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Abstract

Motivated by the intersection theory of moduli spaces of curves, we introduce psi
classes in matroid Chow rings and prove a number of properties that naturally gen-
eralize properties of psi classes in Chow rings of Losev-Manin spaces. We use these
properties of matroid psi classes to give new proofs of (1) a Chow-theoretic interpre-
tation for the coefficients of the reduced characteristic polynomials of matroids, (2)
explicit formulas for the volume polynomials of matroids, and (3) Poincaré duality
for matroid Chow rings.

1 Introduction

Psi classes are special divisors that are ubiquitous in the study of the intersection theory
of moduli spaces of curves. Psi classes arise naturally when computing products of
boundary classes in A*(/Vg,n) whose strata have excess intersection. In particular,
any product of boundary classes can be written in terms of polynomials of psi classes
on other boundary classes, and the top degrees of these polynomials are determined
by the Witten—Kontsevich theorem [14, 17]. In genus zero, this procedure takes on an
especially simple form. Given k distinct boundary divisors Dy, ..., Dy € A'(Mo.,),
their product is also a (possibly empty) boundary class, and any monomial in these
boundary divisors can be written as

k
D' D =Dy D [ [(=vp, — ¥4 € A (Mo, (1.1)

i=1
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where w:; are certain psi classes associated to each divisor D. Moreover, if > d; =
dim(ﬂo, 1), then the degree of the expression in the right-hand side of (1.1) is a product
of polynomials of psi classes on smaller dimensional moduli spaces, all of which are
computable. The aim of this paper is to develop an analogue of these techniques in
Chow rings of matroids.

Matroids are combinatorial structures that generalize the behavior of finite sets of
vectors, and Chow rings of matroids were introduced by Feichtner and Yuzvinsky
[10]. In this work, we explore an appealing parallel between Chow rings of matroids
and Chow rings of moduli spaces of curves. We introduce matroid psi classes in Chow
rings of matroids and we show that they behave analogously to the usual psi classes
in the Chow rings of moduli spaces of genus zero curves. As a first application, we
then use psi classes to give simplified proofs of a number of recent foundational results
concerning matroid Chow rings.

1.1 Summary of results

Given a loopless matroid M = (E, £) consisting of a finite set £ and a lattice of flats
L C 2F, the Chow ring A*(M) is a graded Z-algebra generated by matroid divisors
Dr € A'(M), one for each proper flat F € £* = £\ {#), E} (see Sect. 3.1 for precise
definitions). The primary objects of study in this paper are the following classes.

Definition A (Definition 3.2) For any F € £ and e € E, define 1//? e Al(M) by

Yp=) Do— y Dg ad yf=73 Dg— Y Dq.

GeL* GeL* GeL* GeL*
eeG GDOF e¢G GCF

The Chow classes W;E do not depend on the choice of e € E, which is why it is
suppressed from the notation. As we will see, the definition of matroid psi classes
is an immediate generalization of an expression for psi classes in terms of boundary
divisors in Losev-Manin moduli spaces (see Lemma 2.16).

After defining matroid psi classes, we establish the following analogue of Equation

(1.1).

Result B (Corollary3.5)If Fy, ..., Fy aredistinctflats of Mandd,, . . ., dy are positive
integers, then

k
d d — .
D - Dy = Dpy -+ Di [ [(=v =y )4 e A*(m).
i=1

This result allows us to express any monomial in matroid divisors as a squarefree
expression along with a polynomial in psi classes. In the case that the product is in the
top graded piece of the matroid Chow ring, our next result allows us to compute the
degrees of the terms in Result B in terms of degrees of the special classes Yy = I/JJ

and Yoo = V.
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Result C (Proposition 3.6) If d = Fo C F| € --- C Fy C Fyy1 = E are flats of M

=

+ - + -+ - o
anday ,ay ,ay,...,a ,a; , a1 are nonnegative integers ,then

k k
+ _ - t'*' ai_
degy (D -+ Dr [T Wy, )% ) = [T deaunr. v (v wos™)
i=0

i=0

In the above formula, M[ F;, F;1] denotes the contraction by F; of the restriction of
Mto Fi41.Inorder to use Results B and C to explicitly compute degrees of polynomials
in the generators, we use properties of psi classes to give a new proof of the following
result, which had previously been proved by Huh and Katz [11,Proposition 5.2].

Result D (Proposition 3.11) If M is a matroid and a, b are nonnegative integers, then

degM(l/fSwé’o)= u*My ifa+b=rkM)—1,
0 else,

where u* (M) is the ath unsigned coefficient of the reduced characteristic polynomial
of M.

Results B, C, and D provide an efficient algorithm for computing the degree of any
monomial of matroid divisors. As a direct consequence of this algorithm, we recover
a recent theorem of Eur [9,Theorem 3.2] that computes the coefficients of the volume
polynomials of matroids.

ResultE (Theorem 3.12) If ) = Fo C F1 € --- C Fx € Fyq1 = E areflats of M and

di, ..., dy are positive integers that sum to tk(M) — 1, then
k d _ 1 ~
d DU ... py — (_1ykM—k-1 o di—tk(Fi) (pm F;, F; ,
egy(D, -+~ D) = (=) 11 i — k) (MLF;, Fi1])

with

j
dj =Y d.
i=1

Our developments can also be used to recover a recent theorem of Backman, Eur, and
Simpson [4,Theorem 5.2.4] that computes degrees of monomials in the “simplicial”
generators, which, as it turns out, are nothing more than the psi classes ¥ .

Result F (Theorem 3.13) If Fy, ..., F, are nonempty flats with r = tk(M) — 1, then

I f0<iy<--<ix<r=1k(F;,; U---UF;) >k,

d L) =
egM(wFl wF’) 0 else.
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As a final application of our developments, we provide a new proof of Poincaré
duality for A*(M), a result that was first proved by Adiprasito, Huh, and Katz
[3,Theorem 6.19].

Result G (Theorem 3.15) Let M be a matroid of rank r + 1. Then forany k € 0, ..., r,
we have an isomorphism of Z-modules:

ARMy = ARy
y = (n > degy(uy)).

To prove Result G, we simply use our computational algorithm to show that the
transformation is lower triangular when written in terms of a particular ordering of
the Feichtner—Yuzvinsky basis (see [10,Corollary 1]) for AK(M) and its dual basis for
A"7K(M)V, with all diagonal entries equal to 1.

1.2 Related work

As should be clear from the discussion above, this work is closely related and indebted
to prior contributions of several groups of mathematicians. The matroid psi classes
that we introduce in this work are built from two special psi classes: ¥y = l/fw+ and
Yoo = Y. These two classes have already been studied extensively by Adiprasito,
Huh, and Katz [3], where they were denoted 8 and «, respectively. Furthermore, as we
mentioned above, the psi classes ¥ played an integral role in the work of Backman,
Eur, and Simpson [4], where they were denoted 4 . Our choice to use different notation
for these classes in this paper simply stems from our goal of highlighting the parallel
between Chow rings of matroids and Chow rings of moduli spaces of curves.

There is a related notion of “tropical psi classes” developed by Kerber and Markwig
[13]—these classes form the tropical analogue of the classical psi classes on Mo,n.
Using the description of Mo,n as a wonderful compactification of the complement
of the braid arrangement, due to DeConcini and Processi [8], tropical psi classes can
be interpreted as special elements of Chow rings of braid matroids with minimal
building sets. We note that Chow rings of matroids with building sets were defined
by Feichtner and Yuzvinsky [10] and are more general than the matroid Chow rings
studied herein, which correspond to the special case of maximal building sets. It would
be very interesting to develop a general theory of psi classes associated to matroids
with building sets that simultaneously generalizes the matroid psi classes developed
in this paper and the tropical psi classes developed by Kerber and Markwig.

1.3 Outline of the paper

Losev-Manin moduli spaces are the setting in which Chow rings of matroids intersect
Chow rings of moduli spaces of curves. Because of this, we start this paper with an
overview of the definition and key properties of psi classes in Losev-Manin spaces; this
is the content of Sect. 2. We conclude Sect. 2 by using psi classes to recover two known
formulas for the volumes of generalized permutahedra, due to Postnikov [16] and Eur
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[9]. The impetus for this work was the observation that, upon generalizing psi classes
to matroids, these proofs work nearly verbatim to compute volume polynomials in the
more general matroid context.

