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Abstract

In this paper we will present a homological model for Coloured Jones Polynomials. For
each colour N € N, we will describe the invariant Jy (L, ¢) as a graded intersection
pairing of certain homology classes in a covering of a configuration space on the
punctured disc. This construction is based on the Lawrence representation and a result
due to Kohno that relates quantum representations and homological representations
of the braid groups.
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1 Introduction

The theory of quantum invariants of knots started with the discovery of the Jones
polynomial and continued with Reshetikhin and Turaev’s construction that having as
input any ribbon category leads to link invariants. This method is purely algebraic
and combinatorial. The coloured Jones polynomials {Jy (L, g) € Z[qﬂ]} NeN are a
family of quantum link invariants, constructed in this manner from the representation
theory of U, (s1(2)). The first invariant of this sequence, corresponding to N = 2, is
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the original Jones polynomial. The geometric and topological meaning of quantum
invariants is an important problem in quantum topology.

Main result

We give a fopological model for the family of coloured Jones polynomials Jy(L, q),
showing that they are graded intersection pairings between homology classes in cov-
erings of configuration spaces on the punctured disc. The colour N of the invariant
will be seen in the number of particles in the configuration space. This work, together
with the further development from [1, 2] provides a new framework for understanding
these invariants directly from graded intersections of submanifolds in configuration
spaces.

Jones polynomial

The Jones polynomial is a quantum invariant but it can also be characterised by skein
relations. However, its relation with the topology of the knot complement is a mys-
terious question. On the topological side, Lawrence [18] constructed a sequence of
representations of braid groups on the homology of certain coverings of configura-
tion spaces. Later on, Bigelow [4] and Lawrence [19] gave a homological model for
the original Jones polynomial, describing it as a graded intersection pairing between
homology classes in a covering of a configuration space on the punctured disc. They
used the skein nature of the invariant for the proof.

Coloured Jones polynomials

At the moment there are conjectures that coloured Jones polynomials contain topo-
logical information of knot complements [11, 21]. In 2012, Kohno [8, 14] proved that
quantum representations on highest weight spaces of the Verma module for U, (s/(2))
are isomorphic to the homological Lawrence representations. This identification used
the work due to Schechtman and Varchenko which describes solutions of the KZ equa-
tions by means of hypergeometric integrals [22, 23]. Also, Ito [9] gave a homological
formula for the loop expansion of the coloured Jones polynomials, as an infinite sum
of traces of specialised Lawrence representations. In [9], it was mentioned that the
highest weight spaces corresponding to finite dimensional U, (s!(2))-representations
do not yet have a homological counterpart and this is one of the reasons why there
were no known topological models for coloured Jones polynomials. We present a
topological model for all coloured Jones polynomials. Unlike the original case, they
cannot be described directly by skein relations. Our strategy is to use their definition
as quantum invariants, to study the Reshetikhin-Turaev functor and to construct step
by step homological counterparts.
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Description of the topological tools
Letn, m € Nand consider Cy j, to be the unordered configuration space of m points in
the n-punctured disc. We define C,, ,, to be a Z®Z covering of this configuration space.

Then, the Borel-Moore homology of this covering H}ﬁ (C’n,m, 7) is a Z[xE!, dF)-
module (using the deck transformations) and carries an action of the braid group B,.

I. Lawrence representation

We define certain subspaces in these homology groups. Let the indexing set E, ,, =
{e =(e1,...,en—1) € N”_l|el + .-+ + e,—1 = m}. For each such partition e, one
associates an m-dimensional disc F, in the base space C, , and then lifts it to a

submanifold F, in C‘n,m. We consider the subspace generated by the classes given by
these submanifolds, as in Definition 3.2.2:

Hnm = ([Fe] lee€ En,m)Z[xil,dil] < Hylyf(én,m, 7). (D

Il. The dual Lawrence representation
We consider a dual space, defined from the homology of the covering relative to its

boundary, which is generated by classes of submanifolds which are also prescribed
by partitions (Definition 4.1.2):

HE = ADf1] f € Enm)zpst g#1) S Hn(Com. 3; 2). 2

lll. Topological pairing
These homology groups are related by a non-degenerate intersection pairing (which
is a certain type of Poincaré—Lefschetz duality):

() Hom @ HY,, — Zx™!, dF1]. 3)

The specific model
Let N € N be the colour of the invariant. We look at oriented links as closures of braids

with n € N strands. For the topological model, we use the Lawrence representation
and its dual, with the following parameters:

(n—2n; m—>n(N—1)).
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We change the coefficients using certain specialisations presented in Sect. 7.1:

Z[xil, dil]

Zlg*"
I

Q(q)

Theorem 1.0.1 (Topological model with specialised homology classes)
Let n € N. Then, for any colour N € N, there exist two homology classes

7N N 9
Zy € Honn(N—Dlay_, and ¥, eHZn,n(Nfl)|OlN—1

such that for any oriented link L for which there exists a braid B, € B, with L = Bn
(braid closure), the N"" coloured Jones polynomial of L has the formula:

1 - -
IN(L,q) = mq*w*“w(ﬁ")«ﬁn UL)ZEN, GV aw_,-
q

Here, 1, is the trivial braid with n strands and w(8,,) is the writhe of the braid.

The classes .7 and 4N are intrinsic and they do not depend on the link. The link
plays a role in the action of the associated braid on the homological representation.

<(,8n U Hn)%{vv ggnN)ltqu
JN(L, 6]) — @
L=§ 2
Bn Conn(N=1)

Colour that goes to infinity

We are interested in the parts of this model that depend on the colour. In Theorem
1.0.1, the colour N appears in two places:

e The number of points in the configuration spaces: Conf,(y—_1)(D2,).
e The specialisation of the coefficients oy _1.
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We show that the homology classes which lead to the coloured invariants, can be lifted
to the homology groups before specialising with respect to the colour:

FN € Hopnn—t)lay_, —=* ZN € Honnin-1ly
GN € HopnN—1)lay_y —=* 9N € Honnv—n)ly

(here y is just a morphism which enlarges the ring Zx*!, d*!] to the field Q(q, 9)).

Theorem 1.0.2 (Topological model with globalised homology classes)
Forn, N € N there exist homology classes

FN € Hoyuv—nly and 4Y € Hy, v ply

such that if an oriented link L = Bn with B, € By, we have the formula:

1
In(L,q) = Wq*w*“w(ﬂ”«ﬂn UL)ZN, 4N s, . 4
q

Further development-new framework, towards categorifications

This is the first topological model for coloured Jones polynomials, as intersection
pairings between homology classes, which appeared in 2017. The tools that we use
are highest weight space representations and their identifications with homological
representations due to Kohno’s Theorem. This research direction has since developed
further- in 2020 Martel [20] provided an expicit version of Kohno’s Theorem, and using
that, the author showed a unified topological model for the coloured Jones and coloured
Alexander polynomials as intersections of explicit Lagrangians in configuration spaces
[1, 2]. The precise form of these Lagrangians makes the latter model a proper starting
point for investigating categorification questions. Also, in [3] we present a topological
model for the Witten-Reshetikhin-Turaev invariants for 3-manifolds, as state sums of
Lagrangian intersections in a fixed configuration space in the punctured disc.

Structure of the paper

The paper has six main parts. In Sect. 2, we present the quantum group that we use and
the definition of the coloured Jones polynomials. Sect. 3 contains the definition of the
Lawrence representation. Then, in Sect. 4 we define the dual Lawrence representation
and present a graded intersection form that relates the two representations. In Sect. 5,
we present identifications between quantum and homological representations of the
braid group and discuss in detail the specialisation at natural parameters. Section 6 is
devoted to the construction of the topological model for Jy (L, g) where the homology
classes are defined in the specialised homology. In Sect. 7 we show that we can lift
the homology classes from this topological model to the non-specialised homology
groups.
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2 Representation theory of Uq4(s/(2))
2.1 U4(sl(2)) and its representations
Let g, s be parameters and consider the ring

Ly = Z[qil, sil].

We will use the following notations: 1,n = {1, ..., n}
- q*—q " n
x}i=q"—q™" [xlg = ——= [nly!=[114[2]4-- - [nly: [}
q g—q! q ql<lq q ile
_ [n],!
n— jlg'ljlg!

Definition 2.1.1 Let the quantum enveloping algebra U, (s/(2)) be the algebra over
ILs generated by the elements {E, F", K*!| n € N*} with the following relations:

KK'=K'K=1; KE=¢?EK; KF" =g F"K;
F(n)F(m) — [n:m] F(n+m)
q
(E, F(n+1)] — F(n)(qan _ qufl).
The generators F™ correspond to the “divided powers” of the generator F, from the
version of the quantum group U, (sI(2)) with generators {E, F, K +1y

Then, one has that U, (s/(2)) is a Hopf algebra with the following comultiplication,
counit and antipode:

A(E)=EQK+I1QE S(E)=—EK™!

A(F™) = Zl’/’.zoq—j(n—j)l(j—nF(j) ® F=)) S(FM) = (—1)rgnr=DgnF®
AK)=K®K S(K)=K"!
AKH=K'gkKk! S(K™H =K.

Now we describe the representation theory of U, (s/(2)). In the following part the
abstract variable s will be thought of as being the weight of the Verma module.

Definition 2.1.2 (The Verma module) Let V be the Ly-module generated by an infinite
family of vectors {vo, v1, . ..}. The following relations define an U, (s/(2)) actionon V':

Kv; = sq 2,
Ev; =v;_q, 5

Fmy, = [n—il-i]q HZ;é (Sq—k—i _ S—lqk+i)vl,+n_
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2.2 Specialisations

In order to arrive at the definition of the coloured Jones polynomials we consider
certain specialisations of this quantum group and its Verma modules.

Definition 2.2.1 We consider two types of specialisations of coefficients, as below.
Let i, A € C and q = ¢". In the following, we have e*" = ¢*:

Ng,» Z[qil, sil] — C

nq,A(CI) = eh T}q,)L(S) = e)‘h.

Let g be a parameter and specialise the highest weight to a natural number A = N—1 €
N:

m: Z[qil’sil] _ Z[qil]
m(s) = q*.

Using these specialisations, we consider the associated specialised quantum groups
and their representations, as below.

Ring Quantum group Representations Specialisations

Ly = Z[g*!, s*1] Uy (s1(2)) v (1) g, s param

C Uy p = Van =V &, C @ @=¢"necC?
Uy (s1(2) @y, C g

L = Z[g*" U=U = Vi =V ®y, ZIg*t"] (g param,
Uq (s1(2)) ®n, Vn C Vs Ar=N—-1eN)n

Zlg*™"

Following this procedure %, and % become Hopf algebras and \A/q, ra U
representation and Vya . -representation.

Lemma2.2.2 If A = N —1 €N, then {vg, ..., vN—1} span an N-dimensional U -
submodule inside Vy_1. Denote this module by

Vv == (vo,...,on—1) S VN_1.
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Proof This can be seen easily by looking at the actions of the generators on the basis.
The only part that needs to be checked is that F™v; = 0 if n > N — i and this
comes from the coefficient that appears in the F-action, which will vanish when
we specialise . = N — 1.

