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Abstract

We introduce an operad Patch which acts on the Gerstenhaber—Schack complex of
a prestack as defined by Dinh Van and Lowen, and which in particular allows us to
endow this complex with an underlying L..-structure. We make use of the operad Quilt
which was used by Hawkins in order to solve the presheaf case. Due to the additional
difficulty posed by the presence of twists, we have to use Quilt in a fundamentally
different way (even for presheaves) in order to allow for an extension to prestacks.
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1 Introduction

The deformation theory of algebras due to Gerstenhaber furnishes the guiding example
for algebraic deformation theory. For an algebra A, the Hochschild complex C(A) is
a dg Lie algebra governing the deformation theory of A through the Maurer—Cartan
formalism. This dg Lie structure is the shadow of a richer operadic structure, which
can be expressed by saying that C(A) is a homotopy G-algebra [6]. This structure,
which captures both the brace operations and the cup product, is a special case of a
Bo-structure [7]. Importantly, this purely algebraic structure constitutes a stepping
stone in the proof of the Deligne conjecture, proving C(A) to be an algebra over the
chain little disk operad [10,13].

The deformation theory of algebras was later extended to presheaves of algebras
by Gerstenhaber and Schack, who in particular introduced a bicomplex computing the
natural bimodule Ext groups [4,5]. However, this GS-complex C(A) of a presheaf A
does not control deformations of A as a presheaf, but rather as a rwisted presheaf, see
for instance [2,11]. From this point of view, it is more natural to develop deforma-
tion theory at once on the level of twisted presheaves or, more generally prestacks,
that is, pseudofunctors taking values in the 2-category of linear categories (over
some fixed commutative ground ring). In [2], Dinh Van and Lowen established a
Gerstenhaber—Schack complex for prestacks, involving a differential which features
an infinite sequence of higher components in addition to the classical simplicial and
Hochshild differentials. Further, for a prestack .4, they construct a homotopy equiv-
alence Cgs(A) = CC(A!) between the Gerstenhaber—Schack complex Cgs(A) and
the Hochschild complex CC(.A!) of the Grothendieck construction A! of A. Through
homotopy transfer, this endows the GS-complex with an L.-structure. This result
improves upon the existence of a quasi-isomorphism, which is a consequence of the
Cohomology Comparison Theorem due to Gerstenhaber and Schack for presheaves
[5] and to Lowen and Van den Bergh for prestacks [12].

Although the GS-complex does not possess a Bso-structure, its elements - linear
maps involving different levels of the prestack - can be composed in an operadic
fashion. As such, it makes sense to investigate this higher structure in its own right,
and use it directly in order to establish an underlying Lo-structure. For particular
types of presheaves, explicit L -structures on the GS-complex have been established
by Frégier et al. [3] and by Barmeier and Frégier [1].

Let Brace be the brace operad and F»>S the homotopy G-operad. In the case of
a presheaf (A, m, f), in [8], Hawkins introduces an operad Quilt C F,S ® gy Brace
which he later extends to an operad mQuilt acting on the GS-complex. These operads
are naturally endowed with L ;-operations as desired. The action of Quilt on the
GS-complex considered by Hawkins only involves the restriction functors f of the
presheaf, the multiplication m being incorporated later on in mQuilt. Unfortunately,
the way in which functoriality of f is built into these actions, does not allow for an
extension to twisted presheaves or prestacks.

The goal of this paper is to solve the problem of establishing a natural operadic
structure with underlying Lo-structure on Cgs(A) in the case of a general prestack
(A, m, f,c) with twists ¢. As part of our solution, we use Quilt in a fundamentally
different way in relation to the GS-complex, but still allowing us to make use of the
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naturally associated Lo-structure from [8]. In Sect. 3, we capture the higher structure
of Cgs(A) by introducing the new operad Patch € mNSOp ® y NSOp over which
Cgs(A) is shown to be an algebra (see Theorem 3.24). Here, (m)NSOp is the operad
of nonsymmetric operads (with multiplication).

In [6], Gerstenhaber and Voronov obtain a brace algebra structure on an operad
and a homotopy G-algebra structure on an operad with multiplication. Based upon
the expression of these results in terms of the underlying operads NSOp and mNSOp
in Sect. 2, we construct a morphism Quilt — Patch; (see Proposition 3.27) as a
restriction of

F>S ® g Brace — mNSOp,, ® y NSOp;,,

where the operads with subscript denote the (uncolored) graded operads associated to
the unsubscripted colored operads. This gives rise to the composition

R : Quilt — Patchy —> End(sCgs(A))

which incorporates the multiplication m and the restrictions f of A.
In Sect. 4, we extend the action R to

R. : Quilty[[c]] — End(sCgs(A))

in order to incorporate the twists (see Theorem 4.17). Here, Quilty[[c]] is obtained from
an operad of formal power series. Further, we establish L ,,-operations on Quilty[[c]]
extending those on Quilt from [8] (see Theorem 4.10) by adding an infinite series of
higher components containing twists. Under the action of Quilt this neatly corresponds
to and extends the differential on Css(A) obtained in [2]. In the final Sect. 4.5 we
briefly discuss the relation of this L..-structure with the deformation theory of the
prestack A.

The present work naturally grew out of [2], and at the time when [8] appeared
large parts of an operadic approach to the GS complex of a prestack had already been
developed independently by us. Given the efficient way in which Hawkins’ description
of Quilt gives rise to an Lo-structure, we decided it was worthwhile to build on this
approach to the presheaf case, albeit in a way which “flips and refines” the action of
Quilt in order to make it useful for general prestacks. As a consequence, when we
follow through Hawkins’ approach, in comparison we manage to incorporate not only
the restrictions f, but also the multiplications m in an initial action of Quilt on the GS
complex. In analogy with the way in which Hawkins extends his action from Quilt to
mQuilt in order to incorporate the multiplications m, we establish an extension from
Quilt to Quilty[[c]] in order to incorporate the twists c.

The current paper is part of a larger project in which it is our goal to understand
the homotopy equivalence Cgs(A) = CC(A!) from [2] operadically, showing in
particular that the L.-structure from [2] and the one established in the present paper
actually coincide.
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2 Gerstenhaber-Voronov operadically

In the seminal paper [6], Gerstenhaber and Voronov define a brace-algebra structure
on the totalisation of a non-symmetric operad O. Moreover, in presence of a multipli-
cation, they define a homotopy G-algebra structure on O incorporating both the cup
product and the Gerstenhaber-bracket.

In this section we describe the morphisms of operads underlying these results. To
this end, in Sect. 2.3, we recall the colored operad NSOp encoding non-symmetric
operads, and we describe the natural extension mNSOp which adds a multiplication.
Let NSOp, and mNSOp,, be their totalised graded (uncolored) operads with sus-
pended, respectively standard degree ( see Sects. 2.5 and 2.6). Let Brace be the brace
operad (see Sect. 2.1) and F»S the Gerstenhaber—Voronov operad encoding homotopy
G-algebras (see Sect. 2.2). The main goal of this section is the definition of morphisms
of dg-operads

¢ : Brace — NSOp,
and
¢ : F,S — mNSOp,,

(see Theorems 2.16 and 2.34 respectively). In these definitions, we have to pay par-
ticular attention to the choice of signs. For this, we will make use of morphisms of
operads (m)NSOp — MultiA landing in the multicategory associated to the simplex
category A (see Proposition 2.11).

For both uncolored as colored operads, we use the term morphism of operads. In
case confusion may arise, we add a subscript to differentiate the uncolored operads
from their colored counterparts.

2.1 The operad Brace

Throughout, we work over a fixed commutative ground ring k.

The operad Brace encoding brace algebras is defined using trees, that is, planar
rooted trees. Following the presentation from [8, §2.2], for a tree 7 we denote the set
of vertices by Vr, the set of edges by Er, the “vertical” partial order on Vr generated
by ET by <r, and the “horizontal” partial order on V7 by <Jr. For (u,v) € Er we
call u the parent of v and v a child of u.

Forn € N, put [n] := {0, ...,n}and (n) :={1,...,n}.

Let Tree(n) denote the set of trees with vertex set (n) and let Brace(n) be the free
k-module on Tree(n) endowed with the S,,-action given by permuting the vertices, i.e.,
T? is the tree defined by replacing vertex i in T by o ! (i). The operadic composition
on Brace is based upon substitution of trees, as follows. For trees T € Tree(m),
T' € Tree(n) and 1 <i < m, we denote by Ext(T, T, i) C Tree(m +n — 1) the set
of trees extending T by T at i (thatis, U € Ext(T, T, i) has T’ as a subtree which
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upon removal reduces to the vertex i of 7). We then define

ToT:= Y U

UeExt(T,T',i)

Underlying every such extension lie two maps (n) < n+m-—1) f» (m) acting on
the vertices, where o embeds n vertices consecutively and 8 contracts the image of
«a to the vertex i. We call the pair («, B) the extension of m by n at i. We refer to [8,
§2.2] for more details.

2.2 The operad F,S

The operad F,S encodes homotopy G-algebras [6]. Again, we largely follow the
exposition from [8, §2.3]. Given a set A, a word over A is an element of the
free monoid on A. For a word W = aja;y...ag, correspondiong to the function
W : (k) — A :i —> aj, the i-th letter of W is the couple (i, a;). We will often
identify a word with its graph W = {(i, @;) | i € (k)} C (k) x A, writing (i, a;) € W.

Fora € A,aletter (i, a) € W is called an occurrence of a in W. The letter (i, a) isa
caesura if there is a later occurrence of a in W, that is, aletter (j, a) withi < j. We say
that a € A is interposed in W if W = --.-ba...b.... The lengthof W : (k) — A
is |W| = k.

By definition, F»S(n) is the free k-module generated by the words W over (n) such
that:

(1) W : (k) —> (n) is surjective,
(2) W # ---uu ... (nondegeneracy), and
(3) Foranyu #ve(n),W#---u...v...u...v...(nointerlacing).

The set F,S(n) is graded by setting deg(W) := |W| — n and naturally carries a
Sp-action by permuting letters, i.e. Wo = o~ !W.

For a word W € F,S(n) and u € (n), let (i,, u) be the first occurrence of u in W.
Then we obtain a total order # | v < i, < i, on (n).

The operadic composition on F;S is based upon merging of words, as follows. For
words W € F,S(m), W € F,S(n) and 1 < i < m, we denote by Ext(W, W, i) C
F2S(m + n — 1) the set of extensions of W by W' at i (thatis, X € Ext(W, W’,i) if
up to relabelling and deleting repetitions, W’ is a subword of X and upon collapsing
the letters from W to i, relabelling and deleting repetitions, we recover W).

In order to define the composition, we need the sign of an extension.

Sign of Extension. Let W € F,S(m) and let int (W) be the set of interposed elements
of (m) ordered by their first occurrence in W. For X € Ext(W, W', i) the relabelling
gives rise to two maps « : int(W') —> int(X) and y : int(W) —> int(X) where
y = B~ ! except if i is interposed in W, then y (i) := a(a) for (1, a) the first letter
of W'.
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As |int(W)| = deg(W), an extension X defines a unique (deg(W), deg(W'))—
shuffle x and we define

Sgnw’w/’i(X) = (_1)X

Moreover, it is possible to talk about the boundary of a word, inducing a differential.

Boundary. Given a word W € F,S(n) and a letter (i, a) of W for which a is repeated
in W, then define 9; W € F»S(n) as the word obtained by deleting the letter (i, a) from
W (and relabelling). If a is not repeated, then set 3; W = 0.
Sign of Deletion. Given a word W € F,S(n) of length k, then we define sgny, :
(k) —> {—1, 1} by setting sgny, (i) = (—l)k if (i, a;) is the k-th caesura of W, and
otherwise sgny, (i) = (— DXL if it is the last occurrence, but the previous occurrence
is the k-th caesura of W.

The S-module F;S defines a dg-operad with operadic composition given by

Woi W= > sgny e (X)X
XeExt(W,W'i)

and boundary given by

W = " sgny (W
ie(wl)

The following lemma, which we include for the convenience of the reader, shows
how F3S encodes the algebraic operations of a homotopy G-algebra.

Notations. To avoid too large expressions, we leave out certain bracketings by setting
as default the bracketing

aoibo]-c:z(aoib)Ojc
Moreover, we compress the following

a(o,-ta,), =aoj; ay Oj -0, dy

Lemma2.1 Let My := 12, M1 o = 1 and M := 121 ...1(k + 1)1 for k > 1, then
F>S is generated by these elements and the following holds

(1) 3(Ma2) =0 N ,
2) M) = —(M" oy Mig_y) + Y X o(=1) Mgy o My + (—1)k!
Mj o1 My j—1

Proof It is a straightforward computation to determine that M5 and M| ; satisfy these
relations.

Let W € F,S(n), we then show that it lies in the suboperad generated by
M>, (M x)r=1 using only the above relations. We prove this by induction on n. If
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n = 1,then W = 1. So assume n > 1 and apply a permutation such that the first letter
of W is 1, then W is of the form

W =1Wil.. . 1W 1 Wiy

where W; is the image of a non-empty word Wi/ € F»S(n;) underthemap y; : (n;) —
(n), except W41 which is possibly empty. Due to no interlacing we also know that the
images Im(y;) are pair-wise disjoint. Hence, we can apply a permutation to assume
that max Im(y;) < minIm(y;/) holds for every i < i’. In this case, we have that

W = Mk ok+1 Wy ok -~ o2 W]
if W41 =0, and
W = (M; oy W]£+1) o1 (M1 k ok+1 W,é Ok ...02 W]/)

otherwise. By induction, this shows that W is generated by M> and (M1 x);>0. O

2.3 The operads NSOp and mNSOp

It is well-known that non-symmetric operads can be encoded using a colored operad
NSOp which can be defined using indexed trees, that is, for qi, ..., g, € Nand ¢’ =
1+ Y (g —1),NSOp(qi, . .., gn; q') is the set of pairs (T, I) where T € Tree(n)
and / : E7 —> N a function such that

e For (u,v) € E7, 1 < I(u,v) < qy

o (t,u),(t,v) e Erandu <y v= I(t,u) < I(t, v)
We will often write I to denote the indexed tree (7', I). Moreover, NSOp is generated
by those trees with a single edge, that is,

2
Ei:= |i eNSOp(q1,q2;91 +g2—1)
1

for every q1, g2 and 1 < i < g1, with the following pair of relations

3
2 2 \/ 2 2
@ |i o ‘j = 2 = J|i-1+j o |iforl < j < g and
1 1 i 1 1
1
1 <i<gq,
2 2 3 2 2 2\
an i o] ‘k = i\ /k = k—1+qg o i for
1 1 1 1 1
1<i<k<gq
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Note that these are the well-known associativity relations for non-symmetric operads.

