

(1.5.1)

exists a radially symmetric solution 2 € C1[Ry, Ry] of this problem verifying ¥ < z < w in
A(Ry, Ry) (the solution z depends of course on Rs, but we are not making this dependence
explicit for brevity).

By the maximum principle, and since m is an increasing function, we have z > m(Ry).

Moreover, since z is radially symmetric,
2(r) <m(r) <m(Ry) < lim m(R)=:/
R—+o00
it Ry <r < Ry, where £ € (0,+00). It also follows that z attains its maximum at Ry.
Let v = minyepn(ry),q f(t) > 0. We deduce that z verifies
1
— 2" == >4|Z|9 if Ry <r < R,. (1.5.2)

r

With the change of variables s = logr, w(s) = z(r), we reduce (1.5.2) to the problem
—w" > el |1 s € (s, 89)

w(s1) = m(R)
w(s2) = m(Ry),
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18 Chapter 1. Multipliticative gradient term

where s; =log R;, i = 1, 2.

Let us see that w’ > 0 in (s1, $2). Indeed, if we had w/(§) = 0 for some § € (s1,$2),
using the monotonicity of w’ we would arrive at w'(s) < 0 for every s € (8, s9). Since w
attains its maximum at so, this would imply that w(s) = m(Ry) if s € (5,s2). This in
turn yields v(r) = m(Ry) for r € (€%, Ry), which leads to m(r) = m(Ry) if r € (€%, Ry),
which is not possible because m(r) is strictly increasing according to Lemma 1.3.3.

Thus w’ > 0. Dividing by (w')? and integrating between s; and s, we have

w'(51)'70 > w'(s1) 70— w(s9)" 7

1- q —q)s —q)s1
2 75, (€70 =m0 (15.3)
1—q, o_ _
= Vﬂ(Rg ‘- R% ?).
Next, we claim that
w'(s;) <C (1.5.4)

for a positive constant C' independent of Ry. Indeed, let M = Sup;cpn(py)m(ri+1) f(t)-
Then )
"= = < MR <r< R+ 1.
r

With the change of variables s = logr, w(s) = z(r) we have, if § > 0 is small:
—w" < MR~y |7 = K|w/|9, s € (51,8 + ).
Dividing by (w’)?~! and integrating between s; and s we obtain:

(2 = @)K (w(s) —w(s1))
(2—qKm(R, +1).

If we assume the right-hand side is positive (otherwise there is nothing to prove), we can

w/(s)qu 2 w’(51)2”1 _
> w'(s)* 7 —

raise to the power Z%q and integrate in (s1, 1 + 0) to have
m(Ry+1) > (w(s1)* 7 — (2 — @) Km(Ry + 8))740.

This shows (1.5.4).
Coming back to (1.5.3), we have:

1-— _ _
V(B R < O
2—q
Letting Ry — 400, we obtain a contradiction, which shows that no positive supersolutions
of (1.1.1) of type 2 exist. The proof is concluded. O
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1.5. Positive supersolutions when N = 2 19

The analysis of supersolutions of type 4 is slightly different since necessary and suf-
ficient conditions for their existence are only needed when ¢ € (0,2) (in light of Lemma
1.4.1). Let us deal with this case next.

Lemma 1.5.2. Assume 0 < g < 2. Then there exist positive supersolutions of (1.1.1) of
type 4 if and only if
/ e f(t) dt < +oo (1.5.5)

M
for some M,a > 0.

Proof. Assume (1.5.5) does not hold and there exists a positive supersolution u of (1.1.1)
of type 4. We argue similarly as in the proof of Lemma 1.5.1. Let v be the solution
of problem (1.5.1) obtained there. Performing in the radial version of (1.5.1) the same

change of variables s = logr, we arrive at

—w = e(Q—Q)Sf(w”wl‘q S € (51782)
w(sy) =m(Ry)
w(sy) = m(Ry),

where s; = log R;, i = 1,2. It is equally proved that w’ > 0 in (s1,s2) and that (1.5.4)
holds. Hence we may divide the equation by (w')?~! and integrate between s; and sy to

get
w/(81)27q
2—q

With the aid of (1.5.4), this inequality gives

> / " et ey (1) d.

s1

S2 C2—q
/ e(?—q)tf(w(t))w/(t) dt < . q. (1.5.6)

Next, we claim that w(s) < Ks for s € (s1, $2), where K does not depend on Rj. Indeed,

since w” < 0, we deduce using (1.5.4):
w(s) < m(Re) +w/(s1)(s — 1) < m(By) + Cs

m(Rl)
< | ———= =
< <10gR1 +C>s Ks,

where K does not depend on Rs. This shows the claim.

Coming back to (1.5.6), since s > %w(s), we see that

m(Rz) 2y s2,
/ e®Tf(r)dr = / eTw(t)f(w(t))w/(t) dt <

m(Ry)
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20 Chapter 1. Multipliticative gradient term

Letting Ry — +0o we obtain that (1.5.5) holds with M = m(R;) and a = (2—¢q)/(1 —q),
against the assumption. Thus no positive supersolutions of (1.1.1) of type 4 can exist.
To conclude the proof, let us assume that (1.5.5) holds. Our intention is to show that
the problem
—w" = eC=03 f(w)|w'|? in (g, +00)
, (1.5.7)
lim w(s) = +o0
s5—+00
admits a positive solution. The change of variables s = logr, w(s) = v(r) will then
provide with a positive, radially symmetric solution of (1.1.1) which is of type 4.
For this sake, we use again Schauder’s fixed point theorem, but with some differ-
ences with respect to the proof of Lemma 1.4.3. Consider the Banach space X = {z €

CHsp, +00) : ||z|| < +o0}, where

||z||—max{[sup LIC)] - |z'<s>}7

50,+00) S [s0,+00)

and the set B = {z € X : ||z — 2] < 2}, where 2)(s) = As and A > 0 is fixed. Define

the operator
s t
Ta(s) = As — / / eC=07 £ ()| (1) Udrdt, s € [so, +00).

Let us prove that T" maps B into B if X is chosen large enough. To begin with, assume
A > 2(2 — ¢q)/a where a is as in (1.5.5). Taking into account that z(s) > 4s and 5 <

Z'(s) < 2 in [sg, +00) for every z € B:

() -1 = [ 0 (o) (r)dr

S0

<(%)" [eosconswm

S0

37! w
- (2) /z<so)e Jon

3N A
§(2> / et < 3,

550

if A is chosen large enough, since 0 < ¢ < 2 and z(s) > As/2 > (2 — ¢)s/a. On the other

hand,
Tz(s) — A 1 [s
‘Z(S) 5l = f/ / D7 £ (2(1)) |2 (7)|9drdt
s 5 Jso Jso
Sl/ idt§é5_80§é7
S Jso 2 2 s 2
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1.5. Positive supersolutions when N = 2 21

for every s > so, hence T is well-defined and T(B) C B.

Let us finally show that T is compact (as before, the continuity of T is shown by
arguing in a similar way). Take an arbitrary sequence {z,}22; C B and let w, = Tz,. By
Arzeld-Ascoli’s theorem and a diagonal argument, since the sequences {T'z,}, {(Tz,)'}
and {(T'z,)"} are locally uniformly bounded, we may assume w,, — w, w!, — w’ uniformly
on compact sets for some function w € C*[sq, +00).

Let us show that the convergence w!, — w' is actually uniform in [sg, +00). Indeed,
observe that, if we fix s; > s¢, take s > s1, and argue as in (1.5.8) we arrive at

) —uttonl = [ etz < (2) [ esoa

A
s1 551

A similar equality holds for w’, by passing to the limit. Hence

) — o) < o)~ w142 (%) [T s

251

for every s > s;. Next take ¢ > 0. Choosing s; large enough we have the last term less
than §. Taking n large enough we also have |w;,(s1)—w'(s1)| < §, hence |w},(s)—w'(s)| < e
if s > s1. Since this inequality also holds in [sg, 1] for large enough n, we obtain that
w), — w’ uniformly in [sg, +00). Hence
P =0 < [t - w0
s 5 Jso

uniformly in [sg, +00), as n — +o00. This shows that 7" is compact in B.

Therefore we can apply Schauder’s fixed point theorem to obtain that T" has a fixed
point w in é, which is a solution of (1.5.7) verifying %s <w(s) < %5. Observe that this
implies that w is positive and limg_, ., w(s) = +00. As remarked above, this function

provides with a positive, radially symmetric solution of (1.1.1) of type 4. The proof is
concluded. O

We finally consider the only left case where ¢ > 2. It is worth mentioning that,
although positive supersolutions can always be constructed, they can be of different types,
depending on the behavior at infinity of their derivatives. However, we are not exploring
this distinction further.

Lemma 1.5.3. Assume q > 2. Then there always exist positive supersolutions of (1.1.1)
of type 4.
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22 Chapter 1. Multipliticative gradient term

Proof. As in the proof of Lemma 1.5.2, it suffices to obtain a positive supersolution of the

problem
—w" = e~(a" 25f( )w'|2 in (sg,+00)
(1.5.9)
lim w(s) =
s—+o00

for some sy > 0. We consider first the case ¢ = 2. Observe that since f(t) > 0, we always

/ 'O dt = oo (1.5.10)
A

for every A > 0, where F(t fo T)dr. In this case, equation (1.5.9) can be easily

have

integrated. Indeed, a p051t1ve7 increasing solution of problem (1.5.9) is given implicitly by

w(s)
/ FOdt = 5 — So,
A

for s > sg, where A is positive and arbitrary. This equation can be solved because
of condition (1.5.10), which also gives lims oo w(s) = +o00. Observe in passing that
w'(s) = e F@) 5o that when lim,_, ;o F(t) = +00 we also obtain lim,_, . w'(s) = 0.

Now we turn to the case ¢ > 2. Assume first that f verifies a condition similar to
(1.5.5): there exist a, M > 0 such that

/Oo e f(t) dt < +oo. (1.5.11)
M

In the space X introduced in the proof of Lemma 1.5.2, consider again the set B= {z €
|z — 2|l < 3}, where 2)(s) = As and A > 0 is fixed. On B define the operator

Tz(s) = As — /S /t e~ AT ((1) |2 (7)|%drdt, s € [sg, +00).

We can argue in a completely similar way as in (1.5.8), except that now the exponent in

the exponential is negative, to obtain that, for A < 2/(3a):

(2 - A= [ DT (o) (r)dr

S0

< (?’A) [ stz

S0

q—1  rz(s)
- (?’A> / e " f(t)dt
z(s0)
q—1 o'}
< (?’A) / e f(t)dt.
2 350

N}

\V]
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1.5. Positive supersolutions when N = 2 23

This difference can be made less than or equal to % provided A is chosen small enough,
since ¢ > 2. The rest of the proof in this case is essentially the same as that of Lemma
1.5.2 and therefore will be omitted.

To conclude the proof, consider the case where f does not satisfy (1.5.11). In par-
ticular, f verifies limy_, o F(t) = +o00 where F' is again the primitive of f. Now let
w be the solution of (1.5.9) with ¢ = 2, obtained at the beginning of the proof. Since

limg o w'(s) = 0, it follows that
—w" = f(w)(w')® > e @2 fw) (W), s> s,

if sy is large enough, so that w is a positive supersolution of (1.5.9). The proof of Lemma
1.5.3 is concluded. O

Proof of Theorem 1.2. 1t is immediate with the use of Lemmas 1.5.1, 1.5.2 and 1.5.3. [
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Chapter 2

Scalar equation with gradient terms:
Additive term

In this chapter we are dealing with the nonlinear elliptic problem
—Au+ |Vul? = \f(v) in RN\ Bpg,, (2.1.1)

where N > 2, ¢ > 1, f is continuous, nondecreasing function and A > 0 is a parameter.

Positive supersolutions of (2.1.1) can be classified much as in Chapter 1, with the only
difference that only types 1 and 4 are now possible.

It can be shown that the function m(R) is ultimately monotone, therefore the limit
I =limp, ;0 m(R) always exists. However, only [ = 0 and [ = 400 are admissible in the
present situation (see Lemma 2 in [2]). That is, positive supersolutions of types 2 and 3
are not possible as in problem (1.1.1) in Chapter 1. This is related to the fact that all
constants are solutions to the latter problem, while this is not true for (2.1.1)

Due to our approach in this chapter, though, we will not need such a fine classification
of supersolutions. It will be enough for our purposes to distinguish between supersolutions

which blow up at infinity, that is, verifying
lim u(x) = +o0 (2.1.2)

|z|—o00
uniformly (type 4), and those which do not.
In the present chapter, we will be dealing with weak supersolutions u € C'(RY \ Bg,),
that is, functions verifying

/ VuVe + / Vul?¢ > A/ O
RN\Bpg, RN\Bg, RN\Bg,
for every nonnegative ¢ € C°(RY \ Bg,).!

IThe results in this chapter are contained in [1].

25
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26 Chapter 2. Additive gradient term

For the sake of clarity we focus during most part of the chapter on supersolutions
which do not blow up, and consider supersolutions verifying (2.1.2) in Section 2.6.

2.1 Main results

Let us now turn to the explicit statements of our results. For the first of them, that in

which 1 < ¢ < &

w7, the following condition on f will be relevant:

There exists 3 € R such that the following limit exists (possibly being infinity):
t
T U (2.1.3)

In spite of requiring this condition, it is interesting to remark that with the same methods
nonexistence results can be obtained for slightly more general functions f (see the precise
statement in Theorem 2.4 in Section 2.4).

Theorem 2.1. Assume N > 2 and1 < g < % Let f: (0,400) = R be nondecreasing,

continuous and positive, and suppose that condition (2.1.3) holds. Then:
a) If 0 <l < +o0, then

i) If 8 > 0, then there are no positive supersolutions of (2.1.1) for any X > 0.
i) For B =0, there exists \* > 0 such that, for A\ < \* problem (2.1.1) admats

positive supersolutions, while for X > X\* no supersolutions exist.

iii) When 8 < 0, there exists a positive supersolution of (2.1.1) for every A > 0.

b) Ifl = +o00 and 8 > 0, there are no positive supersolutions of (2.1.1) for any A > 0.

¢) Ifl=0 and g <0, there exists a positive supersolution of (2.1.1) for every X\ > 0.

Remark 2.1.1. Observe that the value of 5 in (2.1.3) (see also (2.1.4) below) is not unique,
since we allow the limit to be zero or infinity. In particular, for a given nonlinearity we

may apply Theorem 2.1 a) i) or b) (resp. a) iii) and ¢)) above using different choices for
B.

When ¢ > %, the exponent ﬁ does not play a role any more, and it has to be
replaced by the “natural” exponent for the Laplacian, namely % Thus instead of

requiring condition (2.1.3) we will impose:
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2.1. Main results 27

There exists 5 € R such that the following limit exists (possibly being infinity):

T (U (2.1.4)
=20+ 452 (—logt)?

Let us state first what could be termed as “critical” case, ¢ = % It is to be remarked
that the threshold value of 8 for nonexistence in Theorem 2.1 shifts from 8 = 0 to the
unexpected 5 = % in the power of the logarithm. Let us also mention that the case
N =2 and ¢q > 2 is slightly different, since all solutions turn out to verify (2.1.2) (see the
proof of Theorem 2.5 in Section 2.6). Therefore, the contents of Theorems 2.2 and 2.3
below are only meaningful when N > 3, since they only deal with supersolutions that do
not blow up at infinity.

Theorem 2.2. Assume N > 3 and q = % Let [ : (0,400) = R be nondecreasing,

continuous and positive, and suppose that condition (2.1.4) holds. Then:
a) If 0 <l < +oo, then

i) Ifg> %, then there are no positive supersolutions of (2.1.1) for any A > 0.

i) For 8= %, there exists \* > 0 such that, for A < X\* problem (2.1.1) admits

positive supersolutions, while for A > X\* no supersolutions exist.

iii) When 8 < %, there ezists a positive supersolution of (2.1.1) for every A > 0.

b) If I = 400 and 8 > %, there are no positive supersolutions of (2.1.1) for any
A>0.
c) Ifl =0 and B < %, there exists a positive supersolution of (2.1.1) for every

A > 0.

When ¢ is larger than % the relevant hypothesis on f is again (2.1.4). In this case,
the threshold value of 3 for nonexistence lowers down dramatically to —1. It is to be

noted that the parameter A in (2.1.1) becomes of no importance in this regime.

Theorem 2.3. Assume N > 3 and q > % Let f : (0,4+00) — R be nondecreasing,

continuous and positive, and suppose that condition (2.1.4) holds. Then:
a) If 0 <l < 4o0, then

i) If B > —1, there are no positive supersolutions of (2.1.1) for any A > 0.
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28 Chapter 2. Additive gradient term

il) When 8 < —1, there exists a positive supersolution of (2.1.1) for every A > 0.

b) If |l = +00 and 8 > —1, there are no positive supersolutions of (2.1.1) for any
A>0.

¢) Ifl =0 and B < —1, there exists a positive supersolution of (2.1.1) for every A > 0.

Let us mention explicitly that the condition of the existence of the limit can be slightly
relaxed for the nonexistence results above: the limit can be replaced by the inferior limit.

In this regard, observe that the condition { > 0 with § > —1 is a generalization of
(I.8) in the Introduction (cf. [2]).

After presenting the results about the nonexistence of positive supersolutions of (2.1.1),
let us compare the regions of nonexistence obtained for the equation (2.1.1) with the region

of nonexistence for the equation
— Au = f(u) in RV \ Bg,, (2.1.5)

when, in both cases, f(t) = t*. Obviously if u is a positive supersolution of (2.1.5),
then it is also a supersolution of (2.1.1), so the expected critical exponent for problem
(2.1.1) must be less than the critical exponent for problem (2.1.5). Recall that the optimal

condition for nonexistence for (2.1.5) is p < 2 (see for instance [3]).

N
N-1°

on A\ when p = 2‘%{1) So, as we said before, the presence of the gradient term naturally

causes a decrease in the nonexistence exponent. However, the situation is different when

N
N—2’

supersolutions is not possible, which means that the result of nonexistence for equation

First, when 1 < ¢ < Theorem 2.1 implies nonexistence for p < 2%[1 (depending

q > % According to Theorem 2.3, if we consider p < then existence of positive
(2.1.1) is exactly the same as the result of nonexistence for (2.1.5) (remember we are
dealing with supersolutions which do not blow up at infinity). It follows that the presence
of the gradient is irrelevant when ¢ > % Actually, observe that the nonexistence result
in Theorem 2.3 does not depend on gq.

It is also worthy of mention that whenever a positive supersolution of problem (2.1.1)
can be constructed in an exterior domain in all cases above, this supersolution can be
extended to be defined in the whole RY (the key is that all the constructed supersolutions
go to zero at infinity). This is easily done as follows: assume u is a supersolution in
RN \ Bg, going to zero at infinity. Choose any unit vector e and R > 2Ry. Set § =
ming,, \pg, ¢ > 0. If R is large enough, then u(x +2Re) < 0 in Bag,, this implying that
u(z) < u(z—2Re) in Bag,(2Re). Thus v(z) = min{u(z), u(x —2Re)} is a positive (weak)
supersolution defined in the whole RY. The only disadvantage is that the supersolution
so constructed does not belong to C'(RY), only to H. (R"Y).
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2.2. Reduction to the radial setting 29

2.2 Reduction to the radial setting

In this section we perform the reduction of equation (2.1.1) to its radially symmetric

version

N—-1
-2 = 2+ 2= A (2) in (Ro, +00).
”

This reduction is carried out in two stages. First, we show that the existence of a positive
supersolution of (2.1.1) always implies the existence of a radially symmetric positive
supersolution. Second, if u does not blow up, then it is possible to show the existence
of a radially symmetric positive solution which does not blow up either. Since our main
tool is the method of sub and supersolutions, which is not completely straightforward for

problem (2.1.1) when ¢ > 2, some extra care is needed in this case.

Lemma 2.2.1. Assume N > 2, q> 1 andlet f : (0,+00) = R be positive, nondecreasing
and continuous. Suppose there exists a positive supersolution u of problem (2.1.1). Then
there exists a positive radial supersolution z € C*(RN \ Bg,) of (2.1.1). In addition, if u
does not blow up at infinity, then z is bounded, while if u blows up at infinity, z is bounded

from below.

Proof. For R > Ry, let m(R) = inf},_g u(z). Choose Ry > Ry and consider the problem

—Av 4+ |Vol|? = Af(m(|z])) in A(Ro, R1)
v=2>0 on C?A(Ro, R1)7

where A(Ry, Ry) := {x € RN : Ry < |z| < R1}. According to Theorem III.1 in [54], there
exists a unique (positive) solution vz, € W29(A(Ry, Ry)) of this problem with 6 > N,
which as a consequence is radially symmetric. Setting zz, = min{m(Ry), m(R1)} + vg,,

we obtain a radially symmetric solution of

{ —Az+ V2|9 = Af(m(|z])) in A(Ro, Ry)
z =min{m(Ry),m(R;)} on dA(Ry, R1).

