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Abstract

Let (X, 0) be a complex normal surface singularity with rational homology sphere
link and let X be one of its good resolutions. Consider an effective cycle Z supported
on the exceptional curve and the isomorphism classes Pic(Z) of line bundles on Z.
The set of possible values hY(Z, L) for £ € Pic(Z) can be understood in terms of
the dimensions of the images of the Abel maps, as subspaces of Pic(Z). In this note
we present two algorithms, which provide these dimensions. Usually, the dimension
of Pic(Z) and of the dimension of the image of the Abel maps are not topological.
However, we provide combinatorial formulae for them in terms of the resolution graph
whenever the analytic structure on X is generic.
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1 Introduction

1.1. Fix a complex normal surface singularity (X, o) and let X be one of its good
resolutions. We assume that the link of (X, o) is a rational homology sphere. Before
we start a more technical introduction, let us give some motivation for the objectives
of the note.

A very 1mp0rtant set of analytic invariants of the singularity is provided by the
dimensions /' (X L) of the cohomology groups, where L is a line bundle on X.1In
general, it is convenient to fix the Chern class / " of the line bundle. Hence, we search
for the set of integers {h! (X L)} Lepic (%) Note that this problem is the analogue
of the famous Brill-Noether problem for curves, which aims to determine the list
{h'(C, £)}, where C is a fixed smooth curve and £ is a line bundle on C with a given
degree. The possible /'-values provide a stratification of the affine space Pic! (X).
This provides a very deep information about the analytic type of (X, 0), and it is very
hard to compute even for very specific analytic structures. In some sense, the final
aim of the series of articles of the authors (regarding the Abel maps) is exactly the
understanding of this stratification.

In the case of curves, a major tool is the introduction of the effective divisors and
the corresponding Abel map, which associates to a divisor the corresponding line
bundle. In the present situation, in the case of X, when we run this program we face
several obstructions. Firstly, X is not compact, and the space of divisors (even if we
fix their Chern class) is an infinite dimensional space. Therefore, we need to use a
‘truncation’: we replace X by an effective cycle Z supported on the exceptional curve,
and we consider the space Eca ,(Z ) of effective divisors on the scheme Z and the
corresponding Abel map c (Z) Eca /(Z) — Pic /(Z) Note that for Z > 0 we
have an isomorphism /! (X L) = h'(Z, L|) for any L € Plc(X) hence we loose
no information from the original problem.

A second difficulty appears from the fact that the spaces Eca' (Z) and Pic! (Z) are
not compact and ' (Z) is not proper.

However, and this is one of the main points of the construction, the fiber structure of
the Abel map carries a key information about the needed cohomology ranks: 2! (Z, £)
can be related with the dimension of the fiber (cl/ (2))~ (L), and the dimension of the

image of '(Z) with h'(Z, Efg,":n) where L™ is a generic element of the image of

gen
' (Z). Even more, if £ has fixed components (i.e. it is not in the image of the corre-
sponding Abel map), then modifying the Chern class by the cycle of fixed components,
L will be in the image of the new Abel map. Hence analysing all the Abel maps and
the dimensions of their images provides a valuable information about the cohomology
of line bundles (in particular, by Riemann Roch, about the ranks h%(Z, L) too, which

are important in the study of different linear system and maps).

1.2. Now, we start a more concrete introduction and the presentation of the new results.

Denote by L the lattice H> (% , Z)) endowed with its negative definite intersection
form, by L’ its dual lattice H%(X,7Z) identified with {I' € L® Q : (I, L) € Z}, and
by &’ C L’ the Lipman cone of antinef cycles {I' € L’ : (I, E,) < 0 for all v}. The
irreducible exceptional curves are denoted by {Ey },,cy, their duals in L' by {E*},cp,
E := U, E,. (For details see Sect. 2).
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In [14] for any effective cycle Z > E and Chern class I’ € —S’ the authors intro-
duced (based on [4, 6, 7]) and investigated the set of effective Cartier divisors ECa’’ (2)
and the corresponding Abel maps cl,(Z) - ECa (Z2) —> Picl,(Z). Here Picl/(Z) is the
affine subspace of the Picard group of line bundles over Z with Chern class I’. The
image of the Abel map consists of line bundles without fixed components. [14] and
follow-up articles contain several properties of the Abel map, e.g. characterisation
when it is dominant, or its relationship with cohomological properties of line bundles.
See [15, 16] for the study in the case of generic and elliptic singularities. In all these
investigations results regarding the dimension of the image Im(c’ (Z)) have crucial
role. The main goal of the present article is the computation of dim Im(cl/ (Z)) in the
most general case and the deduction of several new consequences. We consider these
as necessary steps towards a long-term final goal: the development of the Brill-Noether
theory of normal surface singularities.

Though the dimension (I’, Z) (and the homotopy type) of the connected complex
manifold ECa’ (Z) is topological, (i.e. it depends only on the link, or on the lattice L),
cf. [14], the dimension &' (Oy) of the target affine space Pic! (Z) depends essentially
on the analytic structure: if we fix the topological type (and Z), the cohomology group
H'(O2) usually depends on the chosen analytic structure supported by the fixed
topological type. The same is true for both dim Im(cl/(Z)) and codim Im(cl/(Z)).
Though (surprisingly) there is a topological characterisation of those cases when
cl/(Z) is dominant, oppositely, the cases when (e.g.) cl/(Z)) is a point, or it is a
hypersurface, have no such topological characterisations. In particular, both integers
dim Im(cl,(Z )) and codim Im(cl/(Z)) are subtle analytic invariants. In fact, it turns
out that codim Im(cl/(Z)) equals h'(Z, Eg’;’n), where E;’Zn is a generic line bundle
from Im(cl/ (Z)). For more about such general facts regarding the Abel maps (and also
about several concrete examples) see [14—16].

Maybe it is worth to emphasize that in the case of the Abel map associated with a
smooth projective curve the dimension of the image is immediate (for this classical
case consulte.g. [1, 3]). This (and almost any other comparison) shows the huge tech-
nical differences between the classical smooth curve cases and our situation (which,
basically, is the Brill-Noether theory of a non-reduced exceptional curve supported
by the exceptional set of a surface singularity resolution).

1.3. The algorithms In the body of the article we present two inductive algorithm
for the computation of dz(I’) := dim Im(cl /(Z )). The induction follows a sequential
blow up procedure starting from the resolution X. Write —1' = Y ovey WES € S\ {0}
(hence each a, € Z>p). Then, for every v € V with a, > 0 we fix a, generic points
on Ey, say pyi,, | < ky < a,. Starting from each p, , we consider a sequence
of blowing ups: first we blow up p, x, and we create the exceptional curve Fy , 1,
then we blow up a generic point of Fy x, 1 and we create Fy , 2, and we do this,
say, Sy,k, times (an exact bound is given in Sect.3). We proceed in this way with all
points p, k,, hence we get Y a, chains of modifications. Hence, a set of integers
S = {Syk, }veV, 1<k, <a, Provides a modification g : X5 — X.In ?S we find the
exceptional curves
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(Ue)uvlJ U Foke

veV v.ky 1<t=<syr,

At each level s we set Zg := 7f(Z) and —[; := Zv’ku F:kv,sv ., (in L'(Xs), where

Fyk,.0 = Ey). We also write dg := dim Im(clé(Zs)). Note that dy = dz(l'), and it
turns out that dg = O whenever the entries of s are large enough. (Sometimes we
abridge the pair (v, k) by (v, k).)

In order to run an induction, for any s and (v, k) let sV*k denote that tuple which is
obtained from s by increasing s, x by one. The inductive algorithm compares ds with
all possible dgu k.

Using the fact (cf. the proof of Theorem 8.2.1) that ECal;“”‘ (Zgv.x) 1s birational with
a codimension one subspace of ECalg(Zs), we obtain

ds — dg € {0, 1}. (1.3.1)

A very subtle part of the theory is to identify all those pairs (s, s"¥), where the
gaps/jumps occur (that is, when the difference in (1.3.1) is O or 1). The identifica-
tion of such places carries a deep analytic content (and even if in some cases it can be
characterised topologically—e.g., in the case of a generic analytic structure—it might
be guided by rather complicated combinatorial patterns).

Example 1.3.2 To create a good intuition for such a phenomenon, let us recall the
classical case of Weierstrass points. Let C be a smooth projective complex curve of
genus g and letus fix apoint p € C.Forany s € Zx¢ consider £(s) := hc, Oc (sp)).
Then £(0) = land £(2g — 1+k) = g+k fork > 0. Moreover, £(s) —£(s—1) € {0, 1}
forany s > 0. Those s values when this difference is 0 are called the gaps, there are g of
them. For a generic point the gaps are {1, 2, ..., g}, otherwise p is called a Weierstrass
point. For Weierstrass point the set of gaps might depend on the choice of p and on the
analytic structure of C. The characterization of all possible gap-sets is still unsettled.

In order to characterize completely our gaps/jump places, we will use test functions.
For such a test function, say ts, we will require the following properties. Firstly, it is a
function s — 15 € Z>¢, such that ds < 75 for any s. Usually, 75 is defined by a weaker
(more robust) geometric construction, which approximates/bounds Im(cl/(Z)), and
which hopefully is easier to compute. Secondly, 75 satisfies the following remarkable

testing property formulated by the next pattern theorem.

Pattern Theorem. The sequence of integers dg are determined inductively as follows:

(1) ds — dgx € {0, 1} (cf. (1.3.1)),

(2) iffor some fixed s the numbers {dg .« }y k are not the same, then ds = maxy { dgv.x}.
In the case when all the numbers {dg x }, k are the same, then if this common value
dg.x equals Ts, then ds = t5 = dg.x; otherwise ds = dgx + 1.

More precisely, we wish to determine from the collection {dg .« },  the term ds (as
a decreasing induction). Using (/) this is ambiguous only if all this numbers are the
same, say d. In this case dg can be d or d + 1. Well, if the inequality (T) ds < 75 is
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not obstructed by the choice of dg = d + 1, then this value is taken. Otherwise it is d.
That is, d is as large as it can be, modulo (/) and (¥).

This can be an interesting procedure even if s is a l-entry parameter. E.g., in
the case of classical Weierstrass points, the inequality £(s) < 1+ |s/2] (valid for
s < 2g — 1), given by Clifford’s theorem, by this ‘maximal-testing procedure’ gives
the sequence {1, 1,2,2, ...} fors > 0,withgaps {1, 3, ..., 2g—1}. Infact, in the case
of hyperelliptic curves the Weierstrass points are the branch points of the hyperelliptic
projection and their gap-set is uniformly {1, 3,5, ...,2¢g — 1}. (However, for non-
hyperelliptic curves we are not aware of the existence of a non-trivial test function.)

If the Pattern Theorem from above holds, then it turns out (see e.g. Corollary 3.2.4)
that ds = mins<3{[S — s| + 73} for any s. (Here [s| = }_, ; sv.x,.) In particular,

dz(l') = do = min{[s| + s} (1.3.3)

Such type of formulas already appeared in the computation of dz (1) for weighted
homogeneous singularities (and specific 1) in [14], case which lead us to the present
general case. (The type of formula, and also the conceptual approach behind, can
also be compared e.g. with Pflueger’s formula regarding the dimension of the Brill-
Noether varieties of a generic smooth projective curve C with fixed gonality, cf. [5,
24].) Nevertheless, the approach of the testing function (and the corresponding min-
type close formulae) is the novelty of the present manuscript.

1.4. The testing functions for ds Obviously, the above theorem is valuable only if
s is essentially different than dg and also if it is computable from other different
geometrical data. It is also clear that not any upper bound dg < 7 satisfies the testing
property (2): this is satisfied only for bounds 7 (s) with very structural relationship,
symbiosis with the original dg. Hence it is not easy to find testing functions, they
must ‘testify’ about some deep geometric property: even the existence of computable
testing function(s) is really remarkable.

Our first test function is defined as follows. Consider again Z > E, ' e =&
associated with a resolution X, as above. Then, besides the Abel map cl/(Z) one can
consider its ‘multiples’ {c”l,(Z)}nzl. It turns out that n +— dim Im(c"l,(Z)) is a non-
decreasing sequence, Im(c”l/(Z)) is an affine subspace for n > 1, whose dimension
ez(l') is independent of n >> 0, and essentially it depends only on the E*-support
of I’ (i.e,on I C V, where —I' = ) _;a,E} with all {a,},e; nonzero). From
construction dz(I") < ez(l’), however they usually are not the same. Furthermore,
ez(I'") = ez(I) plays a crucial role in different analytic properties of X (surgery
formula, 2! (£)-computations, base point freeness properties). For details see [14] or
Sects. 2 and 2 here, especially Definition 3.1.1 and Theorem 2.2.5 (and also the proof
of Theorem 3.2.2). Now, at any step of the tower fs one can consider this invariant
ez, (l7), an integer denoted by es.

Theorem 3.2.2 (the ‘first algorithm’) guarantees that e is a testing function for d.

