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Interpretation of coal compositional data on
whole-coal versus ash bases through the
weighted symmetric pivot coordinates method

Na Xu!*, Ru Wangl, Mark A. Englez, Wei Zhu!, Qiang Li' and Zhiwei Wang1

Abstract

In addition to approaches based on a number of physical and chemical analyses, statistical
methods have been commonly used for determining the modes of occurrence of elements
in coal. The Pearson correlation coefficient of element concentrations vs. ash yields is the
simplest method that has been widely used. Concentrations of elements in coal are usually
reported on two bases: whole-coal and ash bases. Coal compositional data on whole-coal
basis can be converted back to ash basis. However, in many cases, the correlation between
corresponding pairs of elements in coal is inconsistent when reported on whole-coal versus
ash bases. Therefore, traditional statistical methods, such as correlation analysis, based on
whole-coal and ash bases can sometimes lead to misleading or confusing results. Previous
investigations have suggested using logratio variance or related parameters (i.e., stability) to
examine these data, as they provide consistent results regardless of the sample basis. How-
ever, logratio variance based approaches are unable to distinguish the inverse relationships
between parts. To provide more clarity on the relationships between parts, weighted symmetric
pivot coordinates are used to analyze the correlation between elements in coal on whole-coal
basis and ash basis. To illustrate this approach, 106 late Paleozoic coal samples from the
Datanhao and Adaohai coal mines, Dagingshan Coalfield, northern China, are used for perfor-
mance evaluation. Experimental results show that the weight symmetric pivots method is more
effective than the stability method in predicting the modes of occurrence of elements in coal for
these samples, providing deeper insight than logratio variance based approaches.
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2 Interpretation of coal compositional data on whole-coal versus ash bases...

1. Introduction

Coal elemental data describing the abundance of major and trace elements (Dai et al.,
2010) are both compositional (composed of relative, strictly positive data known as
parts) and very complex. Determining modes of occurrence of elements in coal is an
important research area (Dai et al., 2021; Zhou et al., 2022), because the geological pro-
cess of coal formation can be inferred and the potential sources of critical metals present
in the coal can be understood (Dai et al., 2010; Hou et al., 2023). Traditional physical and
chemical methods (e.g., density separation, chemical leaching, in situ micro-analyses)
and a number of statistical methods have been employed to analyze the modes of occur-
rence of elements in coal (Dai et al., 2021; Moore et al., 2022; Nechaeyv, et al., 2022).
Among them, the Pearson correlation coefficient between elements in coal is one of the
simplest and the most common methods in such studies. Coal elemental data can be ei-
ther reported on ash basis or on whole-coal basis. Coal elemental data can be converted
between two bases using the formula:[E;] ., = ([Ei],q, X ashyield), where [E;] ,, de-
notes the elemental concentration on whole-coal basis and [E;],;, denotes the elemental
concentration on ash basis (Geboy et al., 2013; Dai et al., 2020).

However, previous studies found that the Pearson correlation coefficient provides
inconsistent results between coal elemental data reported on the two bases (whole-coal
basis and ash basis) (Dai et al., 2021; Geboy et al., 2013; Xu et al., 2020). The modes of
occurrence of elements in coal inferred from the correlation between elements in coal on
two bases may be different because they are compositional data and are prone to issues
of subcompositional coherence (Pawlowsky-Glahn and Egozcue, 2022). For example,
Pearson correlation coefficients between pairs of elements in coal from the Adaohai and
Datanhao coal mines (Daqingshan Coalfield, northern China) are inconsistent between
the two bases, leading to the differences in the interpretation of the modes of occurrence
of elements in coal (Xu et al., 2020). Geboy et al. (2013) also made a similar observation
in the coal samples analysis and concluded that such inconsistency was a mathematical
artifact due to the influence of constant sum of the compositional data.