Now the monotonicity of f implies that f(u) > f(m(|x])), so that u is a supersolution of
this problem and by comparison u > zg, in A(Rp, R;), since u > zg, on 0A(Ry, Ry). In
particular, the set {zg, } r,>r, is bounded. Using part 2 in Theorem A.1 in [51], we obtain
local bounds for {|V2g,|}r,>r, in LY for every § > 1. This yields that {Azp, }r,>r, is
locally bounded in L? for every 6 > 1, and hence by classical regularity {zg, } r,>r, is
locally bounded in C** for every a € (0,1) (see [42]). Thus we may select a sequence
Ry, — +o0o such that zg,, — 2z in Cl

L (RN\ Bg,), and then z is a nonnegative radially
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30 Chapter 2. Additive gradient term

symmetric solution of —Az + |Vz|? = f(m(|z])) in |z] > Ry, with
min{m(RO),Rlim m(Ry)} < z(z) < u(z). (2.2.1)
1—+0o0

By bootstrapping and since z is radially symmetric, we deduce that z is actually a classical
solution. On the other hand, m(|z|) > z(z), and then f(m(|z|)) > f(2(x)), and z is a
positive, radially symmetric supersolution of (2.1.1).

Finally, when u does not blow up at infinity we have the function m bounded, hence
z is bounded, while if u blows up at infinity then from (2.2.1) we see that z > m(Rp) in
|z| > Ry. This concludes the proof. O

When the supersolution u does not blow up at infinity it is indeed possible to obtain a
radially symmetric, positive solution in an exterior domain. This is very convenient since
working with solutions is somewhat easier than with supersolutions. As we have already
remarked, the main difficulty lies in the case ¢ > 2. The next lemma is mainly aimed at

such situation.

Lemma 2.2.2. Assume N > 2, ¢ > 1 and if N = 2 additionally assume q < 2. For
every M > 0 there exists R= ]?Z(M) > 0 such that for every Ry, Ry > R with Ry > 2R,
and every a,b > 0 with a,b < M there exists a radially symmetric, positive function
¢ € C*(A(Ry, Ry)) verifying

—A¢ + |V¢‘q <0 mn Ry < ‘l‘| < Ry
and ¢(R1) = a, ¢(Ra) = .
Proof. When 1 < ¢ < 2, the problem

—Ap+|Vep|7=0 in Ry < |z| < Ry
P(B1) = a
O(Rs) =D.

can easily be solved with no restrictions on a nor b with the aid of the classical method of
sub and supersolutions (cf. [4]), since ¢ = min{a, b} is a subsolution while ¢ = max{a, b}
is a supersolution.

Thus only the case ¢ > 2 and N > 3 deserves special attention. Consider the problem

—A¢p+ Vo> =0 in Ry < |z| <Ry
d(R1) =a (2.2.2)
P(R2) =b.
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2.2. Reduction to the radial setting 31

With the standard change of variables ¢ = —log w, problem (2.2.2) is equivalent to

Aw =0 inR1<|x|<R2
w(Ry) =e (2.2.3)
w(Ry) = e7?,

whose explicit solution is given by

e —e?

= W(MQ*N — RNy e
1 Ty

w(x)

Assume a > b, the other case being treated in a completely similar way. By the maximum

principle (or direct computation), w > e™® in Ry < |z| < Ry, so that

|[Vwl et b —1 N
Vo| =—— < (N—-2) ————m——
vel = T < (v - 2) 5 e
€a7b71 €M
<(N-2)—+— < (N-2)———<1
=t ) (1—=22"M)R = ( ) (1-22-MR ~

in Ry < |z| < Ry, provided R is taken large enough (depending on M). Thus since g > 2,
—A¢+ |Vo|? < —Ap+|Vg|? =0in Ry < |z| < Ry, as was to be shown. O

Lemma 2.2.3. Assume N > 3, ¢ > 1 and if N = 2 additionally assume q < 2. Let
f:(0,4+00) = R be positive, nondecreasing and continuous and suppose there exists a
positive supersolution u of problem (2.1.1) which does not blow up at infinity. Then there
exists a positive, bounded, radially symmetric solution z € C*(RN \ Bg,) of (2.1.1) in
RN\ Bg, for some Ry > Ry.

Proof. By Lemma 2.2.1, there exists a positive, bounded, radially symmetric supersolution
v of (2.1.1). Let M = sup v and choose R= E(M) as given by Lemma 2.2.2. For Ry > R
and Ry > 2R;, consider the problem

—Az+|Vz|? = Af(2) in A(Ry, Rs)
z=v(R) on |z| =R (2.24)
z =v(Rs) on |z| = Rs.

Let ¢ be the function given by Lemma 2.2.2 with a = v(R;), b = v(Ry). Then clearly ¢ is
a subsolution of (2.2.4) while v is a supersolution and by comparison ¢ < v in A(R1, Rs).
Since ¢ = v on OA(Ry, Ry), we can use the method of sub and supersolutions (see Theorem

A.2 in the Appendix) to obtain a positive solution zg, of (2.2.4) verifying ¢ < zg, < v.
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32 Chapter 2. Additive gradient term

In the present situation we could pass to the limit as in Lemma 2.2.1. However it could
very well happen that the limit function is identically zero. To overcome this problem we
obtain appropriate bounds for the solutions up to the boundary 0Bpg,. To obtain local
bounds for the gradient, we use Lemma A.1 in the Appendix, together with Remark A.2:
for any R > 2R;, we have that |2} ()| < C for r € [2R, R] and R; > R. In order to get
bounds up to R;, we use the second part of Lemma A.1, so that we need to control the
derivative zj (R1). Notice that ¢(R;) = zg,(R1) = v(R;), hence

02> ¢'(R1) = 2, (1) = V'(Ry).

Lemma A.1 and Remark A.2 again will give that |25, (r)] < C for r € [Ry,2R;], and
therefore in [Ry, R].

Hence, we may pass to the limit in a standard way to obtain that, for a subsequence
Ry = +o00, limp, 400 2r, = 2z in Clloc[Rl, +00), where z is a nonnegative, radial solution
of (2.1.1) in RN \ Bp,. Since the convergence is up to dBg,, we see that z(R;) = v(R;),
which implies that z is nontrivial, hence strictly positive by the strong maximum principle.

This concludes the proof. O

We finally include a further result on the existence of radially symmetric solutions for
problem (2.1.1) when g is replaced by a nonlinearity which is comparable to f near zero.

Lemma 2.2.4. Assume N > 3, ¢ > 1 and if N = 2 additionally assume q < 2. Let
fy9:(0,400) = R be positive, nondecreasing and continuous and suppose that

= hgégf% >0 (2.2.5)

(the case I = +00 not being excluded). If there exists a positive supersolution u of problem
(2.1.1) which does not blow up at infinity, then for every p € (0, Al) there exists Re > Ry

and a positive, radially symmetric solution h of
— Ah+ |Vh|? = pg(h) in RN\ Bpg,. (2.2.6)
which verifies lim, o h(r) = 0.

Proof. By Lemma 2.2.3, there exists a positive, radially symmetric solution z of (2.1.1)
in RV \ Bpg, for some R; > Ry. By Lemma 2.3.1 below (whose proof is independent of
this one) lim,_, o, z(r) = 0. Using hypothesis (2.2.5), for every u € (0, Al), there exists
Ry > Ry such that Af(z(r)) > pg(z(r)) in r > Rs.

Thus z is a supersolution of problem (2.2.6) and we may apply Lemma 2.2.3 again to
obtain a positive, radially symmetric solution h of (2.2.6) verifying h < z. It follows in

particular that lim, . h(r) = 0. O
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2.3. Some properties of radial solutions 33

2.3 Some properties of radial solutions

Since in the previous section we have reduced our problem to a radially symmetric one, it
is now the turn to discuss a couple of properties of positive, radially symmetric, bounded

solutions of (2.1.1). We begin by analyzing the behaviour at infinity of such solutions.

Lemma 2.3.1. Assume N > 2, ¢ > 1 and let f : (0,+00) — R be continuous and
positive. Suppose that z € C?(Ry,+00) is a positive, bounded solution of

" N-1

2+ 129 =Af(2) in (R, +00). (2.3.1)

Then there exists Ry > Ry such that 2/ < 0 forr > Ry andlim, 1o 2(r) = lim, ,, 2/(r) =
0.

Proof. As we already pointed out, it follows as a consequence of Lemma 1 in [2] that there
exists Ry > Rj such that z is monotone for r > Ry, hence 2/(r) is either nonnegative or
nonpositive for r > Ry. Notice that, if 2’ vanishes at some point rq > Ry, then it has
a local minimum or maximum at ry, so that z”(rg) = 0 and we obtain f(z(rg)) = 0, a
contradiction. Hence, either 2/ < 0 or 2’ > 0.

Let us rule out the second possibility. Assume then that z is increasing. Since z is
bounded, we can apply Lemma S in the Appendix to this chapter (Section 2.7) to obtain
a sequence r, — +oo and a number § > 0 such that z(r,) — 6, r,2'(r,) — 0 and
limy, 00 722" (1) > 0. In particular, 2/(r,) — 0, and from (2.3.1):

2(r,) = =Af(0) <0,

a contradiction. Thus z cannot be increasing.
It follows that 2’ < 0 for large r. Let us finally see that lim,_, o, 2(r) = 0. Assume

for a contradiction that there exists 6 > 0 with z > §. Define the nonnegative function

E(r)= @ + AF(2(r)) + /RT |2/ ()| ds,

where F(t) = f; f(s)ds. The function E is decreasing for r > R,, since

E'(r)

2 (r)2"(r) + Af(2(r)2'(r) + IZ’(T)I“'“N X
= Z(M)E"() + A () = () = —f_Z’(T)2 <0.

Thus E has a nonnegative limit. We deduce that

AU + /T |2/ ()| ds

2 Ry
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34 Chapter 2. Additive gradient term

has a limit, so that the integral [p, |2'(s)[*""ds is convergent. Thus 2/(r) has a limit,
which has to be zero. From (2.3.1) the function z”(r) also has a limit, which is also zero,
since z(r) is monotone and bounded. Hence, z(r) — 0, a contradiction. This concludes
the proof. O

Remark 2.3.2. It becomes clear from the above proof that if f(0) > 0 then no positive
solutions of (2.1.1) not blowing up at infinity may exist. Therefore we will implicitly

assume almost everywhere in what follows that f(0) = 0.

Next we will obtain lower bounds for radially symmetric, positive supersolutions of
the equation —Au+|Vu|? = 0. It turns out that the lower bounds depend on the relation
between ¢ and % The following lemma will be also useful in the next chapter.

Lemma 2.3.3. Assume q > 1, and let z € C*(Ry, +00) be positive and verify

N -1
-2 = 2+ 17>0 in (Ry,+00) (2.3.2)
r

together with 2'(r) < 0, lim,_,, 2(r) = 0. Then there exists positive constants, all of
them denoted by C, such that for r > Ry:
a) If N >2 and1<q<% then:

2—¢

|| > C'r_qul, z>Cr aet,

b) If N >3 and q = % then:

|2/| > Cr'=N(logr), 2> Cr* N(logr)' .
¢) If N >3 and q > % then:

|2'| > Crt N, 2> Cr¥ N,

Proof. Setting Z = —rN~12, we have

Z' 4@ DIN=1) 74 >
In case a) it follows that (¢ — 1)(V — 1) < 1, so that, dividing by Z? and integrating in
(ro,r) for some r > ro > Ry:

AR pl=(a=1)(N-1)

I TR

C. (2.3.3)
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2.4. Proofs when 1 < ¢ < % 35

It follows that Z > Cr7ﬁ+N71, ie. =2 > Cro, Integrating in (r, +o0) and using
2(+00) = 0 we obtain the desired inequality.
In case b), after integration we obtain

Zl-a
1 +logr > —C,

so that Z > C(logr) 71, that is —z' > Cr'=N(logr)'~V. Integrating in (r, +00) and
using ’Hopital rule we arrive at

z(r) > C/ s N(log s)' Nds > Cr* N (logr)' V.

In case ), when ¢ > -*= equation (2.3.3) only gives Z'~7 < C, so that —2' > Cr'~" and
then z > Cr?=% after integration. O

Remark 2.3.4. A careful examination of the proof above shows that a finer information

is actually available: the constants can be estimated from below. As an illustration, if

q < %, then any positive solution w of the inequality (2.3.2) is such that
Lo\
PO B q— -
= >
lim inf ra=r|2'(r)] 2 <N “q(N = 1))
and 1
= g—1 qg—1 e
— > .
lim infre=t2(r) 2 5— (N 4N — 1))
When g = %, we have
N—1 N-1
lim inf 2(r) > ( )
r—+oo 727N (logr)l—N N -2

These inequalities will be used in some proofs later on.

2.4 Proofs in the case 1 < g < %

N
N-1

Throughout the section we will only deal with supersolutions which do not blow up at

This section is devoted to analyze problem (2.1.1) in the case where 1 < ¢ <

infinity.
We begin by stating and proving a slightly modified version of the nonexistence part
in Theorem 2.1. Although we are requiring more regularity on f, hypothesis (2.1.3) can

be replaced by a more general one.
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36 Chapter 2. Additive gradient term

Theorem 2.4. Assume N >2,1< g < % and let f: (0,4+00) = R be nondecreasing,

C' and positive. Suppose in addition that

e [0 dr
[y :=liminf s2= / < +00 (2.4.1)
s—0+ s f(7)

for some small § > 0. Then:
a) If ly =0, problem (2.1.1) does not admit positive supersolutions for any X > 0.

b) If Iy > 0, there exists \* > 0 such that problem (2.1.1) does not admit positive

supersolutions for A > \*.

Proof. Assume there exists a positive supersolution u of (2.1.1). By Lemma 2.2.3, there
exists a positive, bounded, radially symmetric solution z of —Az 4 |Vz|? = Af(z) in
RN\ Bg, for some Ry > Ry. Thus z verifies

-2 = ?z’ +|Z|"=Af(z)  forr > Ry. (2.4.2)

By Lemma 2.3.1, we obtain that 2’ < 0 for large r and lim,_,, o, z(r) = 0.

Consider the function
H(r) = XMf(z(r)) —al'(r)|? forr > Ry,
where a > 1 is to be chosen (cf. [69]). Since f is nondecreasing,
() = A+ ad ot (S - ) )

N-—-1
ol (F21+ 121010

IN

Taking into account the lower estimates for |2/| given by part a) of Lemma 2.3.3, we

deduce that, at any point 1o where H vanishes (A\f(z(ro)) = a|2'(19)|?), we have
N -1 d
H'(r0) < ag|#'|7 ( —(a— 1)|z’q1) <9 N -1y <o,
To To

provided a is taken large enough. Observe that C' can be taken independently of z (cf.
Remark 2.3.4), hence «a is also independent of z. Thus H may vanish at most once, and
in particular it has constant sign for large r.

If H(r) > 0 for large r, then Af(z(r)) > alz’|?. Thus, by part a) of Lemma 2.3.3

N—-1 N—-1
— > = T - = e (- 1= S )
r r

N -1
> | (a 1-— C’> = [Z]%
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2.4. Proofs when 1 < ¢ < % 37

Since —z’ > 0, it is well-known that —z’ blows up in finite time because ¢ > 1 and we get
a contradiction.

Then we necessarily have H(r) < 0 for large r. This translates into

Q=

1
-2 >\

Integrating between ry and r where r > ry are large enough:

z(ro) g L |
/ Tl > Xaa a(r —rg) > CAar,
z(r) f(T)q

where C' is independent of z. Now we use the lower estimate for z given by part a) of
z(ro)
1 / dr e \2
"Jere f(r)

where a = %. Setting s = Cr~?, and letting s — 0+:

Lemma 2.3.3 to obtain:

Q=

_, [2ro) g
[y = lim inf s T T
)

s—0+
where C is independent of z (Remark 2.3.4). Thus when {; = 0, there are no positive

> O\,

supersolutions for any value of A\, while if 0 < [; < 400, no positive supersolutions exist

provided A is larger than [{C~9. This concludes the proof. O
Finally, we proceed to the proof of Theorem 2.1.

Proof of Theorem 2.1. a) In this case | € (0,400). By Lemma 2.2.4, there exists R; > Ry

and a positive, radially symmetric, bounded solution of
— Az 4+ |Vz|? = pg(z) in |z| > Ry (2.4.3)

for every p € (0, Al), where g(t) := t7(—logt)?. It is not hard to check that condition
(2.4.1) on g holds if and only if 5 > 0. Moreover, when 8 > 0 we obtain I; = 0. Thus,
according to Theorem 2.4, there are no positive supersolutions of (2.4.3) for any pu > 0
if > 0, and there are no positive supersolutions for large p if 5 = 0. Thus the same is
true for problem (2.1.1). This shows i) and the second part of ii).

To show the rest of part a), we will construct explicit radial supersolutions. Consider
first (2.1.1) with f(¢) replaced by t%q(flog )% with 8 < 0. Let u = r~*(logr)”, where
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38 Chapter 2. Additive gradient term

o= 3%‘11 and v > 0 is to be chosen. The function u will be a supersolution provided that

—a(a+2— N)(logr)” +v(2a +2 — N)(logr)?~1
—y(y = 1)(logr)=? + (log r)"|a — ~(log )~
. . B
> Alog )2+ (a _ WMM) ,
logr
For sufficiently large r, only the leading terms are important, hence it suffices to have
vq > % + [, which is equivalent to
9 _
o B2ma
qq—1
This election is possible since 8 < 0. Thus  is a supersolution in |z| > R for sufficiently
large R. Using Lemma 2.2.4, we see that (2.1.1) admits a supersolution for every A > 0.
When g8 = 0, it is already known that (2.1.1) has positive supersolutions for small A
(see [2]). Defining

A* =sup{A > 0: (2.1.1) has a positive supersolution},

which is finite by the above proof, and taking into account that a supersolution of (2.1.1)
for some A is also a supersolution for smaller values of A, we deduce that for A < A*
there exist positive supersolutions while for A > A\* no positive supersolutions exist. This
concludes the proof of part a).

The proof of parts b) and ¢) is a direct consequence of the previous discussion and
Lemma 2.2.4. O

N
2.5 The case ¢ >

In this section we will consider the proof of Theorems 2.2 and 2.3 (thus we are only dealing
with supersolutions not verifying (2.1.2)). Before proceeding to the actual proofs, we will
make a preliminary discussion which is somewhat similar to the previous case. We begin

by considering a positive, bounded, radially symmetric solution z of

N -1
-2 = 2+ 29 = Ag(2) for r > Ry, (2.5.1)
r

where ¢(t) := v (—logt)?, which in addition verifies 2’ < 0 for large r and lim,._, , o, 2(r) =

0. Consider the function

H(r) = Ag(z(r)) — 2|2/(r)|? forr > Ry. (2.5.2)
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2.5. Case ¢ > % 39

At any point 19 > R; where H vanishes, we have

N -1
() = 3@+ 2l (T - 1)
0
2q(N —1 _
< (a4 22D e (253)
2ig(N —1) o1, g
< I+ PN s )
0

Now observe that ¢'(t) > C’tﬁ(— logt)? for some positive C' and ¢ € (0,]. Thus

H, 2 C 9= a— 9=
|(T|0) < [ —Oxzmvz(—logz)’ + AT 2 <11%(710g z)5ql>
z To
S Zf;é;?;\; (_ log Z)Bq%l (-CAleZ@(qql)N)(— log Z)§ + C)\qql) .
To

N
N-1

consider both cases separately. Since the case ¢ > % is simpler, let us consider it first.

From now on, the proof varies depending on whether ¢ = or q > % Thus, let us

Proof of Theorem 2.3. The proofs of b) and c¢) follow from that of a) as in Theorem 2.1,
hence we only show a). Let us begin with the proof of nonexistence when § > —1. By
employing Lemma 2.2.4, we may restrict to g(t) = t%(— logt)?. Further, let us observe
that if z is a solution of (2.5.1) then it is also a supersolution for every value of ¢’ < ¢,
since lim, 4o [2/(r)| = 0. Thus we may always assume ¢ < <.

Consider the function H given by (2.5.2). According to (2.5.3), at any point where H

vanishes we need to consider the sign of

C

r

92 (g=1)N

1 B g—1
G(r) = N (T )(flogz)? + =X

Taking into account that the exponent of z in the above expression is positive and using
Lemma 2.3.3 ¢) we obtain

C

r

(¢=HN

G(r) < —Cxr (logr)g +

N5
q
1 0 ‘ _
=— <fC’)\r_l+(1 = (logr)g + C)\%)
T
<0

N
N-1

most one zero. Hence H has constant sign for large r. We need to discuss both possibilities

for large r, since ¢ > Thus H'(r) < 0 at points where H vanishes, and so it has at
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40 Chapter 2. Additive gradient term

H(r) > 0 for large r or H(r) < 0 for large r in turn. When H(r) > 0 for large r, we have

/lq Ag(2)
— )
|2/]7 < 282 so that
., N-— 12,

> 1/\9(2)

\V]

T
for large r. This contradicts Theorem 1 in [3], since

/0 Lm — 4o (2.5.4)

7_

for g > —1.
When H(r) < 0, we just argue as in the proof of Theorem 2.1. We arrive at

w(ro)
/ I e,
w(r) g(7)5

for r > 7o large enough. Choosing ro such that z(rg) < 1/2 and using the lower bound

provided by Lemma 2.3.3, we have

/ R v
Cr2—N g(T)E

2-N
, to

which is equivalent, letting s = Cr

SN—/ T ot
s g(r)e

N

Now using that g(t) = t¥-2(—logt)?, the integral can be estimated to obtain

a(N-1)-N B
s a®-3 (—logs) «

.m,_

> CAa.