In Sect. 3, we introduce matroid psi classes, prove the natural generalizations of
the properties discussed in Sect. 2, and then we give new proofs of the results of Eur
and Backman, Eur and Simpson, generalizing the volume computations from Sect. 2,
and we also give a new proof of Poincaré duality. We note that Sect. 3 is entirely self-
contained and the matroid enthusiast may choose to skip Sect. 2. On the other hand,
we hope that the discussion of Losev-Manin spaces will help the reader understand
the context and motivation for the definition and development of matroid psi classes,
and that this discussion might even motivate the interested combinatorialist to learn a
little more about the beautiful subject of Chow rings of moduli spaces of curves.

2 Losev-Manin spaces and psi classes

In order to motivate matroid psi classes, we begin with a discussion of psi classes
in the setting of Losev-Manin spaces. Our purpose in this section is to describe the
key properties of psi classes that are useful in computations in order to motivate the
properties that we require upon generalizing psi classes to matroid Chow rings. The
results in this section are well-known, so we do not provide complete proofs, only
remarking on where the proofs can be found (or derived) in the literature. At the end
of this section, we show how psi classes can be used to compute formulas for volumes
of generalized permutahedra. All of the definitions and results in this section will be
combinatorially generalized to matroid Chow rings in the next section.

2.1 Losev-Manin spaces

Losev-Manin spaces, introduced in [15], parametrize collections of points on chains
of projective lines. To describe these spaces, let us first establish some terminology.
A chain of projective lines of length k is a complex variety of the form

C=Ciu---uCy/~

where C; = P! foralli = 1, ...,k and ~ is the relation that identifies co; = [0 :
1] € C; with 0;41 = [1 : 0] € C;41 to form a node. The projective lines C1, ..., Ci
are referred to as the components of the chain C, and we define 0 = 0; € C; and
o0 = oo € Ck.

Given a chain of projective lines C, a configuration of n points pi,..., p, € C
is called stable if {p1, ..., py} is disjoint from 0, oo, and the nodes of C, and if
each component of C contains at least one p;. We do not require the points to be
distinct. Two stable configurations (C; p1, ..., p,) and (C’; p}, ..., p;) are said to
be isomorphic if there exists an isomorphism of varieties f : C — C’ such that
f(0) =0, f(co) =00, and f(p;) = plf foralli =1,...,n.
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Definition 2.1 For any n > 1, the Losev-Manin space W,, is the set of all stable
configurations of n points on chains of projective lines, up to isomorphism. A point in
LM, is an equivalence class [C, p1, ..., p,] where C is a chain of projective lines
and p1, ..., p, € C is a stable configuration of n points.

The sets £M,, were first constructed as smooth projective varieties by Losev and
Manin [15]; in fact, they proved that LM, is the toric variety associated to the (n —
1)-dimensional permutahedron. In particular, LM, is a disjoint union of tori, one
corresponding to each face of the permutahedron. We now describe those tori explicitly.

To every flag of nonempty subsets

F=W@=FSCFh < CFS Fp=In)

define a subset of LM, by

. Co,...,Ck
Tr= {[C, Pl, ..., pnl | Chas k 4+ 1 components , 4 p;€C; if and only ifjeFl_H\Fi}.

We depict a general element of T as follows:

0 o0
Fi\Fy Fir \ Fi
Fa\ Fy

Fi\ Fit

Notice that every element of £LM,, is an element of exactly one set of the form
T £, so the sets T partition £LM,,. Moreover each T r is an algebraic torus. To see
why, consider a particular T £ and choose one point from each set F; | \ F;. Notice
that there is a unique automorphism of C that maps the chosen point in F; ;1 \ F; to
[1, 1] € C;. After fixing this isomorphism, the remaining points in F; 41 \ F; can vary
throughout any point of C; except 0; and oo;. It follows that

Ty = ((C*)IFH—IFOI—l % (C*)IFZ\—IFH—I e x (C*)IFHJI—IFH—I — (C*)n—k—l.

The tori T~ are not closed subvarieties of £LM,,, but we may take their closures, which
leads to the following important subvarieties.

Definition 2.2 The stratum X € LM, associated to a flag F of subsets of [n] is the
Zariski closure of the torus T r:

Xr=Tr.

We say that a subvariety Z C LM, is a stratum if it is equal to X & for some flag F.
For a subset @ C F C [n], we use the shorthand

Xr = XgCFCmn-
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Each stratum is, again, a disjoint union of tori. To describe these inclusions, it is
useful to introduce the notion of refinements. We say that a flag

F=@CF < CF S
is a refinement of the flag
F=@WCFRC - CFRCln

and write 7' < Fif, forevery i € {1, ..., k}, there exists some j € {1, ..., £} such
that F; = F]’ With this notion, it can be checked that

In particular, it follows that X7 N Xz, = Xz, where F3 is the maximal common
refinement of F7 and > (the intersection is empty if no common refinement exists).

2.2 Chow rings and volumes of generalized permutahedra

The Chow ring of £LM,, is well-known and can be expressed as a quotient of the
formal polynomial ring generated by X with F a proper subset of [n]. By general
results in toric geometry [7,Theorem 12.5.3], we have

_ Z[Xp|OCFC
A*(LM,) = [Xr 'I;j ¢ (n]] 2.3)

where the ideals 7 and 7 are defined by
Z=(XpXg | F and G are incomparable)
and
J:<ZXF -3 xr ‘ ije [n]>.
ieF jeF

The generators D = [Xr] € AL(LM,), are called boundary divisors. The Chow
ring has a natural grading by codimension
n—1
A*(LM,) = @ AHLM,)
k=0

and a degree map

degzg = A" N(EM,) - Z,
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which is a linear isomorphism uniquely determined by the property that the degree of
the class of any point is one.
Any divisor D € A'(LM,,) can be written in the form

D=D(x) = Z xpDp € AY(CM,,)
BCFCn]

with xp € Z and, in this setting, D(x) is nef if and only if the numbers xr are
submodular, meaning that, for all F1, F, C [n], we have

XF + XF, > XFINF; +-xF1UF29 (24)

where, by convention, we always assume x4 = x[,] = 0. Given a nef divisor D(x),
we consider the corresponding polytope I, (x) € R" defined by

441, =0 and » f <xp forall #CF Clnl. (2.5)
ieF

These polytopes were studied under the name of generalized permutahedra by Post-
nikov [16], wherein several formulas for their volumes were discovered and proved
(see Theorem 2.18 below).

By standard results in toric geometry ( [7,Theorem 13.4.3]), the volumes of gener-
alized permutahedra can also be derived by computations in the Chow ring:

1 .
Vol(IT, (x)) = o=, degz g, (D(x) h. (2.6)

In order to utilize (2.6), one needs to expand the product D(x)"!, then use rela-
tions in Z and J to write the result as a linear combination of products of the form
Dp, ... Df, , where the indexing sets form a complete flag

BCF - C Fuo1 Cnl,

then use the fact that, for any complete flag, degmn (Dp, ...Dg,_,) = 1. This process
was carried out in the more general matroid context by Eur [9], which led to a new
formula for volumes of generalized permutahedra (see Theorem 2.17 below). The
heart of Eur’s argument is figuring out how to systematically express general products
of divisors in terms of products of divisors indexed by complete flags. Phrased another
way, the difficulty in this computation is dealing with self-intersections of divisors.
In the context of Losev-Manin spaces, there is a useful tool for just this type of self-
intersection: psi classes.

2.3 Psi classes on Losev-Manin spaces

To understand the utility of psi classes, it is useful to discuss the multiplicative structure
of A*(LM,,).If F and G are two distinct proper subsets of [1], then the corresponding
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subvarieties X r and X either intersect transversally, or they don’t intersect at all. In
particular, if F and G are distinct, then

[Xpcrcocm] fF G,
DpDg =\ [Xpcocrgm] ifG S F,
0 if F and G are incomparable.
More generally, if Fq, ..., Fi C [n] are distinct subsets, we have

Dp, --- Dp,
[XF] if, after possibly relabeling, F1, ..., Fyform a flag
= F=W0WCFh S CF S nb,
0 if F; and F; are incomparable for some i, j.