Traditional statistical analysis methods applied in coal elemental data relies on typ-
ical Euclidean space. Because most coal elemental data exist in non-typical Euclidean
space, wrong results may be obtained when using these conventional tools (Xu et al.,
2020, 2022). To fully understand the modes of occurrence of elements in coal, the con-
sistence of results when analyzing coal elemental data on the whole-coal basis and ash
basis is necessary (Xu et al., 2020, 2022; Dai et al., 2021). Geboy et al. (2013) pro-
posed to overcome the problems with bivariate interpretation of coal elemental data by
examining a scaled version of the logratio variance of elements of interest (known as sta-
bility which is independent of sample basis). The logratio variance approach works well
when the logratio variance is small (i.e., the pair of elements are strongly proportional)
but when it is large (i.e., the elements are not proportional) it is difficult to differenti-
ate inverse relationship between the elements (e.g., variation along a solid solution of a
mineral system). As an alternative, we explored the application of weighted symmetric
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pivot coordinates (WSPC) to allow for direct determination of correlation coefficient be-
tween two logratio variables using coal elemental data on both bases from the Adaohai
and Datanhao coal mines, China. Both WSPC and pairwise logratios are in essence log-
contrasts and the two methods are consistent due to the property of log-contrast scale
invariance. The aim of this paper is to provide interpretation of coal compositional data
on whole-coal versus ash bases through the WSPC method.

2. Methods for consistent interpretation of correlation

In this section, we focused on the two methods which provide interpretation of coal
compositional data on whole-coal versus ash bases: stability method and WSPC method.

2.1. Correlation by weighted symmetric pivot coordinates method

Compositional data analysis can treat non-typical space properly. Before analysing com-
positional data, a family of logratios will be used. The common logratios are additive
logratio (alr) (Aitchison, 1986, 2008), centered logratio (clr) (Aitchison, 1986) and or-
thonormal logratio (olr) (Egozcue et al., 2003; Egozcue and Pawlowsky-Glahn, 2019).
The olr-variables exhibit orthogonal properties while the alr-variables and clr-variables
do not.

2.1.1. Orthonormal logratio coordinates

To establish an orthogonal basis, olr coordinates were proposed by Egozcue et al.(Egozcue
et al., 2003; Egozcue and Pawlowsky-Glahn, 2019). The olr coordinates can be defined

as follows:
n—i X; .
olr;(x) = In Jg=1....n—1 1
(%) (\/n_m Tk) ()

where olr;(x) is the i’ olr-coordinate of the composition X, n represents the total groups
of parts. Olr coordinates can be developed in such a way to make them successful
in correlation and regression analysis, though the interpretation of the results could be
challenging.

Olr coordinates have been shown to be an effective compositional logratio and have
been widely used in various fields (Razum et al., 2021).

2.1.2. Weighted symmetric pivot coordinates method

Hron et al. (2017) proposed symmetric pivot coordinates, a particular form of olr co-
ordinates, to measure the correlation strength of components by selecting correlation
coefficients from specific orthogonal coordinates. Symmetric pivot coordinates can be
used to identify relations between two parts based on their degree of dominance over
other parts in the compositions (i.e., other elements are not directly being correlated in
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the case of whole-coal basis). Therefore, the symmetric pivot coordinates method ag-
gregates the related logarithms of the parts. However, if any of the parts (e.g., elements)
contain erroneous results or exhibit large logratio variance, the calculation results are not
desirable because it can affect the correlation between any other pairs of symmetric pivot
coordinates. Hron et al. (2021) proposed the weighted symmetric coordinates method
based on pair-wise correlation, which can reduce the impact from noisy or problematic
parts in the composition.