Letting s — 0" we obtain a contradiction since ¢ > % Thus no positive supersolutions
may exist when g > —1.

On the other hand, when § < —1, the integral in (2.5.4) is convergent. Thus by
Theorem 1 in [3] there exists a solution w of

—Aw = Af(w) in RV \ Bg,

for some Ry > 0. Obviously this function w is also a supersolution of (2.1.1). This

concludes the proof. O

Proof of Theorem 2.2. As before, we only prove part a) and consider g(t) = vz (—logt)?.

Let us begin with the proofs of nonexistence in i) and ii). Recall that in this case ¢ =
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2.5. Case ¢ > % 41

Assuming a positive supersolution exists and letting z be the radial solution obtained
with the use of Lemma 2.2.4, if the function H given by (2.5.2) vanishes at 7 then by
(2.5.3)

H'(ry) < \z’|zﬁ(—log z)% (—C/\zhh(—logz)ﬁ%l) + C)ﬁ) .
To

Next, observe that, using Lemma 2.3.3 b) and Remark 2.3.4, there exists a constant C,
which can be chosen independently of A, such that z > Cr*=(logr)'=" for r > r; (of
course 11 will depend upon A, but this will cause no inconveniences in what follows). We
deduce

1 B
Hi(rg) < 2 (2 log2)%

(—C)\(logro)(Nfl)(%fﬁ) + C) :

To

If 3 > %, it is clear that H'(rg) < 0, provided ry is large enough. When g = %, it

suffices to take A large enough to achieve the same conclusion. Thus we obtain that the

function H has a constant sign for large r, both when > % or when § = % and A
is large.

The case where H(r) > 0 is ruled out as in the proof of Theorem 2.3. Thus we assume

in what follows that H(r) < 0 for large r. We proceed as in the proofs of Theorems 2.1

and 2.3 to obtain (ro)
z(ro
/ I ear,

) g(r)s
for r > 7o large enough. Choosing 7o such that z(rg) < 1/2 and using the lower bound

provided by Lemma 2.3.3 b, we have

/E T ok

Cr2=N(logr)l—N g(T)% -

Now set s = Cr2 N (logr)'~V. It follows that —log s > C'log for some positive constant
C, hence s > Or*N(—log s)!~V. This readily gives r > Cs_ﬁ(f log s)_%. Hence for

small positive s:

1 — 2 d 1
s¥2(— log s)%/ T_ >0 (2.5.5)
The integral can be estimated and (2.5.5) gives
(— log 5)(N_1)(ﬁ_%) > C)\%

for small s. When 8 > % we immediately obtain a contradiction letting s — 0+. If

B = % we deduce that A cannot be too large, hence no positive solutions exist when A

is large. This concludes the nonexistence part in the proof of a).
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42 Chapter 2. Additive gradient term

As for the existence parts in ii) and iii), it suffices to show that a positive, radial
supersolution can be constructed for large r if 5 < % and A >0or = % and \ is
small. We look for a supersolution in the form v = Ar?=(logr)” for some A > 0, v € R.

It suffices to have
YN =2) =3 = 1)(logr) ™" + AT (log r) T [N — 2 — y(logr) 7

log A log(log ) f (2.5.6)
log r logr

> AT (logr) ¥ 517 <N -2

N

5, We can choose

for large r. If g <
BIN-1)(N -2)

N )
and (2.5.6) will hold for large r irrespective of the value of A > 0. When § = %7 we

—(N-1)<~vy<-—

need to choose v =1 — N and (2.5.6) reduces to
V(N =2) = (v = D)(logr)™ + AT [N — 2 — y(logr)~'[*

log A log(logr)\”
-7
logr logr

> AAN <N2

which will hold for large r if v(N — 2) + ATY(N — 2)9 > A\(N — 2)514%. For a given
A > 0, such a value of A can be found provided that
N —2) + 297N — 2)¢
0<)\<sup7( ki (2 )
>0 (N — Q)me

N N .
7 < 7 Hence the function

u will be a supersolution with this choice of A. This concludes the proof. O

Observe that this supremum is finite since v < 0 and ¢ =

2.6 Supersolutions which blow up at infinity
To conclude with the analysis of (2.1.1), we are dealing with positive supersolutions which

blow up at infinity, that is, which verify

lim wu(z) = +o0.
|z|—+o00

Since, from now on, the parameter A will not play any role, we are setting A = 1, and will

consider the problem
— Au+ |Vu|? = f(u) in RV \ Bg,. (2.6.1)

Our main result of the section is the following:

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX
Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de MIGUEL ANGEL BURGOS PEREZ
UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de JORGE JOSE GARCIA MELIAN
UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10

En nombre de ERNESTO PEREDA DE PABLO

58/135



2.6. Supersolutions which blow up at infinity 43

Theorem 2.5. Assume f : (0,4+00) — R is positive, C' and nondecreasing. If the

> dr
1 o) 2.6.2
/. for (202

holds for some M > 0, then problem (2.6.1) does not admit positive supersolutions blowing

condition

up at infinity. Moreover, if N =2 and q > 2 problem (2.6.1) does not admit any positive

supersolutions.

Remark 2.6.1. As in the previous sections, we can test condition (2.6.2) with the class of
functions f(t) = t*(logt)?, for p > 0 and 8 € R (and functions which behave like these
at infinity). It is not difficult to check that (2.6.2) holds when p > g or p = ¢ and 8 > q.
Thus no supersolutions of (2.6.1) which blow up at infinity can exist in these cases.
However, when p < g or p = g and § < ¢, it is not hard to construct positive
supersolutions blowing up at infinity. Setting u = e¥ and looking for radially symmetric

solutions v, it suffices to have

N

o )2 = YLy ey > Dy
T

for large r. If p < ¢, we may simply take v = r, while for p = ¢ and 8 < ¢, we set v = ®"

with an arbitrary o > 1.

Before coming to the proof of Theorem 2.5, we need an additional result which will
be handy in the case N = 2 and q > 2.

Lemma 2.6.2. If N =2 and q > 2, there exists a solution ¢ of
¢/

r

—¢" +1¢|"=0, in (1,00)
such that im, . ¢(r) = —oo and ¢'(r) < 0 for large .
Proof. Defining W = —r¢’ we see that W has to satisfy

W' +r W = 0.

If ¢ = 2 we obtain the particular solution W(r) = 1/logr, thus we can take ¢(r) =

—log(logr). When ¢ > 2, an integration gives W (r) = (g%;(l - rz’q))fﬁ, thus

o(r) = _/1T @ds

is the required function. The lemma follows. O
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44 Chapter 2. Additive gradient term

Proof Theorem 2.5. Assume first that (2.6.1) has a positive supersolution which blows
up at infinity. By Lemma 2.2.1, there exists a positive, radially symmetric supersolution
z=z(r) of

—2" = ?z’ + 7= f(2) inr> Ry
which is bounded from below. Thanks to Lemma 1 in [2], there exists R; > Ry such that
z is monotone for r > R;.

If z were bounded, we may apply Lemma 2.3.1 to deduce that lim, . z(r) = 0,
contradicting that z is bounded from below. Hence z is not bounded, and it has to be
increasing for r > Ry with lim, . 2(r) = +00. As in the proof of Lemma 2.3.1, we also
deduce that 2z’ does not vanish for r > Ry, hence 2/ > 0 in r > Rj.

Consider the function
H(r) = f(z(r)) — 22'(r)?, r> Ry.

If H(rg) = 0 for some 9 > Ry, we have

2N =1)q

(2")7 +2¢(2")*7" >0,
To

H'(ro) = f'(2)2" +

thus H can vanish at most once for r > Ry, and in particular it has constant sign for
sufficiently large r. Let us first rule out the case H(r) > 0 for large r. Observe that this
implies

oy

for large r. We may integrate between ry and r for r» > rq, both large enough, and obtain
I 1
=) 2 =)+ 5 [ S 2~ ) + S o)
T0
Integrating once again between ry and 7:

—5(r) 2 —2(r0) = () = 70) + L0 = o),

which implies that z(r) = —oo as r — +00, a contradiction.
So we may assume in what follows that H(r) < 0 for large r, that is (/)7 > 1 f(=).

This implies, after integrating:
z(r) d
/ Tl 227%(7”—7’0)
=(r0) f(7)7

for r > rg large enough. Letting r — 400 we arrive at

/0O dr
= 400
z(ro) f(T)

Q=
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2.7. Appendix 45

which contradicts condition (2.6.2).

Finally, consider the case N = 2 and ¢ > 2 and let us show that all radially symmetric
solutions blow up at infinity. Suppose by contradiction that z is bounded so that Lemma
2.3.1 implies lim,_,, o, 2(r) = 0 and 2’ < 0 for large 7.

Take the function ¢ given by Lemma 2.6.2 and fix a large ry. Choose a value 0 < a < 1
such that 2'(rg)/¢'(ro) > a (which is possible since ¢/ < 0) and let b be such that
2(ro) = ag(ro) + b. Observe that ¢ := a¢ + b is a subsolution of

1
=~ |21 = £(2),
T

and we also have lim, ., ¢(r) = —oo. Thus using comparison we have ¢ < z in (7o, +00).
Since ¢(ro) = z(ro), then ¢'(rg) < 2'(ro) which contradicts the choice of a. This con-
tradiction shows that z blows up at infinity, as was to be shown. This concludes the

proof. O

2.7 Appendix to Chapter 2

We include in this Appendix a slightly modified version of Lemma S in [69):

Lemma 2.7.1. Suppose that z € C*(Ry, +00) where Ry > 0 and w(r) = r®z(r) is bounded
for large enough r and some oo € R. Then there exists a sequence {r,},>1 with r, — +00
such that

i) lim w(r,) =0 :=lminfw(r),

n—+00 7—+00
.. . +1 1
i) lim 972 (r,) = —ab
) n=3+oo n ( n) I

iif)  lim o2 (r,) > oo+ 1)6.
n—-+0oo

The last limit may be +o00.

Proof. We distinguish three cases.
Case 1). The function w is increasing for large r and w(r) — 6 when r goes to +o0c0. Then
w’ > 0 for large r and

lim inf rw’ = 0, (2.7.1)

T—+00
otherwise w would grow at least logarithmically against the assumption that it is bounded.

Now, two situations are possible:
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46 Chapter 2. Additive gradient term

1.1) The function rw’ decreases monotonically to 0. Then, (rw') < 0 and

limsup r(rw')’ = 0,
3400
for the same reasons as (2.7.1), that is, there exists a sequence {r,},>1 with r, — +oo
such that r2w"(r,) + rpw’(r,) — 0 which implies r2w” (r,,) — 0.
1.2) The function rw’ decreases to 0 along a sequence of local minima {r,,} of rw’. That
is, there exists a sequence {r,} with r, — +o0o such that r,uw'(r,) — 0 and r,w”(r,) +

2w (r,) — 0.

w'(ry,) = 0, so again 77,
In both situations 1.1) and 1.2) we have r,w'(r,), r2w”(r,) — 0. Now by simple
computation,

retly = —aw +ruw
(2.7.2)

a+2, 1 _

rot2y a(a+ Dw — 2arw’ + r’w”.

Letting n — 400 through the sequence {r,} in (2.7.2) we arrive at the desired conclusion.
Observe that 1) is always true because w is monotone.

Case 2). The function w is decreasing for large r and w(r) — 6 when r goes to +o00. The
proof is similar to case 1), replacing w by —w.

Case 3). The function w oscillates for large r, and along a sequence of local minima {r,},
we have w(r,) — 6. That is, there exists a sequence {r,},>1 with r,, — +o0o such that

lim w(r,) =46, w'(r,) =0 and w”’(r,) > 0.

n—-+oo
Hence by (2.7.2),
retli(r,) = —aw(r,),

roat22 e > ala+ Dw(r,).

The proof of the lemma is concluded after taking a subsequence of {r,} which ensures

a+2 I

that lim,, o 7222"(r,,) exists (possibly being infinite). O
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Chapter 3

Systems with superlinear growth in

the gradient

We continue our analysis of Liouville theorems in the presence of gradient terms by con-

sidering next the system:

{ —Au + |Vul? Af(v) in RV \ By (3.1.1)

—Av+|Vo|? = pg(u),

where N > 2, Ry > 0, ¢ > 1, f, g are nondecreasing positive functions defined in (0, +00)
and A, p > 0 are parameters. In the next chapter we will study the same system but with
q=1.

We will be dealing throughout with weak positive supersolutions (u, v) € C1(RV\ By, )?
of (3.1.1), that is, functions verifying

/ VuV(b—i—/ |[Vulip >
RN\Br, RN\Bg, RN\ B,

/ VoV + / [Vl
RN\Bg, RN\Bg,

for arbitrary nonnegative ¢, v € Cg°(RY \ Bg,).!

\Y
>
=
S
Y

\%
=
g

=
&)
&
Q
=
<

3.1 Nonexistence results

As was shown in Chapter 2 for the scalar equation

—Au+ |Vu|? = Af(u) in RV \ Bg,,

IThe results in this chapter are contained in [18].

47
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48 Chapter 3. System with gradient terms

the presence of the gradient term allows the existence of different types of positive super-
solutions. The same is true when considering positive supersolutions of (3.1.1). Thus it
makes sense to distinguish between those supersolutions which blow up at infinity, that
is,
lim w(z)= lim ov(z)=+o0, (3.1.2)
|| —+o00 || =00

uniformly and those which do not. It is worth remarking that if (u,v) is a positive
supersolution of (3.1.1), then u blows up at infinity if and only if v does (see Lemma 3.2.1
below).

We begin by considering supersolutions which do not verify (3.1.2). For this kind of
supersolutions, the behavior of f and g at zero is important; hence we assume that

ft) g(t)

01 :=liminf —= >0, 65 :=liminf == > 0, (3.1.3)
t—0 tp t—0 ts

for some p, s > 0.

It turns out that the existence of positive supersolutions of (3.1.1) depends on the

relative values of ¢ and the exponent %, in the same spirit as in the scalar equation.
Thus we split our nonexistence results in three different regimes depending on whether
1<q<%7q:%0rq>%.

Before stating our main achievements when 1 < ¢ < % let us introduce, for ps > ¢?,
the positive exponents
+ s+
oo i qz)’ = q( q2)’ (3.1.4)
ps—q ps—q
which along with their relative position with respect to v = 5%’ give the regions of nonex-
istence of positive supersolutions. Without loss of generality, and given the symmetry of

the problem, we can always assume that p > s.

Theorem 3.1. Assume N > 2 and 1 < q < 5. Let f,g : (0,+00) — R be nonde-
creasing, continuous and positive functions, and suppose that condition (3.1.3) holds with
p>s>0. Then:

a) If ps < ¢?, then there are no positive supersolutions of (3.1.1) which do not blow up
at infinity.

b) If ps > ¢* and o > =, then there are no positive supersolutions of (3.1.1) which do
not blow up at infinity.
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3.1. Nonexistence results 49

c) Ifps > ¢%, a =B =+, and any pair of positive numbers (t1,5) > 0 verifies at least
one of the following inequalities
a(N —2—a)t +a%] < X\oith,

(3.1.5)
B(N —2— Bty + U5 < pbst],

then there are no positive supersolutions of (3.1.1) which do not blow up at infinity.

d) Ifps > ¢%, B < a =1, and any pair of positive numbers (t1,t5) > 0 verifies at least
one of the following inequalities
a(N —2—a)t; + %! < N\oytb,
( b : 2 (3.1.6)
BUE < pbats,

then there are no positive supersolutions of (3.1.1) which do not blow up at infinity.

P

Figure 3.1. Regions when 1 < ¢ <

szl. Nonexistence in dark grey, existence

in light grey and nonexistence depending on A and g on the black curve.

Theorem 3.2. Assume N > 3 and ¢ = % Let f,g: (0,400) = R be nondecreasing,

continuous and positive functions, and suppose that condition (3.1.3) holds with p > s.
Then:

a) If ps < (%)2, then there are no positive supersolutions of (3.1.1) which do not
blow up at infinity.
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50 Chapter 3. System with gradient terms

b) If ps > (%)2 and o > N — 2 then there are no positive supersolutions of (3.1.1)
which do not blow up at infinity.

We consider next the remaining case g > % The situation is slightly more compli-
cated here, and nonexistence results depend on the relation between two pairs of expo-

nents, which are

_ 2p+1) - 2(s+1)
— -/ == 7 3.1.7
« p8_17 ﬂ p8_17 ( )
and
2 ~ 2s
a-twtd g a4t (3.1.8)
ps—gq ps—4q

respectively. It is worth remarking that the latter exponents play a role only in the regime

ps > q.

Remark 3.1.1. Observe that the exponents a, B are not symmetric if we interchange p and

s. This is due to the fact that we are assuming p > s. When p < s then the exponents

~ 2) & ~, = 2
a =2t 3 425 pave o be replaced by @ = L2 p = 42,
Pps—q ps—q ps—q ps—q

Theorem 3.3. Assume N > 3 and q > % Let f,g: (0,400) = R be nondecreasing,
continuous and positive functions, and suppose that condition (3.1.3) holds with p > s.
Then:

a) If ps <1, then there are no positive supersolutions of (3.1.1) which do not blow up
at infinity.

b) Ifps>1,a> N—2 and B > 7, then there are no positive supersolutions of (3.1.1)
which do not blow up at infinity.

c) Ifps>1,a>N-2,3<~anda > N—2, then there are no positive supersolutions
of (3.1.1) which do not blow up at infinity.
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3.1. Nonexistence results 51

max {q(p_ﬁ-Z}_ B M-}=N—2

ps-q ps-q

= max{

4

2(p+1) \ 261 }=N—2
ps-1 ps-1

p

Figure 3.2. Regions when ¢ > % Nonexistence
in dark grey and existence in light grey.

Remark 3.1.2.

a) It will be seen that ps > 1 and 3 < 7 imply ps > ¢, so the exponents in (3.1.8) are
well-defined and positive (see the beginning of the proof of Lemma 3.6.2 below).

b) The case N = 2 is excluded from Theorems 3.2 and 3.3 since all positive supersolutions
of the system (3.1.1) when N = 2 and g > 2 verify (3.1.2), see the proof of Theorem 2.5
in Chapter 2. Thus it will be included in our next theorem.

Finally, we consider positive supersolutions which verify (3.1.2). In this case, only the

behavior of f and g at infinity is important. We assume that

lim inf &;) >0, liminf 9(®) >0, (3.1.9)

t—+o00 t—+oo 18
for some p,s > 0.
Theorem 3.4. Assume N > 2. Let f,g: (0,4+00) — R be nondecreasing, continuous and

positive functions, and suppose that condition (3.1.9) holds for some p,s > 0. If ps > ¢,
then there are no positive supersolutions of (3.1.1) which blow up at infinity.

It is important to remark that our results are essentially optimal, in the sense that if

f(t) = t* and g(t) = t*, p,s > 0 then supersolutions can be explicitly constructed in all
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52 Chapter 3. System with gradient terms

cases not covered by Theorems 3.1, 3.2, 3.3 and 3.4; see Section 3.9. The same is true
with the assumptions

t t
lim sup& < 400, lim sup& < +00o
t—0 tP t—0 ts

for supersolutions not blowing up at infinity and

t t
lim sup & < 400, limsup & < +00
t—+oo P t—+o0 s

for those which do.

It is also worthy of mention that the main differences between system (3.1.1) and
equation (2.1.1) appear in the range ¢ > % With regard to the equation, the gradient
term does not play any role when g > % That is, the region of nonexistence depends
on the relative position of the critical exponent p%l with respect to NV — 2, and it does
not depend on ¢ (see [2]). But when dealing with system (3.1.1) there are two exponents
involved, given in (3.1.7). If one of them is greater than N — 2, then it is still relevant
if the other one is greater than or less than . The appearance of the exponents @, B in
(3.1.8) is a consequence of this phenomenon. According to Theorem 3.3, the gradient is

not relevant when ¢ > 2 for the system.

3.2 Classification of supersolutions

We introduce a similar notation as the one in Chapter 1. For a function z € C*(R™\ Bg,),
we denote

m,(R) = |g\li1}22(m)’ R > Ry, (3.2.1)

since it is convenient to explicitly express the dependence of m,(R) on the function z.
According to Lemma 1 in [2] we obtain that there exists Ry > Ry such that the function
m,(R) is monotone for R > R;. We will assume troughout that if a positive supersolution
(u,v) of (3.1.1) exist, then Ry has been chosen such that m,(R) and m,(R) are monotone
for R > Ry.

The following lemma allows us to distinguish between supersolutions which blow up
at infinity, that is, which verify (3.1.2) and supersolutions which do not blow up. The
proof is based on a device introduced in [27] and later refined in [35].

