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Compositional covariance shrinkage and
regularised partial correlations

Suzanne Jin!2, Cédric Notredame!-? and Tonas Erb!-

Abstract

We propose an estimation procedure for covariation in wide compositional data sets.
For compositions, widely-used logratio variables are interdependent due to a common
reference. Logratio uncorrelated compositions are linearly independent before the unit-
sum constraint is imposed. We show how they are used to construct bespoke shrinkage
targets for logratio covariance matrices and test a simple procedure for partial corre-
lation estimates on both a simulated and a single-cell gene expression data set. For
the underlying counts, different zero imputations are evaluated. The partial correlation
induced by the closure is derived analytically. Data and code are available from GitHub.
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1. Introduction

The study of data variability is at the heart of data analysis. A simple way of quantify-
ing the variability around some central tendency is given by a bilinear function defined
for each pair of variables: the covariance. The distribution that makes no assumptions
beyond a finite covariance matrix is the multivariate Gaussian, and it is thus optimal
in a maximum-entropy sense. Covariance matrices can capture the relevant aspects of
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2 Compositional covariance shrinkage and regularised partial correlations

variability in a wide variety of scenarios (Whittaker, 1990), and the Gaussian does not
have to be the “true” underlying distribution for this!.

Often the limitations of data acquisition make good covariance estimates difficult,
and regularisation techniques are adopted to deal with small data sets. One such tech-
nique is covariance shrinkage, which is a regularisation technique that lets us invert
singular covariance matrices arising from the presence of fewer samples than variables
(Schéfer and Strimmer, 2005). It has recently been applied in the context of composi-
tional data in genomics (Badri et al., 2020), where clear improvements over empirical
measures were shown with a comprehensive and reproducible benchmark. Composi-
tional data are constrained in that their samples sum to a constant, which causes biases
that can be alleviated by logratio transformations (Aitchison, 1986). Badri et al. (2020)
applied the standard shrinkage approach directly to logratio covariance matrices, which
does not take into account the interdependence among logratio variables. Our main in-
terest in this contribution is to provide and test an improved shrinkage procedure that
is custom-made for logratio-transformed data. The properly regularized logratio covari-
ance matrices can then be inverted to estimate logratio-based partial correlations, which
we have proposed as a measure of interaction between compositional variables (Erb,
2020).

On a more general note, we aim to contribute to finding a principled way of quantify-
ing interactions in data sets consisting of compositions or relative counts. When inferring
interactions between variables, a useful distinction (see, e.g., Werhli, Grzegorczyk and
Husmeier (2006) is made between relevance networks, which are based on pairwise in-
teraction coefficients (such as Pearson correlation) and graphical models, which make
use of all the variables to infer pairwise association (e.g., via partial correlation). While
the former are susceptible to inferring indirect interactions that are mediated by variables
that are unrelated to the pair of variables in question, the latter aim to infer the condi-
tional independence structure of their joint distribution (Whittaker, 1990). This way
they can in principle infer direct interactions between two variables. The distinction is
highly relevant for compositional data, where variables are intrinsically connected due to
the unit-sum constraint. Here, simple relevance networks are inadequate because of the
negative bias coming from the constraint. This bias has been addressed by measures that
use ratios of variables, such as Aitchison’s logratio variance (Aitchison, 1986), as well
as other coefficients inferring proportionality (Lovell et al., 2015; Erb and Notredame,
2016). These can be used to infer relevance networks in compositional data, and Badri
et al. (2020) have shown how shrinkage improves estimates of the proportionality co-
efficient. However, to define graphical models for compositions similar to Kurtz et al.
(2015), logratio-based partial correlations will be instrumental.

In what follows, in Section 2 we briefly review how the covariance structure and par-
tial correlations are described in the logratio framework and outline James-Stein shrink-

IFor a discussion covering this aspect of maximum-entropy approaches see van Nimwegen (2016). A
more general maximum-entropy approach to compositional data has recently been proposed Weistuch et al.
(2022), but it is difficult to obtain analytic results from it.
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age of general covariance matrices as proposed in Schifer and Strimmer (2005). In
Section 3, the concept of logratio uncorrelated compositions introduced by Aitchison is
described, and it is shown how one can make use of it to define shrinkage for logratio
covariance matrices. Two equivalent approaches are proposed: 1) shrinking a so-called
basis covariance matrix which is then transformed into a logratio covariance, and 2)
shrinking logratio covariance matrices directly with the help of logratio uncorrelated tar-
gets. Due to its simplicity, we prefer the first approach, and both the synthetic and the
experimental data benchmark of Section 4 will be based on it. In Section 5, we discuss
how the use of partial correlations relates to normalisation techniques in genomics and
provide an expression for the remaining partial correlation in logratio-uncorrelated com-
positions. A summary section and an appendix containing some of the more technical
details conclude the paper.

2. Preliminaries

2.1. Compositional data and logratio covariance

Let us denote N compositional samples by vectors p;, i = 1,...,N, whose D positive
components (called parts) sum to 1. Specifically, we consider data with a large number
of parts D compared with the number of samples N. Such wide compositional data are
of interest in genomics (Erb, Gloor and Quinn, 2020), where they appear mainly in the
form of relative counts coming from sequencing experiments (Quinn et al., 2018). In
this case we would consider p the closed data obtained when dividing a count sample
by its total, i.e., the compositions are the empirical parameter estimates of a multinomial
model.