The WSPC method is applied to coal elemental data to construct an orthogonal co-
ordinates system for processing the relative weight information of two different com-
positional parts. To study the correlation between two different components, two parts
of interest in the correlation are moved to the two first positions (x; and x,) in the full
composition X,. The key difference between WSPC and SPC are that the impact of
particularly noisy parts (i.e., those with high logratio variances) can be reduced through
the implementation of weights. The variation matrix 7 of composition X, is used as the
basis for constructing the weight of the WSPC method. The variation matrix is defined

as (Aitchison, 1986):
X
T=1t; ..z{Var(ln')} 2)
{ J}L,] X; i

where T is a matrix containing the logratio variance for each pair in the composition
(e.g., between all the elements in the coal samples).
For x| and x,, normalized weight o* is calculated as follows: (Hron et al., 2021)

— 1 B o .
o = ;a'ziN,]:fi,...,n (3)
)t Lo
and _
~ 1 B;
B;= 5B =—"=,j=3,....,n 4)
(t2,)) ! Y3 B

Values for parameters ¥ and C are determined from the normalized weights o* and *
(Hron et al., 2021):
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The weight calculation results are shown as follows (Hron et al., 2021):
al:COtl*,B,:Cﬁ,*,l:3,,l’l (6)

For the parts x; and x, the weighted symmetric pivot coordinates (Hron et al., 2021) are:

1
In il

Wi = 7 o 0y
\/1+y2+a32+...+a,3 X3 X

(N




Na Xu, Ru Wang, Mark A. Engle, Wei Zhu, Qiang Li and Zhiwei Wang 5

1 X

Wo = In . B3 B ®)
\/1+7’2+I332+--~+l33 XXg e

The correlation between x; and x, in the m samples is defined as CC,, (x;,x,) which
is calculated by W and W, as follows:

m T -
CC, (1yz) = 2=t (Wi =) Wiz — W)

= 9)
\/2?1:1 (Wi —Wl)z\/ﬂ-"zl (W2 —Wz)z

Where W; 1, W, is W, W, in the it sample. Pearson correlation is used in WSPC method
as a measure of similarity, which has proven to work well in predicting modes of occur-
rence for coal elemental data (Xu et al., 2022). Finally, the above process to calculate
CC,, (xi,x;) is repeated for each pair of parts in the composition (e.g., pairs of elements
in the coal samples).

This paper applies the WSPC method to examine associations in coal elemental data
to determine the modes of occurrence for elements in a manner that is consistent be-
tween the whole-coal basis and ash basis. We found that the results based on the WSPC
method are internally consistent with findings from previous investigations. The WSPC
approach has the advantage that calculated correlation coefficients remain the same on
the whole-coal basis and ash basis and there is an ability to distinguish between a lack of
relationship between elements (near zero correlation) versus inverse relationship (neg-
ative correlation). However, WSPC correlation is not invariant under subcompositions
while the stability method is.

2.2. Correlation replaced by stability method

Geboy et al. (2013) proposed to overcome the problems with bivariate interpretation of
coal elemental data by examining the stability metric calculated as:

stab (x1,x2) = exp (var (olr (x1,x2))) = exp (—Var (\gln;;)) (10)

where (x1,x;) is the pair of parts in a two-part composition. In the interpretation of
stability or logratio variances, the concept of association is replaced by that of propor-
tionality, where stability values near zero indicate lack of proportionality while values
near 1 are associated with strong proportionality.

One advantage of the stability method is that the results are independent of the sam-
ple bases, providing consistent interpretation of coal compositional data on whole-coal
versus ash basis. As noted above, the method is relatively easy to interpret when the
logratio variance is small but not when they are large (i.e., lack of a relationship between
two elements versus antithetical behavior which produces the similar stability values).
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2.3. Hierarchical clustering algorithm to predict the modes of occurrence
of elements in coal

In this paper, hierarchical clustering algorithm (Brian and Everitt., 2001) is used to
interpret the modes of occurrence for coal elemental data. Among many hierarchical
clustering algorithms, the most common clustering algorithm is average-linkage which
calculates the average dissimilarity between the compositional data in two different clus-
ters (Xu et al., 2022). Data matrices consisting of pairwise values of stability measures
(ranging from O to +1) and correlation between WSPC (ranging -1 to +1) were used as
the input data to the clustering algorithm, and results between the two inputs were com-
pared. In both cases, the measures (9) and (10) were transformed to dissimilarities by
subtracting their values from 1.

