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A theorem for rigid motions in Post-Newtonian celestial
mechanics

J. M. Gambi, P. Zamorano, P. Romero and M.L. Garcia del Pino

Abstract. The velocity field distribution for rigid motions in the Born'’s sense applied to Post-Newtonian
Relativistic Celestial Mechanics is examined together with its compatibility with the Newtonian distribu-
tion.

Un teorema para movimientos rigidos en mec  anica celeste Post-Newtoniana

Resumen.  Se examinan la distribumh del campo de velocidades para movimienigios en el
sentido de Born aplicado a la n#etdca celeste Post-Newtoniana junto con su compatibilidad con la
distribucbn Newtoniana.

1. Introduction

As is known, it is of common use the introduction of some concept of rigidity as an hypothesis to simplify
the equations and, then, to obtain solutions to the general problem of motion of extended bodies in Post-
Newtonian Relativistic Celestial Mechanics (PNRCM), both when global or local reference systems are
used to describe the motions, and particularly when these last systems are, at the same time, rigid reference
frames in an analogous way as they are in Newtonian Celestial Mechanics. The hypothesis most used at
the Post-Newtonian level (see, for example, [1], [4], [5], [7], [8], [10], [11], [12], [14], [16], [17]) is the
Newtonian hypothesis, which assumes in its most general form that the velocityfafld bodyB in rigid

motion can be decomposed in the form

(%, 1) = Vi (t) + Qi ()77 (x, 1) (1)

for somev, aninj, with Qij antisymmetric, and wheng is the position vector, in the reference system
chosen, for an arbitrary poist of the bodyB measured with respect to a comoving origig(t), so that

ri(x,t) =z — 2'5(t).

(In this paper the notations are as in Brumberg [1]; in particular, latin indices run from 1 to 3 and greek
from 0 to 3; comma denotes usual derivative, and semicolon covariant derivative; repeated indices imply
an Einstein summation; round brackets surrounding indices denote symmetrization, and square brackets
anti-symmetrization).
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But, since Eq.(1) preserves the fact that the Euclidean distance between any two pBirgsonstant,

and the concept of Euclidean distance is not covariant in General Relativity (GR), its use in PNRCM needs
to be justified. The aim of the present paper is to give a new velocity field distribution (Eq.(24) below)
which, because is derived from a covariant definition of rigidity in GR, and also because it reduces to Eq.
(1) in the sense we will see below, lets us justify, and also give the limitations for the use of Eq.(1) in the
two problems mentioned above. For this purpose we use the definition of rigidity given by Born (see, for
example, Synge [18]) because, although it allows only for three degrees of freedom in an arbitrary space-
time instead of the six allowed by Eq. (1) ([9], [18]) it is, besides covariant, the most natural extension to
GR of the rigidity definition for Classical Mechanics. This is so because this definition states, when it is
applied to a bodyB, that the relativistic distance between any of its neighbouring particles remains constant
([18]). In fact, if it is taken into account that any velocity gradient in GR can be decomposed in the form

([15])

U8 = Wapg + Tap + Aalip, (2)
with
wap = PLPgupy 3)
dap = PEPGu(p0) 4)
Ao = ugpu” (5)
Py = 465 —uug, (6)

mathematically Born’s definition can also be establishe@dry assuming in it that the rate-of-strain tensor
0. Satisfies (see [18])
Oap = 0. (7)

(Hereu® is the 4-velocity satisfying®u, = 1 and A“ denotes the 4-acceleration of the particle®in

The question, therefore, is in the search of the structure of the rigid motions of abedyen the
rigidity condition on it is given by the Post-Newtonian approximation of Eq.(7), i.e., for weak fields and
small velocities. According to Synge, although the Born criterion involves no difficulty when applied
to a one-dimensional body, difficulties accumulate with increase of dimensionality, and it must be stated
emphatically that the three-dimensional concept of rigidity does not pass from Newtonian physics into
relativity. The difficulties inherent in relativistic rigidity are, however, connected with non-integrability,
and are avoided if we work in an infinitesimal domain (Synge,[18], p.115) or with weak fields and small
velocities. In fact, we will see next how, under these hypothesis of the PNRCM, the decomposition of a rigid
motion at the Post-Newtonian level is given by a formula similar to Eq.(1) although, in general, this formula
does not reduce exactly to Eq.(1) at the Newtonian level. For general results, attempts and alternatives to
overcome the difficulties associated to the limited number of degrees of freedom given by Eq (7), both in
Special and General Relativity, see [9], [6], [18], [3] and references therein. These alternatives seem less
plausible because no one preserves the constancy of the relativistic distance between particles.