O

2.3 The Reshetikhin-Turaev functor

In this section we present the construction due to Reshetikhin and Turaev (which starts

with a ribbon category and gives link invariants) for the case given by representations
of Z .

Notation 2.3.1 For any representations V and W, we define the twist:

T: VW —->WRV

6
Tx®y)=y®ux. ©

For the next part we denote by U, (sl (2))®Uq (s/(2)) a completion of the module
Uy(s1(2)) ® Ugy(s1(2)), where we allow infinite formal sums of tensor products.

Proposition 2.3.2 (Braid group action [8, 10]) There exists an R-matrix R €
U, (sl(2))®Uq (s1(2)), which is given by the formula:

o
nn-—1)
R=Yq 7 E"®F™.
n=0

Then, for any representation V of the quantum group (finite dimensional or the Verma
module) one has the following well-defined action of the braid group:
(p,Y B, — Auqu(sl(z)) (V®n)

i i @)
ol > IdQV?(’ 1)®(%ilor)®ld§(n i=b,

Here, we use the notation # = C o R where C(v; ® vj) = s’("ﬂ')q%jvj ® v;.

For the next part, we are interested in finite dimensional representations of the quantum
group % .

Proposition 2.3.3 [12] (1) The braid group action on the subcategory of -
representations Rep(%) (finite dimensional or the Verma module) comes from the
specialisation of the R-matrix, which we denote by:

Ryyv = %|m®m oT € Auth(sl(z))(V ®V),VV € Rep(%).

(2) The category of finite dimensional U -representations has the dualities:

C((EVVNI]L — VN Q@ Vy is given by 1 — Zvj ®v;’-‘,
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vy Vi ® Vy — Lis givenby f @ w — f(w),
Co_e)vVN:]L—> Vy ® Vy is given by 1 — Zvj@l(_lvj, (8)
E)VN:VN(X)V;} — Lisgivenbyv® f +— f(Kv),

for all Vy € Rep(%) finite dimensional, where {v;} is a basis of Vy and {v;‘f} the
dual basis of V.

The action of % on the standard basis of V ® V is given in [8] (Sect. 4.1):

i n—1
R @) =5 DY Fja@ [ (67 =57 ) vjru @i (9
n=0 k=0

where F; j ,(q) € Z[qil] has the expression:

i) (i no=v [0+ j
Fi ju(q) = g*mUtng™s [ ; } (10)
q

Definition 2.3.4 The category of oriented tangles .7 is defined as follows:

Ob(T) = {(e1,...,em) | m €N, ¢ € {£1}}.
Hom g ((eq, ..., €m); (1, ..., 8,)) = {oriented tangles T from (11
(€1,...,€m) to (61, ..., 8,)}/isotopy.

The tangles T have to preserve the signs €; which are on their boundaries. Also, the
orientation of 7" should follow the convention (—) |, (+) 1.

Theorem 2.3.5 (Reshetikhin-Turaev) For any finite dimensional % -representation V,
there exists a unique monoidal functor Fy : 7 — Rep (%) that respects a set of local
relations, out of which we recall:

L.Fy((V,4+) =V, Fy(V,-)=V"
2.Fy (%) = Ry,v; Fy() =coevy; Fy(n) =evy .
2.4 The coloured Jones polynomial Jy(L, q)

Now we present how the Reshetikhin-Turaev construction leads to quantum invariants
for knots and links.
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®n
Notation 2.4.1 We denote the evaluation R’)VN: Vﬁ" ® (VH®" — Zlg*" and

Q®n
coevaluation c((;VVN : Zlgt — VI‘\}?” ® (V;‘/)@’" as below:

—Q®n —
ev v = €V yen
N \%
 ®n N (12)
COGVVN = Coevvgn .

Notation 2.4.2 Let 1, be the trivial braid with n strands, all oriented upwards. Also,
we consider 1, to be the trivial braid with n strands, all oriented downwards.

Proposition 2.4.3 (Coloured Jones polynomial from a braid presentation [9]) Let us
fix N € N. Consider L to be an oriented link and B € B, such that L = /§ (braid
closure). We denote by w : B, — Z the map given by the abelianisation. Then, the
Reshetikhin-Turaev construction leads to the following formula:

1 —>Q®n - « ®n
In(L,q) = mq—“\’—“w(ﬁ) <ev v 0By (B UT,) o coevVN) 1). (13)
q

As we have seen so far, the construction of Jy (L, q) is purely algebraic and com-
binatorial. We are interested in a geometrical interpretation for this invariant. For this
purpose, we study the Reshetikhin-Turaev functor on certain intermediate levels of
the link diagram. More precisely, we start with L as a closure of a braid 8 € B, and
split the diagram into three main parts as follows:

1. the evaluation )

2. braid level B, UL,
3. the coevaluation w

We investigate the functor Fy, on each of these main levels. The starting point
in our description is the fact that at the level of the braid, there is a homological
counterpart for the quantum representation, called Lawrence representation [14, 19].
This relation is established using the notion of highest weight spaces.

2.5 Highest weight spaces

Now we discuss properties of certain vector subspaces included in tensor powers of a
fixed representation of the quantum group.

Definition 2.5.1 For two natural numbers n,m € N and a fixed parameter N € N,
consider the following indexing sets:

En,m ={e=(er,...,en—1) € Nn_]|el +-- e =mj

N
En,m = {e: (617"'5el’l*1) € En,m|el,~-aen71 S N_ 1}
N . :
Enz,m ={e=(er,....,en1) € Ey,ml3i, e > N}.

Also, for an element e = (ey, ..., ;) € N, let us denote v, := Ve, @ « -+ ® e,
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The elements of the set Ej, ;,, are partitions of the natural number m into n — 1 natural
numbers. Its cardinality is well-known and we denote it as:

n+m-—2
dp oy = card (Ep ;) = < " ) (14)

We define highest weight spaces as follows.

Definition 2.5.2 (Highest weight spaces) Let us fix n,m € N.

(1) The case of two parameters (g, s)

The n'*-weight space of the generic Verma module 1% corresponding to the weight
m is defined by:

A

Vom = {v e VK = s”qumv}.

The highest weight space of the generic Verma module yen corresponding to the
weight m:

Wn,m = \A/n,m NKer E.

(2) Specialisation with two complex numbers Let /2, A € C and q = ¢”.

The weight space of ‘A/f;’ corresponding to the weight m is:
f/,,q,’,f,” ={ve foll(v = q”kfzmv}.
The highest weight space of the Verma module \A/(f’f corresponding to the weight m:
< Qo N
Wr(tl,m = Wn,m|nq_)h~
(3) The case where g is a parameter and 1a natural number (A = N — 1 € N)

(a) Inside the Verma module Vﬁfl
The weight space of ‘A/,‘f?fl of weight m:

yN=l . {v € ‘7;\?EI|KU = q"’\_zmv}.

n,m

The highest weight space for Verma module ‘A/]?fl corresponding to the weight m:
N—1 . 1
Wn,m = Wn,m|m\/,1~

(b) Inside the finite dimensional module Vﬁ”
The weight space for the finite dimensional representation Vﬁ" of weight m:

VnIYm = {v € V]%?”IKU = q”(N_l)_zmv}.
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The highest weight space of the finite dimensional representation V]‘f,z’" corresponding
to the weight m:

N . 1 ®
WY = Wl N VI

n,m

We remark that since Vy C I7N_ 1, we have v, € V]f?" if and only if e € E,ﬁv - This
will happen also for the following (highest) weight spaces:

N N —1 N F7N-1
Vim € V! and W, C W, .

Remark 2.5.3 One can easily see that the weight spaces of Verma modules have the
bases:

Vam = (vele € En+1,m>]LX c yen,

Ay ~ (15)
VnIle = (vele € En+l,m)Z[qil] - V;\?ﬁ]-

Using these bases, we conclude that we have a basis for the weight space of the finite
dimensional module Vy:

N N ®.
Vn,m = (ve|e (S En+l,m>Z[qi]] - VN".

,,Zfrvl L, € V" then we have the

following splitting as vector spaces \A/n[Yr; I = VHIYm @ VnZ,I,Y . Also, from (14) we have:

dim (\7,1,,,,) = dim (V,{Y,;l) = dys1m = <” +Z N 2). (16)

Moreover, if we denote Vnzn];’ = (vele € E

2.6 Bases for heighest weight spaces

As we have seen, there is a straightforward definition of bases in weight spaces.
However, for highest weight spaces this becomes a subtle question. In [10], bases in
the highest weight spaces of the Verma module were presented, as well as connec-
tions between highest weight spaces and weight spaces, which correspond to different
parameters n and m. Moreover, Jackson and Kerler proved that for the parameter
m = 2, the braid group action on the highest weight space W,,,m corresponds to
the homological Lawrence-Bigelow-Krammer representation [5, 16—18]. They con-
jectured that this identification is true for any natural number m and Kohno [8, 14]
proved this conjecture. Now, we present following [8] bases for the highest weight
spaces.

Definition 2.6.1 (Basis for Wn,m) For e € E41,m, we denote by:

.
S . —11€;
v g2 ey ® -+ @ V.



A topological model for the coloured Jones polynomials Page 130f 50 63

Notice that ,%"; = {v|e € E;41,,} forms a basis for \A/,,,m.

In this part the highest weight spaces Wn,m will be identified with a certain subspace
of the weight spaces Vn,m. Lett: E, y — Eu41,m be the inclusion:

t(ler,...,en-1)=0,e1,...,en_1).

Denote by IA/n”m = L0 ® ‘A/n,l,m - ‘A/,,,m. Then, the set i%’\% = {ﬁf(e)|e € Eym)

gives a basis for the space ‘A/,{)m.
Proposition 2.6.2 [8] Consider the function ¢ : ‘A/rﬁm — Wn,m given by:
m
d)(w) = Z(_ l)ks—k(n—l)quk—k(k+1)Uk ® Ek (w) (17)
k=0

Then ¢ is an isomorphism of Lg-modules. Moreover, the set
%Wn,m ={¢ (vls(g)> le € En,m}

gives a basis for the generic highest weight space Wn,m. Using the remarks from (14)
and (15), it follows that: dim(Wy, ;) = dy.m = (”+m_2).

m
2.7 Quantum representations of the braid groups
In the following part, we will see that the braid group action on tensor powers of
the (generic) Verma module and the finite dimensional module passes to the level of
highest weight spaces.
Remark 2.7.1 Since (p,f gives an action on V@ over the quantum group (Proposition
2.3.2), it commutes with the actions of the generators K Eind E. Hence, it induces a

well-defined action on the generic highest weight spaces W, ;.

Proposition 2.7.2 (1) This action in the basis Ay, . leads to a representation called
the generic quantum representation on highest weight spaces of the Verma module:

go,?fm : B, — Aut (Wn,m).