Lemma 3.2.1. Assume q > 1, and let f,g be continuous and nondecreasing positive
functions defined in (0,+00). If (u,v) € C*RN \ Bg,)? is a positive supersolution of
(3.1.1) and m,(R), m,(R) are given by (3.2.1), then, either
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3.2. Classification of supersolutions 53

a) The functions m, and m, are bounded, nonincreasing and converge to zero as
R — oo. In addition, if f and g verify (3.1.3) then there exists C > 0 such that

my(2R) < c<m“(R)+m3(R)>,

R? Re
s my(R) | mi(R)
m;(2R) < C( 7 + R )
for R > R,y.
Or,
b) The functions my(R) and m,(R) are nondecreasing and diverge to infinity when
R — oo.

Proof. Choose a cut-off function ¢ € C§°(R) such that 0 < ¢ <1, ¢ =0 in (—oo,1) U
(4,400) and ¢ = 11in [2,3]. For R > Ry consider the function

w(@) = u(z) — 2l

w(z) = u(z) — my(2R)¢ R |z| > Ro.
Observe that there exists a point g € Byp such that w(xg) = 0. Since w > 0in RY\ Byp
and in Bg \ Bpg,, then w achieves a nonpositive minimum at some point yr € Bur \ Bg.
This implies Aw(yg) > 0 and Vw(yg) = 0, so that

u(2R
)+ [Vulgale< 0 g (11
ma2R) [o (N[ o (mal2R) | ma(2m)
v (&) =e (M + R0

where C' is a positive constant which depends on ¢ (we still use the convention that the
letter C denotes positive constants, not necessarily the same everywhere). Since (u,v) is

a supersolution of (3.1.1) it follows that

(3.2.2)

R? R4

Folyn) < € (m“@m ; mZ@R)) |

Assume first that m,(R) is bounded. Then (3.2.2) gives limp .~ f(v(yr)) = 0. Since f
is positive and nondecreasing in (0, +00), we have

RE)TOOU(yR) =0

By using the monotonicity of m,, we deduce that m, is nonincreasing for large R and

limp_ 100 my(R) = 0. Arguing in a similar way for v it follows that also limp_, 1o mu(R) =
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54 Chapter 3. System with gradient terms

0 and m,, is nondecreasing for large R. This shows the first part of a). Moreover, if f and
g verify (3.1.3) we see that f(v(yg)) > CvP(yr) > CmE(4R). Hence
my(2R)  mi(2R)

R2 + Ra

mi(4R) < C (

for large R. In the same way

mi(4R) < C (mv<2R> . mz<2R>>

R? R

for large R, and the proof of a) follows by replacing 2R by R and enlarging C' if necessary.
The remaining case, contained in part b), arises when both m,, and m,, are unbounded.

But then by monotonicity we immediately have that m,, and m, are nondecreasing for

large R, so that limpg_, oo my(R) = limg_, oo my(R) = +00. This concludes the proof. [J

Remark 3.2.2.

a) The inequalites given by Lemma 3.2.1 are a byproduct of our proof, but they will not
be used in obtaining lower or upper estimates for positive supersolutions. However, a
version of these inequalites is useful in the proof of one of our auxiliary results, Theorem
3.5 in Section 3.6.

b) Observe that the proof of Lemma 3.2.1 remains valid when ¢ = 1.

3.3 Reduction to the radial setting

In this section we show that the existence of a positive supersolution of (3.1.1) implies
the existence of a positive radially symmetric supersolution, and in most cases even the
existence of a positive radially symmetric solution.

Our first result in this direction is the analogue of Lemma 2.2.1 in Chapter 2.

Lemma 3.3.1. Assume N > 2, ¢ > 1 and let f,g : (0,+00) — R be positive, non-
decreasing and continuous functions. Suppose there exists a positive supersolution (u,v)
of (3.1.1). Then there exists a positive radial supersolution (z,w) € C*(RN \ Bg,)? of
(3.1.1). In addition, if (u,v) does not blow up at infinity, then z, w, z’ and w' go to 0 as
R — 400, and if (u,v) blows up at infinity, then (z,w) also blows up at infinity.

Proof. Choose R, > Ry and introduce the annulus A(Rp, Ry) := {x € RN : Ry < |z| <
R;}. For R > Ry, we take the functions m,,m, given by (3.2.1) and we consider the

uncoupled problems

(3.3.1)

—Az+|Vz|?7 = Af(my(z])) in A(Ro, R1),
z2=0 on OA(Ry, R1),
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3.3. Reduction to the radial setting 55

and

{ —Aw + |Vw|? = pg(my(|z])) in A(Ro, R1), (3.3.2)

w=0 on OA(Ry, Ry).

The function 0 is a subsolution for both problems. Then by Theorem III.1 in [54], there
exist unique positive solutions zg,, wr, € W*?(A(Ry, R1)) of (3.3.1) and (3.3.2), respec-
tively, where 8 > N is arbitrary. Note that the functions zg,,wg, are radially symmetric
because of uniqueness.

Setting Zr, = min{my(Ro), m,(R1)} + zg,, ©Wg, = min{m,(Ro), m,(R1)}
+ wg,, we obtain that Zg, and @Wg, are radially symmetric solutions of

{ —Az+ .\vz|4 = Af(my(|z])) in A(Ry, Ry), (333)
z = min{my(Ro), m.(R1)} on 0A(Ry, R1),
and .
{ —Bw -+ [Vult = pg(mulla))) in ARy, Fa), (33.0)
w = min{m,(Ro), m,(R1)} on OA(Ry, R1),

respectively. Next, observe that the monotonicity of f and ¢ implies that f(u) >
f(my(|z])) and g(v) > g(m,(|z])), so that u is a supersolution of (3.3.3) and v is a
supersolution of (3.3.4). Then by comparison u > Zg, and v > @Wg, in A(Ry, R1), so that
the sets {Zgr, } Ry >R, and {Wg, } r, >k, are bounded.

By part 2 of Theorem A.1 in [51] we obtain local bounds for {VZg, }g,>r, and
{Vp, } r,>r, in LY for every 6 > 1. This yields that {AZg, } r,>r, and {AwWg, }r,>r, are
locally bounded in L? for every § > 1. Hence by classical regularity and Sobolev embed-
dings it turns out that {Zg, } r,>r, and {@g, } r,>r, are locally bounded in C** for every
a € (0,1). By means of a diagonal argument we thus obtain a sequence {Rj,}n>1 such
that lim,_, e R1,n = 400, limy, 400 2, ,, = 2 and lim,, o Wg, ,, = w in CL (RN \ Bg,).

If we denote l, = limg 0 my(R) and I, = limg_, 1o my(R), then z is a radially

symmetric solution of
—Az+ V2|7 = Af(my(|z])) in RN\ Bg,,

with min{m,(Ro),l.} <z <m,, and w is a radially symmetric solution of
—Aw +|[Vw|? = pg(my(|z])) in RY\ Bg,,

with min{m,(Ro),l,} < w < m,. By bootstrapping and using that z,w are radially
symmetric, we deduce that z,w are indeed classical solutions. Since f and g are non-
decreasing we obtain that f(m,(|z|)) > f(w) and g(m.(|z|)) > g(z), so that (z,w) is a
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56 Chapter 3. System with gradient terms

radially symmetric nonnegative supersolution of the system

{ Az + V27 = Af(w), in R \ Bp,. (3.3.5)

—Aw +|Vw|! = pg(z),

The strong maximum principle implies z,w > 0 (observe that z,w are nontrivial). This
shows the first part of the lemma.

Now assume (u,v) does not blow up at infinity. By Lemma 3.2.1.a), I, = I, = 0. Since
2 <My, w < m, then lim, ,, o 2(r) = lim,, o w(r) = 0. Let us show that 2/(r) — 0 as
T — +00.

Take an arbitrary sequence {z,} C RY \ Bp, with |z,| — +oc and consider the
function z,, = z(xz, +y) for |y| < |x,| — Ro. The function Z, verifies the equation —AZ,, +
IVZ,|? = Af(my(|z, + y|)). Arguing as above we see that, passing to a subsequence,
Z, — z in CL (RY) with —AZ + |Vz|? = 0. Using that z,(0) = z(z,) — 0 = Z(0), the
strong maximum principle yields Z = 0 in RY, thus Vz(z,) = Vz,(0) — 0. Since the
sequence {x,} was arbitrary we have shown that z(r) and 2/(r) go to 0 when r — 400,
and the same is true for w and w’ with a similar proof.

Finally, suppose (u,v) blows up at infinity. By Lemma 3.2.1.a), [, = [, = +00. Since
mu(Ro) = min{m,(Ry), .} < z, my(Ro) = min{m,(Ryp),l,} < w then z,w are bounded
from below. Hence by Lemma 3.2.1, we get that (z,w) must blow up at infinity. O

Remark 3.3.2. The fact that z, 2/, w,w' go to 0 as r — +oo for positive radial supersolu-
tions which do not blow up at infinity allows us to assume that ¢ < 2 for the proofs of

nonexistence, since if (z,w) is a supersolution of (3.1.1) then it is a supersolution of

Il
>
=
£

—A \vaia
{ 4V in RN \ Bp,

—Aw+ [Vul” = pg(2)
for every ¢’ < g, if Ry is large enough.

Lemma 3.3.3. Assume N > 2, ¢ > 1 and if N = 2 additionally assume q < 2. Let
fr9:(0,400) = R be positive, nondecreasing and continuous functions verifying (3.1.3)
and suppose there exists a positive supersolution (u,v) of (3.1.1) which does not blow up
at infinity. Then for every vy € (0,61), va € (0,0s), there exist Ry > Ry and a positive,

bounded, radially symmetric solution (z,w) of

Awt [V in RN\ Bp,. (3.3.6)

Pz,

{ —Az+4|Vz|? = Anuw?
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3.4. Lower bounds 57

Proof. By Lemma 3.3.1 there exists a positive, bounded, radially symmetric supersolution
(@, ) of (3.1.1) verifying lim, 0@ = lim, ;T = 0. Taking 14 € (0,6;), 15 € (0,62),
we may use condition (3.1.3) to deduce that there exists Ry > Ry such that f(v) > vy0?,
g(u) > wouf if r > Rf. This shows that (@, ) is actually a supersolution of (3.3.6), for
every Ry > Ry.

We now use Lemma 2.2.2: let M = sup,sop, U(r) +0(r). Then there exists R > R
(depending on M) such that for every Ry, Ry > R with Ry > 2Ry, we can find radially

symmetric, positive functions up,,vp, verifying

—Az + ‘VZ|Q 0 in A(R17R2)7
z = u on 0A(Ry, Ry),

IN

and

IN

—Az 4 |Vz[? 0 in A(R1, Rs),
z = U ondA(Ry, Rs),
respectively. Observe that, since w(R;) > u(Rz), we deduce from the maximum principle
that up, <7u(R;) in A(Ry, Ry), hence up, (R1) < 0, and in a similar fashion v/, (R1) < 0.
From now on, we fix R; > R and take Ry such that Ry > 2R;.
The comparison principle yields up, <%, v, <7 in A(R1, Ry), so we are in a position
to use the method of sub and supersolutions, Theorem A.4 in the Appendix, to obtain a

radial solution (zg,,wg,) of the problem
—Az+|Vz|? = Anu?,
—Aw+ |[Vw|? = pez®,
= g on OA(Ry, Rs).

z
w = v,

in A(Rl, RQ),
(3.3.7)

Since 0 < zg, <u and 0 < wg, < T we get global bounds for {zg,} and {wg,}.
Arguing in a similar way as in Lemma 2.2.3, we obtain that (for some sequence Ry —
+00) zg, — z, Wg, — w, where (z,w) is a positive solution of (3.1.1). This concludes the

proof. O

3.4 Lower bounds

In this section we provide some new lower estimates for radially symmetric, bounded
positive supersolutions of some equations involving the operator —Awu+ |[Vu|?. In Section
2.3 some lower estimates were obtained for positive radial supersolutions of the equation

— Au+ |Vul? =0 in RV \ Bg,. (3.4.1)
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58 Chapter 3. System with gradient terms

However, the estimates given in Lemma 2.3.3 can be improved when the right-hand side
in (3.4.1) is a power function, rather than zero. Since estimates for the gradient will
not be used in the arguments to follow, we give a nonradial proof, which is based on a
Hadamard three circles type argument, in the spirit of [27] (see also [2]). We recall that

Y=o
Lemma 3.4.1. Assume q > 1, C > 0 and let u be a positive function verifying
— Au+ |Vul? > Clz| %72 in RV \ Bg,, (3.4.2)
where v < 0 < N — 2. Then there exists a positive constant C' > 0 such that
u(z) > C'x|™  for |z| > R,.

Proof. We first remark that since v < 6§ < N — 2, then the function ¢(z) = Alz|™% + B
is a subsolution of (3.4.2) if A > 0 is small enough and B € R. Actually it suffices that
0 < A < Ay, where Ay is the unique positive solution of the equation Ay(N — 2 — 0) +
grALRy 1TV — o
The proof of the lemma reduces to show that lim inf|, o m,(|z])|2|? > 0. If this were
not true, there would exist a sequence R,, — 400 such that m,(R,)R? — 0. Choosing ng
such that my(Ry,,)R% < Ay then the function
My (Rny) — mu(Ry)

o(z) = . R0 _ R0 (|x|_9 - R;G) +mu(Rn)

is a subsolution of (3.4.2) in the annulus A(R,,, R,) for large enough n, with ¢ = m, on
0A(Ry,, R,). By comparison we get ¢ < u in A(R,,, R,). Letting n — 400, we obtain

mu(\x|)|x|9 > mu(Rno)Rio in |z > Ry,

Taking z; such that |z;| = R; and letting j — +o0o we arrive at a contradiction. Hence

liminfg, 4o my(R)R? > 0, which immediately gives u(z) > C'|z|°. O
Lemma 3.4.2. Assume 1 < ¢ < 2, C > 0 and let u be a positive function verifying

— Au+ |Vaul? > Clz|~0+V1 i RN\ Bp,, (3.4.3)
where 6 < . Then there exists a positive constant C' > 0 such that

u(x) > C'|z| ™, for |x| > Ry.
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3.5. Upper bounds when 1 < ¢ < % 59

Proof. The proof is essentially the same as that of Lemma 3.4.1. The only significative
difference is that, since § < =, then the function 1 (x) = Alz|~% + B is a subsolution of
(3.4.3) if 0 < A < Ay where Ag verifies Ay(N — 2 — )Ry * 70D 4 ga48 = ¢, and
B eR. O

Remark 3.4.3. When
—Au > Clz|™ in RV \ Bg,,

it can be proved in a similar way as in Lemma 3.4.1 that u(x) > C|z|>~" log |z| for some
C > 0 and large |2|. We only have to take into account that ¢(x) = A|z|>~Vlog|z| is a
subsolution of the equation for suitable values of A (see [27]). This lower estimate will be
used later on, during the proof of Theorem 3.5.

3.5 Upper bounds when 1 < g < %

In this section we obtain upper estimates for bounded radial solutions (z,w) of the system
(3.1.1) when 1 < g < % The proof is inspired on a device introduced in [69], which
has already been used in some proofs in Chapter 2.

Lemma 3.5.1. Assume N >2 and 1 < q < % Suppose that (z,w) is a positive radial

solution of the system

-1
24T = cwP,
in (Ry, +00), (3.5.1)
dz®

|
g\
!
S\
Jr
|

where p,s >0 and ¢,d > 0. Then:
a) The case ps < q° is not possible.
b) If ps = q?, then there exist positive constants Cy, Cy > 0 such that

-2 _Cor -2 _Cor
2 < Cir de o w < Cirae , r > Ry.

¢) If ps > q?, then there exists a positive constant C > 0 such that

2<Cr ¢, w< C’riﬂ, r > Ry,

a+a) (na B = q(s+q)

where o = L L.
ps—q ps—q
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60 Chapter 3. System with gradient terms

Proof. We introduce the functions

Hy(r) = cw(r) —al2'(r)[*,

Hy(r) = dz*(r) — alw'(r)|%,
for r > Ry where a > 1 will be chosen later. Let 19 > Ry be any point where Hy(rg) = 0,
Le. cwP(rg) = alz'(ro)]?. Using that w is nonincreasing, we obtain that

N -1
H;(ro)

pew? = (ro)u(ro) + ag|2 (ro) ( 12 (ro)] + |2 (ro) |7 — cw(m)P)

IN

N -1
aal el (S - - ).
0
(3.5.2)

As a consequence of the lower estimate for |2/| given by part a) of Lemma 2.3.3 we have
|2/ (r0)|771 > Cryt, so that

()4
() < 0N (3 a1y <0

To

if we choose, say a = (N — 1)/C + 2. Tt follows that H; may vanish at most once, so it
has constant sign for large r. It can then be shown as in the proof of Theorem 2.4 that
H, < 0 for large r and similarly Hy < 0.

Therefore we have )
{ —2'(r) > vwa(r),

—w'(r) > vzi(r),

for large enough r and some v > 0. We introduce the change of variable Z(t) = z(r) and
W (t) = w(r), where

+o00
t=H(r):= / vw (7)dr.
The function H is well defined since

/T+°° vwi (1)dr < /T+°0 —2'(1)dr = 2(r) < +00. (3.5.3)

Observe that Z and W are defined in (0,0) for some § > 0 and verify Z(0) = W (0) = 0.
By (3.5.3), we see that Z(t) > t. In addition,

W) = w’}Er) N z?;(r) _ Zi(t) N t
vwa(r) wai(r) Wa(t) Wa(t)

Hence, Wg(t)W'(t) > t7 and integrating between 0 and ¢ we obtain

W(t) > Ctite, t € (0,4).
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3.6. Upper bounds when ¢ > % 61

Then coming back to the original variables this means that w(r) > CH ﬁ(r) for r larger

than some ro. Since H'(r) = —w?(r), this yields

p(s+a)

—H'(r) = wg(r) > CHaw+a (1), 1> 19

Integrating between 7y and r we get

_ / Jimtzo (7)H'(T)dr > C(r —1o). (3.5.4)
To

We have to distinguish three cases depending on the relative position between the expo-

nent 2679 and 1.

a(p+q)
First case: zgligg < 1. This condition is equivalent to ps < ¢. By (3.5.4),
p(s+q) p(s+a)
H' wtva) (r) — H' a0 (1)
- o) > C(r —ro). (3.5.5)
alp+q)

Letting r — 400 and taking into account that H(r) — 0 we arrive at a contradiction.

This shows a).

p(s+q)

st = 1. This condition is equivalent to ps = ¢*. By (3.5.4),

—log H(r) +1log H(rg) > C(r —ry).
Thus, H(r) < e ¢". In addition,

Second case:

+o00 2r » »

H(r) = / vwa(T)dT > V/ wa (7)dr > vrwa(2r), (3.5.6)
so that w%(27’) < Cyr~te @7 A gimilar reasoning gives the upper bound for z. This
shows b).

Third case: 5813; > 1. This condition is equivalent to ps > ¢%. By (3.5.4),
Hl_gggigi ('r) > Cr7

_alptq) p

hence H(r) < Cr - . Since H(r) > vrwa(2r), by (3.5.6) we have
P _a(pta) 1 _ p(s+a)
wa(2r) < Cr ws=2 " =(Cr psd?

_a(s+q)
thus w(r) < Cr »-«* = Or~#. A similar reasoning gives the upper bound for z. This

concludes the proof. O

Remark 3.5.2. An examination of the proof above shows that the upper estimates just
obtained are still valid for positive radially symmetric, bounded supersolutions of (3.5.1).
Specifically, the only significant change would appear in (3.5.2), which would read as

A L)+ 12 o)l cw(ro)p> ’

Hi(re) < pewr (ro)u(ro) + agl#(ro) (

and the rest goes without any change.

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX
Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de MIGUEL ANGEL BURGOS PEREZ
UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54

En nombre de JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de ERNESTO PEREDA DE PABLO

771135



62 Chapter 3. System with gradient terms

3.6 Upper bounds when ¢ > %

This section is devoted to obtain upper estimates for positive solutions of (3.1.1) which

do not blow up at infinity when ¢ > In contrast with the previous section, the

N
N-1°
fundamental tool here will be the doubling lemma in [63]. This will allow in turn to deal
with general solutions in some cases and not merely with radially symmetric ones.

We assume throughout the section without loss of generality that

p>s.

We also assume ps > 1. The following exponents will be relevant in our discussion:

2p+1) — 2(s+1 2 - 2
g 2etl) 5 24D o _dp+2) g 5142

ps—1"7 ps—1"~ ps—q ps—q

Recall that v = 2=2

q—1"

Lemma 3.6.1. Assume N >3, ¢ > %, and let ¢,d > 0. Suppose also that o > N — 2

and B > ~. If (u,v) is a positive solution of the problem

—Au+|Vu|? = a?, N
m RY\ B 3.6.1
{ —Av+ |Vo|? = du’, \ Br, ( )
such that
lim w(z)= lim wv(z)=0, (3.6.2)

|z|—>+o0 |z] =400

then there exists a positive constant C' > 0 such that
u< Clz|™®, v<Clz|?, for large |z].

Our next task is to obtain a similar result as that in Lemma 3.6.1 for a different range
of exponents. It is worthy of mention that the passage to the limit required in the proof is
slightly more delicate, since the second order term vanishes, therefore making it difficult
to deal with the limit equation in its full generality. This is the reason why we restrict

ourselves again to the context of radially symmetric solutions.