2. Post-Newtonian rigid motions

The kinematics of a material system in an arbitrary space-time, which as is known deals with the relative be-
haviour of neighbouring stream-lines, may be discussed in various ways. For our purposes the expressions
(2)-(6) are enough. It is easy to see that, according to them, the rate-of-strain tensor is given by:

1
Oap = E[ua;ﬁ t Uga — A(xuﬂ - Aﬁu@]’ ®

with
Ua,@uﬂ =0. (9)
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Since, on the other hand, and accordingly to PNRCM, we shall restrict our attention only to N-body
systems which are in slow motion and have weak gravitational fields (everywhere including the interiors of
the bodies) the two fundamental factors relevant to our problem that characterize this situatior{ice;

v being the characteristic velocity of the bodiés; < c?, U being the Newtonian potential) enable the

1/2
introduction of the small parameter~ Ly (2 < 1 so that, since in most practical problems of
C C
PNRCM it is required to know the metrig, 5 at the first post-Newtonian level, we may assume that ([1])
ds?® = gag(uxi)dxadxﬁ, (20)
where
gOO(tax) + 00 (twj")_'_ 00 (t,$)+ (6 )a ( )
goi(t, @) = hg) (1) + O, (12)
gist,a’) = =0 +hD(ta") + O, (13)
with
2 (t,a") = —2c2U(t,aY), (14)
Wt 2y = 207Ut 2")? = W(t, '), (15)
B (tat) = 4eTPU Nt ), (16)
W a) = 272,02, (17)

and wherd/(t, z*) andW (t, z*) are the vector and complementary potentials respectively, and the symbols

hg’“ﬁ) (k = 2,3,4) on the left-hand sides of Eqs.(14)-(17) stand for terms of the aftar the respective
expansions 0fi,g.

For our purposes we need first to expand the componentnd u; of the 4-velocity up toO()
and O(e7) respectively, and then the componerits and A; of the 4-acceleration t®(c”) and O(°)
respectively; next, the appropriated expansions for the Christoffel symbols and, finally, the corresponding
expansions for the covariant derivatives appearing in (8). Then, from these expansions, and according to

Eqgs.(10)-(17) we find that(= 1):

), 6 @), (4
rs= (70 T )= BTN TR0 |+ (95 9 1®)
B\ oy oy )\ oo tog oy oy 0% O(°) )
where

(1) Lo ) @ _ Lo kak 3) Loy -k

o0 = _g(v,j +v%), o = §(v,k+“,i)” y  Opg = _§<v ) k0, (19)

o = =5 [+ 7)) U+ 3ol + (5 +20%) + ¥ (5 +205)) + 26,0 , (20)

1 ) ) . .

ol = 5|00+ (6U +309)0%) + 2000 + (@ + 050" + (U - o) (21)
1 . , o

o = -3 [52(2U + %) — a5 (6U + 502) + 2(5%,0° + 07, )" + v?,f@’“} , (22)

with v* = ddL: = (1,v',0%,0%), 0" = & + 0 + O(e%), o' = O(e), o = O(e?) andU = Uy + U o*.
Notice here that, since Eq.(9) is an identity, the integratiomr9f = 0 may greatly be simplified
since this integration reduces to the integratiomrgf= 0. Notice also that since the principal part®f;

corresponds to the Newtonian rate-of-strain tensor then, when we integrate the equgtiens for the
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velocity field distribution of an extended body in rigid motion at the Newtonian level, that is to say, the
equauonsf‘ + vJ = 0, we shall have Eq.(1) as solutions of them in the Newtonian approximation.

Now, in order to prepare the integration at the Post-Newtonian level and according to these last obser-
vations, the Post-Newtonian definition of rigid motion can easily be achieved by means of the the following
definition:

Definition 1 A motion is rigid in the Post-Newtonian Born's sense whgn= O(e°).
Now, taking into account that from the vanishing ®f we have that the expansish= u, also

vanishes, and, since at the Post-Newtonian level it results that the expansion is givendy + 6 +

O(£°), with o) = 5% 6 = <;(f1)2 + U) o) +oh + % <1( )2+ 3U> , then, from Def. 1 and the

condition = O(e®) we necessarily have thg& (1 24 3U)

Therefore, the equations to integrate at the Post-Newtonian level for a rigid motion at this level are

@fj + ﬁ,jz = _( + o0 0~ 75”{/@{}%) (23)

where?’ are the solution of a rigid motion at the Newtonian Ie\zeﬂ;) = 0, so that they are given by
Eg. (1), that is to say, in vector notation Byz’,t) = ©5(t) + Q(t) x r, whereQ = (O, 02,0%)T
(S232a52137S221)T~