The counts play the role of a basis of the composition, a concept that was introduced
by Aitchison (1982), and which we will talk about in more detail in Section 2.4. Consid-
ering the counts as relative data is justified by assigning no importance to the variations
in the count totals (which correspond to the size of the basis). Compared with real num-
bers, relative counts constitute a discrete basis, which implies some problems of its own,
especially when counts are small (Lovell, Chua and McGrath, 2020) or vanish entirely.
Such problems can be alleviated with suitable weights (Law et al., 2014) or with finite-
size corrections to the frequencies that can again be obtained via shrinkage (Hausser and
Strimmer, 2009). The latter, known as frequency shrinkage, has the advantage that it
imputes count zeros naturally. The promise that this has shown for compositional data
(Quinn and Erb, 2021; Greenacre et al., 2022) will be confirmed here in our benchmarks.

Let us now consider an N x (D — 1) data matrix X with real-valued elements. These
elements are obtained from the logratios we evaluate from our compositional samples p;
using the additive logratio transformation (ALR, introduced in Aitchison (1982))

xj=logZl =1, D-1. (1)
Pip
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The (unbiased) sample covariance matrix S is then defined by its elements
1 N
sij = ——— Y (%1 — %) (xe; — %)), (2)
N-15
where X; are the components of the N-dimensional vector X of column means of X. In
order to have a criterion allowing us to judge the quality of our covariance estimate based
on S, we need a distributional assumption. Let us assume that X was sampled from a
normal distribution with population parameters g and X. This can be written as

x~N(,X), 3)

where x denotes a D — 1-dimensional random vector taking values as in the rows of
X. In this case the random compositions p are distributed according to Aitchison’s
celebrated logistic normal distribution (Aitchison, 1982). If we denote the density of
the compositions themselves by f., the Gaussian density fx will be multiplied by an
additional factor due to the resulting Jacobian:

-1

D
fe(p=pil,Z) = (HPij) In(x=x;|n,X), )
j=1
where x; is a function of p; defined by (1).

2.2. Covariance shrinkage

To improve estimates of X from data, adding a bit of bias to the unbiased estimator S can
reduce its overall error. This is a consequence of the bias-variance decomposition of the
mean-squared error and can be achieved by convexly combining S with (also known as
“shrinking it towards”) a suitable target matrix T':

£=AT+(1-21)S, (5)

where the shrinkage intensity A is between zero and one. £ is a so-called James-Stein
type estimator (James and Stein, 1961). If we forget for a moment that X was obtained
from logratios of compositions, a typical target matrix could be diag(§). While (5) tells
us nothing about suitable values of A, its optimal value can be estimated from the data via
an analytic expression that minimises a mean-squared error cost-function with respect
to the population covariance (Ledoit and Wolf, 2003). The derivation of this expression
makes use of the fact that S is unbiased. This optimum is given by

D
Y1 Yz [var(sij) — cov(sij, Tij)]
D
Yo i El(sij — Tij)?]
where 7;; denotes the matrix entries of T. Note that here, covariance and expectation of

the matrix elements refer to parameters of a distribution which can be approximated by
their empirical estimates for actual calculations, see Schifer and Strimmer (2005).

AT =

; (6)
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To provide further background, we also show a principled interpretation of covari-
ance shrinkage in the Appendix. There, we sketch how covariance shrinkage is equiva-
lent to optimising the posterior probability of £ from data and prior information. Note
that A* is inferred from data, making this a quasi-empirical Bayes approach.

The shrunk covariance estimator is useful in itself as it often by far outperforms
the sample covariance unless the number of samples considerably exceeds the number
of variables. Regularisation becomes a necessity for inverting the covariance matrix
whenever the number of samples is smaller than the number of variables. Therefore,
shrinkage improves and extends the range of applications of the analysis proposed in the
next section.

2.3. Logratio-based partial correlations

Partial correlations between two variables are evaluated by controlling for the linear
dependence on all the remaining variables, e.g., Whittaker (1990). This is achieved
by correlating the residuals of two variables, where the residuals are with respect to the
linear least squares predictors obtained from the remaining variables. Intuitively, we only
correlate those contributions to our variables that are orthogonal to a subspace spanned
by the variables we control for. Partial correlations can therefore be used to extract direct
dependencies between variables, as opposed to the ones based on Pearson correlation,
which can be dominated by indirect interactions via other variables. Partial correlations
between logratio variables can be defined independently of their reference part D, so
they measure association directly between parts, provided their reference is controlled
for Erb (2020). Let us recall the formula for the (logratio-based) partial correlation
between two parts i, j of the random composition p via their ALR covariance X. Below,
the backslash means taking the set difference, so the variables we control for are all the
ones not belonging to the pair in question:

(;.(._1)

rlj(p) = COIT(.X,'I")CJ‘| {xla' . ',fol}\{xi,xj}) = #a (7)
JoaT

where i # jandi,j=1,...,D—1, and where ol

ij denotes the elements of the inverse
of X. It may appear as if the reference part pp is “sacrificed” here, and its partial corre-
lations cannot be determined. Note, however, that r;; is invariant under permutation of
the reference part: all D choices of X lead to the same partial correlations (for the parts
they have in common). It follows that we can obtain the partial correlation of any pair of
parts by choosing an arbitrary reference part that does not form part of the pair. We have
stated our definition in terms of the ALR covariance matrix because it comes closest to
what is known from unconstrained data. There is also a (computationally) more conve-
nient representation using a covariance matrix involving all parts in the form of centred
logratios (the CLR covariance introduced in Section 2.4), from which the partial corre-
lations can be obtained via its pseudoinverse. The inverse can also be estimated with
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a sparsity assumption, which has been done to create ecological networks of microbes,
see Kurtz et al. (2015).