Lemma 3.6.2. Assume N > 3, ¢ > %,
a>N-2 08<~vyand@ > N —2. If (u,v) is a positive, bounded, radially symmetric

and let c,d > 0. Suppose in addition that

solution of the problem

cvP )
7 in RV \ Bg,,

—Au+ |Vul?
—Av+ |Vo|? = du’,
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3.6. Upper bounds when ¢ > % 63

such that img|—, oo u(x) = lim,|, 100 v(x) = 0, then there exists a positive constant C > 0
such that
u < Clz|™%, v < Cla|™?, for large |x|.

We have already remarked that the proof of the upper estimates just stated relies in
the doubling lemma in [63]. When applying this lemma and introducing a suitable scaling

we end up with positive solutions of several systems. When # > v the system so obtained

“Au = P,
{ w= ey

is

—Av = du®,
As commented in the Introduction, Liouville theorems for solutions of this system are not
fully understood. In our present context, however, it suffices to have the corresponding
nonexistence result for supersolutions, which has been obtained in [56] (see also [65] and
[72] for references). It was shown there that if @ > N — 2 then no positive supersolutions
exist (remember our assumption p > s).
When 3 = v, the system which arises is
{ —Au = o in RY. (3.6.3)
—Av+|Vo|? = du’,

We are not aware of any Liouville theorem for this system, so our next intention before
coming to the proof of Lemmas 3.6.1 and 3.6.2 is to obtain one.

Theorem 3.5. Assume N > 3, q > %, ps>1,a>N—2, 3=+ andc,d>0. Then
system (3.6.3) does not admit positive supersolutions.

Proof. Let us begin with a remark about the exponents. We claim that under our as-
sumptions we have ps > ¢. To show this, assume on the contrary that ps < ¢. Then

(ps—=D2-¢)<(¢-D2—-q) <qg—1<2q—1)(s+ 1),
that is, 5 =2(s+1)/(ps — 1) > (2 —q)/(g — 1) = ~, which is not possible by hypothesis.
Suppose that (u,v) is a positive supersolution of (3.6.3). Next we consider the func-

tions m,,, m, given by (3.2.1). As a consequence of the maximum principle,

inf u(x) = inf w(z) and inf v(x) = inf v(x),
[z|=R (@) [z|<R () |z]=R @) [z|<R ()

so that these functions are nonincreasing. Arguing as in the first part of the proof of

Lemma 3.2.1 we obtain for positive R the following inequalities

mP(2R) < cm;_z(f),
) ma(R) (3.6.4)
mi(2R) < c< )y i )
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64 Chapter 3. System with gradient terms

On the other hand, since u is superharmonic in RY, the function RV ~2m,,(R) is increasing
(see Corollary 3.1 in [27]; the proof of this fact is actually a modification of that in Lemma
3.4.1).

Therefore, there exists a constant C' > 0 such that m,(2R) > Cm,(R), for R > 0.
Hence, after replacing 2R by R in the first inequality of (3.6.4) we obtain:

mi(R) < ij%(f),
my(R)  mi(R) (3.6.5)
mir) < o (D, M0

for R > 0. We define
M,(R) = R®my(R) and M,(R) = R°m,(R).
Then, by (3.6.5), since 8+ 2 = (8 + 1)q = @s and p3 = @ + 2, we have

MP(R) < CM,(R),
M:(R) < CO(M,(R)+ MI(R)).

We deduce MP*(R) < C(M,(R) + MZ(R)). Since ps > g > 1, we see that M,(R) is
bounded and therefore, M, (R) is also bounded. This means that there exists C' > 0 such
that

my(R) < CR™, my(R) < CR™? for large R.

In addition, m,(R) > CR?>™V because RV ~2m,(R) is increasing, so that u(z) > C|z|>~V
for some C' > 0.

It follows that —Awv + [Vo|? > C|a|*®=2 > 2|52, since (N —2)s < as =  + 2.
By Lemma 3.4.1, we obtain that m,(R) > CR~?. Thus,

CR*™N < m,(R)

- _
_ - _ 3.6.6
CR? <m,(R) < ( )

for large R. If @ > N — 2 we get a contradiction, so assume that @ = N — 2. This would
imply

—Au>Cv? > Clz| ™ = Cla|™ in R\ Bg,, (3.6.7)
for large enough R;. Hence, Remark 3.4.3 would give, for large R, that m,(R) >
CR*Nlog R, which contradicts the upper estimate in the first line of (3.6.6) since @ =
N — 2 now. The theorem is proved. O
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3.6. Upper bounds when ¢ > % 65

Proof of Lemma 3.6.1. First of all, the assumption that w,v decay to zero at infinity
implies that they are bounded. Then arguing as in the proof of Lemma 3.3.1 we see that
both |Vu| and |Vv| are also bounded in, say RY \ Bog,. It also follows by that proof that
|[Vu| and [Vv| go to zero at infinity.

We claim that there exists C' > 0 such that for any z with |z| > 2R,

u(z) < Cd;%(x), v(r) < Cd(x),
—(@+1) —(B+1) (3.6.8)
|[Vu(z)| < Cd; (x), |Vu(z)| < Cd. (z),
Izl i 2l
for any x € B | z, 5 where d,(z) = dist | z,0B | z, 5 .

We introduce the function

1

(@) + |Vu(@)|77 + |Vo(z)|7

=

M(z) = uw(z) + v

and suppose that the claim is not true. Then there exist two sequences {z,},>1 and
{Yn}n>1 such that |z,| > 2Ro, yn € B(zn, |22]/2) and

M (y,) > 2nd_ *(yn).

Zn

By Lemma 5.1 in [63] there exists a sequence {z,},>1 such that =, € B(z,,|z,|/2),
M (zy,) > 2nd; ! (x,) and

M(y) < 2M(x,) for |y — z,| < nM*(z,).

Since u,v,|Vul|, |Vo| are bounded, we have 2nd_'(z,) < C, hence d., (z,) — +oo as
n — +oo. Therefore |z,| — 400, which implies that M(z,) — 0, since all the functions
involved in the definition of M go to zero at infinity.
We take 0, = M~(z,) — 400 and define for y € B,, the ball with radius n centered
at the origin,
Un(y) = O u(@n + Ony),
Tn(y) = 050 (2, + 6,1).

The functions u,,v,, are well defined. In addition,

|=

1
T + 70 + |Vitg|7 + |V0,|77 <2 in By, (3.6.9)

and )
@5 (0) + 04 (0) + |V, (0)|F7 + [V, (0)| 77 = 1.
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66 Chapter 3. System with gradient terms

They also verify the system

—AT, + 9§+2*(E+1)Q|vin‘q - d in B,. (3610)

ns

{—Aun+92+2(a+l)q|Vun‘1 =

Now we have to distinguish two cases:

i) B > 3%‘11. We have that @ +2 — (@+ 1)g < 0 and B+ 2 — (B + 1)g < 0. Since ,, U,
|V, | and |V7,| are locally bounded by (3.6.9), standard elliptic estimates imply that @,
and v, are locally bounded in C%®. Choosing a subsequence in the standard way we may
assume that (U,,7,) = (%,?) in C} (R™) with

AT =
{ Lo in RY, (3.6.11)

and

@ (0) + 97 (0) + |Va(0)|= + [Vo(0)|F+1 = 1,
which means that the pair (@, ¥) is nontrivial, therefore positive by the strong maximum
principle. By bootstrapping it actually follows that @, 7 € C*°(R"). Since @ > N — 2,
the system (3.6.11) does not admit positive solutions, and we get a contradiction. This
shows the claim when 8 > 3%‘{
i) 3 = 2;‘{. Now, system (3.6.10) becomes

q—

— AT, gat2- (@t Vi,|? = P
{ tn V| o in B,. (3.6.12)

—Av, +|Vy,|¢ = dut

n?

Letting again n — +oco in (3.6.12) as before we obtain that (u,,v,) — (@,) in C}_(R")
with
— AU — P
B “n in RY,
—AT+ |VO|? = du’,
and
@ (0) + 07 (0) + | Va(0)|=7 + |Vo(0)|7+1 = 1.

By Theorem 3.5 this is not possible. This shows the claim when 3 = 2%[11.
3.6.8) to arrive at

u < Clz|™® and v < C|m|‘ﬁ7 for a positive constant C' that does not depend on x. O

—~Q

To conclude the proof of the lemma, it suffices to take z = z in

Proof of Lemma 3.6.2. Let us start with a remark about the exponents involved. If we

assume that @ > N — 2, p > s, ps > 1 and 8 < v < @ then we claim that ps > ¢ and
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3.6. Upper bounds when ¢ > % 67

3 < v < a. The first part of this claim is proved in the same way as at the beginning
of Theorem 3.5. It is then easy to check that 8 < v if and only if 8 < ~. Indeed, a
calculation shows that

B—v ps—q
Note that v < N — 2 < & because ¢ > %
The proof of the upper estimates is similar to the proof of Lemma 3.6.1 but of course
with the important restriction that we now work with the radial version of system (3.6.1),

namely

N -1
—u" = ——d + T = P,
r

3.6.13
—v" = ?U’ + 7 = dud, ( !
for 1 > Ry. Let us remark that, by the same reason as in the proof of Lemma 3.6.1, we
have that w, v, u’,v" go to zero at infinity.
We are going to prove that if (u,v) is a positive bounded radial solution of (3.6.13),
then there exists C' > 0 such that for any p > 2R,

u(r) < Cd;%(r),
/(r)] < Cd, @), (3.6.14)
v(r) < 0d,P(r)

for r € I, = (p/2,3p/2) and d,(r) = dist(r, 01,) = min{r — p/2,3p/2 — r}.

Suppose that the claim is not true. Then there exist sequences {py, }n>1, {70 n>1 With
Pn > 2Ro, T € (pn/2,3pn/2) and

1

M(r) 1= b () + [/ (7) |77 + 05 () > 2 (7).

By Lemma 5.1 in [63], there exists a sequence {r,},>1 such that r, € (p,/2,3p,/2),
M(ry) > 2nd; ! (r,) and

M(r) < 2M(r,) if |r —rp| < nM ' (r,).
We take 6, = M~*(r,,) and introduce the scaled functions

U, (1) = 0%u(r, +6,7),
Ta(T) = GBu(r, +6,7),

for |7] < n. Iit follows similarly as before that d,, (r,) — 4+oco0. Then r, — 400 and
M(r,) — 0, so that 6, — +oo.
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68 Chapter 3. System with gradient terms

It is not hard to check that (,,7,) is a solution of the system

e A A LALE
7 T
On
(3.6.15)
_9(,@#»1)(17572 7" + N — 1@’ + w/ |q _ T
n n ;72 Jr T n n n?

for |7] < n.
Before taking limits in (3.6.15) let us prove that r,/6, — +oco. For this sake, observe
that M (r,)d,, (r,) > 2n — +oo, and

. n 3 n
d,, (rn,) = min {rn — %, % — rn} <7y

Then, r,/6,, = M(r,)r, > M(r,)d,, (r,) = +00, as claimed.
Next, notice that

i H 1
ui + v + |u,|77 <2 for |7| < n,

and

1

i (0) + 7 (0) + [, (0)] 71 = 1. (36.16)

Using the first equation of (3.6.15), we deduce that @ is locally bounded, hence, there
exists w € C'(R) such that

lim @, =% in C._(R).
n—>-too n loc()

By Lemma A.1 in the Appendix (cf. also Remark A.2), |7,| is also locally bounded, so
that there exists 7 € C(R) such that

lim v, =7 in Ci(R).
n—+00

Thus we may pass to the limit in (3.6.16) to obtain

1

s (0) +0

1

(0) + [ (O)]=7 =1, (3.6.17)

o=

which shows that (u,7) is nontrivial. Passing to the limit as n — 400 in the first equation
of (3.6.15) and taking into account that, by our hypotheses @ + 2 — (& 4+ 1)¢ < 0, we
obtain

—u'=c® nR (3.6.18)
in the weak sense, and standard regularity implies that the equation is verified in the
classical sense. On the other hand, taking limits in the second equation of (3.6.15) and
using that (B+ 1)g — B, 2 < 0 we have

[ =du® in R (3.6.19)
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 69

in the viscosity sense (cf. [45]). We claim that this is impossible. By (3.6.18), we see that
u is concave, but since @ is nonnegative and bounded, it has to be constant. Hence v = 0
by (3.6.18), so that, by (3.6.19), we get w = 0 which contradicts (3.6.17). This shows

(3.6.14).
Taking r = p in (3.6.14) we obtain that u < Cr~® and v < Cr~# for large r and a
positive constant C' which does not depend on 7. |

3.7 Proofs of Theorems 3.1, 3.2 and 3.3

In this section we collect the proofs of our main theorems of this chapter. After the
preliminary work done the proofs are reduced to compare the lower and upper estimates
for a positive radial solution of (3.1.1) to arrive at a contradiction. In some cases, we do
not have an immediate contradiction between these estimates, so an extra analysis has to
be carried out, which involves Lemma S in Section 2.7 of Chapter 2.
Before proceeding to the proof of Theorem 1, we recall that the relevant exponents in
2—q _ alptaq) q(s+q)

N
the case 1 < ¢ < z—7 are v = T o= g and 8 = e The exponents a and 3

verify q(a+1) = pB and ¢(B + 1) = sa.

Proof of Theorem 3.1. Assume there exists a positive supersolution (u,v) of (3.1.1) and
choose ¢ > 0. By Lemma 3.3.3, there exists a positive, bounded, radially symmetric

solution (z,w) of

Az |V = A — e)u?
{ 2 +IVz (6, — ey in RN \ Bg,, (3.7.1)

—Aw + |Vw|? = p(fy —e)z",

for some R; > Ry.
By Lemma 3.5.1.a) we arrive at an immediate contradiction if ps < ¢*. If ps = ¢2, by
Lemmas 2.3.3.a) and 3.5.1.b), we deduce

_ _p _
Cr 7 <z<(Cyr de C”,

which is a contradiction for large 7. This shows part a).
If ps > ¢* and o > 7 then by Lemmas 2.3.3.a) and 3.5.1.c) we have that

Cr7<z<Cr™°,

which is again a contradiction for large r. This shows b).
Now assume that o = § = . By Lemmas 2.3.3.a) and 3.5.1.c), we have for large r,

Cir=® < 2(r) < Cor™® and C1r~? <w(r) < Cyr™?.
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70 Chapter 3. System with gradient terms

We take t; = liminfz(r)r® and t, = liminfw(r)r?, both limits being finite and positive.
r—4o00 r—+4o00

By Lemma S, there exist sequences {ry},>1 and {s, }n>1 with r,, s,, — +00, and

nETooTSz(rn) = b ngrfmsgw(sn) = b
ngrfoorg“z’(rn) = —aty, ngrfoosﬁ“w’(sn) = —fty,

lim 7ot22"(r,) > a(a+ 1)ty lim s2*2uw’(s,) > B(B+ 1)ta.
n—+o00 n—-+00

By multiplying the first equation in the radial version of (3.7.1) by 7*2 and passing to

n

the limit (taking into account that o + 2 = ¢(a + 1) = pf) we obtain
a(N =2 —a)t; + a%] > N6, — e)th.

Arguing similarly with the second equation in (3.7.1) evaluated at s,, we find
BN —2 = B)ts + B3 > u(0 — €)t].

We can now let ¢ — 0 to obtain a contradiction with (3.1.5). This shows c).
The proof of d) is similar. Assume that 8 < a = v and (3.1.6). By Lemmas 2.3.3.a)
and 3.5.1.¢)
Cir~* < z(r) < Cyr™® and Cyr 7 < w(r) < Cyr?,

Our immediate aim is to improve the lower inequality for w. Notice that
—Aw + |Vw|? > Cz* > Or—* = Cr~ 1P+,

so by Lemma 3.4.2, we obtain w > Cr~? for large r. Hence it makes sense to define
t; = liminfz(r)r® and t, = limjnfw(r)rﬁ, both limits being finite and positive.
r—400

7—+00
By Lemma S, there exist sequences {r, }n>1 and {s,}n>1 with r,, s, — +o0, and

ngriloor;jz(rn) = t, ngrfoosgw(sn) = g,
nETooTSHZ/(T") = —aty, 7L£Tms£+1w’(s,L) = —ftg,
Jim gt () > a(a+ Dt L siPu(s) = B8+ D,
Arguing as before we have
a(N =2 —a)t; + a%! > M6 — e)ib. (3.7.2)

On the other hand,

N-—-1
—w" — ——w' + || > p(fy — €)2®,
r
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 71

and multiplying by s10) we obtain that

S%(B+1)—l3—2 (—S?quﬂ(sn) _ (N _ 1)Sg+1w/(sn)) + |sff1w/(sn)\q > (3 . 3)
w(ly —€)(s%2(sn))*. o
Observe that ¢(8 + 1) — 8 —2 < 0. Then passing to the limit as n — +oo in (3.7.3) we

arrive at
BUd > u(by — e)t;. (3.7.4)

Finally, letting ¢ — 0 in (3.7.2) and (3.7.4) we contradict (3.1.6). This concludes the
proof. O

We consider next the case ¢ > % Recalling that p > s, the relevant exponents are

_2-q = _ 20p+D) 7 _ 26+ ~ _ q(p+2) 3 _ qt2s
7= T o B= ps—1 ' " T ps—q and f = ps—q
means of the following pair of systems

a+2 = pB a+2 = pB
_ and ~ ~
8+2 = sa qB+1) = sa.

These exponents are defined by

Proof of Theorem 3.3. Assume (u,v) is a positive supersolution of (3.1.1) which does not
blow up at infinity. Then, by Lemma 3.3.3 there exists a positive, radial supersolution

(z,w) of the system

A Vit = P
{ z+|Vz| cw (3.75)

—Aw+ |Vuw|! = dz,

in RV \ Bp, for suitable R, > Ry and positive values of ¢ and d. Observe that we can

always assume that ¢ < 2 (cf. Remark 3.3.2). By Lemma 2.3.3.c), we have that
z,w > Cr* N, (3.7.6)
We first show b). Suppose that @ > N — 2 and 3 > v. By Lemma 3.6.1 we obtain
2<Cr % w< or>.

If @ > N —2 we get a contradiction with the lower estimate in (3.7.6), so we may suppose
that @ = N — 2. We have:

—Aw + |Vw|? > Cr—sWN=2) _ cp—sa _ Cr,(BJrQ)?
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72 Chapter 3. System with gradient terms

and by Lemma 3.4.1, w > Cr~? for large r follows. Thus we have obtained so far

017“70‘ < 02
Co

«
r )
o~

z <
Cir P <w<

)

where all involved constants are positive. We can apply Lemma S, in order to get a

number 6 and a sequence {r, },>1 such that r, — +oo,

0,

nggloo sz (Tn)

lim 722/ (r,) = —ab,
n—+0o0o

lim 79722"(r,) > a(a+1)6.

n—-+4oo

Multiplying the first equation in the radial version of (3.7.5) by r®2 and evaluating at
r, we obtain that

— T2 () — (N — 1)rS 2 (r) + 70212 (1) |9 = cw? ()22 = c(w(r,)r)? > C.

Note that

PR ()1 = p A )1
so that taking limits in (3.7.7) we get
0=af(N-2—-a)=-a@+ 1)+ (N—-1ad>C >0,

and we arrive at a contradiction. This shows b).
Next we show c). Suppose that @ > N —2, 8 <y and @ > N — 2. Then by Lemma
3.6.2 we obtain

z < C’r_a7 w < Or b,

If @ > N — 2 we get a contradiction with the lower estimate (3.7.6), so we can suppose
a = N — 2. We have:

—Aw + |vw‘q > CT_S(N_2) _ C?"_Sa _ CT‘_q(E_H)

and by Lemma 3.4.2, w > Cr? for large r. Thus

<z<
Cir 8 <w< Cyr P
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3.7. Proofs of Theorems 3.1, 3.2 and 3.3 73

where all involved constants are positive and we finish as before with the aid of Lemma
S: there exist a number # and a sequence {r, },>1 such that r, — +oo,

ngrfoornz(rn) =0
lim 7
n—+0o00 ~

lim 79722"(r,) > a(a+1)6.

n—-+oo

)

() = —af

Multiplying the first equation of the radial version if (3.7.5) by r®+? and evaluating at 7,
we obtain that

=1 () = (N = DrE () + 75922/ ) (378)

= cwP(r,)rét? = c(w(ry)rd)P > C
Then taking limits in (3.7.8) we get:
0=a(N-2-a)=—-a(@+1)§+(N-1)ab > C >0,

and we arrive at a contradiction. This contradiction shows c).
To conclude the proof only a) remains to be shown, so suppose ps < 1. Since w — 0

we deduce
cwPtt,

— q
{ Az +|Vz| in RV \ B, (3.7.9)

>
—Aw+ [Vw|? > dz°,

for any ¢t > 0, for a conveniently large value of Ry. Fix € > 0 and choose ¢ such that
(p +t)s = 1+ e. The exponents involved in the nonexistence of supersolutions for the
system (3.7.9) are:

20 +1) 2(p+t+1) (s+1) 2(s+1)

_ - 2
4= ps—1 € ’67])’5—17 e

where p = p +t. Choosing ¢ small enough we have that @, 3 > N — 2, so we may apply
b) to get that system (3.7.5) does not admit positive supersolutions which do not blow
up at infinity. O

We complete the proofs of our Liouville theorems for system (3.1.1) by considering the
threshold value ¢ = % In this case, we take advantage of Theorem 3.1, and perturb
q= % to obtain the desired nonexistence theorem. In this regard, it is important to
recall that if there exists a positive supersolution which does not blow up at infinity of
(3.1.1) and ¢ < g, then there also exists a supersolution of (3.1.1) with ¢ replaced by ¢’

(see Remark 3.3.2).
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74 Chapter 3. System with gradient terms

Proof of Theorem 3.2. Assume that (u,v) is a positive supersolution of (3.1.1) which does

N
N-1

Suppose that ps > ¢* and a > v = N — 2, then by continuity there exists ¢ < &
such that ps > (¢)* and o’ = ¢'(p + ¢')/(ps — (¢')*) > (2~ ¢)/(¢' = 1) =7, so applying

Theorem 3.1.b) we get a contradiction. This shows b).

