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ABSTRACT

In this paper it is taken up a revision and characterization of the class of abso-
lutely continuous elliptical distributions upon a parameterization based on the
density function. Their properties (probabilistic characteristics, affine trans-
formations, marginal and conditional distributions and regression) are shown
in a practical and easy to interpret way. Two examples are fully undertaken:
the multivariate double exponential distribution and the multivariate uniform
distribution.
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1. Introduction

The purpose of this paper is to serve as a practical and quick survey on the class
of continuous elliptical vector distributions, including specialized results for the con-
tinuous case which are meant to be precise, clear, easy to interpret and closer to
applications.

Elliptical continuous distributions are those whose density functions are constant
over ellipsoids as it is the case of normal distributions. This fact involves that many
of the properties of normal distributions are maintained; for example, the regression
functions are linear as in the normal case.

On the other hand, the whole class of continuous elliptical distributions is a very
rich family, which can be used in many statistical procedures instead of the gaussian
distributions, which are usually assumed.

General elliptical distributions, including the non continuous ones, have been fully
studied: see [7], [2], [1], [4], [3] and [6]; actually, many of the results shown here
can be viewed as specializations of some ones from these references. Nevertheless,
these studies has been made in a general way upon a parameterization based on
the characteristic function, and may not enlighten a first introduction to continuous
elliptical distributions for applied statisticians. We make an approach focusing on the
continuous case and using a parametrization closer to the density function. A wider
development and revision of this subject may be found in [9].

In Section 2 the family of absolutely continuous elliptical distributions is defined
and its stochastic representation is shown. In Section 3 the probabilistic character-
istics and affine transformations of an elliptical vector are studied. In Section 4 it
is studied the marginal and conditional distributions and Section 5 studies the re-
gression. Finally, in section 6 two particular cases are developed, as examples of
application: the multivariate double exponential distribution and the multivariate
uniform distribution.

2. Definition and stochastic representation of the family of absolutely con-
tinuous elliptical distributions

In this Section the definition of the family of absolutely continuous elliptical distri-
butions is shown, its parameters are considered and some important subfamilies are
shown. As an alternative characterization of elliptical distributions it is shown the
stochastic representation.

The concept of elliptical distribution was firstly exposed in [7] and developed in
the rest of the referenced bibliography, mainly from the point of view of characteristic
functions. We show the definition based upon the density function.

The stochastic representation was proposed in [1] as an alternative description of
elliptical distributions.

Definition 1. An absolutely continuous random vector X = (Xy,...,X,)" has a n-
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dimensional elliptical distribution with parameters u,% and g, where up € R", ¥ is a
positive definite (n X n) matriz and g is a non negative Lebesque measurable function
on [0,00) such that

oo n
/ t2 g (t)dt < oo, (1)
0
if its density function is
_1 _
f@n2,9) = calZ72 g ((z—p) =7 (@ —p), (2)
r(z _ .
where ¢, = %. The notation X ~ E,(u, X, g) will be used.

As it follows immediately from next lemma, the function (2) is really a density
function.

Lemma 2. If uy € R", X is a positive definite (n X n) matriz and g is a non negative
Lebesgue measurable function on [0, 00), then

/ng (z—w)' S (z—p)dey ... do, = I () |22 /0 t=Lg(t)dt.

1
2

Proof. The result is obtained by changing y = ¥~ 2 (z — u) and applying the lemmata
2.4.3 and 2.4.4 from [4], with «; = %, fori=1,...,n. |

Although the parametric representation (u, X, g) is essentially unique, it admits
a minor variability in the parameters ¥ and g. In fact, if X ~ E,(u,X,g), then
X ~ E,(u*,X*, g*) if and only if there exist two positive numbers a and b such that
w=p, X* = aX, g*(t) = bg (at), for almost all ¢ € R. The proof of this statement
can be found in [9].

The parameters p and ¥ are location and scale parameters. The functional pa-
rameter ¢ is a non-normality parameter.

The elliptical family contains the normal family, which corresponds to the func-
tional parameter g(t) = exp{—31t}. It also contains a number of important sub-
families, which can be useful for robustness purposes. It has the scale mixtures of
normal distributions; the reciprocal is partially true: it can be shown (see [2]) that
any elliptical density f can be written in the form

oC
_ 1 iy |2 1 L 1y —1
1@ = [ g 5] e {0 (09) - fam ),
but the function H does not need to be a non increasing one.