Definition 2.2 Let mNSOp be the N-colored operad generated by NSOp and an ele-
ment m € mNSOp(; 2) satisfying the relation

2 2
‘101m01m= 2 00moyrm
1 1

m
Remark 2.3 We often write ‘ 1 where we have already filled in the plugged in m’s.

m
More explicitly, every representative of an element X € mNSOp(qi, ..., gn; q) is
of the form I o;; m o;, ... 0;, m for I € NSOp and appropriate iy, ..., iy € N. Due to

equivariance, we can always consider a representative of X of the form

Toprimopyr...opp1m

for I € NSOp(q1,---+sqn,2,...,2;q).

Lemma24 Let X = [l oyy1moyty---opr1m] € mNSOp(q1, ..., qn; q), the partial
orders <y and < on (n) are independent of the representative of X. We denote them
by <x and <.

Proof We proceed by induction on k the number of m’s in X. Fork = O ork = 1, there
is nothing to show, so assume k& > 1. It is clear that if the lemma holds for X, then
the relations that hold for < and < for trees, also hold for <x and <1x. In particular,
if the lemma holds for X and X’ and («, B) is the extension of n by m at i, then for
a,b ¢ Im(a) we have

a <XoiX’b < Ba <x Bbanda <]Xo,~X’b <— Ba <x Bb

2
Now, let Xo; 1= Xo op4+1 |i suchthat X = Xo,1 opq1 m 0p11 m = X0,2 0pt1

1
m o,41 m, then we have by induction that the lemma holds for Xo. Moreover, we have
for a, b € (n) that

a<xy, b &= a<x,b & a<x,, band
a<xy, b & a<x,b & a<x,, b

which proves the lemma for X. O
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2.4 The morphisms (m)NSOp — MultiA

Let C be a small category. We denote by MultiC the Ob(C)-colored operad for which
MultiC(cy, ..., cu; ¢) is freely generated as a k-module by n-tuples (¢i, ..., ;) of
C-morphisms with & : ¢; —> ¢, S, acts by permutating labels, and composition is
defined in the obvious way.

Let A be the simplex category. Next, we construct a morphism of operads

NSOp — MultiA,

by associating to every indexed tree I in NSOp(qi,...,qn;q) a n-tuple {7 in
MultiA(qi, - . ., gn; g) which assigns to each vertex a, considered as an g,-corolla, a
numbering denoting where its inputs are amongst the inputs of the indexed tree as a
whole.

It suffices to define the morphism on the generators E; € NSOp and show that it
respects the relations.

Construction 2.5 Let E; € NSOp(q1, ¢2; g1 +¢q2 — 1) for 1 <i < g1, then we define

t t<i .
CE (1) = ooand g o) i=t+i—1
t+g—1 t=i

Then, ¢, € MultiA(q1, q2; g1 + g2 — 1), that is, it is a tuple of non-decreasing maps.
Moreover, if g» > 0, then these are strictly increasing.

We will employ it as in the following example.

Example 2.6 Let A be a k-linear category, then its Hochschild complex is defined as

C'A= [] Homi(AA1 A)® & A(An, Ar-1). A(Ay. Ap))

For a Hochschild cochain ¢ € C"(A) and a n-simplex Ag LA & ! A1 &

A, in A, we have that ¢404n(ay, ... a,) € A(A,, Ag).
Let ¢; € C?(A) and ¢, € C?%2(A), then each E; € NSOp(q1,92; 91 +q2 — 1)
determines a cochain ¢ o; ¢ € C/1T271(A) as follows

A s A Avr 5(0)reees A
(¢] o ¢2)A0 ’’’’’ Aq1+q2—1 _ ¢1 CEi_l(O) §Ei_1(q1) o; ¢2 CEi,z(O) CEi,z(qz)
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which we can visualize using n-corollas

Ap Agitgr-1
Lemma 2.7 Construction 2.5 extends to a morphism of operads
NSOp — MultiA : (T, I) —> g

Proof 1t suffices to verify the relations (I) and (II) of NSOp. These are two simple
computations and thus we only verify the first relation (I) as an example. Let ¢ :=
$E; °2 CE; denote the left-hand side, then we compute

G(0) = ¢ (1) ! Pt
1(6) =1 = )
t+qp+qg3—2 t>i

t4+i—1 t<j
t+i—1+qg3—1 t>]
;3(t)={Ei,ZO€Ej,2(t)=t+i_1+j_1

$(t) = 8g;208E,1(1) = {

On the other hand, we compute the right-hand side ¢’ := ¢ Ei_14j ©1 CE; and obtain

t<i

t
G0 = Leiryy1 0 8E1 (1) {t+q2—l+q3—1 1>

t+i—1 t<j
t+i—1+qg3—1 t>]

G0 = ey (1) —t4i—14j—1

&) =gy 00 CE2(1) = {

]

Remark 2.8 In appendix A we have added a generator-free description of this mor-
phism and an alternative proof of Lemma 2.7, which we consider insightful and
valuable, especially for concrete computations of signs in later sections.
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Example 2.9 Consider the indexed tree

I= 2 3 € NSOp(3,0,4,1,0; 4)

{11 C12 C13 Cra $1,5
0 0 0 0 0 (V) 0 0 0
11 11— 1 1—1 1
33 3 33 3 3
\ /
4 4 4 4 4 4

It is also possible to associate to an element of mNSOp an element of MultiA.
Lemma2.10 Let X = [I o1 m 041 - - - oyt m] € mNSOp(qy, - - -, qn; q), then
Cr: 2 [qi] — gl fort € (n) is independent of the representative I of X.

In this case, we write {x.

Proof We prove the lemma by induction on k the number of occurrences of m. The
2

cases k = 0 and k = 1 are trivial, so assume k > 1. Let X¢; := X oy+1 |i such

1
that X = Xo,1 op41 m 0y41 m = Xo,2 041 M 0,41 m, then by induction and Lemma
2.7 we have for t € (n) that

$Xo.1.t = Exo.t = EXga.1
which proves the lemma. O
Proposition 2.11 We have morphisms of operads
NSOp — MultiA : I — g
and its extension
mNSOp — MultiA : X — x.
Moreover, this last morphism is surjective, but not an isomorphism. This is due to

the existence of vertices with zero inputs which collapse information. We consider a
simple example.
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2 3
Example 2.12 Consider the indexed 2-corolla [ := 1\ / , and its permuted form

1
3 2

123 — 1\ / , as elements of NSOp(2, 0, 0; 0), then they have the same image in

1
MultiA. Note that this example holds for both NSOp and mNSOp.

Hence, we can consider mNSOp as a finer operad than MultiA and thus encoding
more information.

2.5 The morphism Brace —> NSOp,

In order to define the morphism ¢ : Brace — NSOp, properly we need to compile
the colored operad NSOp into a graded non-colored operad

NSOp,(m) €[] NSOp(pi.....pu: p).
P15 DPn

where an element x € NSOp(py, ..., pn; p)is graded as |x| = Zle(pi —-—(p—
1) = O (this is the suspended grading, whence the subscript) and NSOp, (n) is the
subspace generated by sequences of elements with constant grading. The composition
on NSOp; is derived from the composition of NSOp where it is set to O when the
colors do not match. Note in particular that the S, -action on NSOp, (n) is affected by
this grading: permuting two vertices i and j introduces the signs (—1)@i—D®»j=D,
Definition 2.13 Let (T, 1) € NSOp(p1, ..., pu; p), then (T, I) is a coloring of T
and we write Clr (T, p1, ..., pn) as the set of all such colorings of T'.

In order to define the sign sgny (/) for T € Brace(n), we use the morphism of
operads

NSOp — MultiA : (T, I) —> &g

and base this definition on the sign sgnQ(f, I) from [8, Def. 4.20].

Construction 2.14 We work with the following alphabet

Li,o.o,(pi — D)
fori =1, ..., n and define the word
J(pt,oooop)=11...(pr=Di...1y...(pa — Dy

We define a second word J3 (1) having in the &; x (i)-th position i for I <i < gy — 1.
Note that we start from position 1 for J3 (I) (instead of 0).
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Definition 2.15 For I € NSOp(py, ..., pn; p) where we replace those p; = 0 by 2,
we define sgny (1) as the sign of the shuffle transforming J*(p1, ..., pp) to J7.(1).

Theorem 2.16 We have a morphism of operads

¢ : Brace —> NSOp, : T —> > seng (1)(T, I)
1€CI(T, py,....pn)

Proof Per definition of sgny(I) we see that ¢ is equivariant. Hence, we only need to
verify that sgny, /(1 o1 I') = sgny (1) sgny/(I') for T € Brace(n), T’ € Brace(m)
and I € CIr(T, p1,..., p,)and I’ € Cle(T', pi, ..., p;,). This equation holds as we
can decompose the shuffle x” : J*(pi,..., Pj,, P2, .-, Pn) ~ Jro;77 (I 0 I') into
two shuffles

TS DL Pl P2 ) & IV (2 pi) 55 Ty (T oy 1)

where x and yx’ are the corresponding shuffles determining sgny (1) and sgny/ (I7). O

2.6 The morphism F,S — mNSOp,

In order to define the morphism ¢ : F,S — mNSOp,, properly, we again need to
compile the colored operad mNSOp to obtain a graded non-colored operad

mNSOp,, () €[] mNSOp(gi.....qn: q)
q1s--qn-q

where an element x € mNSOp(qi, ..., gn; q) is graded as deg(x) = > i_,qi — q
(standard grading) and mNSOpy, (n) is generated by the sequences of constant grading.
The composition on mNSOp;;, is derived from the composition of mNSOp where it
is set to 0 when the colors do not match. Note in particular that the S,-action on
mNSOpy, (n) is affected by this grading: permuting two vertices i and j introduces
the sign (—1)%49/,

2.6.1 Colorings

Definition 2.17 Let X := [l o041 mop41 - - - 0541 m] € mNSOp(q1, - .., qn; q) for I
having n + k vertices, then X is a coloring of W € F,S(n) if

e Each vertex n + 1, ..., n + k has exactly two children in /
e Foru, v € (n) holds

MDu<xv<= W=...u...v...u...
(2) u 9x v <= every occurrence of # in W is left of every occurrence of v
in W.

We write Clr (W, g1, . . ., gn) for the set of all such colorings for W.
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Remark2.18 An element X € Clr(W, q1,...,q,) has n — deg(W) — 1 many m’s
plugged in. Hence, X € mNSOp(q1, ..., qn: Y r—1(qi — 1) +n —deg(W)).

We give some examples.
Example 2.19 The following three elements of mNSOp

2 3

1 2 N\ /2
1\ /2 € mNSOp(q1, 2: q1+92), ~m € mNSOp(q1. 92, 43; q1+4g2+4q3—1)
m

1
forl <i <q

and

4 5
N\ /2
3 m 5
]\ /2 emNSOp(ql,...,q5;Zqi—2) forl <j<k=<gq
2 m i=1
N\ /e
1
color respectively the words

12€F2S(2), 1231 eFS(3)  and 1213451 € F2S(5).

Note however that not all elements of mNSOp color a word of F,S: the following set
of elements

1
r € mNSOp(q1; q1 + 1)

m

for r € {1, 2}, colors no word in F,S because the vertex plugged by m does not have
two children.

Lemma 2.20 Definition 2.17 is well-defined, that is, it is independent of the chosen
representative I of X.

Proof Due to Lemma 2.4, both <x and <1y are well-defined. We show that the condi-

tion stipulating that all vertices of / that are plugged by m’s have exactly two children,
2

is independent of the representative of X. Thus, suppose I = Iy ox |1 for some

1
Iy € NSOp, such that both vertices k and k + 1 of I are plugged by m’s in X. Due to



Operadic structure on the Gerstenhaber-Schack complex... Page 150f63 47

2
the relations in mNSOp, X can equivalently be represented using I’ := Ipo |2.1In

1
this case, we have that vertices k and k + 1 each have exactly 2 children in / iff vertex k
has exactly 3 children in Iy iff vertices k and k + 1 each have exactly 2 childrenin I’. O

We construct a word for every element of mNSOp satisfying the above criteria.

Construction 2.21 Let X := [I oy4| m oy -+ 0541 m] € mNSOp(q1, ..., qn; q)
such that each vertex a > n in I has exactly two children, then we construct a word
Wx € F»S(n) such that X € Clr(Wy, q1, ..., qn, q)-

e To every tree T we can associate a word Wr € FoS(n + k) (see [8, §2.3]).

e Suppose for Xg € mNSOp such that X o, m = X we have an associated word
Wx, € F2S(n + 1), then let Wx be the word given by deleting all occurrences of
n + 1. Then Wx € F,S(n) because n + 1 had two children, so no degeneracy can
occur.

We consider an example of this procedure.

Example 2.22 We consider the element

\ /i

m € mNSOp(q1,¢2.93;q1 +q2 +q3 — 1)

i
1

for some 1 < i < g1 from Example 2.19 and show how Construction 2.21 assigns a
word. First, we associate to the indexed tree

f\/f

i

€ NSOp(q1,92,93,2; g1 + g2 +q3 — 1)

1

the word 1424341 and then delete all occurrences of 4 as it is plugged by an instance
of m. As a result, we obtain the word 1231.

Lemma 2.23 For X € mNSOp(q1, - .., gn; q) we have X € Clt(Wx, q1, ..., qn) and
if X e Clr(W, q1,...,qn), then W = Wy.

Proof This clearly holds for X = I € NSOp(q1, - . ., gn; ). Assume the lemma holds
for Xo € mNSOpand X = Xgo,41m,then Wx, = Wo(n+1)Wi(n+1)Wa(n+1)W;
for Wy and W3 possibly empty. In this case, Wy = WoW; W, W3 and it is easy to see
that X € Clr(Wx, q1, ..., qn).