3. Results and discussion

To compare the performance of different association methods for coal elemental data,
coal elemental data from the Adaohai and Datanhao coal mines were used for perfor-
mance evaluation (Dai et al., 2012; Zhao et al., 2016). 63 elements of Adaohai coal
mine and 58 elements of Datanhao coal mine have been included in this investigation.
To facilitate visualization, only part of bivariate association (top 20 elements) of coal el-
emental data using WSPC method and stability method of coal elemental data from the
Adaohai and Datanhao coal mines on the whole-coal and ash basis are shown in Figure
1. The tables and figures with all the elements are given in the Supplementary Material.

On the basis of trace-elements’ geochemical nature and on the investigations by Zhao
et al. (2016) and Dai et al. (2012) using direct analysis of coal samples, such as Scan-
ning Electron Microscope/Energy-dispersive X-ray spectroscopy (SEM/EDS) and X-ray
diffraction (XRD), the several pairs of elements are known to be strongly co-associated
in individual modes (e.g., elements, macerals, or other phases), for example, Sr and Ba,
Sn and Hg, Cd and Zn, and Nb and Ta (Dai et al., 2005, 2021). Additionally, the major
elements which compose carbonate phases, including Ca, Mg, Mn and Fe (Liu et al.,
2021a, b; Dai et al., 2021) are expected to be clustered together. Furthermore, Al and
Si are both largely associated with aluminosilicate minerals and should be expected to
be strongly associated (Templ, Filzmoser and Reimann, 2008; Arbuzov et al., 2019). In
addition, rare earth elements and yttrium (REY) in coal should generally be proportional
with one another (Seredin and Dai, 2012). Relationship between these groups of ele-
ments, which has previously been demonstrated to be related in individual phases (e.g.,
Seredin and Dai, 2012), are examined in our statistical methods to assess the difference
in performance and interpretation between various clustering methods.

As shown in Figures 2 and 3, results from the hierarchical clustering analysis us-
ing WSPC method pairwise correlations vary notably from those based on the stability
measure in coal elemental data from both mines. In general, many clusters with high
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similarity in samples from the Datanhao mine (Figure 2) were observed using both sta-
bility and correlation of WSPC input data (e.g., K,O and Rb, Nb and Ta, Zr and Hf, Co
and Ni, and Al,O3 and SiO;) and are expected given that these elements often substitute
for one another in minerals or are stoichiometrically linked in the same minerals (Dai et
al., 2013, 2021). Differences in the cluster analysis results are generally more distinct
for the Adaohai mine samples (Figure 3), where pairs of elements that are very similar
in the WSPC method while not similar when using the stability method (e.g., Ca and
Mg, Fe and Mn, Sn and Te, and P,Os and Sr) suggesting more disparity between these
methods when applied to this dataset.

In evaluating the ability of the cluster analyses to link elements which are known
to coexist we explore how these elements behaved in various clustering methods. In
the pairs of elements known to co-exist (noted above) most of them appear strongly
associated using both data input schemes for the Datanhao mine, including Sr and Ba,
Nb and Ta, elements which are common in carbonate minerals (Ca, Mg, Mn and Fe),
and Al and Si. In other cases, notable difference between methods were observed. For
example, Dai et al. (2021) found using direct analysis that Cd and Zn were strongly
associated with sulfide minerals in these coals and thus were expected to be closely
clustered, but the results from the WSPC method showed a much stronger relationship
between the element pairs than the stability-based approach. Conversely, the stability-
based approach generally showed closer clustering among REY than the clustering of
correlations using WSPC method, where groups of various elements in the range (e.g.,
Tm, Yb, and Lu vs. La and Ce vs. Pr, Nd, Sm, Eb, Tb, and Ho vs. Eu and Sc) (Dai,
Graham and Ward, 2016; Seredin and Dai, 2012) clustered separately. Another notable
difference is that the elements which appeared least compatible with the other elements
in the suite (e.g., those elements with the tallest vertical bars in the dendrogram plots)
were notably different between the two approaches. Elements exhibiting this behavior
in the WSPC correlation-based cluster analysis including Tm, Dy, and Y compared to
Bi, Li, B, As, and Zn for the stability-based analysis.