2.4. Linear independence in logratio and basis covariance matrices

For covariance matrices of unconstrained data, vanishing off-diagonal elements mean
linear independence of the variables. Logratio covariance matrices cannot be linearly
independent in this sense. Although logratio transformations map compositional data
from the simplex to a real-valued space, they cannot remove the dependence between
the parts that is introduced by the loss of one dimension. The notion coming closest to
linear independence for logratios is given by logratio uncorrelated compositions. In the
following, we state some results from Aitchison (1986), section 5.9, where this concept
is introduced. A composition p is said to be logratio uncorrelated (LU) if

cov <log pi,logpj) =0 (8)
Pk pi
for every selection of four different indices i, j, k,! from {1,...,D}. This case is shown

in Figure 1. The covariance structure of LU compositions can be made explicit when

3

logm,

(0]

Figure 1. Dependence structure in a logratio uncorrelated composition u with four parts. Trans-
formed parts can be visualized as centred vectors with sampled components (labels are in
random-variable notation), where length corresponds to standard deviation. The reference part
is indexed by D = 4 and its basis m4 = tuy is usually unknown (resulting in an unknown origin
O). The vectors from the origin to the points indexed by 1 to 4 are the log-transformed basis vec-
tors, their squared lengths correspond to the oy defined in (9). As u is LU, they are orthogonal to
each other in four dimensions. In three dimensions, only the logratio vectors of equal colour are
orthogonal (e.g., the orange vectors labelled with their logratios). These correspond to vectors
where all indices are different, see (8).
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defining a D-component vector & with elements

oy = cov (log &,log p;) , )
Pk Pk

with the three indices 7, j, k in {1,...,D} and all different from each other. For LU

compositions, this definition makes sense because the value of ¢ is constant regardless

of the (unequal) indices i, j. The matrix ¥ of an LU composition is now given by

oﬁ_{‘”;?);:;jj ij=1,...D—1. (10)
(we reproduce the proof of this in the Appendix). While these definitions may seem
overly abstract, they appear much more compelling in the light of Aitchison’s concept of
the basis of a composition — see Aitchison (1986, chapter 9). Intuitively, the basis is one
of many ways our compositions can look like before the closure operation is applied. It
is defined by m =t p for some positive real ¢ which is called the size of the basis and for
which ¢ = Zi):l my holds (implying that it can change for each data sample). Of course,
infinitely many bases of different size exist for a given unit-sum composition. Now the
basis covariance matrix Q is defined to have the elements

o;; = cov (logm;,logm;), (11D

from which the covariance structure of a composition can be obtained unambiguously.
If we assume that Q is diagonal, i.e., the logged components of the basis vector are
mutually uncorrelated, we have the result that & coincides with var(logm):

o=aw; i=1,...,D. (12)

This goes to show that & can be seen as the variance vector of an independent distribution
in a sample space that has one additional dimension (and in which the logratio sample
space is embedded), see Figure 1. As o was defined for logratios, this statement may
appear confusing because of the apparent dependence of varlog(zp) on the basis size ¢.
However, the t-dependence drops out because Q is diagonal (see the proof of (12) in the
Appendix).

For completeness, let us also mention an equivalent expression to (10) in terms of
the centred logratio transformation (CLR). Here the reference involves all the parts of
the composition. It transforms the compositional data matrix as

Pij
yij = log ; (13)
! g(p;)

where g(p;) = le pllk/ Pis the geometric mean of the i-th composition. Note that the

resulting data matrix ¥ has a constraint Zle vix = 0 acting on its rows. This constraint
leads to a singular CLR covariance matrix of rank D — 1. The covariance of y is denoted
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by I'. The two forms of logratio covariance are equivalent and can be transformed into
each other (see the first two rows in Table 1). Using the transformation from X to I" on
(10), we obtain the elements of I" for an LU composition as

o — (20— 5 X0u)/D ifi=j, o
Yij = 1 o i,j=1,...,D. (14)
—(oci+ocj—5):kak)/D lfl#].
T %j = Gij — 75 L1 Ok — 5 Liw1 Okj + &Zﬁlzl Oul
r—-x Cij ="Y:j— Y —Ypj+ VoD
Q—X 0;j = W;j — Wip — Wpj + Wpp

r-Q ;; =%;(E)+Bi+Bj, where

Bj =cov(clrj(p),logg(m)) — %Var(logg(m)).

1 vD 1 vD 1 D
Q—-T Yij = 0jj — 5 Yim1 @ik — 1 k=1 Okj + p7 Liy=1 Ot

r-aQ w;j =Y+ Bi+ B, see £ — Q.

Table 1. Elementwise transformations between ALR, CLR, and basis covariance matrices (col-
lected from Aitchison (1986)). Here, indices of 0;; are allowed to take the value D, in which case
0;; vanishes; clr; stands for the j-th element of the CLR transform, and g denotes the geometric
mean. All these transformations can also be expressed as simple matrix operations that are not
shown here.

3. Logratio covariance shrinkage

The specific covariance structure of compositional data would suggest to use logratio
uncorrelated shrinkage targets instead of the diagonal targets used for unconstrained
data. We will show that it is straightforward to construct such targets. However, it is
usually more convenient in practice to work with diagonal targets, for which we have
to do the shrinkage on a basis of the compositions. Once the shrinkage estimate for the
basis covariance is obtained, it can then be back-transformed to a logratio covariance
matrix. This strategy is described in the following section.