Now reversely, if X € Clr(W,q1,...,q,) and a < b are the two children of
n+1in Xy, then W = WoW ;W W3 where Wi = a...a, W, = b...b and W)
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and W3 are possibly empty. In that case, X € Clr(Wo(n + DWi(n + 1)Wa(n +
1)W3, g1, ..., qn, 2) and thus by induction Wy, = Wo(n+1)Wi(n+1)Wa(n+1) W3.
Hence, Wy = WoW 1 WoW3 = W. O

Lemma2.24 Let X € Clr(V,q1,...,qn.q) and Y € Clt(W,qy,....q;,, qi), then
there exists a uniqgue U € Ext(V,W,i) such that X o; Y € Clr(U,qy,...,

Gl s G0 @)

Proof By Construction 2.21 we obtain a word U € F,S(n + m — 1) such that Z :=
Xo; Y eCIr(U,...). We show that U € Ext(V, W, i): let U, be the word obtained
from deleting from U occurrences of vertices not in the image of « and eliminating
consecutive repetitions (uu +— u). Itis easy tocheckthat W = ---u...v...u...iff
Uy =--a)...a()...a(u)...,and that all occurrences of u are left to those of v
in W iff the same holds for «(#) and a(v) in U,.

Let Ug be the word obtained from U by relabelling by 8 and eliminating consecutive
repetitions. To verify that Ug = V is straight forward, except in the following case:
Ug =--+i...B(u)...i...where B(u) # i.In this case, there exist v, v’ such that
U=---a@)...u...a()....Now, we argue that there exists a vertex v” such that
a(v”) <z u. If neither a(v) nor a(v’) do, then U implies that o (v) <z u <1z a(v’).
As a(v) and a(v’) are part of the same subtree a(Y), i.e. the image of Y under « in
Z, there must be some vertex a in the tree underlying «(Y) (possibly plugged by m)
such that a lies underneath u. As Y is a coloring of a word, the conditions imply that
a is not plugged by an instance of m (otherwise it would not have two children in Y).
As a result, there is some vertex v” in Y such that «(v"") = a <z u. Thus, i <x B(u)
which verifiesthat V. =---i...8(u)...i.... This clearly also holds reversibly. O

Lemma2.25 LetU € Ext(V,W,i)and Z € Clr(U,q1, ..., q{s -+ Gy -+ 4> )
then there exist unique colorings X € Clr(V,q1,...,qn,q) and Y € Clr(W,
Gy s qi) suchthat Z = X o; Y.

Proof Let Z = [I" opay m 0yt + - 0t m] with [ + k added m’s. The word W can
be uniquely written as

WZW]...W[

where two subwords W; and W ;s do not share any occurrence of the same number, and
W; is of the form a; ...a;. As Z is a coloring of U, we have that a(a;) <z ... <z
a(a,) and no vertex of Im(c) lies under any a;. In this case, there exists some vertex
ae{n+m,...,n+m+k+1—1}suchthata <;» a(a;) which is <;»-maximal
for these conditions (otherwise when applying § to U we will not obtain V).

Let I’ be the minimal subtree of I” on the root a containing Im(«). By contracting
this subtree to a point we obtain a tree I such that, after permutation of some vertices,
we obtain I o; I’ = I”. Consider also the permutation such that Z = [1” o, 1; m 04
“+* Opyi M Oppyy M Oy * * * O M].

It now suffices to show that X := [[ 0,41 m op41 -+ opy1 m] € Clr(V,...)
and Y := [I' o1 m opyay -+ oy m] € Clr(W, . ..), which is a straight forward
computation using the facts X o; Y = Z, Z € Clr(U,...) and U € Ext(V, W,i). O
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2.6.2 Signs

In order to define a sign sgny, (X) for W € FoS(n) and X € Clr(W, q1, ..., gn) we
use the morphism of operads

NSOp — MultiA : (T, I) — ¢
which extends to
mNSOp — MultiA : X — ¢y

We base this definition of the sign on the sign sgnQ@ , I) defined in [8, §4.7].

Lemma2.26 Let X € Clt(W, q1,...,qn; q) for W € F2S(n) and g; > 0, then ¢y is
a coloring of W in the sense of [8, Def. 4.13], that is,

o {x € MultiA,
o U Im(@x,) =Iq]

e Foreach a € (n) there exists a function w, : [qq,] —> W such that

(1) The image of m, is the set of occurrences of a in W,
(2) Foran (i,a) € W, {x (rra_l(i, a)) is an interval
(3) IfW=---ab... then

max {y.q(m, ' (i,a)) = min ¢x (' G+ 1, b))

Proof We first show it holds for X = (7', I) € NSOp by induction on the number of
vertices: let

Il . Ik
I'= k ‘ /k
u
be its decomposition into its root # with maximal subtrees / i In this case, we have
W = uWlu...uW*u where the subwords Wi represent the subprees 1. Lt_at Vit
(ki) <> (n) be the maps embedding the tree I onto /' in / and [ € Clr(W,...),
then they extend to amap y; : Wé < W inserting Wé as W' into W. By induction, the
lemma holds for I(é € Clr(Wé, ...). Let (p1,u), ..., (pr+1, u) be all the occurrences
of u in W, then we define

p (pryu) 1 <i
ﬂyi(a)=WO7Ta0 and T, (1) = (pj,u) lj—1 <t <l
(Pkt1,u) ik <t
then it is easy to verify that these satisfy the above conditions.

Now assume X = [X¢ 0,41 m] such that the lemma holds for Xo € Clr(Wx,, ...),
then Wy is obtained from Wy, by deleting all occurrences of (n + 1). As the vertex
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n+ 1 has exactly two children in X¢ and g,,+1 = 2, we still have that U?:l Im(¢yx.i) =
U?;Lll Im(¢x,,;) = [gq] and that

max {xg.a(my (i, a)) = min {xp(m, ', b))
for W = ---ab.... Hence, ¢x satisfies the lemma. O

Let us define analogously the sign corresponding to the horizontal part of
SgnQ({X ) I )

Construction 2.27 We work with the following alphabet

0;,...,(gi — D)y

fori =1, ..., n and define the word

J@Gi,.--sqn)=01...(q1 —11...0p...(gn — Dn

The second word Jw (X) is the concatenation of two words Jo w(X) and Ji w(X)
defined as follows

e Jo.w(X) consists of all O for k interposed in W, put in reverse |,-order.

e Ji w(X) hasin the ¢x x(i)-th position iy for 1 <i < gy — 1 for k interposed, and
in the {7 ¢ (i) position iy for 0 < i < gx — 1 for k not interposed. Note that we start
from position 0.

Definition 2.28 For X € mNSOp(qy, ..., gu; g) where we replace those ¢; = 0 by 2,
we define sgny, (X) as the sign of the shuffle transforming J (g1, ..., ¢g,) to Jw(X).

Example 2.29 Consider the words
W =13121, W’ =1231

and colorings
2 3
N\ />
3 2 m
x= N /i x= s
1

1

for which we calculate the words Jy (X) and Jy(X’) and their corresponding signs.
In the first case, we have

Jw(X) =030201 ... (G —Dyl3...(g3— D3ir...(j — Dila... (g2 — Daj1...(q1 — D1
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which corresponds to the sign sgny, (X) = (—1)@2~D@=N+@=D@1-D+q3q2+q3-1,
For the second case, we calculate

Jw (X)) =001 ... (k —1Dila...(g2 — 1)203...(q3 — D3ki...(q1 — D)

which corresponds to the sign sgny, (X') = (—1)@+2)@=b+a1 Note in particular
that in Jy/ (X’) the letter O3 is not taken to the front of the word as 3 is not interposed
in W',

Lemma2.30 Let X € Clr(W, q1,...,q,) and X' € Clt(W', g}, ..., q,,), and W' €
Ext(W, W', 1), then sgny, (X) sgny, (X') = sgny» (X o1 X') sgny yr 1 (W),

Proof We can assume that all ¢; and q;. are not zero. We can decompose sgny, (X) in
three components

e Sign of the shuffle o shuffling Jo w(X) to 0y, ...0y for vi < ... < vi the
interposed vertices of X,

o Sign of the shuffle T shuffling J; w (X) to concatenation of 1; ... (g; — 1); fori
interposed and 0; ... (¢q; — 1); for i not interposed. We call this latter sequence

J%”(qla ey Qn)‘
e Sign of the shuffle p shuffling

Ouy - Ou TG, oo qn) ~ T(q1s -+ -5 Gn)

We add’ and ” to denote the correspondings shuffles for X’ and X" := X oy X'.

First we have that (—1)° = (=17t sgnyy w1 (W”) per definition of
sgny w1 (W”). Further we clearly have (-7 = (=T by simply applying
them one after the other and renaming using « and !

Jiwr (X))~ Jiw dw(qas -« qn) ~ Jwi(qrs - ) Iw(q, - ., qn)

as {x» = {x o1 {x’. We also have that (—1)”// = (—1)p+‘)/ because the length of the
sequence Jy/ (g}, ... qy,) is g1 — 1 if 1 is interposed, and g1 if 1 is not interposed. O

2.6.3 The morphism

Proposition 2.31 We have a morphism of graded operads

¢ : F,S — mNSOp,, : W —> > sgnyy (X)X

XeClr(W,q1,....qn) Glsemrtin

Proof By definition of sgny, (X) the above linear maps are equivariant. By Lemmas
2.24,2.25 and 2.30 they define a morphism of graded operads. O

We make mNSOp,, into a dg-operad with the hochschild differential, then ¢ will
be a morphism of dg-operads.
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Definition 2.32 Define for every g € N the element

m 1
i + (=D |1 e mNSOp(q;:q + 1) (1)

1 m

1 q
Dg= |2 + Y =V
m i=1

which compile into an element of degree —1
D := (Dg)4>0 € mNSOp,(1).
We consider the associated derivation
n
Ap(X) := Doy X — (—1)%esX) Z X o; D
i=1
for X € mNSOpg,(n).

Proposition 2.33 dp defines a differential making mNSOp into a dg-operad, for which
holds

Ip (W) = ¢ (3(W))

Proof The first part follows directly if D o D = 0 which is an easy computation (see
[6, Prop. 2]).

In order to prove the second part we only need to show this for the generators of
W,ie.12and 121...1k1 fork > 1.

e For g1, g2 € N, itis easy to compute that

1 2
op (p() =dp | |\ /, | =0
m

in mNSOp(q1. g2; g1 + q2).
e Forqy, ..., qr € N, we also have

I<ij<-<ip-1=q1

pa2l.. k= > D N\ | A,
1

k
where €= (q; — D(g1 —ij + Y (g — 1))

j=2 1>

and

k—1
D121, 1k1) = —2131 ... 14+ 3 (=1 1... TG + D1 1+ (=D ... 1k
i=2
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for which it is also a standard computation to see that dp(¢(121...1k1)) =

(121 ... 1k1)) (see [6, Thm 3]).

O
Theorem 2.34 We have a morphism of dg-operads
é : F2S — mNSOp,,
Proof This is the direct consequence of Propositions 2.31 and 2.33. O

3 The Gerstenhaber-Schack complex for prestacks

Let (A, m, f, c) beaprestack over a small category U and let Cgs (A) be the associated
Gerstenhaber—Schack complex as defined in [2] (see Sect. 3.1). In loc. cit., a homotopy
equivalence Cgs(A) = CC(A!) is constructed with the Hochschild complex CC(A!)
of the Grothendieck construction 4! of A. Through homotopy transfer, this allows to
endow the GS-complex with an L .-structure. However, it is desirable to have a direct
description available of this structure, without reference to transfer.

In the case of a presheaf, originally considered by Gerstenhaber and Schack, in
[8], Hawkins introduces an operad Quilt C F»S ® y Brace which he later extends to
an operad mQuilt acting on the GS-complex. These operads are naturally endowed
with L;-operations as desired. The action of Quilt on the GS-complex considered by
Hawkins only involves the restriction functors f of the presheaf, the multiplication m
being incorporated later on in mQuilt. Unfortunately, the way in which functoriality
of f is built into these actions, does not allow for an extension to twisted presheaves
or prestacks.

In our solution for the prestack case, we propose to use Quilt in a fundamentally
different way in relation to the GS-complex, but still allowing us to make use of the
naturally associated Lo-structure. In this section we capture the higher structure of
Cgs(A) by introducing the operad Patch € mNSOp ® y NSOp (see Sect. 3.3) over
which the bicomplex C**(A), of which Cgs(A) is the totalisation, is shown to be an
algebra (see Theorem 3.24). Next, we construct a morphism Quilt — Patch; (see
Proposition 3.27) as a restriction of

¢ ®pu ¢ : F2S ®p Brace —> mNSOp,, ® y NSOp; .
This morphism is such that the resulting composition
R : Quilt — End(sCgs(A))

incorporates the multiplications m and the restrictions f. Note that in Hawkins’
approach to the presheaf case, the initial action of Quilt on End(sCgs(A)) only
incorporates the restrictions. As far as the structure of both approaches goes, the aux-
iliary operad Patch we use is the counterpart of the operad ColorQuilt from [8, Def.
4.6].

In Sect. 4, we will further extend the action R in order to incorporate the twists.
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3.1 The GS complex

In this section, we recall the notions of prestack and its associated Gerstenhaber—
Schack complex, thus fixing terminology and notations. We use the same terminology
asin [2,12].

A prestack is a pseudofunctor taking values in k-linear categories. Let I/ be a small
category.

Definition 3.1 A prestack A = (A, m, f, ¢) over U consists of the following data:

e For every object U € U, a k-linear category (A(U), mY, 1Y) where mY is the
composition of morphisms in A(U) and 1Y encodes the identity morphisms of
AU).

e For every morphism u# : V — U in U, a k-linear functor f* =u* : A(U) —
A(V). For u = 1y the identity morphism of U in U, we require that (1y)* =

Law)y-
e For every couple of morphisms v : W — V,u : V — U in U, a natural
isomorphism
U vtut — (uv)*.

Foru = 1 or v = 1, we require that ¢*>¥ = 1. Moreover, the natural isomorphisms
have to satisfy the following coherence condition for every triple w : T —> W,
v:W—Vandu:V — U:

Cu,vw(cv,w ou*) — Cuv,w(w* ocu,v)'

Given such a prestack A, we have an associated Gerstenhaber-Schack complex
Cgs(A). In [2] this is defined as the totalisation of a bicomplex C**(A). We first
review some notations.