As shown in Figure 3, many pairs of elements known to be co-associated also show
high similarity in samples from the Adaohai mine, for both methods; namely, Sr and Ba;
Cd and Zn (through the association in the WSPC method is stronger); Nb and Ta, and
carbonate sourced elements (Ca, Mg, Mn, and Fe). In a manner similar to the data from
the Datanhao mine, the REY data are more closely clustered in the stability-based clus-
tering than the WSPC correlation-based clustering. Moreover, elements which exhibit
the poorest clustering results were also markedly different between the two methods for
the Adaohai mines coal samples. From the clustering analysis of the WSPC correla-
tion, Er and As exhibited a relatively weak association with other elements, and for the
clustering of the stability method CI showed the weakest clustering by far.

The results show that, generally the two different methods showed relatively sim-
ilar behaviors for elements that are strongly co-associated but strongly very different
responses for elements that are not proportional. Comparison of the results between
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Figure 1. Association between two logratio variables using WSPC method and stab on whole-
coal and ash basis in (A) Adaohai coal mine and (B) Datanhao coal mine (less elements in the
correlation matrices to facilitate visualization for the figures).
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Figure 2. Clustering analysis of coal element data in Datanhao coal mine. (A) correlation from
WSPC on whole-coal basis and ash basis; (B) stability values from whole-coal basis and ash
basis. In both cases the measures have been subtracted from 1, for clustering of dissimilarities.
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Figure 3. Clustering analysis of coal element data in Adaohai coal mine using (A) correlation
using WSPC on whole-coal basis and ash basis; (B) stability values on whole-coal basis and ash
basis. In both cases the measures have been subtracted from 1, for clustering of dissimilarities.
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the two approaches against known results suggest that the WSPC method is better in
predicting the modes of occurrence of elements in coal than the stability for these data.

In addition, the performance evaluation of association between WSPC method ver-
sus stability method can also be analysed based on the plots of the pairwise relationship
between the two. As shown in the Figure 4, we can roughly see that the results of sta-
bility method and WSPC method show an approximate linear relationship. For the most
part, pairs of elements which exhibit strong WSPC correlation, also exhibit high (near
1) stability values. However, data distribution patterns of the two methods diverge from
there.

Examining results for the Datanhao coal mine, it is clear that for element pairs where
correlation coefficients using WSPC method are near-zero or negative values, the cor-
responding stability values range greatly, though some important observations emerge
(Figure 4A). For example, from analysis of coal samples, it is known that Hg occurring
in sulfides is correlated weakly with Si and Al, which occur in clay minerals (Zhao et al.,
2016). In correlation between WSPC, Hg is negatively correlated with Si and exhibits a
weak positive correlation with Al which is to be expected. Comparatively, the stability
values for Hg versus Si and Al are high. suggesting disparity between observations from
other techniques and results using this approach.

For Adaohai coal mine sample data, Si is mainly enriched in clay minerals. Gor-
ceixite and fluorapatite are rich in P(Dai et al., 2012). Thus, based on the analysis of
the known modes of occurrence of P and Si, they should exhibit negative correlation
(Dai et al., 2012). In correlation analysis of WSPC method , P and Si indicate negative
correlation while in stability method they indicate low proportionality. Likewise, alumi-
nosilicate affinity elements (K,O, Be, Ga, Rb, Cs, W) mainly occur in diaspore and clay
minerals. Thus, this group of elements should exhibit a weak positive correlation with
P,0Os and negative correlation with barium.In correlation results from the WSPC method
the aluminosilicate affinite elements indicate negative correlation with barium and weak
positive correlation with P,Os.Conversely, from the results of stability method a strong
degree of proportionality is observed with barium and P,Os. In another example, S has a
strong negative correlation coefficient with ash yield which indicates a dominant organic
affinity (Dai et al., 2012).