Suppose that ps < ¢?. Again there exists ¢ < % such that ps < (¢')? and by

not blow up at infinity for ¢ = and p > s.

Theorem 3.1.a) we get a contradiction.

If ps = ¢, we fix e > 0 and take ¢ = g —e. Then ps > (¢')? and ¢’ < % In order to
use Theorem 3.1.b) we have to check that o = ¢'(p + ¢')/(ps — (¢')?) > 2 —¢) /(¢ — 1),
but

o la—e)ptag—¢) (a—e)lptg—¢e)
ps —q? — g2 + 2eq e(2q —e¢)
Taking ¢ > 0 small enough we obtain that a > (2 —¢')/(¢' — 1) and we can use Theorem

3.1.b) to get a contradiction. This concludes the proof. O

3.8 Supersolutions blowing up at infinity

In this section we deal with positive supersolutions of (3.1.1) which blow up at infinity.
For this type of supersolutions the reduction to radial solutions is not needed. Actually,
the reduction performed in Lemma 3.3.1 is sufficient. The proof of Theorem 3.4 is similar

to the proof of Lemma 3.5.1.

Proof of Theorem 3.4. Assume that (u,v) is a positive supersolution of (3.1.1) which
blows up at infinity. Then by Lemma 3.3.1 there exist R; > Ry and a positive radial
supersolution (z,w) of (3.1.1) with 2/,w’ > 0 and z,w — +o00 as r — +o0. By (3.1.9),
we also have
="+ ()1 > CuP,
—w’" + (W) > Cz*
for r > R, and some C > 0.
We consider the functions
Hy(r) = CwP —2(2')1,
Hy(r)=Cz® —2(w')1,
for r > Ry. Assume 19 > Ry is such that Hq(rg) = 0. It is easily checked that
Hi(ro) = CpwP'w' —2q()1 12"
CpwP~tw' +2¢(2") 7 (CwP — (2')7)
= Cpuw’ '’ +2q(z")* ' > 0.

A%
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3.9. Optimality of the nonexistence results 75

Hence H; may vanish at most once, so it has constant sign for large r. We claim that
H, < 0 for large r. Suppose that H; > 0 for large r; then there exists 1o > R; such that

C
-2 > pr > § for r > ry.

By integrating twice between ry and r it follows that

Z(T) < Z(TO) + Z/(To)(r — TO) — é(r — 7"0)2 — —00,

2
which is a contradiction. This shows the claim. It is shown similarly that Hy < 0 for
large r.
Thus we have ,
Z > Cws,
s (3.8.1)
w > Cza

for a different constant C'. By means of a scaling we can suppose in the rest of the proof
that C' = 1.

We introduce the change of variable ¢t = H(r) := f:l wP/(7)dr, where r| is large and
fixed, and we denote Z(t) = z(r) and W(t) = w(r). Observe that Z, W are defined in
(to, +00) for some to > 0 with limy_, oo Z(¢) = lim;_,, o W (t) = +00. By (3.8.1), we have
Z(t) > t. In addition,

dw w’ 2/ ts/4
A el wiln S Wl
Then, integrating (3.8.2) we obtain that

(3.8.2)

W(t) > Ctvid, for t > to.

That is,
p(s+q)

/ — .yP/a — TyP/a pacal
H'(r) = w”(r) = WP(t) > Ctarro = CH %o (7).

But ZE;:; > 1 because ps > ¢>. This implies that H blows up in finite time and we get

a contradiction. The proof is concluded. |

3.9 Optimality of the nonexistence results

In this section we will show that all nonexistence theorems of this chapter are essentially

sharp.
We begin considering supersolutions not blowing up at infinity. Thus we assume
t t
vy = limsup ) < 400, vy =limsup 9t < 400 (3.9.1)
t—0 P t—s0  t°
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76 Chapter 3. System with gradient terms

and (p, g, s) does not verify any of the hypotheses in Theorems 3.1, 3.2 and 3.3 (observe
that #; and 6y in (3.1.5) and (3.1.6) have to be replaced by 14 and ). Then positive
supersolutions can be explicitly constructed. They are all of the form

u=Alz|™, v=B|z|?, (3.9.2)

where A, B, a,b are positive numbers. By condition (3.9.1), it is sufficient to have, for
large |z|, the inequalities
a(N — 2 — a)Alz| =2 4 g1 A9|z|~alet+D)
b(N — 2 — b)B|z|~t+?) 4 p1 B |~ab+D)

CBP|x| 7P,

>
> DAJa| -,

(3.9.3)

where we have set C' = \(vy + 1), D = p(v2 +n) and n > 0 is chosen as small as desired.
Thus a distinction into cases is mandatory.
First, suppose 1 < ¢ < %, p>sand ps > ¢°. Weset a=qa, b= f (given by

(3.1.4)). If 8 < o < v, it is sufficient to choose A, B verifying
alA? > CBP,

(3.9.4)

B1B?T > DAS.

It can be checked that

1 1

a?’ gra po-a? 1B pr—
1= (acsimm) + 2= (wraos) 909

is a possible election for A and B to verify (3.9.4).
When = a =~ then (3.9.3) is implied by

a(N —2—a)A+ Al
B(N —2— B)B + BB

)\(Vl + U)Bp7

>
> (e +n)A*,

while for § < o =7, it is sufficient to solve the system of inequalities

a(N—2—a)A+a?A? > A +n)B?,
BiBY > u(ve +n)A*.

This shows that Theorem 3.1 is sharp.

With regard to Theorem 3.2, suppose next that ¢ = %, p>s, ps>q®and a <
N — 2 = ~. In the same way as before it can be proved that positive supersolutions of
(3.1.1) of the form (3.9.2) can be found, by simply choosing ¢ = o, b = § and A and B
as in (3.9.5). Thus Theorem 3.2 is also sharp.
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3.9. Optimality of the nonexistence results 7

N
N-1’

distinguished: the first one arises when @ < N — 2. In that case, it is enough to take

Finally, suppose that ¢ > p > s and ps > 1. Two further cases have to be

a=a, b= f given by (3.1.7) and A, B verifying

a(N-2-a)A

SN —2—B)B (3.9.6)

It suffices to choose, for instance,

1

. (a(N—Q—a)Bp(N—Q—B)P)’”_l7

CDr

B= (QS(N_Q—Q)Sﬁ(N—Q—ﬂ)yL.

CsD

We remark that the pair (u,v) is a positive supersolution for (3.1.1) also when ¢ > 2
(they are indeed a supersolution of the system (3.6.11), where the gradient term does not
appear).

The second case is obtained when @ > N — 2, f < yand @ < N — 2. It is easy to
check that in this case we necessarily have E <7 < N —2. So, it is now enough to take
a=a,b= B given by (3.1.8) and solve the system of inequalities

a(N-2-a)A
Bapa

B,

2
> DA,

one of whose solutions is

1 1
QUN — 2 — §)agra \ >4 G5(N — 2 — &)1\ > ¢
A_(a(]\f 2—a)ip > ’ B_(a(N 2 a)ﬁ) .

CapDr CsD

Notice that ps > ¢ by our hypotheses (see the beginning of the proof of Lemma 3.6.2).
This shows that Theorem 3.3 is optimal.

With regard to supersolutions of (3.1.1) which blow up at infinity, we next assume:

t t
limsupM < 400, limsup @ < 400
t—+oco P t—sdoo T°

with positive p, s verifying ps < ¢%. In this case, it is easily checked that (e®”,e’T) is a
positive supersolution of (3.1.1) for large Ry whenever a = % and f is large enough.
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Chapter 4

Systems with linear growth in the

gradient

We will analyze next the elliptic system considered in the previous chapter, but now we

are setting ¢ = 1, and we will restrict attention only to power functions, that is

—Au+|Vu| = P, N
in RY \ Bg,. 4.1.1
{ —Av + |V s \ Br, ( )

pu®,

where p,s > 0 and \, u > 0.1
We have chosen to restrict to power nonlinearities because in this case we will be able
to give existence and nonexistence results all in one. Of course, almost everything remains

unchanged if we consider the more general problem

{Au+|Vu| = Af(v)

in RN\ B,
—Av+ (Ve = pglu), \Br

where f and g are positive, nondecreasing, continuous functions behaving like a power

near zero or infinity.

4.1 Existence and nonexistence results

It goes without saying that in the present situation, supersolutions can also be divided

into two types: those which verify

lim wu(z)= lim ov(z) =400 (4.1.2)

|z|—=+o00 |z] =400

and those which do not. We begin by considering the latter ones.

IThe results in this chapter are contained in [17].
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80 Chapter 4. System with ¢ =1

Theorem 4.1. Assume N > 2. Then:

a) If ps < 1, then there are no positive supersolutions of (4.1.1) which do not blow up
at infinity for any A\, u > 0.

b) If ps > 1, then there exists a positive supersolution of (4.1.1) which does not blow
up at infinity for every A, p > 0.

c) If ps =1, then there ezists a value X(p) > 0 such that, if A\u? < ¥ problem (4.1.1)
admits positive supersolutions which do not blow up at infinity, while for A\u? > %

no such supersolutions exist.
A similar statement holds for positive supersolutions which verify (4.1.2).
Theorem 4.2. Assume N > 2. Then:

a) If ps < 1, then there exists a positive supersolution of (4.1.1) which blows up at
infinity for every A, pu > 0.

b) If ps > 1, then there are no positive supersolutions of (4.1.1) which do blow up at
infinity for any A, u > 0.

¢) If ps = 1, then there exists a value X(p) > 0 such that, if \u? < 3 problem (4.1.1)
admits positive supersolutions which blow up at infinity, while for Au? > X no such
supersolutions exist.

It is to be noted that the proofs follow essentially the same lines as in the previous

chapter, with some obvious modifications.

4.2 Lower and upper estimates

We obtain in what follows some estimates for radially symmetric positive solutions of
(4.1.1). They are essentially different from those obtained in Lemma 2.3.3.

Lemma 4.2.1. Let z € C?(Ry, +00) be positive and verify

N -1
-2 - 2+ 2] > 0 in (Rg, +00). (4.2.1)
r

Then:

a) If 2/(r) < 0 and lim,_, o 2(r) = 0, there exists a positive constant C' such that

2> Cri Ne™
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4.3. Proof of Theorems 4.1 and 4.2 81

for large r.

b) If 2/(r) > 0, there exists a positive constant C' such that
z < Ce"
for large r.

Proof. We consider first case a). Multiply the equation (4.2.1) by »¥~! and define w(r) =

—rN=12/(r). Then, we obtain

By integrating between Ry and r, we have that
w>Ce™" in (Ry,+00),

where C' > 0. Hence,

—2 > CrtNe

for large r. We now integrate between r and +oo and use the fact that lim,_, ., z(r) =0,

+o0 +o00
z(r) = —/ 2 (s)ds > C/ st Nemds,

for large enough r. Then a) follows because, using 'Hopital rule

+o00
/ Sl_NG_SdS ~ ,’,l—Ne—r
T

to get

as r — +00.

As for b), assume that 2’ > 0. Then (4.2.1) immediately implies

"

z
—=+120.
z
By integrating twice between Ry and r, we obtain
z < (Ce".

This concludes the proof. |
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82 Chapter 4. System with ¢ =1

4.3 Proof of Theorems 4.1 and 4.2

The proof of Theorems 4.1 and 4.2 is also based on obtaining appropiate bounds which
will be in contradiction with the ones given in Lemma 4.2.1. We start our way to the
proofs with two lemmas where only nonexistence results for system (4.1.1) are obtained.

As in the previous chapter, it is possible to show that the existence of a positive
supersolution of (4.1.1) implies the existence of a radially symmetric supersolution of the
same type. That is, Lemma 3.3.1 is still valid for problem (4.1.1), with the only difference
that the gradient bounds of [51] have to be replaced by those in Chapter 4 of [49].

Lemma 4.3.1. Assume N > 2. Then:
a) If ps < 1, then there are no positive supersolutions of (4.1.1) which do not blow up
at infinity.
b) If ps =1 and
AP > ]%7 (4.3.1)

then there are no positive supersolutions of (4.1.1) which do not blow up at infinity.

Proof. Assume that (u,v) is a positive supersolution of (4.1.1) which does not blow up
at infinity. Then, as remarked above, there exists a radial positive supersolution (z,w)
of (4.1.1) which does not blow up at infinity. In addition, the functions z and w verify
2w < 0and lim, 1 2(r) = lim,_, ;o w(r) = 0. Hence, the pair (z,w) is a supersolution

of the system

in (R, +00).

/
—w' —

We introduce the functions
Hi(r) = AwP(r) + az'(r),
Hy(r) = pzs(r) + aw'(r),
for r > Ry where a > 1 will be chosen later. Let ry > Ry be any point where H;(rg) = 0,

ie. AwP(rg) = —az'(ry). Using that w is nonincreasing, we obtain that

N—-1

Hi(rg) < MpwP(ro)w'(ro) —a (

< —a?'(ry) (NR L a+ 1) .

2 (ro) + 2 (ro) + )\wp(ro))
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4.3. Proof of Theorems 4.1 and 4.2 83

If we choose for instance a = N/Ry + 1, we see that H/(ro) < 0. This implies that the

function H; may vanish at most once, and in particular it has a constant sign for large .

Observe that for large enough Ry the value a can be chosen as close to 1 as we want.
We claim that H; < 0 for large . Suppose not. Then \w? > —az’ for large r, so that

-2 > (a + + 1) 2> -C,

r
where C' > 0. Integrating twice between ry and r yields
—2(r) > Ce“" + D,

for large r. We arrive at a contradiction when r — +o00. Thus we conclude that H; < 0,
and in the same way it is shown that Hy < 0.
Therefore we have proved that, for large enough r,

{ —2'(r) > qquwP(r),

—w'(r) > c2(r),

where ¢; = A/a and ¢y = p/a. Next, we introduce the change of variable
+o0
t=H(r):= / co2°(T)dr,
and we denote Z(t) = z(r) and W (t) = w(r). The function H is well defined since
+o0 +oo
/ 2 (T)dT < / —w'(7)dT = w(r) < +oo. (4.3.2)

Observe that Z, W are defined in an interval of the form (0, §) for some 6 > 0 and verify
Z(0) = W(0) = 0. By (4.3.2), we see that W (t) > t. In addition,

o 2(r) awf(r)  cWP(t) cpt?
21 = epzs(r) ~ cozs(r)  caZs(t) ~ Z5(t)

Hence, Z5(t)Z'(t) > ¢1/cot? and integrating between 0 and ¢ we obtain

1
1 1
Z(t) > (Cl(sﬂtwl) .
ca(p+1)
Rewriting this inequality in the original variables we have

2(r) > ((CMHPJA(T)) w1 |
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84 Chapter 4. System with ¢ =1

Since H'(r) = —cp25(r), we see that
EEZ R
—H'(r) > c (Cl(s + 1)) " H%(r)
e +1)
Integrating between 1y and r we get
- / H 5P H'dr > D(r — ro), (4.3.3)

T0
where .

D= <C<8+1>) o

c(p+1)

Next, we have to distinguish two cases depending on the relative position of the exponents

s+l and 1.

s+1
First case: % < 1. This condition is equivalent to ps < 1. By (4.3.3),
1—ps 1—ps
H>s+1 (7“) — H>+1 (TO)
— = > D(r —ry).
s+1

Letting r — 400 and taking into account that H(r) — 0 we arrive at a contradiction.
This shows a).

(41
Second case: 2&+D

s+1

= 1. This condition is equivalent to ps = 1. By (4.3.3),
—log H(r) + log H(ro) > D(r — ro).

Hence, H(r) < Ce P, where C' > 0. Then,
+o0
/ co2*(T)dr < Ce P (4.3.4)
On the other hand, Lemma 4.2.1 implies

+o00 oo
/ S(r)dr > [ CrUNe i > OpsN) (4.3.5)

for large r, where we have used again 1'Hopital rule for the last inequality. Combining
(4.3.4) and (4.3.5), we see that necessarily

1)\ =1
D=c (CI(SH> <s. (4.3.6)
c(p+1)

Using that ps = 1 and the definition of ¢; and ¢y it is not hard to see that (4.3.6) is

equivalent to
P < ap+1i_
N js
Taking into account that a can be chosen as close to 1 as we want, we arrive at a contra-
diction with (4.3.1). This concludes the proof. O
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4.3. Proof of Theorems 4.1 and 4.2 85

Our next result is the analogue of Lemma 4.3.1 for supersolutions which blow up at
infinity. The proof is entirely similar to that of Lemma 4.3.1, with the only difference
that Lemma 4.2.1 gives upper bounds for the solutions, while lower bounds are obtained
with the introduction of the functions H; and H,. We will not give the details.

Lemma 4.3.2. Assume N > 2. Then:
a) If ps > 1, then there are no positive supersolutions of (4.1.1) which blow up at

infinity.
b) If ps =1 and

1
D
AuPf > prl (4.3.7)
then there are no positive supersolutions of (4.1.1) which blow up at infinity.

Our next step is intended to show the existence of the value ¥ in the statement of

Theorems 4.1 and 4.2 when ps = 1. It states that the existence of a positive supersolution
of

—Au+ |Vu AP,
[Vl 0 (4.38)

—Av+ V| = pou?,
for some pair (Ao, 1o) implies that the system admits a positive supersolution for any pair
(A, u) such that AP < Agub. Moreover, the supersolution so obtained blows up at infinity

if and only if (u,v) does.

Lemma 4.3.3. Assume N > 2 and ps = 1. Let (u,v) be a positive supersolution of
system (4.3.8) for some Ao, o > 0. Then, for every pair (A, u) such that

Xopthy > AP >0 (4.3.9)
there ezists a pair (w,v) such that
—Au+|Vu| > P,
. ‘ ~| - _ m ]RN \ BRO-
—AT+ VY| > pwd,

Moreover, (w,v) blows up at infinity if and only if (u,v) does.

Proof. Let o = Ao/, so that pga® > p. Consider the functions @, v defined by
~ 1
u=—u, v="10.
a
Then it is easily seen that (u,v) is a supersolution of system (4.3.8) with Ay, p1o replaced
by A, p. Indeed,

~ ~ Ao~
—Au+|vVa > 2w = W,
@
—AV+ VY| > peatut > pud,
in RV \ Bg,, and the lemma is proved. |

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX

Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de MIGUEL ANGEL BURGOS PEREZ

UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de JORGE JOSE GARCIA MELIAN

UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10
En nombre de ERNESTO PEREDA DE PABLO

101/135



86 Chapter 4. System with ¢ =1

We finally come to the proof of Theorem 4.1. We will not give that of Theorem 4.2,
which is entirely similar (modeled on Lemma 4.3.2).

Proof of Theorem 4.1. Case a) is an immediate consequence of Lemma 4.3.1. As for b),
it is easy to check that (e=l#l e=Al7l) is a positive supersolution of (4.1.1) for large Ry
whenever a = %, 8= iﬁf—ﬂ) and € > 0 is small enough.

So only part ¢) remains to be proved. Thus assume ps = 1. It is not hard to check
that, when A, p are small enough, the pair (e=*?l, e=#I7l) is a supersolution of (4.1.1)
when « = pf and 8 > 0 is small. On the other hand, by Lemma 4.3.3, if problem (4.1.1)
admits a positive supersolution which does not blow up at infinity for some Ag, o > 0,
then the same is true for every values A, u > 0 such that Au? < Agub. Therefore, it makes

sense to define

5 { AP problem (4.1.1) admits a positive supersolution }
=supq AuP: :

which does not blow up at infinity

By the above discussion and Lemma 4.3.1, it follows that ¥ is finite and positive, while
it is clear by its very definition that there exists a positive supersolution of (4.1.1) which
does not blow up at infinity whenever Au” < X, while no such supersolutions exist when
AP > X, The proof is concluded. O
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Chapter 5
Fourth order equations

Our purpose in the present chapter is to obtain Liouville theorems for positive superso-

lutions of the problem
(—A)*u = g(u) in RV \ Bg,, (5.1.1)

where ¢ is a continuous function in [0, +00) which is positive in (0,+00), as in previous
situations.
In order to reduce technicalities to a minimum, we will be dealing now with classical

supersolutions u € C*(RY \ Bg,), verifying the equation in (5.1.1) pointwise.!