As an intermediate family between the normal and the elliptical ones there is the
power exponential family (see [5] and [9]), which corresponds to g(t) = exp {—1t7}
for B € (0,0c). The normal family is a subfamily of this one, corresponding to the
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value f = 1. Other outstanding subclasses of the power exponential family are the
double exponential and the uniform ones, which correspond to § = 1/2 and to the
limit value 8 = co.

The following theorem shows the stochastic representation of an absolutely con-
tinuous elliptical vector X. A general matrix variate version of this result, applicable
to any elliptical matrix and based on the characteristic function, can be found in [6]
(theorem 2.5.2).

Theorem 3. A vector X verifies that X ~ E,(u, X, g) if and only if
XLu+ ARUM, (3)

where A is any square matriz such that A'A =%, U™ s a random vector uniformly
distributed on the unit sphere of R" and R is an absolutely continuous non negative
random variable independent from U™ whose density function is

2

h(r) = foootgilg(t)dt

r"g(r*) I 10,00 (1). (4)

Proof. To proof the “only if” part, by making the change of variable Y = A'"~1(X —
1), where A is a square matrix such that A’A = ¥, it is obtained that Y has a centered

spherical distribution. Then, from theorem 2.5.3 from [4], it follows that V" 2 Ru )
and X £ pu+A'RU™ . The density function (4) for R is obtained by applying theorem
2.5.5 from [4].

The“if” part is obtained by making the change of variable Y = A'""1(X — p) and
applying theorem 2.5.5 from [4]. |

Now, in addition to the parametric representation (u, X, g), there is the stochastic
representation (u, A, h), where A’A = ¥ and the relationship between functions g and
h is given by (4) and the equation g(t) = t2"h (t%) . The density (2) can be rewritten
in terms of this new parametrization as f(z) = 2(—%%) |A|~! (q(m))l_Tn h ((q(m))%) ,
where g(z) = (z — )" (A"A) " (z — p).

The module of ¥ = E-2(X — p) is distributed as R since, from (3), |V 4
|RU(”)‘ = R; so, R will be named the modular variable and h the modular density.
The direction % of YV is uniformly distributed on the unit sphere, as U . The
module and the direction are independent.

The moments E[R®] of the modular variable do exist if and only if

O s
/ t= “lg(t)dt < oc;
0
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in this case
oo

nts
Blre] = Jo 7 lotdt
oo n_1 :
Jo t2 tg(t)at

Q = (X — )Y 1(X —p), the quadratic form taken from (2) and applied to vector
X, has the same distribution that R?, since Q = Y'Y.

The representation (3) suggests that an algorithm to generate an observation of
a vector X ~ E,(u,X,g) would consist of: (1) finding a square matrix A such that
A'A = %; (2) generating an observation of the modular variable R according to its own
distribution; (8) generating an observation of the uniform vector U(™); (4) obtaining
X according to (3).

(5)

3. Probabilistic characteristics and affine transformations

We study probabilistic characteristics of elliptical distributions as well as their affine
transformations.

Some aspects of the mean vector and covariance matrix may be found in [4] and
[6]. The other characteristics, such as the kurtosis coefficient, are easily derived.

The basis references for affine transformations are also [4] and [6].

Next theorem 4 shows the main moments and the skewness and kurtosis coefficients
(in the general sense of [8]) of elliptical vectors.

Theorem 4. Let X ~ E,(u,%,g) and consider the stochastic representation X 4

w4+ A'RU™ given by theorem 3.

(i) The mean vector E[X] exists if and only if E[R)] exists. In this case, E[X] = p.

(ii) The covariance matriz Var[X] exists if and only if E[R?] exists. In this case,

Var[X] = 1E [R*] .

(iii) If E[R®] exists, then the skewness coefficient of X exists. In this case, v,[X] = 0.
[’

(iv) If E[R*] exists, then the kurtosis coefficient of X exists. In this case,
E[RY]
X]=n?——. 6
72 [X] B[R (6)

Proof. (i) and (ii) follow from theorem 2.6.4 from [4].
(iii) The vectors X and Y that appear in the definition

7 1X] = E[(X — E[X)) (Var[X]) ™ (Y — E[Y]))*]

have the same distribution as g+ A’RU™ and p+ A'SV (Y| respectively, in the sense
of theorem 3, where R, S, U™ and V(" are independent variables. So, denoting
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0= LE[R]

71 [X]

E{@X—urwmwmr%Y—u01

<(A'RU<H>)' (%) (A’SV“”))S]