Similarly, using specialisations we get induced braid group actions as follows.
(2) A well-defined action induced by (p,:/ o,

(pwq’x : B, > Aut (WZ,),”,)

n,m
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(3) (a) A well-defined action induced by (p,‘,/ N=1 called the quantum representation on
highest weight spaces of the Verma module:

wWN_l : B, — Aut (W,fvrzl)

n,m

(3) (b) An action induced by (p,‘,/ N called the quantum representation on highest weight
spaces of the finite dimensional module:

‘an B, —>Aut(WN)

As a summary, we have highest weights spaces, which carry braid group actions
and live inside the n'” tensor power of specialisations of the Verma module V:

Braid group action Highest weight space Representation Specialisation

‘/’nA.m Wn,m yen (1) ¢, s param

o Wik Ve @ q=¢" 1 eCngy
o ! e, (B @qir=N—-1eNn
om Wi v @) (b) g:h=N—1eNn

3 Lawrence representation

3.1 Local system

In this section we present certain braid group representations, called homological
Lawrence representations, introduced by Lawrence [19]. Let n € N. Let D? C Chbe
the unit disc including its boundary and {p1, ..., p,} be n points in its interior, on the

real axis. Let D,, := D? \ {p1, ..., pn} and fix m € N a natural number. Let C,, ,, be
the unordered configuration space of m points in the n-punctured disc:

Cm = (D;m \{x = (t1, ..., %m)| 34, j such that x; =xj})/symm.

Here, Sym,, is the symmetric group of order m. Let us fix dy, ..., d, € 0D,.
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di dy dy
Definition 3.1.1 (Local system on C, ) Let us denote the abelianisation map by
ab : 1 (Cpm) = H1(Cym).
Then, it is known that for any m > 2 one has that:

Hl(cn,m) ~ 7" D Z
(ab(Z))) (ab(A)), i €1, n.

The generators of Z" are classes of loops whose first component goes around one of the

punctures p; and the others are constant: X;(¢) := {(0;(¢),da, ...,dn)}, t € [0, 1].
The last component is generated by the class of a loop A which swaps two points
between them: A(¢) := {(6(¢),d3,...,dn)}, t € [0, 1]. Let the augmentation map
be:

aug 1" ®7 - LD L
(x) (d)
aug ((x1, ..., Xp), y) = (X1 + -+ Xu, ¥).

Consider the local system defined by the composition of the previous maps:

s (C AW/
¢ 71 (Cp,m) (18)
¢ = aug oab.
Definition 3.1.2 (Covering space) Let Cn,m be t~he covering of Cy, ,, corresponding
to Ker(¢) and its associated projection map & : Cy;n = Cp -

The deck transformations of the covering are Deck(é w.m) = Z @ 7 and this induces
aZ[Z @ 7] ~ Z[x*!', d*']-action on the homology groups of the covering. It follows
that the homology groups H,lnf(én,m, 7Z) and H,, (C‘n,m, 7, 0) are Z[xE!, d*11-modules
(here H' is the Borel-Moore homology, the homology of locally finite chains).

3.2 Basis of multiforks

In order to define the Lawrence representation, we consider certain subspaces in these
homologies of the covering C, .

Definition 3.2.1 (Multiforks [7, 8])
(1) SubmanifoldsLete = (e, ..., e,—1) € E, i as i~n the Definition 2.5.1. We will
construct an associated m-dimensional submanifold in C,, ,,,, which gives a homology
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Fig. 1 Multiforks and barcodes

class in the Borel Moore homology of the covering. For each i € {1,...,n — 1},
consider e; disjoint horizontal segments in D,,, between p; and p;4+; (which meet just
at their boundary), as in the Fig. 1. Denote those segments by Iy, ..., I7 ..., I;.
Also, foreach k € {1, ..., m}, choose a vertical path yke between the segment / ,f and

dy. The product of these segments gives a map as below:
I x - x Iy 2 (0, D) — D™\ {x = (X1, ..., xp)|xi = xj}.

Composing this map with the quotient map to the unordered configuration space we
obtain an m-dimensional disc:

F,: (0, )" = Cpm.

(2) Base Points The paths y{, . . ., y,,, which start on the segments 7, .. ., I and end
at the base points dy, .., d,, will prescribe a lift of the submanifold FF, to the covering.
Letd € C, » be the point defined by the m-tuple (d, ..., d;y). Then, let us fix a lift
of this point de 771(d). The set of the paths {y¢,1 < k < m} defines a path in
the configuration space: y¢ := (y{, ..., yy) : [0, 1] = Cj ;. Consider y¢ to be the
unique lift of the path y¢ such that:

7€ :10,1]1 > Cpm

~ 1
740 = d. )

(3) Multiforks Let ﬁ?e be the unique lift of the submanifold [, to the covering, which
passes through the point y¢(1):

Fe : (0, )™ = Cpm. (20)

Then ]ﬁ‘e gives a well-defined homology class []F‘e] € H},f (C‘ n.m» 2) called the multifork
corresponding to the element e € E,, ;.

The Lawrence representation is the subspace of this Borel-Moore homology of the
covering, spanned by the multiforks.
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Definition 3.2.2 Denote by %y, , = {[Fe]le € E, )} the set of all multiforks and
consider the subspace generated by it:

Hum = ([Fel | € € Enm)zptt ge17 € Hp(Com. Z). (1)

Proposition 3.2.3 ([8], Prop 3.1) H,,, is a free module over Z[x*', d*'] and %y, ,
gives a basis for it, called the multifork basis.

As we have seen, the cardinality of E,, ,, is known (relation (14)), so we have:

)
rank(Hy ) = dypm = (” +Z )

3.3 Braid group action

In this part we present a braid group action on the homology of the covering of the
configuration space. Following [13] (chap. 1.6) it is known that:

B, = MCG(D,,) = Homeo™ (D,,, 8)/isotopy.

Using the definition of the local system one can conclude that there is a well-defined
action of the braid group on the homology of the covering, as follows:

By ~ H) (Cpom, Z) (as a Z[x*', d*']-module).

Definition 3.3.1 (Lawrence representation [8]-Prop 3.1) The subspace in the homol-
ogy group H, ., € H,Lf (C‘n,m, Z) is invariant under the action of B,. The braid group
action on the homology H,, », written in the multifork basis %y, ,,, leads to a repre-
sentation which is called the Lawrence representation:

Lym : By — GL (d,,,m, ZIx*E! dil]) (: End (Hn,m, ZIxE, dil])) @2

4 Blanchfield pairing

In this section, we will present a non-degenerate duality between the Lawrence rep-
resentation H, ,, and a “dual” space, which we will denote by Hg’ - This dual space
lives in the homology of the covering relative to its boundary. Using this form, we
will be able to express any element in the dual of H,, ,,, as a certain geometric pairing
with an element from the dual space. This property will play an important role in the
homological model from Sect. 6.



63 Page 18 of 50 C.AM. Anghel

4.1 Dual space

We start by defining a certain subset in the homology of the covering relative to its
boundary H,,(Cy.m, 9; Z), by specifying a generating set.

Definition 4.1.1 (Barcodes [7]) For each e = (e1,....en—1) € E,;, we wil
deﬁng an m-dimensional submanifold in C, ,, and consider its homology class in
Hm(Cn,m, 9; 7).

(1) Submanifolds For each i € {1,...,n — 1}, consider ¢; disjoint vertical seg-
ments in D,, between p; and p;y; as in the Fig. 1. Denote those segments by
Ji, oo Jfl, ..., J¢. Also, for each k € {1,...,m}, we choose a vertical path d;

between the segment J and the base point dj. The product of these segments leads
to a map to the configuration space as follows:

]D)e : (Z_)m = [01 1]m’ 82_)'") - (Cn,ma aCn,m)-

(2) Base Points As in the case of multiforks, the collection of paths from these
vertical segments to the base points di, . . ., dy, gives a path in the configuration space:
8¢ : [0, 1] = Cy . Define §¢ to be the unique lift of the path §¢ such that:

5¢:10. 1] = Cum o3
5¢(0) = d.

3 Ba~rc0des Consider Iﬁ)e to be the unique lift of D, to the covering which passes
through §¢(1):

D, : D" — Cum

Then~ Iﬁ)e defines a class in the homology relative to the boundary []]3)6] €
Hy, (Cy.m, Z; 9) called the barcode corresponding to the element e € Ej, .

Definition 4.1.2 (The “dual” representation) Let us denote the set given by all bar-
codes by 93712 L, = {[D.]le € E, m} and consider the submodule in the homology
generated by this:

Hg,m = ([E)e] lee€ En,m>Z[xi1’dil] - Hm(én,m’ 0; 7). 24)
We call Hgym the “dual” representation of H,, .

4.2 Graded intersection pairing

In this part, we will describe how the Borel-Moore homology and the homology rela-
tive to the boundary of CN‘,,,m are related by an intersection form, a Poincaré-Lefschetz
type duality, which relates homologies of the covering with respect to differents parts
of its boundary. This will lead to a pairing between H,, ,, and ’H,al’m. We follow [6, 7]
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for the computations of the pairing in the case where the homology classes are given
by geometric submanifolds.

Definition 4.2.1 (Graded intersection [4]) Let us consider F € H''(C, ., 7) and
G € Hy, (én,m, d; Z). Suppose that there exist M, N € Cj, ;, transverse submanifolds
of dimension m which intersect in a finite number of points such that there exist lifts
in the covering M, N with F = [M land G = [1\7 ]. The graded intersection between
the submanifolds in the covering is defined by the formula:

<M N»= Y ((x“d”M) n 1\7) CxtdY e Z[xE, dF ] (25)
(u,v)EZDL

where (- N -) means the geometric intersection number between submanifolds.

In the next part we will see that even if a priori the graded intersection between M and
N is defined in the covering space Cn m» it can be computed in the base space using
M and N and the local system.

Proposition4.2.2 For x € M N N there exists a unique ¢, € Deck(én,m) with:
(gaxM N ]\7) N n_l(x) # .

Now we present the formula for computing the pairing following [4]. Let us fix a
basepoint d € C,,, and d e n’l(d). Letx € MN N and ¢y € Deck(CN‘,,,m) as in
proposition 4.2.2. Denote by ¥ = (¢ M N N) N 7~ (x). We will describe ¢, using
just the local system ¢ and the point x. We notice that we have the same sign of the
intersection in the covering and in the base space: ((po NN ) = (M N N)y, which
we denote by cy.

Suppose that we have two paths yum, on - [0, 1] — Cp m such that their unique lifts
which start at d, denoted by yum, K N :[0,1] — Cn m, have the properties:

ym(©0) =d; yy(l) e M; py(l) e M
Sn(0)=d; Sy(1)eN; by(l)eN.

Let us consider two paths 7y, S N : [0, 1] = Cy  such that:

Im(Py) S M; Py (0) = yu(D); (1) = x
Im@y) S N;  Sn(0) =8y (1); Sn(1) =x.

We denote the loop: [, := SNSN)?A;I)/A?. Following [4], one has that ¢, = ¢ (I;).