Notations. Let o = (Uy = Uy — ... L Up) be a p-simplex in the category U/, then
we have two functors A(U,) — A(Up), namely

#._ % * * . *
o' i=ujo---ou, and o" :=(upo---ouy)

Foreach 1 <k < p — 1, denote by L; (o) and Ry (o) the following simplices

Li(o) =Uy 3 Uy — - 5 )

U1 ip
Ri(0o) =(Ux — U1 —> -+ = Up)
and we consider the following natural isomorphisms

PR =ttty 1 1 (L) (Ric(0))* —> o

ok __ * * U Ut 1 % * . _#
€7 =ul...up_qc Up .Uy 0

M — ul . (Ugrup)
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We write ¢”%4 = ¢k(A) and €754 = €7k (A) for A € A(U)).

We also define a set P (o) of formal paths from o* to o* inductively. A formal path
is finite sequence of couples (7, i) consisting of a simplex o and a natural number i.
We set

P(Mlv l/l2) = {((uls le), 1)}
and
P@):={(1,...,1p2,(0,0)): 1 <i<p-—1land (ry,...,7p—2) € P(3;0)}

where 0; denotes the ith face-operator of the nerve N, ({/). Given such a formal path
r=(ri,...,rp—1) we define its sign

p—1
(-1 = l_[(—l)” where (—1)@) = (=1)’.

i=1

By interpreting the data (o, i) as the natural isomorphism €+, every formal path r €
P (o) induces a sequence of natural isomorphisms 7 € N,_i(Fun(A(U)), A(Up))).
Note that € #1-42):1 = ¢#1:42 and its associated sign is —1.

LetS;,,—1 denote the set of (¢, p — 1)-shuffles, then given a formal pathr € P(0),
ashuffle 8 € S; ,—1 and a tuple a = (Ap b4l Ay < - & Ay) € Ni(A(Up)) let
B(a,r) € Np_14:(A(Up)) be its shuffle product with respect to evaluation of functors
as defined in [2, Ex. 3.2, Ex. 3.4].

Here, we give a more explicit definition of S(a, r): first we construct inductively
a sequence (b1, ..., by 1) which formally represents a sequence of morphisms in
A(Up). Every b; is either of the form (z, a;, A;_1) or (r;, A;) for T a simplex, a; and
A respectively a morphism and an object occurring in a, and r; an element of the
formal path r. Define

(0,ar, Ar—y) ifBE)=t+p—1
bl+p—l = .
(rp—1, Ar) fpe+p—-D=r+p—1

then for 1 <i <t + p — 1, we have two cases: if b1 = (t,a;, Aj_1) for some j,
then define

- J@aj—,Ajp) iR -1 =iforj<t
o AjSD if Bt +k)=i

If biy1 = (r, Aj) for ry = (7, 1), then define

b — (Ot,aj,Aj_1) ifp(j)=iforj<t
| e Ap if Bt +k—1) =i



47 Page 24 0f 63 H. Dinh Van et al.

Finally, we define S(a, r) as the realization b = (By <b—' B <~ ... <bi Bp 144) of b
where b; = t¥a; if b; = (t,a;, Aj) and b; = 7(A}) if b; = (r, A).

Definition 3.2 Let p, g > 0, then define
q
cria = J] [T Hom(R) AU, A A1), AUo)(o*Ag, o™ Ag))
oeN,U) Ac A(Up)at! i=1

and set

LsA = P CriA

p+q=n
The differential d on the GS-complex is defined for & € CP4(A) as

q+1

d©) =" d;®
j=0

where d; : CP4(A) —> CP1I-4+1=7( A) is defined as
J

do(0)° (A)(a) =m0 (c*(a1), 07 (A1, ..., Agy1)(az, ..., ag11))

q
+ Y (=107 (Ao, ... A1, Aig . Agg)
i=1
(at,....mY(a;, aiz1), ..., a1)
+ (=) Mm% @ (Ag, ..., Ag)(ar, . .., aq), 0" (ag41))

di(8)° (A)(@) = (=Pt A0 2 (9% (A)(a)))

P
+ Z(_I)P+q+l+imU0(03iO'(A)(a)’ eO‘,i,Aq)
i=1
+ (=m0 (P40, 93p+1"(A)(u;+]a1, e Uy 1Gg))

djO) (MA@ = Y (=) Ui or Ao oo (B)(B(a, 1))
reP(Ry(0))
BESG—j+1,j-1



Operadic structure on the Gerstenhaber-Schack complex... Page 250f63 47

foro = (ul, ey up+j) S Np+j(U)(U0, Up+j), a = (al, ey aq—j—H) where a;, €
A(Up4+;)(A;i, A;—1) and such that B is the sequence of objects underlying B(a, r).

We will also be interested in the subcomplex Cgs(A) € Cgs(A) of normalized
and reduced cochains which is shown to be quasi-isomorphic to the GS complex

(see [2, Prop. 3.16]). A simplex o = (u1, ..., up) is reduced if u; = 1y, for some
1 <i < p.Acochain 6 = (07 (A)), s € Cgs(A) is reduced if 6° (A) = 0 for every
reduced simplex o. A simplex a = (ay, ..., aq) in A(U) is normal if a; = 1Y for

some 1 <i < g.A cochain 0 is normalized if 6° (A)(a) = 0 for every normal simplex
a in A(U,). We come back to this in Sect. 4.

Elements of the GS complex have a neat geometric interpretation as rectangles: for
6 € CP9(A) and the data (o, A, a) from above, we can represent 6° (A)(a) as the
rectangle of data

aq aq
Ap— A1 <---Ag—1—A4Ay

[
u*;,Aq

07 (A) |
o ~

*
M2...I/t

J{u
o*Ag U#Aq
0 (A)(at, ..., aq)

Aq

—_% T ¥

Similarly, we can draw different components of the differential d using rectangles,
providing more insight in its rather technical definition. For the hochschild component
dp we have

a  az ag+1
— — 4 —

*
L

do®) (A= | °

| mYo H
a; dj+1
A m |, dan
1%
q p
+ Y (=1
i:l( ) o 0° (A)
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ai ap ag+1
— - —
(T
P
T A
[,
T —
H m% H
The first component d; can similarly be drawn as
A MK
[
p+1
oo (A) |
di0)° (A) = (~1)PHHg* | oldo v
s
[ wm
H mo H
aj aq Aq
— b — .
u
l Riti0 lpﬂ
u¥
q 9 ol l i+1
+ Z(—l)P+q+i+l 0% (A) l i (Ag )iu}“
i=1 G
Y Li_yo® I*
| ui
I m H

[—— al .e o q
i i
*
+ (=D o* | op.A0 lup
9300 (A)

I
I
I
~
*
L

v H

H m

Finally, we will draw d> as an example from which it is easy to deduce the higher

components d; for j > 2. Namely, we have
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q
d2(0)6 (A) — Z(_l)r+ﬁ+q—2+l
i=1

Ao aj Ai-l ag—1
(o= E— l
*
u
p+2
u u . * *
(up+2up+1)* cUrH U2 (A ) Mp+lup+2 .
Uyt

— -0 {----
Ju
0*

o P:Ao
6L (B)ar, ..., v 02 (Ay), . ag 1)

~ ¥

I
I
I
~
*
&

b H

| m

for shuffle B(q) =i, B(s) = s fors < i and B(s) = s + 1 for s > i, and formal path
r = ((up, upy1), 1). Note in particular that we can draw B(a, r) as follows

ay ag-1
Ao(i A] $ - - —Ai_1: Ai*] {--=- 7Aq_2<; Aq—l
%
( )* Upt1,U z(A)\L l * * l”pu
* * u u ctpr+hUp+ u u
up+2up+1 p+2Up+l s p+17p+2 -
p+1
Bo<73167773i_1<—3i< 77777 Bq_1<; Bq
b1 b; by

where by = ag-1() fors # i, and b; = c"r+14r+2(A; ).
We will use this rectangular interpretation as a guide in the next sections.

3.2 Endomorphism operad of a prestack

Although the GS-complex does not have partial compositions o;, its elements 6 =
(07 (A)) (o, ) consist of parts that lie in the endomorphism operad End(A).

Definition 3.3 Let Ob(l4, A) be the set consisting of the triples (U, A, A”) for U € U
and A, A’ € A(U), then we define the Ob(l/, A)-colored operad End(A) as

End(A) (Ui, A1, A), ..., (Un, Ay, A)); (U, A, A'))

:= Hom(QR) A(U)(Ai. A}), AU)(A, A"))

i=1
with partial compositions defined by composition of linear maps.

Remark 3.4 Notethat0 (A) € End(A)((U,, A1, Ao), ..., (Up, Ay, Ay—1); (U, o#Aq,
o*Ap)).
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3.3 The operad Patch

In this section we define an N x N-colored operad Patch € mNSOp x NSOp. Its
elements encode concrete (planar) patchworks of rectangles of size (p;, ¢;) to form a
rectangle of size (p, q).

Definition 3.5 Let Patch((qi, p1), ..., (gn, pn); (¢, p)) consists of the elements
(X, J) € mNSOp(qi, ..., qn; q) x NSOp(p1, ..., pn; p) such that

(H)a<yjb=—=a<xb
2)a<xb=b<ya

Remark 3.6 Note that in order for Patch not to be empty, we need to allow a multipli-
cation in one of its coordinates which is not present in the other coordinate.

This has a neat geometric interpretation as well: a (p, g)-rectangle has p inputs on the
right-hand side, ¢ inputs on top and a single output on respectively the bottom and the
left-hand side

We then interpret a patchwork (X, J) as an ordering of these rectangles: the first
coordinate X represent the vertical ordering (from top to bottom) and the second
coordinate J the horizontal ordering (from right to left). The multiplications m form
a single exception: they appear only vertically, thus we draw them as flat rectangles,
that is, having no horizontal input and output. From this perspective, the conditions
impose planarity on the patchwork such that we have

below <x above above <j below

left <1y right left <, right

Note that when we write down a patchwork using rectangles, possible ‘open spaces’
can appear. Moreover, it is possible that multiple rectangles are vertically the ‘lowest’
elements due to the insertion of multiplication elements m. However, horizontally
there can only appear a single most left rectangle which is (horizontally) connected to
all other rectangles. We give an example.



Operadic structure on the Gerstenhaber-Schack complex... Page 29 of 63 47

Example 3.7 The following pair determines an element in Patch((3, 5), (3, 2), (2, 1),
(0,2);(6,7))

where the grey areas denote the open spaces.
Lemma 3.8 Patch is a suboperad of mNSOp ® g NSOp.
Proof Let (X,J) € Patch((gi, p1)s-..,(qn, pn); (g, p)) and (X',J) €
Patch((g}, p}). ..., (g, Piy); (gi, pi)) and we set X" := X o; X" and J" := J o; J'.
Let (o, B) be the extension of n by m at i, then for a, b € (m) we compute

a(a) <xrab) &= a<xy b=b <<y a < ab) <y ala)
and for ¢, d ¢ Im(x) we compute

c<xyrd <= Bc<x pd = Bd <y fc < d <y» Bc

For ¢ ¢ Im(«) and b € (m), we have

¢ <xr a(b) = Pc <x i =i = Pa(b) Ay pab) = a(b) 4y~ ¢

and the same reasoning shows a(b) <x» ¢ = ¢ <y» a(b). Completely symmetri-
cally, this also shows that ¢ <j» d = ¢ <x» d forc,d € (n +m — 1). m|
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We again compile the colored operad Patch to obtain a graded non-colored operad

Paichy(n) € [ Patch((gr, p1). -, (Gn, Pa); (4, P))

where an element x € Patch((q1, p1), - .-, (gn, Pn); (¢, p)) is graded as

x|=) @+pi-D—(q+p-1
i=1

and Patch (n) is generated as a k-module by the sequences of constant degree. Its
composition is derived from Patch where it is set to 0 when the colors do not match.
Note in particular that the S,,-action on Patch(n) is affected by this grading: permuting

two vertices i and j introduces a sign (—1)@itPi=D(@j+p;=1

Lemma 3.9 Patchy is a dg-suboperad of (mNSOp,, ® g NSOpy, (dp, 1d)).

Proof 1t suffices to see that the elements (D, 1) € Patch((q, p); (¢ +1, p)) for every
p,q € N. m]

3.4 The morphism Patch; — End(sCgs(.A))

In this section we make the GS-complex Cgs(A) of a prestack A into a Patchg-algebra.
We do so by making its underlying bicomplex C**(.A) into a Patch-algebra. We first
fix some notations.

Definition 3.10 Let 0 = (U LU - ... ‘2 U,) be a p-simplex in the category
U and ¢ : [p'] —> [p] a non-decreasing map (or equivalently a non-decreasing
sequence), then let ¢ be the reflection of ¢, that s,

Lt)y=p—¢(p —1)

and define

£(0) == No@)()(0)
a p’-subsimplex of o, where N, (U) denotes the nerve construction on .

Remark 3.11 Note that we apply the reflection as we count the horizontal inputs of a
patchwork from top to bottom (see Example 3.7) instead of bottom to top (see further,
Example 3.22).

Given a patchwork (X, J) € Patch, we now determine which simplices we need to
fill in the ‘open spaces’ in between the rectangles. We first sketch the idea.

Given a simplex o in I/ and a vertex a, we want to determine two sorts of simplices:
for every vertical inputi = I (a, b) for some vertex b, we want to determine a simplex
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o (a, b) that we place between them. For the other vertical inputs 1 < i < ¢g,, we
determine a simplex o, (i) to place on top of a at input i. To do so, we determine
the set of left-most vertices which do not “surpass” the ith input and that lie higher
than vertex a. In the drawing below, this set consists of the vertices e, e; and e3. To
calculate o (a, b), we restrict this set to those vertices that still lie below vertex b, in
this case, the vertices e, and e3.

We observe that each element of the GS complex composes in I/ the subsimplex
corresponding to its horizontal inputs. Hence, using our auxiliary set, we contract the
corresponding subsimplices and obtain o (a, b) and o, (i).

Note that we have not yet treated the multiplications m. In order to do so, we have
to add the following complexity. Let X = [I 0,41 m 0,41 - - - 0,41 m] where [ is an
indexed tree with n + k vertices, then we call a vertex a of I non-plugged in X if in X
it is not inserted by a multiplication element m. We continue with the above chosen
representation of X where a non-plugged is equivalent to stating a < n.