For convenience, for any flag F = (W C F| C --- C Fy C [n]), we define
Dr =[XF] = D, ... Dg, € AK(CM,).

The main question, then, is: How do we multiply divisors when they are not all indexed
by distinct subsets? This is where psi classes are useful. In the setting of Losev-Manin
spaces, there are two basic psi classes upon which the others are built.

Definition 2.7 Let n > 1. The psi class ¥ € AY(LM,,) is the first Chern class of the
line bundle L, whose fiber over a point [C, py, ..., pn] € LM, is the cotangent line
of C at 0. The psi class Yoo € AL(LM,,) is the first Chern class of the line bundle
Lo, whose fiber over a point [C, py, ..., pn] € LM, is the cotangent line of C at
Q.

A more combinatorial characterization of psi classes, which will be our starting
point for the matroid generalization, appears in Lemma 2.16 below. To understand
why the psi classes are useful for computing self-intersections, we require a bit of
additional notation. For a finite set F', let LM r denote the Losev-Manin space with
marked points indexed by F. Of course, W[n] = LM, . If |F| > 2, then for each
i € F,there is a forgetful map

fi I,CMF e EMF\{I'}.

For each point [C; (p;) jer] € LM E, the function f; forgets the marked point p; and
then, if the component that contained p; no longer has any marked points, it contracts
that entire component to a single point. The second step is necessary in order to insure
that the image of f is a stable configuration.

More generally, if ¥ C G C F, then there is a forgetful map

reg - ﬁ./\/lp — ,C./\/l(;.
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To define this map, label the points F \ G = {iy, ..., ix} and define

ra = fiio--o fi.
In other words, rg forgets the points that are not in G. We use the letter  for “remem-
ber” because the map rg remembers the points in the index set G. It follows from the

definition that the order of the composition in the definition of r¢ is irrelevant, and if
W< Gy S Gy CF,then

rG, =rG, 0rG,- (2.8)
Using the forgetful maps, we obtain a more general set of psi classes.
Definition 2.9 Forn > 1 and ¥ C F C [n], define classes Y, w}L € Al(mn) by
Vp =ri(Woo) and Y = rie (o),
where r}. is the pullback of rf : LM, — LMp and F¢ = [n] \ F.

Notice that ¥y = w; and Yoo = Vi The reason we introduce psi classes is
because they naturally arise when self-intersecting divisors in the following way.

Lemma 2.10 If F is a proper subset of [n], then
D} = Dr(—yrp — ¥;) € A>(LM.,).

Proof sketch This follows from the observation (see, for example, [12,Lemma 25.2.2])
that the normal bundle of Xz in LM,, is

gr(rp(LL) @ rpe(Ly)),
where gr : X — LM, is the inclusion. O

In particular, Lemma 2.10 allows us to compute any product of boundary divisors
in terms of psi classes. We have the following immediate corollary.

Corollary 2.11 If Fy, ..., Fy < [n] are distinct proper subsets and d, ..., dy are
positive integers, then

di dic
DF1 "'DFk

k
Dr H(—w;i - wg)dﬁl if, after possibly relabeling
— i=1
Fi,....F formaflag F=® C F C--- C F € [n)),

0 if F; and F; are incomparable for some i, j.
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In order to utilize psi classes in the volume computation of Eq. 2.6, it remains to
understand how to compute the degree of expressions of the form in Corollary 2.11.
The next result reduces these computations to computing degrees of monomials in g
and V.

Lemma212 If F =W =Fo S F1 C -+ C Fy C Fyq1 = [n)) is a flag of subsets
and a(J)r, a, a1+, cees Ay, a,j, a,;_l are nonnegative integers, then

k k

+ _ - l"— a;

ceer, (0 [T Wi ) ) = e, (5 027).
i=0 i=0

Pictorially, we think of the psi classes I//;,% as being associated to the left and right
side of the node indexed by F;:

v ) . VEi
) '”3' i v Vi
0 [ ([ 0o
Fi\ Fo /\/%
R\A Fi \ Fr—1

The products in Lemma 2.12 are over all of the components of the curves, which
should help explain the indices in the products.

Proof sketch of Lemma 2.12 Let g : X — LM, be the inclusion. By the projection
formula,

k k
degm” (D]-‘ n(wz)“r(lﬁﬁﬂ)aiﬂ) = deng (g}(l_[(wz)af(w;l“)a,H))
i=0 i=0
(2.13)

Notice that

k
Xr=[[LMF. k-
i=0

If p; : Xy — LME, \F is the projection onto the ith component of this product,
then

grWr) =piWo) and  grWp )= pf(Yoo).

Thus, the degree in the right-hand side of (2.13) can be computed as a product of
degrees on each factor:
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k k
+ - -+ -
degy - (g*;(l_[(wg.)“f (Ilfml)“'*')) = degy , (pr‘(wg VNS ))
i=0 i=0
k
a,.+ a;,
= Hdegmﬂﬂ\ﬂ (Vfo oo“).
i=0
O

Lastly, we simply need to know how to compute degrees of monomials in 1y and
Yoo- The next result accomplishes that.

Lemma 2.14 Ifn > 1 and a and b are nonnegative integers, then
degzr wivty = (")
82, Yo Voo) = a.b )’
where, for any nonnegative integers k, £, m,

<m>= (?)2(7)2% ifk+¢=m,
k¢ 0 else.

Proof sketch To our knowledge, this exact result is not stated in the literature anywhere.
However, itis well known and follows, using the results of [2], from the same arguments
used to compute degrees of monomials of psi classes on /Vo,n (see [12,Section 25.2]).
In the specific setting of LM,,, this result is given as Exercise 52 in [6]. O

The combination of the previous three results tell us everything we need to know
about effectively computing degrees of products of boundary divisors, such as those
that appear in the right-hand side of (2.6). We illustrate such a computation in the next
example.

Example 2.15 Let n = 7 and consider the sets
Fr={12}, F={1,23,45} and F;3={1,273,45 6}
Let us compute degm7 (Dfvl D%z Dp,). By Corollary 2.11, we have
3 12 - 2 -
Dy, Df,Dry = D D, Dy (=Y — W) (=¥p, — W1
Expanding the polynomial, we obtain

—Dr D, D (i)MW, + 205 05V, + WFDME, + W)V,

2 VAV + WD),
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Using Lemmas 2.12 and 2.14, we see that the degree of the first monomial is zero,
because the first term in the product of binomials is

2-0-—-1 1
= =0.
0,2 0,2
By a similar argument, the degree is zero on all of the monomials except for the second
one. The degree of the second monomial is

deg (= D, DR DE2UE VU7, )

_ 22—0—1 5—-2—-1 6—-5—1 7—6—1
B 0,1 1,1 0,0 0,0

—2(H@) (1) = —4.

Thus, we conclude that degz7 (D}, D}, D) = —4.

Since our ultimate goal is to generalize psi classes to the combinatorial setting of
matroids, we present one final result, which characterizes the psi classes as linear
combinations of boundary divisors.

Lemma 2.16 For any subset F C [n] and any i € [n],

Yp= Y Dg— Y D¢ and ¥f= Y Dg- Y Dg.

WCGCln] WCGCln] PCGC[n] PCGC[n]
ieG GDF i¢G GCF

In particular, taking F = () and F = [n], respectively, we obtain

Z Dg and VYo = Z Dg.

#CGC[n] #CGC[n]
lgéG “ieG

Proof (Proof sketch) The formulas for vy and o, follow from repeated application
of the comparison lemma:

ff (o) = Yo+ Dy and [ (Yoo) = Yoo + Dyije,

and the fact that g = Yoo =0 € A*(m{i}). See [2,Theorem 5.8] or [6,Lemma 10]
for a discussion of the comparison lemma in the setting of Losev-Manin spaces. The
formulas for w]jf then follow from their definition in terms of forgetful maps along
with the observation that

ri(Dg)= Y, Dg.
#CG'CInl
GCG'CGUF*¢
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We now illustrate the utility of psi classes by showing how the results reviewed
above lead to new proofs of two previously-known formulas for volumes of generalized
permutahedra.