Corollary 4.2.3 The pairing can be computed using the intersection points in the base
space Cy ,, and the local system as follows:

KM N> = Y ¢ o) e Zlx™ d*']. (26)
xXeEMNN
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Lemma 4.2.4 [7] The pairing <, > can be extended for classes F € H,Z(C’,,,m, 7))
and G € Hy, (C’n,m, d; Z) that are represented as linear combinations of classes of
lifts of submanifolds as above. Then, the pairing < F, G > does not depend on the
choice of representatives for the homology classes.

4.3 Pairing between H,, m and H,‘?,m

Definition 4.3.1 Let us denote the pairing (, ) : Hpm ® Hg’m — Z[xil, dil]:

([F, D) = <« Fe, Dy > 27)
This is a sesquilinear form (with respect to the transformations x <> x !, d < d~1).

Proposition 4.3.2 (Computing the local signs in the base configuration space [4])
The submanifolds ¥, and Dy in Cy ;, are constructed from products of arcs in the
punctured disc. For an intersection point x = (x1,...,xn) € Fo N Dy let ay =
€ - €m Where €; is the sign of the intersection between the red arc and green arc
that contain the point x; at this point, in the punctured disc. Then we can compute the
pairing using these signs. Let g : Z[xT', d*'] — Z[x*, d'*'] be given by g(x) = x
and g(d) = d'. We consider the intersection:

(el Bla = Y - (gop)) € Z[x*, a™!]. (28)

xEFeﬂDf

Let S : Z[x*, d'*'] — Z[x*!, d*] be given by S(x) = x and S(d') = —d. Then:

([Fel, 1B = S (1R, B Dar ) 29)
Lemma4.3.3 Foranye, f € E, », the pairing has the following form:

([Fel, Df1) = pe - Se.f
where p, € Z[d* (g Z[x*!, dil]) is a non-zero polynomial.

Proof Since we are working in the configuration space, we remark that:
F.NDy=0@ife # f.

Let us fix a partition e € E, ;. Following formula (28), the intersection pairing can be
computed using the intersections “supported” between punctures i and i 4 1 between
Fe, :==F0,0,..¢,..,00 and D,; :=D(00,....¢;,...,0) in the following manner:

..........

n—1

([F], Dl = [ [([Fe,, (De,1)ar (30)

i=1
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Now we compute the pairing (I~Fe,., Jﬁ)ei). Each intersection point x € F,, N D, is
characterised by an e;-tuple which pairs a horizontal line from the multifork with a
vertical line from the barcode. In other words x = x, = (X(1,0(1)), - - » X(er,0(e1)))
where o € Sym,, is a permutation. It follows:

(o], Do = Y e, - (g0 9)(Us,) (31)

oESyme;

Since all red segments which give the multifork are oriented in the same way and all
parts of the barcode have the same orientation we get that o, = 1. Now we construct
the loop Iy, . For any k € {1, ..., m} we consider:

Vi € Ik such that 77 (0) = v (1); ¥ (1) = X(k,0k))
8¢ C Ji such that 8£(0) = 8¢ (1); 8¢(1) = xx.oy)
Leta; := e; + - - - 4 ¢;—1 and the paths in the configuration space of e; points:

A

R e e . R € €
Fei = (ya,-—H’ s, yﬂi+€i) ; Fe’. = (ya,-+1’ ey ‘)/a’__;’_el,)

o e e A o [ge Qe
A, = (3@“,...,5@“[), A, = (5a,»+1’ ...,8ai+ei).

From formula (26) we have: [, = A, Ae,- f‘;l_ IF;_ I c Ch,e;- We follow the loop I,
using Fig. 1 and notice that none of its components go around any of the punctures.
So, the variable x will not appear in (g o ¢)(ly,). Also, for o = Id we have [, as the
union of trivial loops, so: (g o ¢)(ly,,) = 1. Putting the previous remarks together in
the formula (31), we conclude that (INFel., }f))e,. Ve € N[d'F!] and it has a nontrivial free
term. Combining this with the Eq. (30), we obtain that:

([Fe]. [Del)ar € N[@™']
with a non trivial free part. Then, since S is injective we obtain that:
pe = SUIFe], [Delar) € Z[d*']

is also non-zero which concludes the proof. O

Lemma 4.3.4 The family of barcodes {([De]le € E, ) is linearly independent and it
gives a basis for Hf,, -

Proof This follows directly from the computation of the pairing between [F,.]and [D,]
and the fact that p, € Z[x*L, d*!] are non-zero divisors. O

Notation 4.3.5 The set %3 ~will be called the barcodes basis for Hg’m.
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By an analogous argument, we re-obtain also a proof for the fact that the multiforks
{[ng]|e € E, ) are linearly independent in H,g(én,m, 7Z) ([8] Sect. 3.1). We conclude
that the matrix of the graded intersection pairing {, ) in the bases of multiforks %,
and barcodes %Hﬁ . is a diagonal matrix:

n,m

M) =Diag (pers-- - pes, , ) (32)

where pp, ..., Peq,,, € Z[x*!, d*'] are all non-zero divisors.

Corollary 4.3.6 The pairing (, ) : Hym ® H,“i’m — Z[x*!, d*1] is non-degenerate.

4.4 Specialisations

Our aim is to describe the coloured Jones polynomials in a homological way. For this
purpose, our starting point is the deep connection proved by Kohno, that relates quan-
tum representations of the braid groups and certain specializations of the Lawrence
representations. In this part we will focus on those specializations of the Lawrence rep-
resentation which are used in Kohno’s Theorem. Our aim is to obtain non-degenerate
intersection forms between these specialisations.

Definition 4.4.1 (Specialisation of coefficients) Let . = N — 1 € N be a parameter.
Consider the specialization of the coefficients:

,(//)L . Z[.xil,dil] N Z[qﬂ:l]

B (33)
Vi) = ¢ Yad) = —¢ 7%
Definition 4.4.2 Let us define the specialised Lawrence representation:
Humlys, = Hum @y, ZIg='1 = ([Felle € Enm]) g1 )

HD ol =M ®y, L[] = ([Delle € Enm])zgg+1)-

These multiforks and barcodes define bases of H; |y, and H, |y, over Z[qil ].
Definition 4.4.3 Let us consider the specialised Blanchfield pairing, obtained from the
generic pairing (, ) by specialising its coefficients using ¥, :

(o My s Hn,m|1/fx ®H2,m|1/fA - Z[qil]

o (35
(IFe], Df 1y, = ¥a(pe) - Be, -

We notice that {p.|e € E, ;,} N Ker(yr,) = <. At this point we see that the choice
of barcodes on the dual side of H,, ,, has an important role. The geometric intersection
pairing between multiforks and these barcodes, has a corresponding matrix M
which is diagonal with non-zero polynomials p € Z[d*'] on the diagonal. This
fact ensures that these polynomials become non-zero elements in Z[g*!] through the
specialization ;.
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Corollary 4.4.4 The form (, )|y, is sesquilinear and non-degenerate over Zlg*".

4.5 Dualizing the algebraic evaluation

This part is motivated by the fact that we are interested in describing the third level of
a braid closure (the union of “caps”), viewed through the Reshetikhin-Turaev functor,
in a geometrical way using the geometric intersection pairing. We will see the details
in the following Sect. 6, but for this part the aim is to be able to understand an element
of the dual of H,, ;u |y, , as a geometric intersection (-, ¢) for some G € Hy uly, -
Remark 4.5.1 The non-degenerate pairing { , )y, : Humly, ® MYl = Zlg*']
has the following matrix:

M) =Diag (V3.(per)s -+ Vi (pey, ) - (36)

Here ¥, (p1), .- ., ¥).(pe, dn_m) € Z[qﬂ] are polynomials with non-zero free terms. In

particular, the diagonal coefficients are not necessarily invertible elements in Z[g*!].

Following this remark, we notice that a priori not any element of 7 € (Hp mly,)*
can be described as a geometric intersection pairing (-, ) for some G r € Hg’m [y, -
This issue comes from the fact that we are working over a ring and not over a field. In
order to overcome this problem, we will change the ring of coefficients from Z[g¥!]
to the field of fractions Q(g). Let us consider the embedding i : Z[¢g¥!] < Q(g) and
use Q(q) as field of coefficients.

Definition 4.5.2 (New Specialisation) Let us consider the specialization of coefficients
a,  Zx*E 4T — Q(g) defined by: o), = i o Y. Also, we define the specialised
Lawrence representations:

Hn,m|oq = Hn,m Quay, Q(Q) = ([H}e”e € En,m])@(q)

d bl N (37)
Hn,m|oq = Hn,m ®u;, Q(Q) = ([D.]le € En,m])@(q)-

These multiforks and barcodes define bases for H,; » |, and Hg’m lo, over Q(gq).

We notice that the previous specialisations are related in the following manner:

Humla, = Humly, ® Q@) HY lay = Ho uly, ®i Qg).

Notation 4.5.3 Let us denote the corresponding change of the coefficients at the homo-
. - ®il
logical level by: p). : Hpmly, ¥> Hu.mla -

Definition 4.5.4 Consider the Blanchfield pairing constructed from the pairing ( , )
using the specialisation ay :
() ar Mooy, ® Hy o, — Q)

L. (38)
([F], [Df]”oq = ax(pe) - 5e,f‘
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We notice that for any partition e € E,, ,, the evaluation a (p.) € Q(g) is a non-zero
element, so it is invertible. This shows that { , )|, is a non-degenerate sesquilinear
form. Moreover, working over a field, we conclude that any element in the dual of the
first homology group, can be described as a pairing with a fixed element from the dual
homology. More precisely, we obtain the following description.

Corollary 4.5.5 Foranyd € (Hu mla,)*, there exists a corresponding homology class
G € M2 |, such that:

G =(.Dla,. (39)
Definition 4.5.6 (Construction of geometric duals) Let us start with an element
G € (Humly,)* = Hom(Hymly, . ZIg™' D).
We construct the following element:
4 =% Q@ ldgg) € Hnmla)". (40)

Then, taking the pairing with the dual element G of 4 given by relation (39), we obtain
% in a topological way, as below:

G ® ldgg) = (- D)la, - 41)

5 Identifications between quantum representations and homological
representations

So far, we have presented two important constructions that lead to representations of
the braid group: the quantum representation and the Lawrence representation. We will
discuss relations between these representations using a result due to Kohno. The iden-
tifications over two parameters were presented in [8] based on a continuity procedure.
The results from this section follow from this identification, however, we explain in
more detail the continuity argument. For i, A € C and q = €”, consider the following
specialisations of coefficients:

g : Zlgt, st — C Vgt ZIxE d¥] - C

ng.:(@) = 4; N (s) = ¢* Yool = @5 Yo d = —q 2
We recall that the quantum representation W is defined over Zlg*!, s*1] and the
Lawrence representation Hj, , is defined over Z[x*!, d*']. Kohno relates these
two representations, by connecting each of them with a monodromy representation
of the braid group which arises using the theory of KZ-connections (Knizhnik-
Zamolodchikov). We will shortly describe these relations, following [8].
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5.1 KZ-Monodromy representation

Consider the Lie algebra s/» (C) and consider an orthonormal basis {,, } , for its Cartan-
Killing form. Denote

Q=) "1, ®1I, €sl2) ®sl(2).
"

Definition 5.1.1 For A € C* consider M), to be the Verma module of s/(2) defined as:
M, = (v, v1, ...)c with the following actions:

Hv; = (A —2i)v;
Ev; = v 43)
Fvi=0G0+ DO —1)vit1.