Definition 3.12 We define a function | : {(n + k) —> [n] on the vertices of I which

associates to every vertex a the closest non-plugged vertex in X under or equal to a,
or 0 if no such vertex exists. Concretely,

Ja:=max{y € (n) : y <y a}and | a = 0 if the set is empty
<7
We also set a <15 O for every vertex a and define

$ra=2¢saand 0= p
where p is the total number of inputs of J.

Remark 3.13 This is clearly independent of the representative / of X. Moreover, |, is
for the given representative / the identity on (n).

Next, we determine the auxiliary set.
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Definition 3.14 Consider a vertex a of I and let by <1y ... <1 b; be the children of a
in [ lying in (n) with iy := I(a, bs). We then define

fee(n):edylaande <y Ja} i <ij
L,(i)=1{ee€(n):bs<jeande <y | a} iy <i <isgq

{een):b, <jeande <y |a} i, <i
fori € [q4], and
L(a,bs) :={e € (n):b; <jeand by <y e <y | a}

and let min L, (i) and min L(a, by) be respectively the set of < ;-minimal elements of
L, (i) or L(a, by).

Remark 3.15 Remark that L, (i), L(a, bs) C (n) and thus that it contains only vertices
which are not plugged by m. By default, we will set the subsimplex underneath the
plugged children of a as empty (see Definition 3.18).

Remark 3.16 Note that the condition e #;] a appearing in the first case becomes
superfluous in the others.*#%#%%*

Definition 3.17 Let a be a vertex of I and min L,(i) = {e; <y ... <y ¢;}, then we
have the sequence of inequalities

0 S ;J,el (O) S ;’ael (Pel) S e S g],el(Pel) S ;J,a(o)
and thus the non-decreasing sequence
(07 17 ceey CJ,@] (0)7 CJ,El (Pel)a LRI ) ;J,E/(O)’ gl,e/(pel)a L) ;J,a(o))

from which we delete ¢; ¢, (pe;) if £7.6;(Pe;) = 87,6101 (0) OF £y.¢(Pey) = £7,a(0).
This defines a subsimplex o, (i) of o by Definition 3.10.

Definition 3.18 Let a, b be vertices of I such that b is a child of @, and min L(a, b) =
{e1 <ty ... <y e}, then we have the sequence of inequalities

e Ifi = I(a, b) for some vertex b € (n) (non-plugged)

f],b(l’b) =< ;],61(0) =< ;],el(Pel) <---=< ;],61 (pel) < ;J,a(o)

e Ifi = I(a, b) for some vertex b > n (plugged)

$1.6(pp) = £7,4(0)

and thus the non-decreasing sequence

(;J,b(pb)v ce é‘./,8| (0)7 Cj,e] (Pe|)’ MR ;/,(3[(0)’ CJ,e;(Pel)a M) ;J,a(o))
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from which we delete g],ei (Pe,-) if ;J,ei (Pe,-) = ;J,e,ur] (O) or é-./,el (Pe;) = g-],a (0) We
also delete ¢ p(pp) if it equals ¢; ¢, (0). This defines a subsimplex o (a, b) of o by
Definition 3.10.

We consider an example.

Example 3.19 Given the simplex o = (u1, ..., ug) and the following patchwork of
rectangles

T
T
T

we analyse the case for rectangle 6: we have

Le6(0) = Lg(1) = {1,3,4,5,7) and min Le(0) = min Le(1) = {1,3, 5,7},
Le(2) = Le(3) = {3, 4, 5} and min Le(2) = min Le(3) = {3, 5}
L(6,1) = {3} and min L(6, 1) = {3}

and thus

06(0) = 06(1) = (u3zu2, usus, ue, ug7),
06(2) = 06(3) = (u3uz, ug, us, ug, uguy),
0(6,1) = (u3zuz).

Now, we can assemble for every element of Patch a concrete patchwork of elements
of Cgs(A) where the first coordinate determines a vertical patching using the operadic
structure and the second component determines the horizontal patching to fill in and
align the corresponding simplices.

Construction 3.20 Given (X, J) € Patch ((q1, p1),...,(gn, Pn); (g, p)) and 6; €
CPidi (A), thenwe set Oy =m € C¥2 (A) fors =n+1,...,n+k.
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Let o be a p-simplex in U and A = (Ao, ..., Aq4) (g + 1)-tuple of objects in
A (U,), then we define for every vertex a in I

O = 05" (00 OF Ay 005+ 00 (@0)* Agyata )

and for every i € (g,) we make the compositions

e Ifi = I (a, b) for some vertex b,
O, o; (o (@, b o) @,,)
o Otherwise,

O 0i 00 (N (Agy,i-1)-Agu)

All these compositions together define

q
L(X,J)®,...,60)° (A) € Hom <® A(U,)(Ai, Ai1) s AUo) (o#Aq, a*A0)>

i=1
Lemma 3.21 Construction 3.20 is independent of the representative I of X.

Proof 1t suffices to verify the relation on the formal multiplication elements m in
mNSOp. This follows directly from the associativity of the local composition mY of
the category A(U) for every U € U. O

Let us work out an example.

Example 3.22 Consider the patching (X, J) from Example 3.7. Let#; € C>3(A), 6, €
C23(A), 65 € C2(A) and 64 € C2O(A), then we compute L(X, J)(61, 02, 63,04) €
C7%(A). Given the simplex (up,...,u7) € N7U)(Uo,U,) and the objects
(Ao, ..., Ag) € A(Up), we first compute

0, = 91("1’“3“2’“4’“6L'5’u7)(Ao, A1, Az, A3)

Oa = 0" (i (ugus) ul As, u}(ugus) ul As, ul(ugus) s Ag, ulutuiuAg)
O3 = 05" (ut A3, ub Ag, u5 As)

O4 = 6" (u3 Ag)

Then, given (ay, ..., ag) where a; € A(Up)(A;, A;—1), we finally compute

m% (0 (a1, a2, a3), ul O2(u} O3 (u} (ag), uh(as)), ul(usus)*us(ae), u;Os)
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which we can draw as follows

aj ap as ag as ae
Ap— Al— Ap+— A3+— Ayp+— As+— Ag——=A

DT T ]

Proposition 3.23
L(X,J)oq LIX',J)=L(X oy X', J 0y J)

Proof We can assume without loss of generality that a = n as L is clearly equivariant.
Let (X", J") = (X,J) o, (X', J), then we add ' or ” to denote the notions
associated to (X', J") or (X", J”). Let I and I’ be the underlying trees representing X
and X’ having respectively n + k and m + k' vertices, then let (a, 8) be the extension
of n 4+ k by m + k' at n. Let (&, B) be the extension of n by m at n.
We compute

LX, IO s Op—1, LX', T O, - .. Opm—1)) (A) 2
and show that it equals
LX", T 01, - Oprm—1)7 (A) (3)

foro € N,(Ud) and A = (Ao, ..., Ay) objects in A(U,).

It is clear that per construction the blocks involved are composed according to
X" = X o, X'. Hence it suffices to verify that they correspond to the blocks @ in
L(X", J”) and that the functors used to fill in the open spaces, agree.

First, for x a non plugged vertex of /” in X", it is clear that © is either ©g(y), or
e ) evaluated at o’ = ¢; ,(0). Next, we verify the simplices o/’ (x). For its ith
input, we have the following two cases:
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e If x does not lie in the image of (X', J'), then op,(i) = o) (i) because if
n € min Lg, (i) then it is replaced by & (r’) for r’ the root of J' for which holds

Sy = Syl

ox(i) = 0] (i) n

7\ 77777 al
:
i x o

As aresult, in both (2) and (3) we have the term Og, o; ogx )*.

o If x is part of (X', J'), i.e. x = a(x') for some vertex x’, then min Lg(x,)(i) is the
union of min L', (i) and min L, (i") for some i". Hence, we obtain the concatenation
of o/,(i) foro’ = ¢y (o) and 0, (i"). As ¢, = &y 0, &y, this corresponds exactly
to o ().

e O
e

Hence, the corresponding term in both calculations agrees.

Next, we calculate o”(x, b) for b a child of x in (X", J”) that is not plugged. We
again have three cases

e If both x and b lie either outside or inside the image of (X', J'), then clearly
0" (x,b) = a(Bx, Bb) or o' (@~ 'x, = 'b) for o’ = ¢, (o) due to the previous
reasoning and thus the terms agree.

e If b lies in the image of (X', J'), i.e. b = a(b’), and x does not, then ' is clearly
the root of X’. As aresult, 0" (x, b) = o (Bx, n) and thus the terms agree.

e If x lies in the image of (X', J'), i.e. x = a(x’), and b does not, then min Lg(x,)(i)
is the union of min L', (i) and min L, (i") for some i’.

o(n, Bb) H::::

R
e ]

Hence, we obtain in (2) the concatenation of o (n, Bb) and o, (i) for o’ = ¢ (o),
which corresponds exactly to o’ (x, b).
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In case either x or b is plugged, we possibly have to apply the functorial property of
the restrictions, i.e. u* om¥ = m" o (u* ® u*) foru : V.— U in U, to pull down

U U, 1.0 . . .
Opr =m P or® | =m néyta=1x© Specifically, in the following cases

e Let Bx lie on top of n in (X, J) and | x = a(y) for some vertex y of (X', J').

,,,,”Ji” 7777777777777
M H’E{::::i
Ta(y)

. U . U, 0 .
In this case, ®gy, = m 7.0 occurs in (2) and Ol =m 08059 occurs in 3).

Using functoriality, in (2) we equivalently have t# o mY/n© = m sty O
(r* ® ) for an appropriate simplex 7. As a result they agree.
Next, it is clear from the drawing that o,/ (j) is the concatenation of ogx(j)and .
Moreover, for some vertex b, we have " (x, b) as the concatenation of o (8x, Bb)
and 7, except in the case that b is plugged as well. In the latter case, we can also
pull ®gy, in (2) down to Og, and obtain mU“’"Cf’uV(O) = O] = 0 asin (3).

e Let Bx lie on top of n, but | x ¢ Im(w).

Again, we can pull down ®g, in (2) past both functors *and o ( v, n)* and obtain

mYrp1y© = ®'/. The same reasoning as before also holds for the functors o}/ (j)
and 0" (x, b) in (3) and its counterparts g, (j) and o (Bx, Bb) in (2).

o The case where x lies in the image of (X', J’) such that |, x ¢ Im(a), is analogous
to the previous one.

This finishes the proof. O

Theorem 3.24 We obtain a morphism of dg-operads

L : Patchy —> End(sCgs(A), do).
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Proof The map L : Patch — End(C**(A)) is clearly equivariant and thus it is a
morphism of operads due to Proposition 3.23. Hence, the induced map £ : Patchy —
End(sCgs(A)) is a morphism of graded operads. Moreover, it is a morphism of dg-
operads as L(D, 1) = d. O

3.5 The morphism Quilt — Patch;

In [8], Hawkins defines a suboperad Quilt C F»S ® iy Brace for which Quilt(n) is the
free k-module generated by (W, T') € F2S(n) x Tree(n) such that

M W=...u...v... = u 47 v;
QW=...u...v...u... = v dr u.

Here, deg(W, T) := deg(W) and the boundary operator is d(W, T) := (dW, T).

Insightfully, elements of Quilt can also be drawn as a stacking of rectangles in
the plane, as extensively explained in [8, §3.2]. We will use Quilt in a fundamentally
different way by switching the roles of its first and second component, and thus flipping
the rectangles on their side. As such, we also draw the elements of Quilt on their side.
We give an example.

Example 3.25 We consider an example from [8, Ex. 3.2] and flip it on its side as follows

/ 2

14234, 1 — 3

I
—_
w

4 L

Note the double line above rectangle 4: this reflects the fact that 3 is not interposed,
otherwise the corresponding word would be 142434.

By definition, we have Patch, € mNSOp; ® g NSOp,,. In this section, we will
construct a morphism of operads Quilt — Patchy as a restriction of

¢ ®u ¢ : F2S ®y Brace — mNSOp, ® y NSOp,, .

Lemma3.26 Let Q = (W,T) € Quilt, X € Ctr(W,q1,...,q,) and I €
Cle(T, p1, ..., pn), then (X, I) € Patch.

Proof Letu,v € (n),ifu <; v,thenu <7 vandthus W # ---v...u... and thus
every occurrence of u in W is left of every occurrence of v in W. Hence, u <ix v.
The other way around, if u <x v,then W = ---u...v...u...and thus v <7 u

which is equivalent to v <I; u. O

We obtain a morphism of graded operads

® @y ¢ : Quilt —> Patch;
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defined as

@ @1 ¢)((q1, p1)s -+ (Gns P))W, T) = Z sgnyy (X) sgny (D (=17 (X, 1)

XeClIr(W,q1,....qn)
1€CIx(T, pi,.... pn)

where the sign (—1)? is defined as the Koszul sign obtained from switching

qis--sqn>p1— 1o, pn—1~qi,pr—1,....qn, pn — 1

This is the consequence of the Hadamard product of two graded operads

Patch((q1, p1), ..., (gu, Pn); (g, p)) S mNSOp(q1, ..., qn; q) @ NSOp(p1, ..., pu; P)

where we have switched the order of the inputs.

Note in particular that this sign corresponds to the sign defined in [8, §4.7] and that
we write sgnQ(X, J) = sgny (X)) sgny (J)(=1)°.

As a direct consequence of Lemma 3.9 we have the following.

Proposition 3.27 We have a morphism of dg-operads
¢ ®p ¢ : (Quilt, ) —> (Patchy, d(p,1))
Corollary 3.28 We have a morphism of dg-operads
R:=Lo(¢Qy ¢) : Quilt —> End(sCgs(A), do)

Proof Immediate from Theorem 3.24 and Proposition 3.27. O

Our action of Quilt on the GS-complex of a prestack is orthogonal to the action
constructed in [8, Thm. 4.26] in the case of presheaves, and thus also new for the
latter case. This can be interpreted in a geometric sense: our action encodes a quilt
QO = (W, T) as a vertical patchwork according to W and a horizontal patchwork
according to 7. In Hawkins’ action their roles are reversed, where the role of the
multiplication is filled in by the identity 1*"V : v*u* = (uv)*. This does not translate
to the case of prestacks due to the occurring twists ¢V : v*u* —> (uv)’.