3.1. Basis covariance shrinkage using diagonal targets

A diagonal shrinkage target may often be preferred for practical reasons. As an example,
the corpcor R package (Schifer and Strimmer, 2005) uses the diagonal of the sample
covariance as a target and does not allow for alternative targets. However, we have seen
that logratio covariance matrices do not allow for this simple independence structure.
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Therefore, we now define the shrinkage estimator directly for the basis covariance matrix
Q:
Q=ATc+(1-2)C, (15)

where C is the empirical basis covariance matrix, and the shrinkage target T ¢ could be
simply its diagonal. Thus, given some compositional data, our first step to construct
an uncorrelated shrinkage target is to obtain an empirical basis covariance matrix from
the data. For this, it is necessary to fix the size of the basis . Note that doing this
specifies the variability of the totals across samples. Given that we will back-transform
our estimator to a logratio covariance matrix, this variability is irrelevant. The logratio
covariance structure will not contain information about the basis size, so it is convenient
touset; = 1 for all samplesi=1,...,N, giving a basis m; = log p;. In the case of relative
count data, the counts themselves can provide the basis, and C can be estimated from
their logarithms (provided zeros are taken care of). Yet another possibility is to start
from an empirical logratio covariance matrix and obtain C via a transformation given in
Table 1. These transformations simplify for a constant basis size.
The diagonal target has the additional advantage that the expression for the optimal value
of A simplifies (Schifer and Strimmer, 2005) compared to the more general expression
(6). For diagonal targets we have

s, LR Yiyvar(c)

Af = ) - (16)

Y j=1 Zi;é jCij

To obtain the shrinkage estimator of a logratio covariance matrix, all we have to do now
is back-transform Q to an appropriate logratio covariance matrix as specified in Table 1.
This will also be the strategy we use for our benchmark in Section 4.

3.2. Logratio uncorrelated targets

While we will not use them in our benchmarks, it can be of general interest to construct
LU targets for direct logratio covariance shrinkage. A simple way of constructing these
targets would be as follows: pick the diagonal elements of the empirical basis covariance
C as our ¢; and then obtain the ALR target covariance by (10) and the CLR target covari-
ance by (14). However, we can also skip the construction of a basis covariance entirely
and express the targets directly in terms of the logratio sample covariance matrices. For
the ALR target given the empirical covariance S we find
Si — 5 Yoot Sik+ oz Lag s ifi= j,
Tij = 5 o ] i,jzl,...,D—l. (17)
7 2kl Ski ifi# j.

Similarly, using an empirical CLR covariance matrix G, the corresponding target ele-
ments f;; are given via the diagonal elements of G by

{ gi— (28i— 5 Lxgu)/D ifi=j,
lijj=

1 ij=1,.. D. (18)
—(gii+8jj— pXugk)/D ifi# .
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4. A benchmark of logratio covariance shrinkage

We verify our estimators of covariance and partial correlation on both simulated data as
well as single-cell gene expression data. The latter are subsampled from a “ground truth”
of greater sample size (this strategy has also been used for microbiome data in Badri et al.
(2020)). Throughout, the corpcor R package from Schifer and Strimmer (2005) is used
for covariance matrix shrinkage. Note that we use the default implemented there, which
consists in separately shrinking the diagonal elements of the covariance matrix with
another A parameter, see Opgen-Rhein and Strimmer (2007). The aim of the benchmark
is the evaluation of our proposed procedure to first shrink a basis covariance and then
transform the result to a logratio covariance. This is compared with a naive approach
of direct logratio covariance shrinkage (with a diagonal target containing variances that
inevitably mix parts) as well as no shrinkage at all. In the first part of this section, the
logratios of our compositions are taken for granted and we just sample them from a
normal distribution of rather moderate dimension (D = 40). In this case we do not have
to be concerned about zeros in the basis samples. A scenario typical for genomics data
sets is treated in the second part of this section, where the basis of our compositions are
high-dimensional relative counts taken from single-cell gene expression data (D = 500).
There we also test various ways of dealing with zeros as well as a finite-size correction
for low counts in form of frequency shrinkage.

MSE partial correlation matrix, D=40, N=200 MSE partial correlation matrix, D=40, N=40 MSE partial correlation matrix, D=40, N=8
03-

7e-03
2.0e-02- Median no shrinkage:4.2e-01 Median no shrinkage:1.7e-01

6e-03-

1e-02- 1.5-02-

5e-03-

1.0e-02-

* 5.0e-03- 3e-03- +

Mean squared error
oS
@
S
@

Mean squared error
Mean squared error

2e-03-

X
& & &
& & &
R $ BN

Figure 2. Mean squared error of partial correlation matrix for sample sizes N = 200, N = 40,
and N = 8. Colours indicate different estimation procedures (no shrinkage, naive shrinkage of
CLR /ALR covariance and basis covariance shrinkage). Each boxplot contains the results of 200
simulations. Whenever estimates without shrinkage are not shown, their median value is given
in the legend.