The invariants {eg}s are still hard to compute (cf. 4). However, the first algorithm
is a necessary intermediate step for the second algorithm, valid for another testing
function.
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The advantage of the second testing function is that it is defined at the level of X
only. It is based on Laufer’s perfect pairing H ! (Oz) ® Gz — C, where Gz denoted
the space of classes of forms HO(X, Q%(Z))/HO(X, Q%). The vector space Gz has
a natural divisorial filtration {G;}o<;<z, Where G; is generated by forms with pole < /.
Its dimension (via Laufer duality) is 2! (O;). (For more see [14] and 2 here.) Next, for
any s define the cycle [ € L of X by

s = mm{ 2}; 15%12&,{8”"“”}&’ Z} elL.
ve

Setalso gs := dim G, as well. It turns out (see 4) that ds < e < h'(Oz)—gs. Usually,
the equality es = h!((0z)— gs rarely happens, however, it happens whenever the testing
property requires it! Theorem 4.1.2 (the ‘second algorithm’) says that 2! (Oz) — g is
a testing function for dg indeed.

The cases of superisolated singularities is exemplified.

The second algorithm has several consequences. E.g., a ‘numerical’ one, cf. (4.1.6):
dz() = min (', Z) +h'(Oz) =h'(Oz))), or,
0<Z,<Z

codimIm(c’ (Z)) = max {(h'(Oz,) — (', Z1)}.
0<Z,<Z

The cycles Z; for which the above minimum is realized have several additional geo-
metric properties (cf. Lemma 4.1.14 and 4 ). In particular, such a Z; imposes the
following conceptual consequence:

Structure Theorem for the image of the Abel map. Fix a resolution X, a cycle
Z > E and a Chern class ' € —8' as above. Then there exists an effective cycle
Z1 < Z, such that: (i) the map ECal/(Zl) — H! (Ogz,) is birational onto its image,
and (ii) the generic fibres of the restriction of r, ri"™ : Im(cl/ (2)) —> Im(cl/ (Z1)), have
dimension h'(Oz) — h! (Oz)). In particular, for any such Z1, the space Im(cl/(Z))
is birationally equivalent with an affine fibration over ECal/(Z 1) with affine fibers of
dimension h' (O7) — h! (Oz).

1.5. The case of generic analytic structure In Sect. 5 we prove that if X has a
generic analytic structure (in the sense of [9, 15]),and Z > E and I’ € —&’ then both
dim Im(cl/(Z)) and codimlm(cl/(Z)) are topological. E.g., we have (where yx is the
usual Riemann—Roch expression):

codim Im(c (Z)) = omax { =70 = xZ) + x Bz} (5D

The maximum at the right hand side is realized e.g. for the cohomology cycle of
£im e Im(c!(2)) € Pic' (Z). Furthermore,

gen

Wz 0z max { =20 = x(Z) + x(Eizp }
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for any £ € Im(c’ (Z)) and equality holds for generic ﬁg’ﬁn eNIm(c[ (2)).
The identity (1.5.1), valid for a generic analytic structure of X, extends to an optimal

inequality valid for any analytic structure.

Theorem 1.5.2 Consider an arbitrary normal surface singularity (X, o), its resolution
X, Z>Eandl' € =S'. Then codim Im(c’ (2)) = h'(Z, L™ ) satisfies

gen

codimIm(c' (2)) = max { = (" Z) = x(Z)+xEzp} (153

In particular, for any L € Im(cl/ (2)) one also has

h(z,L)=h'(z, Ci")

gen

= codim Im(c' (2)) > omax { = (20 = x(Z) + x Bz )

The right hand side of (1.5.3) is a sharp topological lower bound for codim Im(cl/ (2)).
The inequality (1.5.3) can also be interpreted as the semi-continuity statement

codim Im (cl ' (Z))(arbitrary analytic structure) > codim Im (cl ' (Z))(generic analytic structure).

1.6. Generalization Sections 7 and 8 target generalizations of the previous parts,
valid for {h'(Z, £)} p o1 )» to the shifted case, valid for {2' (Z, Lo® L)} it )

where Ly € Piclo (Z) is a fixed bundle without fixed components. In order to run a
parallel theory based on Abel maps, we have to create the new Abel map clﬁO (2) :

ECal,(Z) — Pic’E/O(Z), where Picléo (Z) is an affine space associated with the vector
space Pic%0 (Z2) ~ HY(Z, Lyp). (Pic%O (Z) appears also as an affine quotient of the

classical Picl/(Z) as well.) Section 7 contains the definitions and the needed exact
sequences. Section 8 contains the extension of the two algorithms to this situation.

2 Preliminaries

2.1. Notations regarding a good resolution [14, 19-21] Let (X, 0) be the germ
of a complex analytic normal surface singularity, and let us fix a good resolution
¢ : X — X of (X, 0). Let E be the exceptional curve ¢~1(0) and U,cpE,, be its
irreducible decomposition. Define E; := ), _; E, for any subset I C V.

We will assume that each E, is rational, and the dual graph is a tree. This happens
exactly when the link M of (X, o) is a rational homology sphere.

Define the lattice L as H» ()~( , 7)), it is endowed with a negative definite intersection
form (, ). It is freely generated by the classes of {E,},cy. The dual lattice is L' =
Homyz(L,Z) ={I' e LQQ : (I', L) € Z}. It is generated by the (anti)dual classes
{E}}yey defined by (E}, Ey) = —3yy (Where 3y, stays for the Kronecker symbol).
It is also identified with H 2(X , ), where the first Chern classes live.
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All the E,-coordinates of any E are strict positive. We define the Lipman cone
asS :={l'el : (I',E,) <0 forall v}. As a monoid it is generated over Zx>( by
(E2)s.

L embeds into L’ with L' /L >~ H{(M,Z), abridged by H. Each class h € H =
L'/L has a unique representative r, € L’ in the semi-open cube {) , ryE, € L’ :
rv € QN [0, 1)}, such that its class [ry] is A.

There is a natural (partial) ordering of L’ and L: we write [] > I} if [| — I}, =
Zv ryEy withall r, > 0. Weset Lo ={l €L : ] >0}and L.o = L>¢ \ {0}.

The support of acycle ! = ) n, Ey is defined as |I| = Uny#0Ey.

The (anti)canonical cycle Zxy € L' is defined by the adjunction formulae
(Zg, Ey) = (Ey, Ey)+2forallv € V. We write x : L’ — Q for the (Riemann—Roch)
expression x (I') := —(',l' — Zk)/2.

2.1.1 Natural line bundles. Let ¢ : (f ,E) —> (X,LO) be as abovg. Consider the
‘exponential’ cohomology exact sequence (with H'!(X, O;‘?) = Pic(X), the group of
isomorphic classes of holomorphic line bundles on X ,and H' (i ,0%) = Pico(g )

0 — Pic®(X) — Pic(X) - H3(X,Z) — 0. (2.1.2)

Here ¢ (£) € Hz(f, 7) = L’ is the first Chern class of £ € Pic()N(). Since the link
M is a rational homology sphere Pico()?) H'(X, Og) >~ CPs, where p, is the
geometric genus. Write also Pic/ (X) = cr L. Furthermore, see e.g. [20, 23], there
exists a unique homomorphism (split) s; : L' — PIC(X ) of ¢y, thatis c; o517 = id,
such that s; restrlcted to L is [ = Ox(l). The line bundles s (1) are called natural
line bundles of X. For several definitions of them see [20]. E.g., £ is natural if and
only if one of its power has the form Oy (/) for some integral cycle [ € L supported
on E. In order to have a uniform notation we write O (!’) for s;(I") for any I’ € L’.

Forany Z > E let Oz(l") be the restriction of the natural line bundle O (I’) to Z. In
fact, Oz (') can be defined in an identical way as Oz (I') starting from the exponential
cohomologlcal sequence 0 - Pic%(2) — Pic(Z) —» HZ(X 7) — 0 as well. Set
also Pic! (Z) =c 1.z (l ).

2.2. The Abel map [14] For any Z > E let ECa(Z) be the space of (analytic)
effective Cartier divisors on Z. Their supports are zero-dimensional in E. Taking the
line bundle of a Cartier divisor provides the Abel map ¢ = c(Z) : ECa(Z) — Pic(Z).
Let ECal,(Z) be the set of effective Cartier divisors with Chern class I’ € L/, i.e.
ECal,(Z) = c_l(Picl,(Z)). The restriction of ¢ is denoted by ' ECal,(Z) —
Pic’ (2).

Aline bundle £ € Pic!’ (Z) isin the image im(cl l) if and only if it has a section with-
out fixed components, that is, if HO(Z, L)reg # 9, where HO(Z, L)reg = HO(Z, L)\
UyH(Z — E,, L(—E,)). By this definition (see (3.1.5) of [14]) ECa’ (Z) # @ if and
only if —I" € 8§\ {0}. It is advantageous to have a similar statement for I’ = 0 too,
hence we redefine ECa®(Z) as {#}, a set/space with one element (the empty divisor),
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and  : ECaO(Z) — PicO(Z) by co(@) = Oyz. In particular,

H(Z, Leg #0 & L=0z & L e im(c®) whenever ¢;(£) = 0.
(2.2.1)

Hence, the extended statement valid for any [’ is:
ECa' (2) #£0 & —1'eS. (2.2.2)

Sometimes even for £ € Pic!’ (?) we write £ € Im(cl,) whenever L|7 € Im(cl/(Z))
for some Z >>> 0. This happens if and only if £ € Pic()~( ) has no fixed components.

It turns out that ECal/(Z) (=I" € &) is a smooth complex algebraic variety of
dimension (I, Z) and the Abel map is an algebraic regular map. For more properties
and applications see [14, 15].

2.2.3. The modified Abel map. Multiplication by Oz (—!") gives an isomorphism of
the affine spaces Picl/(Z ) — PicY(Z). Furthermore, we identify (via the exponential
exact sequence) Pic’(Z) with the vector space H 1(z,0).

It is convenient to replace the Abel map " with the composition

/ / z ’ ! ~
& ECa’ (2) <5 picd (2) P25 picd () = HY(O,).

The advantage of this new set of maps is that all the images sit in the same vector
space H'(Oy).

Consider the natural additive structure s'i*2 z) ECal (Z) x ECa® (Z) —
ECait2(Z) (!, I, € —8') provided by the sum of the divisors. One verifies (see
e.g. [14, Lemma 6.1.1]) that s'112(Z) is dominant and quasi-finite. There is a parallel
multiplication Pic'i (Z) x Pic2(Z) — Pic'it2(Z), (L1, L2) — L1 ® L, which
satisfies /172 o shila = (i ® cb in Piclith, This, in the modified case, using
Oz} + 1) = Oz(}) ® Oz (1)), reads as &1 o sl = &1 452 in H'(Oy).

Definition 2.2.4 For any I’ € —&’ let Az(l’) be the smallest dimensional affine sub-
space of H 1(©2) which contains Im('c‘il). Let Vz(l'), be the parallel vector subspace
of H'(Oy), the translation of Az (l’) to the origin.

Forany I C V, 1 # @, let (X1, or) be the multigerm )?/UuelEu at its distinguished
points, obtained by contracting the connected components of U, ¢ E, in X.IfI =0
then by convention (X, oy) is a smooth germ.

Theorem 2.2.5 [14, Prop. 5.6.1, Lemma 6.1.6 and Th. 6.1.9] Assume that Z > E.

(a) Forany —l' =" a,E} € §' let the E*-support of I’ be 1(I') :== {v : a, # 0}.
Then Vz(I') depends only on I (I'). (This motivates to write V7 (I') as V7 (I) where
I=1().)

(b) Vz(I1UD) = Vz(I)+Vz(I) and Az(I} +13) = Az(1)) +Az(y) = {a1 +ay :
ai € Az(l)) C HY(Oz), i = 1,2} (and a\ + ay is the sum in H'(Oz)).

(c) dim Vz(I) = h'(Oz) — hl(OZh;\,)-
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(d) Ifﬁgen is a generic bundle of Im(c! ") then h'(z, Egm) =h'(0y) —dim(Im(cl/)).
(e) Forn > 1 one has Im(c" ) = Az(nl"), and hN(Z, L) = h' (Oz) —dim Vz(I) =
h Oz, for any L € Im(c").

For different geometric reinterpretations of dim Vz (/) see also [14, §9].

2.3 Theorem 4.1.1 of [14] says that c!"(Z) is dominant if and onlyif x (=1I") < x(-=I'+
1) for any 0 < [ < Z. In particular, the dominance of ¢/ (Z) is a topological property.
If ¢! (Z) is dominant then ¢! (Z) is dominant for any 0 < Z’ < Z.

2.4. Review of Laufer duality [8], [10, p. 1281] Following Laufer, we 1dent1fy the
dual space H'! (X, Oz)* with the space of global holomorphic 2-forms on X \NEup
to the subspace of those forms which can be extended holomorphically over X.

For this, use first Serre duality H'(X, Og)* ~ H} (X, Q%). Then, in the next exact
sequence

0— H)(X. Q%) — H'(X. Q%) — HOX\ E, Q%) — H)(X. Q%) — H'(X. Q%)

HB(X, Q%) = HQ(X, O%)* = 0 by dimension argument, while H! (X, Q%) =0 by
the Grauert—Riemenschneider vanishing. Hence,

H'(X,03)* ~ H(X, Q%) ~ H'(X \ E, Q%) /H(X, Q%). (2.4.1)

2.4.2. Above HO(X \ E, Q%) can be replaced by HO(X, Q%(Z)) for a large cycle Z
(e.g.for Z > | Zk ]). Indeed, for any cycle Z > 0 from the exacts sequence of sheaves
0— Q%{ — Q%(Z) — Oz(Z + K%) — 0 and from the vanishing hl(Q%) =0and
Serre duality one has

HYQ}(2)/H (%) = HY(Oz(Z+ Ky) ~ H' (02",  (243)
Since H'(O) ~ H! (O3) for Z > | Zg |, the natural inclusion
H(Q%(2))/HY (%) — HO(X \ E.Q%)/H(9%) (2.4.4)

is an isomorphism.