4 Incorporating twists

The morphism R : Quilt —> End(sCgs(A)) from Corollary 3.28 only involves the
multiplication m and the functors f of the data of a prestack (A, m, f, ). In this
section, we will incorporate the twists ¢ by adding a formal element with certain rela-
tions, resulting in the bounded powerseries operad Quilty[[c]]. In Sect. 4.4, we extend
R above to a morphism R, : Quilty[[c]] — End(sCg;s(A)) (see Theorem 4.17). In
Hawkins’ approach to the presheaf case, the initial action of Quilt on End(sCgs(A)),
which only involves the restriction maps f, is later extended in order to incorporate



47 Page 40 of 63 H. Dinh Van et al.

the multiplications m. As far as the structure of both approaches goes, our operad
Quilty[[c]] is the counterpart of the operad mQuilt from [8, Def. 5.2].

In [8, §7.1], Hawkins constructs a morphisms Lo, —> Quilt (see Sect. 4.2). In
Sect. 4.2, we establish a more involved morphism Ly, —> Quilty[[c]] (see Theo-
rem 4.10) by extending to an infinite series of higher components incorporating the
element c.

Putting Theorems 4.10 and 4.17 together, we have thus endowed sCgs(A) with
an L -structure. In the case of presheaves, this coincides on reduced and normalised
cochains with the L.-structure from [8, Thm. 7.13].

In the final Sect. 4.5 we briefly discuss the relation of this structure with the defor-
mation theory of the prestack A.

4.1 Powerseries operads

In order to obtain an L -structure incorporating twists, we will make use of operads
of formal power series.

Definition 4.1 Let O be a graded operad, then define O[x] as the graded operad gen-
erated by O and an element x of degree ¢ and define the subspaces

Olx](n,r) :={y € O[x](n) : y has r occurrences of x} € O[x](n)
which is well-defined as there are no relations on x. Define

Ollxll(m) := [ [ Olxl(n, r)

r>0

with component-wise S,-action and write their elements as ) .., Q, for Q, €
Olx](n, r). For every 1 < k < n the composition of O[x] descends to a map

Olx1(n,r) ® Olx1l(n,s) — Olx](n,r +s)

which extends to a composition map

Q00 QO P =) (> QioP))

r>0 >0 t>0 i+j=t

We call an element ZrzO 0O, € O[[x]] bounded if the set {deg(Q,) :r >0} C Zis
bounded. Let Op[[x]] be the S-submodule of bounded series which is graded by the
series with coefficients of constant degree.

Lemma 4.2 (1) O[[x]] is an operad.
(2) Opllx]] is a graded suboperad of O[[x]].
(3) We have a sequence of injective operad morphisms

O < Olx] = Opllx]] = Ollx]]
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Proof These are straight-forward computations. O

We call O[[x]] the operad of powerseries with coefficients in O and Op[[x]] the
operad of bounded powerseries with coefficients in O.

Definition 4.3 Consider Quilt[x], Quilt,[[x]] and Quilt[[x]] for x a 0-ary element x €

Quilt(0) of degree —1, then let Quilt[c], Quilt,[[c]] and Quilt[[c]] be their respective

quotients under the following relations

(1) a(e) =0

(2) (12,1 — 2)o1co1c=0

3) (W, T)ojc =0ifi has more than two children in 7 or i is repeated in W (that is,
it has a child in W).

Remark 4.4 In Definition 4.3, (1) determines that ¢ encodes a natural transformation,
(2) embodies the cocycle condition and (3) determines the form of ¢. The letter ¢ will
always stand for the twist subject to its relations, and should not be confused with a
free variable.

On inspection of mQuilt from [8, Def. 5.2], we see that our conditions on ¢ are a
subset of those imposed on m in mQuilt. Hence, we obtain a morphism Quilt[c] —>
mQuilt sending ¢ to m.

4.2 The morphism L, —> Quilt

In [8, Thm 7.8] a morphism Lo, — Quilt : [, — LY is defined by setting

Ly:= Y sen(Q)Q

Q€eQuilt(n)
deg(Q)=n-2

In particular, this means that for every n > 2 the equation

0=0Ly+ ) Y (=P (LY o, Lg)"_l 4)
prq=n+loeShy,_1 4
P.q=2

holds.
An important feature which we will need, is that we can write Lg as the antisym-
metrization of elements P,?. Namely, we set

nn—1)
P = Y =T

QeQuilt(n)
deg(Q)=n—-2
Q labelled in Jorder

then we have

Ly= ) (=D7(R)".

o€S,
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In fact, the Lo-relations translate to the following

p
P+ Y Y (=P hete=D@hplo; ple(0 — Q%o €S,) C Quilt(n)
pt+q=n+1 j=1
P.q=2

)
where (—) denotes ‘free k-module generated by—’.
4.3 The morphism Lo, —> Quilt,[[c]]
Next we will define more involved L,-operations incorporating c.

Definition 4.5 For n + r > 2 we define

r._ N 1\ ) p0
P, = Z (=D Py 0y €Oyt v Oy rp1 €
1<yi<..<y-<n+r

where (—1)Y!>-Y denotes the sign of the (r, n)-shuffle defined by (yy, ..., y»). Using
these we set

L= Y (=17 (P))’

o€eS,

Remark 4.6 Note that L], live in Quilt[c].

Let us compute P, for some low n and r.

Example 4.7 In case no elements c are added, we obtain the original P?

M=[i]z]. P= E%

3 4

3]4
2 1 1

Similar to how we drew elements from mNSOp as trees with vertices plugged by m,
elements of Quilt[c] can be drawn as quilts with rectangles plugged by c. For example,
we have

Pl=[efi] = [i]e]
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or

Note that depending on where we plug the elements ¢ a sign is added.

This enables us to define the following.

Definition 4.8
L, := ZL; forn>2and L; := ZL{
r=0 r=1
Set
3 =0+,
where

0L, (A) :=Liot A= (=D Ao L

1
(a derivation by an element) which will be the new differential.

Remark 4.9 Note that L, are bounded because their components have constant degree
n — 2. Hence, L, live in Quilty[[c]].

The main theorem of this section is the following.

Theorem 4.10 The map
Loo —> (Quilty[[c]], d) : I, —> L,

defines a morphism of dg-operads.

First we need some lemmas.

Lemma4.11 Forr > 2 we have Lj = 0.

Proof Due to relation (3) in Definition 4.3 of ¢, there cannot be a vertical composition
of ¢. Hence, L6 = 0 for r > 3. L? = 0 due to condition 2 of the definition of c. O

Remark 4.12 Note that we have used 2 out of the three conditions on ¢ to prove this
lemma.

The following lemma extends the Lo-equation of (Lg)n for higher L7,.
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Lemma4.13 Forn > 1 andr > 0, we have

-1

_ i i\ X
—a(L") = Z Z (=X (=1)&=D1 (L;c ok L[/)
i+j=r xeShi—_1,
k+l=n+1
k+i>2
I+j=2

Proof By applying d and using Eq. (5) and 3(c) = 0, we deduce

—a(Lh) = Z Z Z (_1)YI,~-,)’;-(_1)5(_1)(P—1)q(_1)(P—X)(q—1)
prq=n+r+loeS, 1<y1<..<y,<n+r
p.q>2 x=1,...,p

o
(P,(,) Ox P«? (Oye—e+1c)e>

Givenl <y <...<y <n+randl < x < p, we have a subdivision into
two groups where oy s c is inserted into either PI(,) or qu . Hence, if we are also
given a permutation o € S,, then we show that there exists unique integers i + j =
r,k+l=n+1,indices 1 <z; <...<z;<k+iandl <z} <... <z’j <j+1,
permutations T € S, 7’ € Sj4; and a shuffle x € Shi_1; such that

o
(= 1)1 (=1)7 (=1)P=Da (1) (P=D)g=D <pg ox PY (Oye—e+10)e)

— (_1)(21,...,Zi)“l‘(Z/l,-..,Z;«) (_1)X+T+‘L’/ (_1)(1{71)1

-1

0 K 0 "\
(Pk+i (Oze—e+lc)e) Ok <P1+j (o ’f—f+1C)f> (6)
In this case, we obtain

—aLy =y > DXEDED

i+j=r xeShi—1,
k+l=n+1

k+i>2

[+j>2

TSk, T'eS; 1<z1<...<z; <k—+i
152/]<..‘<z;.§j+l

(( P, (%_Hw)e)f ok (p,oﬂ(o L F410) f)t/)x @)

By applying the definition of L,, this proves the lemma.
We show that Eq. (6) holds: the set y; < ... < y, splits into three subsets

e 7] <... <z suchthatz/ <x,

o7 <... <zl.22 such that z2 > x +¢ — 1,
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/ 7
° z10<...<zj0={y1 <...<y,}\{z} <...<z}l,z%<...<zi22}.

from which we define

1

Z tfll /
=15 , Z =20 —x+1
iy, —4q >
i=ij+iyand j:=r —1, k:=p—iandl:=q—j

We then compute

0 0 i (I+j)+i2j 0 0
Pp ox Pq (Oye—e+lc)e = (—1)’( +)+iaj <Pk+i (Ozg—e+lc')e) Ox—i (Pl+j(°z’jc7f+lc)f)

®)

where the sign appears because we move the ¢’s corresponding to zio past j ¢’s

corresponding to z;o and also i ¢’s past qu . Note that if we know x and i1, then given

Ljok Lz, .,z 2., z; we can uniquely determine p, g, 7, 1, ¥1, ..., Yr.
We also compute the sign of yi, ..., y,: let @ and 6’ be the shuffles such that

6 .
z%,...,zill ~1,...,01

’ !
, 10 21003 L jx—=i—1) . .
zlo,...,zjo A P o | > i1+ 1,...,i1+ ]

i(l+x—ii—
PONN

0’ . 1. .
z%,...,zizzwx—{-q,...,x—{—q—i—lz—l )ll—i—]—i-l,...,r

then we obtain that

(=1)Y1eedr = (_1)9+(Z/1»~-~,Z_/,-)+j(xfi|*1)+9’+i2(1+x7i171)

On the other hand,

0+0’ . . da(x—ip) .
Lo eves Zigs Tig4ls -2~ Loooinx+1, 000, x+ip "~ 1,00

and thus we have

(_1)y1,...,yy:(_1)(21 ..... 2+ ) j =i =D +i2(+1)

Giveno € S,,letb; < ... <b; C {(k+1—1)suchthato(b;) € {x —iy,...,x —
i1+l —1tandleta; < ... <ag = (k+1—-1)\{b1 < ... < b}. We then define
the (k — 1,)-shuffle y = (a1 < ... <ayx—1,b1 < ... < by)and

rey = XD Tk ) = o) — (— iy — 1)
x—ip t=k
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It is then easy to see that

¢

0 0 X 0 T 0
(Pk+i (0ze—e+1¢), 02—, Pl+j(°z/f—f+1c)f) = (Pyi (0z—et10),) ok Pryjloz —p110) s
Note that r and zjy,...,z; determine x and i; uniquely. Hence, given
21, ...,zi,z’l,...,z’i,k,l we can uniquely determine yi,..., y., p,q,n,r in the

above manner. In order to show that Eq. (6) holds, we only need to verify the corre-
sponding signs: let 7o be the permutation such that

ox(D),...,oxtk—1D 31, ,x—iy—Lx—ij+1,....k4+1—1

ax(k),...,ax(k—i-l—1)5i>x—i1,...,x—i1+l

and thus we have that (—1)7 X =(—1)0+7+H=x+i1)_On the other hand, we have that
T corresponds to

)y T2, x—i = Lx—i k=1 o) T k=1
and thus we have

(_1)U+X — (_1)T+T/+(l+1)(k7x+i1)

As such, we can compute

(_1)(21 ..... 2i) (2] z;.)(_l)X_H._H./(_1)(k—1)l(_1)i(l+j)+i2j

— (_l)yl ,,,,, yrt+o (_ l)iz(l-‘rl)-‘rj(x—il—1)+(1+1)(k—x+i1)+(k—1)[+i(l+j)+i2j
and

b+ D+jx—ii—D+A+Dk—x+i)+E&—=DI+i(l+j)+irj
=(l+Dk—x+D)+jx—i—D+Gk=DI+il+))
=(l+Dp-0+jp—x+k-1D)+*k—-Dl+iq
=(@—-Dp—x)+k—-1q+iq
=@-Dp—-—x)+(p—1yg

which completes the proof. O

Lemma 4.14 L, are skew symmetric and 9’ is a differential making Quilty[[c]] into a
dg-operad.

Proof 1t is clear from the definition of L/ that they are skew symmetric and thus also
L.
Per definition 9y, is a derivation by construction and so is 9, and thus so is 9’.
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It is clear from the definition of ¢ that 8’(c¢) = 0. Hence, we only need to show that
9'3’(Q) = 0 for every Q € Quilt. Using Lemmas 4.11 and 4.13 we first prove that
—dLj = L o1 L1. Namely, we compute

—aLn =Y. > 3 D =D* L o L)r

r>1li+j=r xeShi_1,

k+1=2
k+i>2
I+j=2
= Z LllolL{ZLlolL] )
i+j=r
ij>1
r>1

Now let us compute
9'0'Q =000+ 00,0 +93,,00+ 3,0, 0

we compute separately

0,00 =L1019Q — (=D'?"1 Y 900 L,
i

and
90,0 =d(L1o1 Q) — (—=1'?'Y " 9(Q o L1)

=0L 101 Q4 (=1'?L101 00 — (=D Y000 Ly — (=11 Y oL,

adding them gives

0,00 + 39,0 =3L1 01 Q — (=D'@™' ¥ "0 0; 3L,

L

Next, we compute 07,07, Q. As L has only a single input and has degree —1, we
have fori # j that Qo; Lioj L1 = —Q o L1 o; L. Hence, by also using using Eq.
(9), we obtain

3,01,Q = Li oy (L1oy Q) — (=D Y " Lioy (Qoi Ly)

1

+ (_DIQ\ Z(Ll 01 Q)o; Ly — Z QoiLioj Ly
i i,j

LioLiog Q=) Qoi(LiorLy)
i

aL, 00 + 38L| 0
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As 30 Q = 0 we thus obtain 9’0’Q = 0. O

Proof of Theorem 4.10 We need to show for every n > 2 that the equation

0=+ ». Y DEVT (Lo L)

k+l=n+1oeShr_1,
k,[>2

holds, which is equivalent to

0=dL)+ > > DEV (Lo LT

k+l=n+1oeShir_1,
k,>1

This is equivalent to showing for every r > 0 that the equation

— [ j -1
o=aLy+ Y, > =D D (@ o L) (10)
i+j=r oeShi_1,
k+l=n+1

k,>1
(I, H#,0)F# (K, i)
(I, N#QO, DK, D)

holds, which follows from Lemma 4.13 and L6 =0fori > 0 (Lemmad4.11). O

Remark 4.15 Under the natural morphism Quilt[c] — mQuilt sending ¢ to m our
L o-structure corresponds to the Loo-structure from [8, Thm. 7.13], that is, we have
the commutative diagram

Quilty[[c]]

7

Loo — mQuilt —— Quilt, [[m]]

where Quilt, [[m]] denotes the quotient of the operad of bounded powerseries by the
relations on m in mQuilt.