Forn e Nandi, j € {1,...,n} we define the endomorphism €; ; € End(Mf’”) to
be the action of 2 on the ith and jth components. The monodromy representation
is constructed from the complement of a hyperplane arrangement. We consider the

spaces X, := C" \ (Ulgi,jgn Ker(z; = zj)) and Y, := X,,/Sym,. For h € C*, the

KZ-connection wy, is a 1-form defined over Y,, with values in End (M ?n ) defined using
the endomorphisms €2; ;. This gives a flat connection with values in the trivial bundle
Y, xM ;\X’". The monodromy of this connection leads to a representation:

v, B, — Aut (Mf’"). (44)
Definition 5.1.2 For m € N, the space of null vectors in M}?” of weight m is:
Nnir —2m] = {v € MP"|Ev = 0; Hv = (nh — 2m)v}.

Definition 5.1.3 (Monodromy representation) For m € N, the monodromy of the KZ-
connection induces a braid group action on the spaces of null vectors:

v, By = Aut(N[nA — 2m]).
Proposition 5.1.4 Following [8], for e € E, ,,, consider the vector:

m
. 1 ' _
= -1 Fi Ei (Fo @ Fen-1 -

e lg(;( ))»()»—1)“-“()»—1’) vo ® ( V- UO)

Then, for any . € C* \ N, the set Bniny—2m] = {Wele € Ep i} describes a basis for
the space of null vectors N[nk — 2m].
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Theorem 5.1.5 (Kohno’s Theorem [8, 14, 15]) There exists an open dense set U C
C* x C* such that for any (h, ) € U there is the following identification between
representations of the braid group:

~q,M
(Wg,ms %W:{:’;> :®q,k (Hn,mlwq.p'%'}‘[n.mh//q,x) (45)

. . 4. .
More precisely, the quantum representation <p,fV ,;II and Lawrence representation
lnmly,, are the same in the above bases (see Proposition 2.7.1, Definition 3.2.2).

5.2 Identifications with g and 1 complex numbers

We are interested in quantum representations with natural parameter A = N — 1 € N.
This case does not belong to the situation with “generic parameters”. In the next part
we study the relation between these braid group representations specialised with any
parameters.

Remark 5.2.1 Let R be aring and M a free R-module with a fixed basis % of cardinality
d. Consider a group action G ~ M and a representation of G using the basis Z:
p : G — GL(d, R). Suppose that S is another ring and we have a specialisation of
the coefficients, given by a ring morphism: ¢ : R — S.

Let us denote MY := M ®p S and Byy = BQr1 e MY . The specialisation r
leads to an induced group action G ~ MY . Then, the following properties hold:

(1) B,y is a basis for MV

(2) Let p¥ : G — GL(d, S) be the representation of G on MY coming from
the induced action, in the basis %,y . In this way, the two actions, before and after
specialisation give the same action: p¥ (g) = p(@)ly,Vg € G.Hereif f : M — M,
we denote by fy : MV — MYV the specialisation fly = f ®r 1ds.

Theorem 5.2.2 Let (h, A) € C* x C be any fixed complex parameters. Then the follow-
ing braid group representations are isomorphic, using the following corresponding
bases:

~ g N
(Wn,nn %W’?a’)’;) —Og.a (Hn,m |l//q1)hv c%7‘(,,1,,1\1/,‘1’A)

Proof In the proof of the previous Theorem 5.1.5, this correspondence is stated for
any parameters in a dense open subset in C* x C. The relation between quantum
representations and the Lawrence representations is established by relating both of
them with the monodromy of the KZ-connection. More precisely, two isomorphisms
of braid group representations are constructed:

ifév)\H : Hn,m|1//q,A — N[nA —2m]
FEE AR = we;

{ SN NI = 2m] — Wik
TN we) = ) ) lng.

(46)
,V(h,)) €U.



A topological model for the coloured Jones polynomials Page 27 of 50 63

These isomorphisms are constructed using correspondences between the bases below:

2 q,A
W,gm ~ N[nk —2m] >~ Hn,qu,x
%W;:lrﬁ %N[nk—2m] %'Hn_,,,lx//q’;\

From this, Kohno proved that for all (h, A) € U there is the relation:

(pr‘z/i,/r(rlzj B) = ln,mll/fw (B),YB € B,. 47)

Let us denote by Og 1 : Hn,mlyq, — W,?,ﬁ the function given by:

Ogr([Fe]) = (W )lngrs Ve € Enm. (48)

This function is defined for all (h,A) € C* x C. We notice that the functions
f WA N A are continuous with respect to the parameters (4, A) € U and then Oq,2
is also contlnuous with respect to the two complex parameters.

Now we investigate the case of non-generic parameters. We recall that %Wn,m isa

basis for Wn m- Following the definition of a specialisation, we obtain that %

%’mm |ng.. is @ well-defined basis for W,‘,l,’,;\l, for any (h, 1) € C* x C.
Since the specialisation g ; is well-defined for any complex parameters (, A) €

< q.h
Wam

C* x C, all the coefficients from (p,YVm|,,q are well-defined complex numbers. In

particular, the action ¢, m' in the basis #y;, |y, has all coefficients well-defined.
We conclude that for any braid B € B,,, the specialisation of the matrix obtained
from the initial action gon’ m on W,,,m in the basis Zy;, is the matrix of the specialised

. Var . . 1 .
action gV ” in the specialised basis Byar
’ n,m

o Blngs = 9" (), ¥(h, 1) € (C* x O). (49)

On the homological side, the specialisation %7y, , | Vai is a well-defined basis for

Hn.m|y,, for any parameters (h, 1) € C* x C.

This shows that for every B € By, the specialisations of the matrices from the action
on H, ,, in the multifork basis, are actually the same as the matrices of the specialised
Lawrence action, in the specialised multifork basis %7y, , |y,

Lnm (B)lyq. = lnmlyg, (B), ¥(@, 1) € (C* x O). (50)

We obtain that for any parameters (¢, 1) € C* x C, the following identification holds:

W4 (8) = Lyl (B), VB € Ba.
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5.3 Identifications with g indeterminate
Following Theorem 5.2.2, quantum representations and Lawrence representations are
isomorphic after appropriate identifications of coefficients, if we fix (q, A) any complex

numbers. In this part, we will state a similar result for the case where we keep ¢ an
indeterminate and A = N — 1 € N. We recall the specialisations of the coefficients:

m.: ZIg*, st — Z[gt" Uy ZIxE, dF] — Z[g*t
m.(s) = q* Ui (x) = g% Yn(d) = —

Forq e C, let fq : Z[g*'1 — C be the evaluation given by fq(@) = q. Then:

Ng,» = fq O M
Yqr = fqo ¥

We recall the notations:
Wlﬁm = Wn,m Qs Z[q:tl]; Hn,m'llq = Hn,m Qy, Z[CI:H]-

Theorem 5.3.1 The braid group representations with respect to the specialisation with
one complex number are isomorphic over Z[q*']:

(Wﬁm’ %an_m) =0, (Humlysr Br,lv) - G

Proof Let ©; : Hymly, — Wamly, be given by @; ((F,]) = ¢< L(e)) I Ve €

Ey - We have that Z;, |m is a basis for W}‘ and By, , |y, is abasis for Hy, ply, -
Also, we have the followmg relations between specialisations:

Wr(lly’m Wiitm ®fq (C; H"v’”'*//q,}» = H"J""/f)» ®fq C.
For 8 € B,, we notice that for any q € C we have the relations:

o B) = fa (0B )5 b Bl = fa (hn By,

Using Theorem 5.2.2 we obtain that <pn m B =l (B)ly, . VB € By. These matri-
ces correspond to well-defined actions in the previous bases, so we have:

o Bl =00 (B Lum By = Lumly, (B)-

We conclude that the braid group actions from the statement are isomorphic.
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6 Homological model for the coloured Jones polynomial

In this section, we present a topological model for the coloured Jones polynomials.
We will start with an oriented link and consider a braid that leads to the link by braid
closure. In the first part, we study the Reshetikhin-Turaev functor on a link diagram
that leads to the invariant, by separating it on three main levels. Secondly, for each
of these levels we construct step by step a homological counterpart in the Lawrence
representation and its dual. Finally, we show that the evaluation of the Reshetikhin—
Turaev functor on the whole knot corresponds to the geometric intersection pairing
between the homological counterparts.

Let N € N be the colour. Let the parameter A = N — 1 and the specialisations
nN—1, ¥n—1 be defined as in formula (42). In the next part, we will use the braid group
actions corresponding to the quantum representations:

S N—1 Wil

Wn,m (pn,m
N whN

Wn,m (pn,m'

We recall the change of coefficients ¢ from definition 4.5.2:

@ ZIxE, dF — Q(g)

() = g% ad) = —¢72
Using these notations, we will prove the following model.
Theorem 6.0.2 (Topological model for coloured Jones polynomials with specialised
homology classes) Let n € N. Then, there exist two homology classes

~N 7N 0
Ty € HopnN—1)lay_, and 9" € Hy, ,y_play_

such that for any oriented link L with L = ,én for By € By, the N'' coloured Jones
polynomial has the formula:

1 - -
IN(L,q) = mq*w*”““ﬂ")«ﬁn UL)ZN, GV |y, - (52)
q

Proof Consider the planar diagram for the link L which is associated to the closure of
the braid B, . It has the following three main levels:

1. the evaluation )

2. braid level B, U I,
3. the coevaluation w

We use the formula for the coloured Jones polynomial from proposition 2.4.3:

1 ®n - ®n
In(L, q) = mq—w—”w(ﬁﬂ (e_JVN oFy, (B ULy o cb_evVN) M. (53)
q
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6.1 (Step I)-Coevaluation corresponding to the cups

Looking at the bottom part of the diagram, we notice that the properties of the quantum
®n
group actions on its representations imply that the first morphism c((;vVN naturally

arrives in particular subspace in Vﬁ" ® (V;‘\‘,)®”. This subspace would correspond to a
certain highest weight space if it was inside the tensor power of the same representation.