4.1. Synthetic logistic normal data

To have reasonably realistic population parameters for the normal distribution, they are
inferred from a single-cell gene expression data set (Riba, Oravecz and Durik et al.,



Suzanne Jin, Cédric Notredame and lonas Erb 11

2022), where a subset of 240 genes that are non-zero everywhere across 5637 cells are
selected. From these, in each of the 200 repetitions of the simulation, in step 1) D =40
parts are chosen randomly, from which ALR and CLR covariance matrices as well as the
partial correlation matrix (via the pseudoinverse of the CLR covariance) are constructed
across the 5K+ cells. This is our ground truth. Then 2) the ALR mean vector @ and
the ALR covariance matrix X are used to produce N multivariate normal samples, where
N =8, 40, and 200. 3) The N samples are backtransformed to compositions. From
these, sample estimates of CLR, ALR and (constant-size) basis covariance matrices as
well as the partial correlation estimates are produced. This is done in three different
ways: without shrinkage, with direct shrinkage of the logratio covariance matrices (using
a diagonal target for the logratios), and via shrinkage of the basis covariance matrix
(i.e., using a diagonal target for the log-transformed basis). 4) These sample estimates
are compared to the ground truth established in the first step using an element-wise
mean squared error. Note that after basis covariance shrinkage, partial correlations are
identical if the basis is transformed to an ALR or a CLR covariance matrix (but it is
convenient to use the CLR to obtain them).

The results of this procedure are seen in Figure 2 for partial correlation and Supple-
mentary Figure S.1 for covariance. There is no doubt that shrinkage leads to substantial
improvements when estimating covariation, even for N = 5D. In this regime, naive CLR
shrinkage fares worse than using no shrinkage at all when estimating partial correla-
tions. Interestingly, the error is small for the covariance matrix itself but seems to be
compounded for inference of its inverse. In all cases we see a clear advantage when
using shrinkage of the basis covariance, especially when comparing with naive ALR
covariance shrinkage. We conclude that we achieve substantial improvements of our
estimators when tailoring the shrinkage to the needs of logratio covariance matrices.

4.2. Single-cell gene expression data

Instead of simulating samples from a (realistic) covariance matrix, we now draw our
covariance matrices directly from the data. Since these are sample covariance matrices,
the benchmark now consists in recovering them as well as possible with undersampled
data. While this is not ideal (the test case could in principle be as close or closer to the
population covariance than the sample covariance that serves as ground truth), it seems
a reasonable assumption that the degradation effect due to undersampling is greater than
the deviation of the full sample covariance from the population covariance. In the pre-
vious section we could see that shrinking the covariance still has positive effects even
for N = 5D. To avoid circularity, however, we prefer to not shrink the ground truth co-
variance matrix here. Our benchmark procedure is summarized in Figure 3. Single-cell
gene expression data usually contain a very large number of zero counts, which would
require strategies (e.g., pooling several cells into a single sample) that are not explored
here. Instead, we concentrate on a core set of genes that are highly expressed and thus
yield only a few zero counts. These can still be used to test a number of imputation
strategies. We test two basic procedures implemented in the R package zCompositions
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Figure 3. Benchmark procedure for single-cell gene expression data.

(Palarea-Albaladejo and Martin-Fernandez, 2015) (Count Zero Multiplicative replace-
ment, or CZM, and Geometric Bayesian Multiplicative replacement, or GBM), as well
as one more sophisticated strategy that takes covariance structure into account (IrSVD),
which was added to zCompositions recently (Palarea-Albaladejo et al., 2022). We also
test frequency shrinkage as implemented in the R package entropy (Hausser and Strim-
mer, 2009).

To separate the effects of shrinkage and imputation, we defined two scenarios: 1)
imputation is avoided by using a large subset of cells with only nonzero counts, and 2)
the effect of shrinkage and imputation are jointly evaluated by including all the cells.
More precisely, we used 770 genes for which 3986 cells (out of a total of 5637 cells)
have no zeros, from which a ground-truth can be constructed. For each of the 200 re-
samplings, 500 genes are chosen randomly from the 770 genes. Covariance and partial
correlation matrices computed on the 3986 x 500 nonzero matrix define our ground
truth. Then, in scenario 1, this matrix is subsampled to have N=2500, N=1000, and
N=100 cells. Covariance and partial correlations computed on each of these matrices,
and under the different shrinkage schemes are compared to the ground truth using mean
squared error. In the second scenario, the same ground truth as defined before is used,
while the subsampled data (N=2500, N=1000, and N=100) are drawn from the extended
matrix of 5637 cells x 500 genes. Here, on average about 1500 zeros are imputed for
the 2500 samples, 600 zeros are imputed for the 1000 samples and 60 for the 100 sam-
ples. Having additional samples that contain zeros is not ideal because these samples
could in principle induce a slightly different covariance structure. The benefit, however,
is that it provides a natural set of zero counts when otherwise zeros would have to be
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MSE partial correlation matrix, D=500, N=2500 MSE partial correlation matrix, D=500, N=1000
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Figure 4. Mean squared error of partial correlation matrices computed on three different sizes
of subsamples (N=2500, 1000, 100) of single-cell gene expression data. Boxplots contain 200
samples each using different estimation procedures (no shrinkage, naive ALR/CLR shrinkage,
basis covariance shrinkage). Their colour indicates the type of zero imputation used.

artificially introduced. Now the subsampled matrix is first imputed using four differ-
ent methods, and then covariance and partial correlations are again computed under the
different shrinkage schemes.