4.4 The morphism Quilt,[[c]] — End(sCgs(.A))

In this section, we make (the suspension of) Cgs(A) into a Quilty[[c]]-algebra.

The morphism R : Quilt — End(sCgs(A)) naturally extends to a morphism of
graded operads R, : Quiltfc] — End(sCgs(A)) by sending ¢ to ¢ € Cgs(A) as
the axioms of Quilt[c] correspond respectively to ¢ being a natural transformation, the
cocycle condition of ¢ and ¢ € CZ'O(A). Next, we will show that it further extends to
the operad of bounded power series.

Lemma4.16 Let0y,...,0, € Cgs(A) where 6; € CPi-9i(A) and Q € Quilt[c](n, r)
of degree t, then R.(Q) (01, ....0,) =0ifr >y " g —t.
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Proof This follows from Cgs(.A) having only non-negative bidegree. Namely, given
Q= Q' ocjcoj,...0, cforacertain Q' € Quilt(n + r), the bidegree of R.(Q’) is

Qs pi+2r—(n+r—1), 37 qi—deg(Q"). Asdeg(Q') = deg(Q)+r =t+r,
we have that

n n
Y ai—deg(Q) <0 < r>) gi—t
i=1 i=1
proving the lemma. O

Theorem 4.17 For A = (A, m, f, ¢) a linear prestack over U, the map
R. : (Quilty[[c]], 3") — End(sCgs(A), d)

definedas R.(Q) = R(Q) for Q € Quiltand R.(c) = c, is amorphism of dg-operads.

Proof The representation R, extends to Quilty[[c]] due to Lemma 4.16.

We verify that R.9'Q = 9;R. Q for Q € Quilt. It suffices to verify that RCL{ =d;
as 9 corresponds to d4,. Let & € CP9(A) and 0 € N,y () and note that we write
|0| for the degree p + g of 8 in Cgs(A).

Step 2R.L} = d;

We can write d = priol (—1)PFa+1+5 g% where df names the sth component of

d;. We write out the left-hand side

R:L1I(©O) = R(PY)(c, 0) — (—DPITIR(PY) (0, ©) (11)

where P2O = (—I)L;H(IZ, 1 — 2 ). There exists two colorings (Xo, Jo) and
(Xpy1, Jpy1) of the quilt Q = (W, T) in Pg(c, 0) given by the patchworks

|
Xi.a)= | o e dpe) = 2 !
|

which correspond respectively to d? and dlp 1We verify their signs: the sign
sgn g (Xo, Jo) = sgny (Xo) sgny (Jo)(—1)? is determined by two shuffles

011102...(@ — )2 ~» 011102
Ly...(p—Daly~ 111a...(p = 1)
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and thus sgnQ(Xo, Jo) = (—1)P’1+‘1.In the second case, we have sgn(X p4 1, Jp4+1) =
sgny (X p11) sgny (Jp41)(—1)4 determined by the two shuffles

011102...(g — 1)2 ~ 0110,
Ihilo...(p—1o2~111a...(p—1)

Hence, sgng (Xp+1, Jp+1) = (=D7.

There exists p colorings (X;, Ji)le of on occuring in the second term of (11),
given by the patchworks

(Xi, Ji) = ! 2
i+1
i i p+l1
[ m
fori = 1,..., p. They correspond to de_i and we verify their signs: we have

sgng (Xi, Ji) = sgny (X;) sgny (J;) determined by the two shuffles

01...(¢g —1D10213 ~ 01 ... (g — 110212
11...(i—1)112i1...(p—1)1Wll...(p—l)llg

Hence, we obtain the sign

—(=DP* g (X, Ji) = (=117

Step 2R L} = d;
First, we name the terms of d; and write

di©) = Y > (=PIt 0)7 (B, r)

ﬁesq+l—j reP(Rp(0))

such that

q
dj©)’B,re ]  Hom(@)AWU,)(Ai, Ai-1), AUo) (0% Agj12, 0™ Ag))
AGA(Up)quJrZ i=1

Next, we note that the only non-vanishing term of L is given by (=1)V =" P9, oy
coycoy...0c asc cannot have any children vertically. Moreover, the only non-
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vanishing quilts are of the form
/ T
Or = (W, T')=[123242...2(j + D2, 1
\ 2

for any binary tree T on j — 1 vertices whose numbering is compatible with the word
component W of Q7. Hence, the possible colorings of Q7 are

3 e+ 3 J+1
tl\‘%*‘ LJ C
(x,J) = -~ | = : ’
E) —_ 2 3 k) 1\ - 7777777\7777‘]
1\ /2 22 1 ‘Hl
m 2 :
‘p+j
Il m Il

forty < ... <t;—11in {(g) and J an indexed tree coloring T.
As a result, we have that

ReLi (0) = (=)U=DTU=D@Ha=DRPY  (c.0,c.....0)

which sums over the terms

G+DJj

sgng, (X, J') (=D 2 To(x, )

We finish the proof by showing that a formal path r and a shuffle 8 € S;11_; ;1
correspond uniquely to such a binary tree 7 and a coloring (X I ) of Q7 such that

(=) P a5 0)7 (B 1)

=sgng (X, J) (=D H (=) UDHGD0HD £(x 1) (e,0, ¢, ) (0)°

Given a formal path r = (r1, R rj_1) = ((11, i1),..., (rj_l, ij_1)) we first define
T and its coloring J as trees with vertex set {3, ..., j + 1} inductively:

o In the degenerate case j = 2, r is uniquely determined and we set T to be the one
vertex tree and J the empty function.

e For j > 2, let (Tp,Jo) be the indexed tree -corresponding to
((z1, i), ..., (tj=2,ij—2)), in order to add vertex j + 1 we have three cases

(1) Ifij 1 <ij_2,thenset j <y (j + 1) and start over with (i;_1,7;41)
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Q) Ifij_y =ijporij_y =ij_p+1,thenlet (j, j+ 1) € Er and set resp.
JG,j+H=2o0r=1.
(3) Ifij_1 >ij—»+1,thenset (j + 1) <1y j and start over with (i;_1,i;41 — 1)

which we can draw as follows

(0 2 3)
— u
= 142
. ‘ \Lulﬁ;z+2 . ‘ — \L l*j l . ‘ \Lulij-l
‘ u? j+1
J ‘ \Lufk " J J+1 \L ij—1+1 ‘ \L u;_ .
lj— Jj—
"~ - | L
‘ l u;'k' 1+1 JE— ‘ \L M?;z-ﬁ-l
jH1 v = — iy
‘ l u?j—l . j+ 1‘ ! Z’]H ‘ 1 M;ﬂff2
J ‘ \L :’ij—]
‘ \L l‘jflfl

Clearly, this process is reversible: given (7, J) we obtain a unique sequence r €
p (Rp(o)).Byidentifyingthe shuffle 8 € Shyq1-j, j—1and X viat; = B(g—j+1+D),
we clearly obtain that £(X, I")(0)7 = d;(6)° (B, r).

The remaining work is to verify the signs: sgny (X, J ") consists of three compo-
nents

sgny (X) sgng/ (J)(—1)
where (—1)? = (—1)7 as it corresponds to the shuffle
0,9,0,...,0,1,p—1,1,...,1 ~ 0,1,¢q,p—1,0,1,...,0,1.

The sign sgny,(X) corresponds to the shuffle transforming the word

O0G+1) 03011102 ... (Bt + 1) = Do 13B¢ + D2 ... 1(j4pBE +j —D2... (g — Do,
L 1L 1
(1) 2)

fort = g — j + 1, into the word

01...(q1 = D1...0¢+1) - - - (g1 = Djtn)-

We observe that shuffling the second part (2)

|02-~(13(f+1)*1)2|13|/3(f+1)2~-|1(j+l)llf3(f+j*1)2~~~(‘I*1)2|W|02-~-(‘12*1)2|13~-1(j+l)

almost corresponds to the shuffle 8. However, there is in every interval B(s)a, ...,
(B(s + 1) — 1), exactly one element too many. We remedy this by moving 1(;_>) one



Operadic structure on the Gerstenhaber-Schack complex... Page 53 0f63 47

place to the right, then 1(;_3) two place, and so on. As such, its corresponding sign is
A —)) 7
(=D = (1A Next, we shuffle

0gj+1)---03011102... (g2 — Dal3 ... 141
~011102...(q — D20313...0¢j+11j+1)

whose sign is (—=1)U=D@+2) Hence, we obtain that

sgny (X) = (-G

Next, we determined sgn/(J') as the sign of the shuffle
[Cilila...(p=12 ~ 11la...(p—D2l3... 141,
where [C;] denotes the word obtained from the indexed tree J. We will show that
the sign corresponding to the shuffle x : [Cy] ~ 13... 111 is (=)t~ Asa
consequence, we obtain that
sgnp(J)) = (=1 7RO,
and thus that

sen(X, J') = (=Dl () SN,

Hence, we have

- . , ,
sgng (X, I (=D)AL U=DHG=D+a=1 — (_qyftr+a—j+1

which completes the proof.

We compute y inductively: we have that [C;] = Al(;11)B for certain words A and
B and let x( denote the shuffle AB ~ 15 ...1;. By induction we know that (—1)%* =
(=1)"*J=2 for the formal path ro = (r1, ..., rj—2) and (—1)" = (—=1)"0*j-1 where
rj—1 = (0,ij-1). Moreover, we have (—=1)X = (=1)Xo+1Bl where | B| denotes the
length of B. We determine |B]|. First, observe that the sequence associated to two
indexed trees

1 2
3— 4 and 3 —4
is respectively 154153 and 1331p4. Thus, let 3 = vy <7 ... <7 v, = j + 1 be the

unique chain of vertices from the root of 7' to j + 1, then we can define the numbers

e [ as the the number of vertices to the right of vertex j + 1in T,
o k as the number of vertices in the above chain such that J (vg, vg41) = 1.

We then easily compute that
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e The heighti;_j of rj_1 = (8,~j710, ij_p)isexactly (1 +1)+k,
e Lengthof Bisl +k

and thus by induction we obtain

(=X = (_1)X0+\B| — (_1)X0+ij,1+1 — (_1)r+(j—l)

where the last equality follows from induction. O

Remark 4.18 In the case of presheaves, when looking at the subcomplex Cgs(A) of
normalised and reduced cochains, the map R, factorises through Quilt,[[m]] as m is
sent to the identity 1*? : u*v* = (vu)*. Only in the case of normalised and reduced
cochains does the identity satisfy all the relations on m.

Note however that our induced morphism mQuilt — Quilt,[[m]] —>
End(sCgs(A)) does not correspond to the mQuilt-algebra structure [8, Thm. 5.6].

However, the resulting L -algebra structure, in the case of presheaves, does corre-
spond to the one obtained from [8, Thm. 5.6, Thm. 7.13]. This is essentially due to the
multiplication of the prestack being unital. A mQuilt-algebra structure also induces
a Gerstenhaber-algebra structure on cohomology [8, Thm. 6.11]. Writing down the
relevant quilts, it is also easy to see that both mQuilt-algebra structures (ours and [8,
Thm. 5.6]) induce the same Gerstenhaber-algebra structure on cohomology.

4.5 Deformations of prestacks

Letk be afield of characteristic 0. Let (C, d, (L,),>2) be an Lo-algebra. By definition,
the Maurer—Cartan equation for 6 € C is given by

MC®) = d®) + Z %Ln(e), . 0).

n=1

We consider the set of (degree 1) Maurer—Cartan elements MC(C) = {0 €
C! | MC() = 0} and for the appropriate notion of gauge equivalence (see [9]),
we consider

MC(C)=1{peC' | MC(®) =0}/ ~.

This gives rise to a functor MC : Art —> Set : (R, m) —> MC(m ® C) on the
category Art of Artin local k-algebras.

Consider the GS-complex (Cgs(A), d) of a prestack (A, (im + f + ¢)). In [2,
Thm. 3.19] it is shown that normalised reduced 2-cocycles in Cgg(.A) correspond to
first order deformations of A, that is, deformations in the direction of R = k[€]. More
precisely, for (m’, f', ') € C%;S(A), we have that (A[e], m+m'e, f+ f'e, c+c'e)isa
first-order deformation of (A, m, f, ¢) ifand only if d(m’, f’, ¢’) = 0and (m’, f', ¢')
is normalised and reduced. Further, it is shown in loc. cit. that the cohomology of the
GS-complex classifies the first-order deformations of A up to equivalence.



Operadic structure on the Gerstenhaber-Schack complex... Page 550f63 47

Putting Theorems 4.10 and 4.17 together, sCgs(A) is endowed with an Loo-
structure which can be used to obtain higher order versions of these results.

For normalised, reduced cochains, it will be convenient to express the MC-equation
in terms of the unsymmetrised components (), >1 from Definition 4.5. The following
characteristic-free expression of the MC-equation should be seen as the counterpart
of the equation M C(8) = d(6) + 6{6} for the first brace operation (or “dot product™)
on the Hochschild complex of an algebra. Note that we omit writing R, and consider
everything as elements of End(sCgg(A)).

Proposition 4.19 For a reduced and normalised cochain® = (m’, f',c') € sCéS (A),
we have

MC@®) =d(@)+ P1(8) + P>(6,0) + P3(0,0,0,0) + P4(0,6,6,0).

In particular, the MC-equation is quartic.

Proof First note that as |9| = 1, that Q° (@, ...,0) = (—=1)?Q(, ..., 0). Moreover,
as we can consider ¢ € C>0(A), the MC-equation consists of dy(6") and summations
of Q(61,...,0,) for quilts Q of degree n — 2 and 6; € C%;S(A). Let Q = (W, T)be
such a quilt, part of some P,?, then W = 12...2. For n > 3, we know that 3 is also
achildin T of 1. As 1 can have at most two children in T, for n > 4, we thus have 4
and 3 are children of 2 in W, i.e. W = 12324 ...2.