Lemma 6.1.1 One has the following:

Im (CEV?;) C Ker(E) NKer(K — Id) (g Vit ® (V]@)@m) . (54)

®
Proof From the fact that CEVVZ D ZIgE - V' ® (VIT,)(X)" is a morphism of % -
modules (Definition 2.4.1) it follows that it commutes with the £ and K -actions. Since
Z[qil] is the trivial representation, this shows that:

() < (1579 5)°)

«— ® (5%)
Im (COCVV::) C Ker ((K —Id) ~ (Vl‘\?” ® (V;\‘,)®n>) .
O
. «— Q®n
From this remark, one gets that for any vector v € Im (coev VN):
Kv=v= qov. (56)

2n(N—1)—2(N—1)n

Having in mind the notion of weight spaces, we write ¢° = ¢ and

conclude that:

®
Kv=v= qzn(N*l)fz(Nfl)nv, Vv € Im (C((EVV;) . &9

Notation 6.1.2 Let us consider the vector:
n
wl = coevy, (1) e VE" @ (V)"
More precisely, it has the form:

N-1
wh = Y v, ® @, @V, ® B, (58)

i1yeeeyin=0
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6.2 (Step II)-Arriving in a highest weight space

As we have seen in Sect. 5, quantum representations of the braid group encode homo-
logical information. This means that for the braid part of the diagram, we could create
a bridge towards a homological action if all the strands had the same orientation.
Therefore, we are interested in arriving at a formula for Jy (L, g) which contains in
the middle the action of By, on ngn. For the moment, corresponding to the braid
group action, we have the Reshetikhin-Turaev functor as follows:

Fyy (B ULy) € Aut (V" ® (Vi)®").

The second idea is to insert additional isomorphisms at the first and the third level,
which transform (V;\k,)®” into V,%?” and act non-trivially just on the last n components
of the tensor product, corresponding to the last n strands of the diagram. Then, in the
middle, we will have the Reshetikhin-Turaev functor evaluated on the braid, which is
exactly the quantum representation:

o3 (B UL € Aut (V™).

We will make this precise in the next part. Following the first step, we notice that the
bottom part of the diagram — corresponding to the cups — leads towards an analogue
of the highest weight space of weight n(N — 1). Now we show that we can arrive in
the corresponding highest weight space inside V]f,gz” .

Lemma 6.2.1 For n € N there exists an isomorphism of vector spaces such that:

AN - (Vf\;)@m — V,‘\?”

(13 @ e ) (wh) € Wh vy &%
Proof We search for a function o, x of the form:
aN=f[1® ® fu,
where f; : Vy — Vy are isomorphisms of Z[g*']- modules, for all i € {1,...,n}.

We prove the statement by induction on the number of strands. For n € N, let us
consider the following statement:
P(n) There exists a sequence of isomorphisms of LL.-modules { fy|k € 1, n} such
that:
fi 1 Vi = Wy 60)
(dyy)®" ® (fi @+ ® fu) (wh) € Wy | -

We recall the Definition 2.5.2 of highest weight spaces inside finite dimensional mod-
ules, more precisely the fact that these subspaces come as specialisations from highest
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weight spaces over two variables:
N W ®2n
Wann—1y = Wanav—nlyy s N V™.

On the other hand, having in mind the type of isomorphisms that occur in the case
of the usual version of the quantum group U, (s!(2)) — between the N-dimensional
representation and its dual — it would be natural to search for a sequence of coefficients
{c;'{ € L} such that the functions from P(n) have the form:

fe@}) = ¢ on—i-1. (61)

This combined with the definition of highest weight spaces from above suggests an
extra requirement, namely the existence of a sequence of lifts of the coefficients over
two variables {c € LLy}:

nN—1(E}) = cb

A 3 (62)
3 € Wapnv—1) such that ny_1 (@) = (Id®" ® a ) (wl).

Having in mind this requirement and the definition of wY from Eq. (58), we restate
the induction hypothesis that we prove.
P(n): There exists a sequence of coefficients in two variables:

(& elslkel,nic0, N—1)

such that if one considers the following vector in y e,

N—-1
N . ~i ~i
Un = Z Cll ..... C;’ln vin ®"'®Ui1 ®UN—i1—1 ®"'®UN—i,,—1 (63)

i1seensin=0

then it belongs to the n(N — 1)th highest weight space: ﬁ,llv € Wzn,n(N—l)-
In other words, one requires the following conditions:

{Kﬁrjlv = s2g=2(N-DgN )

EtY =0.

We start with the requirement concerning the K-action. Since the vector 7Y has the
property that all its monomials have a constant sum of indices, then for any choice of
coefficients the following relation holds:

KoY = oY, (65)

n

In order to see this, we recall the comultiplication of the quantum group:

AN K)=K® - QK.
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Then for any indices iy, ..., i, € {1,..., N — 1}, we have:

K, ® - Qv QuN_ij-1® - Q@ UN—j,—1)
= 22t (N =1 (N =1 =)
Q- QU QUN-i|—-1® - QUN—i,—1

= SZ"CI_Z"(N_I)W" Q- QUi QUN-i|-1® - @ UN—i,—1.

Vi,

This shows that Vi, ...,i, € {1,...,n}:

Vi, ® - @i, ®UN_i;_1 Q- @ UN_i,_1 € Vann(N-1)- (66)

Therefore the first requirement from Eq. (64) is fulfilled: f),’lv € \A/zn’n(N_l). So, the
only condition that we require for P(n) concerns the E-action. This action is done

using the comultiplication, given by:

2n
Aanl(E) — Z 1®j*1 RE® K®(2n*j).
j=1

The requirement concerning the coefficients in two variables from Eq. (64) becomes:

ZZ” 1®G=D RE® K®Cn=j) ~
Jj=1
N-1
Z 51' ----- Gy @@ @ UN—ij—1 ® - @ uy—i,—1 | =0 (67)
i1y i,=0

We will show by induction that this condition can be fulfilled.
(I) Base case n=1 ‘
We search for a sequence of coefficients {¢] € Ly|i € 0, N — 1} such that:

N—1
(E®K+1®E)m<Zag.vi®v,v_i_1>=0. (68)
i=0

This is equivalent to:

N-2 N-2
Z sq N0y @ un—io1 + Z ¢l v ®uy_ji2=0. (69)
i=0 i=0

By changing the variable i to i + 1 in the first sum, the equation becomes:

N-2
(squ(Nfz?Z)gti—H I 51}) v @ un_ja = 0. (70)
i=0
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We consider the sequence of coefficients that satisfies the condition below, which
implies Eq. (70):

ikl
T =—=s5"¢q
~0 __

¢ =1

2N—i—2) =i
“ (71)

This concludes the base case.

(IT) The inductive step: P(n) = P(n + 1)
Let us suppose that P(n) is true and aim to prove P(n + 1), by searching for a

sequence of coefficients {E;”Ii € Lslint1 € 0, N — 1} such that:

2n+2

Z 1®(j71) RE® K®(2n+27j) ~ (72)
Jj=1
N—-1 ) )
Z 5111 ..... gi:i—i Vinr ® @V @ UN—i—1 ®"'®UN—in+1—1 =0
[1yenes in+1=0

Notation 6.2.2 Let us consider the following notation:

Uiy, iy = Vi, @ - QU QUN_jj—-1 Q- ®UN—_j,—1

-~ '—~i1.....~in
= e

Then, P(n) is equivalent to:

AP NEY L DT Gy, | =0 (73)

We will study the condition for P(n + 1) from Eq. (72), by splitting the coevaluation
of E into two parts: one part which is associated to the first and the last strand, and
another part which corresponds to all the other strands in the middle. This means that
there is the first part, which has one term with E on the first component and another
term with E on the last component and a second part, which contains all the other
terms with E in the middle.

(E ® K®CrtD 4 ®Cnth g E) +1® % VI'QEQK® D |k ]|~
Jj=1
N-1
Z Cisoinsr (Vipy ® - @ Vi) @ UN—1—ij @+ @ UN—1—iny,) | = 0.
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Separating the two parts of the sum, we get:

(E ® K&t | (@@t o E) ~

N—1  N-I
~int1 ~

SE Y Gy (Vi O iy iy @ UN—1i) |+
in+l=0 (SIS in=

2n—1
+1®(A (E)) @ K

N—1

~ip41 ~

X Z nn+]vin+1 ® Z Ciyoointiy,.iy | @ UN—1—ipy1 | = 0. (74
int1=0 i1,..in=0

Using the induction hypothesis reformulated as in Eq. (73), we conclude that the second
sum from this formula vanishes. In other words, the conditions for the sequence {52’3 }
are given by:

(E ® K®@n+D | 1®Qnt]) o E) ~

N-1 N-1 (75)
~In+1 ~. . . . . . —
Z Chril Z Cit,.oin (vln+1 ® Uiy, ....i, @ UN—l—ln+1) =0.
in+l:0 ST in=0

This is equivalent to the following requirements:

Z “‘er»l g 211 =20 DIV =D+ 241

int+1=0
N-1
Vi1 ® | D Gty | ® VN1 (76)
i15mees in=
N—1
~ipt1 . ~. . X . _
+ § : Cpi Vi @ § \ CiyyernsinUiy,onsin | ® UN=2-i,; = 0.
ln+|—0 i1y in=0

By changing the parameter i, 1 — 1 to i, and denoting it by i in the first sum and
then gluing together the previous two terms, we obtain the condition:

=
[L

~i+1 2n+1 —2(n+1)(N—D42G+1) | =~i
<Z+1 n+l =20 DV =142 )+sz+1>

(77)
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Then, let us consider the coefficients given by the following conditions, which imply
Eq. (77):

n+1 q n+1 (78)

{5i+1 — =D 20+ D(N=D=2(+1D) zi
| = 1.

Cnt

This concludes the induction step P(n + 1). Then, the set of coefficients {cf.‘ elL}is
given by the evaluation of the previous sequence using the specialisation ny_i:

n+1

0
Cot 1.

(79

{ci+1 _ _q(N—l)—Z(i-H)E;Jrl

We notice that these sequences of coefficients do not actually depend on the strand to
which they correspond, namely n + 1. This shows that all the functions are the same:

f=hH=.. =fn'(VN)*—>VN

(80)
F@H =DgVDuy_y;.

However, their lifts towards the generic highest weight space are different and depend
on the strand. We obtain the normalising function o, n as in Eq. (59), given by:

ann = f&". 81

O
We conclude that using this normalising function ¢, y, we arrive in the following
highest weight space:

<1d®” ® ap N) (w) € Wy, A(N=1)*

6.3 (Step Ill)-The invariant seen through highest weight spaces

So far, we have seen that if we compose the extra normalising function with the
coevaluation, we arrive in a highest weight space. Pursuing this idea, we introduce
ay,, N and its inverse to the first and third level of the associated diagram. The interesting
part is that this procedure does not modify the invariant that we get. More precisely,
we have the following:

Lemma 6.3.1 The coloured Jones polynomial has the following description:

1 _(N_ —Q®n _
IN(L,q) = i N=Dwif) ey, o (Id{% ®°‘n,}v)
4 (82)

®
o Fy, (B UL,) o (Idf?; ® an,N) o coevy, (1).
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Proof This is the formula from Eq. (53), with the two extra terms that contain the
normalisation function. The key point is the fact that this function acts nontrivially
just on the last n components, where we act with I, at the braid level, whereas the
normalising function is the identity on the first # components, where we have a non-
trivial action at the braid level, coming from B,. So, the two functions «, y and its
inverse cancel out with each other.

