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Qn minimalfty and t-complemented
subspaces ofOrlicz function spaces

FRANCISCO L. HERNÁNDEZ and BALTASAR RODRíGUEZ-SALINAS

ABSTRACT. Several properties of Use class of minimal Orlicz flhnclion spaces L’~ are described.
la panicular, an expliciíly defined class of non-trivial mininial fiinctions is showed, which pro-
videsconcrete examples ofOrlicz spaces without cornplemented copies of P-spaces.

A classica¡ tepic in Banach spaces is tite study of tite existence of l’-com-
p¡emented subspaces. It is we¡¡-knewn titat frern tite existence of l~-subspaces
in a Banach space E does not follow that E contains a complementad cepy of
sorne l;-space (1 <p-cco). Titis happens eVen witen we restrict eurselves te re-
flexive Banacit lattices E. Tite natural ceunter-examples fer titis are inside tite
class of minimal Orhicz sequence spaces studied by Lindenstrauss and Tzafri-
ri ([L-TJ, [L-TJ, [L-T3]Pp. 164):

Tbeorem 1. Oiven 1<a~ ~-c~ arbitrary. Titere exists a minimal Or/icz
sequence space P witit indices a and ¡3 whicit does not itave any complemented
subspace isomorpitic to /~forp=1, in spite oftite fact titat IF contains isomor-
pitic copies of/~for any a~p~f3.

Recalí titat an Orticz function Fis minimal at O ([L-TJ) iL fer every fune-
tion Oc EF, it happens that E0 =EF witere E;( is the cempact set
EF,= {FQ’4/J}X): O.c?u~l in C[0,¡]. Tite existence of rninirnal functions at
O (differentof tite multiphicative enes t~ l.cp-coo) is provedby rneans of Zorn
Lemma.

Tite examples given in ([L-T], [LI2]) of minimal functions are net ex-
plicitly defined in terms of elementary flinctiens. In fact, ah minirnal fiinctiens
are ebtained, up te equivalence, via tite metited of centructing Orlicz func-
tions F associated te 0-1 valued sequences p = (p(n))~,. Titis metitod due alse

Supported in pan by CAICYT graní 0338-84.
¡980 Mathematics Subject C¡assiflcation (1985 revision): 46A45, 46E30.
Editorial de ¡a Universidad Complutense. Madrid, 1989.

http://dx.doi.org/10.5209/rev_REMA.1989.v2.18086



130 EL. Herncindez-B. Rodríguez-Salinas

te Lindenstrauss andTzafriri ([L-T2], [L-T,] PP. 161), isa useful technique but
ratiter sopitisticated and uneasy te itandte.

One of tite geals of titis lecture, which colhects se’veral resu¡ts in [H-R.S,]
and [H-R.52],is te present a suitable class of minimal Orhicz spaces fer whiicit
tite minima¡ functiens are explicit/y defined. As far as we knew titese fiinc-
tiena are tite first exarnples of non-trivial rninimal functions defined in a ele-
rnentary ferm and wititout appealing te tite abeVe mentiened 0-1 Valued se-
quence rnetitod.

We refer te ([L—T3], [L-T4])fer tite definitions and terminology used en Or-
licz and Banacit spaces.

Titeclass of minimal Orliczfunction spaces LF(ji) was intreduced by y. Pei-
rats and the first named autiter in [H-P,], shewing tite existence of reflexive
functien spaces LF(ji) witheut any cornplemented cepy of 1’ for any p t 2. (Tite
Rademacher functions span a cemplemented subspace isomerpitic te />).

Recalí titat a functien Fis minimal at co ([H-PJ) ifE;,= E~ for every func-
tion GcE~,, where E;, is tite cempact subset of tite continuous function
space C[0,cc) defined by

E;,=

Titis netien of minimahity at ¿L is s¡ight¡y stronger titan tite minimahity at
0. Fixed a minirnal functien Mat Oit is a]ways possible te find a minimalfunc-
tion F at co in such a way that its restrictien te tite [0,1] interval coincides
with the Ñnctien M.

Minimal function spaces L’(ji) itave several interesting preperties (see
[H-PJ, [H-PJ, [P]). Fer instance, a minimal space LF(0,l) contains always a
cemp¡emented cepy of the sequence space lF, and rnereever tite prejection
from L”(0, 1) en /F is contractive. Also it bolds titat tite asseciated indices to E
at O and at .x are tite same, i.e. a; = a,and[3;= It.

me fellowing result was preved in [H-P1]for the cases of indices placed
en tite same side of 2. Afterwards in [H-R.51]titis restrictien was rerneved:

Theorem 2. Given 1<a=[3.ccoarbiirary. There exists a minimal Orliczfunc-
tion space LF(O, 1) witit indices a; = a and [3;= ¡3 which does nol have any
complemented subspace isomorpitic to l’for any p t 2.