Results from the WSPC method between S and inorganic affinity elements should
be weak. However, high stability values for S with other elements in stability method,
which is not consistent with the modes of occurrence of S in the Adaohai coal.

Although WSPC method produces better geological results than stability method,
we acknowledge that there are still some apparent discrepancies between the results
and known modes of occurrence. For example, Zr-Hf and Al-Si do not cluster together
quickly in the Adaohai coal mine, but they do in the Datanhao coal mine. Also, a number
of element pairs exhibit high stability values but low or negative correlation, which is
seemingly paradoxical. However, it must be considered that stability is based solely
on the relationship between the elements in the pair, while correlation using WSPC
examines the covariance of two elements relative to all of the other elements in the com-
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Figure 4. Scatterplot of stability and WSPC correlation in Adaohai and Datanhao coal mine. (A)
Comparison of all pairwise values for stability versus WSPC correlations on whole-coal basis
and ash basis (Datanhao). (B) Comparison of all pairwise values for stability versus WSPC
correlations on whole-coal basis and ash basis (Adaohai).



Na Xu, Ru Wang, Mark A. Engle, Wei Zhu, Qiang Li and Zhiwei Wang 13

position. That is, when a large number of elements are highly co-varying, correlation
using WSPC may reduce the effect of that relationships as all the variables are mov-
ing in tandem, while stability value between corresponding pairs of elements would be
universally high.

Another key takeaway from this analysis is that we can identify samples that exhibit
relatively low logratio variance (i.e., stability) and attempt to parse them into element
pairs that are not proportional (WSPC correlation coefficient near zero) versus those that
are inversely related (negative WSPC correlation coefficient). This ability to discrim-
inate between these two behaviors is well exhibited in the data for the Adaohai mine
(Figure 4B), where there are two clusters, largely divided by a stability ratio of 0.5.
Those element pairs in the cluster with the lower stability are primarily constrained to
correlation using WSPC range of -0.6 to +0.5. It appears that there is a large fraction of
pairs constrained to the range of -0.2 to +0.2, indicating that these elements are simply
not related or proportional. However, a smaller subset of element pairs in this cluster
exhibit much more negative WSPC correlation coefficients, suggesting that these pairs
may represent antithetical relationships which we previously could not identify. How-
ever, further research is needed to clarify these distinctions.

4. Conclusions

The problem of inconsistencies in the bivariate statistical analysis between the coal el-
emental data on ash basis and whole-coal basis has been recognized as a long-term
problem in the compositional data analysis community. In this study, we show that (1)
the correlation between logratio variables using WSPC method is the same on both ash
basis and whole-coal basis;(2) The stability method can also successfully solve the con-
sistency problem, and the association is the same regardless of the bases;(3) In order
to verify the performance of WSPC method and stability method, hierarchical cluster-
ing algorithm can be used to accurately establish the prediction model of the modes of
occurrence of coal elemental data. The prediction results show that the WSPC method
produced results more in-line with known modes of occurrence than the stability method.

All in all, the WSPC method appears to provide more insights than the previously
suggested stability method. However, the WSPC method utilizes the geometric mean of
all parts in the composition and can be impacted by subcompositional incoherence. For
the unsolved problems in this study, we believe that some mineral forming factors in coal
can be introduced in future studies to explain the early clustering of some coal elemental
data. Of course, interpretation of whole-coal basis and ash basis coal elemental data
through deep learning is still a hot research direction.
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