This pairing reduces to a perfect pairing at the level of an arbltrary Z > 0,
cf. [14 7.4]. Indeed, consider the above perfect pairing (-, -) : H! (X O3) ®
HO(X \ E, Q% ) /HO(SZZ) — C given via integration of class representatlves
In H! (X OX) let A be the image of H! (X O3%(=2)), hence H! (X O3)/A =
H'(Oz). On the other hand, in HO(X \ E, Q% )/HO(QZ) consider the subspace
B := HO(Qi(Z)) /HO(Qi) of dimension hl(oz) (cf. (2.4.3)). Since (A, B) = 0, the
pairing factorizes to a perfect pairing H'(07) ® HO(Q% (Z))/HO(Q%) — C.Itcan
be described by the very same integral form of the corresponding class representatives.

2.4.5. The linear subspace arrangement {V;(/)}; C H 1(®,) and differential
forms. The arrangement {Vz(I)}; transforms into a linear subspace arrange-
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ment of H O(Qé (2))/ HO(Q%() via the (Laufer) non-degenerate pairing H 07 ®
HO(QZ)?(Z)) /HO(Q%() — C as follows. Let Q7 (I) be the subspace HO(QZ)N((ZW\ )
/HO(QZ)?) in HO(QZ)? (Z))/HO(Q%(), that is, the subspace generated by those forms
which have no poles along generic points of any E,, v € I. .

Proposition 2.4.6 [14, 8.3] Via Laufer duality Vz(I) = Qz()* = {x
(x,Qz(1)) =0} for Z > E.

2.4.7. Furthermore, for any I’ € —&’\ {0} consider a divisor D € ECa /(Z) which is a
union of (l E) disjoint divisors { D; };, each of them @) )z-reduction of reduced divisors
{D }i of X intersecting E transversally. Set D=U;D; and L := (D) e H'(Oy).
Write also Z = ) .y 1o E,.

We introduce a subsheaf Q%(Z)ng685 of Q%(Z) consisting of those forms w
which have the property that the residue Resp (w) has no poles along 51’ for all
i. This means that the restrictions of Q%(Z)regResB and Q%(Z) on the complement
of the support of D coincide, however along D one has the following local picture
Introduce near p = EN D =E,N D local coordinates (u, v) such that {u = 0} =
and D; has local equation v. Then a local section of 92 (Z) in this system has the

formw =) . ;20 kvidu A dv. Then, by deﬁmtlon the residue Res . (w)
is (w/dv)|y=0 = Zk ag,ou”c kdu, hence the pole-vanishing reads as a0 = 0 for all
k < 0. Note that 92 (Z — D) and the sheaf of regular forms 92 are subsheaves of
Qi (Z)regResD‘ N N

Set (D) := HO(X, Q%(Z)feg“e%) JH(X, 92}). This can be regarded as a sub-
space of H'(02)* = HO(X, Q%(Z))/HO()?, Q%).

Theorem 2.4.8 [14, Th. 10.1.1] In the above situation one has the following facts.

(a) The sheaves Q% (Z)regR°S5/92§ and Oz(K3 + Z — D) are isomorphic.

(b) HY(Z, £)* ~ Qz(D).

(c) The image (Tp¢)(TpECa' (Z)) of the tangent map at D of € : ECal (Z) —
HY(Oy) is the intersection of kernels of linear maps Trow : T H' (Oz) - C,
where w € HY(X, Q%(Z)regRe%).

If I is the E*-support of I (that is, D intersects E exactly along U,es E,), then
Qz(I) C Qz(D) C H'(Oz)*. Dually, via Proposition 2.4.6 and Theorem 2.4.8(c)
(and up to a linear translation of Im(7p¢))

(Tpd)(TpECa' (2)) = Qz(D)* € Qz()* = Vz(I) c H'(Oz). (2.4.9)

Let us fix a point p € E and a local coordinate system (u, v) around p such that
E = {u = 0}, cf. 2. Fix also some w € Ho(f, Q%(Z)) which has pole of order
o > 0 at the exceptional divisor in E containing p. We say that (the divisor of) w
has no support point at p if it can be represented locally as (¢(u, v)/u®)du A dv with
¢ holomorphic and ¢ (0, 0) # 0. The other points are the support points denoted by
supp(w).
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Lemma 2.4.10 Fixw € Ho(i, QZX(Z)) such that there exists a point p € E,, a local
divisor Dy in X with the following properties:
(a) é] is part of certain D = 5] + 52, such that 5] NE = 51 NE, =p ¢
Dy U supp(w), and
() D isalift of D € ECa' (Z), and the class of » in H(X, Q%(2)) JHO(X, Q%)
restricted on ImTDE{/ (Z2) is zero.
Then w has no pole along E,,.
Proof Assume that w has a pole of order 0 > 0 along E, . Fix some local coordinated
(u,v) at p :== Dy N E, such that w locally is du A dv/u® and D is {g(u, v) = 0}. A
deformation g;(u, v) of g produces a tangent vector in TDECal/(Z ) and the action of
w on it is given by (for details see [14, 7.2])

, dund
/ log gi(u, v) dun v @2411)
=0 Juuj=e,pl=e g, v)  u’

d
dt

Hence if we realize a deformation g; for which the expression from (2.4.11) is non-
zero, we get a contradiction. Note that g necessarily has the form cvf +3",_, c,v" +
uh(u, v) = cv*+h'forsomek > 1,¢, € Candc € C*. Thenset g; = c(v—ru®~ ¥+
h’. Then the z-coefficient of the integrant is W -(1— % + (%)2 —--+), hence
(2.4.11) is non-zero. O
Definition 2.4.12 Additionally to the linear subspace arrangement {Qz([)}; C
HO(QZ)?(Z))/HO(Q%() ~ H'(Oz)* we consider a more subtle object, a filtration
indexed by I € L, 0 < [ < Z as well, called the multivariable divisorial fil-
tration of forms. Indeed, for any such [ we define G, = HO(Q%((Z))/HO(Q%() C
HO(Q%(Z))/HO(Q%(), equivalent to H'(O0))* — H'(Oz)*, dual to the natural epi-
morphisms H'(Oy) — HY(O)). In particular, G; ~ H'(O;)*. The subspace G is
generated by forms with pole < /. In particular, Gy = 0, G is the total vector space,
G, C Gy, whenever [y < I, and G, N G, = Gminyy ,1)-
Note that if [ = Zu¢1 ryEy and all v, 3> 0 then Ging.z) = Qz ().

3 The first algorithm for the computation of dim Im(c" (2))

3.1.Wefix Z > E and !’ € —&’ as above.

Definition 3.1.1 Forany!’ € —&’ with E*-support I (¢ C I C V) we set the following
notations: ez (") = ez (I) := dim Vz(I') = dim Vz(I) and dz(!") := dim Im(c’ (2)).

From definitions and Theorem 2.2.5 and Proposition 2.4.6 (see also 2.4.9) we obtain

(i) dz(l") < ez(l"

3 1 1 1 . (3.1.2)
(ii) ez(I) =h (Oz) —h (Oz,,) = h (Oz) —dim Qz(]).

Usually dz(I") # ez(l’). The next lemma provides a criterion for the validity of the
equality dz(I') = ez (l').
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Lemma3.1.3 Let!" € —S" with E*-support I and Z > E. Assume that L is a regular
value of @ in Im(&") such that for any o € H°(X, Q%((Z)) there exists a section

seH O(.C)reg such that div(s) N supp(w) = @. (This is guaranteed e.g. if the bundle
L has no base points.) Then Tr(Im&' ) = Az ('), hence dz(I') = ez (l').

Proof Since L is a regular value, £ is a smooth point of Im(Ei/) and Tglm(Ei/) =
Im(Tpc! ) forany D € (@)1 (L) (cf. [14, 3.3.2]). We have to prove that T,Im(¢! ) =
Az(l') (as affine subspaces); we prove the dual identity in the space of forms, namely,
(TgIm(E{/)J- = Qz (/) (up to a linear translation, see (2.4.9)).

Assumethecontrary,thatis,(T[;Im('é’l/))L #= Qz(I).SinceQz (1) C (T[;Im('é’l/))L
(the duality integral on Q7 (1) x TLIm(E'I,) is zero, cf. [14, 7.2] or (2.4.9)) we get,
that there is a form » € (TIm(@ )1\ Qz1).

Next choose D € ('El,)_l(ﬁ) such that its lift D satisfies D N supp(w) = @. But
w € (TeIm@))* = Am(Tpd )L and w ¢ Q7 (1) contradict Lemma 2.4.10. O

In this section we provide an algorithm, valid for any analytic structure, which
determines dz (I’) in terms of a finite collection of invariants of type ez (I’), associated
with a finite sequence of resolutions obtained via certain extra blowing ups from X.

3.2. Preparation for the algorithm Fix some resolution X of (X,0) and =’ =
Y vey @ Ey € S'\{0} (henceeacha, € Z>0). Inthe next construction we will consider
afinite sequence of blowing ups starting from X . In order to find a bound for the number
of blowing ups recall that for any representative w in H O(X \ E, Qz)?) /H 0(X, 92)?)
the order of pole of w along some E, is less than or equal to the E,-multiplicity m,
of max{0, | Zk |} (see e.g. [14, 7.1.3] or 2 here). Then, for every v € V with a, > 0
we fix a, generic points on E,, say py,, 1 < ky < a,. Starting from each p, ¢,
we consider a sequence of blowing ups of length m,: first we blow up p, , and we
create the exceptional curve Fy i, 1, then we blow up a generic point of F, x, 1 and
we create Fy x, 2, and we do this all together m, times. We proceed in this way with
all points p, x,, hence we get Zv a, chains of modifications. If a,m, = 0 we do no
modification along E,,. A set of integers s = {Sy x, }veV, 1<k, <q, With 0 < 8, < m,
provides an intermediate step of the tower: in the (v, k) tower we do exactly s, ,
blowing ups; s, x, = 0 means that we do not blow up p, «, at all. (In the sequel,
in order to avoid aggregation of indices, we simplify k, into k.) Let us denote this
modification by 7g : Xg — X. In X we find the exceptional curves

(Ue)ulJ U Fore

veV v,k 1<t<syx

We index the set of vertices as

Ve:=VUl ] | tworsd

vk 1<t<syi

At each level s we set the next objects: Zs := nf(Z), Is := Uni{wy ks, 1 }» —lg =
Dok F;,k,su,k (in L}, where Fy x0 = Ey), ds := dim Imch (Zs)
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and es := ez, (Is) (both considered in ?s).

By similar argument as in (3.1.2) one has again ds < e for any s.

From definitions, for s = 0 one has Iy = |I'|, eg = ez (I") and dy = dz(I').

There is a natural partial ordering on the set of s-tuples. Some of the above invariants
are constant with respect to s, some of them are only monotonous. E.g., by Leray
spectral sequence one has 1! (O 7)) = h'(Oy) for all s. One the other hand,

if 51 <sythenes, =h'(Oz,) —dim Qz, (Is) = h'(Oz,)) — dim Qz, (Is,) = e,
(3.2.1)

because stl (Is;) C QZSZ (Is,). In fact, for any w, the pole-order along Fy x s, ,+1
of its pullback is one less than the pole-order of w along F s, . Hence, for s = m
(that is, when s, y = m,, for all v and k, hence all the possible pole-orders along Iy,
automatically vanish) one has Qz, (Im) = Ho(fm, Q% (Zm))/HO(Qz)? ). Hence
em = 0. In particular, necessarily dy = 0 too. " "

More generally, for any s and (v, k) let s** denote the tuple which is obtained from
s by increasing s, ; by one. By the above discussion if no form has pole along F i s
then Q7 (ls) = Qz,, (Ipx), hence es = egux. Furthermore, by Laufer duality (or,
integral presentation‘ of the Abel map as in [14, §7]), under such condition ds = dgv.x
as well.

Therefore, we can redefine es and ds for tuples s = {s, }y x even for arbitrary
Sk = 0: es = emings,m) and ds = dmin{s,m) (and these values agree with the ones
which might be obtained by the first original construction applied for larger chains of
blow ups).

The next theorem relates the invariants {ds}s and {eg}s.

Theorem 3.2.2 (First algorithm) With the above notations the following facts hold.

(1) ds —dgx € {0, 1}.

(2) Iffor some fixed s the numbers {dg.x }y i are not the same, then ds = max, i{ dgx}.
In the case when all the numbers {dg 1}y x are the same, then if this common value
dgo.k equals es, then ds = es = dgx; otherwise ds = dg.x + 1.

The proof of Theorem 3.2.2 together with the proof of Theorem 4.1.2 (the ‘Second

algorithm’) from the next section will be given in a more general context in section 8.

3.2.3 Theorem 3.2.2 is suitable to run a decreasing induction over the entries of s
in order to determine {ds}s from {eg}s. In fact we can obtain even a closed-form
expression.