Tite proef oftitis result rnakes bassicaly use ef the fact titat a minimal Or-
Iicz funetion space LF(O, 1) contains a complemented copy of!’ fer p t 2 ifand
only if the minimal Orliez sequence space 9 dees tite same.
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We sitalí sitow itere that inside tite suitable class of exphicit minirnal func-
tiens diere are concrete examples of Orliez (function and sequence) spaces widi-
out cemplemented copies of l~-spaces.

Befere geing furtiter, we weuld ¡ike te offer the metivation for tite appear-
ance of titis class of functions and sorne related questions:

W. Jeitnsen, B. Maurey, O. Scitechtman and L. Tzafriri iii ([J-M-S-T] PP.
235) consider tite function F(t)=t’ exp(J¶Iog t)) fer p> 1 witerefis defined by

ftx)= 1(1— cos

obtaining tbat tite asseciated Orlicz function spaces LF(0, 1) and L’(O,co) are
ísornerpitic spaces. Titis gaye a ceunterexample te a Mityagin’s cenjecture
([M]) saying titat any Qrhicz space (and more generally any syrnrnetric space)
with tite aboye propeny has te be necessarily an L~-space, (1 =p=cxal). Befere
titat, Nielsen in [N] had prevedthat the Mityagin cenjecture is true for tite re-
stricted class of Orlicz funetiens witit slowly variation at co.

In ([N] pp. 256) it appears also tite questien wbether tite fact titat two Or-
licz function spaces L0(0,oe) and LF(0,gn)are isornerphic implies that tite ce-
rresponding Orhiez sequence spaces IF and P itave te be alse isomerpitic (or
even mere, tite same space). A ceunterexample te this is ebtained by con-
sidering tite aboye Johnson et a]. fl.inction F and as O te functien deflaed by

if0=t=1ift>1

Titen, using ([J-M-S-T], pp. 216), we have that

but IF and 1” are c¡ear¡y net isomorpitic.

Witen we restrict te minimal functions tite aboye question itas a positive
answer:

Proposition 3. IfL~(O,co) and I2(O,cn) are isomorpiticfor F and O minimal
functions titen IF and 1” are also isomorpitie.

We present new the class of explicit minimal spaces. (In particu¡ar we get
that tite Johnson et al. functien is minirnal):

Theorem 4. Oiven ~>‘c1 and q arbitrar>’. 1fF,, is tite function F
1J0)=O and
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F1Jt)= t”exp(qj(logt)) ¡ft> o,

titen L4<ji) is a minimal Orliez space.

Scketcit of tite Proof: First notice that fer q= O we get tite L’-spaces, se tite re-
sult is ebvious.

Let us censider t.s Ffer qtO. If OeE;1 and G is not equivalent te F,
titere exists a sequence (s$cc, sucit that

O(t)= hm F(esnt

)

F(eSn)

uniform¡y en tite compact subsets of [0,oo)and where tite function g is de-
fined by

g(x)= hm [f(s,,+x) —fi5,3]

= hm (ces 2E~ cos lt(x±s,

)

2k

New for eacit mc N we can take an scalar O<s(m>=2m+íwithi s =sr> (mod.
2”~9. So, titere exists a subsequence cenVerging te a o,,,, c [0,2m±í].Titus, using
tite Cantor Diagonal metited, we ebtain a subsequence, denoted alse by (s,,),
such titat s~’~>~*a,,, and 0=am’c 2’~’ fer eacit mc

Using tite uniform cenvergence it can be deduced tite fellowing expressien
for tite functien g~

ir(x+ 00)

)

~ (ces mt — cos
Y

New it rests te sitew titat tite function Fe Ea,. By censidering tite sequence
(rj=d2~~’ o,,) and tite uniferm convergence, it is feund out titat

hm gf(r,,+x)—g(rjI= ~ (1— cos
k—I

Se

hm 0(r)
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and FcE;. This imphies titat E; cE;, c E«, and F is rninrnal at 3D.
q.e.d.

A direct censequence is titat tite sequence spaces are alse minima¡
spaces (As far as we know tite flrst exarnples defined exphicitly).