2.4 Psi classes and Eur’s volume formula

Eur recently proved the following formula for volumes of generalized permutahedra.

Theorem 2.17 ( [9] Proposition 4.2) If {xp € Z | ¥ C F C [nl} is submodular, then

B 1 k1 n—1
VO](Hn(x)) - (l’l _ 1)‘ IZ ( 1) (dl, e ,dk)

k

<di_1 >(|Fi+]|_|Fi|_1> d;
I(; Y
g —m)\ g )"

where the sum is over flags of subsets # C F1 C --- C Fx C Fxq1 = [n] and positive
integers dy, ..., dy suchthatdy + - - - +dy = n — 1, and the numbers d; are defined
by

J
dj =Y d.
i=1

In fact, Eur generalized and proved this formula in a more general matroid set-
ting, which we will discuss in the next section. For now, let us give a short proof of
Theorem 2.17 using psi classes.

Proof Applying (2.6), we have

1 n—1
Vol(IT, (x)) = T deg ( > xFDF>
PCFC(n]
1 n—1 dj di~ _d) dy
:m Z (d, ._’dk>deg(DF1"'DFk)xF1"'ka’
Fi,..., Fy,
di,....dx
where the sum is over k-tuples of distinct proper subsets ¥ C Fi, ..., Fx € [n]
and positive integers dy, ..., di that sum to n — 1. Since Dp, - -- Dp, = 0 when the

indexing sets cannot be rearranged into a flag, we can restrict the sum to be over all
flags of subsets of the form F = (3 C F; C -+ C Fy € Fyy1 = [n]). For such a
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flag, we may apply Corollary 2.11 to obtain
k
d d - di—1
deg(D ... D) = deg (Df H(—wFi —vi) )

—deg(Df( 1yr—k-1 Z H(

—+,1l’l
l

)wF)“ W) )
= (=1 Z ]"[( | )deg(Dfl_[(va)“ @),
- +z 1 ! i=1

If we now use Lemmas 2.12 and 2.14 to compute the degree, we obtain

k
. 4 n— di — 1 |Fiv1] — [Fi] = 1.
deg(DF; .. D) = (=1 "‘Eiﬂ( I

~ati=l 4 i 0%t

where a(‘)|r = a_ = 0. In order for the two sets of binomials to be nonzero, there are
two systems of equations that a;” and af must satisfy:

ai +a =d;—1 foralli=1,...k
and
ai +a = |Fiqi| —|Fi|—1 foralli=0,....k
Along with the conditions aa' = a; . = 0, there is a unique solution given by
=d; — |F;| foralli=1,...,k.

It follows that

d _ n—k—1 1 |Fl+1| |Fi|—1.)
deg(D ... D%) = (1) H(d—|F|>H( P

Eur’s formula then follows by noticing that the i = 0 term in the second product is
one. O

2.5 Psi classes and Postnikov’s volume formula

A different formula for the volumes of generalized permutahedra had previous been
proved by Postnikov [16]. In order to set up Postnikov’s formula, we require a little
more notation.
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For any nonempty subset F' C [n], define a corresponding simplex
Ap =Conv{e; :i € F} CR".

If yF is a nonnegative real number for every nonempty subset F' C [r], then Postnikov
observed ( [16,Proposition 6.2]) that the polytope

MR = Y yrAr,
P FC[n]

where the sum denotes Minkowski summation, consists of all points (¢1, ..., t,) € R”?
such that:

t+---+t, =2z and Zt,- >zp forall B C F C [n]
ieF
where zr and yF are related by the invertible linear transformation

IF = ZYG

GCF

Under the transformation (1, ..., #;) = (z[z) —t, —1f2, ..., —t), notice that Hﬁ )
is identified with IT,(x) (introduced in Equation (2.5)), where for any proper subset
¢ C F C [n], the variables xf and yF are related by

—F=—Y_ ¥ if1¢F,
GCF
XF = .
Z[n]—ZF=Zy(;—ZyG ifl € F.
GC[n] GCF

In addition, it can be checked that, when yr > O for all nonempty subsets F, the
corresponding numbers xr are submodular, in the sense of (2.4), meaning that the
intersection-theoretic formula (2.6) is valid.

Postnikov proved the following formula for the volume of T12 (y), which, by poly-
nomiality of volumes, determines the volume for all generalized permutahedra (this
last statement is carefully worked out by Ardila, Benedetti, and Doker [1]).

Theorem 2.18 ( [16] Corollary 9.4) If yg > O for all nonempty subsets G C [n], then

1
VIO = o=y Do 61+ Y6y

where the sum is over collections of nonempty subsets G1, ..., G,—1 < [n] such that,
forany 0 < i) < --- < iy < n, we have

|Gj, U---UG;,| > k.
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Proof Let us prove this formula using psi classes. By Equation (2.6), we have
1 n—1
Vol(TT5 () = ——— j; deg ( > xpDF)

(n PCFCIn]

Applying the change of variables above, notice that

Z xpDp = — Z (ZyG>DF+ Z (Z)’G_Z )DF

PCFCn] WCFCIn] GCF (ZJCFC[ GCF
1¢F eF
= > vo(= Y pr+ Y Dr= Y Dr)
#CGCn] F2G FCln] F2G
1¢F IeF 1eF
= > ve( X pr—Y Dr)
PCGC<[n] FC[n] F2G
leF
= ). Yevg.
BCGCln]

where the last equality follows from Lemma 2.16. Thus, Postnikov’s formula can be
reinterpreted as an intersection-theoretic property of psi classes. In particular, Post-
nikov’s formula is equivalent to the statement that

1 if0<ij<-<ig<n=|G;U---UG;| >k,
0 else.

deg(Vg, .- VG, ) =

(2.19)

To prove (2.19), we start by proving the second case. Suppose that there exists some
0 <i; <--- < i < nsuch that

G=G;;U---UgG,;,
has at most k elements. By virtue of Equation (2.8), notice that

VG, VG, =16, )1, (o)
= 1G5, (Voo -+ 1G5, (Vo).
Notice that the argument of r; in the final expression is an element of AY(LMg),

which is zero because dim(LMg) = |G| — 1, which we have assume to be strictly
less than k.
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Next, to prove the first case of (2.19), suppose that 0 < i < --- < i < n implies
|Gi; U--- UG, | > k. Applying Lemma 2.16, notice that

wal...wc—;n_1:<wm_ Z DF)'-'(Woo— Z DF)

FQG,'] FQGi,,_]

n—1
=Yy h-nk > DD
k=0

O<iy<--<ip<n
Fi>G;,
J i

We claim that the only nonzero term in the sum is the one indexed by k = 0. To
verify this, notice that multiplying D, - - - D, will either be zero or a multiple of D x
for some flag F. In the latter case, notice that the largest set in the flag 7 must be

F = FyU---U Fy, which contains G;, U- - - U G, . This implies that F" has more than
k elements, showing thatn — |F| — 1 < n — k — 1. It then follows that

deg(y % 'Dp, ... DR) =0
because, using Lemmas 2.12, it contains a factor of
—k—1
degm[n]\p— (w(‘)lwgo ) = 0

Thus, the only nonzero term in the sum is the one indexed by k = 0, in which case we
compute

deg(yi ) =1.

3 Matroid psi classes
We now describe a generalization of psi classes from Losev-Manin spaces to the
matroid setting. We then use matroid psi classes to give new proofs of formulas for

volume polynomials of matroids, and we use them to give a constructive proof of
Poincaré duality.

3.1 Matroid basics

Before discussing matroid psi classes, we begin by introducing the relevant matroid
background and terminology.

3.1.1 Definitions

A matroid M = (E, L) consists of a finite set E, called the ground set, and a collection
of subsets £ = Ly € 2F, called flats, which satisfy the following two conditions:
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(1) if Fy, F, are flats, then F; N F; is a flat, and
(2) if F is a flat, then every element of E \ F is contained in exactly one flat that is
minimal among the flats that strictly contain F'.