3
— 43K [(RUW'AZ—lA’V(”)S) }

E

3
- a3E [(RS)S (U<">'V<”>) }
3
= aE [(RS):"} E {(UWV(“)) } =0,
since F [(U(")’V(”))S} = 0. To prove this last statement, notice that for every ugn)
3 3
E [(U(n)lv(n)) ‘U(n) :uém} - E [(ugn)lv(n)) } =0, (7)
since ug")’V(") is symmetrical around the origin. Since all the conditional expectations
(7) are null, so is the absolute expectation.
(iv) Since (X — p)'S~1(X — ) £ R?, then

Yo X]

B | (1 - Varlx) ™ 5 - )| = varx) Bl

o _FIRY
(B[R]
|

It can be observed that the mean vector is the location parameter p, the covariance

matrix is proportional to the scale parameter ¥ and the kurtosis coefficient depends
4

E)
equivalent to the kurtosis coefficient of a symmetrical random variable Z with mean
0 such that |Z] £ R, whose density function, when ¥ = T,,, is f2(2) = +h(|z]) where
h is defined in (4).

Now, affine transformations of the form Y = CX+bofavector X ~ E,,(ux,Xx,9x)
are considered. If C is a nonsingular (n x n) matrix it can be easily verified that
Y ~ E,(Cux +b,CExC', gx). The following theorem studies the case in which C is
a (p x n) matrix with p < n and rank(C) = p.

only on the non-normality parameter g. The factor , that appears in (6), is

Theorem 5. Let X ~ E,(ux,Xx,9x), with stochastic representation X 4 tx +

A’XRXU(”). Let Y = CX + b, where C is a (p x n) matriz such that p < n and
rank(C) =p and b € RP. Then
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(Z) YV ~ ELD(MYaEYagY) with Hy = C:uX + b: Yy = OZXC,a gY(t) = foocw 2
g9x (t + w)dw.

(i) Vector Y has the stochastic representation Y 4 py + AL RyU®), where Ry 4
Rx VB and \/B is the non negative square root of a random variable B independent

of Rx with distribution Beta (5, "52).

Proof. By substitution it is obtained that ¥ < iy, +C A’ Rx U™ . Then, by corollary
1 of theorem 2.6.1 from [4], V" is elliptically distributed and has the following stochastic
representation

YL+ Ay RyU®. (8)

Thus, there are two distribution equalities for Y, and from theorem 2.6.2(ii) from
[4], making ¢ = 1, it is obtained that u = py Ay Ay = CAYAxC' = ¥y and

Ry £ Rx VB, where B is the random variable in the statement; the density of Ry is

2rp~1 R
hy(r) = — (/ w2z lgx(r? +w)dw) I0.00) (7).
B (5. 232) J;" 13 Tgx ()t \Jo (0

This proves part (ii). Now, since Y has the stochastic representation (8), it follows
that Y has the elliptical distribution obtained in part (i). [ |

4. Marginal and conditional distributions

In this section we show the features of marginal and conditional distributions in an
explicit, intuitive and easy-to-implement way. A more abstract study of this subject
may be found in [1].

Theorems 6 and 7 show the distribution and probabilistic characteristics of a
subvector X(qy of a vector X ~ E,(u, %, g).

Theorem 6. Let X ~ E,(u, X, g), with n > 2 and stochastic representation X 4 i+
A'RU™ . Let us consider the partition X = (Xél),X(’Q))’, where X1y = (X1,..., Xp)’

and Xy = (Xpy1,..., Xn)', p < n; as well as the respective partitions of yu and
X no= (:ul(l)alul(g)),a with M(l) = (ul:"':ll’p)la :u(2) = (H’p+1:--.:un)l; and ¥ =
S i , where X171 is the upper left (p x p) submatriz of X.
Yo1 Yoo

(i) The marginal distribution of X 1) is X(1) ~ Ep(p(1y: 211, 9(1)), with

9(1)(t) =/ w%_lg(t—i-w)dw.
0

(ii) Vector X (1) has a stochastic representation of the form X 1) 4 u(l)-l—A’(l)R(l)U(p),
where Ry) L RVB and /B are as in theorem 5 (i1).
351 Rewvista Matemdtica Complutense

2003, 16; Num. 1, 345-361



E. Gémez et al. A survey on continuous elliptical vector distributions

Proof. It is clear that X(;) = CX, where C' = ( I, Opx(n—p) ) is a (p X n) matrix,
where the box I}, is the (p x p) identity matrix and 0,y (,—p) is the (p x (n — p)) null
matrix. Thus, X(;) is an affine transformation of X, and the theorem is immediately
obtained by applying theorem 5. [ |