Corollary 3.2.4 With the notations of Theorem 3.2.2 one has ds = ming<g<m{[S —s| +
es} forany 0 <s < m. (Here |s| = Zv,k Sv.k,-) In particular,

dz(I') =dy = min {[s| + es}.
0<s<m

(By the end of 3.2 one also has ming<z<m{[S — s| + €5} = ming<x{[S — s| + e3} and
ming<s<mf{|S| + es} = ming<s{|s| + es}.)
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Proof By Theorem 3.2.2(1) for any S > s one has ds — ds < [§ — s|, and by (3.1.2)
ds < ez. These two imply ds < [§ — s| + eg, hence ds < ming<z<m{[S — s| + e}
Next we show that dg in fact equals [S — s| + ey for some §. The wished § is the
last term of the sequence {s,-}ﬁz0 constructed as follows. Set sgp := s. Then, assume
that s; is already constructed, and that there exists (v, k) such that ds;, = d(si)v.k + 1.

Then sets; 1 := (s;)V"* (for one of the choices of such possible (v, k)). This inductive
construction will stop after finitely many steps (since each ds > 0). Butif ds, = d g,
for all (v, k), then by 3.2.2(2) ds, = es,. Hence es, = ds, = ds — [s; — s|. O

4 The second algorithm for the computation of dim Im(c’ (2))

4.1. Preparation The algorithm from the previous section determines the dimensions
of the Abel maps dz(l') in terms of a finite collection of invariants of type ez (1)
associated with a finite sequence of resolutions obtained via certain extra blowing ups
from X. Though, in principle, ez (I") is much simpler than dz(I") (it is the ‘stabilizer’
of dz(l')), the algorithm is still slightly cumbersome, it is more theoretical, it is not
easy to apply in concrete examples: one needs to know all the integers {es}s, that is, cf.
Proposition 2.2.5, all the integers {h' (OZglyq 1, s associated with the tower of blowing
ups. (However, it is a necessary intermediate step in the proof of the new algorithm).

The new algorithm is considerably simpler, e.g. it can be formulated in terms of
the resolution X (see also the comments below). It provides dz(I’) in terms of the
filtration {G;}; of 2-forms.

As a starting point, consider the construction from 3. For any s define the cycle
ls € L of X by

s = min{ Z | min {Syx,} Ey, Z} elL.
veV

<ky<ay

Set Gs := Gy, and g := dim G as well. Note that (via pullback) there is an inclusion
Gs C Qgz,(Is). Indeed, if the pole order of certain w along E, is < s, , then its
pullback along Fykyso, has no pole. Hence g5 < dim Qz (Is) = h(O4) — e too
(cf. (3.1.2)). In particular,

ds < es < h'(Oz) — gs. @.1.1)

However, in principle it can happen that for a certain @ with even higher pole than /g
its pullback is in Qz,(fs). E.g., if @ in some local coordinates (u, v) of an open set
U is vdu A dv/u® (and U N E = {u = 0}) then its pullback via blowing up (once)
at u = v = 0 has pole order o — 2. This phenomenon can happen even if we blow
up a generic point: imagine a family of forms w; with ‘moving divisor’, parametrized
by ¢ given by (v — t)du A dv/u’. Then, even if we blow up E at a generic point
u = v —ty = 0, in the family {w,}; there is a form w;, whose pole along E, is o
while its pullback has pole o — 2. Hence the equality of subspaces Gs C Qz,(Is), or
the equality eg = Oy — gs 1s subtle and it is hard to test.
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Note also that the invariant 2'(O7) — gs conceptually (and technically) is much
simpler than es. E.g., it depends only on v = ming, <4, {S,«, }, and it can be described
via a cycle of X (namely /) instead of the geometry of the tower X;. Nevertheless, via
the next theorem, it still contains sufficient information to determine ds, in particular
dz(!"). In order to emphasize the parallelism between the two algorithms we formulate
them in a completely symmetric way (in particular, the first parts are completely
identical).

Theorem 4.1.2 (Second algorithm) With the above notations the following facts hold.

(1) ds —dgx € {0, 1}.

(2) Iffor some fixed s the numbers {dg.x }y k are not the same, then ds = max, i{ dgx}.
In the case when all the numbers {dg i}y x are the same, then if this common value
dgo.k equals W' (Oz)—gs, thends = h' (Oz) — g = ks otherwise ds = dgx + 1.

For the proof see Sect. 8.

Corollary 4.1.3 With the notations of 4 and of Theorem 4.1.2, forl’ € —S" and Z > E
one has

dz(l') = min{|s| + h'(Oz) — gs ). (4.1.4)

The proof runs similarly as the proof of Corollary 3.2.4.
The formula (4.1.4) can be rewritten in a different flavour.

Corollary 4.1.5 Forl' € —S’ and Z > E one has

dz (') = O<nzlilriz{ (', Z1) + K1 (Oz) — ' (Oz) ). (4.1.6)

Proof From 2.4.12 g = dim Gs = h'(0),) and also |s| > Y o,avls)y = (', 1), and
0 < s < Z, hence ming{|s| + h'(Oz) — gs} > ming<z,<z{ (', Z1) + h'(Oz) —
hl(Ozl) }. The opposite inequality is also true since any such Z; can be represented
as a certain [s with [s| = (', ). O

Example 4.1.7 (1) (cl/(Z) constant) For any 0 < Z; < Z one has (I, Z;) > 0 and
W0z > hl(Ozl), hence dz (') = 0 happens exactly when there exists Z; with
(', Z)) + h'(Oz) — h'(Oz) = 0, 0or, (', Z)) = 0 and h'(Oz) = h'(Og,). This
means that Z; < Z|y\, where [ is the E *-support of I/, a fact which (together with
h'(Oz) = h'(Oz,)) implies h'(Oz) = h'(Og,,,,) too. Hence, dz(I') = 0 if and
only if 2'(Oz) = h'(Ogz)y,,,). This is exactly the statement of [14, 6.3(v)].

(2) ¢!’ (Z) is dominant if and only if d7(I') = h'(Oy), hence, via (4.1.6), if and
only if hl((’)zl) < (', Z)) forany 0 < Z; < Z. This can be seen in a different
way as follows. First, if cl/(Z) is dominant, then, for any 0 < Z; < Z, cl/(Z 1)
is dominant too, hence (I’, Z;) = dim(ECal,(Z 1)) > dim(H 1(021))- Conversely,
if (I',Z1) > h'(Ogz,) and Z; > 0 then (', Z1) — h'(Oz,) > —h%(Oz,), that is,
x(=1") < x(=' + Z1), hence ¢! (Z) is dominant by [14, Thm. 4.1.1], cf. 2 here.
Note that the characterization 2 for dominant property is topological.
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(3) By (4.1.6) Im(cl/(Z)) is a hypersurface if and only if ming<z,<z{(!’, Z1) —
h'(Oz,)} = —1.Since i°(Oz,) > 1, thisimplies that x (—1) = ming<;<z x (—I'+1).

The converse statement is not true: take e.g. a Gorenstein elliptic singularity with
length of elliptic sequence m + 1. (For elliptic singularities consult [16—18]. For more
on the Abel map of elliptic singularities see [16].) Set Z > 0 and —I' = Zin,
the fundamental (minimal) cycle. Then Im(cl/(Z)) = land h'(2) = pg =m+ 1.
However, x(Zmin) = Ming<i<z X (Zmin + 1) = 0. Therefore, if m = 1 then Im(c")
is a hypersurface, but for m > 2 it is not. It is instructive to consider with the same
topological data (elliptic numerically Gorenstein singularity with m > 1, Z > 0,
—1" = Zyin) the generic analytic structure. Then p, = 1 (cf. [10, 15]) but Im(c[/(Z))
is a point (this follows from part (/) too). Hence Im(cl/ (Z2)) is a hypersurface for any
m > 1. In particular, the property that Im(c'(Z))isa hypersurface is not a topological

property.

Example 4.1.8 (Superisolated singularities) Assume that (X, o) is a hypersurface
superisolated singularity associated with an irreducible projective curve whose link is
arational homology sphere. More precisely, (X, 0) = {F(x1, x2, x3) = 0}, where the
homogeneous terms F; of F are as follows: {F; = 0} defines an irreducible rational
cuspidal curve in CP? and {F;41 = 0} N Sing{F; = 0} is empty in CIP?. (For details
see [11, 12, 14].) Consider the minimal good resolution and let E( be the irreducible
exceptional curve corresponding to C (the exceptional curve of the first blow up of
the maximal ideal). Assume that [’ = —kE(’; for some k > 1 and Z > Zg. For any
m = (my,mp, m3) € Z3>0 write [m| = ), m;. Then by the discussion from [14,
11.2] one has the following facts: pg =d(d—1)d—-2)/6 =#{m : Im| < d — 3},
this is exactly the cardinality of the set of forms of type x™w, where w is the Gorenstein
form. The pole order of w along E is d — 2, and the vanishing order of x™ along E
is |/m|. The classes of the forms {x™w}y constitute a basis in HO(SZ%((Z))/HO(Q%).
Hence, for0 <s <d—2onehas gg =dimGsg, =#m:d -2 —s < |m| < d — 3}
and ' (Oz) — g5 = (d?). In particular,

dz(~kE) = min fks + (13°)).

m
<s<d-2

In[14, 11.2]dz(—kEg) was computed in a different way as 2‘};3 min{k, (/ ;2) }. The
identification of the two numerical answers is left to the reader. (Use th:o (/ ;“2) =
(t+3) ) '

37)-
Example 4.1.9 For weighted homogeneous germs (and I’ = —kE[}, where E is the

central vertex of the star shaped graph) dz(I") was computed by a similar method in
[14, §12].

Remark 4.1.10 (1) In Theorems 3.2.2 and 4.1.2 (and Corollaries 3.2.4 and 4.1.3 as
well) the functions s — es and s — h'(Oz) — gs serve as ‘test-functions’: “if this
common value dg.« equals the test value, then ds = dg.«, otherwise ds = dg.x + 17.
Via this fact in mind, the second algorithm is rather surprising: the test function for
each fixed v depends only on s = ming<k,<q, Sv.k, = (ls)v, hence does not depend
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on the number of integers {s, k, Jo<k,<a, > O, on a,. However, the final output, namely
ds (and the right hand side of (4.1.4) and the algorithm itself) do depend on I’. We
encourage the reader to work out the algorithm for an example when a, > 2 (say, for
—I' =2E}).

(2) Notice that the formulas ming(|s|+4' (Z) — gs) and ming(|s|+es) can be defined
without any restriction on the numbers gs and eg, however in our case these numbers
are restricted. For example we have ming=g, (S| — [s1 |+ h(z)— gs) — mins>s?,k (s =

sll)’k| + h'(Z) — gs) € {0, 1) for all v, k,s;. Or, gg < |s| for all s if and only if
x (=) < x(=U'+ 1) forall Z>1 > 0 (cf. Example 4.1.7(2)).

(3) (Bounds for codimIm cl/(Z)) In some expression the codimension of
Im(c' (Z)) appears more naturally. E.g., we have the following two general state-
ments from [14, Prop. 5.6.1] (under the conditions of Corollary 4.1.5):

(@) h'(Z, £) > codim Im(cl/(Z)) forany £ € Im(cl/(Z)). Equality holds whenever
L is generic in Im(c’/ (2)).

(b) codimIm ¢! (Z) > x(=1') — minp<;<z x(—I' + 1), and this inequality is strict
whenever cl/(Z) is not dominant. (This can be compared with the discussion from
Example 4.1.7(3).)

Note that Corollary 4.1.5 reads as:

codimIm(c’ (2) = max (h'(Oz) — (', Z1)). @.1.11)
0<Z,<Z

4.1.12. Before we state the next theorem let us emphasise the obvious fact that for
any 0 < Z; < Z the natural restriction (linear projection) r : H "0, - H 1((921)
is surjective, hence for any irreducible constructible subset C; C H 1 (Oz,) one has
dimr~1(Cy) —dim C; = h' (Oz) — h'(Oz).

However, though the restriction of 7 to Im(c! (Z)) — Im(c' (Z})) is dominant, in
general dim Im(cl/(Z)) can be smaller than dim r~! (Im(cl,(Zl ).

4.1.13. It is instructive to see that certain extremal geometric phenomenons (indexed
by effective cycles) are realized by the very same set of cycles.

Lemma 4.1.14 The following three sets of cycles coincide (for fixed Z > E and
I" € =8’ as above):

(1) the set of cycles Z1 with 0 < Z1 < Z realizing the minimality in (4.1.6), that is:
dz(I") = (', Z) +h'(Oz) — ' (Oz)).

(II) the set of cycles Z1 with 0 < Z1 < Z such that (i) the map ECal/(Z) —
H! (Oz,) is birational onto its image, and (ii) the generic fibres of the restriction of
r, rim Im(c! (Z)) — Im(c! (Z1)), have dimension h'(Oz) — k' (Oz,). (That is, the
fibers of r'™ have maximal possible dimension.)