More prepenies of titis c¡ass of minirnal spaces are tite fotlowing:

Proposition 5. Fixed p> 1. Forany q it itolds íitat:
(a) Tite associated indices al O and at a to tite funclion FA, are equal lo p.
(0b) Tite spaces LS~c(0, 1) and 1J40,cn) are Riesz-isomorpitic.
(c) Two spaces L~’ and L~’ are isomorpitic zfand en/y ifq=r

Tite preef of (b) is anatogeus te ([J-M-S-T], Pp. 236): Tite funetion FA.~F
is sucit titat titere exists a censtant K> O and an increasing sequence (r,3 witb

1
flr,,) F(r,)

for every nc Ni and O=t<cc.New, let us consider a disjoint interva¡ se-
1quence (A,,) in (0,1) witit measureji(A,,)= and 9,, tite increasing afUme

F(r,,)mapping frern A, ente [n,n+ 1). Titen tite eperater T:LF(0,cxj~*LF(O, 1) definedby

1 rJ,<ft9,,)

is a Riesz-isornerpitism.

Tite statement (c) is obtained using tite uniqueness oftite symmetric struc-
ture fer reflexive Orlicz functien spaces ([J-M-S-T]) and tite fact titat tite func-
tien flx) is net beunded at ±ca

We pass new te study tite ernbedding of 1’ as a cemplemented subspace
inte the spaces L’~”. It is still unknewn a citaracterization of witen an Orlicz
(sequence or function) space contains a cemplemented cepy of l~. HoweVer
titere exist sorne necessary er sufflcient conditiens (see [L-T,], [K], [L], [H-PJ).

Tite fe¡¡owing definition is an extensien te tite function space case of tite
Lindenstrauss and Tzafriri’s ene given for tite Qr¡icz sequence space setting:

Fixed u>O, tite funetien 1’ is called a-strong/y non-equivalení te E;, if
titere exist twe sequences of nunibers (¡(0) and integers (mJ, so titat for
n-. 3D ¡(<o-* co and m,, = o(K¶J; and m,,-points l~c (0,1) sucit that for every
Xc [maxl¿’,co) titere is at ¡east ene mdcx i, 1=i=m,,for witicb
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F(XtJ ¡~ [ —, K,,]F(X)t~

Fer reflexive functien spaces tite abeVe cenditien gives an useflil criterion:

Tbeorem 6. Given a reflexive space LF(O,1) and p#2. Ifi~ is a-sírongly non-
1equ¿valent to E;, for sorne a <—, liten LF(O,1) does not contain a com-

plemented copy ofl~.

Tite preef of titis result itas two different pans. Tite first step is te sitew
using tite titecniques develepped in ([L-T,], Pp. 360) titat under tite itypetitesis
of tite Titeerem, no weigitíed Or/icz sequence space K(w), with lW,,<3D (cf
[H-P,]), contains a cernplemented subspace isornorpitic te 1’.

Tite etiter fact needed is tite fellowing Lemma preved in [H-R.S] by using
tite disjeintificatien Kadec-Pe¡czynski meted (cf [LI4] Propesition l.c.8).

Proposition 7. Let Uf’O, 1) be a reflexive space. Titen LF(’O,1) conlains a com-
plemented copy ofl’forpt2 zfand only ¡fI” is isomorphic loa complemented
subspace ofa weigitíed Orlicz sequence space IF(w) with 1w,,<ce.

Let us apply titese resuhts te tite aboye ctass of minimal spaces. In order
te de it we need te censider an escilation constant y>asseciated te tite function

ltXftx)= > (1 — cos—), defined as follows
2k

hm y,
~—~o n

where
y,,= infg(s)

s>O

and
o4s)= max ~f(x+s)—fty+s)].

oszy=2’

It can be preved titat y1 satisfles O-cy,=
2.Tite fellewing result ite¡ds

Theorem 8. Leí 1 <pt2 and q ver¡fying tital

p ______
¡ql 2/og2
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Titen tite space §~. does not contain any complemented copy of /~

As a censequence we easity ebtain a result of Lindenstrauss and Tzafriri
([L-T,], PP. ¡63) preved by using tite metitod of 0-1 valued sequences:
Corollary 9. For an>’ p> 1 Itere exists a minimal reflexive Orlicz sequence
space K witit indices a,.= 3,=p witicit does not itave anycomplernented copy of1’.
Proof. Fixed p>1, we take q as

4 y /og 2
Ti

Titen considering tite function E], F we deduce, frorn Titeerern 8, tbat U
dees not contain a complemented copy of/”. Since 15< is a minirnal space, we
cenclude titat 1’ dees net centain a complernented cepy of 1’, eititer.

A naturah open puestien is te determine values p t 2 and q verifying titat
tite Orlicz space L centains a cemplemented subspace isemorpitic te 1”.

Any positive result in titis directien weuld imply autematicahly titat Prob-
¡cm 4.b.8 in ([LI3] itas a negative selutien, i.e. tite existence of minimal Or-
hicz sequence spaces whicit are net prime.

Finally anotiter epen question is witetiter fer any minimal function F tite
asseciated Orlicz spaces LF(O, 1) and LF(0,ce) are isemorpitic.
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