Given a matroid M = (E, £), the set L is partially ordered by set inclusion. Fur-
thermore, given any subset S C E, it follows from Property (1) that there is a minimal
flat containing S, called the closure of S and denoted cl(S) € L. Defining the join (V)
of two flats to be the closure of their union and the meet (A) of two flats to be their
intersection, it follows from the definitions that the flats £ form a lattice, called the
lattice of flats of M.

A subset I C E is called independent if, for any I1 C Io € I, we have cl({1) €
cl(l2). The rank of asubset S C E, denoted rk(S), is the size of its largest independent
subset. The rank of M is defined as the rank of E. An alternative characterization of
the rank of flats is given by lengths of flags. In particular, the number of nonempty
flats in a flag

F=WSFRCRGC - CR)

is called the length of the flag, denote £(F), and it can be checked from the above
definitions that every maximal flag of flats contained in a flat F' has length equal to
rk(F).

There are several important types of elements in a matroid M = (E, £). A loop of M
is an element ¢ € E such that rk({e}) = 0, and a coloop of M is an element e € E such
that {e}¢ € L. Two elements e, f € E are said to be parallel if tk({e}) = tk({f}) =
rk({e, f}). A matroid without loops is called loopless and a matroid without loops or
parallel elements is called simple. In other words, a loopless matroid is one for which
the empty set is a flat, and a simple matroid is one for which, in addition, each rank-one
flat is a singleton.

3.1.2 Matroid constructions

Given a matroid M = (E, £) and a subset S C E, there are several important ways to
construct related matroids. The restriction of M to S, denoted M|, is the matroid on
ground set S with flats

Ly ={FNS|FeLm}
The contraction of M by S, denoted M/ S is the matroid on ground set E \ S with flats
Lwys ={F\S|FeLmand S C F}.
Lastly, the deletion of M by S, denoted M \ S, is the restriction of M to E \ S:

M\ § = M|g\s.
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If F, G € Ly, then we introduce the notation M[F, G] = (M|g)/F. By definition,
M[F, G] is the matroid of rank tk(G) — rk(F’) on the ground set G \ F with flats

Lwr,gi={H\F|HeLlw, FCHCG}

Notice that the flats of M[F', G] are in natural inclusion-preserving bijection with the
flats of M that are weakly contained between F' and G, which comprise the closed
interval [F, G]. We use the shorthand L[ F, G] for the flats of M[F, G] and we denote
the proper flats by L(F, G).

Given a matroid M = (E, L), the simplificiation of M, denoted M, is the matroid
obtained by choosing a distinguished element from each rank-one flat and deleting all
other elements of E. The simplification is unique up to relabeling the elements of the
ground set, so we do not stress the choice of distinguished elements. Notice that the
lattice of flats of M and M are naturally isomorphic.

3.1.3 Characteristic polynomials

Given a matroid M = (E, L), the characteristic polynomial of M is defined by

xm(A) = Z (— 1) S kE) k()|
SCE

From this definition, it is an excellent exercise to check the following three properties.

(x 1) If M has a loop, then xm(A) = 0.
(x2) If e is a coloop of M, then xm(X) = (A — 1) xm\ (e} (A).
(x3) If e is neither a loop nor a coloop, then

AMA) = xm\fey (V) — xmygey(A)

Property (x3) is called the deletion-contraction property, and it generalizes the prop-
erty of the same name for chromatic polynomials of graphs. Notice that Properties
(x1)-(x3) determine xm(X) recursively on the size of the ground set. In addition, it
follows from (x 1) and (x3) that xm(A) = xm(A) for any loopless matroid M.

It also follows from Properties (x 1)—(x3) that, for any nonempty matroid M, the
characteristic polynomial xm(A) is divisible by A — 1. The reduced characteristic
polynomial of a nonempty matroid M is define by

xm(A)
A—1"

AmA) =

Naturally, the reduced characteristic polynomial also satisfies Properties (x 1)—(x3).
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3.1.4 Chow rings

Let M = (E, £) be a loopless matroid and denote the collection of proper flats of M
by L* = L\ {@, E}. The matroid Chow ring is defined by

A*M) = Z|XF | F € E*]’
I+J
where
T = (XF1 Xp, | F1 and F, are incomparable)
and

j=<ZXF—ZXF‘e,feE>.

eeF feF

We denote the generators of the matroid Chow ring by D = [XF] € AL(M).
Notice that the Chow ring only depends on the lattice of flats, which implies that
A*(M) = A*(M).

Matroid Chow rings were first defined by Feichtner and Yuzvinsky [10] (in the more
general setting of atomic lattices). The presentation given by Feichtner and Yuzvinsky
slightly differs from the one give above in that it includes an additional generator
Dg € A'(M) and an additional relation

DE=—ZDF,

ecF
FeLl*

where e is any element of E. An important result of Feichtner and Yuzvinsky is the
derivation of an integral basis for A*(M), which we recall here.

Theorem 3.1 [10,Corollary 1] If M is a loopless matroid, then a Z-basis of A*(M) is
given by all monomials of the form

dy

d
D4 .. 7

Fi -D
withd=FyC F1 C--- C Fy € Eandd; <1k(F;) —tk(Fi—1) foralli =1, ..., L.

Suppose that tk(M) = r + 1. It follows from Theorem 3.1 that A¥(M) = 0 for any
k > r, and that A" (M) is one-dimensional, generated by DZ-. In particular, we can
define a linear isomorphism

deg: A"(M) — Z

by setting deg ((—Dg)") = 1. The class —Dg played a central role in the work of
Adiprasito, Huh, and Katz, where it was denoted as «. In particular, Proposition 5.8
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of [3] implies that
Dy, ---Dp, = (—Dg)"

for any complete flag @ C F; C --- C F, C E. In other words, given any class
y € A" (M), we can compute deg(y) as follows.

(1) Use the relations in Z and J to find a linear combination

y = Zaf(V)Df
f

where the sum is over complete flags 7 = 3 C F1 € --- C F, C E), the
coefficients ax(y) are integers, and Dr = Dp, - -- DF,.
(2) Compute

deg(y) = ) _ar(y).
f

The aforementioned result of Adiprasito, Huh, and Katz implies that the sum of the
coefficients in (2) is independent of the choice of linear combination in (1).

Finally, in closing this section, we note that for the specific matroid M = ([r], 2E),
the matroid Chow ring specializes to the Chow ring of Losev-Manin space A*(LM,,)
and the matroid degree map is identified with the algebro-geometric degree map. This
observation motivates extending tools from A*(£M,) to Chow rings of arbitrary
matroids.

3.2 Matroid psi classes

Throughout this subsection, we let M = (E, £) denote a loopless matroid of rank »+1.
We begin by using the characterization of Lemma 2.16 to introduce a generalization
of psi classes to the matroid setting.

Definition 3.2 For any F € £ and e € E, define classes 7 € A' (M) by

Yp= Y Dg— » Dg and ¥f= > Dg— Y Dq.

GeLl* GeLl* GeLl* GeLl*
eeG GDF e¢G GCF

In the special case that F = (J or F = E, define

Yo=Y =Y D¢ and Yo=Yz = ) Dg.

GeL* GeLl*
e¢G eeG
Notice that Yoo = —Dg, which, as we mentioned above, was also denoted as « in

[3], and we mention that ¥ also appeared in [3], where it was denoted 8. We already
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commented above on why the class 1/ is independent of the choice of ¢ € E, and this
also implies that v/ is independent of this choice for any flat F. It is a short exercise
to verify that w;r is also independent of the choice of e € E.

Equipped with a general definition of matroid psi classes, we now aim to generalize
the basic results from the setting of Losev-Manin spaces. We start with the following
generalization of Lemma 2.10.

Proposition 3.3 For any F € L*, we have
D} = Dp(—y — ¥7) € A*(M).