The results for partial correlations are shown in Figure 4, and for the covariance ma-
trices in Supplementary Figure S.2. Two main conclusions can be drawn from the results
for such high-dimensional data. First, the effect of using the basis covariance shrinkage
is strong compared with naive ALR covariance shrinkage, but it is much weaker when
comparing with naive CLR covariance shrinkage. Naive shrinkage of the CLR covari-
ance only leads to an important deterioration for the partial correlations at higher sample
sizes, in concordance with what we observed in the synthetic benchmark. Apart from
that, the improvement is mainly observed when no zeros are imputed, which hints at
a flattening of the effect caused by the imputation. The advantage of basis covariance
shrinkage becomes entirely invisible when directly evaluating the covariance matrices,
whose inference seems to be less prone to error than their inverse. A second main con-
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clusion is that imputation of zeros leads to considerable increase in mean squared error.
All imputation schemes lead to a comparable loss in accuracy, with only slight differ-
ences between methods.

5. Logratio-based partial correlations for wide data

We have addressed some questions regarding covariance structure that remained unan-
swered in Erb (2020), especially with respect to the application to wide data sets like
the ones occurring in genomics. We think it is beneficial to also discuss some questions
regarding the interpretation of logratio-based partial correlations both in CoDA and ge-
nomics. In genomics, partial correlation analysis is common, but it has rarely been based
on logratio analysis (Kurtz et al., 2015). In CoDA, on the other hand, logratio analysis
is the dominant paradigm, but partial correlations have been introduced quite recently
(Erb, 2020). In the following sections we will discuss the relationship between classical
partial correlations and their logratio counterparts.

5.1. Normalisations to avoid compositional bias

We can think of two strategies to avoid compositional bias when analyzing covariance
structure: trying to recover the original (absolute) signal (as contained in one particular
basis covariance ) or using only that part of the signal that absolute and relative data
have in common (which is contained in the logratio covariance). The first (“normali-
sation”) strategy relies on assumptions because the closure operation discards a part of
the signal and to recover the original totals up to a constant factor, additional informa-
tion is needed. The second (“CoDA”) strategy voluntarily discards this information and
doing so introduces dependencies between the variables, but it is assumption-free. In-
terestingly, the distinction between the two approaches is not all that clear-cut because
the logratio transformations Aitchison introduced can be used to pursue the “normalisa-
tion” strategy of re-opening the data with additional assumptions. This was discussed
in Quinn et al. (2018), see especially the Supplementary Material. In the following, we
revisit these arguments from the perspective of logratio covariance matrices and their
basis covariance . Let us start with the ALR covariance X. It can be obtained from the
basis covariance by

0;j = 0;jj — ®;p — ®;p + Wpp (19)
(see Table 1). Note that if the reference variable mp remains unchanged across samples
in the basis, the three last terms on the right-hand side vanish, and the two covariances
coincide. This is the reason behind the widespread normalisation procedure in genomics
where (absolutely) unchanged reference genes are used to “normalize” the data to avoid
compositional bias. Similarly, for the CLR covariance I we have the relationship

wij = Yij+ Bi+B; (20)

(see again Table 1). From the dependence of f3; on g(m) we see that this implies that if the
geometric mean of the basis remains unchanged across samples, the f terms vanish and
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the CLR covariance is identical with the basis covariance. This is in agreement with the
notion of effective library size normalisation, where a reference that remains unchanged
on the absolute data is constructed to avoid compositional bias. The geometric mean
can remain unchanged across samples before closure when the majority of genes is not
subject to systematic change. Under this assumption the CLR transformed data have an
identical correlation structure as the log-transformed absolute data.

We can see that the CoDA strategy has the advantage that, while it is on the safe
side if the assumptions aren’t met, it also recovers the original signal if they happen to
be fulfilled. In the latter case, however, a specific reference and thus logratio covariance
would be picked out because it recovers the basis covariance. While this is necessary for
evaluating both covariance and correlation, it is unnecessary for partial correlation. The
results remain invariant under permuting the reference in ¥ and they are also identical
when using the pseudoinverse of I' for their evaluation, see also Erb (2020).

These benefits of logratio-based partial correlation are lost when using more naive
approaches, like deriving partial correlations from the covariance matrix of log p, or
from a relative count basis using logm directly. Formally, partial correlations derived
when not specifying a reference do not coincide with their logratio counterparts.

Closure-induced partial correlation
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Figure 5. A worst-case scenario for spurious logratio-based partial correlation of a fixed pair
of parts in artificially uncorrelated data (see text). Successive increase of the number of parts
from three (PC=0.69) to 770 (PC=0.001) shows how the closure-induced spurious signal tends
to zero with the number of parts. Inset: The case D = 3. The vanishing correlation between
the first two parts could be recovered from the logratios with respect to the third part (indicated
in red) by correlating their projections into the plane that is orthogonal to logms. This would
Jjust be the correlation between residuals when controlling for logms. However, the information
about logmg is lost, so partial correlation between the logratios remains biased.
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5.2. What is the effect of the closure?

Partial correlations based on logratios can emulate their absolute counterparts extremely
well (a benchmark of which will be shown in another contribution). However, the clo-
sure operation makes us lose one dimension which cannot be recovered. So there re-
mains a difference between partial correlations derived from absolute (using logarithms
only) versus relative data (using logratios). Or, to put it differently, partial correlations
can change when we derive them from a logratio covariance as opposed to the original
(usually unknown) basis covariance. Using the relation between Q and I" of Table 1, the
respective covariance inverses are related by

Q'=T+B', 1)

where the D x D matrix B has elements 3; + ;. We see that we can neatly separate
the covariance signal introduced by the variability of the basis size in the matrix B, but
taking the inverse will mix these signals again. To further simplify the relationship of the
inverses, we need a more specific expression for the covariance. A simple way to extract
the partial correlation that is only due to the closure operation is to consider a diagonal
basis covariance, as it has no partial correlation by definition. We know from section
2.4 that linear independence corresponds to a logratio uncorrelated (LU) covariance in
the embedded logratio sample space (where one dimension is lost). In other words,
the closure applied to an uncorrelated basis leads to the dependence structure of LU
compositions?.