In this case, only the elements ¢’ or ¢, and m’ can be inserted in Q respectively in 1
and 2, with 2 a child of 1 in T'. As ¢’ is reduced, this means that Q (0, ..., 0) = 0 for
n>4.

As c is not necessarily reduced, more quilts are possible. Note that we write 6[i]
to refer to the element 6 inserted in vertex i. The above reasoning still applies and we
can once more apply this reasoning to obtain for n > 6 that W = 12324546...42
and 1 and 3 have two children in 7.

This means that 2 and 4 need be inserted by m’ and hence 3 and 1 by either ¢ or c.
In case either one is ¢/, we already know it is zero as ¢’ is reduced. Thus, consider
vertex 1 and c inserted by ¢, then, as m'[4] is a child of ¢[3] in T, ¢[3] is the unit of
the corresponding category A(U) and it is plugged into m'[2] which is normalised,
whence we obtain that Q(0y, ..., 6,) = 0 for n > 6. Hence, P,?(Ql, ...,0,) =0 for
n > 6.
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Combining the above reasonings, we have that P,(6,...,0) = O forn > 5. In
the case n = 5 there has to be at least one ¢ present and thus the non-zero terms are
contained in Py. 0O

Proposition 4.20 For a prestack (A, m, f,c) and 0 = (m’, f',¢') € sCL(A), we
have that (A,m +m’, f + f', ¢+ c') is a prestack if and only if MC(0) = 0 and 0

is normalised and reduced.

Proof Using the fact that 0 = (m’, f’,c) € CZG g(A) is reduced and normalised, we
compute M C(9) and look at each component M C(6)p,41 € CP9(A) for p+g = 3.
We will use that ¢~ = 1 = ¢!, m is unital and that (m, f, c) satisfy the axioms of
a prestack. Note that for a cochain 6 = (6° (A4))s, 4, we omit writing the set of objects
A explicitly where possible in order to lighten the equations below.

For (p,q) = (0,3),let U € U and A = (Ay, A1, A2, A3) objects in A(U), then
we compute

MC(6){y 3(A) = dbjg 3(A) + P2(6, 0)j 31 (A) + P3(6,6,60)5 3,(A) + P4(6,6,0,0)[3 3(A)
=do(m’) + P30(c, m',m’)
=m’ o (V. mYy—=m'VomV 1Y) +mV o1V, mYy = m? o m'V, 1Y)
—m" o ("1 (A0)., m"V o (m'V 1Y)+ mY o (' 10 (Ag). m'V 0 1V, m'V))
=mY +mY)o (1”,(m” —|—m/U)> —mY +m'Y) o ((mU +m'Y), 1U)

For (p,q) = (1,2),letu : Up — U;inlf and A = (Ao, A1, A2) objects in A(U1),
then we compute

dbf; ) (A) =do(f)"(A) +dy(m')" (A)
=mP o (£, ) = [ om” +m o (£, )
+m o (e (4g), m™ o (17, 1))
—m% (Clul,u(AO)’ f om/u.)
P28, 0)y 21(A) = PY(f' f)"(A) + PYe,m’, f)"(A) + PY(e, f',m')" (A)
=m% o (f*, )y +m¥ o (c“s‘vo (Ag),m Yo (f, f“))
+m% o (100 (Ag), m (£, £1)
=m0 o (clrtag), £ om' ™)
Py(9,0,0), (A) = P(c,m’, f', f)"(4)
=m0 o (100 (Ag),m Y0 o (£, 1)
P4(6,0,0,0) ,(A) = 0
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and thus

MCO (A = ="+ ) o m +m'™) + ™ +m D)o ((f*+ " & (/" + "))

For (p,q) = (2,1),leto = (Uy = Uy 3 Us) be a 2-simplex in ¢/ and A =
(Ag, A1) objects in A(U,), then we compute

d651,(A) =do(c)? (A) + di (f)7 (A) + da(m)7 (A)
=m0 o (12117 (A) =m0 (<7 (Ag). f12 0 f2)
—m% o (¢ (A0), £ 0 £12)
om0 (127 (AD) =m0 o (7 (Ao, £ o )
—mY (Clyo,uzul(AO)’m’Uo o (c“12(Ag), f* o ful))
+mU o (Clyo,uzm(AO)’ m' U0 o (fuzul,cul,uz(Al))>
Py(0,0)% 17(A) = PY(f', )7 (A) + PY(c, £1)7 (A)
+ P(c. £ £ (A) + PY(c.m’, ) (A)
+ Pc.m', f1.0)7 (A) + P)(c.m’ c. f')7(4)
—mbo o (f’uzul’ c’ul,uz(Al)) — b (C'ul,uz(AO), o f”2>
=m0 o (M Ag), £ o £2)
—mU o (12 (Ag), £ f“z)
+m% o (c1 121 (Ag), m' Y o (f””” cr ”2(1‘\1)))
=m0 o (o (4g), m o (M (4g), 110 f12))
(cl uzul(AO)’m o ( u2u17cu1,uz(A])>)
( (c
(¢ o e

0o

o (el (Ag), ' o (2 (A), £ 0 £12))

Uo o (lvo: A2ULA ), m U

e (4g), £ 0 7))

—m
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P3(0.0,0)7 11(A) =PY(c, £/, f)7(A) + P(e.m’, . ¢ (A)

+ P)(c.m’ ., [T (A) + Pde.m’ e, f', £)7(A)

= =m0 (" (Ag), £ 0 £1)

+mb o ( Ly, AU (A0 m Vo o <f’uzu1’ c/ul"”(Al)))

=m0 o (et (Ag), m' o (12 (4g), £ o f12) )
(et (Ag), m 0 o (12 Ag), f11 0 £12))

=m0 o (el (Ag), m' o (2 (Ag), £ o £ )
Py(6,0.,0,0)% 11(A) = PJ(c.m’.c, f'. f)°(A)

=-—m%o (clUO’““‘(AO), mY o (cl’“’“z(Ao), o f/’“))

Uo

—m o

and thus

MCOR, (A = (m ') o (2 + £120) (e (40) + 12 (40)) )
= (% 4 m' V) o (12 (Ag) + "2 (Ap) )
(72w sm) e (v 72)

Lastly, for (p, g) = (3,0), let o = (Uy 4 Uj = Uy = U3) be a 3-simplex in U
and Ag an object in A(U3), then we compute

do oy (Ao) =d3(m")? (Ao) + da(f")° (Ao) +di1(c")? (Ag)

=m0 o (1 (Ag), m T o (12110 (49), 1 (15 Ap))
=m0 (1 (4g), £ 0 " (Ag) )
=m0 (<11 (4g), 11 0 " (Ag) )
- m o (¢ (Ag), €12 (49) )
+m o (215 (Ag), 12 (uF Ap))
=m0 o (1 (Ag), 11 0 "2 (Ag) )

P20, 0)%5.6,(A0) = P(c’. )7 (Ao) + PS(c, . )7 (Ao)

+ PY(c, . 0)7 (Ao) + P{(e.m’. . ¢)7 (Ao)
+ PY(c,m’ ¢, ) (Ag) + Po(c,m’, c, ', ¢)° (Ap)

=m% o (c/“z““‘”(Ao), c/“““z(uﬁAo))
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—m% o (12 (Ag), S 0 2 (40))
=m0 (12 (Ag), £ 0 25 (Ag) )
=m0 (12 (Ag), £ 0 25 (Ag) )

+ mUo o (clvg-usuaun (Ao), m’ o [ 12uru3 (Ag), CuquZ(u%‘AO)))

o (e (Ag), 12 (w5 A0) ) )

(c
(c
(c
o (e (Ag), 1 0 "2 (40)))
(c
(c

Uy
Uo
clvg-usuain (Ao), m’Uo
_ mUo ° clyo,u3u2u1 (Ao), m’Uo

Uo

—m% o (o2t (Ag), m'V0 o (M2 (Ag), f1 OC,MZ””(AO)))

(
(
(
—mY o (Clyo,u3u2u1(AO)7m/ o (1132 (Ag), 1 octtz,u3(A0)))
(
(
(
(

_ mUo ° Clz/(),usuzu] (Ao), m’Uo o [ cH1-usu2 (Ao), f’ul o cH2:u3 (AO)))

P3(6.6.0).00 = PY(', f', )7 (A0) + PJ(c.m', ¢, )7 (Ao)
+ Pdc,m’, ¢, ', 07 (Ao) + PQe.m’ e, f, )7 (Ag)
= =m0 (M (4g), £ 0 22 (Ag) )
(Clyo,u3u2u1 (Ao), U0 o (C/uzul,m(AO)’ Jun (ME‘AO)»
—m% (CIUO’“WZ’” (Ao), m' Yo (c/“"‘““z (Ag), f“ o C/uZ’M(AO)»
—m% o (clUO'”-”‘z“‘ (Ao), m'V0 o (c/“"“”z (Ap), f/”] o3 (A0)>)
—mU o (c'wmul (Ag), m'Y0 o (c”""3”2(Ao), fu oc'“2»"3(Ao)))
P4(0,6,0,0) 01(A0) = PO, m', ¢, £, ¢)° (Ao)
= —mWo (CIUO‘””””' (Ag), m'U0 o (c”"'””z (Ay), £ oc'“m(Ao)))

and thus

MCO)fs 01(A0) = (" +m'¥0) o (2155 (Ag) + 21 (49))
("2 A0) + "2 (5 A0)) )
_ (mUO + m/UO) ° ((Cul,u3u2(AO) 4 Cul,u3u2(AO)) ,

(4 7)o (e (A0) + " (A0)) )

These computations show that M C () = 0if and only if (A, m +m’, f + f',c+¢')
is a prestack. O

Remark 4.21 Note that for the functor condition we only need the cubic part and for
the twists the full quartic part of the equation.
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Based upon Proposition 4.20, with some more work taking gauge equivalence
into account, one may extend [2, Thm. 3.19] to higher order deformations. Recall
that for (R, m) € Art an R-deformation of a k-linear prestack (A, m, f,c) is an
R-linear prestack (R ®; A, m, f , ¢) of which the algebraic structure reduces to that
of A modulo m, and an equivalence of deformations is an isomorphism between the
deformed prestacks which reduces to the identity morphism. Let Def 4 : Art —> Set
be the deformation functor of .4 with Def 4 (R, m) the set of R-deformations of .A up
to equivalence of deformations. The following theorem, of which the proof will appear
elsewhere, expresses that the deformation theory of A is controlled by the L,-algebra
5sCgs(A).

Theorem 4.22 Let (A, m, f, ¢) be a prestack. There is a natural isomorphism of func-
tors Art —> Set:

Def 4 = MCc.oca)-
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Appendix A: Generator-free description of the morphism
NSOp — MultiA

In this appendix, we provide a generator-free description of the morphism NSOp —
MultiA from Lemma 2.5. Although per construction we have a morphism of operads
induced from the generators E; of NSOp, we consider it valuable in practice to have
an explicit definition.

For I anindexed treeinNSOp(q1, ..., qn; D_j—; gi—n+1),wecalll; =Y | gi—
n + 1 the number of leaves of I. Given a number m € N, we call the interval

mm+ll={mm+1,...,m+1;}

the numbering set of leaves of I.

Construction A.1 For / an indexed tree in NSOp(q1, ..., qn: Y r_1 ¢i —n + 1), let
I be the maximal subtree of / with root j. Let u be the root of I with children
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uy <y ... <y uy which have index i; := I'(u, u;), then I decomposes as follows

Iuk

L, -
= N/
u

Given a number m € N, we define a non-decreasing map ¢ (I, m) : [g,] —> [m, m +
;] as follows

m-t forO <t <i
c(,m)t) = {m +Z;=1 Iy, +t foriy <t <igq
m+zl;:111j+t fOI'l'SSISCIu

which determines where the leaves of the root of I are placed in its numbering set of
leaves [m, m + I1].

In order to define the tuple {5 = (&7,1, ..., Cr,n) € MultiA(qy, ..., gn; ZLI qi —
n + 1), we run inductively through the tree / from root u to leaves setting

Sru =8, 0) : [qu] — [Uf]
and for vertex a with child b and index i := I (a, b) we set
Srb =8¢, 81,.a(i = 1) 2 [gp] — [81,a(0 = 1), §1.a(G = 1) + 11,1 = [I1]

withl; =37 g —n+1.

Note that Construction 2.5 corresponds to the above construction applied to the
generators E;. As such, if the generator-free description defines a morphism of operads,
they coincide.

Proposition A.2 Construction A.1 defines a morphism of operads NSOp —> MultiA.

Proof Let I € NSOp(qi,...,qn;q) and I' € NSOp(qj, ..., q,,;q") and consider
their composition I” := I o; I’. We will show that

S =810 &y

As in Construction A.1, let I;, I ; and [ j’.’ be the maximal subtrees of respectively
I, I’ and I"” with root j. Due to equivariance, we can assume that a vertex j belongs
to the subtree [; iff j > i. We then have three cases to consider which we depict
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diagrammatically as follows

3
ey ()]

2

ey

(1) For j < i, if we contract the subtree I; and I’ to a single vertex with number of
leaves /5, = [;», we obtain the same indexed tree I \ I; = I" \ 1" in which /; and

1 j’.’ coincide. Thus, it is easy to see that

S j =21

(2) If j > i and j lies in the image Im(I”) of I’ in I”, then I j’/ consists of the subtree
Ij’._,.Jrl with a sequence of subtrees Iy, ..., Iy placed on top.

&

In this case, ;7 j_;j41 determines where the leaves of j are placed in I” and ¢; ;
determines where the leaves of i in I are placed. As a result, we see that

S =¢8rio&y j—iv1

which determines where the leaves of j are putin I”.

(3) If j > i and j does not lie in the image of I’ in I”, then j —m + 1 lies in [ above
i. In this case, the subtrees /;_,,+1 and / ]’/ are equal. If the parent a of j in I” does
not lie in Im(7”), then we clearly have

Cl//,j = é‘[,j*m‘H .
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If a lies in Im(I"), then ¢y , = 1, © £y 4—i+1 due to the previous case.

Moreover, the index I”(a, j) then equals I (i, j) — {/.4—i+1(0). Hence, we have
that

Srnj =8I, j—m+1
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