Proof Choose e € E and write

Dr=Dr+) DG -y Dg

eeG ecG
=Dr+» Dg—Y Dg—Y_ Dg. (3.4)
G e¢G eeG

When we multiply the first two terms of (3.4) by DF and use the fact that Dp Dg = 0
when F and G are incomparable (by definition of 7), we have

DF(DF +;DG) = DF( Z D¢ + Z DG)-

G2F GCF

Including the final two terms of (3.4), we conclude that

o= e~ (Xe- X 00) - (0 3 00)

eeG G2F e¢G GCF
= Dr(—Yp — V7).
O
Repeatedly applying Proposition 3.3 results in the following corollary.
Corollary 3.5 If Fy, ..., Fy € L* are distinct proper flats and d, . . ., dy, are positive

integers, then

dy dy.
DFl o DFk

k
Dr H(*KDEI. - lD;fI.)d"_l if, after possibly relabeling
- i=1

Fi,...,Fx formaflag F=WC F1 C--- C F, C E),

0 if F; and F; are incomparable for some i, j.

Now that we know how to multiply arbitrary products of generators in A*(M),
it remains to compute the degree of the resulting expression. The first step is the
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next result—generalizing Lemma 2.12—which reduces the computation to degrees of
monomials in ¥y and Y.

Proposition3.6 If F = W = Fy C F1 C --- C Fyx C Fxy1 = E) is a flag of flats
and a(")", a, af, ceesay az', ak__H are nonnegative integers, then

degM(Dfl"[(wFV W, )") = HdegM[F rn (v v,

i=0 i=0

Proof Foreachi =0, ..., k, define an algebra homomorphism from the polynomial
ring Z[X¢g | G € L(F;, F;j+1)] to the matroid Chow ring of M as follows:

@i ZXg | G € L(F;, Fiy1)] — A*(M)
X6 = DgGur,.

Unfortunately, the ideal 7 is not in the kernel of ¢;, so ¢; does not descend to a
homomorphism from the Chow ring A*(M[F;, F;+1]). Letus modify ¢; by multiplying
by Dr:

¢ 1 ZIXG | G € F(F;, Fir1)] > A*(M)
y = Droi(y).

Notice that ¢; is linear, but not multiplicative. We claim that the linear map ¢; descends
to the Chow ring A*(M[F;, Fi+1]). To prove this, it suffices to check that the generators
of both Z and 7 are contained in the kernel of ¢;.

First, notice thatif @ C G, Go € F;41 \ F; are incomparable, then G U F; and
G2 U F; are also incomparable. This implies that ¢; (X, Xg,) = 0 for incomparable
G1, Gy € L(F;, Fiy1), proving that ¢; descends to the quotient by Z. Secondly, if
e, f € Fiz1\ Fj, then

a( Y Xe- X xXeo)=ps( Y Du- Y Du)

GeL(F;,Fit1) GEeL(F;,Fit1) FCHCFi+1 FiCHCFi41
eeG feG eecH feH
(X pu- Y pu)=0.
HeLl* HeLlx
ecH feH

The second equality above uses the following observations.

(1) The only flats H € L£* that survive multiplication by D are those that are com-
parable with both F; and Fj4.

(2) Ife € Hor f € H, then the only way that H is comparable with F; isif H D F;.

(3) If H O Fjy1,then e, f € H, so the terms cancel in the difference in the final
formula.
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Thus, ¢; descends to the quotient by Z+ 7, and by a slight abuse of notation, we use the
same notation to represent the induced linear map: @; : A*(M[F;, Fi11]) — A*(M).
Using multi-linearity, we combine the linear maps @; to obtain a linear map

k
oF 1 Q) A*MIF;, Fi1]) — A*(M)
i=0
k
W& @w > Dr[[eim)
i=0

Notice that, for any e € F; 41 \ F;, we have

a0 =a( Y. Do)=Dr Y. Du

GeL(Fi,Fit1) FCHCFip
e¢G e¢H
(X pu X ou) = D
e¢H HCF;

Similarly, it can be checked that @; (o) = D ]:lp;w. It then follows from the defi-
nition of ¢ that

k +oa k B
or( @y vs) = Dr[TwiH®™ Wi, ).
i=0

i=0

*oar
Notice that, to compute degy £, £, ] (1//5‘ gg“ ), we can use the relations in Z and

at a; . . .
J to find an express v’ oo™ as a linear combination of the form

+oa
Yo vt = Y. apoDro. 3.7

complete flags F(*
in M[F;, Fiq1]

and then compute

“i+ iy
degmir, F 1 (Vo' Yoo ) = Za}-m-
FO

Making one choice of expression (3.7) for eachi = 0, ..., k, we can apply ¢ r to
obtain
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k k
“i+ 4iq
‘PF(@WO oot ) :(p]:(@Za]_‘(i)D]:(i))
i=0 i=0 F@
=Dr Z aro --areDroyg - Droyp, (3.8)
FO__F®

where, for any flag FO — (Fl(i) c.--C Fk(,-i)) of flats in M[F;, Fj 1], we define
f(i) UF = (Fl(i) UF, C---C Fk(,-i) UF),

which is a flag of flats in M. Since each FDisa complete flag of flats in M[F;, Fi11],
it follows that the sets in

k
FulJFPUF)
i=0

form a complete flag of flats in M. Therefore, the products of generators in (3.8) are
indexed by complete flags in M, and we conclude that

k
ro - -
ngM (D]: n(wg)ai (WFH])”[H) = Z aro - arm
i=0 FO__F®
k

[T e

i=0 F )

k
“i+ 4y
= [ Tdegmir, o @o" ™.
i=0 O

It now remains to compute degrees of monomials in ¥y and ¥«. The key result
in this regard—which is listed as Proposition 3.11 below—relates these degree com-
putations to the coefficients of reduced characteristic polynomials. This result was
previously proved by Adiprasito, Huh, and Katz [3,Proposition 9.5], but we find it
instructive to give an alternative proof, motivated by the proof of Lemma 2.14, which
uses properties of psi classes. We begin by introducing an analogue of the pullbacks
of the forgetful maps.

Proposition 3.9 If S C E is any subset, then there is a well-defined homomorphism
ps : A*(M|s) — A*(M) defined on generators by

ps(Dg) = Z D¢

G'eLl*
GCG'CGUS”

In addition, if S1 C Sy are nonempty flats, then ps, = ps, © ps,.
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Notice that the sum in the definition of pg is over all flats of M that are obtained
from G C S by adding elements of S¢. In particular, the set G is determined by any
of the G’ via G = G’ N S. In the special case of M = ([n], 2[")),we have pg = r§.

Proof of Proposition 3.10 Define the homomorphism

ps i Z[XG | G € Ly 1 — A*(M)

XG and Z DG"
G'eL*
GCG'CGUSse

To show that pg descends to a homomorphism from the Chow ring, we must verify
that 7 and J are contained in the kernel of pg. First, suppose that G| and G, are
incomparable flats of M|g. Then there exists e, f € S such that e € G \ G and
f € G2\ G1. Notice that every term in the sum defining ps(X,) is indexed by a set
that contains e but not f and every term in the sum defining p5(X¢,) is indexed by a
set that contains f but not e. It follows that

ps(XG,XG,) = ps(Xg,)ps(Xg,) =0 € A*(M),

showing that pg descends to the quotient by Z. Next, to show that ps descends to the
quotient by 7, suppose thate, f € S. Then

,OS(ZXG_ZXG>: Z D¢gr — Z D¢/

eeG feG eeGCG'CGUSe feGSG'CGUSe
- Y po- ¥ 0o
ecG’ feG’
G'2S G'2s
:ZDG/—ZDG/ZO
ecG’ feG’

The second equality above is implied by the following observations.

(1) We are assuming that # C G C S. Since G = G’ N S, this condition is equivalent
tod C G'NS C S. Since G’ N S is nonempty (it always contains e in the first
sum and f in the second), this is equivalent to G’ 2 S.

(2) Since G = G' NS and e € S, it follows that

ecGee=ec(GNS) = ecd.