The elements of ¥ for an LU composition are given by (10) and (9). The fact that
X has nonzero off-diagonal elements for LU compositions immediately shows that the
partial correlations of LU compositions do not vanish. It is not difficult to determine the
precise expression. For # an LU composition, its (logratio-based) partial correlations are
given by

o ! ocj‘l
(L0 ') (Terioy ')

for all i # j, and where & is given by (9) (see the Appendix for a proof).

To get an idea how strong this “spurious” signal is, we make the following exper-
iment. To obtain an (artificial) system of linearly independent variables, we take the
diagonal of the basis covariance matrix of the 770 genes considered in the previous sec-
tion. This diagonal corresponds to @&, and we can calculate the logratio-based partial
correlations between all pairs using (22). For a worst-case scenario, we select the pair of
parts for which we obtain the strongest partial correlation. With this pair fixed, we repeat
calculating its partial correlation after eliminating an arbitrary part (and thus one com-
ponent from the vector a). We repeat this process until we have only one additional part

rij(u) = 5 (22)

2Dirichlet compositions are LU [Aitchison 1986], and this (often undesired) property gave rise to Aitch-
sion’s introduction of the logistic normal. The richer covariance structure of the latter enables modelling
that goes beyond unit-sum induced interactions. Of course, a logistic normal with an LU covariance matrix
also models LU compositions.
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left with our original pair. The result of this process is shown in Figure 5 (going from
right to left along the horizontal axis). We see a similar “dilution” of the compositional
effect as for the negative correlations between multinomial counts, see Greenacre et al.
(2022). In our case, the spurious correlation turns out to be positive, but it is evaluated
between residuals of logratios, not compositional parts.

6. Conclusion

We have proposed a simple way of obtaining shrinkage-based estimators for logratio co-
variance matrices and their inverse. As shown in our benchmark, these estimators clearly
improve on the (still widely used) empirical estimators and also outperform estimators
that shrink logratio covariance matrices towards a diagonal target as proposed in Badri et
al. (2020). The use of Aitchison’s notion of logratio uncorrelated compositions is crucial
to obtain the improved estimates.

With our contribution we also aim to promote the use of partial correlations for the
analysis of compositional data sets. We see three advantages in using them: 1) They
take all parts into account for the evaluation of pairwise interaction (and thus can factor
out indirect interactions). 2) Their evaluation is reference-independent. 3) Negative
correlations can be meaningfully evaluated with respect to the set of variables that are
controlled for. While partial correlations change under taking subcompositions, this is
expected because it reflects the effect of the removal of variables that are partialled out.
However, we have also shown that a “spurious” positive signal remains that is due to the
loss of the D-th dimension in compositional data sets. We have derived the expression
for this remaining partial correlation induced by the closure operation and have shown
how it “dilutes out” with a growing number of parts. In this sense, partial correlations
between parts are expected to show little spurious signal whenever there are sufficiently
many parts, a common occurrence in genomic data.

For genomic data sets, we have also drawn some connections with the problem of
their normalisation. Sequencing data are relative counts, and as such their analysis within
the scale-free logratio framework can be beneficial. The use of various normalisation
schemes to control for sequencing depth can essentially be circumvented in this way.
We see much promise in the use of logratio-based partial correlations especially for
situations when normalisation assumptions fail.

7. Appendix

7.1. Bayesian interpretation of covariance shrinkage

In the Bayesian view of statistical inference, the parameters of a distribution are consid-
ered to follow distributions themselves. The posterior distribution of the parameter in
question incorporates information from both the data (via the likelihood) and the prior
distribution of the parameter. Shrinkage estimators also can incorporate prior informa-
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tion, and while a suitable empirical estimator can maximise likelihood, optimization of
shrinkage is related to maximizing the posterior of the parameter>. In the following we
want to make this more precise for Gaussian covariance shrinkage.

Let us start with the Gaussian conjugate prior distribution of the precision matrix r!
in the case of a fixed mean p. This is known as the Wishart (or multivariate Gamma)
distribution with density

= ‘(va)/Zef%tr(V’lE")

-1
S @ V) = AT, 1 (T) @9

where the number of degrees of freedom v is a positive integer, the parametric matrix
V is positive definite of order (D — 1) x (D — 1), and I" denotes the multivariate Gamma
function. The particular form of this density can be understood better when decomposing
the precision matrix as

rl=ypurT, (24)

where U is of order (D — 1) x v. If the v vectors in U are independently drawn from
a normal distribution with mean zero and covariance V (where v > D — 1), then the
precision matrix follows a Wishart distribution with density (23).