Theorem 7. With the same hypotheses and notations of theorem 6,
(i) Vector E [X (1] eists if and only if E[X] eists, or equivalently if E[R] exists. In
this case E [X(l)] = Hay-
(ii) Covariance matriz Var [X(1)] exists if and only if Var[X] exzists, or equivalently
if B [R?] exists. In this case Var [X(1)] = LE [R?] 11 = Var[X]Z 154,.
(iii) If E[R®] exists, then the skewness coefficient of X () exists and it is v, [X(1)] = 0.
(iv) If E[R*] exists, then the kurtosis coefficient of X (1) exists and it is

np(p+2) E[R'Y] _ plp+2)

2 X0l == G " amen 2

Proof. The theorem is obtained by applying theorem 4 to vector X(;). Here, the
moment E [Rfl)] exists if and only if E[R®] exists, since R 4 R+v/B:; in this case
_ I(5)r(*4)
B[Ry ] = BIRY Gyragay- "
Theorem 8 and 10 study the conditional distribution and properties of the sub-
vector X g).

Theorem 8. With the same hypotheses as in theorem 6, for each x() € RP such that
0< fy (x(l)) < 0o, the distribution of X(2) conditional to X (1) = (1) is

(X2 | X1y =21)) ~ Enp (N(Q.l): 222.1;9(2.1)) ; 9)

with /J(2.1) - M(Q) + 2212;11 (23(1) - M(l)) 5 222.1 = 222 - 2212;11212 and 9(2.1) (t) =

!
g (t + Q(l)) , where q(1) = (w(l) - ,u(1)) v (l‘(l) - u(l)) :
Proof. The conditional density function is proportional to the joint density function
of X = (X£1)aX(I2))I5 then

fen(ze) | Xa =2q) xg(@—n)' 'S (@ - p)
]
= 9 <Q(1) + (33(2) - H(2.1)) Z2721.1 (33(2) - H(2.1))> ) (10)

since for each z € R"

'Y = wl(l)Zl_llm(l) +

+ (»’U(2) — 221Zf11$(1)), (T2 — E2121711212)_1 (»T(Q) — Elefllw(l)) .
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The density (10) corresponds to distribution (9). [ |
Next lemma will be used to proof theorem 10.

Lemma 9. If n is an integer greater than 1 and g is a non negative Lebesque measur-

able function on [0,00) such that [;°t5 = g(t)dt < oo, then [~ t5~'g(t + q)dt < oo,

for each r =1,....n — 1 and almost every q > 0.

Proof. Since function g verifies condition (1), let (V4,...,V,)" be a random vector

such that V' ~ E,(0,I,,g). For each r = 1,...,n — 1, the marginal density of V(1) =

(Vi,..., Vo) in any point v(1y = (v1, ..., vn—,)" is proportional to fooo w27'g (q (v(l)) + w) dw,
where ¢ (v(1)) = |v(1)‘2. Therefore, the previous integral is finite for almost each

v(1) € R"™". Thus, fooc w2 1g(q+ w)dw < oo for almost every ¢ > 0. [ ]

Theorem 10. With the same hypotheses and notations as in theorem 8 we have

(i) If p > 2, or else if p =1 and E[R] exists, then the mean vector of X(5) conditional
to X(1y = x(y) exists and it is E [X(Q) |X(1) = x(l)] = H(2.1)-

(ii) If p > 3, or else if p € {1,2} and E[R> ] exists, then the covariance matriz of
X(2) conditional to X1y = x(1) exists and it follows next expression

1 5 g(t 4 gy )dt
Var [X(g) [ Xa) =z0)] = Jo 5 S VLR

M [ T g+ g e

(iii) If p > 4, or else if p € {1,2,3} and E[R*~?] exists, then the skewness coefficient
of X(2) conditional to X (1) = x(1) exists and it is

7 [Xe) |Xa) =z0)] =0.