5.1 Nonexistence results

As we have already pointed out, equation (5.1.1) is equivalent to the system

{ —Au=v .
in RV \ Bp, (5.1.2)
—Av = g(u),
We follow the same approach as in the rest of our Liouville theorems: reduction to a radial
setting and obtention of nonexistence results for radially symmetric solutions. However,
this procedure cannot be followed for arbitrary functions g, since it is well-known that
the method of sub and supersolutions for systems strongly depends on the monotonicity
of the involved functions (cf. for instance Chapter 8 in [61]).

Therefore, we will assume in our main results that g is nondecreasing, which will make

system (5.1.2) of cooperative type and allow us to perform the desired radial reduction.

IThe results in this chapter are contained in [20].
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88 Chapter 5. Fourth order equations

Theorem 5.1. Assume g is continuous and nondecreasing in [0,+00) and positive in
(0,400). When 1 < N < 4, problem (5.1.1) does not admit any positive, classical super-
solution u verifying —Au > 0 in RN\ Br. If N > 5, then such supersolutions exist if and

only if
* g(s)
= ds < +00

S N—4

(5.1.3)

for some § > 0.

Remark 5.1.1.

a) The sufficiency of condition (5.1.3) for the existence of positive supersolutions of (5.1.1)
does not require g to be nondecreasing. Actually, it will be shown in Section 5.3 that
condition (5.1.3) is necessary and sufficient for the existence of positive, radially symmetric
solutions of (5.1.1), without the monotonicity assumption.

b) The requirement that the supersolutions verify —Au > 0 is by no means superfluous.
When the nonlinearity g verifies

t
lim sup @ < 400 or

t
limsup& < 400, (5.1.4)
50+ t

t—+o00

then positive supersolutions u of (5.1.1) can be constructed, which do not verify —Au > 0
(cf. Remark 5.4.1 in Section 5.4). This applies in particular to the nonlinearity g(t) = ¢?
where p > 0 is arbitrary.

As already observed, the condition —Aw > 0 for positive supersolutions is important in
order to obtain a Liouville theorem, and examples can be constructed where the superso-
lutions do not enjoy this property. However, when problem (5.1.1) is posed in RY instead
of an exterior domain, it can be sometimes concluded that all positive supersolutions
verify —Awu > 0. Thus we restrict our attention in what follows to the problem

in RV,

(5.1.5)

where ¢ is as above.
The following result is fairly general.

Theorem 5.2 (Liouville theorem in RN). Assume N > 5. In addition to the hypotheses

verified by g in Theorem 5.1, suppose that g is conver and

lim inf % >0 (5.1.6)

t——+o0

)
9(s)
/ 2(N-2) ds
0 g N—4

then problem (5.1.5) does not admit positive classical supersolutions.

for some p > 1. If

= —"—OO7

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003

La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX

Firmado por: UNIVERSIDAD DE LA LAGUNA

En nombre de MIGUEL ANGEL BURGOS PEREZ

Fecha: 24/01/2017 18:48:18

UNIVERSIDAD DE LA LAGUNA
En nombre de JORGE JOSE GARCIA MELIAN

24/01/2017 19:00:54

UNIVERSIDAD DE LA LAGUNA
En nombre de ERNESTO PEREDA DE PABLO

26/01/2017 12:30:10

104 /135



5.2. Reduction to the radial setting 89

As customary, an important particular case of Theorem 5.2 is obtained when we set
g(t) =, p > 1. In this way, we obtain a different proof of one of the results in [58] (see
Example 5.2 there).

Corollary 5.1.1. Assume N > 5 and 1 <p < %, Then the problem
(—A)u = uP in RY

does not admit positive classical supersolutions.

5.2 Reduction to the radial setting

The purpose of this section is to show that, when ¢ is nondecreasing, the existence of
a positive supersolution u of (5.1.1) with the additional property —Awu > 0 implies the
existence of a radially symmetric positive solution of the same problem with the same
property. We know that, by enlarging Ry in (5.1.1) we can always assume that u is
smooth up to 0Bpg,, and the inequality in (5.1.1) is verified on 0Bg,. We will tacitly

assume that this has been done everywhere.

Lemma 5.2.1. Assume N > 2 and g is nondecreasing and positive in (0,4+00). If there
exists a positive supersolution u of (5.1.1) with —Au > 0 in RY \ Bpg,, then there exists

a radially symmetric positive supersolution z of (5.1.1) which also verifies —Az > 0 in

RN\ Bg,.
Proof. Denote v = —Au. Then it is clear that the pair (u,v) is a positive supersolution
of the system
—Au=v N
in RY \ Bg, (5.2.1)
—Av = g(u),

which is of cooperative type, since g is nondecreasing. Our intention is to show that
(5.2.1) admits a positive, radially symmetric solution with the use of the method of sub
and supersolutions.

For R > R, we consider the functions:

my(R) = g\lir}gu(:c) my,(R) = llzllliI}%U(l’) (5.2.2)

(cf. Chapter 3). Now, for Ry > R, consider once again the annulus A(Ry, R1) = {z €
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90 Chapter 5. Fourth order equations

RY : Ry < |r| < R;} and the boundary value problem:

—Au=v A
Ay — g(u) m (Ro, Rl)
Wonr, = () (5.2.3)
VjoBR, = Mu(Ro)
W|oBR, = my(Ryp)
U|03R1 = mv(Rl).

By definition (5.2.2) we see that (u,v) is a positive supersolution of (5.2.3). However,
since g is not smooth enough to directly use the method of sub and supersolutions, we
approximate it as follows.

Let a = infa(ry,r,)u > 0, b = supy(g, ., v < +00 and choose a sequence of nonde-

creasing smooth functions g, such that

1
sup |g, — g] < —. (5.24)
[a,0] n

1

Observe that, if n is large enough, it follows by the positivity of g in [a, b] that g, > - in

[a,0]. Now consider the problem

—Au=wv
in A(Ro,R1)

WoBg, = mu((Ro) (5.2.5)

As a consequence of (5.2.4) we have that (u,v) is a positive supersolution of (5.2.5). Let us
construct a comparable subsolution (u,v). For this aim, denote by ®(r) the fundamental

solution of the Laplacian in RY, namely:

logr N =2
We define: Ro) R
o) = T R @) — () + ()

Este recibo incorpora firma electrénica de acuerdo a la Ley 59/2003
La autenticidad de este documento puede ser comprobada en la direccién: http://sede.ull.es/validacion

Identificador del documento: 849487 Cadigo de verificacion: 9H/bHNOX
Firmado por: UNIVERSIDAD DE LA LAGUNA Fecha: 24/01/2017 18:48:18
En nombre de MIGUEL ANGEL BURGOS PEREZ
UNIVERSIDAD DE LA LAGUNA 24/01/2017 19:00:54
En nombre de JORGE JOSE GARCIA MELIAN
UNIVERSIDAD DE LA LAGUNA 26/01/2017 12:30:10

En nombre de ERNESTO PEREDA DE PABLO

106 /135



5.3. Proofs in the radial case 91

It easily follows that (u,v) verifies the boundary conditions in (5.2.5). Moreover, since
both u and v are harmonic functions and a < u < b, we see that (u,v) is a subsolution of
(5.2.5).

In addition, —Au > 0 = —Au in A(Ry, Ry) with u > m,(Ry) = w on |z| = Ry and
u > my(R1) = won |z| = Ry, so that the maximum principle gives u > u in A(Ry, Ry) and
similarly v > v in A(Rg, R;). Hence (u,v) > (u,v) in A(Ry, Ry) with the usual ordering.

Thus we may use the method of sub and supersolutions (cf. Theorem A.3 in Appendix)
to obtain the existence of a minimal radially symmetric positive solution (z,, w,) of (5.2.5)
in the interval between the sub and the supersolution.

The next step will be to pass to the limit as n — +oo in (5.2.5). First observe
that since both {z,} and {w,} are bounded, it is possible to obtain C1® bounds in
m by means of standard regularity. Thus by selecting a suitable sequence we
see that (z,,w,) = (z,w) in C'(A(Ry, Ry))?, and we may pass to the limit in (5.2.5) to
obtain that (z,w) is a positive, weak solution of (5.2.3). To stress the dependence of this
solution with respect to Ry, we will denote it by (zg,, wg, ).

Now a similar argument allows us to pass to the limit as Ry — 400 in (5.2.3), to obtain
a nonnegative, radially symmetric weak solution (z,w) of (5.2.1). Since the convergence
can be ensured up to 0Bpg,, we have in particular z = m,(Ry), w = m,(Ro) there, hence
(z,w) is nontrivial. By the strong maximum principle (z,w) is positive.

Observe finally that since (z,w) is radially symmetric, it follows that indeed (z,w) €
C%*(RN \ Bg,), therefore 2 € C*(RY \ Bg,). The proof is concluded. O

Remark 5.2.2. When the function g is not nondecreasing, the method of sub and superso-
lutions can only be used with several restrictions on g. Indeed, it can be shown that, for
a given bounded domain €, there exists Ly > 0 such that if ¢ is Lipschitz with Lipschitz
constant less than Ly then there exists a solution between v and u. However, it is to be
expected that in the case Q@ = A(Ry, R1), we have Ly — 0 as Ry — +o0.

This problem arises because of the failure of the maximum principle for systems which

are not of cooperative type. See for instance [31] for some insight into this problem.

5.3 Proofs in the radially symmetric case

In this section, we will restrict to positive solutions of the radially symmetric version of

problem (5.1.1). Since we are only taking into account solutions u verifying in addition
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92 Chapter 5. Fourth order equations

—Au > 0, we may consider instead positive solutions of the system

mAu=v in RN \ Bg,, (5.3.1)
—Av = g(u)

and its radially symmetric version:

{ —(rN7Y =Ny
r > Ry. (5.3.2)
(Nl =V g(2)
Therefore we will only consider throughout the section positive, classical solutions of
system (5.3.2).
We begin by analyzing system (5.3.2) in the case of lower dimensions, that is 1 < N <
4. The existence of positive solutions can be easily ruled out by means of more or less

standard arguments.

Lemma 5.3.1. Assume 1 < N <4 and g > 0. Then problem (5.3.2) does not admit any

positive classical solution.

Proof. We consider first the case N =2 (N = 1 is a trivial variation of this and the proof
will not be given). We claim that w is nondecreasing. To show it, assume on the contrary
that w'(rg) < 0 for some ry > Ry. Since g is positive, we have (rw’)’ < 0 for r > ry.

Integrating twice between ry and an arbitrary r > ry we see that
w(r) < row'(ro)(log r — logrg) + w(ro),

which implies w(r) — —oo as r — 400, against the assumption. Therefore, w'(r) > 0
for every r > R. Since w is positive, we deduce that w(r) > ¢ > 0 for large r. Then

(rz’)’ < —cr, and an integration gives
(r) < f%ﬂ + Alogr + B,

for some constants A, B, which is a contradiction with the positivity of z. Therefore no
positive supersolutions exist in this case.

Next, assume N > 3. Since w is superharmonic, it is well-known (cf. proof of Theorem
3.5 in Chapter 3, and also Lemma 3.1 in [56] for a direct proof) that the function 7V ~2w
is nondecreasing. Thus there exists ¢ > 0 such that w(r) > c¢r?~" when r is large enough.

This in turn gives —(r¥=12')’ > cr. Upon integration we obtain, when N = 3:

2(r) < —gr + Ar~t + B,
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5.3. Proofs in the radial case

and for N = 4:
z(r) < —g logr + Ar~? + B,

93

where A, B are constants. In both cases we arrive at a contradiction when r goes to

infinity. This concludes the proof.

O

We now turn to the case N > 5. Theorem 5.1 is a consequence of the following result,

which completely solves the question of existence of positive solutions of (5.3.2). Observe

that the monotonicity of g is not needed here.

Theorem 5.3. Assume N > 5 and g is continuous in [0,4+00) and positive in (0, +00).

Then problem (5.3.2) admits a positive classical solution (z,w) if and only if (5.1.3) holds.

The first step to prove Theorem 5.3 is to obtain some preliminary properties of positive

solutions of (5.3.2). This is the content of our next lemma.

Lemma 5.3.2. Assume N > 5. Then if (z,w) is a positive solution of (5.3.2), there

exists Ry > Ry such that z and w are decreasing for r > Ry and

lim z(r)= 1 =0.
A = I v =0

Proof. Since z and w are superharmonic, it follows from Lemma 1.3.1 that z and w are

N—-1_/

monotone for large r. Moreover, rV~'2/(r) is a nonincreasing function so that, after

integration:
2(r) < Ar* N+ B

for some constants A, B. Thus z is bounded and the same is true for w. It makes then

sense to denote

(= lim z(r) and &= lim w(r),
r—>+400 r—+00

which are nonnegative real numbers. We next claim that ¢, = 0. If not, we would have

(rN=12 (1)) ~ —lar¥ 1 as 1 — +o0, and an integration would give

14
z(r) ~ —ﬁ?ﬂ +C0r* N+ D asr — +oo,

for some constants C', D, which is a contradiction. Then we must have /5 = 0.
Similarly, if ¢, > 0, then (r¥=w'(r)) ~ —g(£1)rN~! and since g(¢;) > 0 we would

obtain as above that v is not positive for large r. This contradiction shows that ¢; = 0,

concluding the proof of the lemma.

O
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94 Chapter 5. Fourth order equations

In order to prove Theorem 5.3, it is more convenient to introduce the change of vari-
ables s = r> N Z(s) = z(r), W(s) = w(r). Then, using Lemma 5.3.2 we see that both Z
and W are increasing functions in an interval (0, sg), for some suitably small s, and they

vanish at zero. In addition, it is not hard to see that:

—Z" =¢csTW
—W" =es779(Z) 0 < s < s, (5.3.3)
Z(0)=W(0)=0
where v = 2%\;1) and ¢ > 0. Since we are assuming henceforth that N > 5, it is an easy
matter to check that

2<y<3. (5.34)

We now prove the main result of this section, Theorem 5.3. The sufficiency of condition
(5.1.3) for existence of positive solutions is shown by means of an application of Schauder’s
fixed point theorem to a suitable operator in a suitable Banach space, but this procedure is
considerably more involved than in Chapter 1. The necessity is achieved with an iteration
argument which resembles the one used in Chapter 1, and uses as a main ingredient Lemma
1.4.2 there.

Proof of Theorem 5.3. We begin by showing the necessity of condition (5.1.3). Thus as-
sume there exists a positive classical solution (z, w) of (5.3.2). By the previous discussion,
there exists a positive solution (Z, W) of (5.3.3). Moreover, both Z and W are increasing
and concave by Lemma 5.3.2. Therefore

@22’(3) and W)

. . >W'(s) for s € (0, so). (5.3.5)

We claim that there exists a positive constant C' such that
50 Z
W(s) > C / I oy 71V dr (5.3.6)
s L)y
for every s € (0, sg], where v = 2(N — 2)/(N — 4). Once this is proved, we can apply
Lemma 1.4.2 to obtain a contradiction, which shows that (5.1.3) is necessary for existence.
To prove the claim, we integrate the first equation in (5.3.3) and use (5.3.5) to obtain
Z(s) o ' o s
——=>7'(s) =Z'(s0) + ¢ LW (t)dt > ¢V (s) t7dt
S S S
> Cs' W (s) > Os* TW'(s)
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5.3. Proofs in the radial case 95

for s € (0, so]. Therefore
Z(s) > Cs* YW'(s)  in (0, so]. (5.3.7)
We now multiply the second equation in (5.3.3) by W’ and integrate in (0, so]. This yields

W'(s)? > 2¢ K MW’(r)dr. (5.3.8)

S T'Y

Using (5.3.7) and (5.3.5) we have:

9(Z(7)) 1 9(Z(r)) Z(7)"! /
ey ey edt) g
() = LR Az e)
> 92D e gy () (5.3.9)
Z(r)”
9(Z(7))
> Z' v
& AL
where we have used that v = % Plugging inequality (5.3.9) into (5.3.8) we obtain

(5.3.6), concluding the proof of the claim.
To show that condition (5.1.3) is also sufficient for the existence of solutions of (5.3.3),

we use Schauder’s fixed point theorem. Introduce the space
X={(ZW): ZeC0,5]NC"0,s], WeC0,s0] and ||Z| < o0},

where
1Z2]] = sup (s7722Z"(s)| + 87| Z(s)])-

150
It is not hard to show that X is a Banach space when provided with the natural product
norm
1(Z,W)llx = 121l + Wl
Observe also that Z(0) = 0 whenever (Z, W) € X. Our intention in what follows is to

show that, under condition (5.1.3), the operator

T(Z,W)(s (us+// YW (r)drdt, us—/ / T 79(Z drdt>

is well defined and has a fixed point in a suitable subset of X, where p > 0 is small
enough. Notice that fixed points of T provide with solutions of (5.3.3).
Let W,(s) = ps and

_ 1 _ 9
us+// W, (r)drdt = us+< $7— 5 75).
2\(3-1) 0
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96 Chapter 5. Fourth order equations

For positive constants C; and C5 to be chosen below, define

h(s) = Cy /0 ), (5.3.10)

7-1/

The function h is well-defined by (5.1.3). Moreover, it is continuous and verifies h(0) = 0
(recall that v < 3 by (5.3.4)). Now introduce the subset of X given by

12 = Zu|l < ap, W =Wyller < bp, }

B= {(Z, W)eX:
[W/(s) = ul < hs), s € (0,s0], W(0) =0

where a, b are positive constants less than one which will be selected later on. It is clear
that B is a closed, convex subset of X, and it is also worthy of mention that for every Z
such that (Z, W) € B, we have

Z<u ((7_2)1(3_7) + a) 3 s < Kypus®™ (5.3.11)
for every s € (0, 5], where K3 > 0 does not depend on p. Moreover, it also follows that
for such Z:

Z'>p+ 5 = 5 (s> = s577) —aus® . (5.3.12)

Let us refine this inequality. If we take 0 < a < min {ﬁ, 3372}7 it is easy to check that

s172 1
inf {(10)57_2+a}>0.
5€(0,50) v —2 v—2

Hence, according to (5.3.12) there exists C' > 0 such that
7' > pCs*™, s € (0,s). (5.3.13)

Observe that inequality (5.3.13) also implies that Z > 0 in (0, s¢] for every such Z, and
it similarly follows that W(s) > p(1 —b)s > 0 in (0, so].

We claim that T is a well-defined, compact operator on B which verifies T(B) C B.
The existence of a fixed point (z,w) of T'in B is then a consequence of Schauder’s fixed
point theorem, and the proof would be concluded by noticing that with our choice of a
and b both Z and W are positive and (Z, W) is a solution of (5.3.3).

For simplicity, denote T(Z, W) = (T1(Z, W), To(Z,W)). Observe first that

T2 W) - 26| < | W) — W () dr

S0
< bu/ t=dr < %5277
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5.3. Proofs in the radial case 97

for s € (0, so]. Hence, upon integration

bu 3—y
(2, W) = 2ol < T3 =)

for s € (0, s], and this leads to

47
IT(ZW) - 2, < 4 —7) S < a

(v=2)B -~

provided that we choose b small enough. Fix such a b. On the other hand:

ITYZ W) (s) — W(s)| = / (2 (r)dr

S g(Z(r)) (Z(r)\" 72
[ (20Y 2
o Z(r)y \7m) Z'(7)
where we have used that v = 2. Now we take into account the inequalities (5.3.11) and
(5.3.13) to arrive at

Z( ) Vo2~ .
( 3 7) Z,( ) = 2/ )

for every 7 € (0, s9], where Ky > 0 is a constant that does not depend on u. Thus

Z(s) t Kyps3=7 ¢
Ty Z,W)(s) —W'(s)| < Kglu”*l @dt < KZIU,V71 @dt,
2 m w w

0 0

At this stage, we choose the constants C; and Cy in the definition (5.3.10) of h. Setting
Cy = Kop'~!, Cy = Ky, we see that:

T5(Z, W)(s) = Wy ()] < h(s), (5.3.14)
and integrating this inequality

To(Z,W)(s) — Wu(s)| < /0 “h(t)dt < h(s)s, (5.3.15)

since h is increasing. Notice that also h(s) < Cp”~! in (0, s], for a positive constant
C which does not depend on p provided that, say, 1 < 1. Therefore, since v > 2, it is
possible to have ||T5(Z, W) — W,||cr < b if p is small enough. To summarize, we have
shown that T(B) C B when pu is chosen small and in particular T is well defined.

Now we will show that the operator T is compact on B. Let {(Z,, W,,)} C B. From the
invariance of B under T we see that both {||T1(Z,, W,)||} and {||72(Z., Wy)||c1} remain
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98 Chapter 5. Fourth order equations

bounded. This also implies that {71(Z,, W,)} is bounded in [0, so], while {T7(Z,, W,)}
will only be bounded on compact sets of (0, so]. Moreover,

TV (Zn, Wy)(s) = =5 W, (s)
15/ (Zn, Wa)(s) = —s79(Zu(s)),

so that {T7(Z,,W,)(s)} and {Ty(Z,,W,)(s)} are bounded in compact sets of (0, sq].
Therefore, up to a subsequence and by means of a diagonal argument we may assume
that

T\(Zy,W,) — 2 in CL (0, s]

T5(Zy, W) =y in CL (0, sol.
To conclude the proof, we only need to show that we indeed have the convergence
T(Z,,Wy) — (x,y) in X.