(I1l) the set of cycles Z1 with 0 < Z; < Z such that for the generic element
£;’Zn € Im(cl/(Z)) and arbitrary section s € H(Zy, E;’Z”)reg with divisor D (i)
in the (analogue of the Mittag—Lefler sequence associated with the exact sequence
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0> Oz, =5 £im - Op — 0, of [14, 3.2]),

gen

0 HOz) =5 HO(z), Lim) — CP 25 HYOg) — h'(24, L) — 0

gen

8 is injective, and (ii) h' (Z, E;’Zn) =hnl(z,, E;’;’n .
Proof For (I)=(II) use the following. First recall that dim ECal (Z") = (I, Z) for
any effective cycle Z’. Next, from (4.1.6), there exists an effective cycle Z; < Z,
such that dim Im(c' (Z)) = (I, Z1) + h' (Oz) — h' (Oz,). But dim(Im(c’ (Z}))) <
dimECa’ (Z)) = (', Z)) (cf. 2) and dim(Im(c’ (Z))) — dim(Im(c (Z)))) <
h'(Oz) —h! (Oz,). Hence, necessarily we have equalities in both these inequalities.
(I)<=(1I) is similar.

For (II)(i)<(III)(i) use the fact that § is the tangent application TDImcl/ (Zy) at D,
cf. [14, 3.2], and for (I1)(ii)<(IIT)(ii) use Remark 4.1.10(3)(a). m]

4.2. Structure theorem for the Abel map The geometric interpretation from
Lemma 4.1.14(II) has the following consequence.

Theorem 4.2.1 (Structure theorem) Fix a resolution X, a cycle Z > E and a Chern
class I’ € —S' as above.

(a) There exists an effective cycle Z1 < Z, such that: (i) the map ECal/(Zl) —
H'(Z)) is birational onto its image, and (ii) the generic fibres of the restriction of r,
pim . Im(cl/(Z)) — Im(cl/(Zl)), have dimension h'(Oz) — hl((’)zl). (Cf. Lemma
4.1.14(1D).)

(b) In particular, for any such Z, the space Im(cl/(Z)) is birationally equiva-
lent with an affine fibration with affine fibers of dimension h'(Oy7) — hl(Ozl) over
ECa" (7).

(c) The set of effective cycles Z| with property as in (a) has a unique minimal
and a unique maximal element denoted by Cyiy (Z,1") and Cypax(Z, 1'). Furthermore,
Cnin(Z,1") coincides with the cohomology cycle of the pair (Z, E;’;’n) (the unique

minimal element of the set {0 < Zy < Z : h'(Z, L") = h'(Zy, L)) for the

gen gen
generic ,Cfg"gn e Im(c' (2)).

Proof (a)Use Lemma 4.1.14.

(c) Assume that two cycles Z1 and Z; satisfy (a). We claim that Z’ := max{Z1, Z»}
satisfies too.

First, for any cycle Z” with Z| < Z" < Z, if Z; satisfies (a)(ii)

then Z” satisfies too. This applies for Z’ too. To prove (a)(i) for Z’, let us denote
by ECa[/(Z” )o C ECall(Z/ ") the set of divisors whose support is disjoint from the
singular points of E. If ' = )" a,E} then ECa!' (2)y = I ECa®£0(Z),. Using
this fact one shows that the product ECa (Z"h — ECa (Z1) % ECal/(Zz) of the two
restrictions ECal/(Z/ ) — ECa[/(Zj) (j = 1, 2) is birational onto its image (Biolm).
This composed with the product of the maps ECa (Z)) > H 1 (Z1) and ECa’ (Z>) —
H'(Z,) (both Biolm) guarantees that ECa! (Z') — H'(Z;) x H'(Z,) is Biolm too.
This map writes as the composition ECa’ (Z') — HY(Z') — H'(Z)) x H'(Z»),
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hence the first term ECal,(Z "y = H'(Z’) should be Biolm. Hence the claim and the
existence of Cyux(Z,1") follows.

In order to prove the existence of Cyin(Z, 1), first we claim that the set of cycles
Zi which satisfy (a)(ii) has a unique minimal element sz. This fact via Remark
4.1.10(3)(a) is equivalent with the existence of the (unique) cohomological cycle for
the pair (Z, Lim ). This was proved in [14, 5.5], see also [25, 4.8]. Next, we claim

gen

that the map ECa’ (Z!. )y — H'(Z!l. ) is Biolm as well. From the existence of
the cycle Cyax (-, ') (already proved above), applied for Zﬁriin, there exists a cycle
Cmax(Zfr’;m, N < Z;’;m, which satisfies (a). In particular, (a)(ii) is valid for the pair
Cimax(ZI, 1) < Z!1. . By the definition of Z!', the condition (a)(ii) is valid for the
pair Z!). < Z too. Hence, (a)(ii) is valid for the pair Cyax(Z),; . 1) < Z as well.
Therefore, by the definition of Zii necessarily C,qx (Zii hence Zi

N 7ii
min min’ l ) - Zmin’ min

satisfies (a). O

5 Example: The case of generic analytic structure

5.1. Letus fix the topological type of a good resolution of a normal surface singularity,
and we assume that the analytic type on X is generic (in the sense of [15], see [9] as
well). Recall that in such a situation, if Z’ = ) n, E, is a non-zero effective cycle,
whose support |Z'| = Un,20Ey is connected, then by [15, Corollary 6.1.7] one has

(Oz)=1— min  {x(D)})
|Z2'|<I<Z', leL

Corollary 5.1.1 Assume that X has a generic analytic type, Z > E an integral cycle
and!l" € —S'. For any 0 < Z| < Z write E|z,| for ZEUC‘Z” E,. Then

dz(I'y=1- Juin {(xO}+ min (. z)+ g min  (x(D) = x(Eiz,) ).

1z 1=l=

(5.1.2)

In particular, dz (') = dim(Imcl,(Z)) is topological.
Let us concentrate again on the codimension (O —dz (') of Im(cl/ (Z2)) C Pic!’ (Z2)
instead of the dimension. Then, (5.1.2) reads as

codimIm(Cl’(Z)) = Osn%?)s(z{ -,z - . m<in 2 {x(D} + x(E\z,) }

1z 1=l=

(5.1.3)

This is a rather complicated combinatorial expression in terms of the intersection
lattice L. The next lemma aims to simplify it.

Proposition 5.1.4 Consider the assumptions of Corollary 5.1.1. Let Z| be minimal
such that the maximum in (5.1.3) is realized for it. Then minE‘Z1 \<I<Z, {x(OH} = x(Zy).
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In particular,

codim Im(c' (Z)) =O<n%?§z{ — ', Z) —x(ZD) + x(Eiz) ). (5.15)

The maximum at the right hand side is realized e.g. for the cohomology cycle of
£im e Im(c! (2)) C Pict (Z). Furthermore,

gen

W'z, L) > og?ﬁz{ —('.Z1) = x(Z) + x(Ejz,)) } (5.1.6)

forany L € Im(cll(Z)) and equality holds for generic LI € Im(cl/(Z)).

gen
Proof Assumethattheminimumming‘zﬂslfz1 {x (D} = x(Zy)isrealized by somel;.
Then (I', Z1) = (I, 1) (since I € =8'), ming, | <1<z, {x (D} = ming, <1<, {x D}
and x(E\z,) = x(Ey,) hence —(I', Z1) — ming, <<z, {x(D} + x(Ejz,) =
-, ) — minEu”slsll {x(D} + x(Ey,). Since the maximality in (5.1.3) is real-
ized by Z, which is minimal with this property, necessarily Z; = [;. Next,

max {— (', Z)—  min _ {x(D}+ x(Ez;)} =

0<Z,<Z Ejz,1=I=Z)
/!
0512?)5(2{ (', Z1) = x(Z1) + x(Ejz,D}-

But the maximum at the left hand side is realized by a term from the right.
For the last statement use again Remark 4.1.10(3)(a). O

5.2. The identity (5.1.5), valid for a generic analytic structure of X, extends to an
optimal inequality valid for any analytic structure.

Theorem 5.2.1 Consider an arbitrary normal surface singularity (X, 0), its resolu-
tion X, Z > E andl' € —S'. Then codimIm(c' (2)) = h'(Z, Li2,) (cf. Remark
4.1.10(3)(a)) satisfies

codimIm(c! (2)) = max { =, Z) = x(Z)+x(Ezp ). (522)

In particular, for any L € Im(c!' (Z)) one also has (everything computed in )N()

W'z, L) = h'(Z, Ly

gen

= codimIm(c’(2)) = max | (. Z0) = x(Z) + x(Ez) ). (523)

Note that the right hand side of (5.2.2) is a sharp topological lower bound for
codim Im(c! (Z)). The inequality (5.2.2) can also be interpreted as the semi-continuity
statement

codim Im (cl ' (Z))(arbitrary analytic structure)

> codim Im(cl,(Z ))(generic analytic structure).
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Proof Consider the identity (4.1.11) applied for an arbitrary X and for the generic X,
denoted by Xg.,. Then, by semi-continuity of h! (Oz,) with respect to the analytic
structure as parameter space (see e.g. [15, 3.6]), for any fixed effective cycle Z Z) >
0, h! (Oz,) computed in X is greater than or equal to ! (Oz) computed in X gen-

Therefore, by (4.1.11) one has codim Im(c! (Z))(m X) > codim Im(¢! (Z))(ln Xge,,).
Then for X, apply (5.1.5). O

Remark 5.2.4 Certain upper bounds for {1'(Z, £)} repic (2 valid for any analytic
structure, were established in [14, Prop. 5.7.1] (see alo Remark 5.3.3). However, an
optimal upper bound is not known (see [22] for a particular case). Large i !-values are
realized by special strata, their existence is extremely hard to detect.
5.3. The cohomology of Efg’fn (I) Assume that Z > E, [’ € —S’ and let Efg’fn be a
generic element of Im(c! (_Z)). If the analytic structure of (X, 0) is generic, then by
Proposition 5.1.4 h'(z, E’g’gn) = tz(l'), where 1z(l) is the topological expression
from the right hand side of (5.1.5).

Our goal is to give a topological lower bound for 2! (Z, £), where £ := £ (I) =

gen
£im @ O) e Picl/‘H(Z) whenever [ € L~ . In this way we will control the generic

gen
element of the ‘new’ strata O(/) ® (Im(cl/(Z))) of Pic/*! (Z), unreachable directly
by the previous result. Our hidden goal is to construct in this way line bundles with
‘high’ h'.

For simplicity we will assume that all the coefficients of Z are sufficiently large
(even compared with /, hence the coefficients of Z —/ are large as well). The monomor-

phism of sheaves £/ ;= L (1) givesh®(Z—1, £im ) < h9(Z, £ (1)), hence

gen |z gen gen gen

WNZ =1L + x(Z — 1. L) < hNZ. L, () + x(Z. £, (D).
By a computation regarding x this transforms into

W' (Z, Ly, 1) = KN (Z =1, L) + x (=1 = 1) = x(=1).

If X is genericand Z, Z — [ >> Othen h'(Z — 1, £ ) = t7_;(I') = tz(I"), hence

gen
h'(z, Egen(l)) >t7() — x (=) + x (=" = D). (5.3.1)

E.g., with the choice [l = =1’ € §' N L~ we get that E;,’zn( —1'y € Pic’(Z) and
h'(z, E;’Z’n( —1") = tz(1") — x(=1". (5.3.2)

Remark 5.3.3 By [14, Prop. 5.7.1] for Z > 0, L € Pic(Z) with ¢;(£) € —S’ one
has h'(Z, L) < Dg Whenever either HYZ,L) =0or L € Im(cl/(Z)). For other
line bundles a weaker bound is established (see [loc. cit.]), which does not guarantee
hl(L) < pg- However, it is not so easy to find singularities and bundles with h(L) >
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D in order to show that such cases indeed might appear. In the next 5.3.4 we provide
such an examples (with a recipe to find many others as well) based partly on (5.3.2).

Example 5.3.4 Assume that we can construct a nonrational resolution graph (that is
a graph, which does not satisfy Artin’s criterion of rationality) which satisfies the
following (combinatorial) properties, valid for certain Z > 0 and !’ € —S' N L:

(a) tz(1") = x(=I') —min x(=I" +1) + 2, and
10 (5.3.5)
(b) —1' <max M, where M :={l € L-¢ : x(I) = min x}.

Now, if we consider the generic analytic structure supported on this topological type,

then min;>¢ x (=1’ +1) @ min x = 1 — p, (for the second identity use [15, Cor.

5.2.1]), hence tz(I") — x (=1 (g —1+ pg+2 = pg + 1. This combined with (5.3.2)
gives h'(Z, L (1) > pg.

Next we show that (5.3.5) can be realized. Consider two copies ' and I'; of the
following graph

The wished graph I' consists of I'y, ['> and a new vertex v, which has two adjacent
edges connecting v to the (—13)-vertices of I'y and I';. Let the decoration of v be
—b, where b, > 0. One verifies that the minimal cycle is Z,,;, = (b, —2)E}, whose
E,-multiplicity is 1. We set —!" := Z,;,. Since max M € S,, C &’ N L (cf. [15,
5.7]) we get that —I" = Z,,;, < max M. One verifies that x (Z,,;,) = —3 (e.g. by
Laufer’s criterion), and also that min x = —5 (realized e.g. for 2Z,,;,, — E)). Therefore
X (=1"y —min;sg x (=’ +1) +2 = =3+ 542 = 4. On the other hand, the expression
(under max) in (5.1.5) for Z1 = Z,,;n('1) + Zmin('2) supported on I" \ v is 4, hence
tz(1") = 4.