(iv) If p > 5, or else if p € {1,...,4} and E[R°~P] exists, then the kurtosis coefficient
of X(2y conditional to X (1) = m(y) exists and it follows next expression

(Jo= ¢35+ gt + aae) (J57 €3t + a0 )

(> 175 gt 4+ )at)”

72 X Xy =20y ] = (n —p)?

Proof. The theorem is obtained by applying theorem 4 to the conditional distribution

(9) of X(3). Here, under the conditions of each one of these parts, the moments

E [R(SM)] of the modular variable do exist (for s = 1,2, 3,4), as can easily be derived
_ TR gyt

from lemma 9. These moments are E[R, ;)] = — . [ |
: ootz Tlg(thaay)dt

Since £ [X(2) |X(1) = m(l)} = K2 +301 5 (m(l) — ,u(l)) , the regression function
of X(9) over X(y) is linear, as in the normal case.

353 Rewvista Matemdtica Complutense
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5. Regression

As a natural development of the former concepts, we undertake in this section the
study of regression. We show that the elliptical distributions behavior as the normal
distribution in that their general function of regression is affine. We consider the char-
acteristics of forecasts and errors as well as the residual variance and the correlation
ratio.

With the same notations as in section 4, we define:

— forecast function of X5y from Xy is any function ¢ defined over the set

{w(l) € RP | 0 < fu) (Cl?(l)) < oo} taking values in R"7P;
— for each forecast function ¢, the functional of error is
2
Alg) = B [|X@ - ¢ (X)) [*]
— the general regression function is the best forecast function, which minimizes
the functional A;

— the residual variance is the value of the functional A corresponding to the
general regression function.

As a reference, we consider the best constant forecast function. It can be shown
that this function is, in any case,

¢ (z0) = E[Xp)],
and its functional of error A is
A(p) = Z Var[X;] = tr(Var [X(Q)]),
i=p+1

where tr means the trace.
It can also be shown that the general regression function is, in any case,

¢ (za)) = E[Xp) | Xa) =20)] (11)

and the residual variance is

n
Res.Var. = Z E [Var [X; |X(1)]] . (12)
i=p+1

Rewvista Matemdtica Complutense 354
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We define the correlation ratio as

n Var [X;] — Res.Var.
7)%2.1) = ZFPH n S (13)
dimpi1 Var [Xi]
_ X Var [E[Xi[Xq) ]
Z?:pﬂ Var [X;]

In the next theorem the former concepts are applied to elliptical distributions.

Theorem 11. With the same hypotheses and notations of Theorem 8, if
X £+ A'RU™

is the stochastic representation of X in the sense of Theorem 3 (i), and supposing
that moments exist:

(i) The general regression function of X over X1y is the affine function ¢
defined as

® (33(1)) = MK
= p) + D obve (:1:(1) - “(1)) :
for all (1) which 0 < f() (5”(1)) < 0.

(i1) For the random vector of forecasts,

~

X = ¢(Xqy)
B2y + STy (X<1> - u(1>) )

we have

EXa] = E[Xe)]=ne),

Var [Xp)] = Var[Xp)] - %E [R?] S04
_ %E [R?] (S92 — Sas1)
= %E [R?] 2127 T1a.
(iii) If we denote as Z the random vector of errors,
7= Xp) - X,

and H the joint vector

355 Rewvista Matemdtica Complutense
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then the distribution of H is elliptical:

HNE'n (I'LH:ZHagH)a

with
K = (:ul(l)fol(nfp)xl)lf
X1 Opx (n—p)
Syo= px(n-p) )
" < O(nfp)xp Y921 ’
g = -

(iv) The (marginal) distribution of the vector of errors Z is En_p(0(—p)x1, X221,
gZ)7 with

(e}
9z(t) = / w5 g(t + w)dw.
0
The characteristics of Z are

E[Z] = O,

Var[Z] = Var[Xp)] - Var [)?(2)] ,

1
= —E[R*] %21,
n

Nzl = 0,
2l = 7 [Xe)
_ (=pn-p+2)
= n(n + 2) V2 [X]
(v) The residual variance is
Res.Var. = tr(Var[Z])

I

%E [RQ] -tr (222_1) .

(vi) The correlation ratio is

- tr(Var [X(z)]) _ tr(So1 271 500)
CU " fr(Var [X)]) tr(3aa)
Rewvista Matemdtica Complutense 356
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Proof. (i) By replacing in (11) the value of the conditional mean, given by Theorem
10, we have

¢(zwy) = E[Xp) |Xa) =20)]

= H2.1)
= 1+ Za= (zo) -~ uy)

(ii) The mean of )2(2) is

its covariance matrix is

Var [Xp)] S S5 (Var [X)]) 55 51

(1 _
= Y37 <EE [R?] 211) DI )P
1 _
= —E[RZuif T

n

1
= EE [RQ] (222 — 222.1)

1
= Var [X(Q)] - EE [Rﬂ 222.1.