3. The velocity field
We may state the following theorem:
Theorem 1 The velocity field distribution (1) is compatible with the system (23) if, and orﬂ%i(t) =

Cnt. Moreover, in this case, the velocity field distribution for a general rigid motion in the Post-Newtonian
Born’s sense is given by:

v(xi,t) = <1 — z(rf)o)) v+ (1 — ;(r-i),o)> (fl><r)—i—%(AXf)yo)—&—@B—i—er—l—O(s%, (24)

where

Az’ t) = (¥ x 1) + %(r 1) = 0(e). (25)

PROOE  The first part is a direct consequence of the conditions of compatibility of Saint-Venant (see, for
example, Love [13]). In fact, from these conditions we have:

.21 L2 .23 a2 PO PO | PO | o 23 a2
Q0 +0%Q =703Q, 020 +0%Q =70'Q, Q0 + 030 =70%Q
from which we have = Cnt. This fact simplifies the system (23) since now we haygt) = v (t) —

ﬁ X ’l~)3<t)
Then, integrating Eq.(23) far= j we have for! (¢, ¢)

vl (2, t)

(@20 [fﬁgrl-ﬁ- ~Q3(rH)? - Qlrlr }—Fvo[vBr - QQ( 2+ Qe (26)

wl
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and similar expressions far?(z*,¢) andv3(x%,t), wherea® are functions (smooth enough) to be deter-
mined. Now, from these last equations and using Eq.(23) $6rj, it can be seen that' is given by

1~. - gy s - 1, ..
ol = - T [B = S22 + (%)) + S (@ 4 Q)] + 5 (T8 +2050%) (r*)* (27)
1=~ ~ ~ 1
= [ SR 00 - (@ O] - L (5300 4 2e?) (0

having similar expressions far? anda?.
Now, from (26) and (27) another set of functions may be determined so that, finally, we have:

. 1 N . 1 . U
vzt t) = 3 <17?0 {@%rl — 0pr? — (QFrF)r 4 2(7'k7’k)93} - 2(177’“07"“) [17]13 + Q%3 — 937’2}

_ 1 _
+ [f}%rl — 0pr 4 (QFrF)r? — 2(rkrk)92]> ,

; 1 [ L 1 3] ~ -

v (2 t) = 3 <1710 o2 — 0%t + (P )3 — 5(7“’“7“")93 - 2(6%7“1“) [17?3 + Q3! — er?’}
- - B 1 B - -

+ f)?}) et — 0% — (rik)rl + i(rkrk)Ql > ,

- 1 [ . . ~ 1 <5 ] ~ ~
v(xtt) = 3 <17}0 obr® — 0%t — (QFrF)r? 4 i(rkrk)Q2 - 2(67’“07’]“) [6% + Q2 — (227“1]

_ - . i
+ 17?0 o513 — opr? + (QFrF)rl — §(rk7‘k)Ql > ,

which, written in vector notation, give the result (24) when the solution of the homogeneous 9y§tem
o’; = 0 is added to thenil

4. Conclusions

Since, as is known, the relativistic distances involved in the Born’s criterion between the particles of a body
B have a chronometric measure, i.e., hali& 1) the trip-time from emission and return of photons from

any particle to every other aB which, for rigidity, are required to be constants, the validity of the two
alternatives Eq.(1) and Eq.(24) may, ideally, be tested by means of an interferometer, which instrument is
essentially a device for comparing trip-times. This will either give a model with euclidean or relativistic
distances, provided th& is accepted close enough to rigid by interferometry. In effect, as a consequence
of this theorem it must be concluded that, the Newtonian velocity distributions (1) applied to PNRCM is
compatible with the Post-Newtonian approximation of the Born’s rigidity condition (7), that is to say, with
(23), only whenQij(t) in (1) is constant. On the other hand, taking into account precisely that Eq.(24)
reduces to Eq.(1) for a bod® if this is in stationary motion, it should be desirable to use Eq.(1) in the
manner made, e.g., by Brumberg in dealing with the N-body problem ([1]) since, under this hypothesis, the
general covariance principle of GR is respected and, according to theorem 1, the total number of degrees of
freedom generally allowed by Born’s definition does not restrict the solution to this problem as is stated in
the present paper.

Finally, in the type of solutions like those of [1], [12] and [2], there still remains the possibility of
apply Eq.(24) to study motions more general than the stationary motions. This possibility may simplify
some of the calculations in the N-body problem, both in the construction of local rigid reference frames
at the Post-Newtonian level from their standard covariant definitions in GR (to describe the motions) as
well as in simplifying the own equations of motion (being, these last, referred to some local rigid reference
frame or to any other local or global reference system) since, as far as we know, the only similar available
simplifications so far have been Eq.(1).
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