6 Geometrical aspects behind the lower bound Theorem 5.2.1

6.1. Let us discuss with more details the geometry behind the inequality (5.2.2). Along
the discussion we will provide a second independent proof of it and we also provide
several examples, which show its sharpness/weakness in several situations. Similar
construction (with similar philosophy) will appear in forthcoming manuscripts on the
subject as well. The construction of the present section shows also in a conceptual
way how one can produce different sharp lower bounds for sheaf cohomologies (for
another case see e.g. Sect. 7).

We provide the new proof in several steps. First, we define a topological lower
bound for codim Im(cl,(Z)), which (a priori) will have a more elaborated form then
the right hand side 7z (I") of (5.2.2). Then via several steps we will simplify it and we
show that in fact it is exactly 7z (I').
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Definition 6.1.1 For any Z > 0 with | Z| connected we define D(Z,1’) as 0 if c’/(Z)
is dominant and 1 otherwise. (For a criterion see 2.) Furthermore, set

A N . 7 /
T(Z,1I") .= x(=I") Oflrfnél’]ldx( I'+1)+ D(Z,ID). (6.1.2)

By [14, Theorem 5.3.1] for any smgulanty (X, 0), any resolution X, any Z > 0 and
I" € L', and for L, generic in Pic! (Z) one has

1 _ A . 7
h'(Z, Lgen) = x(=1") og’?é‘,‘zeLX( I+1. (6.1.3)

By [14, Prop. 5.6.1], see also 4.1.10(3), for any Z > E and for any I e —S/
if £ is a generic element of Im(c! (Z)) then h'(Z, £i™ ) = codim Im(¢/ (Z))

gen
satisfies (the semicontinuity)

gen

/ : !/ /
WNZ. L) = x (1) ~oMin_ XU+ D+ D, D)

=W (Z, Lgen) + D(Z,1') =T(Z,1'). (6.1.4)

Remark 6.1.5 Assume that Z > 0 is a nonzero cycle with connected support |Z]|,
but with Z # E. Then the statements from (6.1.4) remain valid for such Z once we
replace I’ by its restriction R(I"), where R : L’ — L’(|Z]) is the natural cohomological
operator dual to the natural homological inclusion L(|Z|) < L. (For this apply the
statement for the singularity supported on |Z|.) On the other hand, for I € L(|Z])
one has x (—=R(I") — x(=R(I") +1) = —x () — (RU), Drgzp = —xD) — 1, 1) =
x(=1") — x (=l +1). Hence, in fact, (6.1.4) remains valid in its original form for any
such Z > 0 with | Z| connected.

Example 6.1.6 The difference h'(Z, Egen) — hl(z, Lgen) can be arbitrary large.
Indeed, let us start with a singularity with an arbitrary analytic structure, we fix a
resolution X with dual graph I', and we distinguish a vertex, say vy, associated with
the irreducible divisor Eg. Let k (k > 0) be the number of connected components
of I' \ vg, and we assume that each of them is non-rational. Furthermore, we choose
Z > 0, hence h1(Oy) = pg- Let )N(h;\vo be a small neighbourhood of Uy, Ey, let
{)N( i }f?:l be its connected components, and set p, ; = h! (Ogi) for the geometric genus
of the singularities obtained from X i by collapsing its exceptional curves. Write also
'\ v = U;T;. We also assume that —I" = nE; with n > 0.

Since n is large, Im@ (2)) = Az('), hence dz(I') = ez(l') = Pg — Z Pe.is
cf. [14, Th. 6.1.9] or Theorem 2.2.5 here. Hence, cf. (6 1. 4) cod1m(Imc (Z)) =
h(Oz) —dz () = h'(Z, Lgen =) Pg,i (in partlcular is not dominant).

Next we computeh (Z, Lgen) = x(nEF) —min;>g x (nEg+1). Write as loEo—i—T,
where [ is supported on Uy, Ey. Then X(ES) — x(mE; +1) = —x () — nly. If
lo = 0 then —x () = —x(I), and its maximal value is M := ), (— min x (I';)). On
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the other hand, if [y > O then forn > —M — min x one has —x (I) —lopn < M. Hence
W' (Z, Lgen) = X (MEG) — ming>o x (nEg +1) = 3_;(—min x (I').

Now, pg.; = 1—min x (I) (cf. [26] or [15]), hence h'(Z, L2, )—h'(Z, Lgen) = k.
6.1.7 We wish to estimate 1! (Z, E‘g’;’n) Note that the estimate given by (6.1.4), that
is, ! (Z, L;’Zn) > T(Z,1"), sometimes is week, see the previous example. However,
surprisingly, if we replace Z by a smaller cycle Z' < Z, then we might get a better

bound. More precisely, first note that if E;’,’Zn is a generic element of Im(cl l(Z )), and

0 < Z' < Z, then its restriction r(ﬁfg,’gn) (viar : Picl,(Z) — PicR(l/)(Z/)) is a generic
element of Im(c! (Z’)). If Z' has more connected components, Z' = ), Z (where
each |Z!| is connected and | Z]| N |Z}| =@ fori # j), then for each Z we can apply

(6.1.4). Therefore, we get

W'z, cim) = h'(Z r(cim)) = Zh (Z}.r(Lim)) = ZT(zg,l’). (6.1.8)

Define
z(Z,l/):zoggéZZT(Z /)= max (Z(X( l)— min x( ' +1;) + D(Z. l)))
(6.1.9)

(Here there is no need to restrict //, cf. Remark 6.1.5.) Hence (6.1.8) reads as

Wz, L) = 1(Z.1). (6.1.10)
In this estimate the point is the following: though ) ; (x (—1") — ming;, <7 x (=" +
l;) = x(=I") = ming<j<z x(=I' + 1) is definitely not larger than yx(-I") —
ming<j<z x(—I' + 1), the number of components of Z’ might be large, and the sum

of the ‘non-dominant” contribution terms ) ; D(Z;, ") might increase the right hand
side of (6.1.10)—compared with T (Z, I")—drastically.

Example 6.1.11 (Continuation of Example 6.1.6) The last computation of Exam-
ple 6.1.6 shows that the maximum of x(nEj) — min;>g x (nE§ + [) is obtained
for Iy = 0 and T(Z,I') = 14 Y ;(—min x(I';)). Hence, taking Z’ = }, Z],
each Z; supported on I'; and large, we get that the restriction of [’ is zero and
2 T(ZL 1) =) (1—minx([) =T(Z, 1)+ k — 1.

Summarlzed (also from Example 6. 1 6) for any analytic type one has ), Pg,i =

h(z, ngn) > 1(Z,1) = Y, T(Z,I'") = > ;(1 — min x(I';)). However, if X is
generic then pg; = 1 — min x (I';) (cf [15]), hence, all the inequalities transform

into equalities. Hence, for generic analytic structure h(z, £imy = t(Z,1), that is,
(6.1.10) provides the optimal sharp topological lower bound.

Note also that both 7(Z,1’) and ) _; (1 — min x (I';)) are topological, hence if they
agree for X generic, then they are in fact equal. Since pg ; —1+min y (I';) for arbitrary
analytic type can be considerably large, for arbitrary analytic types the inequality

(6.1.10) can be rather week.

gen
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6.2 Our goal is to simplify the expression (6.1.9) of t(Z, [).

First we analyse the set of cycles Z’ for which the maximum in the right hand side
of (6.1.9) can be realized. E.g., if cl,(Z) is dominant (equivalently, (Z, ") = 0, cf. 2)
then any 0 < Z' < Z realizes the maximum O (with all /; = 0). (Indeed, use the fact
that D(Z,,1") > D(Zy,!’) for Z, > Z; and |Z;| connected.)

In the next Lemmas 6.2.1 and 6.2.4 we will assume that ¢/ (Z) is not dominant.

Lemma 6.2.1 (a) Assume that Z' is a minimal cycle (or a cycle with minimal number
of connected components) among those cycles which realize the maximum in the right
hand side of (6.1.9). Then D(Z;,1") = 1 for all i.

(b) If D(Z;,1") = 1 then the minimal value minogng,{ x (=" +1;) can be realized
byl; > 0.

Proof (a)Otherwise, ¢/ (Z!)isdominant, and by 2 x (—I") _miHOSIiSZ,f x(=U'+1;) =0
(realized for /; = 0). Hence T(Z;,1') = 0, that is, the right hand side of (6.1.9) is
realized by Z' — Z! too, contradicting the minimality of Z’. (b) If the wished minimum
is realized by [; = 0, and only by [; = 0, then by 2 cl/(Zlf ) is dominant, contradicting
Dzl = 1. o
Example 6.2.2 Though in Example 6.1.6 we have shown that ' (Z, ﬁi’"gn) =1(Z,1)
can be much larger than T'(Z, ') (that is, the maximizing Z’ usually should be nec-
essarily strict smaller than Z), in some cases Z' = Z still works. Indeed, we claim
that

if the E* —support I of I is included in the set of end vertices of T ,
then #(Z,1") = T(Z,1').

Let Z' be a cycle for minimal number n of connected components {Z]}"_, for which
the right hand side of (6.1.9) is realized. We claim thatn = 1. Indeed, by Lemma 6.2.1,
each D(Z!,l') = 1. Let [; be a cycle which realizes x (—") — minoggz; x (=" +1).
By Lemma 6.2.1 we can assume [; # 0.

If n > 1 then let Z; and Z, be two adjacent component, which means, that there

is a vertex u € |Z]| and v € |Z}| and a (minimal) path uy = u,uz,...,u; = v,
such that us, ..., u;—1 ¢ |Z'| and uy and uy | are neighbours in the resolution graph.
Moreover, define a new cycle by Z = Z\ +Z5+ > 541 Eyy and Z,,, =
Z\ pew T 23<i<n Z;- Similarly, let us have a minimal path between |/1| and |/2]:
vertices wi, ..., wy, such that wy € |l1| and w; € ||, wa, ..., wi—1 ¢ |[1| U |L2]
and wy, wi41 are neighbours in the resolution graph. Then define /1 peyy =11 + 12 +
> 2<k<i—1 Ew,- The point is that the vertices wy, ..., w;— are not end vertices, in
particular (I', Y 5 4,1 Ew) = 0.
Note also that D(Z] ,,,,. 1) = 1. Then a computation gives that

X (=) = x (U +Dipew) + D(Z) yos 1) = T(Z1,1) + T(Z2, 1), (6.2.3)

or, T(Zi new, ") = T(Z1,1') + T(Z,, 1), contradicting the minimality of Z’. Hence
necessarily n = 1.
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On the other hand, if Z’ is connected, then T(Z’,1") < T(Z, "), hence the maximal
value in the right hand side of (6.1.10) is realized for Z as well (and maybe by several
other smaller cycles too; here we minimalized #|Z’| by increasing Z).

The present example together with Examples 6.1.6 and 6.1.11 show that the struc-
ture of possible cycles Z’ for which the maximality in (6.1.9) realizes can be rather
subtle.

Lemma 6.2.4 Assume that Z' is a minimal cycle among those cycle which realizes the
maximum in the right hand side of (6.1.9). Then the following facts hold:

(a) minoilisz; x(=U'+1;) is realized by l; = Z_.

(b) minOSl;Sz[{ x () is realized by l; = Z'.

©tzZ\I"h=tZ1)=>; (— (Z,1") — x(Z) + 1).
Proof (a) For each Z; let /; be minimal non-zero cycle (cf. Lemma 6.2.1) such that
M; := x(=1")—minyg_; -z x(=I'+1)isrealized by [;. Let[; = Uyl; i be its decompo-
sition into cycles with |l,-,kl| connected and disjoint. Since M; = —x (l;) — (', I;) > 0,
there exists k such that x (=) — x (=" + li ) = —xU;ix) — (', l; x) > 0, hence by
the criterion from 2 the Abel map ' (/i ) must be non-dominant. Thus (using also
D(Z,1') = 1 from Lemma 6.2.1(a))

ZT(li,k, Iy> x(=l') = x(=I'+ 1) +1=T(Z.,1). (6.2.5)
k

In particular, by the minimality of Z, Z] = [;.

(b) By part (a) x(Z)) + (Z,1') < x(1;) + (;,I") forany 0 < I; < Z!. But, since

I'e =8',(Z.,I') = (I;,I"), hence x(Z}) < x(I;) forany 0 < [; < Z!. Part (c) follows
from (6.1.9) and (a). O
Recall that in 5 we defined 1z (I") := maxp<z/<z { -, Z)=x(Z)+ x(Ejz) }
Corollary 6.2.6 (Z,1") =tz (I).
Proof 1f cl/(Z) is dominant then both sides are zero. Otherwise, by Lemma 6.2.4(c)
(with its notations) #(Z,1') = )_; ( —(Z,I) — x(Z)) + 1) < tz(I"). On the other
hand, let us fix some Z" = U; Z] for which the maximum in zz(l’) is realized. Then
we can assume that each c[/(Zlf) is not dominant. Then —(Z/,1') — x(Z)) + 1 =
X)) = x (' +Z) + 1 < x(=I') —ming;. .z x (1" +1;) + D(Z],I"). Hence
tz(I" <t(Z,1') too. O
Remark 6.2.7 The second proof of Theorem 5.2.1 follows from (6.1.10) and Coro-
lary 6.2.6.