(1d§N" ® a,;}v) oFyy (B, U Hn)(ld\% ® “n,N)
= (1a3r @ o) o (Fuu (B @ 145y ) o (1457 @ o) (83)

= (Fvy (B U 1d2!) = Fuy (B, UT).

Then, replacing this relation in Eq. (53), we conclude the lemma. O

Then, we conclude that we can obtain the invariant by composing the morphisms
corresponding to the following diagram:

1. the evaluation A\

2. normalising function 1d {?};’ Qa, }v
3. braid level B, U,

4. normalising function 1d %\'I’ ® op N
5. the coevaluation w

In the following part, we aim to show that we can see the whole coloured Jones
polynomial through the highest weight space from Step II. We introduce the following
notation.

Notation 6.3.2 (Normalising the evaluation and coevaluation)
Consider the following morphisms:

—®n 5

Evy,: Vf? " Zlgt"
«~— ®n 2
Coevy, : Zlgt — Vg’ "

(84)

given by:

—®n . ®n
— ®n -1
Evy, =evy, o (IdVN ®ozn’N)
«— ®n on - ®n
Coevy, := (1d®" @ an n) o coevy, .

(85)
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Coloured Jones invariant Topological intersection pairing
In(L.q) (AT AT AR ZA A
m Step VIII (6.8)

——®n AN

3)Ev‘j,»,w . (b)n U Hn)’fn
o 20

Hz’!l.ll(Nfl)lﬂN—l ® H'(zn,_n(;\r,l)‘m\ 1

Step VII (6.7)
Step IV (6.4)

(571 U ]In)jﬂ

ver 2 Wi.w-n S Wowvoy TexoiHonav-nleyo
Db (8 U L) el v 1 (B UL |38 x 1) (B UT) | Dlznnv—1(Bn Ulln)
Step IT (6.2) Step III (6.3) Step V' (6.5)
A% 2 Wi.w-n S Woiwvoy TexoiHonav-nleso
~ 7o

— ®n oon -7
1) Coev,, 2) Coevy,, 3) I
Step VI (6.6)
Step I (6.1) Pt
Zlg*']
w
1

Fig.2 Construction of the homology classes

The formula for Jy (L, g) presented in Lemma 6.3.1 together with the definition of the
quantum representation given in proposition 2.7.2 lead to the following description:

L
IN(L,q) = g™ MDD

[Ny
—Qn «~ ®n (86)
. (EVVN 0 @)Y (By UT,) o COGVVN) (1) € Zlg™"].

Putting together notation (58), the properties of the normalising function o, y given
in (59) and notation (85), we obtain that:

«— ®n

Coevy, (1) € Wyl v_1)- (87)
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On the other hand, we know that the action:
an ~ V]?Zn

preserves the highest weight spaces, in particular preserves W2Nn’ A(N—1)" Using this
invariance together with formula (86), we notice that actually we can obtain Jy (L, q)
using just highest weight spaces, by composing the morphisms from the second column
(2) from Fig. 2. We conclude the following formula for the coloured Jones invariant:

1
IN(L.q) = ~(N=Dw(By)
D=t

—®n « on (88)
<EVVN 0§02n an—1)BnUln) o CoeVV )(1)

6.4 (Step IV)-Change of the highest weight space

We have seen that Jy (L, q) is encoded by the action through highest weight spaces
corresponding to the finite dimensional module V. On the other hand, these highest
weight spaces Wzl\,’”n inside Vlf? 2 do not yet have a known geometric counterpart. This
is one of the reasons why there were no known topological interpretations for these
invariants. On the other hand, Kohno s Theorem provides a geometric correspondent
of the bigger highest weight spaces W2n n( N—1)* which live inside the tensor power of

the Verma module VN_l. Having this in mind, we look at the inclusion:

. wN
L Wop nn—1) = Wzn n(N R

In the next part, we show that the quantum representation behaves well with respect
to ¢.

Lemma 6.4.1 The B,-action on the highest weight spaces from the Verma module
leaves invariant the highest weight spaces of the finite dimensional module and we
have:

N-1 N
‘P;ZVm lwy, =<P,‘fm, Vn,m e N. (89)

Proof The action of the R-matrix on V ® V is given in relation (9). We are interested
in the specialisation of this action by the function ny_1, which corresponds to the
identifications: A = N — 1; s = q)‘. It follows that the action on VN_l &® VN_l has
the following form:

i
Z; @) =q~ NVEDYE ()
n=0

e
JT@W "7 =g @Dy @ v

(90)
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We prove that this action preserves Vy ® Vi inside VN_l ® VN_ 1 (see Lemma 2.2.2).
We show this by checking the action on the following basis of Vy ® Vi:

{fvi®v;|0<i,j<N-—-1}.

Let0 <i,j < N — 1. We notice that in formula (90) all the indices of the second
components decrease and so the vectors v;_, will remain in V. For the first compo-
nents, let us suppose that we pass over Vy inside ‘7N,1 , in other words we have a term
corresponding to the index

j+n>N.

We prove that in this situation the coefficient vanishes. We notice thatfork = N—1—,
the following term vanishes:
q(N—l)—k—j _ q—((N—l)—k—j) =0. 91)
Moreover, for j +n > N, it follows that N — 1 — j < n — 1, so the term from
relation (91) will appear in the product which is part of the coefficient of the vector
Vj1n ® vi_,. We conclude that this coefficient vanishes.

Secondly, we show that the action of the braid group preserves the inclusion W,ff m

W,ﬁ’,; !, For this, we prove that each generator o; of the braid group preserves W,f” "

Letw € W,f)]m and since W,ﬁ’m C V,{Ym there exist a, € Z[qil] such that:

w = § a€U€1 ® vel- ® ve,‘+1 ® e ® Uen~

eEE,Il\{m

We recall the action: o;w = (1d® D @ Z ® 1d®"~~D)w. So o; w will modify just
the components i and i + 1 of w. Using that the braid action preserves the inclusion of
weight spaces, as we proved above, the indices of all vectors that appear in this action
remain strictly smaller than N. This shows that:

oiwe V3" (92)

Since the action of B, is an action of %/ -modules, this commutes with the action of
the generators E and K, so it preserves the weights and the kernel of E. Using this
remark and relation (92), we conclude that:

owe WN Inve=wy

n,m:
O

Up to this moment, we focused on the phenomenon that occurs at the bottom part of
the diagram, with the cups and the braid. Now, we study the upper part given by the
caps, which correspond to the algebraic evaluation.
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. First, we will use the finite dimensional submodule Vy inside the Verma module
V-1, which has a well-defined evaluation from Eq. (8) and define an evaluation type
map on Vy_1, supported on this submodule.

Definition 6.4.2 (Normalised evaluation on the Verma module)
—>Q®n

Consider Evy, - Vlgfl — Z[g*"] given by the expression:

—Qn —>&n oo .
Evy, (Ui1®"'®vin):{ Evyy Wi ® - ®vi,), if i1, in = N — 1

0, otherwise

(93)
and extended it by linearity.

6.5 (Step V)-The invariant through highest weight spaces in the Verma module

In the following part, our strategy is to use the highest weight spaces from the Verma
module and show that we can see the coloured Jones polynomial through these sub-
spaces.

We start with the normalised coevaluation which arrives in the highest weight spaces
WZJ\,” (N—1) from Vy and then follow the inclusion into WZIZ_nl( N—1)- Now, we continue
with the braid group acgon on these bigger highest weight spaces and finally close

— 5®n
with the evaluation Evy, . We conclude that the coloured Jones polynomial can

be obtained through the highest weight spaces of weight n(N — 1) from the Verma
module, following column (3) from Fig. 2:

1
In(L,q) = q—(N—l)w(ﬁn)
[N,

—®n «— ®n (94)
(EVVN | O‘Pzn n(N 1)(;3,, Ul, ot o CoevVN) (1.

6.6 (Step VI)-Construction of the first homology class

Now, we start the construction of the homology classes. The advantage of the bigger
highest weight spaces Wzl\r]l_nl( n—1) consists in the fact that they have homological corre-
spondents, given by the Lawrence representation H», ,(n—1), due to Kohno’s relation.
In this part, we encode the cups of the diagram using the Lawrence representation.
More precisely, we consider the element corresponding to the i 1mage of 1 through the
normalised coevaluation, seen inside the highest weight space W2 . n( N—1) . After that,
we reverse it using Khono’s function to obtain a topological class in the Lawrence
representation, as follows.

Definition 6.6.1 (The first homology class Fy, over Z[g*'])
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Let us define the vector v € Wzli_nl( N—1) given by:

«— ®n AN
v=1_o CoevVN(l) € Wzn;l(N—l)' 95)

Then, using the isomorphism between quantum and homological representations from
Theorem 5.3.1, we consider the homology class in the Lawrence representation given
by the following relation:

Fo =031 () € Honnv—1)lyy_,- (96)

Proposition 6.6.2 (Braid group action) The correspondence between the vector v and
the homology class Fy is preserved under the braid group action, so we have:

%an\,l;(;v_l)(ﬁn UD ) = On—1 (lannv—1)lyn_, (Bn UD (F0)). 7

Proof This comes from the identification between braid group actions from Theorem
5.3.1 and definition of the homology class .% given in Eq. (96). O
Up to this point, we found the first homology class %y which encodes homolog-

« ®n
ically the algebraic coevaluation Coevy, . Moreover, the braid part of the diagram

corresponds to the homological braid group action applied to this class.

6.7 (Step VII)-Construction of the second homology class

Now we are interested in finding the second homology class EénN , which will be a geo-
metric counterpart for the part of the diagram given by the caps. The main ingredient
that we use is the non-degenerate intersection form between the Lawrence represen-
tation and its dual. More precisely, our aim is to encode homologically the evaluation

—Qn

. wN +1
EVVN. W2n,n(N—l) — Zlg™].

Even if we are interested in this function, in practice we will use the extended evalu-
ation

—®n
L WN-1 +1
Ev ‘7N—1 : WZn,n(N—l) - Z[q ]’
which encodes the evaluation on the highest weight spaces of the finite dimensional
module, but it is defined on the bigger highest weight space. This is an element of the
dual space:

—>Q®n

X & N—1 *
Evy,_ € (Wzn,n(N—1)> -

Following the identification between quantum and homological braid group represen-
tations, it corresponds to an element from the dual space:



A topological model for the coloured Jones polynomials Page 43 0of 50 63

(Hzn,n(N—l)le,l)* .

Our aim is to encode this map by a geometric element from the dual Lawrence repre-
sentation Hgn’ a(N—1)l¥n-1s using the intersection pairing. We refer to the discussion
from Sect. 4.5 concerning different specialisations of the Blanchfield pairing.