The third equality above is implied by the fact that every set G’ 2 S appears in both
sums in the final expression, so these terms cancel. This completes the proof that pg
descends to the quotient by 7. Thus, ¢ descends to the quotient by Z 4+ 7 and induces
the homomorphism whose existence is asserted in the proposition.
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To finish the proof of the proposition, it remains to check that pg; = ps, o ps,.
Notice that

ps; © ps,(Dg) = Z Dgr = Z Dgr = ps, (Dc),
GSG'SGUSS GCSG"CGUSY
G/QG//EG/US?

where the second equality uses that G’ is uniquely determined from G” via G’ =
G’'nNS;. O

The next result describes how ¥y and 1/« transform under the homomorphisms pg
described in Proposition 3.10. The second statement of the result gives an alternative
characterization of 1//1%5 that generalizing Definition 2.9.

Proposition 3.10 For any subset S C E, we have

ps(o) =vo— Y Do and ps(¥eo) =Yoo — Y _ Da.

GCSe G2S

In particular, if F € L* is a proper flat, then

Vr =pr(Yoo) and Y} = ppe(o).

Proof For v, we compute

ps (o) = ,05( > DG)

e¢G

= Z D¢

e¢GCG/'CGUSE

Arguing as in the proof of the previous proposition, the index in the last sum can be
replaced with e ¢ G’ and G’ € S¢, proving that

ps(o) = Y Dg'— Y Dg.

e¢G’ G'Cse
The argument for ps (/) is similar. ]

We now come to the generalization of Lemma 2.14 to the matroid setting. As men-
tioned above, this result was previously proved by Huh and Katz [11,Proposition 5.2],
though our formulation is more closely aligned with the presentation of Adiprasito,
Huh, and Katz [3,Proposition 9.5]. Our proof relies on the recursive nature of the
characteristic polynomial, and we note that this proof technique, using the deletion-
contraction recursion, also appears in a different, more general form in recent work of
Berget, Eur, Spink, and Tseng [5,Theorem A].
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Proposition 3.11 [3,Proposition 9.5] For nonnegative integers a, b, we have

w*M) ifa+b=r,
degM(lﬁ(‘)’ Wf,’o) - 0 else

where u? (M) is the a-th unsigned coefficient of the reduced characteristic polynomial
of M:

Xm0 =Y (=D (M)ar .

a=0

Before proving Proposition 3.11, we briefly justify that it does, indeed, generalize
Lemma 2.14. Suppose that M = ([n], 2["]) so that A*(M) = A*(LM,,). Then, for
any subset S C [n], we have rk(S) = |S], and it follows that

n— - n n— n
ma) =Y (=D S'=I;O(—1)k(k)x K= oo— 1

N

Therefore,

M) = (o — 1!

n—1
a

and we conclude that u%(M) = ( ), as expected.

Proof of Proposition 3.11 We prove the proposition by induction on |E|. If |E| = 1,
then 3y (A) = 1 and ,uO(M) = 1, so the base case follows from the fact that A*(M) =
A°(M) = Z and deg(y 0y Q) = 1.

We now turn to the induction step. Since A*(M) = A*(M), it suffices to assume
throughout the induction step that M is simple. First suppose thate € E is not a coloop.
This implies that {e}¢ is not contained in any proper flats of M, and it then follows
from Proposition 3.10 that

oM\fe}) Voo) = Yoo-

In particular, using that tk(M \ {e}) = k(M) = r + 1 and that the degree map is
determined by deg(v/.,) = 1, this implies that

deg(pm\e)(y)) = deg(y) forany y € A*(M\ {e}).

Using our assumption that M is simple, we have that {e} € £, and it then follows from
Proposition 3.10 that

PM\(e} (W0) = Yo — Diey.
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Therefore, if a + b = r, then

degy o) (VG W) = degi (Vo — Die) V2,
= degy (Y ¥oo) + (= 1) degm(Dfy V)
= degy (Y ¥2,) — deguyo) (V'Y 2).
where the second equality follows from noting that we can write Yo = >, ¢r DF,in
which case it follows v/ D¢y = 0, and the third equality follows from Proposition 3.6.

In the case where a = 0, the second term in the final expression is equal to zero. The
induction hypothesis then implies that

degn(W§¥l) = n“(M\ {e}) + 1~ (M/{e}) = n“(M),
where the final equality is an application of Property () 3) for X (4).

Next, suppose that e € E is a coloop. Since e is a coloop and M is simple, both {e}
and {e}¢ are flats of M. It follows from Proposition 3.10 that

omie} (Vo) = Yo — Diey  and  pwm\ (e} (Woo) = Yoo — Dieye.
For any positive integer a, we have
Vo = (om\({e} (Wo) + Dye))”
a
a _
= pmiet (V) + <k) Diyy (=D
k=1
= pm\(e) (V) — (—Dyep)?,

where the second equality uses the fact that y9D{,) = 0 and the third equality uses
that Y ¢_; ({)(=1D)** = (=1)*~!. Similarly,

Y2 = pmie) (W) — (= Dyepe)”.
Thus, if a + b = r, we compute that

YW = pmey (WEY L) — pmie) (W) (—Dieje)”
— (=De)® owm(e} (VL) + (= Diep)* (= Dieye)?
= — oM\ (o) (W6 (= Die)” — (= D)) o) (V)
= Dige ¥ vl + Diavity ' vl

where the second equality follows from observing thatrk(M\{e}) = r and D) Dy¢)c =
0, and the third equality follows from the facts that D, 9 = Diejc¥oo = 0 and
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Corollary 3.5. As before, terms with negative exponents are equal to zero. Computing
degrees via Proposition 3.6, we then see that

degm (W WE,) = degu o) (VWL + degy i (W6 W2,

Since e is a coloop, it follows that M \ {e} = M/{e}, because every flat not containing
e remains a flat when you add e to it. Therefore, applying the induction hypothesis,
we have

degm(WEvl) = p M\ {e}) + u" LM\ {e}) = u (M),

where the final equality is an application of Property (x2) for x,(%). This completes
the induction step, and finishes the proof. O

3.3 Volume polynomials

In this subsection, we illustrate the utility of psi classes by using them to reprove the
main result in [9] and one of the main results in [4], both of which give an explicit
formula for the volume polynomials of matroids. Given our parallel developments,
the arguments in this setting are essentially verbatim generalizations of the arguments
made in the setting of generalized permutahedra and Losev-Manin spaces.

Let M = (E, £) be a loopless matroid of rank » + 1. The volume polynomial of
A*(M) is the function

Voly : A'(M) > Z
D > degy(D").

Given a spanning set of generators B = (By, ..., B,,) for A'(M), the volume poly-
nomial can be written explicitly as a homogeneous polynomial of degree r:

m r
Vol g (X1, - - . xm) = degy ((Zx,-B,-) ) € Zx1, .., xm]-
i=1

In fact, given that A*(M) satisfies Poincaré duality (discussed in the next subsection),
it follows from Lemma 13.4.7 in [7] that the volume polynomial associated to any
generating set determines a presentation for the Chow ring A*(M). Thus, it follows
that the matroid Chow ring is determined from computations of the form

degy (BY" -+ By,

where di + - - - + d;,, = r. The main result in [9] is the computation of these degrees
for the set of generators (Df | F € L*), and one of the main results in [4] is the
computations of these degrees for the set of generators (Y, | ¥ # F € L£). We
note that the authors of [4] stated their result in terms of classes that they denoted
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hr, but it follows from the definitions that 1r = v/, . We now recover both of these
computations using properties of psi classes.
The main result in [9], which implies Theorem 2.17, is the following.

Theorem 3.12 [9,Theorem 3.2] If F = (W C F| C ... F C E) is a flag of flats in M
and dy, ..., dy are positive integers that sum to r. Then

degy(Df, -+ D) = (=)'~ ‘]"[( _rk(F))w’ffk<Ff><M[F,-,F,-+1]),
with
~ J
=> d.
i=1

Proof To prove this using psi classes, start by applying Corollary 3.5:

k
d d — L
Dy'---Df = D]-'l |(—wp,. - Iﬂ;r;)dl !

i=1

k
di—1 - +
=Dr(-1)* Z 1‘[( +)<wﬂ>“f (W)
= +t 1 i i
= Dr(-1)"* Z 1‘[( )(xpﬂ)d e
+ —pi=l1 4
dl - a. — . —a. —
= Dyp(—1)* Z 1"[( )1‘[%) Sy, e
+ —oi=l1 ’

where, by convention, we define a(}L = diy1 — a,:rl — 1 = 0. By Proposition 3.11,
the degree of each summand in this class is zero unless

a +dig1 — — 1 =rk(F;41) —rk(F;) — 1.
These conditions have a unique solution with
=d; — 1k(F}).
Thus, computing the degrees by Proposition 3.11, we have

k

d; — 1 5
d Ddl de _ D kl | l | | di—tk(Fi) (\m F;, F; .
egM( F )=(1) (dz — k(F) iZOM (M[F;, Fi1]
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Theorem 3.12 follows by noting that (M) = 1 for any matroid M, so the i = 0 term
of the second product is 1. O

One of the main results of [4], which implies Theorem 2.18, is the following.