7 The Lo-projected Abel map

In this section we introduce a new object, a modification of the Picard group Pic(Z),
which will play a key role in the cohomology computation of the shifted line bundles

of type {Lo ® ‘C}Lelm(c’/(z))'
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7.1. The Ly-projected Picard group Let (X, 0) be a normal surface singularity.
For simplicity we assume (as always in this manuscript) that the link is a rational
homology sphere. Let X be one of its good resolutions and Z > E an effective cycle.
Fix also Lo € Pic(Z) such that H(Z, Lo),eq # ¥ (cf. 2). Choose so € HY(Z, L0)eg

arbitrarily, and write div(sg) = Dy € ECalo (Z), where l(/) = c1(Ly) € —8’. Motivated
by the exponential exact sequence of sheaves 0 — Zz 5 07 > 05 — 0, we

define Lg as the cokernel of the composed map Zz Lo 7 LN Lo, where the second
morphism is the multiplication by (restrictions of) sg. Then we have the following
commutative diagram of sheaves:

0 0
o ¢
0—Zz —> Oz — O — 0
| = 5o b 5o
0—Zz — Lo — L — 0
+ +
Op, = Op,
J J
0 0

where sf')‘ is induced by sg. At cohomological level we get the (identical/renamed)
diagrams

H(Op,) = H(Op,) H(Op,) = H(Op,)
180 18 180 )
0> H'(Oz) - H(©) S L' -0 0- Pic%Z) — Pic(z) 3L —0
50 L V= 150 L V=
0— H'Lo) — H'(LH = L' =0 0— Pich (2) - Picgy(2) > L' >0
\ \ \ \
0 0 0 0

where we use the notation Pic,,(Z) = H Lz, L§)—and call it the Lo—projected
Picard group— and (its linearization) Pic%0 (Z):=H Lz, Lo). Note that the classical
first Chern class map ¢ factorizes to a well-defined map ¢y : Picg (Z2) — L’. Set also
Pic’E/O(Z) = cfl (I') forany I’ € L'; itis an affine space isomorphic to Pic! (Z)/Im(8)
associated with the vector space Pic%0 (Z) = HY(Z, Lo) = H'(O2)/Im(8Y).

The corresponding vector spaces appear in the following exact sequences as
well. Let us take another line bundle £ € Picl/(Z) without fixed components,
s € HO(Z,E)reg and D := div(s). Then one can take the exact sequences
0> 07 > L—>0Op >0and0 > Lo > Lo®L — Op — 0. They
induce (at cohomology, or ‘tangent’ vector space level) the following commutative
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diagram

H%Op,) = H%Op,)
450 J
89 s
HY(Op) 5 HY(Oz) > HY W) =0
Foola
3 s
H°Op) 5 HY(Lo) = H (Lo®L) — 0

¢ \
0 0

This is related with the Abel map ¢/’ (Z) : ECa!' (Z) — Pic! (Z) as follows. Recall
from [14, 3.2.2] that the tangent linear map Tp VAR ECa! (Z2) - T, Pic! (Z2)
can be identified with 8% : HY(Op) — H'(Oy). Therefore, if £ = LI is a generic

gen

element of Im(c’ (Z)) then codim Im(c’ (2)) = dim H'(O2)/Im(8%) = h'(Z, L).
Similarly, consider the composition

v . 14 cl/(Z) N4 S%o A
¢r,(Z2) 1 ECa’ (Z) — Pic' (Z) — Picy (2).

We call it the Lo-projection of the Abel map d'(2). Using the previous paragraph
we obtain that the tangent linear map Tp CIEO (Z2) : Tp ECa! Z) » T Piclﬁ0 (Z2)

can be identified with §. = s%o 0 8% : H%Op) — H'(Lo). Therefore, if £ is a

generic element of Irn(c%0 (Z)) (or, it is the image by s, of a generic element L;'Zn
of Im(c’' (Z))) then

codim Im(cﬁo(Z)) =dim H'(Lo)/Im(%) =h'(Z, Lo® L).  (7.1.1)

This fact fully motivates the next point of view: if one wishes to study 2! (Z, Lo ® L)
with Lo fixed and £ € Pic! (Z) then—as a tool—the right Abel map is the L£o-projected
l/
c'r (Z).
Lo

7.2 The cohomology h'(Z, Ly ® £). Using the exact sequence H’(Op) —
H'(O2) N HY(Z,£) — 0 and h°%(Op) = (I', Z) we obtain the inequality
hl(Z, L) > h(O,) — (', Z). Usually it is not sharp, since 8% might not be injective.
However, as in the prototype construction from Sect. 6 (and even in its preceding
sections), if we consider any Z; < Z then we also have hl(Z, L) > hl(Zl, L) >
W' (Oz)—(1', Z1),hence h! (Z, £) > maxz,<z{h' (Oz,)—(', Z))},and, remarkably,
this for the generic £ € Im(c! (Z)) is an equality (cf. (4.1.11)).

gen
Similarly, using the exact sequence H*(Op) — H'(Z, Lo) > HY(Z, Lo® L) —
0 we obtain h'(Z, Lo @ £) = h'(Lo) — (I, Z). Again, this usually is not sharp.
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However, by the same procedure,

WNZ,Lo® L) > On%axz{h%zl,,co) — (', Z1)}. (7.2.1)
<Z1=<

In the next section (cf. Corollary 8.3.4) we will prove that this is again an equality for
the generic £ = E‘g’gn € Irn(clﬁo(Z)). (The above inequality (7.2.1) can be compared
with (5.3.1) as well.)

7.3. Compatibility with Laufer duality and differential forms Consider the perfect
pairing {, ) : HI(OZ)(X)HO(Q%(Z))/HO(Q%) — Cfrom 2, see alo [14]. Once we fix
Dy = div(so) of certain sy € H(Z, Lo)reg, we can define Qz (Do) := (Im(é%o))J‘ C
H 0(52?? (Z2))/H 0(52%). It is generated by forms which vanish on the image of the
tangent map Tp, clo (Z), identified with S%O, cf. 2 and (2.4.9). The pairing (, ) induces
a perfect pairing (, )z, : H! (Z, L) ® Qz(Dg) — C, see also Theorem 2.4.8.

7.3. The G-filtration of Q7(Dy) = H'(L)* Consider the situation and nota-
tions of Definition 2.4.12; in particular, G; = HO(Q%(I))/HO(Q%) for any 0 <
[ < Z. In the presence of Ly = Oz(Dg) as above, we have the subspace
Qz(Dg) = (Ims%)+ c HO(QZ)?(Z))/HO(QZ)?), and the induced perfect pairing
(, ey : HY(Z, Lo) ® Qz(Dy) — C. Similarly, for any 0 < I < Z, we have the
analogous data €;(Dg) = (Im(8°|;))*+ C HO(SZ%E(Z))/HO(Q%), and the induced per-
fect pairing (, )z, : HY(, Lo) ® Q(Dy) — C. One has the following inclusions
inside HO(Q%((Z)) /HO(Q%)

Qi (Do) — 2z(Do)

J l
G — HYQ%(2)/H Q%)

and, in fact, ©;(Dg) = Qz(Do) N G;. Hence {Q(Do)}1 = {z(Do) N G} fil-
ters Q7 (D). Moreover, by (, )z,|,» one has dim Qz(Dg) N G, = dim ©;(Dy) =
h'(l, Lo).

8 Lo-projected versions of the algorithms

8.1. Preliminary notations Let us keep all the notations of the previous section.

Let us denote the dimension of Im(cffi0 (Z)) by dg,, 7).

If Az(l") is the smallest affine space which contains Im(cl/(Z)) in Picl,(Z), then
seo(A z(1") is the smallest affine space which contains Im(c%0 (Z)). We denote it by
Az, z(") and its dimension by ez, 7 (I"). From definitions dz, 7 (I') < e, z ().

In this section we provide two algorithms for the computation of dz, z(I'), the
analogues of the algorithms from Theorems 3.2.2 and 4.1.2 .

8.2. The setup Let us fix (X, 0), a good resolution X,Z>Eandl' € —S'. We also
fix a line bundle Ly as in Sect. 7, whose notations we will adopt. In order to estimate
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dryz(1 ") we > proceed as in Sects. 3 and 4 . In particular, we perform the modificatiosn
s : Xs — X, and we adopt the notations of 3 as well. By the generic choice of the
centers of blow ups we can assume that they differ from the support of Dy. Notice that
we have a natural identification between H'(O7) and H' (Oz,), and also between
H' (O%) and H! ((9* ). Furthermore, we denote the divisor n_l(DO) on Xs still by
Dy (basically unmodlﬁed) and the line bundle Oz (Do) still by Ly. Then we have the
identification of HO(Z Op) with H%(Zs, Op), and also H'(Z, Lo) ~ H'(Zs, Lo)
and H'(Z, L} 0) = H'(Z, L) (hence identifications of the correspondlng commuta-
tive dlagrams from 7 as well). The subspace 27 (Do) in H! (Oz)" = H'(O2)* is
also ‘stable’ of dimension 2!(Z, Lo).

Write d, s and e, s the corresponding dimensions associated with X defined as
in8. Thendp,s <er,s. Ifs=0thendg, g =dg, z(I') and eg, 0 = er, z(I).

Theorem8.2.1 (1) dgys — dp,. Sx x € {0, 1}. Moreover, dr s = dp g if and only

if for a generic point L e Im(cL (Zs)) the set of divisors in (cﬁ (Zg))~ 1(E) do not
have a base point on Fy j.s, -

(2) If for some fixed s the numbers {d i}y k are not the same, then dr, s =
maxy x{dp, sk} In the case when all the numbers {dp cw.i}v k are the same, then
if this common value dp ok equals er, s, then dry s = er, s = dp, gk, otherwise
drys =dp, vk + 1.

Proof (1) Assume first that either s, x > 1 or a, = 1. Then divisors from ECal-é(ZS)
intersect Fy ks, , by multiplicity one, hence the intersection (supporting) point gives

amap q : ECalé(ZS) —> Fy ks> Which is dominant. Moreover, ECalsvk (Zgox) 1s
birational with a generic fiber of ¢ (the fiber over the point which was blown up),
hence the first statement follows. Note also that dg, s = d, o« if and only if the

generic fiber of the Ly-projected Abel map clzo is not included in a g-fiber. This
implies the second part of (7).

If s, x = 0 and @, > 1 then write [’ :=[; — E and consider the ‘addition map’
s : ECafi (Zg) x ECal- (Zs) — ECalé(Zs), which is dominant and quasifinite (cf. [14,
Lemma 6.1.1]). Let g : ECa E}(Zs) — E, be given by the supporting point as before.
Then if ¢~ (gen) is a generic fiber of q (above the point Wthh was blown up), then
the restriction of s to q_1 (gen) x ECal- (Zs) with target ECa wk (Zgv.x) is dominant
and quasifinite. Hence the arguments can be repeated.

(2) First notice that if the numbers {d, ¢} are not the same then from (/) we have
drys <miny g dpy ok + 1 <maxy xdp, ok <dgrys, hencedr, s = maxy kdp, gok-

Next, assume that the numbers {d Eoysu,k} are the same, say d.

If dr, s = d then part (1) reads as follows: d, s = d .+ for all v and k if and
only if for a generic Le Im(chO (Zs)) the set of divisors in (C%O(Zs))_l(/f) do not
have a base point on any of the curves {Fy g s, }v.k-

. 5 I L. .
Let us choose a generic element £ € Im(c ZO (Zs)), which is in particular a regular

value of C%O (Zs) and the generic divisors in ECak (Zs) mapped to L are in fact generic
divisors of ECals (Zy) itself.
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Next, take an element in Q7 (Do) (for details see 7) represented by a form w, such
that the class of @ vanishes on T,;Im(c £y (Zy)).

Then choose a generic D from ECa! S(Zs), which is mapped to £ and which has
no common points with the support of @ (we can even assume additionally that it is

transversal and reduced). Then we apply the previous statements for L= Cléo (Zs)(D).

In particular, the class of @ vanishes on Im(TDc%O(ZS)) so w cannot have pole
along any of the curves {F} x s, , }vk, that is, it belongs to Qz, (Is), cf. Theorem 2.4.8
and Lemma 2.4.10. Hence dﬁo’g = er,,s» cf. Lemma 3.1.3, and also d = e, ¢ too.

Ontheotherhandifd = ez, s, thenfromd, o < dgys < er,swegetd =dgs.
Hence dy, s = d if and only if d = e, 5. Otherwise d, s should be d + 1 by (1).

O

8.3. Notations for the second algorithm Consider the setup of 4 and combine it with
the one from 8, where L enters in the picture. Accordingly, we have the following
subspaces (inclusions):

Q27,(Do) NG, = Qz,(Do) N Q7,(Is) > QD) =H'Z Lo
! ! !
G, > Q) 5 HUQL Z)/H@E) = H' (O

The codimension of the inclusion i is eg and the dimension of Gg is gg providing
the inequality es < h'(Qz) — gs. Similarly, the codimension of j is er,.s and the
dimension of Q7 (Dy) NG, will be denoted by g, s providing the inequality ez, s <
h(z, Lo) — 8L,.s- Hence

drys < ecos <h'(Z.Lo) — grys (8.3.1)
It is conveninent to lift the s-independent subspace 2z, (Dg) = Qz(Dg) of
HO(Q%(Z))/HO(Q%) as Qg(Dog) = w~(Qz(Dy)) by the projection 7

H(Q%(2)) — HY(Q3(2))/HO(Q%).