To estimate a Gaussian covariance matrix, we need more than a single sample of data.
Let us now consider a data matrix X where the N rows were sampled according to (3).
The joint likelihood of these samples can be written in terms of their sample parameter
estimates § and X as

N
fN(X“‘l'az) = HfN(xi“‘lwz) =
i=1

(%)gexp{—;w[y‘((N—l)S+N<5c—u>T(fc—u))]}- (25)

Let us now assign the conjugate priors as follows:
1

pl|z ~N<uo,K2>, (26)

=AWV, ). 27)

The joint posterior density then factorizes as P(u|Z~")P(Z™"), where the marginal
P(Z_]) is again Wishart. More precisely

P(Z718,%, 1, k,V,V) = fln(Z 1 V*,V+N), (28)

where
KN

K+N

Vi=(N-1)S+V + (x— o) (x— 1) (29)

3 As an example, in the case of shrinkage estimates of multinomial frequencies, the target frequencies
are renormalized pseudocounts to the count data, and the shrinkage intensity A is the prior sample size of
the conjugate Dirichlet prior that has the pseudocounts as its parameters (Hausser and Strimmer, 2009).
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(see DeGroot (2004), p.178)4. It follows that under the Bayesian model, an improved
covariance estimator will involve an additive correction to the sample covariance. We
can now write (29) in terms of the shrinkage estimator when taking into account the
posterior sample size:

(V+N)E=V". (30)

Identifying (30) with (5), we obtain the identities

(1-2)=(N—1)/(v+N), (31)
AT = viN <V+ K'TN(J?—#O)T@—#O)) : (32)

from which it follows that

v+1

A=——r, (33)
V+N
. 1 KN _ T /=
T (Vo T ) o)) (34

Optimization of A thus boils down to a tuning of the prior degrees of freedom Vv relative
to the sample size N, while the target T' defines a prior covariance structure.

7.2. Proof of (10) for LU compositions
We start with the case i # j (see [Aitchison 1986], section 5.9):
0;j = cov <logpi,logpj> = cov <10gpi—|—10gpk,logpj> = 0+ o (35)
PD PD Dk PD PD

because of (8). It is therefore clear that o;; is constant for unequal indices and the
definition (9) makes sense for LU compositions. So o;; = op if i # j. Similarly, in the
case i = j we have

O;; = var <log pi)
PD

= cov <log ﬁ,log pi> = cov <log P +log ﬁ,log pi)
Pp Pp Pk Pp Pp

=cov <1og &,log pD) +cov (logpk,log pi) =o;+ap, (36)
i pi Pp PD

which concludes the proof.

“For the sake of completeness, it should perhaps be mentioned that P(u|Z~') =
fx (KMo +NB)/(k+N),E/ (K +N).
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7.3. Proof of (12) for an uncorrelated basis

Let the composition u have a basis tu with cov(log(tu;),log(tu;)) = 0 for all i # j. We
show that it follows that

var (log(tuy)) = cov <log ﬁ, log uj) (37
U Uy

where none of the indices i, j, k are equal. We write the left-hand side as

t t
cov (log(ruy),log(tuy)) = cov <10g tu—k +log(tu;),log tﬂ + log(tuj)>
Ui uj

l

= cov <log ,1o g> + cov <10g log(tu1)>

+cov <log(tu1) log> +cov (log(tu;),log(tu;))

= cov <log %,log ZJ) +cov (log(tux) — log(tu;),log(tu;))+... (38)
k k

The terms after the first one are all zero because of the condition that cov(log(tu;),log(tu;)) =
0 for any indices i # j, which concludes the proof.

7.4. Proof of (22) for LU compositions

Let X be given by the elements (10). The following are expressions for its determinant
(here given without proof):

Toy L=

-[lay L -]

i=1 =1

Mw

oy, 39)

1 k#i

where the second equality is found by evaluating the greatest common denominator of
the ai’l. We show that the matrix inverse of X is given by the elements

. 1 T e
° I)ZD{Zk#lHl#"O@ Li=J i i—1,...D—1. 40
! Yoo [hzon U —Tesijon i i

That this is the inverse can be easily proven when multiplying the resulting matrix with
the matrix whose elements are given by (10). The off-diagonal elements (where i # j)
of the result are

D—1
ZGimGn(” Z O-ImG,E,] )‘1‘0-” ,(J b
m=1 m#i,j,D

+Glj ( 1):

1
W[—O@ Z H ak_(ai+aD)Hak+aDZH(X[

m#i,j.D km, j =y K 1k, j
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The square bracket evaluates to

—ap Y, [Jaw—a[]oat+an) J] o

mz#j,Dk#m, j k#i,j k#jlFk,j
= —0p Z H(Xk—OC,'HOCk—l-OCD Z HOQ—I—OCDHOC]:O. 41
m#j,Dk#m,j k#i,j k#j,Dl#k,j 1#D,j

Thus the off-diagonal elements vanish. For the diagonal elements we have

D—1

—1 —1 -1
Y ooy ' = Y owol, " +oioy ) =
m=1 m#i,D

! —ap Y, [ o+ (di+ap)) []ou|. (42)

D
Yo [l me£i,Dksm,i kEi ki

The square bracket evaluates to

—ap Y, [[aw+a). [Ja+ta Y, [+ [] @

m#i,D ktm,i ki Ik i kLD [#ki I£D,i
=) [Tato [Toa=Y][a+]]a=Y]]x
i ki 1D iZi 14k 14 T Ik

Inserting this back into (42) shows that the diagonal elements are 1, proving the inverse.
We can now evaluate the partial correlation coefficient (7) for an LU composition u
by inserting the expression for the inverse (40) and (to obtain the third equality below)
making use of the second equality in (39):

-1
- [T 0%

(W)= 0~
\/ 6,.([1)6](]71) \/ (T Trzaci 0t) (Lt Tieej 041
[, O
\/ (Tl 00 T 0 ) (T 01 B0 ')
B [Tii j O
(MMt j o) \/ (0 Luzioq ') (i Xarjoy ')

o la!

= S —, (43)
(Zk# o 1) (Zk#j 0 1)

r,-.,-

which is the expression given in (22).
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