At this point we notice a subtlety about the coefficients that we work with. So far, on
the homological side, we needed the specialisation Yy _; : Z[x*!, d*!'] — Z[¢T!].
Corresponding to these coefficients, one has the non-degenerate intersection form:

. d +1
(o Mywor s Hannv = lyw— @ Hay wv—plyw—y = Zlg™ 1.

However, the non-degenerancy does not ensure that the evaluation can be seen as the
intersection with a dual element. The issue comes from the fact that we are working
over a ring and not a field. Now we change all these coefficients, passing to the field of
fractions, to arrive in the situation where the dualising procedure is more convenient.
We recall the change of coefficients from Definition 4.5.2:

{aN_l L ZIxE!, dF1) - Q(g) )

o, =ioyn_1.
Using this specialisation, there is the following non-degenerate sesquilinear form:

o Mawor : HononN—Dlay—y ® Moy wv—plan— = Q(@). (99)

Definition 6.7.1 (The second homology class SinN ) Let us define the element:

—Q®n

Y= Evy, 0Oy € Hom (Hann(N—1)lyy_1» ZIg*'). (100)
Then, let us consider the associated dual class given by Definition 4.5.6:
Gy € Hoymlay-- (101)
Remark 6.7.2 This means that V& € Hap n(N—1)lay_, We have:
G ® 1dgg)(&) = (€, GV an -
Since the construction of the second homology class needed this change of coefficients,

we consider the element which corresponds to the first homology class over this field
as below.

Definition 6.7.3 (The first homology class j,jv ) We consider the homology class cor-
responding to .% over the field Q(q), using the map py_; from notation 4.5.3 :

FN = pn_1(F0) = (Fo ®i 1) € Hann(N—1)lan_,- (102)
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6.8 (Step VIII)-Proof of the intersection formula

Now we prove that the coloured Jones polynomial can be obtained from the intersection
formula from Eq. (52). Putting all the previous steps together, we obtain the following:

|
IN(L, q) =Propd N (N=Dw(B) .
q

—Q®n AN «~— ®n
(EV‘}NI o ¢2n’n(N71)(ﬂn Ul oto CoevVN(l))

_Eq06) L —v-tus)
[N,

oo —1_ AWN- 1
| Evy, 0 On_10On_ °¢2n,n(N—1)(:3" Ul) o®n_100y_,(v)

_er96 L —v=tup)
[Nlg

—Qn _ CWN—1
. (EV‘}N1 0o Oy_100y_1 "0 ¢¥1,n(N71)(,3n Ul o®n_ (fo))

_Prop6.6.2 1 q—(N—l)w(ﬂn)
[N]q

—Q®n
: (EV Vv © On—10bnaN-1)lyy_ (Bn ULy) 0%))

1
=P S TV o (B s (Ba V) (F0)) - (103)
q

We remark that the morphism py_j commutes with the braid group actions on the
two specialisations of the Lawrence representations as below:

Pt (Bnv-1lun-1 B) (F0) = bnuv-nlaw—1 B) (FY) VB € Bav.

(104)
Honnv=1)lyy_y — Honn(v=1)lay_
BFo BFN
ZZn,n(N—])‘l#N,l = IZIZJI(."\"fl)‘(XL\',l
PN-1

HZn,n(N—l) |¢N—1 — HZILII(N*I)'LY\',]

Fo 7,
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Also, using the properties of the geometric duals from relation (39), we have:

() = (% Q 1dg(g)) © pn-1(-)

- (105)

=% o pN-1() = (PN-1(), G, May_1: V" € HonnN—Dlyy_;-
Following the two previous remarks about the change of coefficients over the field of
fractions and the braid group actions together with Eq. (103) we obtain:

I N
In(L,q) —Eq (105) T q (N=Dw(Bn)
q

ApN=1 (Lanv=1lyy Ba UL (Z0)) s G ey,

1 v L
=Fa 109 i N=DwED =1l Bn YT (FN), GV -
q

Simplifying the notations in the last equality, we obtain the desired interpretation
which concludes the proof. O

7 Topological model with non-specialised homology classes
For the homological model for Jy (L, g), we have constructed homology classes
ﬁr{v € Honn(N—1)lay_, and gnN € Hgn,n(Nfl)h"N—l

which lead to the invariant through the topological intersection pairing. We notice
that the colour N appears in two places. The first part where it appears is the number
of points from the configuration space (since we are using configuration spaces of
n(N —1) particles in a fixed punctured disc). Secondly, the specialisation oy depends
on the colour N.

In this section we show that ﬁ,{v and {inN come from two homology classes that
live in the unspecialised Lawrence representation (more precisely, they belong to the
homology of the configuration space an,n(N_l) over a larger ring of coefficients).
The feature of this model is that the colour now appears just in the number of points
from the configuration space, but no longer in the specialisation. We will prove the
statement from Theorem 1.0.2, showing that we can construct two classes

FN € Hyuv-nly and 4" € H), (v 1y

so that the N*" coloured Jones polynomial has the formula:

1
IN(L,q) = mq*“*“w(ﬂ")«ﬂn UL).ZN. 950, (106)
q

Here y is a specialisation over the field Q(s, ¢) which does not depend on N, whereas
dn—1 is a change of coefficients towards Q(g), defined using the colour.
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7.1 Identifications with g, s indeterminates

In Sect. 5 we have studied identifications between quantum and homological rep-
resentations which are specialised with two complex parameters or using a natural
number and an indeterminate. In this section we will show that, if we enlarge the ring
of coefficients, the identification holds also over a ring with two indeterminates.

We recall that the quantum representation W is defined over Zlg*", s*1] and the
Lawrence representation Hj ,, is defined over Z[x*!, d*']. We have the following
specialisations:

(107)

m.: ZlgE, st — Zlg* Uy ZIxE, dE - 2T
m.(q) =q; m.(Gs) =g Ui (x) = g% Yud) = —q 7>

Also, the inclusion i : Z[¢gT!'] — Q(g) and ), =i o V.

Definition 7.1.1 Consider the specialisation which enlarges the ring of coefficients in
the following manner:

. +1 +1 +1 +1
{g.Z[x A — ZsF g (108)

§() =57 §(d)=—q7".
As before, we need to work over a field. Let us consider the inclusion map:
i ZIsE, ¢t - Qs q).

Then, let us define the extension of the initial ring by:

CreEl gl
{y.Z[x ,d™]— Q(s, q) (109)

y =jo§.

In order to make the connection to the specialisation from Theorem 6.0.2, let us
consider the change of coefficients:

{& 1 QGs, @) > Q(q) (110)

81(5) = q".

We have the following commutative diagrams between these specialisations of coef-
ficients (Fig. 3).

Using a similar argument as the one that we discussed in Sect. 5.3, one concludes

that the identification between quantum and homological representations works over
aring with two indeterminates. This was also briefly discussed in [8].

Theorem 7.1.2 The braid group representations over Z[s*', g*'] are isomorphic:

(Wam: By, ) =0 (Humle: Bre, ) - (i
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Z[(L‘i17 dil]

O

Fig.3 Specialisations of coefficients

7.2 Lifts of the homology classes .ZN and ¥V

Having in mind this identification between the braid group actions, a natural question
would be to lift the homology classes constructed in Theorem 6.0.2, which live a
priori in the homology groups specialised by ay_1, towards two elements belonging
to the Lawrence representation specialised over two variables by the specialisation &.
However, in our arguments we need to work over a field in order to be able to interpret
the elements from the dual of the homology by the pairing with dual elements. So, we
will use the specialisation y and prove the following.

Lemma 7.2.1 There exist two homology classes
ﬁrf\’ € Hopn(v—nly and gnN € H28n,n(N—1)|V

such that under the specialisation §y_1 one has:

N _ gN
9';\,"‘%1 - ‘%’g] (112)
G sy =9

Proof (1) We start with the definition of the class ﬁ,{v and aim to lift it over two
variables. Following the discussion from Step 6.2, the normalising function can be

lifted over two variables. From relation (62) there exists ﬁff € Wapu,n(n—1) such that:

- «~— ®n
nn—1 () = (1d®" @ an,v) 0 coevy, (1).

Following the definition of the normalised coevaluation we have:

N «— ®n
nN-1(v,) = CoevVN(l). (113)
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We remark that the function ¢ from Proposition 2.6.2 is also defined over the ring
with two parameters, so the isomorphisms from Theorem 5.3.1 and Theorem 7.1.2 are
related as below:

Olpy_, = On-1. (114)
Definition 7.2.2 Using the isomorphism from (111), let us consider the class:
Fon =07 w)) € Hannin-nle-

From relations (113), (114) and the construction of the homology class from (96) we
obtain:

Ty = Fo. (115)

Definition 7.2.3 (Lift of the first homology class) Following the construction of the
first homology class over a field from (102) and relation (115), let us consider:

FN = fé\,/nlj € Honn(n—1ly- (116)

n

We remark that there is the following commutativity of the specialisations:
dn-10j=ionN-1, arn

Putting together the definitions of the first class from (102) and the globalised class
from (116) with the properties (115) and (117) we conclude the first relation from the
Statement:

7 r{\/ loy_y = Z é\/ :
(2) We remark that the action of the quantum group, in particular the generator K, can
be seen over Z[qjEl , s*1] and the evaluation from (8) can be defined over Z[s*!, qil]
as well. On the other hand, we have seen that the coefficients of «, x can be lifted

over two variables. We conclude that there exists a normalised evaluation over two
variables:

—Q®n

2 +11 £l
Evy : Wonn—1)y = Zlg™ ", 57 ]
which specialises to the normalised evaluation:

—Q®n —>®n

Evy v :EV(,M1 . (118)
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Definition 7.2.4 Using this evaluation and Kohno’s function over two variables, let us
consider the elements:

—Q®n

go)n :=Evy o® € Hom (Hzn,n(N_1)|g, Z[qil, S:H]) (119)
G :=%0.n ® 1d(q.s) € Hom (Hon nv—1)ly, Q(g, ) .

We notice that the Blanchfield pairing remains non-degenerate when we specialise the
coefficients using the function y:

() s Honnv—nly © Hay wvnly = Q(@, 5). (120)

Definition 7.2.5 (Globalisation of the second homology class) Dualising the glob-
alised evaluation ¥, using the non-degenerate pairing (, )|, we get a homology class
4, € Hj, ,(y_1ly such that:

G () = (-, 9N, (121)

Following the construction from Definition 6.7.1, the definition of the globalised class

from (121) and the commutativity property of specialisations from (117), we obtain
the second specialisation property:

%nN lsy_1 = anN'

O

Now we will finish the proof of the main Theorem 1.0.2. Using that the braid group

action commutes with the specialisation of the coefficients, the intersection pairings
are related with one another as follows:

(B UTL)ZEYN , GV oy, = (Ba UL)FZN 9N 5,

Following the homological model from Theorem 6.0.2, the construction of lifts of
the homology classes from Lemma 7.2.1 and the previous relation between intersection
pairings we conclude the topological model for Jy (L, ¢) with globalised homology
classes.
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