Theorem8.3.2 (1)dg,s —dg, ok € {0, 1}.

(2) If for some fixed s the numbers {d i}y k are not the same, then dr, s =
maxy k{dg, g} In the case when all the numbers {d o.k}v ik are the same, then if
this commonvaluedﬁo’su.k equalsh1 (Z, Lo)—8Ly.s thendp, s = ! (Z,Lo)—8Lys =
dp, svks otherwise dr, s = dp ok + 1.

Proof Part (1) was already proved in Theorem 8.2.1. Regarding part (2), if the numbers
{d, s} are not the same then we argue again as in the proof of Theorem 8.2.1.

Next, assume that the numbers {d [:O’sv,k} are the same, say d. Via (8.3.1) and the
first algorithm Theorem 8.2.1 we need to show that if d = e/, s then necessarily
d =h'(Z, Lo) —8ry.s aswell. However, ifd = ep s thenwehaveer, s = d, gk for
all (v, k), hence by (8.3.1) we geter s =d =dp ok < ep ok Buter,s > ep ok
by the combination of the argument from (3.2.1) and the diagram from 8. Hence,
dp, sk = er, s forall k and v implies e, i = e, s for all v and k.
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In particular, it is enough to verify the (stronger statement):

ifep, ok =epys forallv andk theneg,s = W'z, Lo) — 8Lo.s as well.
(8.3.3)

Assume that (8.3.3) is not true, that is, ery.sik = €Ly for all v and k, but
erys < h'(z, Lo) — 8Ly,s- The last inequality via the diagram from 8 says that
the inclusion Q7 (Do) N G, C Qz,(Do) N Q2z,(Is) is strict. This means, that there
is a differential form w € Qg (Do), with class [o] in H*(Q%(2))/H*(Q%) C
Ho(i \ E, Q%)/Ho(i, 92)?), such that @ does not have a pole along the excep-

tional divisor Fy s, ,» however [w] ¢ Gs. In particular, there exists a vertex v € |I'],
such that the pole order of w along E, is larger than (l5),. Notice that this also means
(ls)y = minj<j<q, Sv,i < Zy.

Let 1 <i < a, be an integer such that s, ; = (I5), (abridged in the sequel by ¢)
and we denote the order of vanishing of @ on an arbitrary exceptional divisor E, by
by, where u is an arbitrary vertex along the blowing up procedure. Next we focus on
the string between v and wy ; 5, ; and we denote them by vo = v, ..., vy = Wy i s, ;-
Setr :=min{0 <s <t : b, +t —s > 0}. Since for s = ¢ one has b,, > 0 (since
o has no pole along F) ;, ;) r is well-defined. On the other hand we have r > 1.
Indeed, b,, +¢ < 0, since pole order of w along E, is higher than (/s),, = ¢. Note that
by, ,+t—r+1<0andb, +t—r >0imply b, —b,, | =2 ().

Let X ’~ be thgt resolution obtained from X , as an intermediate step of the tower
between X and X, when in the (v, i) sequence of blow ups we do not proceed all s, ; of
them, but we create only the divisors { F,, ; x }k<r—1. Let V' beits vertex setand { E,, },,e 1
its exceptional divisors. On X' consider the line bundle £ := Q%,(— Y uey buEy).
Since F,, ; ,, was created by blowing up a generic point p of E, | = Fy iy, _,, the
existence of w guarantees the existence of a section s € H 0 ()? " L), which does not
vanish along E,, , and it has multiplicity m := b,, — b,, , — 1 at the generic point
p € E,,,. By () m > 1. By construction, w (or s) belongs also to the subvectorspace
Q% (Do) after certain identifications.

Now by the technical Lemma 9.1.1 (valid for general line bundles, and separated
in Sect. 9) for any 0 < k < m and a generic point p € E,, , there exists a section
s’ € HY%(X', £), which does not vanish along the exceptional divisor E,, _,, and the
divisor of s” has multiplicity k at p. We apply for k = —(b,,_, +¢t —r +1) — 1. (Note
that 0 < k < m.) The section s’ gives a differential form o’ € Qg (Do), such that if
we blow up E,, , in the generic point p and we denote the new exceptional divisor
by Ey, ., then @’ has wanishing order —(t —r + 1) on E This means, that if
we blow up it in generic points  — r + 1 times, then o’ has a pole on E,, ,,, , but has
no pole on E . This means that e, ov.i # er, s, Which is a contradiction. O

Ur,new *

Vt+1,new

The analogues of Corollaries 4.1.3 and 4.1.5 (with similar proofs) are:
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Corollary 8.3.4 Forany! € —S', Z > E and Ly with H*(Z, L0)reg # ¥ one has

dgyz(I') =min{|s| +h'(Z, Lo) = gcy.s)

=0<m21n (W', Z1) +h'(Z, Lo) — ' (Z1, Lo)}.

This combined with (7.1.1) gives for a generic L € Im(cl/(Z)).'

gen

W(Z, Lo® L")y = max {h'(Z), Lo) — ', Z1)}.
0<Z,<Z

gen)

Example 8.3.5 This is a continuation of Example 4.1.8 (based on [14, §11]), whose
notations and statements we will use. Assume that Z > 0 and ' = —kE(’; as
in 4.1.8. Additionally we take a generic line bundle Lo with ¢1(Lo) = I = —koEj,
ko > 0, (hence Do consists of ko generic irreducible cuts of Ep). Recall that
HO(Q2 (Z))/HO(Q2 ) admits a basis consisting of elements of type xX™w, where w is
the Gorenstem form and 0 < lm| < d — 3. Each ‘block’ {{m| = j} (0 < j <d — 3)
(which can be identified with H O(IP>2 O(j))) contributes with (] +2) monomials.

The ko generic divisors impose min{k, (/ +2)} independent conditions (see [14,
11.2] for the explication), hence the block {jm| = j} (0 < j < d - 3) con-
ributes into dim (Do) = h'(Lo) with (7£%) — min{ko, ("}%)} = max{0, (/3?) —
ko}. In particular, h'(Lo) = Zd 3max{O (]+2) — ko} and h'(Lo) — gro.s
Y9257 max{0, (%) — ko) (0 < s < d — 2). Therefore,

d—3—s
st~ i+ o )00

However, if Lo = Oz(Dyp) is not generic, then the points Dy might fail to impose
independent conditions on the corresponding linear systems, and the determination of
the dimension of 27 (Dg) can be harder. See [14, 11.3] for discussion, examples and
connection with the Cayley—Bacharach type theorems (cf. [2]). Those discussions with
combined with the present section produces further examples for d 7 (I") whenever
Dy is special (and (X, o) is superisolated).
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9 Appendix: A technical lemma

9.1. The next lemma is used in the body of the article, however, it might have also an
independent general interest.

Lemma9.1.1 Let X be an arbitrary resolution of a normal surface singularity (X, 0).
Let us fix an arbitrary line bundle L € Pic(i) with c{ (L) =1' € =8, an irreducible
exceptional curve E,, and an integer m > 0. ~

Assume that there exists a linear subspace V. C H°(X, L) with the following
property: for a generic point p € E, there exists a section s € V such that s does not
vanish along E, and the multiplicity of the divisor of s at p € E, is m. Then for any
number 0 < k < m and a generic point p € E, there exists a section s € V such that
s does not vanish along E, and the multiplicity of the divisor of s at p € E, is k.

Proof By induction we need to prove the statement only for k = m — 1.

First we fix a very large integer N > m, and consider the restriction r
HO(X £) — H°(NE,, £). Then r induces amap from HO(X L)reg = HO(X L)\
HO(X, L(—Ey)) to HY(NEy, L)reg := HOYNE,, £) \ H'(N — DE,, L(—E,)).
Denote its restriction HO(X L)reg NV — HO(NEU, L)reg Nr (V) by ry. Consider
also the natural map div : H O(NE,, L)reg — ECa’ (N Ey), and the composition map
divory =g : HY(X, £),eg NV — ECa (N E,), which sends a section to its divisor
restricted to the cycle NE,,.

Next, for any p € E8 = Ey \ Uyp Ey set Dy, p C ECaI/(NEU), the set of
divisors with multiplicity m at p. (Since N >> m this notion is well-defined). Set also
Dy, :=U, Dy, p.

By the assumption, the image of g intersects Dy, , for any generic p. Since D, is
construgible subvariety of ECa’’ (NEy), g_1 (Dy,) is a nonempty constructible subset
of HO(X, L)reg N'V. Define an analytic curve hg : (—€,€) — g_l(Dm) such that
its image is not a subset of some g_l(Dm, p). Let us denote the zeros of the section
ho(0) along Eg by {p1, ..., pr}. Then there exists a small neighborhood U of one
of the points p; and a restriction of &g to some smaller (—¢’, €’), such that for any
t € (—€', €') therestriction of hy(¢) to U has aunique zero, say p(¢), and its multiplicity
is m. Furthermore, t +— p(t), (—€’,¢’) — U N ES is not constant, hence taking
further restrictions to some interval we can assume that ¢ — p(¢) is locally invertible.
Reparametrising /¢ by the inverse of this map, we obtain an analytic map U N E 8 —
g Y(Dp), t — h(z) such that the restriction of the section 4() to some local chart U
has only one zero, namely ¢, and the multiplicity of the section at  is m. In some local
coordinates (x, y) of U (with U N E,, = {y = 0}) the equation of %(¢) has the form
(modulo yN )

h(t) = Z (x — 1) y'cj i), 9.1.2)
j=0,i>0
where by the multiplicity condition ¢; ; = 0, if j +i < m and, there is a pair (j, i),

such that j +i = m and c;;(r) # 0. Moreover, by the non-vanishing condition
y fh(t), or, ¢ o(t) # 0 for some j.
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We claim that there is a generic choice of #1, .. ., # (for some large r) of ¢-values,
and a convenient choice of the coefficients {a; };_, such thats := er=1 arh(1y) satisfies
the requirements. Indeed, first we consider the Taylor expansion of A(¢) in variables
(x, y) atapoint (x, y) = (g, 0) with g generic (and modulo yN as usual):

J .
dx—g+qg-0ye =) > x—g"y (i) (@ — 0 ejio.
J.i

ji k=0

The fact that s at (g, 0) has multiplicity > m — 1 transforms into a linear system

(Y (2) (g =)/ Fejim) =0
=1

Jj=k

for any (k, i) withk,i > 0O0andk +i <m — 2.

This linear system LS(r, m — 2) with unknowns {o;};_, has matrix M (r, m — 2)
of sizer x m(m —1)/2.If r > m(m — 1)/2 then the system has a nontrivial solution.
We need to show that for a generic choice of the solutions {c;}; the section s has
multiplicity m — 1 at g. Assume that this is not the case. Then the generic solution
of the system LS(r, m — 2) is automatically solution of LS(r, m — 1) too (the last
one defined similarly). This means that rank M (r, m — 2) = rankM (r, m — 1) (}) for
generic {f;};.

The matrix M (r, m — 1) has m additional rows corresponding to the indexes (k, i)
withk,i > Oand k+i = m — 1. Let us fix one of them, corresponding to the following
choice.

Now let d be the minimal number, such that there exists j, i such thati <m — 1,
J +i =dandc;;(t) is not identically 0. Since by assumption (by non-vanishing of
h(t) along Ey) there exists certain j > m with ¢; o # 0, such a d exists. Fix ip such
thatio <m — 1, jo +iop =d and cj, ;o (t) # 0.

Then, from the additional rows of M(r,m — 1) we chose the one indexed by
(m — 1 — iy, ip).

Consider the minor of M (r, m — 1) of size m(m — 1)/2 + 1, whose last row is the
row corresponding to (m — 1 — ig, i), and the other rows belong to M (r,m — 2),
while the last column corresponds to the generic ¢, = ¢. Then its determinant should
be zero by (1). Expanded it by the last column gives

j=m—1-ip

= Y Bui@- Z(i)(g—t)-’—kc,-,im

i > 0sk-+i <m—2 jzk

for some holomorphic functions S ;(g). But such an identity cannot exist. Indeed,
since cj, i, # 0, but ¢jj, = 0 for any j < jo, the vanishing order of ¢ — ¢ at the
left hand side is exactly d — m + 1, while on the right hand side—since j > d — i
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(otherwise ¢; ; = 0)and k < m —2 —1i implies j —k > d —m -+ 2—we get vanishing
order >d —m + 2.

Finally we need to show that this generic s does not vanish along E,. This follows
from a similar argument as above, or one can proceed as follows. For any generic ¢
consider a section s which has multiplicity m — 1 at (g, 0). If it vanishes along E,
then s 4 h(g) does not vanish along E, and it has multiplicity m — 1 at (g, 0). O

Remark 9.1.3 We claim that under the assumptions of Lemma 9.1.1 the following
property also holds: For any finite set F C E, there exists a section s € V such that s
does notvanish along E,,, div(s)NF = @,and at each p € div(s)NE, the intersection
of div(s) with E, is transversal. Indeed, we can use first Lemma 9.1.1 for k = 1 and
then show that a generic combination of ‘moving’ sections of multiplicity one works.
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