First of all, by (5.3.14) and (5.3.15) we see that |T5(Z,, W,)(s) — W} (s)| < h(s) and

|T5(Zy, Wa)(s) — Wy(s)] < h(s)s for every s € (0,s0]. Passing to the limit we have
ly'(s) = Wi(s)| < h(s) and [y(s) — W,(s)| < h(s)s in (0, so]. Hence

(5.3.16)

ITY(Z0, Wa)(s) =¥/ ()] < 20(s) 0,51
1 To(Z0, W) (5) — y(s)| < 2h(s)s ’

Choose € > 0. Since h(0) = 0, there exists 0 > 0 such that

sup (|T2(Zn, Wa)(s) = y(s)| + [T5(Zn, Wa)(s) =/ (s)]) <&

s€(0,8]

On the other hand, by (5.3.16) we have that Ty(Z,,W,) — ¢ and To(Z,,W,) — vy

uniformly in [4, so]. Therefore, if n is large enough:
1T2(Z0, W) = yller < e

To obtain a similar inequality for the first components, observe that W) (s) — W} (s)| <

h(s), whence for m > n we see that

[Wi(s) = Wi (s)] < 2h(s),
[Wa(s) = Win(s)] < 2h(s)s

for every s € (0, sp]. This yields:

T2 (Zs Wo(5) = T} Zus Wan)(5)] < / " NWalr) — W) dr

50
< 2/ Tlﬂh(T)dT.
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5.4. Completion of proofs 99

Now let € > 0 be as above and choose 7 € (0, sg]. Letting m — oo in the last expression

allows us to write:

T} (Zn, Wy)(5) — 2/ (s)| < 2 /n T VR(T)dT + 2 /SO () dT

S

s

< 2h(n)

S0
< + 2/ T h(r)dr
Y= 2 n

whenever s € (0,7]. Hence

87_2|T1,(Zn7wn)(5) — .L/(b)‘ <

2 5h(n) +C (n)s"2,

for every s € (0,n], where C'(n) depends only on 7. Choosing 1 small enough, we can
have the first term in the above sum less than /2, say. If we now restrict further s to the

interval (0, 6], where & < 7 is small, we get

sup 87T (Z,, W, (s) — 2'(s)| < e.
s€(0,6]
The supremum in the interval [, so] can be controlled as above, with the use of (5.3.16).

After an integration, we see that ||T}(Z,, W,) — z|| < ¢ if n is large enough. Therefore
1T(Zn, Wy) = (z,y)][x < ¢

if n is large enough. Thus the operator T' is compact on B, as was to be shown. The
proof is concluded. 0

5.4 Completion of proofs

In this section we collect the proofs of our main results in this chapter, Theorems 5.1 and
5.2. Corollary 5.1.1 follows at once from Theorem 5.2, so its proof will not be given.

Proof of Theorem 5.1. After the results of the previous sections, the proof is almost im-
mediate. Since g is nondecreasing, we see thanks to Lemma 5.2.1 that the existence of
a positive supersolution u of (5.1.1) with —Awu > 0 is equivalent to the existence of a
positive, radially symmetric solution of the system (5.3.2). Then Theorem 5.1 is a direct
consequence of Theorem 5.3. O

Proof of Theorem 5.2. We claim that every positive classical supersolution of (5.1.5) ver-
ifies —Au > 0 in RY, so that Theorem 5.1 can be applied. The proof of this fact is an
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100 Chapter 5. Fourth order equations

adaptation of the proof of Theorem 3.1 in [74], and proceeds by contradiction with an
iteration argument which is somehow similar to that in the proof of Lemma 1.4.2.
Let v = —Aw and assume that v(zg) < 0 for some 7y € RY. With no loss of generality,

we may assume that xg = 0. For » > 0 consider the averages
1
u(r) = 55 [ ul(y)da(y),
|8Br| OB

and 7(r) with the same meaning. Since u € C*(RY), we have @, v € C2[0, +00). Moreover,
by the convexity of g and Jensen’s inequality it is not hard to see that

—(TN_lﬂ/), _ TN_lﬁ
_(nN=1=1y/ > N—1 /— (5.4,1)
(r* ) = g(a)
for r > 0.

It is well-known that
1 / 1
v(r) = —=— Avydyg—i/guy dy < 0.
(r) a5, /s () 95, /,, (u(y))

Hence o(r) < v(0) = v(0) < 0. Whence, integrating the first equation in (5.4.1) twice
between 0 and r we arrive at

u(r) > u(0) — %T‘Q > cor? forr >0, (5.4.2)

where ¢g > 0. It is worthy of mention that also

) " Nel—
w(r) = — N /0 " o(t)dt > 0.

We will fix a value ry > 0 such that @(r) > 1, say, when r > ry. On the other hand, by
our assumption (5.1.6), we see that there exists a > 0 such that g(¢) > at” when ¢ > 1.

Hence
g(u(r)) > au(r)? for r > ro. (5.4.3)

Our next aim is to show that there exist sequences of positive numbers {¢;}, {a} and
{rx} with the property that

u(r) > ¢r** when r > 7y, (5.4.4)

where 1 is as fixed above, the value of ¢y coincides with that given in (5.4.2) and ay = 2.
Inequality (5.4.4) is shown by induction on k. Thus assume that u(r) > cgro* if r > 7.
Using (5.4.3) and the second equation in (5.4.1), we see after integrating between rj and

r that
—T'N_li’(r) > acy (Tak:P-FN _ 7.ka+N> > acy, rousp+N
agp + N 2(agp+ N)
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5.4. Completion of proofs 101

1
provided that r > 2°x»#¥ . Integrating once again, it follows similarly that

od
4(agp + N)(agp + 2)

app+2

—o(r) >
. 1 1 . R
if 7 > 2exp22eptN . We deduce in particular that

o) > — %

axpt2 . g poxpt2
= Hap+ N2 H

2
if r > 2%, We now introduce this inequality in the first equation of (5.4.1) and

integrate to obtain
dy,
w(r)> —————r
()= 2(app+ N +2)

app+3

I L
if r > 20kptNF2 204042 and similarly

a2
u(r) > ——————r
~ 4(agp+ N + 2)?

app+4

if r > 2%;*2@. Thus, we see that (5.4.4) holds true with

Qg1 = p+4 (5.4.5)
g

= 5.4.6

Ck+1 16(akp+ N ¥ 2)4 ( )

Tre1l = 2%147“ Tk (5.4.7)

Our next purpose is to analyze the previous relations to obtain properties of the sequences
{aw}, {cx} and {r}. The first remark in this regard is the following: by (5.4.4) with k =1
we see that u(r) > c¢;r®** if r > 7y, so that liminf, . %(r)/r? = +oo. Thus, by taking
ro larger if necessary, we can always have ¢, as large as desired.

As for (5.4.5), it is a linear difference equation with constant coefficients, whose solu-
tion can be easily found to be

2p+1) 4
p—1 7 p—1

Q=

Thus there exist positive constants p; and ps not depending on k such that
mp" < g < pop”

for every k € N. This inequality readily implies

< . 2211 %Hrl
T < Too i =2 pP" g < 400,
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102 Chapter 5. Fourth order equations

and also »

Crt1 2 )\]%,
for every k € N and some A > 0 independent of & (observe also that A is independent of
the choice of ¢y above). Setting dy = log ¢y, we see that dy verifies the linear difference
inequality

di41 > log A + pdy, — 4k log p,

which can be used to prove by induction that

B —log A B —log A

- (5.4.8)

dy > <do -

for every k, where B = 4logp/(p — 1). Recalling that ¢y (hence dy) can be taken as large

as desired, (5.4.8) implies the existence of positive constants A and 6 such that
o > Aprie
for every k. Summing up, we have obtained that
_ _Ak_ epk o
u(r) > Apr-1e’? ror whenever r > r,

and we arrive at a contradiction by fixing such an r and letting & — +o0.

This contradiction shows that v > 0 in RY, and the strong maximum principle implies
v > 0 in RV, that is —Au > 0 in R". The proof is concluded with a simple application
of Theorem 5.1. O

Remark 5.4.1. As observed in Remarks 5.1.1 b), it is possible to construct positive super-
solutions of problem (5.1.1) not verifying the condition —Awu > 0, at least when g verifies
(5.1.4):
t t
lim sup & < 400 or lim sup & < 400.
t—0+ t—+o00

To see this, we will look for a supersolution of the form
u(r) = e, r >0,

where o € R and r = |z|. It is not hard to check that
2(N—-1) 4 (N=1)(N-— N —-1)(N -
LEIRNCEUTLEE PG ESTLEC AR

7 72 73

(—=A)u = <a4 +
Thus, if » > Ry and |« is large enough, we see that

1
(—A)u > 50446‘”.
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5.4. Completion of proofs 103

Hence to have a positive supersolution of (5.1.1) it suffices to have
1
e—arg(ear) S 5044.

This is certainly possible by choosing |a| large enough, with the only prevention that,
if the first condition in (5.1.4) holds then we take a < 0, while if the second holds we
have to choose a > 0. Observe finally that the supersolution so constructed verifies

—Au = —(a® + 2La)e® < 0 if r is large enough.
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Appendix

In this Appendix we collect, for the reader’s convenience, some results which have been
used in the memoir. They are concerned with the obtention of bounds for the gradient of

solutions and the method of sub and supersolutions.

A.1 Bounds for the gradient

The next lemma is a simplified version of the proof of Theorem IV.1 in [54], adapted to

deal with one-dimensional situations.

Lemma A.1. Assume g > 1, c <d and let u € C*(c,d) be a function such that
—eu' +v|u|? <k in(cd) (A1)

with v,k > 0 and e € (0,1]. Then for every [¢,d] C (¢, d) there exists C = C(q,c,d',v) >
0 such that
| < Clk+1)7 in[d,d).

In addition, under the same hypotheses, if u € C'lc,d] and |u'(c)|, v/ (d)] < M then

|u/| < max {M, (];) q} in [c,d].

Proof. We will assume with no loss of generality that v = 1. Choose £ € C§°(c, d) such
that 0 <& <1and € =1in [¢,d]. We take ¢(r) = £(r), with § > 0, and

Since z is nonnegative and has compact support in (¢, d), it reaches a maximum at a point
%o € (¢,d). Hence 2/(zg) = 0, which yields

@' (wo)u' (o)
2¢(x0)

u’(xg) = —

105
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106 Appendix

(observe that necessarily ¢(zo) > 0). By (A.1),

2@o) [F_ ey = EF@W w0) el (o) 22 (o)
Thus,
o)) el (@)l (e0) | _ oy, €16 @) P2 ao)
(¢($o)) = (k+ 245%(:100) ) =2k 2¢3(x0) ’
so that,

1
29(w) < 2k2¢"(x0) + §|¢/($0)\2¢q73(9ﬁo)2($0)~
Next, observe that
(¢/)2¢q73 — 92&-2972(6/)25-9@73) < 059((171)72.
Hence, if we choose, say, § = 2/(q¢ — 1) we obtain
1
2U(z0) < 2k* + Cz(x0) < 2k* + 52{1(1’0) +C.

Then, 29(zg) < 4k? + O, therefore (¢(u')?)? < 4k? + C in (c,d) and (v')? < 4k? + C in
(d,d'), so that

/| < (4k2 + C)% < C(k +1)7 in [, d].
This shows the first part of the lemma. To prove the second, assume that v € C'[c, d]
and there exists M > 0 such that |u/(¢)|, |/(d)| < M. Then, if u' reaches a minimum

or maximum at o € (c¢,d) we have that u”(zg) = 0, and it immediately follows that
|'|9 < k. Hence the conclusion. O

Remark A.2. The previous lemma is not only applicable to the one-dimensional problem,

but also to its radially symmetric N—dimensional version, namely:
N -1
—e (u" + u’) +vld <k in(cd),
r

at least in the case where d > ¢ > 0. Indeed, using that

N—-1
r

'l < S+,

we obtain —eu” + g[u/|? <k + C in (c,d), and Lemma A.1 can be applied.
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A.2. The method of sub and supersolutions 107

A.2 The method of sub and supersolutions

We introduce next some instances of this well-known method which are suitable for our
purposes. In all cases, we will consider only radially symmetric solutions in the annulus
A(Ry, Ry) = {x ERN Ry < Jz] < Rl}, where Ry > Ry > 0. Proofs will only be given
in those cases where we could not find a pertinent reference.

We begin by considering the problem:

—Au = f(u)|Vul? in A(Ro, Ry),
u = ¢ on 0Bpg,, (A.2)

U = ¢y on 0Bg,,

where 0 < ¢ <2, f € C(R), and ¢;1,¢2 € R.
In this context, we require that both the subsolution and the supersolution belong to
HY(A(Ry, R1)) N L®(A(Ry, Ry)).

Theorem A.1. Assume f € C(R), 0 < q < 2, ¢1,¢o € R and that there erist a weak
subsolution u and a weak supersolution w of (A.2) with u < uw in A(Ro,R1). Then
there exist a minimal and a mazimal weak solution of (A.2) in the order interval [u,].
Moreover, if u (resp. ) is radially symmetric then so is the minimal (resp. mazimal)

weak solution.

Proof. The existence of a weak solution of (A.2) in the interval [u, u] is given by Theorem
2.1 in [16]. It is worth remarking that the proof can easily be reduced to the case ¢; =
¢2 = 0 (see also [33]). Thus we are only proving that there exists a minimal weak solution
(the existence of a maximal weak solution is similarly proved). This proof is taken from
[60]. We define

B = inf {/ u:u € [u,u) is a solution of (A.Q)} )
A(Ro,Ry)

Of course, B is well defined and by definition, there exists a sequence of weak solutions
{un}224 C [u, 7] such that [ A(Ro,Ry) Un — B. Since {u,} is a uniformly bounded sequence
we can use the results in Section 4.4, Chapter IV of [49] to get that the sequence {Vu,} is
also uniformly bounded. Thus, by passing to a subsequence, we may assume that u,, — u
weakly in H'(A(Ro, R,)) and uniformly in A(Ry, R;)), where u € [u, @] is a weak solution
of (A.2) with fA<Ro7R1> u = B. We claim that u is the minimal weak solution.

Let v € [u,u] be an arbitrary weak solution of (A.2). Since w = min{u,v} is a

supersolution of (A.2) with w > wu, there exists a weak solution z € [u, w] of (A.2). But
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108 Appendix

then z < w < u and

B< / z< / u=B.
A(Ro,R1) A(Ro,R1)

If follows that © = z < w < w. This concludes the first part of the proof.
To show the last assertion in the statement, assume u is radially symmetric, and let
Umin denote the minimal weak solution given by the first part of the lemma. Take an

arbitrary rotation @) and let
u(z) = min{um, (Qz), u(z)}.

It is easily seen that % is a supersolution, which verifies, by the radial symmetry of u that
uw > u. Then, there exists a weak solution w in the order interval [u,u] C [u,u], hence
W > Umin. On the other hand w(x) < Umin (@), and it follows that

umin(x) S umin(QI)'
Since @ is an arbitrary rotation, this shows that ., is radially symmetric. O
Next, we provide a similar statement as Theorem A.2 for the related problem

—Au+ |Vu|? = f(u) in A(Ry, R1),
o) on 0Bpg,, (A.3)

U = ¢ on 0Bg,,

u

where as above, ¢ > 1, ¢1,¢c2 € R and f € C(R).

It is important to stress that the classical results in the method of sub and superso-
lutions (cf. for instance [4], [16] and [33]) require ¢ < 2. To deal with arbitrary values of
g > 1 we make use of the results in [53] and [54].

Theorem A.2. Assume ¢ > 1, f € C(R) and c1,co € R. If there exists a subsolution
u € C*(A(Ry, Ry)) and a supersolution ©w € C?*(A(Ro, R1)) of (A.3) such that w = on
OA(Ro, Ry), then there exists a solution u € [u, @] of (A.3). Moreover, if u,u are radially

symmetric then so is u.

Proof. Tt is a direct consequence of Theorem II1.1 in [53]. The proofs there only deals
with sub and supersolutions vanishing on dA(Ry, R1), but it is easily seen that it can be
adapted to the present situation since u = u on the boundary. In addition, let us remark
that f € C1(R) is assumed there. However, this restriction can be relaxed to f € C(R)

in view of the arguments leading to Theorem III.1 in [54]. O
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A.3. Sub and supersolutions for systems 109

A.3 Sub and supersolutions for systems

It is now the turn to consider a version of the previous theorems for the elliptic systems
that have been studied in this work.

We first analyze the system

—Au = f(v)
—Av = g(u) in A(Ry, Ry)
U|oBg, = C1 (A4)
VoBg, = 1
WoBg, = C2
Vjopg, = da,

where f, g are nondecreasing functions and ¢y, ce,dy,dy € R. The following result is a
simplified version of Theorem 4.1 in Chapter 8 in [61].

Theorem A.3. Assume f,g are nondecreasing and locally Lipschitz functions and let
c1,ca,dy, dy € R, If there exists a subsolution (u,v) € (C*(A(Ry, R1)) N C(A(Ry, Ry)))?
and a supersolution (W, 7) € (C*(A(Ro, R1)) N C(A(Ry, R1)))? of (A.4) such that u <7
and v <7 in A(Ry, R1) and w =v and @ =7 on OA(Ro, R1), then there exist a minimal
and a mazimal solution of (A.4) between the sub and supersolution.

Finally, we deal with a system which involves gradient terms as in (A.3):

—Au+|Vul? = f(v)
—Av+|Vol? = g(u) in A(Ry, R1)

u =c
0Br, = 1 (A.5)
V|oBr, = dy
U|oBR, = C2
VjoBg, = da,

where ¢ > 1 and the functions f, g € C(R) are nondecreasing.

Theorem A.4. Assume ¢ > 1, f,g € C*(R) are nondecreasing functions and there exist
a subsolution (u,v) € CY(A(Ry, R1))? and a supersolution (u,v) € CY(A(Ro, R1))? of
(A.5). Ifu,v,u,v are radially symmetric functions and verify u <, v < T in A(Ry, Ry)
together with uw = u and v = T on OA(Ro, R1), then there exists a classical radially
symmetric solution (u,v) of (A.5) withu <u <u andv < v <7V in A(Ry, R1).
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110 Appendix

Proof. We begin by solving the system

—Auy + [Vui|? = f(v)

—Avy + [Vui|? = g(u) in A(Ry, R1)
HoBr, = 1 (A.6)
V|oBg, = dy

U|oBR, = C2

’U‘aBRl = d27

Note that system A.6 is indeed uncoupled. For instance, regarding the equation involving

u; we need to solve

{ —Aw + |Vl F(v), in A(Ro, Ry), A7)

w = h(z), on dA(Ry,R1),

where

W) _{ ¢ x| =Ry

¢y |z| = Ry.
The function f is nondecreasing, so it is clear that @ is a supersolution of this problem,
while u is a subsolution. By Theorem IIL.1 in [54], we can ensure the existence of a
solution uy verifying u < w; < w. In addition, the solution u; is radially symmetric, so
we deduce that it is a classical solution. It follows in a similar way that v < v; < v. Now
we can define (ug, vy) by replacing u and v in (A.6) by u; and vy, respectively. By the

monotocity of f we have
—Auy + [Vus|! = f(v1) 2 f(v) = —Au + [V |*,

so that by comparison uy > u; since u; = ug = u on dA(Ry, R1).
By induction we obtain two sequences of positive radially symmetric functions {u, }n>1,
{vn }n>1 such that

IN
IN

’Sun

IN

I
IN
IN

up < Usg U,

(A.8)

IN
IN
IN

...Svng...

IN

V< v S U v,
in A(Ryp, R1). Let us obtain appropriate bounds for the solutions in order to pass to the

limit. By (A.8), we have that |u,|, |v,| < C, and

-1
u, + |ul ]! < C.

"
_un —

In addition, u,(Ry) = u(Ro) = u(Ro) and u < w, < @, thus u'(Ry) < ul,(Ro) < @ (Ro).
Similarly, @'(Ry) < ul,(Ry) < ¥/(R1). We may then apply Lemma A.1 (see also Remark
n

A.2) to obtain that |u,| < C in A(Ry, Ry), and in the same way |v,| < C' in A(Ry, R1).
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A.3. Sub and supersolutions for systems 111

As a consequence, |u’],|v!| < C. Hence we deduce that u, — v and v, — v in
CY(A(Ry, R1)) where (u,v) is a solution of (A.5) in the weak sense. But u and v are
radially symmetric, so that (u,v) is a classical solution and u < u <u, v < v <. O

Remark A.3. Both results above can be adapted to deal with nonlinearities f, g depending
on both variables provided that f is nondecreasing in v and locally Lipschitz in « and ¢

is nondecreasing in u and locally Lipschitz in v.
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