Theorem 3.13 [4,Theorem 5.2.4] If F, ..., F, are nonempty flats of M, then

I f0<iy<--<igx<r=1k(F;U---UF;) >k,

0 else.

degy(Yp, ... V) =

Proof To prove this result using properties of psi classes, first assume that there exists
some 0 < i} < --- < iy < r such that tk(F;; U---U F;;) < k. Denote § =
F;, U---U F;,. By Proposition 3.10, we compute that

Vg Ve =R, (W) - pE, (Vo) = ps(0F, (Woo) -+ - 0F, (Woo))-

The input of pg is a class in Ak (M|s), which is zero because
rk(M|s) = rk(S) < k.
Thus,

degy, (w;l .. .w;r) = deg(0) = 0.

Next, suppose that 0 < ij < --- < iy <r implies thattk(F;, U---U F;;) > k. By
definition,

ViV = (Yo = Y D6) - (Vo = Y Do)

GDOF GDF,

=Y v > Dg, D,
k=0

O<iy<--<ig<r
GiDF;.
J J

We claim that the only nonzero term in the sum is the one indexed by k = 0. To
see why, notice that multiplying Dg, --- D¢, will either be zero if G; and G are
incomparable for some i and j or it will be a multiple of Dg for some flag G. In the
latter case, the largest flat in the flag G must be G = G U - - - U Gy, which contains
F;; U---U F;,. This implies that tk(G) > k. It follows that

degn (Wi DG, --- Dg,) =0,
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because, when expanded using Proposition 3.6, the exponent of ¥, appearing in the
final term of the product is r — k > rtk(E) — rk(G) = rk(M[G, E]). Thus, the only
nonzero term in the sum is

degy (VL) = 1o(M) = 1.

3.4 Poincaré duality

In this final section, we describe one more application of our developments of psi
classes, which is a new proof of the Poincaré duality property for matroid Chow rings.
Our proof utilizes the following computational result.

Lemma3.14 If F = @ C F1 € --- C Fy € E) is a flag of flats in M and we have
integers dy, ...,dr > 0 and dg > 0 that sum to r, then

k
(1) degy(D - DEDY) = 0ifdp + Y di > r — tk(Fy_1) for some m €
i=m

{1,...,k} and
k

(2) degy(Df - DE) = (=1 MV ifdg + 3 di = r — tk(Fy1) for all m €
(... k) o
Proof By Corollary 3.5, we have
k
DY - DEDYF = Drp(—yoo)® [ [(—yp — w4

i=1

-1 k di —1 k + +
= (=) H( o )Dfl_[w?,.)“f (W, )~

at=0i=1 i i=0

where a(;r =0, Fi+1 = E, and q; | = doo. Computing the degree using Proposi-
tion 3.6, we see that the degree is nonzero only if

ai +dip1 —1—aj, | =1k(Fi11) —tk(F;) —1 forall i=0,... k.
The unique solution of this system is given by

14

ay =r—1k(Fy) —dg — Y d; forall m=1,... k.
i=m+1
Property (1) follows from the observation that ant >(Qforallm =1, ..., k. Notice

that the condition in Property (2) implies that a;n" = O0forallm = 1,...,k, and
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Property (2) then follows from Proposition 3.6 and the fact that

tk(Frs1)—tk(F)—1
degmir,.Fpyy (Voo ) =1

O
We now use the Feichtner—Yuzvinsky basis for A*(M) to prove Poincaré duality.

Theorem 3.15 Foranyk €0, ..., r, the map

o 2 AKM) — ATy
y = (u > degy(uy))

is an isomorphism of Z-modules.

Proof Recall that the Feichtner—Yuzvinsky basis for A¥(M) comprises all monomials
of the form

de
Fe

d
B = DFI1 ...D
where = Fp C F1 € --- C F, € Fand 0 < d; < rk(F;) — rk(F;_;) for
alli = 1,..., ¢ with Zle d; = k. Throughout this proof, we always assume that
Fy = E while allowing for the possibility that d¢ = 0. For each such basis element
B, define a corresponding basis element B € A”~%(M) by

= _ ndi de
B—DFI"'DF(’

where

g = rk(F;) —rk(F;_1) —d; ifi < £,
" —tk(Fo_y) — di ifi = ¢.

Let BY € Ak (M)V denote the dual of B. We can write @k as a square matrix whose
rows are indexed by the basis elements B and whose columns are indexed by the
corresponding basis elements BY. The (B1, §2V ) entry of this matrix is degy, (B §2),
which can be computed explicitly by the results of Sect. 3.2. To prove the statement
in the theorem, we show that this matrix is invertible over Z.

First, notice that the element B was constructed so that

4
Z(d,-+3,-)=r—rk(Fm_1) forall mel{l,..., ¢},

i=m

so Lemma 3.14(2) implies that degM(BE) = (=1)"~t*+! This implies that the diag-
onal entries of the matrix are all =1. To finish the proof, it suffices to prove that the
matrix is triangular with respect to some choice of ordering on the bases.
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For each basis element B = DdFl] .- D% as above, define a multidegree by

8(B) = (dg, tk(Fy—1), do—1, 1k (Fy_2), ..., tk(F1), d1,0,0,...).

The multidegree defines a lexicographic partial ordering on the basis, and we let < be
any total ordering of the basis that refines the lexicographic partial ordering induced
by 8. In other words, we insist that B < B’ only if §(B) is less than or equal to §(B’)
in the lexicographic partial ordering. We claim that ¢y is lower triangular with respect
to this order. To prove this, suppose that B < B’; we must prove that degy, (B B’ )=0.

First, consider the case where §(B) = §(B’). It follows that £ = ¢/, and 1k(F}) =
rk(Fl./) andd; = di/ foralli = 1,...,£. Since B and B’ are not the same monomial,
it must be the case that F; is incomparable to F/ for some i. Since B has a factor of
F; and B’ has a factor of F/ it follows that BB’ = 0, so degM(Bﬁ) =0.

Next, consider the case where 8(B) # 5(B’). We ﬁrst suppose that the first entry
where they differ is tk(F},;) < rk(F),). This implies that d; = d’ and rk (F;) = rk(F})
for all i > m. Since B has a nontrivial factor of F; and B’ has a nontrivial factor of
F i/ , and these are flats of the same rank for i > m, the only way that BB’ # 0is if
F;, = Fl.’ for all i > m. Assuming that this is the case, we can write

B _ per pee—1 em+1 e
BB _FZ FZ—] o Fm+1F

where the tail of the product consists of powers of flats of lower rank. Notice that

4 14
Y oei= Y di+d)

i=m+1 i=m+1
4
> di+dy)
i=m+1
= r —1k(F,,)
> r —1k(F),),

from which Lemma 3.14(1) implies that degy(BB') = 0.

Lastly, suppose that the first entry where §(B) and §(B’) differ is dm < cf,/n This
implies that d; = c?l’ for all i > m and rk(F;) = rk(F}) for all i > m. As in the
previous case, we can write

BE’ZFEZF;S‘...F;mFe...,
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where F is equal to the flat in {F,,_1, F,,_,} with highest rank. We then compute

¢ ¢
Yei=) (di+d)

i=m i=m

¢
> i +dy)

i=m
=r —rk(Fu-1)
>r —1k(F)

\

from which Lemma 3.14(1) implies that degy, (B B ) = 0, completing the proof. O
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