(iii) We have that
X)
Z
(s ) () o)
—Xa1 Xy Lh—p X(2) —2) + Yo X1y pay

The rank of the matrix Ty 1 Opx (n—)
_221211 In—p

H

) is n; now the result is obtained by

applying Theorem 5.

(iv) The distribution of Z is obtained as the marginal of its joint distribution with
X(1) by applying Theorem 6. Moments are obtained by applying Theorem 7 and
considering that the variable Ry, from the stochastic representation of H, has the
same distribution as the corresponding of X.
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(v) For the residual variance:

Res.Var.

(vi) For the correlation ratio:

A survey on continuous elliptical vector distributions

r [X(Q)} — Res.Var.

tr(Var [)?(2
tr(Var [X(»

Va )
tr(Var [X(Q)])

Va })

)

)
)

tT(Zgl 2;11212)

tT(ZQQ)

These equalities relate parallel concepts:

Var [X»)] = Var [)?(2)] + Var[Z];

Z Var|X;] =

i=p+1 i=p+1

n

S Var [B15 X0 1]+ S0 B [Var (X, X))

i=p+1

Yoo = 221Zf11212+222.1

We can observe that the correlation ratio 77%2.1) depends only on the scale param-

eter .

6. Examples

The most important and best studied example of absolutely continuous elliptical
distributions, of course, the normal distribution; we only point out that its main

Rewvista Matemdtica Complutense
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properties could be derived from the previous Sections by making g(¢) = exp {—%t} .
Here we show two other examples: the multivariate double exponential distribution
and the multivariate uniform distribution.

The multivariate double exponential distribution is the elliptical distribution

E,(u, X, g) corresponding to the functional parameter g(t) = exp {—%t%}, which
satisfies condition (1) for each n > 1. Its density function is

=

. 1y _ nr(%) -1 1 Iy 1
f(x,uyz,g)—mm eXP{—E((ﬂ?—M)E (x—p))

}. (14)

As an example, figure 1 shows the graph of the density function (14), for n = 2,
11
— 1 —
uw=(6,4) and ¥ = ( 1 9 )

Figure 1. A multivariate double exponential density.

The multivariate uniform distribution corresponds to g(t) = Ijo,1)(t), which also
satisfies condition (1) for each n > 1. Its density function is

Al (3)

n
22

flau, %) = S| 7% Is(a), (15)

1

where I is the indicator function of ellipsoid S with equation (z —pu)'S ™! (z — p)
Figure 2 shows the graph of density function (15), for n = 2, u = (6,4)" and

(T1) | |
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Figure 2. A multivariate uniform density.

The modular density h, the moments of the modular variable R and the proba-
bilistic characteristics of a vector X, for these two distributions, are shown in table

1:

Double Exponential

Uniform

h(r)
E[R?]
E[X]
VarlX
71[X]
V[ X]

]

2"(711—1)!7“”71 exp { =57} Jjo.1)(r)
9s L(n+s)
T'(n)
1
4(n+1)%
0
n(n+2)(n+3)
n+1

m‘”’lf[O’l] (r)
sﬁn
Ml
Ry
0
n(n+2)°?
n+4

Table 1. Probabilistic characteristics.

The functional parameter g(;) and the (marginal) probabilistic characteristics of
a subvector X(;) are shown in table 2:

Double Exponential Uniform
ga)(t) foocw%”exp{—%(t-l-w)%}dw (1 —t)%I[OJ](t)
EXw] | g (1)

VCL’I“[X(l)] 4(’)7,+ 1) 211 %_1_2211
71X ()] 0 0
YolXyy] | D) Bp+2)atd)

Table 2. Marginal characteristics.

Distribution of X5y conditional to X(;) = x(y) is defined for all z(;) € R? in the
case of the double exponential distribution, and for all x(;) such that ;) < 1 in the
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case of the uniform distribution. The functional parameter g(, 1) and the conditional
covariance matrix are shown in table 3:

Double Exponential ‘ Uniform
T
92.1)(t) eXP{—% (t+q(1>)2} I[o.,lfq(l)](t)
) fo‘”t%exp{*%(tﬂ(l))%}df 1—q()
o1 Y921

-
)
=

ie

2

ie

=
Il

T(1 np e i =
()] " pf0°°t—leexp{—%(Hq(l))f}dt n=pt2

Table 3. Conditional characteristics.
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